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The Area Problem



“ Area Problems

We begin by attempting to solve the area problem: Find the
area of the region S that lies under the curve y = f(x) from
atob.

This means that S, illustrated in Figure 1, is bounded by the
graph of a continuous function f [where f(x) > 0], the vertical

lines x = a and x = b, and the x-axis.
Ay

y

S={(x,y)|]asx<b,0<y<{f(x)}
Figure 1 4



- Area Problems

For a rectangle, the area is defined as the product of the
length and the width. The area of a triangle is half the base

times the height.

The area of a polygon is found by dividing it into triangles
(as in Figure 2) and adding the areas of the triangles.
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Figure 2



“Fhe Area Problems

However, it isn’t so easy to find the area of a region with
curved sides. We all have an intuitive idea of what the area
of a region is. But part of the area problem is to make this
Intuitive idea precise by giving an exact definition of area.

Recall that in defining a tangent we first approximated the
slope of the tangent line by slopes of secant lines and then
we took the limit of these approximations.

We pursue a similar idea for areas. We first approximate
the region S by rectangles and then we take the limit of the
areas of these rectangles as we increase the number of
rectangles.



!mple 1

Use rectangles to estimate the area under the parabola
y = X% from 0 to 1 (the parabolic region S illustrated in
Figure 3).

Figure 3



!mple 1 — Solution

We first notice that the area of S must be somewhere
between 0 and 1 because S is contained in a square with
side length 1, but we can certainly do better than that.

Suppose we divide S into four strips S,, S,, S;, and S, by
drawing the vertical lines x =, x =3, and x =2 asin
Figure 4(a). >

>

(1, 1)
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=Y

Figure 4(a)



!mple 1 — Solution

cont’d

We can approximate each strip by a rectangle that has the
same base as the strip and whose height is the same as
the right edge of the strip [see Figure 4(b)].

YA
In other words, the heights of (L1)
these rectangles are the values
of the function f(x) = x2 at the right
endpoints of the subintervals

0.2, [.5]. [5. 2] and [, 1],
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Each rectangle has width % and
the heights are (1), (3)% (3)’, and 12,
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Figure 4(b)



qmple 1 — Solution

cont’d

If we let R, be the sum of the areas of these approximating
rectangles, we get
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32
= 0.46875

From Figure 4(b) we see that the area A of S is less than
R,, SO

A <0.46875
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!mple 1 — Solution

cont’d

Instead of using the rectangles in Figure 4(b) we could use
the smaller rectangles in Figure 5 whose heights are the
values of f at the left endpoints of the subintervals. (The
leftmost rectangle has collapsed because its height is 0.)
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Figure 4(b) Figure 5
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!mple 1 — Solution

cont’d

The sum of the areas of these approximating rectangles is

2

Lo= b0+ 1 (P 4+ 1 (O +1- ()

7

32

= (.21875

We see that the area of S is larger than L,, so we have
lower and upper estimates for A:

0.21875 < A< 0.46875

We can repeat this procedure with a larger number of

strips. >



qmple 1 — Solution

cont'd
Figure 6 shows what happens when we divide the region
S into eight strips of equal width.
YA YA
(L, 1) (1, 1)
y=x’
3> 77 >
Of 1 1 X 0| 1 | X
8 8
(a) Using left endpoints (b) Using right endpoints

Approximating S with eight rectangles
Figure 6
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!mple 1 — Solution

By computing the sum of the areas of the smaller
rectangles (Lg) and the sum of the areas of the larger
rectangles (Rg), we obtain better lower and upper estimates
for A:

cont’d

0.2734375 < A <0.3984375

So one possible answer to the question is to say that the
true area of S lies somewhere between 0.2734375 and
0.3984375.

We could obtain better estimates by increasing the number
of strips.

14



!mple 1 — Solution

cont'd

The table at the right shows the . I R
reg.ults of similar calc_ulatlons 10 | 02850000 | 03850000
(with a computer) using n 20 | 03087500 | 0.3587500
- 30 | 03168519 | 0.3501852
reCtangI_es whose hel_ghts are S0 | 03234000 0.3434000
found with left endpoints (L, or 100 | 0.3283500  0.3383500
1000 | 0.3328335 = 0.3338335

right endpoints (R,).

In particular, we see by using 50 strips that the area lies
between 0.3234 and 0.3434. With 1000 strips we narrow it
down even more: A lies between 0.3328335 and

0.3338335.

A good estimate is obtained by averaging these numbers:

A =~ 0.3333335.




“ Area Problems

From Figures 8 and 9 it appears that, as n increases, both
L, and R, become better and better approximations to the
area of S.

n=10 R,=0.385 n=30 Ry~ 0.3502 / n=50 Ry, =0.3434 ]

oAl

Right endpoints produce upper sums because f(x) = x?is increasing

|

— %

Figure 8
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“ Area Problems

y v YA

i A
n=10 L]() =10.285 Z n=730 L}U = (.3169 n=>50 Lill =0.3234 ££

I~

0 1 X 0 1 X 0 1 X

Left endpoints produce upper sums because f(x) = x2is increasing

Figure 9

Therefore we define the area A to be the limit of the sums
of the areas of the approximating rectangles, that is,

A= 1limR,=limL, =1

n—> 0 n—> 0



“ Area Problems

We start by subdividing S into n strips S,, S, ..., S, of
equal width as in Figure 10.

VA

y=rfx) _—
\__//
Sl So (S5 1§ S
0 a X X X, Xio1 X X,—1 b X
Figure 10

The width of the interval [a, b] Is b — a, so the width of each
of the n strips is
b — a
n

Ax =
18



! Area Problems

These strips divide the interval [a, b] into n subintervals

[Xor X1ls X1 Xol, X2, Xals v vy [Xp_gs X4l

where X, = a and x, = b.

The right endpoints of the subintervals are
X; = a + AX,
X, =a+ 2 AX,

X3 = a+ 3 AX,

19



- Area Problems

Let’s approximate the ith strip S; by a rectangle with width
Ax and height f(x)), which is the value of f at the right
endpoint (see Figure 11).

