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QUenceS

A sequence can be thought of as a list of numbers written
In a definite order:

ay, 8y 83,8y -..,85,...

The number a, is called the first term, a, Is the second
term, and in general a, is the nth term. We will deal
exclusively with infinite sequences and so each term a,, will
have a successor a,, ;.

Notice that for every positive integer n there is a
corresponding number a, and so a sequence can be
defined as a function whose domain is the set of positive
Integers.



!uences

But we usually write a,, instead of the function notation f(n)
for the value of the function at the number n.

Notation: The sequence {a,, a,, a, . . .} IS also denoted by

tan} or {a}n=



!mple 1

Some sequences can be defined by giving a formula for the
nth term. In the following examples we give three
descriptions of the sequence: one by using the preceding
notation, another by using the defining formula, and a third
by writing out the terms of the sequence. Notice that n
doesn’t have to start at 1.

no | __n 1 2 3 4 n
(a) Ay T — ==, =, ...,
n+1) _ n 2 3 45 n+1
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cont’d

(d) {cos n_w-} d, = COS n?w-, n=0

v nm
) ) ,2, s - .., COS 6 y o



!uences

A sequence such as the one in Example 1(a),

a, = n/(n + 1), can be pictured either by plotting its terms on

a number line, as in Figure 1, or by plotting its graph, as in
Figure 2.

a, A
T G
’ R
y 47 =%
a, a,das)
: - > ————+—— -
0 1 1 1234567 "
2
Figure 1 Figure 2



quences

Note that, since a sequence is a function whose domain is
the set of positive integers, its graph consists of isolated
points with coordinates

La) (Za) Ga) ... a)

From Figure 1 or Figure 2 it appears that the terms of the
sequence a, = n/(n + 1) are approaching 1 as n becomes
large. In fact, the difference

n B 1
n+1 n+1

can be made as small as we like by taking n sufficiently
large.



!uences

We indicate this by writing

. n
lim = ]
n—«e n + 1

In general, the notation

Iima, = L

1—>0

means that the terms of the sequence {a,} approach L as n
becomes large.



uences

Notice that the following definition of the limit of a sequence
IS very similar to the definition of a limit of a function at
Infinity.

1| Definition A sequence {a,} has the limit L and we write

lima, =L or a,—> L as n—>®

n—o

if we can make the terms a, as close to L as we like by taking n sufficiently large.
If lim,—.. a, exists, we say the sequence converges (or is convergent). Otherwise,
we say the sequence diverges (or is divergent).

10



uences

Figure 3 illustrates Definition 1 by showing the graphs of
two sequences that have the limit L.

a, A a, A

Figure 3
Graphs of two sequences withlim @, = L
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uences

A more precise version of Definition 1 is as follows.

2 | Definition A sequence {a,} has the limit L and we write

lima, =L or a,—>L as n—

n—aoe

if for every € > 0 there is a corresponding integer N such that

if n>N then |a,—L|<e¢

12



uences

Definition 2 is illustrated by Figure 4, in which the terms

a,, a,, as, . . . are plotted on a number line.
a G & & Oyl G % O G ay
i * ® ® ® { *+— —o ] * * ® * * >
0 L-8 L [L+8
Figure 4

No matter how small an interval (L — ¢, L + €) Is chosen,
there exists an N such that all terms of the sequence from
ay. Onward must lie in that interval.

13



quences

Another illustration of Definition 2 is given in Figure 5.
The points on the graph of {a,} must lie between the
horizontal linesy=L+candy =L —¢if n> N. This picture
must be valid no matter how small € is chosen, but usually
a smaller € requires a larger N.

YA

- 4

1234 N

Figure 5
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uences

You will see that the only difference between lim, ,__a,=1L

and lim,_, __ f(x) = L is that n is required to be an integer.

Thus we have the following theorem, which is illustrated by
Figure 6.

3| Theorem If lim,... f(x) = L and f(n) = a, when n is an integer, then
lim,—-a, = L.

VA

=Y

1 23 4

Figure 6
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uences

In particular, since we know that lim, , . (1/x") = 0 when

r >0, we have

1 :

n—wo n

If a, becomes large as n becomes large, we use the
notation lim_ , . a,=2°°. Consider the definition

5| Definition lim,_...a, = % means that for every positive number M there is an
integer N such that

if n>N then a, > M

If lim, _, . a,=2°, then the sequence {a,} Iis divergent but in

a special way. We say that {a,} diverges to oo.
16



uences

The Limit Laws also hold for the limits of sequences and
their proofs are similar.

Limit Laws for Sequences

If {a,} and {b,} are convergent sequences and ¢ is a constant, then

lim (a, + b,) = lim a, + lim b,

f1=—>0 n—>%w n—>o0

lim (a, — b,) = lim a, — lim b,

H—>o% n—x n—o

lim ca, = ¢ lim a, limec =—c¢

n—o n—0oc n—>x0

lim (a,b,) = lim a, * lim b,

n—% n—o Hn—%

lim a,
. al! n—w" o o
lim — = — if lim b, #0
n—x b, lim b, n—o

n—oc

lim af = [lim a,,]” if p>0anda,>0

n—w n—o

17



uences

The Squeeze Theorem can also be adapted for sequences
as follows (see Figure 7).

Squeeze Theorem for Sequences

Ifa,=< b, < c,forn =ngand lim a, = lim ¢, = L, then lim b, = L.

1—> 0 n— n—oc

°
. >
''''

> . :g::.:
[)” .:.¢°.

Figure 7

The sequence {b,} is squeezed between the sequences {a,} and {c_}.



uences

Another useful fact about limits of sequences is given by
the following theorem.

6 | Theorem If lim |a,| = 0, then lim a, = 0.

n—>0 n—>®

The following theorem says that if we apply a continuous
function to the terms of a convergent sequence, the result
IS also convergent.

1| Theorem If lim a, = L and the function f is continuous at L, then

lim f(an) :f(L)

’I—)x

19



qmple 11

For what values of r is the sequence {r"} convergent?

Solution:

We know that lim, , ., a*x=ocfora>1andlim, , . a*=0
for 0 <a < 1. Therefore, putting a = r and using Theorem 3,

we have

I . o 1if r>1
mr" =
el 0 if0<r<l

It IS obvious that

Iim 1" =1 and Iim 0" =

n—>00 n—>00

20



!mple 11 — Solution

f-1<r<0,then0<]|r|<1,so

cont’d

lim [r"| = lim |r|" =0
11— 0 1 —> 0

and therefore Iim M =0 by Theorem 6.

n—> oo

If r < -1, then {r"} diverges.

21



!mple 11 — Solution

Figure 11 shows the graphs for various values of r. (The
case r = -1 is shown in Figure 8.)

a, A

cont’d

[§9)

5]

B+
S

of

_I o B .
Figure 8
a, A a
Fizid
T 5 -1<r<0
r=1 0 n
1-- .
‘ . .
e 0<r<l ! e
Figure 11

The sequence a, = " 22



uences

The results of Example 11 are summarized as follows.

9 | The sequence {r"} is convergent if —1 < r < 1 and divergent for all other

values of r.
. {o ] < rf 1
lim r" =

n— | if r=1

10| Definition A sequence {a,} is called increasing if a, < a,+, foralln = 1,
thatis, a; < a, < as < - - -. Itis called decreasing if a, > a,+, forall n = 1.
A sequence is monotonic if it is either increasing or decreasing.

23



uences

11| Definition A sequence {a,} is bounded above if there is a number M such that

a, <M foralln = 1
It 1s bounded below if there is a number m such that
m = a, foralln = 1

If it is bounded above and below, then {a,} is a bounded sequence.

For instance, the sequence a, = n is bounded below
(a, > 0) but not above. The sequence a,=n/(n+ 1) is
bounded because 0 <a, <1 for all n.



!uences

We know that not every bounded sequence is convergent
[for instance, the sequence a, = (—1)" satisfies-1<a, <1
but is divergent] and not every monotonic sequence is
convergent (a, = N — ico).

But if a sequence is both bounded and monotonic, then it
must be convergent.

25



!uences

This fact is stated without proof as Theorem 12, but

Intuitively you can understand why it is true by looking at
Figure 12.

If {a,,} Is Increasing and a, < M for all n, then the terms are
forced to crowd together and approach some number L.

a, A

M

L aesenememen R

0]123 n

Figure 12
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quences

The proof of Theorem 12 is based on the Completeness
Axiom for the set of Rreal numbers, which says that if S is
a honempty set of real numbers that has an upper bound M
(x <M for all x In S), then S has a least upper bound b.

