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AN ntroauction

* From a given data points (x, y), we want to find an estimation
function y (x).
* y(x) can be a function of several variables but assuming only
one in this section
* ¥(x): linear combination of basis functions, f,(x)

* a;: parameters of the estimation function

* Each basis function must be linearly independent
n

900 = ) afi(x)

=1
* Goal (least squares regression): Find parameters of the

estimation function that minimize the total squared error

E =YY", — y)* where (§ — y) isindividual errors or residuals
denoted as e,

* If e is the vector containing all the individual errors, then we

waht to minimize E= ”ellzii which is Li norm. ,



A5 Least Squares Regression Derivation
(Linear Algebra)

 Estimation of data at each data point xi:

y(x1) =y fi(x) +az falx)) + - +ay fulx),
y(x2) =ay fi(x2) a2 fo(x2) + -+ fu(x2),

{' (Xpm ) =] f 1 (Xm ) + o Zfl (.»-’Em } + -t o fn. (.»-’i':m } .

* B&EEEY: a column vector such that the ith element of X contains the
value of the ith x-data point, x..

* Y: a column vector with elements, Yi = 9(x;

* 3: a column vector such that §; = q;

* F.(x): a function that returns a column vector of f,(x) computed on
every element of x

* A: an m x n matrix such that the ith column of A'is F(x).

*ThenY = AP

)

Troy University Resources


https://github.com/Bladz1/Troy-University-Resources

A5 Least Squares Regression Derivation
(Linear Algebra) (cont.)

* If Y is a column vector such that Y, =y, the total squared error is
- 2
given by E=HY — Y||2 :

* Verification
* By substituting the definition of the L, norm which is the measure of
distance.

» Make E as small as possible > ¥ and Y to be as close as possible
* Note: in general, Y will not be in the range of A and there for E > 0.

lllustration of the L2 projection of Y
on the range of A
* This is not a plot of the data points

