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Big — O (upper bound)

Mot ham f(n) duge goi 1a O(g(n)) néu ton tai hai hing sé duong ¢ > 0, ng > 0 sao cho véi moi
n > no:
0< f(n)<cg(n)

Big — Omega (lower bound)

Pinh nghia toan hoc: Ham f(n) dudc goi la Q(g(n)) néu ton tai cic hing sb duong ¢ va ng sao
cho v6i moi n > ng:

0<eg(n) < f(n)

Big — Theta (tight bound)

DPinh nghia toan hoc: Ham f(n) dudc goi 1a ©(g(n)) néu ton tai cdc hing sb duong ci, c2, ng sao
cho v6i moi n > ng:

0 <cig(n) < f(n) < cag(n)

o Commonly used notation: f(z) = O(g(z))

o Correct notation: f(z) € O(g(z))

Worse:
O(n!) Exponential - O(2*n)

Quadratic - O(n*2)

# computations

Logarithmic - O(log(n))

Constant - O(1)

Input Size n



Insertion Sort
Dung céc ky hiéu trén, ta bat dau phan tich thoi gian chay ctia Insertion Sort.

Pseudocode:

Insertion-Sort (A)
for j =1 to n-1
i= ]

while (i > 0 and A[i] < A[i-1])
swap(A[i], A[i-1])
i=id-1

Dé chuyén tit ma gia sang cong thitc thoi gian chay, ta gan chi phi cho cac thao tac.
t, = time assignment

t. = time comparison

for j = 1 to n-1 to(n—1)
i=j ta(n—1)
while (i > 0 and A[i] < A[i-11) <2t (k+n-1)
swap(A[il, A[i-11) 3kt,
i=1-1 ktq

Goi k 1a tong s6 lan than while chay. Nhung nhé 1a méi vong for, diéu kién while vAn phai check
thém mot lan dé biét lic nao dimg. Vay tong sb 1an check 14 k 4+ n — 1, mdi lan tén nhiéu nhat 2
phép so sanh.

Céng thitc tong quat

Ta van lay ¢, 1a thdi gian cho mot phép gan, t. 1a thdi gian cho mot phép so sanh. Cong ca may
lan check while bi thiéu lic nay thi ta c6 can trén:

T(n) < (2tq + 2te)(n — 1) + (4tq + 2to)k
Ttc 14 T(n) = O(n + k). Ma for van chay n — 1 lugt, con swap phai lam & lan, nén ciing cé
T(n) =Q(n+ k). Gop lai:

T(n) =0O(n+k)

Gig ctt thay k theo ting case la ra.
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Best case (di ting san) While khong chay nén k& = 0 (khong swap lan ndo), nhung diéu
kién while van phai check n — 1 lan.

Thest(n) = O(n)

k=0 (khong c6 phép hoan doi)

Worst case (mang gidm dan hoan Nén:
toén) k‘:1+2+3—|—...+(n_1)
_nil._n(n—l)
_i:le_ 5
~n? -n_n? n
T2 2 2
k =0(n?)

Tworst (n) =0 (n2)

Average case O(n?)

Divide and conquer -> gigi thiéu vao Merge Sort

Best case ©(nlogn)
Average case ©(nlogn)
Worst case O(nlogn)

Thuét toan nay khong én vi
Space = O(n)
Merge Sort lam hai viéc chinh:

1. Chia mang thanh hai ntta: 27'(n/2).
2. Tron hai mang da sip xép: téi da n — 1 phép so sanh, xap xi n.

Vi vay:
T(n)=2T(n/2)+n—1
Can trén thuong dung:
T(n) <2T(n/2) +n.

Ta chia mang lién tuc dén khi or = 1, nghia la k = log(n)

Sau k lan mé truy hoi:
n
T(n) = 2kT(2—k) + kn
T(n) = 2"°8"T(1) 4+ nlogn

=n-0+nlogn

= nlogn.



Pseudocode:

merge-sort (A, beg, end)
if beg < end
mid = floor((beg + end) / 2)
merge-sort (A, beg, mid)
merge-sort (A, mid + 1, end)
merge (A, beg, mid, end)

Ham merge duéi day 1a buée ghép hai phan da sip xép trong thuit toan trén.

merge (A, beg, mid, end)
sizel = mid - beg + 1
sizeR end - mid

L = copy of Al[beg .. mid]

R = copy of A[mid+1l .. end]
i =

j=1

k = beg

while i <= sizel and j <= sizeR
if L[i] <= R[j]

Alk] = L[i]

i=1i+1
else

Alk] = RI[j]

j=3+1
k=k+1

while i <= sizel

Alk] = L[i]
i=1i+1
k=k+1

while j <= sizeR

Alk] = R[j]

j=3+1

k=k+1
Ky higu Y nghia
i Con tré dang xét trong méang L
j Con tro dang xét trong mang R
k Con tr6 ghi két qua vao mang A
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Quick Sort

Quick Sort ciing diing chia dé tri; phan dudi xét cic trudng hop pivot chia mang.

