CHAPTER 13:

Kernel Machines




Kernel Machines: Motivation

e Discriminant-based: No need to estimate densities
first

e Define the discriminant in terms of support vectors

e The use of kernel functions, application-specific
measures of similarity

e No need to represent instances as vectors

e Convex optimization problems with a unique
solution



Optimal Separating Hyperpld T

X ={xt,r'}, where r' :{H _If Xtt e
-1 ifx eC,

findw andw, suchthat

w'x" +w, > +1for rf =+1

w'x" +w, <+1forr’=-1

whichcanbe rewritten as

rt(WTxt + wo)z +1

(Cortes and Vapnik, 1995; Vapnik, 1995)



Margin

Distance from the discriminant to the closest instances on
either side

Distance of x to the hyperplane is ‘WTxt -I-WO‘

We require

For a unique sol’n, fix p| |w| |=1, and to max margin

minEHWH2 subjectto ri(w'x +w, )>+1,vt
2



Margin




Dual Formulation and solution 1/2

minEHWH2 subjectto r(w'x’ +w, ) +1,Vt
2
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Dual Formulation and solution 2/2
L, = %(WTW)—WTZatrtXt _Wozt:“trt + Zat
z—%(WTW)+ Do
—Y Y atarr k) - Ya

subjectto ) a'r' =0anda’ 20,Vt
t

Most a! are 0 and only a small number have at>0; they are
the



Need for soft margin

e Hard margin issues
e works if the data is linearly separable
e Sensitive to outliers

e Soft margin promotes more flexible model

o Flexibility is controlled by parameter C (Details in next
slide)



Soft margin Hyperplane

Not linearly separable
rt(WTxt + WO)Z 1-&° | +*
1.5F.
Soft error 1} +
2.8
t J.5F
New primal is kS
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Nonlinear SVM

e Not linearly separable
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Non linear SVM

e When examples are not truly separable.

e Map attributes to higher dimension
d: X-> Pp(X) , going d-dimension to D-dimension
Then perform SVM

e Problem: Computation cost of dot operation
= X.X; requires O(d?)
= d(X)). (X)) requires O(D?)



Kernel Function

o K(X,Y) = d(X;). d(X;)

e Ildeais to compute RHS without expanding individual
functions.

e Example:

2
K(X,y)= (xTy +1)
= (lel T X5 "'1)2
=14+2x,y, +2X,y, + 2X, X, .Y, + xfyl2 + X§y22 = d(X). d(Y)

X) = [ V2, VB0, ]



Kernel Trick: why ?

Preprocess input x by basis functions
z = p(x) g(z)=w'z

g(x)=w' ¢@(x)
The SVM solution

W= Zatrtzt = Zatrt(p(xt)
g(x)=w"o(x)= Zat"tq)(xt ) o(x)
g(x)= Zt:atrtK(xt , X)
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Vectorial Kernels : Popular Kernals 1

2

Polynomials of degree g: .|

K(xt,x)=(x"x +1f

K(X,Y)Z(XTy+1)2 0-5r ST

2 ! ! ! |
:(lel +X,), ‘|‘1) % 05 1 15 2

=14+2x,y, +2X,y, + 2X, X, .Y, + xf yf + x§ y22
$(X) = [V 2x, N 2%, V253,62 2 |
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Radial-basis functions:

K(Xt,x): exp| —

-
X —XH

2s°

2
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Defining kernels

e Kernel “engineering”

e Defining good measures of similarity

e Depending on representation of data, there are
String kernels, graph kernels, image kernels, etc...

e Examples: common words between two documents
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Multiple Kernel Learning

Replacing a single kernel with multiple kernel

cK(X,Y)
Fixed kernel combination K(x,y)=14K,(x,y)+K,(x,y)

Ky (X%, Y )K, (X, )

Adaptive kernel combination k(x,y)= Zn, (xy)

L, —Za ——ZZa a’r rSZn,K,(Xt,XS)
g(x) = Zatrtzn, ,(x x)

Localized kernel combination g(x)=3a'r'> n,(x|0)K,(x',x)
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