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Introduction

* A dataset consisting of independent data values, x. and
dependent data values, y, wherei=1,2, .., n

* Goal: find an estimation function ¥y such that y(x;) = y; for
every point in our dataset.

* Given a new X', we can interpolate its function value using
¥(x™) which is called interpolation function.

lllustration of the interpolation
problem: estimate the value of a
function in-between data points.




Linear Interpolation

* In linear interpolation, the estimated point is assumed to lie on
the line joining the nearest points to the left and right.

* Given x-data points in ascending order (x.< x,,,) and x being a
point such that x,< x < x;,,, the linear interpolation at x is

(Vi1 — yi)(x —x;)

vix)=y; + .. :
(Xi41 — Xi)
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Example

TRY IT! Find the linear interpolation at x = 1.5 based on the datax = [0, 1, 2],y = [1, 3,
2 1. Verify the result using SciPy’s function interpld.

Since 1 < x < 2, we use the second and third data points to compute the linear interpolation.
Plugging in the corresponding values gives

(YVig1 — Vi) (x —x;)
(Xig1 — xi)

2-3)(15-1)

=3t oo

2.5.

yx) =y +

fraom seipy.interpalate import interpld
import matplotlib.pyplot as plt

plt_style.use("seaborn-poster™)

2]

s g 2]

Linear Interpolation at x = 1.5

f — inLerpld(x, vl
y_hat = f(1.5)
print{y_hat)

pli.figureifigsize = (10,8])
plt.plot{x. ¥. "-cb"}
plt.plot{l.5, y_hat, "ro")
plt.title("Linear Interpolation at x = 1.5")
plt.xlabel{"x"]

plt.ylabel{"y")

plt.show()
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Cubic Spline Interpolation

* In cubic spline interpolation, the interpolation function is a set
of piecewise cubic functions with an assumption that the points
(x;, y;) and (x.,,, yi,,) are joined by a cubic polynomial S,(x).

S;(x) = a;x* + byx*+ c;x+ d,
which is valid for x. <=x <=x.,, fori=1, 2, ...,, n-1

* To find the interpolation function, we need to first find coefficients a;
b; c; d; for each of the cubic functions

 For n points, there are n-1 cubic functions to find total 4(n-1)
coefficient

* Need 4(n-1) independent equations to find all the coefficients!

Troy University Resources


https://github.com/Bladz1/Troy-University-Resources

*Si(x) =y

* Si(Xi+1) = YVit1
* Cubic functions must intersect data points on the left and the right
* Which gives us 2(n-1) equations

*S{(Xi41) = Si41(Xi41)

S (xi41) = Sitq(Xig1)

* Cubic function to join as smoothly with its neighbors as possible
—>constrain the splines to have continuous first and second
derivatives at data pointsi=2, ..., n-1

* Which gives us 2(n-2) equations

*S51(x1) =0

. S;L’—l(xn) =0
 Arbitrary. Chosen to fit the circumstances of the interpolation.
* A common set of final constraints is to assume that the second

derivatives are 0 at endpoints = the curve is a straight line at end
points.

6



Cubic Spline Interpolation in Python

e Use SciPy’s function, CubicSpline.

TRY IT! Use CubicSpline to plot the cubic spline interpolation of the dataset x = [0, 1, 2]
andy = [1, 3, 2]forO0=x <2.

In [11: from scipy.interpolate import CubicSpline . Cubic Spline Interpolation
import numpy as np
import matplotlib.pyplot as plt

plt.style.use("seaborn-poster”)

= [0, 1, 2]
y = [1, 3, 2]

f use bc_type = "natural" adds the constraints
= CubicSpline(x, y, bc_type="natural")
_new = np.linspace(0, 2, 100)
y_new = f(x_new)
plt.figure(figsize = (10,8)) obo 0;5 0;0 0;5 150 1;5 1;0 1}5 180
plt.plot(x_new, y_new, "b") e
plt.plotix, y, "ro")
plt.title("Cubic Spline Interpolation™)
plt.xTabel("x")
plt.ylabel("y")
plt.show()
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Finding Coefficients

e Uses system of linear equations with 4(n-1) unknowns for the
constraints.

* For n data points, the unknows are the coefficients a, b,, ¢, d. of
the cubic spline, S, joining the points x, and x;, ;.

* Constraints: S(x) = .

3 2 .
arxy +bixy +cixy +di =y,

3 2
axx; + byxy + caxp +dy = yo,

p—1X, + "!}"n—l-l'_r;_—l T Cp—1Xp—1 T lf'fr;l'—l = Vn—1-

* Constraints: S,(X.,;) = V..,

3 2 .
aix; +bixy +crx2 +dy =y,

3 2 :
arx; + byxy 4+ cox3s +dy = s,

p—1X, + bn.— 11X, + Cp—1Xp + l:"-'ri.—l = ¥n-




A Finding Coefficients (cont.)