Worst Case (s6 favourite chon lam T(n)=T(n 1) +n
léch L va R) nhu kiéu mang da sort
T'(n) = O(n?)

Special Case, ttc la pivot khong chia  T'(0.1n) + T(0.9n) +n
déu nhung cling khong qué léch. T(n) = O(nlogn)
Best case (chia déu 2 bén truc) T(n)=2T(n/2) +n

T(n) = Q(nlogn)
Average case T(n) = O(nlogn)
Algorithm Extra Array Stack Total Space
Merge Sort O(n) O(logn) O(n)
Quick Sort o(1) O(logn) (trung binh) O(logn)

quickSort(A, beg, end)

if beg < end
p = partition(A, beg, end)
quickSort(A, beg, p - 1)
quickSort(A, p, end)

partition(A, beg, end)

pivot = Alend]

i

J

beg
end

while true
while A[i] < pivot
i=1i+1
while A[j] > pivot
j=3-1

if 1 < j

swap(A[i]l, A[j])
else

return i



Heap | priority queue

Ta chuyén sang heap, ciu tric sé duge diing dé xdy dung Heap-sort & phan sau.
bau tién no la:

1, Left-full Binary Tree

N6 c¢6 cac cau hinh trong s6 1 nhu:

2,

e min-heap, Moi parent < child
o Max-heap, Méi parent > child
o Insertion -> s6 phép so sdnh = h ~ log(n)
« Deletion, x6a root, ta lay value dudi cting copy lén root, heapify -> sb phép so sanh = h ~
log(n)
parent = (i — 1)/2
left =2i+1
right = 2 + 2
Day 1a cong thitc dé xay lai cay tit 1 mang
Cach build a heap given n values:
1. Repeated insertion (cach nay chi néi vao thdi chit khéng ai build cdch nay)
T(n) =log(1) +log(2) + - - - + log(n)
T(n) = log(n!)
= O(nlogn)
2. Bottom-Up Build Heap (dung cach nay)

= put the items in the array

= Run heapify from bottom to top

Tai sao T(n)=0(n):
Cay nhi phan cé n items thi tang duéi cting c6 n+1/2 items 14 14

Number of compare in buildings heap:

n+1 n+1 n+1 n+1
-0 1 B R IR EEy
2 + 1 + 3 + +2h+1
Trién khai dan thi n6 sé cho chiing ta O(n)
7
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Binary Heap Tree Representation
LEVE L

No DE S

Heap-sort

Max-heap (Min-heap ciing thé)
Lip lai cho dén khi heap con 1 phan ti

1. P6i chd root véi phan tir cudi ciing trong heap

— phan ti 16n nhat dugc dua vé ding vi tri cudi mang.
2. Giam kich thudc heap di 1

— vi phan t& cudi d6 da dugc sorted roi, khong tinh vao heap nita.
3. Heapify tai root

— dé khoi phuc lai tinh chdt max-heap cho phan con lai.

Moi 1an hét logn nhan v6i n — 1 1an nén ra O(nlogn)

Total time to sort using a heap = time to build heap + time for recursive heapify = O(n) + O(nlogn)
= O(nlogn)

Lower bound on comparison based sorting

Sau cac thuat toan trén, ta xét giéi han chung cia viéc sap xeép bang so sanh.

S6 trudng hgp téi thidu cé thé xdy ra >= n!, s6 14 t6i da <= 2 mii h (chiéu cao ciy)



Counting sort
Gi6i han vita néu danh cho cach sap xép bang so sanh; Counting Sort chuyén sang dém céc gia tri.

