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‘ First Order Logic

= Syntax
= Semantic

= Inference
o Resolution




Inference in FOL

Difficulties

o Quantifiers

o Infinite sets of terms

o Infinite sets of sentences

Examples: Vx.King(x) A Greedy(x) = Evil(x)
o Infinite set of instances

King(Bill) A Greedy(Bill) = Evil(Bill)
King(FatherOf (Bill)) A Greedy(FatherOf (Bill)) = Evil(FatherOf (Bill))

Robinson’s Resolution

Herbrand’'s Theorem (~1930)

o A set of sentences S is unsatisfiable if and only
there exists a finite subset S of the set of all
ground instances Gr(S), which is unsatisfiabe

Herbrand showed that there is a procedure to

demonstrate the unsatisfiability of a

unsatisfiable set of sentences

Robinson propose the Resolution procedure
(~1950)
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Idea of Resolution

Refutation-based procedure
a S/=Aifandonly if S U{—A} is unsatisfible

Resolution procedure
o Transform S U{—A} into a set of clauses
o Apply Resolution rule to find a the empty clause
(contradiction)
If the empty clause is found
o Conclude S/=A
Otherwise
o No conclusion

Clause

A clause is a disjunction of literals, i.e., has the form
BvPv..vP P =[—]R
o Example
P(x)v Q(x,a)v R(b)
P(y)v—=0(b,y)v R(y)
The empty clause corresponds to a contradiction

Any sentence can be transformed to an equi-satisfiable
set of clauses
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‘ Elements of Resolution

= Resolution rule
m Unification
m [ransform a sentence to a set of clauses

‘ Resolution rule

= Resolution rule

AV B -CvD
6(Av D)

o mgu: most general unifier

= The most general assignment of variables to terms in such
a way that two terms are equal

= Syntactical unification algorithm
o 0: substitution

0 =mgu(B,C)
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| Example of Resolution rule

= X,y are variables
= a, b are constants

P(x)vO(x,a)  —0Q(b,y)v R(y)

P(b)~ R(a) f=tx=b.y=a]
A=P(x)
B=0Q(x,a)
C=0(b,y)
D=R(y)

‘ Example of Resolution rule

| |
—Pet(Joe) v Cat(Joe)Vv Bird(Joe) Parrot(z) v = Bird(z) (1)

—Pet(Joe) Vv Cat(Joe) vV Parrot(Joe)
(1) mgu(Bird(x), Bird(Joe)) = {2/ Joe}

| |
= On(a,y) VAbove(x,y) On(B.A)v On(A, B) (2)
Above(A, B) vV On(B, A)
(2) mgu(On(x.y).On(A.B)) = {z/A. y/B}

l l

- Bird(x)v Feathers{x) = Feathers(y) VFlies(y) (3)
—Bird(x) Vv Flies(x)
(3) mgu(Feathers(z). Feathers(y)) = {y/x}




‘ Elements of Resolution

m Resolution rule
= Unification
m [ransform a sentence to a set of clauses

‘ Unification

= Input
o Set of equalities between two terms

u OUtpUt

o Most general assignment of variables that
satisfies all equalities

o Fail if no such assignment exists
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| Unification algorithm

Decompose
UU{f(tr-ota) =" fls1,cosn)} = U0t =" 1,0t =T 5]

Orient.
Uuft="v} —UU{v="1t}

* Vars(U), Vars(t) are sets of

Delete. var?ables ih Uandt
? * v is a variable
Uvu {'U = U} U -sandtare terms

« fand g are function symbols
Eliminate.
Uufv="t}, v e Vars(U)\ Vars(t) — Up/t]u {v="1}

Mismatch.
Uu{f(t,..., ton) = g(si.....sn)}. fogdistinctor m # n — FAIL

Occurs.
Uu{v="t}, v#tbutv e Vars(t) — FAIL

| Example of Unification

[F(G(H(y).H(4)) =" F(G(z).x)} —=,
(G(H(y)) =? G(z), H(A) =" gz} o=,
COrient

{H(y) ="=. H(A) =
=" H(y), H(A) =" 2} 20z,

{z =" H(y), H(A) =" H(y)}
{x="H(y), A="y

Decompase

Orient

}
{l _7 H{y] U_' _1} Eliminate 3
}

[x="H(A), y="A
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Elements of Resolution

