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Unit 5

Push Down Automata
Context Free Pumping Lemma



Push Down Automata (PDA)

 Informal description
* Formal Definition
* Equivalence between PDA and CFG



Informal Description

* Push Down Automata (PDAs) are e-NFAs
with stack memory.

* Transitions are decided by an input symbol
together with a pair of the form X/a

* The transition is possible only if the top of
the stack contains the symbol X

 After the transition, the stack is changed by
replacing the top symbol X with the string of
symbols a. (Pop X, then push symbols of a)



Components of a PDA

A control with a finite number of states
* A tape contains the input string

* The input head

« A stack

state
control _l IEI. a|b|b| input

stack

b4

Y

Z
e



Formal Definition of a Nondeterministic PDA

* A nondeterministic pushdown automaton
is a 6-tuple (Q, 2, T, d, q,, F), where

1. Q is the set of states,

2. 2 Is the input alphabet,

3. [ is the stack alphabet,

4.0:Qx 2. x[,—P(Q xT,)is the transition
function,

5. q, € Q is the start state,

6. F € Q is the set of accept states.



Example

* Here is the formal description of the PDA
that recognizes the language {0"1"| n = 1}.
Let M, be (Q, 2, T, 0, q4, F), where
Q ={q4, dy, d3, s},

2. ={0,1},

={0, $},

F ={q,}, and 0 is given table on the next
slide, wherein blank entries signify @.



Transition function of M,

Input: 0 1 €

Stack: |0 [ $ € 0 $le|0 $ €

q {(q2,%)}
q2 {(g2,0)} {(g3,€)}
qd3 {(g3,€)} {(qs,€)}
q4

(94, &, €) = {(02,9)}

6(dy, 0, €) = {(qy,0)}

6(dy, 1, 0) ={(qs, &)}

6(ds, 1, 0) ={(qs, &)}

5(03, &, $) = {(q4 ¢)}




Details of transition function

2. =2 uie}l, I'.=Tu{e

* (g, v) € 8(p, a, £): make this transition
without reading and popping any symbol
from the stack.

* (g, v) € 8(p, €, b): make this transition
without reading any symbol from the input

* (g, €) € o(p, a, b): does not write any
symbol on the stack when going along this
transition



Transitions

* Let((q, YY) € d(p, a, B) )be a transition.

* It means that we
— Start in state p.
— Read a from the tape,
— Pop the string 3 from the stack,
— Move to state q,
— Push string y onto the stack.

* The first three (p, a, B), are “input.”
* The last two (q, y) are “output.”



Transitions

« We will draw It as

a,b;c
(r) {0




Pushing and Popping

* When we push string [3, we push the
symbols of 3 as we read them right to left.

* When we pop y, we pop the symbols of y
as we read them from Jeft to right (reverse
order).

* For example,

— When we push the string abc, we push ¢, then push
b, then push a, i.e., a is on top.

— When we pop the string abc, we pop a, then pop b,
then pop c.

— Thus, if we push the string abc and then pop it, we
will get back abc, not cba.



Configurations

* A configuration fully describes the current
“state” of the PDA.

— The current state.
— The remaining input.
— The current stack contents.
* Thus, a configuration is a triple

(p, w,a) e (Q,X,I).




State diagram of PDA

State diagrams of PDAs are similar to the state diagrams
of finite automata, with an addition of activities in the stack

Write “a,b — ¢’ to signify that when the machine is reading
an a from the input, it may replace the symbol b on the top
of the stack with a c.

Any of a, b, and ¢ may be . @ E e
| 1 2 >
Example: State diagram of PDA

P that recognize language
L={0""|n=1}

€,$—e€



Computations

» A configuration (p, w, o) yields a
configuration (p’, w', ) in one step,
denoted

(o, w, o) = (p’, W', &),
iIf there is a transition ((p, a, B), (p, v)) € O

such that w = aw’, a = n, and o' = yn for
somen el".

 The reflexive, transitive closure of = is
denoted = .



Accepting Strings
 After processing the string on the tape,

— The PDA is in either a final or a nonfinal state,
and

— The stack is either empty or not empty.
* The input string is accepted if

— The ending state is a final state, and

— The stack is empty.

« That is, the string w € X" is accepted if

(qO’ W, g) — ) (p’ &, g)
for some p € F.