Pseudocode

CountingSort (A)
n = size(A)
k = max(A)

create array B[O..k]
create array C[0..n-1]
for i =0 to k

B[i] =0

for i = 0 to n-1
B[A[i]] = B[A[i]] + 1

for i =1 to k
B[i] = B[i] + B[i-1]

for i = n-1 downto O
C[B[A[il] - 1] = A[i]
B[A[i]] = B[A[i]]l - 1

return C

= Chay k+1 lan => O(k)
= Chay n lan => O(n)
= Chay k lan => O(k)
= Chay n lan => O(n)
T(n) = O(k) 4+ O(n) + O(k) + O(n)
=0(n+k).
Counting Sort rat nhanh khi:

khi d6:

— linear time
Néu:

n = 100

k = 1,000,000
thi:

T(n) = O(n + k) ~ O(k)

— T4t tén bo nhd.
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radix sort
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Ban chit ciia radix sort 13 sort theo titng cot digit, vi du:
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Buédce 1 Buéc 2 Buéc 3

170 - 0 0: 170, 90 170, 90, 802, 2, 24, 45, 75, 66
45 — 5 2: 802, 2

75— 5 4:24

90 — 0 5:45,75

802 — 2 6 : 66

24 — 4

2 =2

66 — 6

Khong so sanh chi 1a 1dy ting cot ra nhém cac s6 vao

Radix sort dung Counting Sort cho buéc 2 -> O(n+k)
Téng thoi gian
Vi thuét toan chay d lan va méi lan tén O(n + k), nén:
T(n)=dxO(n+k)
=O(d(n+k)).

Chay d lan cho d cot (chuc, don vi, tram...)
Va vi k chi chay tit 0 -> 9 nén T(n) = O(d(n + 10)) ~ O(dn), gan nhu linear time -> very good
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Median-of-Medians

Dén day, muc tiéu déi ti sap xép cA mang sang tim mot phan tit theo hang.
Ta c6 mang A gom n phan ti.

Ta muén tim phan ti c¢6 hang r; con tim median thi 1a tim cai & hang [n/2] (hang tinh tir 1).

FindRank (A, r) // n=|Al, 1<=r<=n
if n <= 5: sort(A) and return A[r-1]
Chia n phin td thanh cic nhém, mdi nhém t6i da 5 phin td
Find median cda ting group bang viéc sorting
B = array chita cac median clia tiing nhém
x = FindRank(B, ceil(|Bl|/2)) // median-of-medians
AL, AE, AR = partition3(A, x) // < x, =x, > X
if r <= |AL|:
return FindRank (AL, r)
else if r <= |AL| + |AE|:
return x

DO WN -

else:
return FindRank(AR, r - |AL| - |AE|)

Sort mot group t6i da 5 phan ti, worst case ton O(52) = O(1) thoi. Nén sort hét déng group
(khodng n/5 nhém) la O(n):

= 522 = 5n

= T(n/5)

Ta xem case xau nhat 13 phai ré tiép vao bén c¢é nhiéu phan t& nhat. Nhd chon pivot bang median-
of-medians, v6i n d 16n, c6 it nhat n/4 phan t& < x va it nhat n/4 phan t > 2 (chimg minh bang
cach dém cac group 5 phan tit). Vay khi da tach riéng nhitng phan ti = z, bén phai dé quy tiép ¢
tbi da:

3n
max(|Azl, |[Ag|) < T

So tat ca tén: tim median trong B (cd n/5 phan ti), rdi c6 thé phai dé quy tiép bén c6 tbi da
3n/4 phan tit. May viéc con lai nhu chia nhém, sort timg group, partition déu tuyén tinh. B6 qua
phan lam tron, gom chi phi d6 thanh cn thi:

T(n) <T(n/5)+T(3n/4)+cn
Nhé 1a khong duge gop T'(n/5) + T'(3n/4) thanh T'(19n/20) nhé. N6 la hai nhdnh dé quy khac
nhau, nén phai tinh téng viéc ctia ca hai nhanh.
Sau k lan

Gi

i& sit ta xét dén miic k clia cdy dé quy. Tong size ciia cdc bai toan con ¢ mdi mic gidm theo ty 1é
3
T3

= é—g (bd qua phan lam tron khi xét tiém cén). VAy cong viéc ngoai dé quy & mtic k toi da la:

19\*
< —
Wi <cn (20>

11
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Dén day thi cong hét cdc miic lai. N6 1 cAp s6 nhan ¢ cong bdi 19/20 < 1, nén:

= 20cn + O(n) = O(n).

Vay ta da prove dugc worst case n6 ra O(n) -> t6t.

Master Theorem

La phuong phap tim nhanh cén gi6i han ctia phuong trinh dé quy:

T(n) =aT(n/b)+ f(n)
Trong dé:

« n: kich thuéc ctia bai todn dau vao.

e a > 1: s6 luong bai todn con dugc chia ra ¢ mdi bude dé quy.

e b > 1: hé s6 thu nhé kich thu6c ctia méi bai todn con, c6 kich thude n/b.

o f(n): chi phi thoi gian (asymptotically positive) cho céng viéc bén ngoai cac 16i goi dé quy,
bao gom chia bai todn va két hop két qua.