* Constraints: S/ (x.,;) = Si,;"(X,1)

315!1_.1?% —I—_b] X7 —I—L] —?fﬁ (y — j.“h‘h —C? _“

-
2
5
3

_.{?3,,_-‘{3 — 3= ':.],

3arx3 + 2byx3 + 2 — 3azx

¥ -
: L2 " . . ) . -
3{!_“:—2_1’1_] _|_ -_".-‘Jn—l.-‘n:— I _|_ L'H_E qf{ﬁ' I 1” I _E?n_ ]_.];.H:_ I - {.”__ I — f].

e Constraints: S’ (x.,,) = S.,,”(X:,4)

6ajx2 + 2b) — 6arx, — 2by =1,

Oarx3 + 2b> — 6azxy — 2b3 =0,

ba n—2Xn—1 + E'{-"H—E - 6“11— | Xn—1 — —-‘J}n 1 — = 0.

* End point constraints: S.”’(x,) =0and S, ,”(x,) = 0.
bayjxy; +2b; =0,
Oay_1xp + 2b,—1 = 0.
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Example in Python

TRY IT! Find the cubic spline interpolation at x = 1.5 based on the data x = [0, 1, 2],y =
[1, 3, 21

First, we create the appropriate system of equations and find the coefficients of the cubic
splines by solving the system in matrix form.

The matrix form of the system of equations is

0
0
1
0
3
6
0
0

0
1

S = O
S oo = =0 O
S oo o o =D -
oo =D -0
T e T e T e S0 R S R O

[n [4]: b = np.array([1, 3,
b =bl:, np.newaxis]
A = np.array([[0, 0, O, 1, O, O,
[0, 0, 0, 0,1, 1,1,
1, 1, 1, 1, o, 0, 0, 01,
(0, 0, 0, 0, 8, 4, 2, 11,
[3, 2, 1, 0, -3, -2, -1, 01,
(6. oa
[0,
[0,
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s Example in Python (cont.)

In [5]: np.dot(np.linalg.inv(A), b)
Out[5]: array([[-0.75],

[ O.

£.1D

_‘-"-']-_.:l

3
]
]
[ 1. 1,
[ 0.751],
]
]
]

[-0.5 ]])

* The two cubic polynomials
*S,(x) =-0.75x3 + 2.75x + 1 for 0 <= x <=1 and
*S,(x) =0.75x3 — 4.5x% + 7.25x — 0.5 for 1 <=x <=2

* For x=1.5, we evaluate S,(1.5) whose estimated value is 2.7813.
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Lagrange Polynomial Interpolation

* Finds a single polynomial that goes through all the data points,
which is referred to as a Lagrange polynomial, L(x).
* When computing Lagrange polynomials, it is useful to write

them as a linear combination of Lagrange basis polynomials.
e Lagrange basis polynomial

P/(x) =1 wheni=j
P/(x) =0 wheni#]j

L(x,) =y, for every point
as described above




TRY IT! Find the Lagrange basis polynomials for the dataset x = [0, I, 2] and y =1, 3, 2]. Plot
each polynomial and verify the property that P;(x;) =1 wheni = j and P;(x;) =0 wheni # j.

(x —x2)(x — x3) (x—1D(x—2) | (x2
_— - — - — —(x
(x; —x2)(x1—x3) (O=-DO-=2) 2

(x2 —xp)(x2—x3) (1 —=0)(1-2)
- (x —x)(x —x2. x—0x-=1 1 ;
P‘}{_.-’C)_ - s ) e s\ s

Pi(x) =

2
—x“° 4+ 2x,
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(cont.)

import numpy as np
import numpy.polynomial.polynomial as poly
import matplotlib.pyplot as plt

plt.style.use("seaborn-poster®)

: % = [0, 1, 21
y =[1, 3, 2]
Pl_coeff = [1,.-1.5,.5]
PZ2_coeff = [0, 2,-1]
P3_coeff = [0,

b o ' N R, — I
r YEL L ?':. _|.:'l..:l I_¥ nomial runciion

Pl = poly.Polynomial (Pl_coeff)
P2 = poly.Polynomial (P2_coeff)
P3 = poly.Polynomial (P3_coeff)

Xx_new = np.arange(-1.0, 3.1, 0.1)

fig = plt.figure(figsize = (10.8))
plt.plot(x_new, Pl{x_new), "b", label = "P1")

"'.}2"}

plt.plot(x_new, P2{x_new), "r", label
plt.

plot(x_new, P3({x_new), "g", label = "P3")

plt.plot(x, np.ones{len(x)), "ko", x,np.zeros(len(x)), "ko")
plt.title("Lagrange Basis Polynomials")

plt.xTabel("x")

plt.ylabel ("y")

plt.grid()

plt.legend()

plt.show()
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« .8 | 3orange Polynomial Interpolation in Python
(cont.)

Lagrange Basis Polynomials
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Lagrange Polynomial Interpolation in Python
(cont.)

TRY IT! Using the previous example, compute and plot the Lagrange polynomial. Verify that it
eoes through each of the data points.