Figure 11

Then the area of the ith rectangle is f(x;) Ax. What we think
of intuitively as the area of S is approximated by the sum of
the areas of these rectangles, which is

R, = f(x)) Ax +f(X,) Ax+  +1f(X,) AX 20



“ Area Problems

Figure 12 shows this approximation for n = 2, 4, 8, and 12.
Notice that this approximation appears to become better
and better as the number of strips increases, that is, as

N — oo.

(a)n=2 (byn=4 (c)n=28 (dyn=12
Figure 12

21



! Area Problems

Therefore we define the area A of the region S in the
following way.

2 | Definition The area A of the region § that lies under the graph of the continu-
ous function f is the limit of the sum of the areas of approximating rectangles:

A=1mR, = 113}0 [F(x1) Ax + f(x2) Ax + - -+ + f(x,) Ax]

11— 0

It can be proved that the limit in Definition 2 always exists,
since we are assuming that f is continuous. It can also be
shown that we get the same value if we use left endpoints:

3

A=1lim L, = lim[ f(x0) Ax + f(x1) Ax + - -+ + f(x,-1) Ax]

n—0oc n— 00

22



- Area Problems

In fact, instead of using left endpoints or right endpoints, we
could take the height of the ith rectangle to be the value of f
at any number x;* in the ith subinterval [x;,_;, X;]. We call the
numbers X,*, X,*, . .., X * the sample points.

Figure 13 shows N
approximating rectangles i
when the sample points
are not chosen to be
endpoints.
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Figure 1;’-,
So a more general expression for the area of S is
41 A=1m[f(xf)Ax + f(xF)Ax + -+ + £(xF) Ax]

n—>00
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“Fhe Area Problems

Note:

It can be shown that an equivalent definition of area is the
following: A is the unique number that is smaller than all the
upper sums and bigger than all the lower sums.

We saw in Example 1, for instance, that the area (A = ;) is
trapped between all the left approximating sums L, and all
the right approximating sums R,.

The function in those examples, f(x) = x4, happens to be
Increasing on [0, 1] and so the lower sums arise from left
endpoints and the upper sums from right endpoints.

24



- Area Problems

See Figures 8 and 9.

n=10 R,=0.385 n=30 Ry~ 0.3502 / n=50 Ry =0.3434

oAl

|

— %

Right endpoints produce upper sums because f(x) = x2is increasing
Figure 8



Area Problems

/ 4
n=10 L, =0.285 z n=30 Ly =~0.3169 A n=50 Ly, =0.3234 A

Left endpoints produce upper sums because f(x) = x2is increasing

Figure 9



- Area Problems

In general, we form lower (and upper) sums by choosing
the sample points x;* so that f(x) is the minimum (and
maximum) value of f on the ith subinterval. (See Figure 14)

YA

=Y

0 a b

Lower sums (short rectangles) and upper sums (tall rectangles)
Figure 14
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! Area Problems

We often use sigma notation to write sums with many
terms more compactly. For instance,

n

D F(x) Ax = f(x) Ax + f(x2) Ax + -+ - + f(x,) Ax

=1

So the expressions for area in Equations 2, 3, and 4 can be
written as follows:

A = lim if(x,—) Ax

0 .
=% =]

A = lim if(x,-_l) Ax

oo -
=% =]

28



“ Area Problems

A = lim if(x,—*) Ax

oo .
n—< =1

We can also rewrite Formula 1 in the following way:

n

L, nn+ 1)2n+ 1)
l pr—
1 6

1
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The Distance Problem
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- Distance Problems

Now let’s consider the distance problem: Find the distance
traveled by an object during a certain time period if the
velocity of the object is known at all times.

If the velocity remains constant, then the distance problem
IS easy to solve by means of the formula

distance = velocity x time

But if the velocity varies, it's not so easy to find the distance
traveled.

31



Qmple 4

Suppose the odometer on our car is broken and we want to
estimate the distance driven over a 30-second time
Interval. We take speedometer readings every five seconds
and record them in the following table:

Time (s) 0 5 10 15 20 25 30

Velocity (mi/h) | 17 | 21 | 24 | 29 | 32 | 31 | 28

In order to have the time and the velocity in consistent
units, let’'s convert the velocity readings to feet per second
(1 mi/h = 5280/3600 ft/s):

Time (s) 0 5 10 15 20 25 30

Velocity (ft/s) 25 31 35 43 47 46 41

32



Qmple 4

During the first five seconds the velocity doesn’t change
very much, so we can estimate the distance traveled during
that time by assuming that the velocity is constant.

cont’d

If we take the velocity during that time interval to be the
initial velocity (25 ft/s), then we obtain the approximate
distance traveled during the first five seconds:

25 ftIsx5s =125t

33



Qmple 4

cont’d

Similarly, during the second time interval the velocity Is
approximately constant and we take it to be the velocity
whent=5s.

So our estimate for the distance traveled fromt=5 s to
t=10sIis

31 ft/sx5s=155ft

If we add similar estimates for the other time intervals, we
obtain an estimate for the total distance traveled:

(25x5)+ (31 x5)+(35%x5)+ (43 x5) + (47 x5) + (46 x5)
= 1135 ft
34



Qmple 4

We could just as well have used the velocity at the end of
each time period instead of the velocity at the beginning as
our assumed constant velocity.

cont’d

Then our estimate becomes

(31x5)+(35x5) +(43x5)+(47 x5) + (46 x 5) + (41 x 5) = 1215t

If we had wanted a more accurate estimate, we could have

taken velocity readings every two seconds, or even every
second.

35



““Fhe Distance Problems

In general, suppose an object moves with velocity v = f(t),
where a <t < b and f(t) > O (so the object always moves In
the positive direction).

We take velocity readings at times t, (= a), t;, t,,. . ., t, (= b)
so that the velocity is approximately constant on each
subinterval.

If these times are equally spaced, then the time between
consecutive readings is At = (b — a)/n. During the first time
interval the velocity is approximately f(t,) and so the
distance traveled is approximately f(t,) At.