3 truong hgp:
Case 1: Leaves dominate

Néu f(n) = O(n'°&27¢) véi e > 0 thi:

T(n)= @(nlogba)

Case 2: Balanced
Néu f(n) = ©(nl&® log" n) véi k > 0 thi:

T(n) = ©(n'% *log" ! n).
Y nghia: Chi phi méi mitc trong cdy dé quy tuong tu nhau.
Case 3: Root dominates
Néu f(n) = Q(n!°#2+¢) va théa diéu kién chinh quy

af(n/b) <cf(n), c <1,
thi:

Quy trinh giai nhanh
Khi gip T(n) = aT'(n/b) + f(n):

1. Budc 1: Tinh nloss @,
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2. Budc 2: So sanh v6i f(n) va xéc dinh trudng hgp thich hop:

So sanh Case Két qua
f(n) nhé hon 1 O(n'oer )
Tuong duong 2 O(n'°8 *logn)
f(n)16n hon 3 O(f(n))

Pattern Matching

Tiép theo 14 bai toan trén chudi: tim vi tri xuat hién clia mot mau trong vin ban.

Cach 1: vét can

Best case: n-m+1 = lower bound(n) (luén fail ki tu dau)

Worst case: dén ki tu cudi méi fail (n-m+1) nhan m = O(n.m)

Céch 2: Knuth—Morris—Pratt (KMP)

T cach vét can, ta xét cach tdn dung phan da khép dé tiép tuc tim kiém.
“Longest proper prefix = suffix of the matched portion”

CAu néi trén nghia 13 phan tién t6 ma da tim duge, vo hinh chung lai thanh dudi méi ma ta bit
tim tu dudi day.

LPS 0 0 1 2 1

o | T &~

0 2 3
Patteem A B A B C A B A
0 1 2 3 4 6 7

j=0

5

Gia st dén C khong match thi ra fall back vé trudc né 1a index 3 da match, ta phai vé lai index 2
vi AB da lap dai dén hét AB mot lan khéi phai check lam gi nita.

Ta phai quay lai cai gibng dau nhit vi ¢6 khé niang diy cé thé 1a dau méi ©, éo biét duge. Py 1a
cai hay cta thuat todn

Pattem A B A B C A B A B

0 1 2 3 4 5 6 7 8

Text B ABABABABUC CABADBTC CAIBAB
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

So sanh tai j = 4: C # A, chuyén vé j = LPS[3] = 2.
Vi du dén C d6 thi phai check lai tit j = 2.
Néi dén thoi gian:

1. X4y bang tham chiéu longest prefix = suffix hét O(m), v6i m 1a d6 dai pattern vi phai duyét qua
hét pattern va 1 con tré theo déi prefix = suffix, tong 1a < 2m thi 14 O(m)

13
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2. Trong lic search:

e ila con trd trén text
e j 1a con tro trén pattern
i tdng nhiéu nhat n (sd lugng ki tur trong text)
j luon tang nhé hon n vi lam éo gi c¢6 chuyén tim pattern to hon c& vin ban goc

= < 2n thi 1a O(n)

Pseudocode:

Gom 2 buéce 13 build cai bang longest prefix = suffix hay con goi 1a bang pi va tim kiém

ComputePi (P)
m = length(P)
m[0] =0
j=0
for i =1 — m-1
while j > O and P[i] # PI[j]
j = wlj-1]

if P[i] == P[j]

i=ivt
w[i] = j

return w

KMP(T, P)

n = length(T)

m = length(P)

m = ComputePi (P)

i=o

for i =0 — n-1
while j > 0 and T[i] # P[j]
j = mlj-1]

if T[i] == P[j]

j=3+1

if j ==m
print(i - m + 1) // found match
j = wlj-1]

14



Graph algorithms

Sau bai toan trén chudi, ta chuyén sang mo6 hinh d6 thi dé biéu dién cdc quan hé.

Graph = dd thi = tap dinh (V) + canh (E)

Vi du 1 vin dé c6 thé gidi quyét bang graph:

Ban ¢6 cdc module dao tao:

A,B,C,D,E,F, G H

Mot s6 cip module khéng thé cé ciing nhan vién, nghia 14 cic cip nay xung dot:
A-B, B-C, A-D, A-E, B-E, E-F, A-F, B-F, D-F, A-G, A-H, B-H, C-H

Ban muén x&p lich téi thiéu sao cho cdc module xung d6t khong dién ra cliing mot slot (budi dao
tao).