In [31: L = P1 + 3xP2 + 2xP3

fig = plt.figure(figsize = (10,8))
plt.plot({x_new, L{x_new), "b", x, y, "ro")
plt.title("Lagrange Polynomial")

plt.grid()
plt.xTabel("x") = _____Lagrange Polynomial

plt.ylabel("y")
plt.show()
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Lagrange Polynomial Interpolation in Python

using Lagrange Function from Scipy

In [4]: from scipy.interpolate import lagrange

In [5]: f = lagrange(x, y)

[n [6]: fig = plt.figure(figsize = (10.8))

plt.plot(x_new, f(x_new). "b", x, y. "ro")
plt.title("Lagrange Polynomial"®)
plt.grid()
plt.xTabel("x")
plt.ylabel("y")
plt.show() .

Lagrange Polynomial

-1.0 =05 0.0 0.5 1.0 1.5 20 2.5 3.0
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Newton’s Polynomial Interpolation

* Another popular way to exactly fit a set of data points.
* General form of the (n-1)th order Newton’s polynomial that
goes through n points

J(x)=ap+ai(x —xp) +ax(x —xp)(x —x1) +---+ap(x —xp)(x —x1)---(x — xp)

n

* which can be re-written as f) =Y aini(x)

i=()

where

* Since the polynomial goes through each data point (x;, y;), we
have f(x.) = y. =2 f(x,) = a5 =y and f(x;) = a, + a;(x;-%,) =y,
* We rearrange the equation to obtain a; =2




Newton’s Polynomial Interpolation (cont.)

* Keep going to obtain all the coefficients.

¥Y3=¥2 W=y ¥2=¥1 _ Y173

X3-X) XX Xp—X| XX

_ X3—X] X2 —X()
X3 — X

2=y _ Y1—Y vn v “Ix1 . x
X2—X1 xXyj—xg Sflx2, x1] — flxi, xol

X2 — Xy X2 — X

flx2,x1, x0] =

* |f we continue, we obtain the following iteration equations:

vy ¥ A S xks Xpe—15 - -5 X2, 1] — flxk—1, Xk—2, - - -, X1, X0]
f lﬂ‘“ XheTs+esX], *"LUJ e
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Newton’s Polynomial Interpolation (cont.)

* Advantage
* Once the coefficients are determined, adding new data points will not
change the previously calculated coefficient.
* The following presents a divided difference table for finding the
higher differences.

Jlx2, x1, x0]
flxsz, x2, x1, xo]

flx3, x2, x1] flxa, x3, x2, x1, x0]
Slxa, x3, x2, x1]

S lxa, x3, x2]




Newton’s Polynomial Interpolation (cont.)

* From the divided difference table in the previous slide, we can
calculate all coefficients and store them in a diagonal matrix.

Slx2, x1, %01 flxs, x2, x1,x0]  flxa, x3,x2, x1, Xx0]
flx3, x2,x1] flxa, x3,x2,x1] 0
0 0
0
0 0

* The first row in the matrix is all the coefficients that we need.
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ewton’s Polynomial Interpolation in Python

TRY IT! Calculate the divided difference table forx = -5, 1. 0, 21,y = [-2. 6, 1. 31

In [1]: import numpy as np
import matplotlib.pyplot as plt

plt.style.use("seaborn-poster®™)
Imatplotlib inline

In [2]: def divided diffi(x, y):

function to calculate the divided
difference table

n = len(y)
coef = np.zeros([n, nl)
# the first column is y

coef[:,0] = ¥

for j in range(l,n):
for i in range(n-j):
coef[i1[j] = (coef[i+11[j-1] coef[i10j-11)/(x[i+tjl-x[il)

return coef

def newton_poly(coef, x_data, x):
evaluate the Newton polynomial
al x

n = len(x_data) 1
p = coefln]

for k in range(l.n+l):
p = coefln-k]l + (x -x_dataln-kl1)*p
return p

In [31: x = np.array([-5, -1. 0, 21)
y = np.array([-2, &, 1, 31)
# get the divided difference coef

a_s = divided_diff{x, y)[0, :]

¥ evaluate on new data points
x_new = np.arange(-5, 2.1, .1)
y_new = newbton_poly(a_s. x, x_new)

plt.figure(figsize = (12, B8))
plt.plot(x, y, "bo")
plt.plot(x_new, y_new)

Out[37: [<matplotlib.lines.Line2D at Ox11bd4e630>]
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   y ^


   y ^  (  x i ) =  y i


   y ^ (  x ∗ )


   S i  ( x ) =    a i  x 3 +  b i  x 2


   c i x


   d i


   a i


   b i


   c i


   d i


   S i  (  x i ) =  y i


   S i  (  x  i + 1 ) =  y  i + 1


   S i ′  (  x  i + 1 ) =  S  i + 1 ′  (  x  i + 1 )


   S i  ′ ′  (  x  i + 1 ) =  S  i + 1  ′ ′  (  x  i + 1 )


   S 1  ′ ′  (  x 1 ) = 0


   S  n − 1  ′ ′  (  x n ) = 0