36



! Distance Problems

Similarly, the distance traveled during the second time
interval is about f(t,) At and the total distance traveled
during the time interval [a, b] is approximately

f(to) At + f(t) At + - -+ + f(t,-1) At = if(t,-_l) At

If we use the velocity at right endpoints instead of left
endpoints, our estimate for the total distance becomes

f(t) At + f(t) At + - - - + (1) Ar = if(r,—) At

37



! Distance Problems

The more frequently we measure the velocity, the more
accurate our estimates become, so it seems plausible that
the exact distance d traveled is the limit of such
expressions:

5 d = lim if(ti—l)Al‘ = lim if(t,-) At

38
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The Definite Integral
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! Definite Integral

We have seen that a limit of the form

7] Jim 3 £(e) Ax = lim [F(e) Ax + £ Ax + -+ + f(x) Ax]

n—% j—|

arises when we compute an area.

We also have seen that it arises when we try to find the
distance traveled by an object.

It turns out that this same type of limit occurs in a wide
variety of situations even when f is not necessarily a
positive function.



- Definite Integral

@ Definition of a Definite Integral If f is a function defined fora < x < b, we
divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n. We let
X0 (= a), x1, xa2, ..., x, (= b) be the endpoints of these subintervals and we let

XX s e vt v be any sample points in these subintervals, so xi* lies in the ith
subinterval [x;-, x;]. Then the definite integral of f from a to b is

“bf(x) dx = lim if(x?‘) Ax

—300
Ja n i=i

provided that this limit exists and gives the same value for all possible choices of
sample points. If it does exist, we say that f is integrable on [a, b].

Note 1. The symbol fwas Introduced by Leibniz and is
called an integral sign.

It is an elongated S and was chosen because an integral is
a limit of sums.



- Definite Integral

In the notation [, /(x) dx, f(x) is called the integrand and

a and b are called the limits of integration; a is the lower
limit and b is the upper limit.

For now, the symbol dx has no meaning by itself; | 7 (x) dx
Is all one symbol.

The dx simply indicates that the independent variable is x.
The procedure of calculating an integral is called
Integration.



! Definite Integral

Note 2: The definite integral " f(x) dx is a number; it
does not depend on Xx. In fact, we could use any letter in
place of x without changing the value of the integral:

f:’f(x)dx — Lbf(t)dr= fff(r)dr
Note 3: The sum
glf(x?“) Ax

that occurs In Definition 2 is called a Riemann sum after
the German mathematician Bernhard Riemann
(1826—-1866).



“ Definite Integral

So Definition 2 says that the definite integral of an
Integrable function can be approximated to within any
desired degree of accuracy by a Riemann sum.

YA

We know that if f happens N\ Ax
to be positive, then the = A\
Riemann sum can be

Interpreted as a sum of
areas of approximating
rectangles (see Figure 1). It f(x) > 0, the Riemann sum 3f (x*) Ax

Is the sum of areas of rectangles.

s B
oz

0 a b X

Figure 1



“ Definite Integral

We see that the definite integral |7 f(x) dx can be
Interpreted as the area under the curve y = f(x) from a to b.

(See Figure 2.)

VA

X

b

0 a

If f(x) = 0, the integral [” /' (x) dxis the area
under the curve y = f(x) from a to b.

Figure 2



“ Definite Integral

If f takes on both positive and negative values, as in

Figure 3, then the Riemann sum is the sum of the areas of
the rectangles that lie above the x-axis and the negatives of
the areas of the rectangles that lie below the x-axis (the
areas of the blue rectangles minus the areas of the gold

rectangles).
y=f(x)

+ \\ A+

N —

_—

>f(x*) Ax is an approximation to
the net area.

Figure 3



“ Definite Integral

When we take the limit of such Riemann sums, we get the
situation illustrated in Figure 4. A definite integral can be
Interpreted as a net area, that is, a difference of areas:

Lbf(x)dx — A, — A,

YA

where A, Is the area of the
region above the x-axis y =)

and below the graph of f, - Cm ﬁ/‘ -
and A, is the area of the \—/ '

region below the x-axis and
above the graph of f. {7 f(x) dx is the net area.

Figure 4

10



! Definite Integral

Note 4: Although we have defined [ f(x) dx by dividing

[a, b] into subintervals of equal width, there are situations In
which it is advantageous to work with subintervals of
unequal width.

If the subinterval widths are Ax;, AX,, . .., AX,, we have to
ensure that all these widths approach 0 in the limiting
process. This happens if the largest width, max Ax;,
approaches 0. So in this case the definition of a definite
Integral becomes

([)f(x) dx = lim i F(xF) Ax;

Ja max Ax;—0 ;_

11



“ Definite Integral

Note 5: We have defined the definite integral for an
Integrable function, but not all functions are integrable. The
following theorem shows that the most commonly occurring
functions are in fact integrable. It is proved in more

advanced courses.

E Theorem If fis continuous on [a, b], or if f has only a finite number of jump
discontinuities, then f is integrable on [a, b]; that is, the definite integral [” f(x) dx

exists.

If f IS Integrable on [a, b], then the limit in Definition 2 exists
and gives the same value no matter how we choose the

. kK
sample points Xi'.

12



“ Definite Integral

To simplify the calculation of the integral we often take the
sample points to be right endpoints. Then x;° = x; and the
definition of an integral simplifies as follows.

4 | Theorem If f is integrable on [a, b], then

" F() dx = lim 3 f(x) Ax
Ja n—% ;_|

b— a

where A= and x;=a + iAx

n




qmple 1

Express )
lim >, (x7 + x;sin x;) Ax

—> O .
n i=1

as an integral on the interval [0, =].

Solution:

Comparing the given limit with the limit in Theorem 4, we
see that they will be identical if we choose
f(x) = x3+ x sin X. We are giventhata=0and b = =.

Therefore, by Theorem 4, we have

14
lim E (x; + x;sin x;) Ax = f:()c3 + x sin x) dx
N =1

14



! Definite Integral

When Leibniz chose the notation for an integral, he chose
the ingredients as reminders of the limiting process.

In general, when we write

Fl

lim > f(xF) Ax = ~fbf()c) dx

—S>c0o .
n i=1

we replace lim = by |, x7 by x, and Ax by dx.

15



Evaluating Integrals
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!Iuating Integrals

When we use a limit to evaluate a definite integral, we need
to know how to work with sums. The following three

equations give formulas for sums of powers of positive
Integers.