(This means that b is an upper bound for S, but if M Is any
other upper bound, then b < M.)

27



uences

The Completeness Axiom is an expression of the fact that

there is no gap or hole in the real number line.

12

Monotonic Sequence Theorem Every bounded, monotonic sequence is

convergent.

28
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Series

What do we mean when we express a number as an
Infinite decimal? For instance, what does it mean to write

7 =3.14159 26535 89793 23846 26433 83279 50288 . . .

The convention behind our decimal notation is that any
number can be written as an infinite sum. Here it means
that

1 - 1 5 9 2 § 5
T=3+ + + + + — + - + +

10 10° 10° 10° 10° 10° 10 10°

where the three dots (- ) indicate that the sum continues
forever, and the more terms we add, the closer we get to
the actual value of .



Series

In general, if we try to add the terms of an infinite sequence
la.}.—1 we get an expression of the form

1

which is called an infinite series (or just a series) and Is
denoted, for short, by the symbol

o
D an

n=1

or

2 d,



Series

It would be impossible to find a finite sum for the series
1+2+3+4+5+ - +n+--

because if we start adding the terms we get the cumulative
sums 1, 3, 6, 10, 15, 21, . . . and, after the nth term, we get
n(n + 1)/2, which becomes very large as n increases.

However, If we start to add the terms of the series

| | 1 | 1
— + - —+ _}____'_..._}_—_}_...
8 16 32 64 2"

+ — +

.1
2 4

1 3 7 15 31 63 "
Weget g,g,g,ﬁ,ﬁ,a,...,l—1/2,....



Series

The table shows that as we add more and more terms,
these partial sums become closer and closer to 1.

Sum of first n terms

SN DN s W

|

15
20
25

0.50000000
0.75000000
0.87500000
0.93750000
0.96875000
0.98437500
0.99218750
0.99902344
0.99996948
0.99999905
0.99999997




Series

In fact, by adding sufficiently many terms of the series we
can make the partial sums as close as we like to 1.

So it seems reasonable to say that the sum of this infinite
series is 1 and to write

|

1 | 1
— + — + .. +
8 16 2"

|
— —l— L] . . p— 1
n=1 2" 2

|
—
4

K

_I_

We use a similar idea to determine whether or not a
general series 1] has a sum.




Series

We consider the partial sums
S;=a
S;=a; +a
S3=a, ta, +a;
S;,=a;ta,+tas;t+ta,
and, in general,

Sn:al"'az"'as"'"""an:;a"

These partial sums form a new sequence {s.}, which may
or may not have a limit.



€S

If lim,_, __ s, =s exists (as a finite number), then, as in the
preceding example, we call it the sum of the infinite series

2.a

nl

2 | Definition Given a series >,— a, = a; + a» + as + - - -, let 5, denote its
nth partial sum:

n

o= 2 ai=a +a+ - +a,

i=1

If the sequence {s,} is convergent and lim,—.. s, = s exists as a real number, then
the series > a, is called convergent and we write

a1+a2+...+an+.oo:S OI‘ Zaf'l:S
n=1

The number s is called the sum of the series. If the sequence {s,} is divergent, then the
series 1s called divergent.




Series

Thus the sum of a series is the limit of the sequence of
partial sums.

So when we write X,-a, = s, we mean that by adding
sufficiently many terms of the series we can get as close as
we like to the number s.

Notice that

o0 14!
Z a, = lim 2 da;

oo .
n=1 nN—>% =1

10



!mple 2

An important example of an infinite series is the geometric
series

n=1

1— 1

az0

Each term is obtained from the preceding one by multiplying
it by the common ratio r.

Ifr=1,thens,=a+a+--+a=na— too.

Since lim, , s, doesn’t exist, the geometric series diverges
In this case.

11



qmple 2

If r 1, we have

cont’d

s,=atar+arc+-- +ar™t
and s

. ar+ar>+ - +ar"t+arn

Subtracting these equations, we get

s,—Is,=a—ar"

12



qmple 2 o

If -1<r<1,we knowthatasr™ > 0asn— oo,

SO

. Cooa(l — " a a , ) a
lim s, = lIim — — Iim " =

n— o n—» | —r 1 —r I — 1 n—oe —r

Thus when |r| < 1 the geometric series is convergent and
its sum is a/(1 —r).

Ifr<-1orr>1,the sequence {r"} is divergent and so, by
Equation 3, lim S,, does not exist.

N — oo

Therefore the geometric series diverges in those cases.
13



Series

We summarize the results of Example 2 as follows.

4| The geometric series

ar''=a+ ar+ ar* + - -

n=1

is convergent if | 7| < 1 and its sum is

Zarn_lzlc_l |r|<1
n=1 r

If | r| = 1, the geometric series is divergent.

14



qmple 3

Show that the harmonic series

| 1 1 1
Y —=1l+—+—=—+—+ -
n=1 N 2 3 4

IS divergent.

Solution:

For this particular series it's convenient to consider the
partial sums s,, S,, Sg, S1, Sz, - - - and show that they

become large.

Sz:l—l—%

ss=1+3+G+3)>1+3+(5+



qmple 8 — Solution

cont'd
s=145+G+3)+G+e+7+5)
>4+ G+ + G+t +s)
=1+5+3+3=1+;
se= 143+ GG+t H ()
>4+ G+ )+ G+ )+ (et e+ )

1 +3+5+3+3

1 +

SIFS

16



qmple 8 — Solution

cont’d

- 5 6 :
Similarly, s3; > 1 + 5, s¢4 > 1 + 5, and in general

=142
Son —
i 2

This shows that S2» — co asn —>ocand so {s.} is
divergent.

Therefore the harmonic series diverges.

17



Series

6 | Theorem If the series 2 a, 1s convergent, then lim a, = 0.

1—>0CC

n=1

The converse of Theorem 6 is not true in general.
If lim,_, ., &, =0, we cannot conclude that X a, Is
convergent.

18



Series

7| The Test for Divergence If lim a, does not exist or if lim a, 7 0, then the

n—® n— e

series ), a, is divergent.

n=1

The Test for Divergence follows from Theorem 6 because,
If the series is not divergent, then it is convergent, and so

im, ,..a,=0.

19



€S

8| Theorem If > a, and X b, are convergent series, then so are the series 2 ca,
(where ¢ is a constant), = (a, + b,), and = (a, — b,), and

(1) i cd, = C i d, (ii) i (a, + b,) = i a, + i b,

n=1 n=1 n=1

(iii) i (an — by) = i an — i b,
n=1 n=1

n=1

20
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-Integral Test and Estimates of Sums

In general, it is difficult to find the exact sum of a series.

We were able to accomplish this for geometric series and
the series X 1/[n(n + 1)] because in each of those cases we
could find a simple formula for the nth partial sum s,,.

But usually it isn’t easy to discover such a formula.



-Integral Test and Estimates of Sums

We begin by investigating the series whose terms are the
reciprocals of the squares of the positive integers:

- 1 1 1 1 1
SETIT R E

There’s no simple formula for ol
the sum s, of the first n terms, ! R=E
but the computer-generated 5 14636
table of values given to the right 10 1.5498
suggests that the partial sums >0 1.6251
are approaching a number ;88 }gigg
near 1.64 as n - oo and so it 1000 1.6439
looks as if the series is convergent. 5000 1.6447




-Integral Test and Estimates of Sums

We can confirm this impression with a geometric argument.
Figure 1 shows the curve y = 1/x? and rectangles that lie
below the curve.

VA

]
Y 2

l
area —
l— \

, . ; A : .
0 I 2 \ 3 \ 4 T 5 X

o — oy — o — o — L
area = bE area = 32 area = VE area = 52

Figu;el
The base of each rectangle is an interval of length 1; the

height is equal to the value of the function y = 1/x? at the
right endpoint of the interval.



-Integral Test and Estimates of Sums

So the sum of the areas of the rectangles is

If we exclude the first rectangle, the total area of the
remaining rectangles is smaller than the area under the
curve y = 1/x? for x =2 1, which is the value of the

integral |,” (1/x°) dx.

The improper integral is convergent and has value 1. So
the picture shows that all the partial sums are less than

I -
1° 2



-Integral Test and Estimates of Sums

Thus the partial sums are bounded. We also know that the
partial sums are increasing (because all the terms are
positive). Therefore the partial sums converge (by the
Mono tonic Sequence Theorem) and so the series is
convergent. The sum of the series (the limit of the partial
sums) Is also less than 2:

51 | | | 1
=— 4+ =+ —=+—+ - <2
;Zli’lz 12 22 32 42

Now let's look at the series




-Integral Test and Estimates of Sums

The table of values of s, suggests that the partial sums

aren’t approaching a finite number, so we suspect that the
given series may be divergent.