Resolution rule
Unification

Transform a sentence to a set of clauses

Eliminate implication

Move negation inward
Standardize variable scope
Move quantifiers outward
Skolemize existential quantifiers
Eliminate universal quantifiers
Distribute and, or

Flatten and, or

Eliminate and
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| Eliminate implication

Ve (Vy P(x,y)) — ~(Yy Q(z,y) — R(z,y))}

o — lfj
Y — Ifj

—  —aV
—  (hav ) A (=B Va)

Ve =(Vy P(x

) V- (Yy —Q(x,y) V R(x,y)))

‘ Move negation inward

¥z —(Vy P(=,

y)) vV —(Vy =Q(x,y) vV R(zx,y)))}

1k —_—
-lav i) —
—lanfg) —

o -V o — v —ex
- A3 —dv @
- WV -3

— YU

o (Jy - Plx,

y)) Vv 3y Q(z,y) A —=R(x,y))}
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' Standardize variable scope

{(Va (Jy ~P(zx,y)) v (Jy Q(z,y) N ~R(z,y))}

Each variable for each quantifier

IV (Jy - P(z,y)) V(32 Q(z,2) A ~R(z,2))}

‘ Move quantifiers outward

Wa (Jy -Plx,y)) vV (32 Q(x,z) A =R(x,2))}

(Qro)yrng —  Qul(anj) arn(Qrp) —  Qulanpd)
(Qra)vi — Qz(aVvp) aV(Qxl) — Quz(aVvid)

(Vr dy Jz -Plz,y) V (Q(z, z) A —-R(z,2z))}
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‘ Existential Instantiation

Ve dydz =P(z,y) V(Q(x,2) A —R(x,z))}

dv a
SussT({v/k}.a)

{ vx =P(x,a) v (Q(x,b) A =R(x,b) }

' Skolemize existential quantifiers

Vo Jy Jz =P(z,y) V(Q(x,2) A =R(z,z))}

a — afp/m(vr,...,v,)]
with = new and vy .. ... v, universally quantified outside Jv a

{Ve =P(z, Fi(z)) V (Q(x, Fa(x)) A —R(z, Fa(x)))}
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| Eliminate universal quantifiers

{Ve =Pz, Fi(2)) V (Q(x, Fo(x)) A —R(x, Fa(x)))}

Yo — v

{ﬁp{;t.‘,Fl (.I.‘)]I A {Q{i‘, FQ(.I.')} M —lRI[;L“_, FQ{E}})}

‘ Distribute and, or

{ﬁp{;t.‘,Fl (.I‘)]I W {Q{i‘, FQ(I)} M —lRI[;I.‘, FQ{I}})}

aV (8 Ay) — (aVB)A(x V)
(BAY)Va — (BVa)A(yVa)

{{ﬁP(fFl(i:l} W Q[le(lJ)} A (-P(x, Fy(z)) v ﬁR{lF_;[!}JJ}
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‘ Flatten and, or

{(=P(z, Fi(a

() V Q(x, Fa(x

) A (=P(x, Fy(a

(s BAY)
(aV BV7)
(aABAy)
(aV BV )

H—|P{l F'l .1]

V Q(z, Fa(x))) A (-P(z, F1(z)) V ~R(x,

(x)) V =R(z, Fy(z)))

Fa(x)))}

‘ Eliminate and

((~P(x, Fy(2)) V Q(x, Fa(2))) A

|=P(x, F(x))

(=P(z, Fi(z)) V ~R(z

{an 3}

{&', .lrj}

JFo(x)))}

VvV Q(z,Fa(x)), =Pz, Fi(x)) V -R(z, Fa(r))}
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‘ Example of proof by Resolution
|  Americantx) v — Weaponty) v — Sellsxy.z) v — Hostile(z) + Criminal \-|

|_1:r.'§.|'."m?.’r West, | | =1 American(Westh v = Weaponinl v = SsH:(Tl'estT,zf w = Hostile(z)