’E’iz nn + 1)
i=1 2

~
~

. nn + 1)2n + 1)
i
6 : 6

. | nn+ 1) |7
7 il_ >

~

[a—

17



qluating Integrals

The remaining formulas are simple rules for working with

sigma notation:

8

10

1"

n
2 C — nc
i—1
n n
2 ca; — C E a;
i=1 i=1
n n
(Cl,j -+ bl) = d; —+ b[
i=1 =1
n 14}
(a[—bl=2al— b,

18



-Ie 2 —Evaluating an integral as a limit of Riemann sums

(a) Evaluate the Riemann sum for f(x) = x3— 6x, taking the
sample points to be right endpoints and a =0, b = 3,
and n = 6.

(b) Evaluate f; (x> — 6x) dx.

Solution:
(a) With n = 6 the interval width is

b_ -
Ay — a_3 0_i
n 6 2

and the right endpoints are x; = 0.5, x, = 1.0, X; = 1.5,
X, = 2.0, Xg = 2.5, and x5 = 3.0.

19



!mple 2 — Solution

So the Riemann sum Is

cont’d

6
Rs= > f(x) Ax
i=1

= f(0.5) Ax + f(1.0) Ax + f(1.5) Ax + f(2.0) Ax
+(2.5) Ax + £(3.0) Ax

= 2 (-2.875-5-5.625-4+0.625+9)

=-3.9375

20



!mple 2 — Solution

Notice that f is not a positive function and so the Riemann
sum does not represent a sum of areas of rectangles. But it
does represent the sum of the areas of the blue rectangles
(above the x-axis) minus the sum of the areas of the gold
rectangles (below the x-axis) in Figure 5.

cont’d

YA

5T y=x>—6x

=Y

Figure 5

21



qmple 2 — Solution

(b) With n subintervals we have

cont’d

b — 3
Ax = a_
n

n

Thus x, = 0, X; = 3/n, X, = 6/n, X3 = 9/n, and, in general,
X; = 3i/n.

Since we are using right endpoints, we can use

Theorem 4:

j{j (x7 — 6x)dx = lim Ef(x,)Ax = lim if( 31) %

n—> o0 i n1—>0o0 -

22



qmple 2 — Solution o

n . 3 .
Iim El > [(i) — 6(2)] (Equation 9 with ¢ = 3/n)
n—« J1 =1 n n

) 1 n s 54 mn ) .
hm | — 17— — l (Equations 11 and 9)

2
{8}1 [n(n + 1)] _ 54 n(n + 1)}(Equations7and5)
1

n> 2

23



e 2 — Solution

cont’d

qmpl
31

. 1\° 1
=lm |— (1 +—) — 27| 1+ —
n—>x 4 n 14/

)

24



qmple 2 — Solution o

This integral can’t be interpreted as an area because f
takes on both positive and negative values. But it can be
Interpreted as the difference of areas A, — A,, where

A, and A, are shown in Figure 6.

VA
5T y=x>—6x
A,
0 3 X
A,
3
[f =6 dv=4,—A,=-6.75
0
Figure 6
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qmple 2 — Solution

cont’d

Figure 7 illustrates the calculation by showing the positive

and negative terms in the right Riemann sum R, for n = 40.

|

Ul

Figure 7

=Y
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qmple 2 — Solution

The values in the table show the Riemann sums
approaching the exact value of the integral, —6.75, as n — oo,

cont’d

n R,
40 —6.3998
100 —6.6130
500 —6.7229
1000 —6.7365
5000 —6.7473

27



The Midpoint Rule

28



! Midpoint Rule

We often choose the sample point X7 to be the right

endpoint of the ith subinterval because it is convenient for
computing the limit.

But if the purpose is to find an approximation to an integral,
it is usually better to choose x;" to be the midpoint of the
Interval, which we denote by Xx;.

29



- Midpoint Rule

Any Riemann sum is an approximation to an integral, but if
we use midpoints we get the following approximation.

Midpoint Rule
j:’f(x) dx = _ZZIf(?ci) Ax = Ax[f(Z) + -+ + f(Z)]

b — a
n

where Ax

and }i = '21-'(x,-_| + .X,') — midpoint of [x;_l,x,-]




qmple 5

Use the Midpoint Rule with n = 5 to approximate f 1 dx.
I X

Solution:

The endpoints of the five subintervals are 1, 1.2, 1.4, 1.6,
1.8, and 2.0, so the midpoints are 1.1, 1.3, 1.5, 1.7, and
1.9.

The width of the subintervals is Ax = (2 — 1)/5 = 1, so the
Midpoint Rule gives

[ % dx = Ax[£(1.1) + £(1.3) + £(1.5) + £(1.7) + £(1.9)]

1

31



qmple 5 — Solution

cont’d

= 0.691908

VA

Since f(x) =1/x>0for1<x<2,
the integral represents an area,
and the approximation given by EF
|
I
|

the Midpoint Rule is the sum of
the areas of the rectangles
shown in Figure 11. g 1 2

=Y

Figure 11
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Properties of the Definite Integral
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-perties of the Definite Integral

When we defined the definite integral | f(x) dx, we
Implicitly assumed that a < b.

But the definition as a limit of Riemann sums makes sense
even if a > b.

Notice that if we reverse a and b, then Ax changes from
(b — a)/n to (a — b)/n. Therefore

fbaf(x) dx = —Lbf(x) dx

34



-perties of the Definite Integral

If a = b, then Ax =0 and so

‘f:_f(x) dx = 0

We now develop some basic properties of integrals that will
help us to evaluate integrals in a simple manner. We
assume that f and g are continuous functions.

Properties of the Integral

. ‘-h cdx = ¢(b — a), where c is any constant
- ‘ rh D
2 ], LG + gloldr = | £y dx + | 'g(n) dx

*b b .
3. ‘ cf(x)dx = c ‘ f(x)dx, where ¢ is any constant
Ja Ja

4. ‘“h [f(x) — gx)]dx = J:Ihf(.x) dx — J‘(’h g(x) dx

35



-perties of the Definite Integral

Property 1 says that the integral of a constant function
f(x) = c Is the constant times the length of the interval.

If c >0 and a < b, this i

IS to be expected because y=c

c(b — a) is the area of the " |

shaded rectangle In area = ¢ (b — a)

Figure 13. .
0 a b X

[bcdx =c(b—a)

Figure 13
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-perties of the Definite Integral

Property 2 says that the integral of a sum is the sum of the

Integrals.