]
A W
5 3.2317
10 5.0210
50 12.7524
100 18.5896
500 43 2834
1000 61.8010
5000 139.9681




-Integral Test and Estimates of Sums

Again we use a picture for confirmation. Figure 2 shows the
curve y = 1/4/x, but this time we use rectangles whose tops
lie above the curve.

YA 1

r r r T I
0 L | 2 | 3 | a4 | 5 %

oy — o = L oy — o = L
aréa = —; area = —, area = —, aréa = —;
Na! Ni 2 vV 3 \/4

Figure 2

The base of each rectangle is an interval of length 1. The
height is equal to the value of the function y = 1/4/x at the
left endpoint of the interval.



-Integral Test and Estimates of Sums

So the sum of the areas of all the rectangles is

| | | | | -
_ _+_+_+_+...:E_

T 2B TATS

This total area is greater than the area under the curve

But we know that this improper integral is divergent. In
other words, the area under the curve is infinite. So the
sum of the series must be infinite, that is, the series iIs

divergent.

X.

y = 1/4/x, for x > 1, which is equal to the integral |, (1/v/x ) d

10



-Integral Test and Estimates of Sums

The same sort of geometric reasoning that we used for
these two series can be used to prove the following test.

The Integral Test Suppose f is a continuous, positive, decreasing function on [ 1, o)
and let a, = f(n). Then the series >,- a, is convergent if and only if the improper
integral [;” f(x) dx is convergent. In other words:

(a) If r f(x) dx is convergent, then ), a, is convergent.

n=1

(b) If rf(x) dx is divergent, then ), a, is divergent.

n=l1

11



qmple 1

Test th ies 2, 1
est the series 2 -5

for convergence or divergence.
Solution:

The function f(x) = 1/(x? + 1) is continuous, positive, and
decreasing on [1,00) so we use the Integral Test:

e ] 1 . t 1 R _1 t
j : dx = lim : dx = lim tan x]l
1 X —|— 1 [—xJl X —|— 1 t—@

7 o aa ar
—lim (tan'r — — |= — — — = —
iﬂ(an 4) 2 4 4

Thus jf 1/(x?+ 1)dx is a convergent integral and so, by the
Integral Test, the series X 1/(n°+ 1) is convergent.



-Integral Test and Estimates of Sums

The series ) 1 is called the p-series.

n=I1 np

o 1
1| The p-series D, — is convergent if p > I and divergentif p < 1.
n=1 N




!mple 3

(a) The series

0

1 1 1 1 1
En3=13+ -+ =+t

n=1

IS convergent because it is a p-series with p =3 > 1.

(b) The series

is divergent because it is a p-series witlp =5 < 1.

14



qmple 4

. . w Inn
Determine whether the series > —— converges or
diverges. =t 7

Solution:

The function f(x) = (In x)/x Is positive and continuous for
X > 1 because the logarithm function is continuous.

But it is not obvious whether or not f is decreasing, so we
compute its derivative:

.« x(1/x) —Inx
f(x)_ )C2
Il — Inx

2
X

15



qmple 4

Thus f'(x) <OwhenIn x> 1, thatis, x > e. It follows that f is
decreasing when x > e and so we can apply the Integral
Test:

.1 1 Inx? |
j ﬂdx—hm tﬂdleim(nzx)]
|

t—oo J1 X [—®

(In 1)*

= |im

f—sco

Since this improper integral is divergent, the series
> (In n)/n Is also divergent by the Integral Test.



Estimating the Sum of a Series

17



“Estimating the Sum of a Series

Suppose we have been able to use the Integral Test to
show that a series X a, Is convergent and we now want to
find an approximation to the sum s of the series.

Of course, any partial sum s, IS an approximation to s
because lim,_,__ s, =s. But how good is such an
approximation? To find out, we need to estimate the size of
the remainder

Rn:S_Sn:an+1+an+2+an+3+'“

The remainder R, is the error made when s, the sum of
the first n terms, is used as an approximation to the total
sum.

18



!mating the Sum of a Series

We use the same notation and ideas as in the Integral Test,
assuming that f is decreasing on [n, ). Coonparing the
areas of the rectangles with the area under y = f(x) for

X > n in Figure 3, we see that

y=4x)

Ri=dyer + dysn + -+ < j £(x) dx
1

Similarly, we see from Figure 4 that Figure 3

y=fx)

Rn — Un+ + An+2 T = | f()f) dx

0 n+1

Figure 4

19



!mating the Sum of a Series

So we have proved the following error estimate.

2 | Remainder Estimate for the Integral Test Suppose f(k) = ax, where f is a
continuous, positive, decreasing function for x = n and = a, 1s convergent. If
R, = 5§ — s,, then

J’:l f(x)dx <R, < f f(x)dx

20



!mple 5

(a) Approximate the sum of the series X 1/n3 by using the
sum of the first 10 terms. Estimate the error involved In
this approximation.

(b) How many terms are required to ensure that the sum is
accurate to within 0.0005?

Solution:

In both parts (a) and (b) we need to know [, f(x) dx. With
f(x) = 1/x3, which satisfies the conditions of the Integral
Test, we have

fm ] PR 1| y 1 N ] 1
— dXx — l11m — — — = —
noxo t—>o 2x? ILH; 212 2n’ 2n°

n

21



qmple 5 — Solution

(a) Approximating the sum of the series by the 10th partial
sum, we have

cont’d

o 1
ES —3 =~ 510
n=1 N
= —l—-+ —l—-+-—1— -+ +
P2 3 10°
~ 1.1975

According to the remainder estimate in [2], we have
= | | |

So the size of the error is at most 0.005. 29



qmple 5 — Solution

(b) Accuracy to within 0.0005 means that we have to find a
value of n such that R,, < 0.0005. Since

cont’d

we want

— < 0.0005
2n-

Solving this inequality, we get

1 ,
n’ > m = 1000 or n > +/1000 = 31.6

We need 32 terms to ensure accuracy to within 0.0005.
23



!mating the Sum of a Series

If we add s, to each side of the inequalities in [2], we get

o0

3 s, + f)dx==s=<s, + rof(x) dx

n+1

because s, + R, = s. The inequalities in 3lgive a lower
bound and an upper bound for s.

They provide a more accurate approximation to the sum of
the series than the partial sum s, does.

24
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- Comparison Tests

In the comparison tests the idea is to compare a given
series with a series that is known to be convergent or
divergent. For instance, the series

i 1

=1 2"+ 1

reminds us of tr}e series 2,— 1/2", which is a geometric
series with @ =3 and r =3 and is therefore convergent.

Because the series

|

IS SO similar to a convergent series,

we have the feeling that it too must be convergent. Indeed,

It IS.



- Comparison Tests

The inequality

1 1
<

2" + 1 2"

shows that our given series Ll has smaller terms than those
of the geometric series and therefore all its partial sums are
also smaller than 1 (the sum of the geometric series).

This means that its partial sums form a bounded increasing
sequence, which is convergent. It also follows that the sum
of the series is less than the sum of the geometric series:

o0

)

<
=1 2"+ 1




“ Comparison Tests

Similar reasoning can be used to prove the following test,
which applies only to series whose terms are positive. The
first part says that if we have a series whose terms are
smaller than those of a known convergent series, then our
series is also convergent.

The second part says that if we start with a series whose
terms are larger than those of a known divergent series,
then it too Is divergent.

The Comparison Test Suppose that = a, and X b, are series with positive terms.
(1) If 2 b, 1s convergent and a, < b, for all n, then X a, 1s also convergent.

(11) If = b, 1s divergent and a, = b, for all n, then X a, 1s also divergent.




“ Comparison Tests

In using the Comparison Test we must, of course, have
some known series X b, for the purpose of comparison.
Most of the time we use one of these series:

« Ap-series [Z 1/nP converges if p > 1 and diverges if p < 1]

« A geometric series [ ar"~! converges if |[r| <1 and
diverges if |r| = 1]



!mple 1
5

Determine whether the series Y — converges or
diverges. =1 20T A S

Solution:

For large n the dominant term in the denominator is 2n?, so
we compare the given series with the series X 5/(2n?).

Observe that
5 5

2n* + 4n + 3 2n?

because the left side has a bigger denominator.

