CHAPTER 6:

Dimensionality Reduction




Why Reduce Dimensionality?

e Reduces time complexity: Less computation
e Reduces space complexity: Less parameters
e Saves the cost of observing the feature

e Simpler models are more robust on small
datasets

e More interpretable; simpler explanation

e Data visualization (structure, groups, outliers,
etc) if plotted in 2 or 3 dimensions



Feature Selection vs Extraction

e feature selection: Choosing k<d important features,
ignoring the remaining d — k

Subset selection algorithms

e feature extraction: Project the
original x;, i =1,...,d dimensions to
new k<d dimensions, Z:,J =1,...,k

Principal components analysis (PCA), linear
discriminant analysis (LDA), factor analysis (FA) .



Subset Selection

e There are 29 subsets of d features

e Forward search: Add the best feature at each step
e Set of features Finitially @.

e At each iteration, find the best new feature
j=argmin,E(FU X;)

o Addx;toF ifE(FUX;)<E(F)

e Hill-climbing O(d?) algorithm

e Backward search: Start with all features and remove
one at a time, if possible.

e Floating search (Add k, remove /)



Subset Selection: Example

(Forward search) 1/2

Iris data: Single feature
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Subset Selection: Example
(Forward Search) 2/2

Iris data: Add one more feature to F4
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Principal Components Analysis (PC¥

Find a low-dimensional space such that when x is
projected there, information loss is minimized.

Note: Only looks at the input data and not the output.
The projection of x on the direction of wis: z=w'x
Find w such that Var(z) is maximized
Var(z) = Var(w’x) = E[(Wwx — w'u)?]
= E[(w'x — w'u)(w'x — w')]
= E[w'(x — p)(x — u) ' w]
=w'E[(x—p)(x-p) lw=w'3w
where Var(x)= E[(x — p)(x —p)7] =3




Goal of PCA

e Each pair of new features has O covariance.

e The features are ordered with respect to how much
of the variance of the data each feature captures.

e The first feature captures as much of the variance of
the data as possible.

e Each successive feature captures as much of the
remaining variance as possible, as long as it is
orthogonal to the previous components



Principal Components Analysis (PCA

e Maximize Var(z) subject to | |w||=1 |

maxw,; XW, — a(WlT W, —1)

W

>w, = aw, that is, w, is an eigenvector of 3
Choose the one with the largest eigenvalue for Var(z) to be max

e Second principal component: Max Var(z,), s.t.,
| Ilw, | |=1 and orthogonal to w,

Maxw,>wW, — a(wng —1)— ,B(W;W1 — O)

Wy

> w, = aw, thatis, w, is another eigenvector of }
and so on.



What PCA

does
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How to choose k ?

e Proportion of Variance (PoV) explained

AL+ +N+4,
A+A+AN+A4 +A + A4,

when A;are sorted in descending order
e Typically, stop at PoV>0.9
e Scree graph plots of PoV vs k, stop at “elbow”
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How to choose k ?

(a) Scree graph for Optdigits
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PCA: Example (Optdigist)

Random Projection (2D)
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PCA: Example (Optdigist)
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Linear Discriminant Analysis

A

e Goal: Find a low-dimensional -~
space such that when x is
projected, classes are well-

m

separated.
e Find w that maximizes )
(K(Number of classes) =2) —
J(w)= (m,—m, )’ ¥

2 2
S, +5,

Z WT t t ,
m, = Ztr 51 Zt (WTXt —ml) rt )




Linear Discriminant Analysis

e Between-class scatter:

(m,—m,) = (WTm1 —WTmz)2

:Wr(ml _mZ)(ml _mz)TW

=w'S,w whereS, = (m1 _mz)(ml _mz)T

e Within-class scatter:
5. = Zt (WTXt —ml)zrt
=> w (xt —~ ml)(xt - ml)Twrt =w'S,w
where S, = Zt(xt -~ ml)(xt —~ ml)Trt

2 2 T _
s, +s;,=w'S,w whereS, =S, +8S,
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Fisher’s Linear Discriminant

e Find w that max :
WTSBW ‘WT (ml - mz)‘
J(w)= 2w
w'S,w w'S,w

e LDAsoln: w=c-S,(m,—m,)

e Parametric soln: W:Z_l(pl—uz)
when p(x|C,)~ N (u,,Z)
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LDA (vs PCA): Example
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LDA: Generalization to K>2 Classeq

e Within-class scatter:

S., :ZK:S, S, :Ztr,t(xt —m, Jx‘ =m,
i=1

O Between-classK scatter: ]
SB — ZNi(mi _m)(mi _m)T m :%Zmi
i=1

i=1

e Find W that max The largest eigenvectors of S, 1S,
Maximum rank of K-1
WS, W
(W)=

[W'S, W

24




LDA: Example
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