For positive functions it
says that the area under
f + g Is the area under f
plus the area under g.

Figure 14 helps us understand
why this is true: In view of how
graphical addition works, the
corresponding vertical line
segments have equal height.

0| «

Lb [f(x) + glx)] dx = [ 1 flx)dx + f ‘_

Figure 14



-perties of the Definite Integral

In general, Property 2 follows from Theorem 4 and the fact
that the limit of a sum is the sum of the limits:

fb LF(x) + g(x)]dx = lim E [£(x;) + g(x)] Ax

11— 00

= lim [if(x;) Ax + ig(x;)Ax]

1 —> 0

= lim Ef(x,) Ax + lim E g(x;) Ax

1 —> 00 -_ J1—=> o0

== Lbf(x) dx + ng(x) dx

38



-perties of the Definite Integral

Property 3 can be proved in a similar manner and says that
the integral of a constant times a function is the constant
times the integral of the function.

In other words, a constant (but only a constant) can be
taken in front of an integral sign.

Property 4 is proved by writing f — g = f + (—g) and using
Properties 2 and 3 with ¢ = —-1.

39



qmple 6

Use the properties of integrals to evaluate jol (4 + 3x7) dx.

Solution:
Using Properties 2 and 3 of integrals, we have

fol (4 + 3x2) dx = f014dx + fol 3x2 dx

— f014dx + 3 jolxzdx

40



qmple 6 — Solution

We know from Property 1 that

cont’d

j014dx — 4(1 — 0)

and we have found that fol x2dx = 1.

So
f1(4+ 3x2)dx=fl4dx—l— 3f1x2dx
0) 0 )
— 4 + 3 -3

= 5
41



-perties of the Definite Integral

The next property tells us how to combine integrals of the
same function over adjacent intervals.

5. f:f(x) dx + f(_hf(x) dx = th(x) dx

42



-perties of the Definite Integral

This Is not easy to prove in general, but for the case
where f(x) 20 and a < ¢ < b Property 5 can be seen from
the geometric interpretation in Figure 15: The area under
y = f(x) from a to c plus the area from c to b is equal to

the total area from a to b.
y=1f (.\‘)/

YA
0 a e b X

Figure 15
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-perties of the Definite Integral

Properties 1-5 are true whethera<b,a=Db,ora>b. The
following properties, in which we compare sizes of
functions and sizes of integrals, are true only if a < b.

Comparison Properties of the Integral

6. If f(x) = 0 fora = x = b, then ’Qbf(x) dx = 0.
7. If f(x) = g(x) for a = x = b, then J‘vhf(x) dx = “h g(x) dx.
8. If m = f(x) =< M fora =< x =< b, then

mb — a) = "hf(x) dx = M(b — a)

44



-perties of the Definite Integral

If f(x) > 0, then | f(x) dx represents the area under the
graph of f, so the geometric interpretation of Property 6 Is
simply that areas are positive. (It also follows directly from
the definition because all the quantities involved are
positive.)

Property 7 says that a bigger function has a bigger integral.

It follows from Properties 6 and 4 because f— g > 0.

45



-perties of the Definite Integral

Property 8 is illustrated by Figure 16 for the case where
f(x) = 0.

If f IS continuous we could |
take m and M to be the M-
absolute minimum and
maximum values of f on
the interval [a, b]. e
0 a b :

Figure 16
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-perties of the Definite Integral

In this case Property 8 says that the area under the graph
of f is greater than the area of the rectangle with height m
and less than the area of the rectangle with height M.

Property 8 is useful when all we want is a rough estimate of
the size of an integral without going to the bother of using

the Midpoint Rule.
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- Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus is appropriately
named because it establishes a connection between the
two branches of calculus: differential calculus and integral
calculus.

It gives the precise inverse relationship between the
derivative and the integral.



_ Fundamental Theorem of Calculus

The first part of the Fundamental Theorem deals with
functions defined by an equation of the form

1 90 = | f(0) dr

where f is a continuous function on [a, b] and x varies
between a and b. Observe that g depends only on X, which
appears as the variable upper limit in the integral.

If x is a fixed number, then the integral | f(?) dt is a definite
number.

If we then let x vary, the number | f(7) dt also varies and
defines a function of x denoted by g(x).



- Fundamental Theorem of Calculus

If f happens to be a positive function, then g(x) can be
Interpreted as the area under the graph of f from a to x,
where x can vary from a to b. (Think of g as the “area so

far” function; see Figure 1.)

Figure 1



qmple 1

If f is the function whose graph is shown in Figure 2 and
g(x) = |, f(r)dr, find the values of g(0), g(1), 9(2), 9(3), g(4),
and g(5). Then sketch a rough graph of g.

y A

? \\ y=H1)
012\4

~Y

Figure 2



qmple 1 — Solution

First we notice that g(0) = [J f() dt = 0.

From Figure 3 we see that g(1) is the area
of a triangle:

o) = | f0dr = 1(1-2)=1

[

0 I
|

gl)=1

Figure 3

To find g(2) we add to g(1) the area of a rectangle:

9(2) = | () dr

= Jolf(t) dt + lef(t) dt
=1+(1-2)=3

VA
—2

— 1

0 1 2 t

Figure 3 7



qmple 1 — Solution

We estimate that the area under f from 2 to 3 is about 1.3,

cont’d

9(3) = g(2) + | f(0) a1 A
~3+1.3=43 L[]
g(3) = 4.3

Figure 3

For t > 3, f(t) is negative and so we start subtracting areas:

g(@) = g3) + [ r0) ar L

-1 -

~43+(-1.3) = 3.0 T+t N~

gl4)=73

Figure 3 8



qmple 1 — Solution

cont'd
5 A w—
9(5) = 9@ + | 1) di T
~3+(-13)=17 HXF
We use these values to sketch the rlgure 3

graph of g in Figure 4.

Notice that, because f(t) is positive
for t < 3, we keep adding area for

t <3 and so g Is increasing up to

x = 3, where it attains a maximum ’
value. For x > 3, g decreases because
f(t) is negative.