. LT

C6 ndi nhau thi nghia 13 ciing 1 budi ¢6 xung dot, cadch lam bai nay chinh 14 ta sé t6 mau vao ting
dinh sao cho 2 dinh c6é néi thi khong ciing mau la khong xung dot, sau day cac dinh ciing mau don
vao cung 1 ngay vi c6 xung dot éo dau

T6 xong ra 4 mau 4 budi end game, qua dé

15
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Navigation on graph

Sau vi du t6 mau, ta xét cidch duyét qua cic dinh ctia do thi.
Duyét do thi c6 2 cdch: Breadth-First Search (BFS) va Depth-First Search (DFS)
BFS: diing khi “gan — xa”, can dudng di ngin nhat. (unweighted graph)

Pseudocode:
BFS(V, E, s):
for each u in V - {s}:
d[u] = c©
parent [u] = NIL
dfs] =0

parent[s] = NIL
Q = empty queue
ENQUEUE(QQ, s)

while Q not empty:
u = DEQUEUE(Q)
for each v in Adj[u]:
if d[v] = oo:
dlv] = dfu] + 1
parent[v] = u
ENQUEUE(Q, v)

Mbi dinh duge enqueue va dequeue tdi da mét lan.
O(V]-1+[V]-1) =0O(V])

Vi méi dinh chi dugce dequeue mdt 1an, mdi canh ciing chi dude xét mdt 1an (hoic hai lan véi vo
huéng).

O(El)

= O([V]) + O(|E]) = O([V] + |E])

16



DFS: di siu nhat xudéng 1 nhanh réi quay lui 1én trén di nhanh khéc

= Stack:

DFS-Stack(G, s):
create empty stack S
push s into S
visited[u] = false for all u € V

while S is not empty:
u = pop(S)

if visited[u] == false:
visited[u] = true
time = time + 1
d[u] = time

for each v € Adj[ul:
if visited[v] == false:
classify edge (u,v) as Tree Edge
push v into S
else:

if visited[v] == true (GREY logic):
classify edge (u,v) as Back/Forward/Cross Edge based on d/f

time = time + 1
£ [ul

time

O([VI) + O(|E]) = O([V] + |E])

Néu dé bai ra chi 1a show DFS thi game qué easy, nhung néu ra kiéu:

7. Run the DFS on the following graph, with s being the source. Identify the back, cross or
forward edges with B, C, or F respectively. 8 points.

a

0

Sé khé hon vi phai xay DFS spanning tree.

Vi du xay cdy nay & cau trén thi ta di tu

s-> a (tree), a->t (tree) khong di dugc nita vé lai a
a->b (tree), b -> b (back), b->t (forward)

sau do thay t khong di dau duge, back vé lai a

a da di hét 2 hudng ve lai s, s -> b khong di vi b da kham ph4 roi (forward)

s sang t ciing khong di vi t da khdm pha rdi (forward)

17
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Ban chat ta sé vé dudc cai spanning xong ta sé chi ra dugce 4 loai canh:
Tree Edge: v dudc phat hién lan dau tir u

Back Edge: v I3 to tién ctia u (self-loop luén 1a back edge), néu quay lai cha thi khong tinh 13
back

Forward Edge: v la con chdu ctia u (nhung khong phai tree edge)
Cross Edge: u va v khong c6 quan hé t6 tién — con chau
Minimum spanning tree (MST)

Tt viee duyét do thi, ta chuyén sang bai toan tim ciy khung c6 tong trong sé nhoé nhat.

spanning tree 1a cay khung, c6 trong sb giita cic duong, lién thong, vo huéng

1. Prim (Hgp vao graph day):

Prim(G, r)
for each u € VI[G]
key[u] = o0

parent [u] = NIL

key[r] = 0
Q = VIG]
while Q # @

u = Extract-Min(Q)

for each v € Adj[ul
if v € Q and w(u, v) < keyl[v]
parent[v] = u
key[v] = w(u, v)
Decrease-Key(Q, v, key[v])

return parent
Nay khdi tao mang lén cho déng nay hét O(|V])
Build heap tit |V| phan tit: O(|V])
= Q = Min-Heap chtta tit ca cic dinh (theo key)

Extract nay mdi lan mat O(|V|log |V])
Decrease-Key: O(|E| log |V])

O(IV]) + O(IV]) + O([V[log [V]) + O(| E|log [V])
= O((IVI+ |E]) log [V])
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2. Kruskal (hgp véi graph thua):
Kruskal (G)

for each vertex v € V[G]
Make-Set (v)

sort edges E by increasing weight
MST = @
for each edge (u, v) € E
if Find(u) # Find(v)
MST = MST U {(u, v)}