Example of PDA P’s computation

(g4, 000111, &) = (g, 000111, §)
= (g, 00111, 0$)
= (q,, 0111, 003)
= (q,, 111, 0009)
= (g5, 11, 003)
— (Q3, 1, 0$) @ €. e s—m
= (93 & %)
= Qs & &)

1,0—€
000111 is accepted by P e {50

1,0->€&




The Language of a PDA

* The language of a PDA A is
L(A)={w e | A accepts w}.
Or
LAY ={w e | (g, W, &)= " (p, & &), peF}



Example of a PDA

* Run the following PDA on the input string
aaabbb.




Example of a PDA

* The steps in the processing are
— (S, aaabbb, &) = (p, aabbb, a)
= (p, abbb, aa)
= (p, bbb, aaa)

= (p, bb, aa)
a, €, ad — (p, b, 8,)
H b = (q, & &).
a, €, a , ad € ) &y &
LG g
|
b, a; ¢



Example of a PDA

* What is the language of the following

PDA"?
(s, aaabbb, &)
4,8 d b, a; & = (p, aabbb, a)
H g, €€ H = (b, abbb, aa)
—© ®) — (p, bbb, aaa)
= (p, bb, aa)
= (b, b, &)
= (g, & &)



CFG — PDA

Lemma

If a language is context free, then some
pushdown automaton recognizes it.

Proof Idea:

 Let L be a CFL. From the definition we know
that L has a CFG, G, generating it.

 \We show how to convert G into an
equivalent PDA, which we call P.



CFG — PDA

 The PDA P will accept string w, if G generates that
iInput, by determining whether there is a derivation for w

* P begins by writing the start variable on its stack.

* |t goes through a series of intermediate strings, making
one substitution after another.

« Eventually it may arrive at a string that contains only
terminal symbols, meaning that it has used the
grammar to derive a string



Informal description of P

1. Place the marker symbol $ and the start variable on
the stack.

2. Repeat the following steps forever.

a. If the top of stack is a variable symbol A, select one of the
rules for A and substitute A by the string on the RHS of the rule.

b. If the top of stack is a terminal symbol a, read the next

symbol from the input and compare it to a.

 If they match, repeat.
 If they do not match, reject on this branch of the nondeterminism

c. If the top of stack is the symbol $, enter the accept
state. Doing so accepts the input if it has all been read.



Implement of PDA P

Assume L=L(G), G = (%, N, R, S), we construct PDA
P=(Q, 2T, 9, Qg F)

Q = {Astarts Yioopr Jacceptt  E » E is a set of states used
to push the string w = u;---u, on the stack

[=2UA U{$} ) F = {qaccept}-
o is built by the following set of rules

6(qstart"‘:’a) = {(qloop’8$)}-
O(Qioop:€-A) = {(Qjoop:W) | where A — w is a rule in R}.

6(qloop’a’a) = {(qloop’g)}-
6(qloop’gv$) T {(qaccept’s)}



State Diagram of P

e, A=w  forrule A—=w

a,a—e for terminal a




To push a string on to a stack

To push a string w=u,,...u,, a RHS of a rule on stack, we use a
set of states q,,...,q,-1 and setting the transition function as
follows:

0(q,a,s) to contain (q4,u,),
0(d4,€,€) = {(02,U1-1)},
0(d2,€,€) = {(Q3,U1-2)} - - -
O(q-1,€,€) = {(r,uy)}.




Example:

PDA accepts language L = {a"b" |n = 1}
It is known that L = L(G) with rule set:

S —»>aSb|ab
P=(Q, 2T, 9, Qs F)
Q= {qstart’ qloop’ qaccept} VE,E= {q1’ d2, q3}
O(Astart:&:€) = {(Qyoop:S)}-
0(lo0p€:S) CONtains (q4,b), 0(qy,€, €) ={(q2: S)},
0(02,€, €) ={(Ajo0p: A}
O(oop€,S) cONtaiNs (qs,b), 6(qs,€, €) ={(Qioep: @)},
O(Qlioop:@,8) = {(Atoop:€)} O(AioopP:0) = {(Qioops€)}-
6(qloop’g’$) = {(qacceptia)}






PDATO CFG

e Lemma:

If a PDA recognizes some language, then it
IS context free.

 Proof Idea:

Create from P a CFG G that generates all
strings that P accepts, i.e., G generates a
string if that string takes PDA from the start
state to some accepting state.



PDA To CFG—Preliminaries

Let us modify the PDA P

1. The PDA has a single accept state q e
* Use additional ¢, ¢ — ¢ transitions.

2. The PDA empties its stack before
accepting.
« Add an additional loop to flush the stack.



PDA To CFG—Preliminaries
 More modifications to the PDA P:

* Each transition either pushes a symbol to
the stack or pops a symbol from the stack,
but not both!.