—_ (W] 9%} o [
} } } 1

Figure 4



- Fundamental Theorem of Calculus

2

If we take, f(t) = t and a = 0, then we have g = | rdr ==
Notice that g'(x) = x, that is, g’ = f. In other words, if g Is
defined as the integral of f by Equation 1, then g turns out
to be an antiderivative of f, at least in this case.

And if we sketch the derivative of the function g shown in
Figure 4 by estimating slopes of tangents, we get a graph
like that of f in Figure 2. So we suspect that g’ =fin

Example 1 too.

yll
-2

\ y = fl1)
-1

0 1 2 4 i

Figure 2

10



- Fundamental Theorem of Calculus

To see why this might be generally true we consider any
continuous function f with f(x) > 0. Then g(x) = [ f(1) dr can
be interpreted as the area under the graph of f from a to X,
as in Figure 1.

In order to compute g’'(x) from the definition of a derivative
we first observe that, for h > 0, g(x + h) — g(x) Is obtained
by subtracting areas, so it is the area under the graph of f
from x to X + h (the blue area in Figure 5).

YA

A}

0| a X b f 0| a /A b 1
X x+h

Figure 1 Figure 5 11



- Fundamental Theorem of Calculus

For small h you can see from the figure that this area is
approximately equal to the area of the rectangle with
height f(x) and width h:

g(x + h) —g(x) = hi(x)

SO
glx + h) — g(x)
h

~ f(x)

Intuitively, we therefore expect that

o) — 1im SO~ g0

h—0 h

= f

12



- Fundamental Theorem of Calculus

The fact that this is true, even when f is not necessarily
positive, Is the first part of the Fundamental Theorem of
Calculus.

The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b], then the
function g defined by

g(x) = rf(t) dt a<x<5b

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

Using Leibniz notation for derivatives, we can write this
theorem as

% | fndr = f(x)

when f Is continuous. 13



- Fundamental Theorem of Calculus

Roughly speaking, this equation says that if we first
Integrate f and then differentiate the result, we get back to
the original function f.

14



!mple 2

Find the derivative of the function g(x) = f V1 + 12 de.

Solution:
Since f(r) = +/1 + t? is continuous, Part 1 of the
Fundamental Theorem of Calculus gives

= /1 + x?

15



!mple 3

Although a formula of the form g(x) = |'f(r) d may seem
like a strange way of defining a function, books on physics,
chemistry, and statistics are full of such functions. For
iInstance, the Fresnel function

S(x) = JOX sin(7rt%/2) dt

IS named after the French physicist Augustin Fresnel
(1788-1827), who is famous for his works in optics.

This function first appeared in Fresnel’s theory of the
diffraction of light waves, but more recently it has been
applied to the design of highways.

16



qmple 3

Part 1 of the Fundamental Theorem tells us how to
differentiate the Fresnel function:

S'(x) = sin(zx4/2)

cont’d

This means that we can apply all the methods of differential
calculus to analyze S.

VA

Figure 7 shows the graphs of s

f(x) = sin(nx?/2) and the g ; \
Fresnel function S(x) = |, f (1) dr. v

f(x)=sin(mx*/2)
SuFiKQMWﬁMdr

Figure 7 17



!mple 3

A computer was used to graph S by computing the value of
this integral for many values of x.

cont’d

It does indeed look as if S(x) is the area under the graph of
f from O to x [until X ~ 1.4 when S(x) becomes a difference
of areas]. Figure 8 shows a larger part of the graph of S.

Y

O.S-M
NVW\/ | |

The Fresnel function

Su)zj:gnwnvzyh

Figure 8 18



!mple 3 .

If we now start with the graph of S in Figure 7 and think
about what its derivative should look like, it seems
reasonable that S'(x) = f(x). [For instance, S Is increasing
when f(x) > 0 and decreasing when f(x) < 0.] So this gives a
visual confirmation of Part 1 of the Fundamental Theorem

of Calculus.

| v ;

f(x)=sin(mx*/2)
S(x) = (0 sin(7r%/2) dt

Figure 7 19



- Fundamental Theorem of Calculus

The second part of the Fundamental Theorem of Calculus,
which follows easily from the first part, provides us with

a much simpler method for the evaluation of integrals.

The Fundamental Theorem of Calculus, Part2 If f is continuous on [a, b], then
| () dx = Fo) — Fla)

where F is any antiderivative of f, that is, a function such that F" = f.

20



Differentiation and Integration as
Inverse Processes

21



-entiation and Integration as Inverse Processes

We end this section by bringing together the two parts of
the Fundamental Theorem.

The Fundamental Theorem of Calculus Suppose f is continuous on [a, b].
1. If g(x) = [ f(¢) dr. then g'(x) = f(x).

2. f(i’ f(x) dx = F(b) — F(a), where F is any antiderivative of f, that is, F''= f.

We noted that Part 1 can be rewritten as
d rx
— | rwdr =1

which says that if f is integrated and then the result is

differentiated, we arrive back at the original function f. -



-entiation and Integration as Inverse Processes

Since F’(x) = f(x), Part 2 can be rewritten as

j "F'(x) dx = F(b) — F(a)

/)

This version says that if we take a function F, first
differentiate it, and then integrate the result, we arrive back
at the original function F, but in the form F(b) — F(a).

Taken together, the two parts of the Fundamental Theorem
of Calculus say that differentiation and integration are
Inverse processes. Each undoes what the other does.

23
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Indefinite Integrals and the Net
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-inite Integrals and the Net Change Theorem

In this section we introduce a notation for antiderivatives,
review the formulas for antiderivatives, and use them to

evaluate definite integrals.

We also reformulate FTC2 in a way that makes it easier to
apply to science and engineering problems.



Indefinite Integrals



“Indefinite Integrals

Both parts of the Fundamental Theorem establish
connections between antiderivatives and definite integrals.
Part 1 says that if f is continuous, then [ f(1)dt is an
antiderivative of f. Part 2 says that [ f(x) dx can be found by
evaluating F(b) — F(a), where F is an antiderivative of f.

We need a convenient notation for antiderivatives that
makes them easy to work with.

Because of the relation given by the Fundamental Theorem
between antiderivatives and integrals, the notation | f(x) dx
IS traditionally used for an antiderivative of f and is called an
Indefinite integral.