Union(u, v)

return MST

= O([V])
= Sap xép cit cho 14 chuan O(nlogn) thi ddy sap dinh thi O(|E[log|E|)

Céc thao tac Union va Find set r4t nhanh nén ~ O(|E|)
Thém vao MST -> O(|V]) (vi MST ¢6 |V|-1 canh)
= O(|V]) + O(|E|log |E]) + O(|E]) + O(|V])

= O(|E|log | E])

Single source shortest path
Van trén do thi c6 trong sb, ta chuyén sang tim duong di ngin nhat tit mot dinh xuit phat.

1. Bellman-Ford: ap dung cho ca canh am

BellmanFord(G, w, s)
for each vertex v € VI[G]
dlv] = o0
parent [v] = NIL

dfs] =0

for i =1 to |V[G]| - 1
for each edge (u, v) € E[G]
if dlv] > d[u] + w(u, v)
dlv] = dfu] + w(u, v)
parent[v] = u

for each edge (u, v) € E[G]
if dlv] > dlul + w(u, v)
return FALSE

return TRUE

Time complexity:

T(V[|E)=0(V]|-|E]]
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2. Dijkstra: chi 4p dung cho méi canh duong
Dijkstra(G, w, s)
for each vertex v € VI[G]

dlv] = o©
parent [v] = NIL

d[s] =0
Q = VIG]

while Q # @
u = Extract-Min(Q)

for each v € Adj[ul
if dlv] > d[u] + w(u, v)
dlv] = d[u] + w(u, v)
parent[v] = u
Decrease-Key(Q, v, d[v])

return d, parent

= priority queue theo d[v]

Time complexity:

O(([VI + [ E]) *log|V])

All-Pairs Shortest Path

T mot dinh xuét phét, ta md rong yéu cau sang tim dudng di ngan nhat giita moi cip dinh

1) Floyd—Warshall: dense (best suited)

o0

|T Y AL
7y B
}2_ NS
[
1
L 2 3 a4
1[0 3 oo 3
0 2 .
/k: :8 () :LJ c0
3|5 o0 1
4|2 = el
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FloydWarshall (W)
n = number of vertices

D=W

for k =1 ton
for i =1 ton
for j=1ton
D[i]1[j] = min(D[i1[j1, D[il[k] + D[k1[j1)

return D

« Ban chét thang nay 13 sé tim duong di ti dinh ndo dén dinh khéc, tim full cidc kha ning xong
thanh cai ma tran

o Cai s6 mil trén dau clia ci tén ma tran kia bicu thi di qua dinh vao, vi du A° nghia 14 khong
di qua dinh trung gian nao

« Gia stt A? thi phai vi du ta can tim tit 1->4 thi phai xem gid tri 1->4 hién tai véi di cai duong
1->2+42->4 xem c6 ngan hon khong

Lam lan lugt tit mii 0 dén mii max & day vi du & day 1a 4 thi A®, At A2 A3 A4

Pseudocode c¢6 3 vong lap long nhau:

Mai vong chay n lan

=|T(n) = O(ng)

2) Johnson: sparse

Johnson(G) :
add vertex q
for each v in V:
add edge (q, v) weight = 0

h, negativeCycle = BellmanFordDistances(G, q)
if negativeCycle:

return FALSE

for each edge (u, v):
w(u,v) = w(u,v) + h(u) - h(v)

for each vertex u in V:
d_prime = Dijkstra(G, u)
for each vertex v in V:

d[u] [v] = d_prime[v] - h(u) + h(v)

return d
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« Dau tién ta thém 1 dinh gia q,

« sau dé ta tinh h tit ¢ dén céc dinh, titc h(v) l1a khodng cdch ngan nhat tit ¢ dén v

h(g) =0,  h(v)=d(gv) (veV).
May cai h(v) nay phai chay Bellman-Ford méi ra, khéng phéi cit cho tat cd bang 0 nhé. C6 canh
trong s6 am thi h(v) cling c6 thé Am.
« Chay Bellman-Ford 1 lan tit ¢ dé ldy céc gia tri h(v) (khong phai |V lan)
e Sau d6 sé c6 cac cai h da tinh, dung ching dé déi trong sb
o w'(u,v) = w(u,v) + h(u) —h(v) (doi trong s6)
e Sau d6 chay Dijkstra tu tung dinh

« Sau d6 d6i vé khodng cach that (theo trong s6 ban dau):

d(u,v) = d'(u,v) — h(u) + h(v)
Time complexity (Dijkstra dung binary heap):