1 Replace each transition with a pop-push, with
a two-transition sequence.
For example replace a,b —c with a,b — followed by,
—C, using an intermediate state.
2 Replace each transition with no pop-push,
with a transition that pops and pushes a random
symbol. For example, replace a, — with a, —X
followed by ,x — , using an intermediate state.



PDA To CFG—Preliminaries

* For each pair of states p and g in P, the
grammar with have a variable A,

* A,y generates all strings that take P from p
with an empty stack, to g, leaving the
stack empty.

* A, also takes P from p to q, leaving the
stack as it was before p!



PDA To CFG—Preliminaries

* Let x be a string that takes P from p to g with an
empty stack.

e There are two cases:

— Symbol pushed after p, is the same symbol popped
just before q

— If not, that symbol should be popped at some point
before!

— First case can be simulated by rule A,, —aA b Read
a, go to state r, then transit to state s somehow, and
then read b.

— Second case can be simulated by rule A, =A, A, ris
the state the stack becomes empty on the way from p
to g



PDA to CFG: proof

* Assume P = (Q,2,l,0,90,{Qaccept})- The variables
of G are{A,, | p,q € Q} The start variable is
Aquqaccept

* The rules of G are as follows:

* Foreachp,q,rseQ,tel,andabe 2 if
o(p,a,e) contains (r,t) and &(s,b,t) contains (q,¢)
Add rule A, —aA b to G.

* For each p,q,r €Q, add rule A,, —A, A, to G.

For each, p €Q, add the rule A,; — ¢ to G.




PDA computation for A ), —aA. b

!

Stack

height generated
by Apq
Input strin
P g} P q
#W
generated generated
by A, by Arq



PDA computation for A ), —=A A,

T

St:'ack
height generated
by A,
Input strin
I g} P
a b
generated
by A,



Example

A11—>8 A22_)£

g.e—>$
A33—) E A44—) E —| 1 > {2 {}&E — 0

Arp = ApAgy TARAY | AzAs | AAy
Az = ApA [ AAx, | AzAsy | AgAg
Az = ApAss | AAgs | AzAss | AsAgs

Agr = AgiAgg | Ao | AgsAsa | AssAy, P @:) 1,0 =€

Az = AgrAs | AsoAos | AssAss | AgaPus
Agg — ApAgg | AppPog | Az | AgaPyg
A,z — 0A,,1 | 0A,41

Asg — EARE

S — Ay

1.0 > ¢




Pumping lemma for CFG

Lemma

If Lis a CFL, then there is a number p such that if
s is any string in L of length at least p, then s can
be divided into 5 pieces s = uvxyz satisfying the
conditions:

—|vy[>0

— |vxy|=p

— for each i 20, uvixy'z eL
p is called the pumping length. It is the number of
variables of the grammar that generates L



Applications of the pumping lemma
* To prove that a language is not a CFL.

» Use proof by contradiction

 Assume L is CFL. Following the pumping lemma,
we have the pumping length p

* We pick string s in L such that |s|=2p. By the
pumping lemma, s = uvxyz - the decomposition
subject to |vxy|<p and|vy|=1.

« We try to pick an i such that uv'xy'z «L for all

possible decompositions. If we can find an i, it's a
contradiction

* The contradiction proves that L is not context free.



Surgery on Parse Trees
(Grammar in CNF)

{ iy z




Example

» Consider the language L = {a"b"c" |[n=0}
Opponent picks p. We pick s = aPbPcP.
Clearly|s|zp. Opponent may pick the string
partitioning in a number of ways. Let’'s look
at each of these possibilities:



Cases 1,2 and 3:

vXy contains symbols of only one kind

Only 8s: a---aa---aa---ab---bec---¢
° Y M e Nt ’

z
@ Onlybs:a---abb---bb---bc---c
F4
ce

@ Onlycs:a---ab---bce-

Pumping v and y will introduce more symbols of one

type into the string. The resulting strings will not be
In the language.



Cases 4 and 5

vXy contains two symbols — crosses symbol
boundaries.

@ Only asand bs:a---aa---ab---bb---bc---c
U VXY 4
@ Onlybsandcs: a---ab---bb---cc---¢
'“ ~" e e e

u VXY Fs

Note that vxy has length at most p so can not
have 3 different symbols. Pumping v and y will
both upset the symbol counts and the symbol
patterns. The resulting strings will not be in the
language.