(In the notation of the Comparison Test, a, Is the left side
and b, is the right side.)



qmple 1 — Solution

We know that

cont’d

IS convergent because it's a constant times a p-series with
p=2>1.

Therefore

i 5

n=1 2712 + 4n + 3

IS convergent by part (i) of the Comparison Test.



- Comparison Tests

Note 1.

Although the condition a,, < b,, or a, = b, In the Comparison
Test is given for all n, we need verify only that it holds for

n > N, where N is some fixed integer, because the
convergence of a series is not affected by a finite number
of terms.



“ Comparison Tests

Note 2:

The terms of the series being tested must be smaller than
those of a convergent series or larger than those of a
divergent series.

If the terms are larger than the terms of a convergent series
or smaller than those of a divergent series, then the
Comparison Test doesn’t apply.

10



“ Comparison Tests

Consider, for instance, the series

i 1

= 2" — 1

The inequality

| 1
=

2" — 1 2"

IS useless as far as the Comparison Test is concerned
because 3 b, = 3 ()" is convergent and a,, > b,



“ Comparison Tests

Nonetheless, we have the feeling that X 1/(2"— 1) ought to
be convergent because it is very similar to the convergent
geometric series = (3)".

In such cases the following test can be used.

The Limit Comparison Test Suppose that > a, and 2 b, are series with positive
terms. If

where c 1s a finite number and ¢ > 0, then either both series converge or both
diverge.

12



qmple 3

Test the series )
n=1

n

1 for convergence or divergence.

Solution:
We use the Limit Comparison Test with

1 1
2" —1 2"

ay —

and obtain

n 1 T —
lim 2 — i 27— D
i by e /27

. 2"
= lim
n—w 20— ]

13



qmple 3 — Solution

cont’d

1
— 1 — 1/2"

=1>0

Since this limit exists and X 1/2" is a convergent geometric
series, the given series converges by the Limit Comparison
Test.

14



Estimating Sums

15



!mating Sums

If we have used the Comparison Test to show that a series
2 a, converges by comparison with a series X b, then we
may be able to estimate the sum X a, by comparing
remainders.

We consider the remainder

Ry=s—-s,=a,,ta,.,+t

16



!mating Sums

For the comparison series b, we consider the
corresponding remainder

Tn:t_tn:bn+1+bn+2+' o

Since a, < b, for all n, we have R, < T,. If £ b, Is a p-series,
we can estimate its remainder T,. If £ b, IS a geometric
series, then T, Is the sum of a geometric series and we can
sum it exactly.

In either case we know that R, is smaller than T,.

17



qmple 5

Use the sum of the first 100 terms to approximate the sum
of the series X 1/(n® + 1). Estimate the error involved in this

approximation.

Solution:

Since

1 <1
n’ + 1 n’

the given series is convergent by the Comparison Test.

18



qmple 5 — Solution

cont’d

The remainder T, for the comparison series ¥ 1/n3 was
estimated earlier using the Remainder Estimate for the
Integral Test.

There we found that

1

2n?

% ]
Tnéfjdx=
n X

Therefore the remainder R, for the given series satisfies

1

R, =T, <
2n?

19



qmple 5 — Solution

cont’d

With n = 100 we have

1
Rioo < = (0.00005
T 2(100)

Using a programmable calculator or a computer, we find
that

1 100

1
~ ~ 0.6864
> T = 06864538

n+1 Zin

0
2
n=1

with error less than 0.00005.

20
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“rnating Series

In this section we learn how to deal with series whose
terms are not necessarily positive. Of particular importance
are alternating series, whose terms alternate in sign.

An alternating series is a series whose terms are
alternately positive and negative. Here are two examples:

1 1 1 1 1 = 1
1l ——4+=——=4+=——+ — —1)"' —
1 2 3 4 5 6 n
_—t — - —  —_— — — — — .. = — 1\
2 3 4 5 6 7 ,Zl( )n—l—l



“rnating Series

We see from these examples that the nth term of an
alternating series is of the form

a,=(-1)""b,  or  a,=(-1)b,
where b, IS a positive number. (In fact, b, = |a,,|.)

The following test says that if the terms of an alternating
series decrease toward O Iin absolute value, then the series
converges.



“rnating Series

Alternating Series Test If the alternating series

E(_l)n_lbnzbl_b2+b3_b4+b5_b6+"' by >0

n=1

satisfies
(1) bn-l—] = bn for all n

(1) lm b, =0

n—>%0

then the series is convergent.




!mple 1

The alternating harmonic series

1 1 1 = (=)
1 _ — _|_ N _|_ o o 0 —
2 3 4 ,Zl n
satisfies
. 1
() b, ., <b, because < —

n+1 n

1
(i) IIm b, = lim — =0

n—>00 1—>00 n

so the series is convergent by the Alternating Series Test.



Estimating Sums



!mating Sums

A partial sum s, of any convergent series can be used as
an approximation to the total sum s, but this is not of much
use unless we can estimate the accuracy of the
approximation. The error involved in using s = s, IS the
remainder R, = s —s,.

The next theorem says that for series that satisfy the
conditions of the Alternating Series Test, the size of the
error Iis smaller than b, , ;, which is the absolute value of
the first neglected term.



mating Sums

Alternating Series Estimation Theorem If s = = (—1)""'b, is the sum of an alternating
series that satisfies

(1) busri = b, and (ii): lim. b, =10

n—oc

then |Rn| = |S - Snl = bn-H




qmple 4
o0 (_1)n

Find the sum of the series 2 ~—
n=0 .
places.

correct to three decimal

Solution:

We first observe that the series is convergent by the
Alternating Series Test because

| IR N §
M m+1)! nl@m+1) n

1 1
(m) 0<—<——0 so——0as n—>x
n! n n!

10



qmple 4 — Solution

cont’d

To get a feel for how many terms we need to use in our
approximation, let’s write out the first few terms of the

series:

11



qmple 4 — Solution

cont’d

Notice that
by = L < I 0.0002
5040 5000 :

and

o I 1 1 I 1
se =1 —1+5—¢+ 2% — 101 7m0

~ (0.368056

12



qmple 4 — Solution o

By the Alternating Series Estimation Theorem we know that
|Ss — Sgl £ b, <0.0002

This error of less than 0.0002 does not affect the third
decimal place, so we have s ~ 0.368 correct to three
decimal places.

13



!mating Sums

Note:

The rule that the error (in using s, to approximate s) Is
smaller than the first neglected term is, in general, valid
only for alternating series that satisfy the conditions of the
Alternating Series Estimation Theorem. The rule does not
apply to other types of series.

14
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-ute Convergence and the Ratio and Root Tests

Given any series ¥ a,,, we can consider the corresponding
series

2 laql =1ag| +|ay| + [ag] + -

n=1

whose terms are the absolute values of the terms of the
original series.

1| Definition A series = a, is called absolutely convergent if the series of
absolute values > | a, | is convergent.




-ute Convergence and the Ratio and Root Tests

Notice that if ¥ a,, Is a series with positive terms, then
|a,,| = a, and so absolute convergence is the same as
convergence In this case.



qmple 1

The series

IS absolutely convergent because

51 1 1 |

( l)n |

IS a convergent p-series (p = 2).



qmple 2

We know that the alternating harmonic series

b 1
=] — —
ngl n 2

_|_

| |
— — _|_ o .
3 -

IS convergent, but it is not absolutely convergent because
the corresponding series of absolute values is

n—1

+—+ =+ -

= | (= o l_ 1 1 1
ngl ngln 2 3 4

which is the harmonic series (p-series with p = 1) and is
therefore divergent.



-ute Convergence and the Ratio and Root Tests

2 | Definition A series X a, is called conditionally convergent if it is convergent
but not absolutely convergent.

Example 2 shows that the alternating harmonic series is
conditionally convergent. Thus it is possible for a series to
be convergent but not absolutely convergent.

However, the next theorem shows that absolute
convergence implies convergence.

3| Theorem If a series X a, is absolutely convergent, then it is convergent.




qmple 3

Determine whether the series

. cosn cos 1 cos 2 cos 3

_|_
= n2 12 22 32

IS convergent or divergent.

Solution:

This series has both positive and negative terms, but it is
not alternating. (The first term is positive, the next three are
negative, and the following three are positive: The signs
change irregularly.)



qmple 3 — Solution

cont’d

We can apply the Comparison Test to the series of absolute
values

OSfl

- > |cosn|
2 ;Zl n2

Since |cos n| < 1 for all n, we have

| cos n |

e

n’ n’

We know that X 1/n? is convergent (p-series with p = 2) and
therefore X |cos n|/n? is convergent by the Comparison
Test.