O(IVIIE[ + [VI(IV] + [E])log [V])

Dynamic Programming

Sau céc thuit toan trén do thi, ta xét thém cich xdy dung 15i gidi tit cic bai todn con qua nhiing
vi du quy hoach dong.

e Tinh Fibonacci:

Dynamic
F(n):
if n <= 2:
return 1
dpl[1] =1
dpl2] =

for i = 3 to n:
dpl[i] = dpl[i-1] + dp[i-2]

return dp[n]
bé quy

F(n):
if n <= 2:
return 1

return F(n-1) + F(n-2)
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e Knapsack problem:

KNAPSACK (weight, value, n, W)
Create array dp[0..n][0..W]

for w =0 to W
dp[0] [w]

I
o

for i =1 ton
for w =0 to W

if weight[i] > w
dp[i] [w] = dpli-1][w]
else
dpli] [w] = max(dp[i-1][w], valuel[i] + dp[i-1][w - weight[il])

return dp[n] [W]

e Matrix chain multiplication

MATRIX-CHAIN-ORDER(p, n)
Create array m[1..n][1..n]

for i =1 ton
m[i][i] = O

for L =2 ton
for i =1ton-L+1
j=1i+L-1
m[i] [j] = o©

for k =1 to j -1
q = m[i] [k] + m[k+1][j] + pli-1] * plk] * p[j]

if q < m[i][j]
m[i] [j] = q

return m[1] [n]

e rod-cutting

cho 1 thanh d6 dai n,  moéi do dai thi gid ban khéc nhau, vi du:
n=+4

1
2
3
4

=}

T

=}

[ =1
2] =5
3] =8
[4] =9

T

Ban chuan
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ROD-CUTTING(price, n)
let dp[0..n] be a new array
dpl[0] = 0

for j=1ton
best = -0
for i =1 to j
best = max(best, pricel[i] + dp[j - il)
dp[j] = best

return dp[n]
Bién thé c¢6 thém cost mdi lan cut

MODIFIED-ROD-CUTTING(price, n, c)
let dp[0..n] be a new array
dpl0] = 0

for j=1ton
best = pricelj]
for i =1to j-1
best = max(best, price[i] + dp[j - i] - ¢)
dp[j]l = best

return dp[n]

Complexity theory

Céc phan trudce xét cach gidi ting bai toan; gid ta chuyén sang phan loai do khé ciia bai toan.
P (Polynomial Time): bai todn gidi dugc trong polynomial time. Gidi dugc nhanh
NP (Nondeterministic Polynomial Time): Céc bai toan ma néu c6 dap an rdi thi kiem tra
dap an nhanh dugc.
o Khi néi NP-complete -> output chi la YES/NO
« Con phién ban téi wu thudng hay dude xép 1a NP-hard.

Reduction:

Neéu c6 hai bai todn A va B, viet:

A<, B

nghia 13 muén chimg minh B “khé”, ta ldy mot bai da biét khoé 1a A, roi reduce A vé B. cai viét
kiéu trén chi x4y ra khi da chimg minh duge B khé it nhat 1a bang A

NP-hard 13 tip cc bai toin kho it nhat ngang v6i moi bai toan trong NP.

Nghia 1a: v6i moi bai toan A trong NP, ta c6 thé reduce A vé B(véi B 1a bai todn NP-hard). Do
d6, néu giai duge B thi cé thé suy ra 10i giai ciia A.
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NP-complete:

1. néu né thudc NP

2. 14 NP-hard

Quy trinh chudn dé chiing minh mot bai toiAn mdi 14 NP-complete
Budc 1: Ching minh bai todn thudéc NP
Thc la:
« néu cau tra 1oi la YES
e va kiém tra 10i gidi d6 trong polynomial time
Buéc 2: Chon mot bai da biét NP-complete
Budc 3: Reduce bai da biét khé sang bai mdi

Phai la:

Known NP-complete problem <, New problem

Budc 4: Két lugn
e vi bai cii reduce sang bai méi — bai méi la NP-hard
e lai ¢6 bai méi thuoc NP

e nén bai méi la NP-complete

Computational
Complexity Theory

N

Hardest

NP - Complete

Hard

Medium

Easy
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Approximation Algorithm

Sau khi xét do khé ciia bai todn, ta chuyén sang huéng tim 16i gidi gan ding.
Khi gap may bai nhu:

Traveling Salesman Problem

Subset Sum Problem

— khong c6 thudt todn nhanh (polynomial)