—— ] \

| 1 Missile(x) T[m,.ml facl | | = Weaponiv) w2 SellsiTesty.zh v ﬂHos*ﬂel’:) |

Mizsilafdl) | | = Missils(y) \.-_—|_Sei'|':.‘ﬁ"e:r,_y,:,l v ﬁHaJ(riEsr'z; |

W Missilex) v — Cuns(Nemox) v Sells(Test.x Nono) | |—|5'sHS|"TreEJ._‘J.i'.zJ v = Hostilefz) |

Miczile(dd1) | | =t MizzilefM1) v = OwnsNons M1) v ﬂHmri!g.f,‘*'ona; |

| + Enenpix. America) v Hosrile(x) | | ;;fasﬂ?eﬁ\v'ana; |
| Enemy(Nono, America) | |Enep;.]_.'.;'ana,_dmen'ca) | Prove
- Criminal(West)

__——r

Success

| Summary of Resolution

= Refutation-based procedure
a S/=Aifandonly if S U{—A} is unsatisfiable

= Resolution procedure
o Transform S U{—A} into a set of clauses

o Apply Resolution rule to find a the empty clause
(contradiction)
= If the empty clause is found
o Conclude S/=A
= Otherwise
o No conclusion
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Summary of Resolution

Theorem

o A set of clauses S is unsatisfiable if and only if
upon the input S, Resolution procedure finds the
empty clause (after a finite time).

Exercice

The law says that it is a crime for an
American to sell weapons to hostile nations

The country Nono, an enemy of America, has
some missiles, and all of its missiles were
sold to it by Colonel West, who is American

Is West a criminal?
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... 1t 1s a crime for an American to sell weapons to hostile nations":

V¥ z American(x) A Weapon(y)A Nation(z)A Hostile(z)
A Sells(x, z,y) = Criminal(x)
"Nono ... has some missiles":
Ax Owns(Nono,x) N Missile(x)
"All ofits missiles were sold to it by Colonel West":
¥Yx Owns(Nono,xYA Missile(x) = Sells¢ West, Nono. x)
We will also need to know that missiles are weapons:
YV x Missile(x) = Weapon(x)
and that an enemy of America counts as "hostile":
¥ x Eremy(x.America) = Hostile(x)
"West, who 1s American ...”:
American(West)
"The country Nono ...t
Natien(Nonoy
"Nono, an enemy of America ...":
Enemy(Nono, America)

Nation(America)

Transform the problem to set of clauses and
Resolution

| | Americanix) v - Weapanty) Hostils(z) v Crimi

| Americani{West) | | = American(West) v = Weapon(y) v = SellsiWesry.z) &. = Hostile(z)

|  Missilefx) v n'mpm.-.-.\-.-| |—|Trea_ptmr:)j v = Salls(Westyz) v ﬂHo;n'J’e(:)“

Missile(MI) | | — Missiley) v  Sells(Westyz) v ﬂHa:rfEsr'ZJ\

1 Miszilefx) v = OwnsiNeno.x) v SellsiWest.x. Nono) | | = SellsiWezt M1zl v = Hostileiz) |

[ = MissiledMI} v = Owns(Nona M1} v — Hostila(Nena) |

| =1 CwnsiNono M1} v = Hosrile(Nona) |

| \ Enenyrx. America) v Hostilefx) | T—!Hosn'feﬂ\-'ann'.l |
D] | [ | Crime )
T
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Exercice

= Jack ownsadog own(Jack, dog)
Every dog owner is an animal lover
No animal lover kills an animal

Either Jack or Curiosity killed the cat, who is
named Tuna

Did Curiosity kill the cat?

Jx.Dog(x) AOwns(Jack, x)
VxVy.(Dog(y) AOwns(x,y)) = AnimalLover(x)

VxVy.(AnimalLover(x) A Animal(y) = —Kills(x, y))
Kills(Jack,Tuna) v Kill(Curiosity,Tuna)

Cat(Tuna)

Vx.Cat(x) = Animal(x)
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' Transform the problem to set of
clauses

Dog(D)

Owns(Jack, D)

—Dog(y) v —0wns(x,y)Vv AnimalLover(x)
—AnimalLover(x) A—Animal(y) v —Kills(x, y)
Kills(Jack,Tuna) v Kill(Curiosity, Tuna)
Cat(Tuna)

—Cat(x) v Animal(x)

—Kills(Curiosity, Tuna)
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