!mple 3 — Solution

cont’d

Thus the given series X (cos n)/n? is absolutely convergent
and therefore convergent by Theorem 3.

10



-ute Convergence and the Ratio and Root Tests

The following test is very useful in determining whether a
given series is absolutely convergent.

The Ratio Test

Ay

= L < 1, then the series , a, is absolutely convergent

n=1

(1) If lim

n—w

a n
(and therefore convergent).

o0

— o, then the series , a,

n=1

Uyt

Upt1

=L >1or lim

n—>Q

(i) If lim

a” aff

1s divergent.

ap+1

(iii) If lim

n—ow

= |, the Ratio Test is inconclusive; that is, no conclusion can
a”

be drawn about the convergence or divergence of 2 a,.




-ute Convergence and the Ratio and Root Tests

Note:

Part (iii) of the Ratio Test says that if lim,— |a.+1/a.| = 1,
the test gives no information. For instance, for the
convergent series X 1/n? we have

1

(n + 1) n’ 1
= = = — 1 as n — ®

1 (n+1)2_( 1)2
. 1+ —
n n

Up+1

n

12



-ute Convergence and the Ratio and Root Tests

whereas for the divergent series ¥ 1/n we have

1
n+1 n 1

1

n

g | as n — ©

_n+1= 1
1 + —
n

Therefore, if lim, . | a.+1/a,| = 1, the series = a, might
converge or it might diverge. In this case the Ratio Test fails
and we must use some other test.

13



qmple 5

n

Test the convergence of the series 3 =

n=1 71'

Solution:

Since the terms a, = n"/n! are positive, we don’t need the
absolute value signs.

Ap+1 (n+ D" !

a, (n+ 1) n"

(n+ n+ 1) _n!
(n + 1)n! n"

14



qmple 5 — Solution

cont’d

- =|1+—] —e as n— oo
n n

Since e > 1, the given series is divergent by the Ratio Test.

15



-ute Convergence and the Ratio and Root Tests

Note:
Although the Ratio Test works in Example 5, an easier
method is to use the Test for Divergence. Since

nn nononooooon
a, = = =1

Al 123 .e.op

it follows that a,, does not approach 0 as n— c. Therefore
the given series is divergent by the Test for Divergence.

16



-ute Convergence and the Ratio and Root Tests

The following test is convenient to apply when nth powers
occur.

The Root Test

(i) If lim /| a,| = L < 1, then the series D, a, is absolutely convergent
R—> n=1

(and therefore convergent).

(i) If lim +/|a,| = L > 1 or lim {/|a,| = , then the series D, a, is divergent.
n—>0 1—>00 n=1

(iii) If lim /| a,| = 1, the Root Test is inconclusive.

17



-ute Convergence and the Ratio and Root Tests

If lim,...+/|a,| = 1, then part (iii) of the Root Test says that
the test gives no information. The series £ a, could
converge or diverge.

(If L =1 in the Ratio Test, don’t try the Root Test because L
will again be 1. And if L = 1 in the Root Test, don't try the
Ratio Test because it will fail too.)

18



qmple 6

. “ [ 2n+ 3\
Test the convergence of the series 2, ( - ) .

n=1 3n + 2
Solution:
B 2n + 3 \"
h 3n + 2

2n + 3 2+3 2
n n
‘”/ " —= — ,—<1
|a| 3n + 2 2 3
3+ =
n

Thus the given series converges by the Root Test.

19



Rearrangements

20



!rrangements

The guestion of whether a given convergent series Is
absolutely convergent or conditionally convergent has a

bearing on the guestion of whether infinite sums behave
like finite sums.

If we rearrange the order of the terms in a finite sum, then
of course the value of the sum remains unchanged. But this
IS not always the case for an infinite series.

21



qrrangements

By a rearrangement of an infinite series ¥ a, we mean a
series obtained by simply changing the order of the terms.
For instance, a rearrangement of ¥ a, could start as

follows:

hrtptastagta tastagtazta,t+ -

It turns out that

If ¥ a, Is absolutely convergent series with sum s,
then any rearrangement of ¥ a, has the same sum s.

22



qrrangements

However, any conditionally convergent series can be
rearranged to give a different sum. To illustrate this fact let’s
consider the alternating harmonic series

+ - =1In2

oo | —

+ 5 —

N~

+ 5 —

| —
| —

_|_

o —

6] 1 —

If we multiply this series by %, we get

+e—g+ - -=>In2

09| —
| —
=

23



!rrangements

Inserting zeros between the terms of this series, we have

7] 0+;+0—,;+0+¢+0—g+---=15In2

Now we add the series in Equations 6 and 7:

+5—53+---=3In2

| —

_|_

2| —

8 1 + 35—

24



!rrangements

Notice that the series in 8] contains the same terms as in [6],
but rearranged so that one negative term occurs after each
pair of positive terms. The sums of these series, however,
are different. In fact, Riemann proved that

If X a, Is a conditionally convergent series and r is any
real number whatsoever, then there is a rearrangement

of ¥ a, that has a sum equal to r.

25
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“Strategy for Testing Series

We now have several ways of testing a series for
convergence or divergence; the problem is to decide which
test to use on which series. In this respect, testing series Is
similar to integrating functions.

Again there are no hard and fast rules about which test to
apply to a given series, but you may find the following
advice of some use.

It is not wise to apply a list of the tests in a specific order
until one finally works. That would be a waste of time and
effort. Instead, as with integration, the main strategy is to
classify the series according to its form.



!tegy for Testing Series

1.

2.

If the series is of the form X 1/nP, it is a p-series, which
we know to be convergent if p > 1 and divergent if p < 1.

If the series has the form X ar"-tor X ar, itis a
geometric series, which converges if |[r| <1 and
diverges if |[r| > 1. Some preliminary algebraic
manipulation may be required to bring the series into

this form.



“Strategy for Testing Series

3.

If the series has a form that is similar to a p-series or a
geometric series, then one of the comparison tests
should be considered. In particular, if a, is a rational
function or an algebraic function of n (involving roots of

polynomials), then the series should be compared with a
p-series.

The comparison tests apply only to series with positive
terms, but if £a, has some negative terms, then we
terms, then we can apply the Comparison Test to X |a,|
and test for absolute convergence.



Qtegy for Testing Series

4. If you can see at a glance that lim, .. a, # 0, then the
Test for Divergence should be used.

5. If the series is of the form Z(-1)" ~1b, or Z(-1)"b,,, then
the Alternating Series Test is an obvious possibility.

6. Series that involve factorials or other products
(including a constant raised to the nth power) are often
conveniently tested using the Ratio Test. Bear in mind
that | a,+1/a,|— 1 as n — o for all p-series and
therefore all rational or algebraic functions of n.

Thus the Ratio Test should not be used for such
series.



!tegy for Testing Series

7. Ifa,is of the form (b,)", then the Root Test may be
useful.

8. If a, = f(n), where |, f(x) dx is easily evaluated, then the
Integral Test is effective (assuming the hypotheses of
this test are satisfied).

In the following examples we don’t work out all the details
but simply indicate which tests should be used.



qmple 1

oo

E n—1

n=1 2n + 1

Since as a, —> % # 0 as n - oo, we should use the Test for
Divergence.



qmple 2

im

n=1 3nd + 4n* + 2

Since a, Is an algebraic function of n, we compare the
given series with a p-series.

The comparison series for the Limit Comparison Test is
> by, where




Since the series Is alternating, we use the Alternating
Series Test.

10



qmple 5

Since the series involves k!, we use the Ratio Test.

11



qmple 6

i 1

=1 2 + 3"

Since the series is closely related to the geometric series
> 1/3", we use the Comparison Test.

12
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-/er sSeries

A power series Is a series of the form

o0
1 DYoepx"=co+ cix + cx?+exd+ -
n=0

where X is a variable and the c,'s are constants called the
coefficients of the series.

For each fixed x, the series [1] IS a series of constants that
we can test for convergence or divergence.

A power series may converge for some values of x and
diverge for other values of x.



-/er sSeries

The sum of the series Is a function
— 2 . .
f(X) =cp+cCcXx+cCxe+ -+ X"+

whose domain is the set of all x for which the series
converges. Notice that f resembles a polynomial. The only
difference Is that f has infinitely many terms.

