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Systems of Linear Equations: Substitution
and Elimination

• Solve Systems of Equations by Substitution 

• Solve Systems of Equations by Elimination 

• Identify Inconsistent Systems of Equations Containing
Two Variables 

• Express the Solution of a System of Dependent Equations Containing
Two Variables 

• Solve Systems of Three Equations Containing Three Variables

• Identify Inconsistent Systems of Equations Containing
Three Variables 

• Express the Solution of a System of Dependent Equations Containing
Three Variables 
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Examples

Example1

In Example 1, suppose that we also know that 525 tickets were sold 
that evening. 
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Solve Systems of Equations by 
Substitution

• Example
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Solve Systems of Equations by 
Elimination

• Example 1

• Example 2
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Identify Inconsistent Systems of 
Equations Containing Two Variables

• Example 1: 
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Express the Solution of a System of Dependent 
Equations Containing Two Variables

• Example :  
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Solve Systems of Three Equations 
Containing Three Variables

• This system has:

– Exactly one solution

– No solution

– Infinitely many solutions
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Solve Systems of Three Equations 
Containing Three Variables

• Example
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Identify Inconsistent Systems of 
Equations Containing Three Variables

• Example
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Express the Solution of a System of Dependent 
Equations Containing Three Variables

• Example 1:

• Example 2: 
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Systems of Linear Equations: 
Matrices

• Write the Augmented Matrix of a System of Linear Equations 

• Write the System of Equations from the Augmented Matrix

• Perform Row Operations on a Matrix 

• Solve a System of Linear Equations Using Matrices 
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Introduction

Consider the following system of linear equations

If we choose not to write the symbols used for the variables, we 
can represent this system as 
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Matrix
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Write the Augmented Matrix of a 
System of Linear Equations

Example :
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Perform Row Operations on a Matrix

Row operations on a matrix are used to solve systems of equations 
when the system is written as an augmented matrix. There are 
three basic row operations:

 Interchange any two rows.

 Replace a row by a nonzero multiple of that row.

 Replace a row by the sum of that row and a constant nonzero 
multiple of some other row. 
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Perform Row Operations on a Matrix

Example:
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Solve a System of Linear Equations 
Using Matrices

To solve a system of linear equations using matrices, we use row 
operations on the augmented matrix of the system to obtain a 
matrix that is in row echelon form. 
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Solve a System of Linear Equations 
Using Matrices

For example, for a system of three equations containing three 
variables x,y and z, with a unique  solution, the augmented matrix 
is in row echelon form if it is of the form 

Where a, b, c, d, e and f are real numbers.

The methodology used to write a matrix in reduced row echelon 
form is called Gauss-Jordan elimination.
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How to Solve a System of Linear 
Equations Using Matrices

• Example 1

• Example 2

• Example 3
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Financial Planning
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Systems of Linear Equations: 
Determinants

• Evaluate 2 by 2 Determinants 

• Use Cramer’s Rule to Solve a System of Two Equations Containing
Two Variables 

• Evaluate 3 by 3 Determinants 

• Use Cramer’s Rule to Solve a System of Three Equations 
Containing Three Variables 

• Know Properties of Determinants  
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Evaluate 2 by 2 Determinants
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Evaluate 2 by 2 Determinants

Example: 
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Use Cramer’s Rule to Solve a System of 
Two Equations Containing Two Variables
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Use Cramer’s Rule to Solve a System of 
Two Equations Containing Two Variables

Let � as follows:

And ��, ��

Cramer’s Rule then states that if � ≠ 0
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Evaluate 3 by 3 Determinants

A 3 by 3 determinant is symbolized by

The value of a 3 by 3 determinant may be defined in terms of 2 by 
2 determinants by the following formula: 
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Finding Minors of a 3 by 3 Determinant

The 2 by 2 determinants shown in the previous formula (9) are 
called minors of the 3 by 3 determinant. For an � by � determinant, 
the minor ��� of entry ��� is the determinant resulting from removing 
the �th row and �th column.

Example
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cofactor
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Use Cramer’s Rule to Solve a System of 
Three Equations Containing Three Variables

Consider the following system of three equations containing three 
variables

The determinant � of the coefficients of the variables
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Use Cramer’s Rule to Solve a System of 
Three Equations Containing Three Variables

If � ≠ 0

Then the unique solution of system is given by
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Cramer’s Rule with Inconsistent or 
Dependent Systems
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Examples

Example 1
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Determinant

Let � be a � by � matrix. The determinant of �, denoted by |�|, is 

� =�������

�

���

Or

� =�������

�

���
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Example

Example
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Know Properties of Determinants

Proof for 2 by 2 Determinants

Example 
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Know Properties of Determinants

Example
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Know Properties of Determinants

Example 
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Know Properties of Determinants

Example
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Matrix Algebra

• Find the Sum and Difference of Two Matrices 

• Find Scalar Multiples of a Matrix 

• Find the Product of Two Matrices 

• Find the Inverse of a Matrix 

• Solve a System of Linear Equations Using an Inverse Matrix  
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Matrix
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Matrix

Example
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Matrix

Example 
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Equality of matrices

Example 1
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Equality of matrices

Example 2:Find �, �, �, � such that 
1 � 0
−2 3 �

=
� 5 �
2 6 9
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Find the Sum and Difference of Two 
Matrices

Suppose that � and � represent two � by � matrices. We define 
their sum � + � to be the � by � matrix formed by adding the 
corresponding entries ��� of � and ��� of �.