(X5, Vi)




~~~~~~~ " east Squares Regression Derivation
(Linear Algebra) (cont.)

e Observation: we want a vector Y — Y which is perpendicular to
the vector Y.
* Two vectors are perpendicular (or orthogonal) 2 when their
dot-product is 0. (cos(mr/2))
* Dot-product between two vectors, v and w, can be written as
 dot(v, w) =v'w = |v]| |w]| cos(O)

e ¥ and Y — Y are perpendicular = dot(Y,Y — ¥) = 0, therefore YT(Y —
Y) = 0 which is equivalent to (48)T (Y — AB) = 0.

* By distributive properties of vector multiplication, we can obtain
BTATY — BTATAB = BT(ATY — AT AB) = 0; B=0 for trivial solution so
we use ATY — ATAB =0

* Solving for 3 gives the least squares regression formula:
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Least Squares Regression Derivation
(Multivariate Calculus)

* Recall: the total error for m data points and n basis function

L= fo = ZH (xi) — yi)? = Z (Zﬂ’j filxi) — }'f)
i=1 i=1 i=1 _j:l __
which are n-dimensional paraboloid in &,
* From calculus, the minimum of a paraboloid is where all the
partial derivatives equal to zero.




xS Least Squares Regression in Python

e Recall the enumeration of the estimation of the data at each data
point Xx..

y(x1) =ay filxy) +an falx)) + - -+ fu(xg),
y(x2) = ay fi(x2) +az fr(x2) + -+« + oy fu(x2),

':' (xm) =ay f1(xy) +Fa2 f2(xy) + -+ ay fn(xm).

* |f the data were perfect, we get the following system of equations:

vi =y fi(x)) o folx)) + -+ o, fulxy),
va =0 f1(x2) + a2 fa(x2) + - + oy frn(x2),

Ym =1 f1(Xm) Fo2 folxy) + -+ oy fnln).

* A is defined as previously =
* Since the data is not perfect, we use the least square regression
to obtain a solution, I =Y EY
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Example

TRY IT! Consider the artificial data created by x = np.linspace(0, 1, 101)andy = 1 + x
+ x * np.random.random(Ten(x)). Do a least squares regression with an estimation function
defined by y = «1x + 2. Plot the data points along with the least squares regression. Note that
we expect ¢y = 1.5 and ap = 1.0 based on this data. Due to the random noise we added into the
data, your results maybe slightly different. In the next few subsections, we will see how we solve
this problem using different approaches.




Least Squares Regression in Python
(Using Direct Inverse Method)

import numpy &s np [11.459:
from scipy import optimize [1.02952189]]
import matplotlib.pyplot as plt
In [5]): # plot the resuvlts
plt.figure(fligsize = (10,8))
plt.prot{as: My “b®)
et lt.plot{x, alphalll*x = alphalll, "r")
( = np. I1n space 1, 101) g P e "p s b
‘ S B plL.xTabel{™x")
f = I +:X+ %X * rp.raw:un.rew:un(lmngx;)

plt.style.use{ seaborn poster")

.y n-

plt.ylabel(
plt.show()

np.vsbteck([x, np.ones{Ten{x))}]).T

Luen Y fnto a column

y[:, np.newaxis]

= '
Nj "'.'l\: sl on

alpha — np.c np. 'nflnp I1n1|q invinp.dot(A. 1 ,A)),A.1)),¥)
prln"aalphd,
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Least Squares Regression in Python
(Using numpy.linalg.lstsq)

* NumPy has already implemented the least squares methods.

/1: alpha = np.linalg.lstsq(A, y, rcond=None)[0]
print(alpha)

[[1.459573 ]
[1.029521891]]
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Least Squares Regression in Python
(Using Optimize.curve_fit)

* From SciPy library, we can use optimize.curve_fit function.
* We do not need to turn y into a column vector.

In [8]: # generate x and )
X = np.linspace(0, 1, 101)
y =1+ x + x * np.random.random(len(x))

def func(x, a, b):
y = a*x + b
return y

alpha=optimize.curve_fit(func, xdata=x, ydata=y)[0]

print(alpha)

[1.44331612 1.0396133 ]
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Least Squares Regression
for Nonlinear Functions

* A least squares regression requires that the estimation function
be a linear combination of basis functions.
* There are some functions that can’t be put in this form, but
where a least squares regression is still appropriate.
* How?
By taking advantages of the properties of logarithms and transform
the nonlinear function into a linear function.

* By using curve_fit function from Scipy to estimate directly the
parameters for the nonlinear function using least square.




Using Log Tricks for Exponential Functions

« Assume that we have a function y(x) = aef* and data x and y
—> perform the Least Squares Regression to find a and S3.

* Take log on both sides =2 log(f/(x)) = loga + fx

o If y(x) = log()?(x)) and & = log a, y(x) = & + fx whichisa
linear form for which we can perform a least squares regression
to find y(x), & and .

* Then, we can recover « by using @ = e?.
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Using Log Tricks for Exponential Functions

For the example below} we will generate data Im [£]: A — np.vsLack{[x, np.unes(Teni{zx)}]).T

beta, Tag_alpna = np.Tinalg.1stsqlA, np.logiy), rcond = Nonel[D]

using e=01and g=o03. alpha = np.expiiog_alpha)
print{f*alpnha={alpha}, beta={beta}l")

In [1]: import numpy as np
o S —— alpha=0.129/3102064246616, beta=0.2630/4/8591152406
import matplotlib.pyplot as plt
plt.stvle.use{"seaborn-poster")

In [5]: # Llet's have a look of the data

plt.figure(figsize = (10,81}
In [2]: # Tet's generate x and y, and add some noise into ¥ plt.plot{x, y, "b.")
* — np.linspace(0, 10, 101)

i . aloha*no. (beta=x), "r"
¥ = 0. l#np.expl0.34x) + 0. 1snp.random. random(len(z]) plt.plotix, J]rfd np.explbetasx )
plt.xlabel("x")
. _ £ -
In [3]: # Let’s have a Took of fhe data D] ylahe]l.‘ ¥
plt.figurelfigsize = (10,8)) plt.showl)
plt.plot{x, ¥, "b.™)
plt.xlabel("x")
plt.ylabel(™y"] 200 - LY
plt.show()
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Using Log Tricks for Power Functions

* Function y(x) = bx™ and data for x and y.

* By taking log on both side, we get log(f/(x)) =mlogx + logh
which is a linear form.

* And we solve this as a linear regression.

Troy University Resources


https://github.com/Bladz1/Troy-University-Resources

Using Polynomial Regression

* Use polynomial and least squares to fit a nonlinear function.
* Polynomials: B Sl +a, X"+ ax? +ax! + ag
where a,, a, 4, ... 35, @, are the real number coefficients

and n (a non-negative integer) is the order or degree of the
polynomial.
* In Python, numpy.polyfit is used to obtain the coefficients of
different order polynomials with the least squares.
* With the coefficients, numpy.polyval is used to obtain the
specific values




In [&6]: x_d = np.array(L0, 1,

y_d=np.array([0,0.8,0.9

pllL.figure{fi

for i

lyval (y_est, »
(1)
plt,
plt.show()

ymemial order 1 M r3

f

!'\_‘.‘/#v

25 50 1.5 00 5 30 1.5 A 340 75
Polynemial order 4 Polynomial order 5 mi r 6
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Using OPTIMIZE.CURVE_FIT from SCIPY

# Tet’s define the function form
def func(x, a, b):
y = a*np.exp(bxx)

return y
alpha, beta = optimize.curve_fit(func, xdata = x, ydata = y)[0]
print(f"alpha={alpha}, beta={betal}™)

alpha=0.12663549356730994, beta=0.27760076897453045
In [8]: # Let’s have a look of the data
plt.fiqure(figsize = (10,8))
plt.plot(x, y, "b.")
plt.plot(x, alpha*np.exp(beta*x), "r")
plt.xlabel("x")
plt.ylabel("y")
plt.show()
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