For instance, if we take c,, = 1 for all n, the power series
becomes the geometric series

Exn:1+x+x2+...+xn+...
n=>0

which converges when -1 < x < 1 and diverges when
|x| = 1.



-/er sSeries

More generally, a series of the form

o0

2 EC,I(X_CI)“’-:C()‘FCl()C—a)+C2(x—a)2_|_...
n=>0

Is called a power series in (X —a) or a power series
centered at a or a power series about a.

Notice that in writing out the term corresponding ton =0 In
Equations 1 and 2 we have adopted the convention that
(x —a)? =1 even when x = a.

Notice also that when x = a all of the terms are O forn>1
and so the power series (2] always converges when x = a.

5



qmple 1

For what values of x is the series >, n!x" convergent?
n=0

Solution:
We use the Ratio Test. If we let a,,, as usual, denote the
nth term of the series, then a, = n!x". If x # 0, we have

(n + 1)x"!

n

An+1

= lim

11— 0

Iim
n—oo

n'x

n

= lim (n + 1)|x|

n—> 0
= CO

By the Ratio Test, the series diverges when x = 0. Thus the
given series converges only when x = 0.



-/er sSeries

We will see that the main use of a power series is that it
provides a way to represent some of the most important
functions that arise in mathematics, physics, and chemistry.

In particular the sum of the power series,

( 1)r1 2n . ]
Jo(x) = E o , IS called a Bessel function.

Recall that the sum of a series is equal to the limit of the
sequence of partial sums. So when we define the Bessel
function as the sum of a series we mean that for every real

1 [..20
number X, Jo(x) = lim s,(x) where s,(x) = E (22, ),)2

n—>ao0 0



-/er sSeries

The first few partial sums are

X2

so(x) = 1 si(x) =1 — — $Hx) =1 —— +

4

x? x? x°

_|_ —
- 64 2304

s;(x) =1 — sa(x) =1 —

Figure 1 shows the graphs

of these partial sums, which
are polynomials. They are all
approximations to the function
Jo, but notice that the
approximations become better
when more terms are included.

X2

4

x° x*

X4

64

x° x®

+— - -
- 64 2304 147,456

V4

/.
¥

Partial sums of the Bessel function J,

Figure 1



-/er sSeries

Figure 2 shows a more complete graph of the Bessel
function.

Figure 2

For the power series that we have looked at so far, the set
of values of x for which the series is convergent has always

turned out to be an interval.
9



-/er sSeries

The following theorem says that this is true in general.

3| Theorem For a given power series 2, c¢,(x — a)" there are only three
possibilities: n=0

(1) The series converges only when x = a.

(11) The series converges for all x.

(iii) There is a positive number R such that the series converges if [x — a| < R
and diverges if |x — a| > R.

The number R in case (i) is called the radius of
convergence of the power series. By convention, the

radius of convergence is R=01In case (i) and R =cc in
case (ii).

10



-/er sSeries

The interval of convergence of a power series is the

Interval that consists of all values of x for which the series
converges.

In case (i) the interval consists of just a single point a.
In case (ii) the interval is (— oo, o0).

In case (iil) note that the inequality |x —a| < R can be
rewrittenasa—-R<x<a+R.

11



-/er sSeries

When x is an endpoint of the interval, that is, X = a £R,
anything can happen—the series might converge at one or
both endpoints or it might diverge at both endpoints.

Thus in case (iii) there are four possibilities for the interval
of convergence:

(@a—-R,a+R) (@a—-R,a+R] [a—-R,a+R) [a—-R,a+R]

The situation is illustrated in Figure 3.

convergence for |x —a| <R

A
~ ™

O ® o

a—R a a+ R

Y

<
<

divergence for [x —a| >R

12

Figure 3



-/er sSeries

We summarize here the radius and interval of convergence
for each of the examples already considered in this section.

Series Radius of convergence Interval of convergence
Geometric series éo x" R=1 (—=1,1)
Example 1 go n! x" R=0 {0}
Example 2 2 (x ; 3 R=1 [2,4)
Example 3 go (z_zj();f;n R = (—o0, o)

13
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-esentations of Functions as Power Series

We start with an equation that we have seen before:

1

I —x

=1 +x+x>+7+--=2x"  |x|<1
1=0

¥

We have obtained this equation by observing that the
series is a geometric series witha =1 and r = x.

But here our point of view is different. We now regard

Equation 1 as expressing the function f(x) = 1/(1 — x) as a
sum of a power series.



-esentations of Functions as Power Series

flx)= 1Tlx and some partial sums

Figure 1



!mple 1

Express 1/(1 + x2) as the sum of a power series and find
the interval of convergence.

Solution:
Replacing x by —x? in Equation 1, we have

1 1

1 + x? 1 — (—x?)

_ go (_xz)n



!mple 1 — Solution o

— E (_1)r2x2n
n=0

=1 —x"+x" = x"+x" =

Because this is a geometric series, it converges when
|-x?| < 1, that is, x? < 1, or |x]| < 1.

Therefore the interval of convergence is (-1, 1). (Of course,
we could have determined the radius of convergence by
applying the Ratio Test, but that much work is unnecessary
here.)



Differentiation and Integration of
Power Series



-entiation and Integration of Power Series

The sum of a power series is a function f(x) = X5=o c.(x — a)"
whose domain is the interval of convergence of the series.

We would like to be able to differentiate and integrate such
functions, and the following theorem says that we can do
so by differentiating or integrating each individual term in
the series, just as we would for a polynomial.

This is called term-by-term differentiation and
Integration.



-entiation and Integration of Power Series

2 | Theorem If the power series X c,(x — a)" has radius of convergence R > 0,
then the function f defined by

f)=co+calx—a)+ax—a’+ = i co(x — a)"

is differentiable (and therefore continuous) on the interval (¢ — R, a + R) and

(1) f’(X) = () T+ 262(16 - a) + 3C3(}C — a)z + 00 = N ncn(x _ a)n—l
n=1
— )2 3
(i) [ f()dx=C+ cly —a) + ¢ (x—af -0
2 3
B - (x _ a)n+1
-or fZO e n—+1

The radii of convergence of the power series in Equations (1) and (i1) are both R.




qmple 4

We have seen the Bessel function

Jolx) = go (223() n.) f

IS defined for all x.

Thus, by Theorem 2, J, Is differentiable for all x and its
derivative is found by term-by-term differentiation as

follows:

oo ( 1);1 2n i 1)n2nx2n.—l
n=1

Jé(X) 1@20 Ax 29”( ’)n( )

10
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qor and Maclaurin Series

We start by supposing that f is any function that can be
represented by a power series

1] f(X) = Co+ Cy(X — @) + Cy(X — @)% + Cy(X — @)? + Cy(x — A)*
+---|x—a|<R

Let’s try to determine what the coefficients c, must be in
terms of f.

To begin, notice that if we put x = a in Equation 1, then all
terms after the first one are 0 and we get

f(a) = c,



qor and Maclaurin Series

We can differentiate the series in Equation 1 term by term:
2

f/(X) = ¢y + 2C,(X — @) + 3c5(x —@)2 + 4c,(x — @) + -
Ix—a| <R

and substitution of x = a in Equation 2 gives
f'(a) = c,

Now we differentiate both sides of Equation 2 and obtain

3 f!r(X):2C2+2o3C3(X_a)+3.4c4(x_a)2+...
| x—a|<R

Again we put x = a in Equation 3. The result is

f"(a) = 2c,



qor and Maclaurin Series

Let’'s apply the procedure one more time. Differentiation of
the series in Equation 3 gives

4
- (X)=2+3c3+2-3-4c,(x—a)+3-4-5cy(x—a)*+

and substitution of x = a in Equation 4 gives

f"'(a) — 2 ° 303 — 3|C3

By now you can see the pattern. If we continue to
differentiate and substitute x = a, we obtain

fM@=2-3-4----+-nc,=nlc,



or and Maclaurin Series

Solving this equation for the nth coefficient c,, we get
A

n!

Cn

This formula remains valid even for n = 0 if we adopt the
conventions that 0! = 1 and f© = f, Thus we have proved
the following theorem.

EI Theorem If f has a power series representation (expansion) at a, that is, if
f)=2clx—a" |x—a|l<R
n=0
then its coefficients are given by the formula

/"%a)

Cn = ———

n!




qor and Maclaurin Series

Substituting this formula for ¢, back into the series, we see
that if f has a power series expansion at a, then it must be
of the following form.

% (n)
6] fw=3< 7(")

' (% =~ )"
n=0 n.

f'(a)
1!