— brute force = thit tat cd — O(2") hoic té hon

Khong can 18i giai chinh x4c

7 Chi can gan ding

Approximation Ratio

o OPT (Optimal solution, 16i gidi t6t nhat) = 100
e thuat toan cho ra = 120

— van OK &

solution ctia thuit toan

ratio = ; -
optimal solution

Thuat todn 2-approximation cho Traveling Salesman Problem (TSP)

Bude:

1. Tao MST (Minimum Spanning Tree)

2. DFS trén cay do

3. Ghi lai thit tu di

4. Bé céc dinh lip (shortcut) chi git 1an xuat hién dau tién ctia méi dinh.

5. nbi dinh cubi quay vé dinh xuit phat dé tao chu trinh
Két qué: chu trinh thu dude ¢ tdng chi phi khong vugt qué 2 1an chi phi tdi wu.
Prove cdch nay la 2-approximation
1. Goi T 1a MST =
w(T) < OPT

2. bi DFS trén 7= mdi canh di 2 lan =

cost = 2w(T)
3. Shortcut (b6 node trung) dung triangle inequality =

cost khong ting, nghia 14 di binh thudng thi hét 2w(T) néu di shortcut thi “cé thé” sé ngan hon
nén sé thanh <

= cost(ALG) < 2w(T)

= cost(ALG) < 20PT
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subset sum

C6 thé tao ra tong = t bang cich cong vai s6 trong S khong?
S=11,3,4,5}, t=38

Bai toan nay c6 thé giai chinh x4c bang dynamic programming trong thdi gian O(nt) khi cic s6 trong
S va muc tiéu ¢ déu 1a s6 nguyén khong A&m. DAy 1a do phitc tap gid da thitc (pseudo-polynomial),
vi né phu thudc vao gid tri cta ¢, khong chi sd bit biéu dién ¢. Khi t 16n, ngudi ta c¢6 thé dung
approximation algorithm néu chap nhéan sai sb.

Thay vi giit qua nhiéu téng gan giéng nhau, ta chi gitt mot vai tong dai dién.
néu hai s6 qué gan nhau

thi gitt mot s6 thoi

bd s6 kia di

Nh¢ vay list khong to.

APPROX-SUBSET-SUM(S, t, ¢)

n = |8]
L0 = (0)

for i = 1 to n do
Li = MERGE-LISTS(Li—1, Li—1 + xi)
Li = TRIM(Li, € / (2n))
remove from Li every element that is greater than t

return the largest element in Ln

TRIM(L, 4)
let L' be a new list
append first element of L to L'

last = first element of L
for each element y in L starting from the second element do
if y > last x (1 + J) then
append y to L'
last =y
return L'
Gia stt vita quyét dinh git mot s6 z.

Thi moi s y thoa:

y<(1+9)z
déu bi xem 13 qua gan z, nén khong can giit nita.
Chi gitt lai z lam dai dién.
Dang nay khong héi pseudocode ma sé kiéu
S =(2,5,6,9)
t=15
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e=1
APPROX-SUBSET-SUM(S, t, ¢)

két luan output cudi cling

Cdch lam:

Ban dau phai x4c dinh duge § = ¢ / (2n)

Lo = (0)

x1=2, Cong 2 vao ting phan ti ctia LO

merge véi LO = <0,2>

ta coi z 1a 86 trudc clia y ta can check xem (14 ) nhan z c¢6 16n hon y khéng, néu cé thi bd

ctt nhu thé xong chuyén sang budc tiép theo

Set cover

Cudi cung 13 bai toan chon tadp dé bao phii phan tit va cach chting minh NP-complete.
chon céi nao cover dugc nhiéu thit CHUA lam nhat

U = {A, B, C, D, E} (chua lam gi hét)

C = {} (chua chon gi)

Mot s6 k

S ={A,B,C}
Se={B,D}
S3={C,D,E}
Sy =A{E}

Chon < k tap con sao cho:
(ttic 1& cover hét moi phan tit trong U)
Bai todn niy qué dé nén kha ning sé thanh 1 bai dé tinh NP-complete ching han

5. [3+4] Explain NP completeness. Define set cover problem and explain how it is NP
complete.

Dau tién prove dude 13 né thuéc NP, qué dé cho 1 151 gidi bat ki ¢6 thé check ngay duge
Ta chon ngay vertex cover la bai todAn NP-complete xong map né
Ta thay chon 1 vertex ciing nhu chon 1 tap

Cac canh cover ciing nhu cac dinh cover trong 1 tap

= Set cover cting chinh 1a NP-hard
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