‘afinite Integrals

Thus

f Ff(x)dx = F(x) means F'(x) = f(x)

For example, we can write

sz —x—3+C because d X3+C = x*
¥dx == caus e X

So we can regard an indefinite integral as representing an
entire family of functions (one antiderivative for each value
of the constant C).



‘afinite Integrals

You should distinguish carefully between definite and
indefinite integrals. A definite integral [’ f(x)dx is a number,
whereas an indefinite integral | f(x) dx is a function (or
family of functions).

The connection between them is given by Part 2 of the
Fundamental Theorem:

If f IS continuous on [a, b], then

ab f(x)dx = f f(x) dx]

b
a

The effectiveness of the Fundamental Theorem depends
on having a supply of antiderivatives of functions.



“afinite Integrals

Any formula can be verified by differentiating the function
on the right side and obtaining the integrand.

For instance,

d
f sec’xdx =tanx + C because e (tan x + C) = sec’x
X



‘afinite Integrals

m Table of Indefinite Integrals
‘1 cf(x)dx = c¢ Jf(x) dx J [f(x) + g(x)]dx = JNf(x) dx + fg(x) dx
[kdx=ke +C
. xn+] ]
’ x"dx = +C (n# —1) J‘—d_\' =In|x| + C
J n+1 X
, - a'
[e"dx=e" +C ‘ a'dx=—+C
Y J Ina
“ sinxdx = —cosx + C ‘ cosxdx =sinx + C
'ﬂ sec’xdx =tanx + C J cse’xdx = —cotx + C
[ sec xtan xdx = secx + C ‘ cscxcotxdx = —cscx + C
‘. l dy=tan 'x + C [ l dx =sin"'x + C
[ sinh xdx = coshx + C ‘ coshxdx = sinhx + C

The most general antiderivative on a given interval is
obtained by adding a constant to a particular antiderivative.
9



‘afinite Integrals

We adopt the convention that when a formula for a

general indefinite integral is given, it is valid only on an
Interval.

Thus we write

j£m=—i+c

X X

with the understanding that it is valid on the interval (0, co)
or on the interval (—,0).

10



‘afinite Integrals

This Is true despite the fact that the general antiderivative
of the function f(x) = 1/x?, x #0, is

(

|
—==p (O WWax=<i
X

|
——+ Gy x>0
X

\



qmple 2

a’6.

Evaluatej D
=

Solution:

This indefinite integral isn’t immediately apparent in
Table 1, so we use trigonometric identities to rewrite the

function before integrating:
f cosedezj 1 cos 6 70
sin”6 sin 6 / \ sin 6

=j.csc 6 cot 6 d6

= —¢csc O+ C

12



qmple 5

dt.

2t + 2 — 1
Evaluate f r;/_

Solution:

First we need to write the integrand in a simpler form by
carrying out the division:

2t + 174/t — 1
f £+ 21 dt=f9(2+r1/2—t‘2)dt

1 12 1

3/2 -1 |9
t t
=2z+7——]

13



qmple 5 — Solution

cont’d

=(2:94+32-9724+5)—-(2-1+3-17+1)

=18+ 18+53—2—-%2-1

O &~

= 32

14



Applications

15



qlications

Part 2 of the Fundamental Theorem says that if f is
continuous on [a, b], then

["r() dx = F(b) - Fa)

where F is any antiderivative of f. This means that F' =f, so
the equation can be rewritten as

f * F'(x) dx = F(b) — Fla)

16



qm:ations

We know that F'(X) represents the rate of change of y = F(X)

with respect to x and F(b) — F(a) is the change in y when x
changes from a to b.

[Note that y could, for instance, increase, then decrease,
then increase again.

Although y might change in both directions, F(b) — F(a)
represents the net change iny.]

17



qlications

So we can reformulate FTC2 in words as follows.

Net Change Theorem The integral of a rate of change is the net change:

j *F'(x) dx = F(b) — F(a)

This principle can be applied to all of the rates of change In
the natural and social sciences. Here are a few instances
of this idea:

* If V(1) Is the volume of water in a reservoir at time t, then
Its derivative V'(t) is the rate at which water flows into
the reservoir at time t.

18



qlications

So
| Vi dr = vin) - vin)

IS the change in the amount of water in the reservoir
between time t; and time t..

« If [C](1) Is the concentration of the product of a chemical
reaction at time t, then the rate of reaction is the
derivative d[C]/dt.

19



qlications

So

Jrl d[C]

Tl [Cl(z2) — [Cl(#)

IS the change in the concentration of C from time t; to
time t,.

* If the mass of a rod measured from the left end to a point
X 1S m(x), then the linear density is p(x) = m'(x). So

fhp(x) dx = m(b) — m(a)

IS the mass of the segment of the rod that lies between
X =aandx =Db.

20



qm:ations

* If the rate of growth of a population is dn/dt, then

J —a’t = n(t,) — n(t))

IS the net change in population during the time period
from t, to t,.

(The population increases when births happen and
decreases when deaths occur. The net change takes into
account both births and deaths.)

21



qlications

* If C(X) Is the cost of producing x units of a commodity,
then the marginal cost is the derivative C’(x).

So

|"C'w dx = C(x2) = Cx1)

X

IS the increase Iin cost when production Is increased from
X, Units to X, units.

22



qm:ations

« If an object moves along a straight line with position
function s(t), then its velocity is v(t) = s’(t), so

2 j "0t dt = s(t,) — s(t)

IS the net change of position, or displacement, of the
particle during the time period from t; to t.

This was true for the case where the object moves in the
positive direction, but now we have proved that it is
always true.

23



qm:ations

* If we want to calculate the distance the object travels
during the time interval, we have to consider the intervals
when v(t) > 0 (the particle moves to the right) and also the
Intervals when v(t) < 0 (the particle moves to the left).

In both cases the distance is computed by integrating |v(t)],
the speed. Therefore

b _
3 f | v(z) | dr = total distance traveled
[

24



qlications

Figure 3 shows how both displacement and distance
traveled can be interpreted in terms of areas under a
velocity curve.

15

displacement = f w(E)dt=A;—A,+ A,

L

§ /4]
As > distance =£: l0(r)|dt= A, + A, + A,

Figure 3

25



qm:ations

* The acceleration of the object is a(t) = v'(t), so

f[ “a(t) dt = v(n) — v(t)

IS the change in velocity from time t; to time t,.