- fz(!a) (e = P 4 J 3(!a)

(k=4 rss

(x — a)

= f(a) +

The series in Equation 6 is called the Taylor series of the
function f at a (or about a or centered at a).



‘or and Maclaurin Series

For the special case a = 0 the Taylor series becomes

& 0 (0 "0)
a =34 O o+ LDy L@z

This case arises frequently enough that it is given the
special name Maclaurin series.



qmple 1

Find the Maclaurin series of the function f(x) = eX and its
radius of convergence.

Solution:

If f(x) = €%, then fM(x) = X, so fM(0) = e® = 1 for all n.
Therefore the Taylor series for f at O (that is, the Maclaurin
series) Is

e f(n)(o) % xn X xZ )C3
> X'=y—=




qmple 1 — Solution

cont’d

To find the radius of convergence we let a, = x"/n!.

Then

xn+1 I/l‘

(n+ 1) Xx"

An+1

B £ B
0<1

a, n—+1

so, by the Ratio Test, the series converges for all x and the
radius of convergence iIs R = <o,

10



qor and Maclaurin Series

The conclusion we can draw from Theorem 5 and
Example 1 is that if e has a power series expansion at 0,
then

o0 X”
et =
n=0 ]’l'

So how can we determine whether e* does have a power
series representation?

11



qor and Maclaurin Series

Let’s investigate the more general question: Under what
circumstances is a function equal to the sum of its Taylor
series?

In other words, if f has derivatives of all orders, when is it
true that

(n)
/ '(a) (x — a)

n:

CED

As with any convergent series, this means that f(x) is the
limit of the sequence of partial sums.

12



‘or and Maclaurin Series

In the case of the Taylor series, the partial sums are

3 ’><a)

=0

(x — a)

f'(a) f"a)
1! 2}

:f(a)_|_ (x —a) + (X_CZ)2-|—---—|—

Notice that T, is a polynomial of degree n called the
nth-degree Taylor polynomial of f at a.

13



qor and Maclaurin Series

For instance, for the exponential function f(x) = eX, the
result of Example 1 shows that the Taylor polynomials at 0
(or Maclaurin polynomials) with n =1, 2, and 3 are

T]()C) =1+ x

X2
TQ(X):1+X+2_!

3
- X

X
T3()C)—1+X‘|‘2—!+§

14



or and Maclaurin Series

The graphs of the exponential function and these three
Taylor polynomials are drawn in Figure 1.

( T5(x)

Figure 1

As n increases, T,(x) appears to approach e*
in Figure 1. This suggests that e* is equal to
the sum of its Taylor series.

15



qor and Maclaurin Series

In general, f(x) Is the sum of its Taylor series if

f(x) = lim T,(x)

J1— 0

If we let
R.(X)=f(x)—T,(x) sothat f(x)=T.,x) + R,(x)

then R, (x) is called the remainder of the Taylor series. If
we can somehow show that lim, , . R,(X) =0, then it
follows that

lim 7,(x) = lim [ f(x) — R,(x)] = f(x) — lim R,(x) = f(x)

n—oe J1—> 0 l— 0

16



or and Maclaurin Series

We have therefore proved the following.

8| Theorem If f(x) = T,(x) + R,(x), where T, is the nth-degree Taylor polyno-
mial of f at a and

lim R;I(X) =0

n—w

for |x — a| < R, then f is equal to the sum of its Taylor series on the interval
|le—a| <R

In trying to show that lim,,_, __ R,(X) = O for a specific function f,
we usually use the following Theorem.

9| Taylor's Inequality If | f"*"(x)| < M for | x — a| < d, then the remainder
R.(x) of the Taylor series satisfies the inequality

n+1

| % —a] for |[x —a| <d

17



nor and Maclaurin Series

To see why this is true for n = 1, we assume that
|f”(x)| £ M. In particular, we have f"(x) < M, so for
a<x<a-+dwe have

f (0 dt < fM dt

An antiderivative of f” is f’, so by Part 2 of the Fundamental
Theorem of Calculus, we have

f'(x)—f'(@) <M(x—a) or f(x)<f(a)+M(x—a)

18



qor and Maclaurin Series

Thus
f: ) dr < f [£'(a) + M(t — )] dt

(x — a)’

2

fx) = fla) < fla)(x —a) + M

09 = (@ = f@)x = @) < 5 (x = a)

But R, (x) = f(x) — T,(X) = f(x) — f(a) — f'(a)(x — a). So

19



qor and Maclaurin Series

A similar argument, using f”(x) = —M, shows that

R() =~ (x = af

M
So |R1(x)|£7|x—a|2

Although we have assumed that x > a, similar calculations
show that this inequality is also true for x < a.

20



nor and Maclaurin Series

This proves Taylor’s Inequality for the case where n = 1.

The result for any n is proved in a similar way by integrating
n + 1 times.

In applying Theorems 8 and 9 it is often helpful to make
use of the following fact.

n

N
10 lim — =20 for every real number x

n—w n'

This Is true because we know from Example 1 that the

series X x"/n! converges for all x and so its nth term

approaches 0. 21



qmple 2

Prove that e* is equal to the sum of its Maclaurin series.

Solution:
If f(x) = €%, then f("* D(x) = ex for all n. If d is any positive
number and |x| £ d, then |f"*D(x)| = ex < ed.

So Taylor’s Inequality, with a = 0 and M = e9, says that

ed

(n + 1)!

[R,(x)| < o for x| =<d

| x

22



qmple 2 — Solution

cont’d

Notice that the same constant M = e works for every value
of n. But, from Equation 10, we have

d n+1

lim ——— |
m
s (n 4+ D

n+1

= ¢ lim ¥ = ()

n—e (n + 1)!

It follows from the Squeeze Theorem that

im, . __|R,(X)| = 0 and therefore Iim, , __ R,(x) = O for all
values of x. By Theorem 8, e* is equal to the sum of its
Maclaurin series, that is,

11 = S for all x

23



qor and Maclaurin Series

In particular, if we put x = 1 in Equation 11, we obtain the
following expression for the number e as a sum of an
Infinite series:

' |
7 P L IFRE NERE N NS

24



qmple 3

Find the Maclaurin series for f(x) = (1 + x)%, where k is any
real number.

Solution:
Arranging our work in columns, we have
f(x) = (1 + x)X f(0) =1
f'(x) = k(1 + x)k-1 f'(0) =k
f"(x) = k(k = 1)(1 + x)k -2 f"(0) = k(k—-1)

f(x) = k(k = 1)(k = 2)(1 + x)k-3 (0 = k(k — 1)(k — 2)

) (x) = k(k = 1) - (k= n + 1)(1 + x)k-1 f(0) = k(k — 1) - --

(k=n+ 1)
25



!mple 8 — Solution

Therefore the Maclaurin series of f(x) = (1 + x)kis

cont’d

o0 (n) 00 _ —n +
$ SO G kk=Dkmnt )
n=0 l’l' n=0 Vl'

This series is called the binomial series.

Notice that if k iIs a nonnegative integer, then the terms are
eventually O and so the series is finite. For other values of k
none of the terms is O and so we can try the Ratio Test.

26



qmple 8 — Solution

cont'd
If its nth term Is a,,, then
aper | |k(k—1) - (k—n+ Dk — n)x"" n!
da, (n + 1)! kk — 1)« (k—n+ 1)x"
k
1__
|k — n| n
=———|x|=—"F"[x[= x| asn—c
n+1 |
1 +—

=

Thus, by the Ratio Test, the binomial series converges if
|X] <1 and diverges if |[x| > 1.

27



qor and Maclaurin Series

The traditional notation for the coefficients in the binomial
series IS

n n!

(k)zk(k—l)(k—Z)---(k—n+1)

and these numbers are called the binomial coefficients.

The following theorem states that (1 + x)* is equal to the
sum of its Maclaurin series.

28



qor and Maclaurin Series

It is possible to prove this by showing that the remainder
term R, (x) approaches 0, but that turns out to be quite
difficult.

17

The Binomial Series If k is any real number and |x| < 1, then

n=0 n 2! 3!

(1 +x)f= i <k>x”= 1 + kx+ Bk — l)xz—l- it — 1)(k_2)x3 +

29



qor and Maclaurin Series

Although the binomial series always converges when
|X| < 1, the question of whether or not it converges at the
endpoints, £1, depends on the value of k.

It turns out that the series converges at 1 if -1 <k <0 and
at both endpoints if k > 0.