The difference � − � is defined as the � by � matrix formed by 
subtracting the entries ��� in � from the corresponding entries ��� in 
�

Addition and subtraction of matrices are allowed only for matrices 
having the same number m of rows and the same number n of 
columns. 
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Adding and Subtracting Matrices

Example
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Properties

Many of the algebraic properties of sums of real numbers are also 
true for sums of matrices. Suppose that A, B, and C are m by n 
matrices. 

Then matrix addition is commutative. That is,

Matrix addition is also associative. That is, 
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Properties

A matrix whose entries are all equal to 0 is called a zero matrix. 
Each of the following matrices is a zero matrix. 
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Find Scalar Multiples of a Matrix

If k is a real number and A is an m by n matrix, the matrix kA is the 
m by n matrix formed by multiplying each entry in A by k. The 
number k is sometimes referred to as a scalar, and the matrix kA is 
called a scalar multiple of A. 

Properties
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Find Scalar Multiples of a Matrix

Examples

11/29/2019 Add a footer 52



Find the Product of Two Matrices
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Find the Product of Two Matrices

Example 1: The Product of a Row Vector and a Column Vector

If � = 3 −5 2 and � =
3
4
−5

, then ��

Example 2: Using Matrices to compute Revenue

A clothing store sells men’s shirts for $40, silk ties for $20, and wool 
suits for $400. Last month, the store had sales consisting of 100 shirts, 
200 ties, and 50 suits. What was the total revenue due to these 
sales? 
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Find the product of two matrices
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Find the product of two matrices

Example:
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Find the product of two matrices

Example 1:

Example 2:
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Properties of the product of two 
Matrices
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Identity matrix

For an n by n square matrix, the entries located in row i, column i, 
1 ≤ � ≤ �, are called the diagonal entries or the main diagonal. The 
n by n square matrix whose diagonal entries are 1’s, while all other 
entries are 0’s, is called the identity matrix ��

Examples 

11/29/2019 Add a footer 59



Multiplication with an Identity Matrix

Properties of an Identity Matrix
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Multiplication with an Identity Matrix

Example
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Find the Inverse of a Matrix

Example
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Finding the Inverse of a Nonsingular 
Matrix

Example
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Finding the Inverse of a singular 
Matrix

If transforming the matrix into reduced row echelon form does not
result in the identity matrix  �� to the left of the vertical bar, A is 
singular and has no inverse.

Example
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Singular matrix

If the determinant of A is zero, A is singular. That means there does 
not exists the inverse of A, say ���.
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Systems of Nonlinear Equations

• Solve a System of Nonlinear Equations Using Substitution 

• Solve a System of Nonlinear Equations Using Elimination 
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Solve a System of Nonlinear 
Equations Using Substitution

Before we begin, two comments are in order.

• If the system contains two variables and if the equations in the 
system are easy to graph, then graph them. By graphing each 
equation in the system, you can get an idea of how many 
solutions a system has and approximately where they are 
located.

• Extraneous solutions can creep in when solving nonlinear 
systems, so it is imperative that all apparent solutions be 
checked. 
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Solving a System of Nonlinear 
Equations Using Substitution

Example 1
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Solve a System of Nonlinear 
Equations Using Elimination

Example 2 
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Solve a System of Nonlinear 
Equations Using Elimination

Example 3: 
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Solve a System of Nonlinear 
Equations Using Elimination

Example 4

Example 5
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Solve a System of Nonlinear 
Equations Using Elimination

Running a long distance
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Systems of Inequalities

• Graph an Inequality 

• Graph a System of Inequalities 
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Graph an Inequality 

An inequality in two variables x and y is satisfied by an ordered pair 
(�, �) if, when x is replaced by a and y by b, a true statement 
results. The graph of an inequality in two variables x and y consists 
of all points (�, �) whose coordinates satisfy the inequality.
Example

11/29/2019 Add a footer 74



Graphing an inequality

Example 
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Linear Inequalities
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Graph a System of Inequalities

The graph of a system of inequalities in two variables x and y is the 
set of all points (�, �) that simultaneously satisfy each inequality in 
the system. The graph of a system of inequalities can be obtained 
by graphing each inequality individually and then determining 
where, if at all, they intersect. 
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Graph a System of Inequalities

Example

11/29/2019 Add a footer 78



Graph a System of Inequalities

Examples 
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Linear Programming

• Set up a Linear Programming Problem 

• Solve a Linear Programming Problem 
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Set up a Linear Programming 
Problem

In general, every linear programming problem has two 
components:

• A linear objective function that is to be maximized or minimized

• A collection of linear inequalities that must be satisfied 
simultaneously
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Set up a Linear Programming 
Problem

If � represents income, then � = 0.02� + 0.03�. This linear expression is 
called the objective function.

This linear programming problem may be modeled as “Maximize � =
0.02� + 0.03� ” subject to the conditions that

� ≥ 0, � ≥ 0
� + � ≤ 25
� ≥ 15
� ≤ 5
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Solve a Linear Programming 
Problem
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Solve a Linear Programming 
Problem
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Solve a Linear Programming 
Problem

Example 
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Solve a Linear Programming 
Problem

STEP 1: The objective function is � = 2� + 3�

STEP 2: We seek the smallest value of � that can occur if � and �
are solutions of the system of linear inequalities 

� ≤ 6,
� ≤ 5,

� + � ≥ 2,
� ≥ 0,
� ≥ 0
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Solve a Linear Programming 
Problem

• STEP 3: The graph of this system (the set of feasible points) is 
shown as the shaded region in Figure . We have also plotted the 
corner points. 
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Solve a Linear Programming 
Problem

STEP 4: Table lists the corner points and the corresponding values of 
the objective function. From the table, we can see that the 
minimum value of z is 4, and it occurs at the point (2,0)
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