26



qmple 6

A particle moves along a line so that its velocity at time t is
v(t) = t? —t — 6 (measured in meters per second).

(a) Find the displacement of the particle during the time
period 1 <t<4.

(b) Find the distance traveled during this time period.

27



qmple 6 — Solution

(a) By Equation 2, the displacement is
54) = s(1) = | "o() ds

=f(z‘2 —t—6)dt

28



qmple 6 — Solution

cont’d

This means that the particle moved 4.5 m toward the
left.

(b) Note thatv(t) =t°—-t—-6=(t—3)(t+ 2) and so v(t) <0
on the interval [1, 3] and v(t) > 0 on [3, 4].

Thus, from Equation 3, the distance traveled is

f | 0(2) | dt = f: [—u(e)]dr + f v(2) dt

=f(—r2 +t+ 6)dt + f:(rz —t— 6)dt

29
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! Substitution Rule

Because of the Fundamental Theorem, it's important to be
able to find antiderivatives.

But our antidifferentiation formulas don’t tell us how to
evaluate integrals such as

1 J2x\/1+x2dx

To find this integral we use the problem-solving strategy of
iIntroducing something extra. Here the “something extra” is
a new variable; we change from the variable x to a new
variable u.



“ Substitution Rule

Suppose that we let u be the quantity under the root sign in

1|, u =1+ x2. Then the differential of u is du = 2xdx.

Notice that if the dx in the notation for an integral were to
be interpreted as a differential, then the differential 2xdx

would occur In

1

and so, formally, without justifying our

calculation, we could write

2 J2x\/l+x2dxzj\/1+x22xdxzj\/;du

=2+ C=:(x>+ 1>+ C



- Substitution Rule

But now we can check that we have the correct answer by
using the Chain Rule to differentiate the final function of
Equation 2:

| b

d
— G2+ DY+l =332+ D 2x =2x/x2+ 1
X

e

In general, this method works whenever we have an
integral that we can write in the form f f(g(x))g’(x) dx.



“ Substitution Rule

Observe that if F' = f, then
3] JF(g(x) 9'(x) dx = F(g(x)) + C

because, by the Chain Rule,

di F(g)] = F(g(x))g' (%)
X

If we make the “change of variable™ or “substitution” u =
g(x), then from Equation 3 we have

JF'(@(x))g'(x) dx = F(g(x)) + C = F(u) + C = JF"(u) du

or, writing F' = f, we get

Ji(@() g’ (x) dx = [f(u) du



- Substitution Rule

Thus we have proved the following rule.

4 | The Substitution Rule If u = g(x) is a differentiable function whose range is an
interval I and f is continuous on /, then

[ £(g0g'(x) dx = [ f(u) du

Notice that the Substitution Rule for integration was proved
using the Chain Rule for differentiation.

Notice also that if u = g(x), then du = g’(x) dx, so a way to
remember the Substitution Rule is to think of dx and du In
4] as differentials.




“ Substitution Rule

Thus the Substitution Rule says: It is permissible to
operate with dx and du after integral signs as if they
were differentials.



qmple 1

Find | x3 cos(x4 + 2) dx.

Solution:

We make the substitution u = x* + 2 because its differential
IS du = 4x3 dx, which, apart from the constant factor 4,
occurs in the integral.

Thus, using x3dx = idu and the Substitution Rule, we have
Jx3 cos(x* + 2) dx = Jcos u - ! du

= Hcos u du



!mple 1 — Solution

cont’d

| .
= sSinu+C

=

=1 sin(x*+2)+C

Notice that at the final stage we had to return to the original
variable x.

10



Definite Integrals
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!nite Integrals

When evaluating a definite integral by substitution, two
methods are possible. One method is to evaluate the

iIndefinite integral first and then use the Fundamental
Theorem.

For example,

"V Tax= [ Vo + Taa], =1@x + 1)

=3O =)= - 1) =%

Another method, which is usually preferable, is to change
the limits of integration when the variable is changed. 12



!nite Integrals

6

The Substitution Rule for Definite Integrals If g’ is continuous on [a, b] and f is

continuous on the range of u = ¢g(x), then

g(b)

g(a)

| g g @ dx = [ f(u) du

13



qmple 14

Evaluate r’ V2x + 1 dx using (6]
0

Solution:
Letu=2x+ 1. Then du =2 dx, so dx = %du.

To find the new limits of integration we note that
when x=0,u=2(0)+1=1

and
whenx=4,u=2(4)+1=9

14



qmple [/ — Solution .

Therefore

j:\/zx n 1dx=j19;\/ﬁdu

Observe that when using [6/ we do not return to the variable
X after integrating. We simply evaluate the expression in u

between the appropriate values of u. -




Symmetry

16



“symmetry

The following theorem uses the Substitution Rule for
Definite Integrals [6] to simplify the calculation of integrals
of functions that possess symmetry properties.

7| Integrals of Symmetric Functions Suppose f is continuous on [—a, a].
(a) If f is even [ f(—x) = f(x)], then f‘_’” f(x)dx =2 J};’f(x) dx.
(b) If f is odd [ f(—x) = —f(x)], then fﬁu f(x)dx = 0.
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“symmetry

Theorem 7 is illustrated by Figure 3.

VA YA
—a 0 -
a x
—a 0 a x
(@) feven, | f(x)dv=2 ‘0 Flx) dx (b) fodd, | flx)dx=0
Figure 3

For the case where f is positive and even, part (a) says that
the area under y = f(x) from —a to a is twice the area from
O to a because of symmetry.



“symmetry

We know that an integral | i f(x) dx can be expressed as the
area above the x-axis and below y = f(x) minus the area
below the axis and above the curve.

Thus part (b) says the integral is O because the areas
cancel.
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‘I!llnmmelo

Since f(x) = x® + 1 satisfies f(—x) = f(x), it is even and so

f_zz (x°+ 1) dx = 2[02 (x® 4+ 1) dx
e

=2(5 +2)
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qmple 11

Since f(x) = (tan x)/(1 + x? + x*) satisfies f(—x) = —f(x), it is
odd and so

1 tan x
dx =0
L I +x° + x*
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