Notice that if k is a positive integer and n > k, then the
expression for (4 ) contains a factor (k — k), so (¥) = 0 for
n > k.

This means that the series terminates and reduces to the

ordinary Binomial Theorem when Kk is a positive integer.
30



or and Maclaurin Series

We collect in the following table, for future reference, some
Important Maclaurin series that we have derived in this
section and the preceding one.

I .
=yx"=1+x+x*+x*+-- imil
l - X n=0
> .\‘” X .\‘2 ‘\'R
A Pt T et
ST @n+1)! 315 T
E 2n 4 6
X X 2 1 X
cosx = X (—1)" = 1 et R =0
= 200G 2 A e
% .‘_Lul .\.3 .\'5 .‘_7
tan"'x = ) (— = e B R=1
‘ E,‘ & i R
S " 42 %
In(l +x) = 3 (1) =y = =t R=1
ol S&y ,,2,( hede b L
8 g kk—1) , k(k—1Dk=2) .
(1 +xf=3 x"=1+kx+ ( ).\--+ { I )_\~-‘+--- R=1
a=0 \ 1 2! 3!

Important Maclaurin Series and their Radii of Convergence
Table 1

31



Multiplication and Division of
Power Series

32



qmple 13

Find the first three nonzero terms in the Maclaurin series
for (a) e*sin x and (b) tan x.

Solution:

(a) Using the Maclaurin series for e* and sin x in Table 1,
we have

33



!mple 13 — Solution

We multiply these expressions, collecting like terms just
as for polynomials:

cont’d

| 3
X X — X T
1 1
x4+ » +ax” +ga" +
3. 1.4

34



qmple 13 — Solution

cont’d

Thus e'sinx=x+ x>+ x>+ -+

(b) Using the Maclaurin series in Table 1, we have

X X
. X___I___
SIn X 3! 5!
tan x = = 5 n
COS X X X
1] ——+=-
21 4!

35



qmple 13 — Solution

cont’d

We use a procedure like long division:

2 .5

x+%x3+ sX + o

1 » 1 4 1..3 | 5
l—gx + g X —---)x—gx + X —

X —3x + ogx’ — e

1 1
3 :
%xg— %xs-k
%x5+
I .3 2.5
Thus tanx = x + 3x° + 5x° + - .-

36
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Approximating Functions
by Polynomials



“oximating Functions by Polynomials

Suppose that f(x) is equal to the sum of its Taylor series
at a:

: ”)(a)

E

(x —a)’

The notation T, (x) Is used to represent the nth partial sum
of this series and we can call it as it the nth-degree Taylor
polynomial of f at a.

Thus

n (i)
nm=§f@)

(x — a)



“oximating Functions by Polynomials

' " (n)
fl(!a) (x —a) + fz(!a) (x —a)}+ - + fn!(a)

~ fla) +

(x —a)"

Since f is the sum of its Taylor series, we know that
T.(x) —f(x) asn —oco and so T, can be used as an
approximation to f:

f(x) = T,(x).

Notice that the first-degree Taylor polynomial
T,(x) =f(a) + f'(a)(x — a)

IS the same as the linearization of f at a.



“oximating Functions by Polynomials

Notice also that T, and its derivative have the same values
at a that f and ' have. In general, it can be shown that the
derivatives of T, at a agree with those of f up to and

Including derivatives of order n.

To illustrate these ideas let's

take another look at the graphs

of y = e* and its first few Taylor
polynomials, as shown in Figure 1.

YA

Y=g

—

Figure 1




“oximating Functions by Polynomials

The graph of T, is the tangent line to y = eX at (0, 1); this
tangent line is the best linear approximation to e* near
(0, 1);

The graph of T, is the parabolay =1 + x + x?/2, and the
graph of T, is the cubic curve y =1 + x + x2/2 + x3/6, which
IS a closer fit to the exponential curve y = eXthan T..

The next Taylor polynomial T, would be an even better
approximation, and so on.



QOximating Functions by Polynomials

The values In the table give a numerical demonstration of
the convergence of the Taylor polynomials T, (x) to the
function y = e*. We see that when x = 0.2 the convergence

IS very rapid, but when x = 3 it is somewhat slower.

In fact, the farther x is from 0, the
more slowly T,(x) converges to ex.
When using a Taylor polynomial
T, to approximate a function f, we
have to ask the questions:

How good an approximation is it?

x=0.2 x = 3.0
T-(x) 1.220000 8.500000
T.(x) 1.221400 16.375000
Ts(x) 1.221403 19.412500
Ts(x) 1.221403 20.009152
T1o(x) 1.221403 20.079665
e’ 1.221403 20.085537




“oximating Functions by Polynomials

How large should we take n to be in order to achieve a
desired accuracy? To answer these questions we need to
look at the absolute value of the remainder:

|Ra(X) [ = 1(x) = T,(X)|

There are three possible methods for estimating the size of
the error:

1. If a graphing device is available, we can use it to graph
|R,(X)| and thereby estimate the error.



“oximating Functions by Polynomials

2. If the series happens to be an alternating series, we can
use the Alternating Series Estimation Theorem.

3. In all cases we can use Taylor’s Inequality which says
that if | 7"V (x)| = M, then

M
(n + 1)!

n+1

| Ri(x) | =< x —a

10



‘I!llnmmal

(a) Approximate the function f(x) = ¥/x by a Taylor
polynomial of degree 2 at a = 8.

(b) How accurate is this approximation when 7 < x < 9?

Solution:

(@) fx) = Jx =x'7 f(8) =2
flx) = 3x7%° f'8) =13
fr(x) = —5x7" f'®) = —14

J(x) = 23 x

11



!mple 1 — Solution

cont’d

Thus the second-degree Taylor polynomial is

0 = r® + L (- gy + LD

(x — 8)?
=2+ p(x = 8) — y5(x — 8)

The desired approximation is

Jx = Ta(x)
=2+ p(x = 8) — 5(x — 8)?

12



!mple 1 — Solution

cont’d

(b) The Taylor series is not alternating when x < 8, so we
can’t use the Alternating Series Estimation Theorem in
this example.

But we can use Taylor’s Inequality with n =2 and a = 8:

M
| Ry(x) | £?|x - 8

where |f""(X)| £ M.

Because x > 7, we have x83 > 783 and so

0 1 _ 10
27 X 27 S

(x) = < 0.0021

13



qmple 1 — Solution

cont’d

Therefore we can take M = 0.0021. Also 7 <x<9, so
—1<x-8<land|x-8|<L1.

Then Taylor’s Inequality gives

0.0021
3!

~0.0021

3

[Ry(x)| < < 0.0004

Thus, If 7 <x <9, the approximation in part (a) is
accurate to within 0.0004.

14



*oximating Functions by Polynomials

Let’'s use a graphing device to check the calculation in
Example 1. Figure 2 shows that the graphs of y = <x and
y = T,(Xx) are very close to each other when x Is near 8.

Figure 2

15



“oximating Functions by Polynomials

Figure 3 shows the graph of |R,(x)|computed from the
expression

| Ry(x) | = |Q/_ — To(x) |

We see from the graph that 0.0003
< U.
IRy(x)| < 0.0003 ¥y = |Ry(x)
when 7 <x<09.
7 9
Thus the error estimate from 0 Fiqure 3

graphical methods is slightly
better than the error estimate

from Taylor’s Inequality in this case.
16



Applications to Physics
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“Applications to Physics

Taylor polynomials are also used frequently in physics. In
order to gain insight into an equation, a physicist often
simplifies a function by considering only the first two or
three terms in its Taylor series.

In other words, the physicist uses a Taylor polynomial as an
approximation to the function. Taylor’s Inequality can then
be used to gauge the accuracy of the approximation.

The next example shows one way in which this idea is
used in special relativity.

18



!mple 3

In Einstein’s theory of special relativity the mass of an
object moving with velocity v is

mo

V1 — v?/c?

where m, Is the mass of the object when at rest and c Is the
speed of light. The kinetic energy of the object is the
difference between its total energy and its energy at rest:

K =mc? — myc?

19



qmple 3

cont’d

(a) Show that when v is very small compared with c, this
expression for K agrees with classical Newtonian
physics: K = %mOVZ.

(b) Use Taylor’s Inequality to estimate the difference in
these expressions for K when |v| £ 100 m/s.

Solution:
(a) Using the expressions given for K and m, we get

v

K = mc® — moc® = 2 — moc” = 111 —2_1/2 1
0 \/1 — 1}2/(;2 0 = MoycC — CZ —

20



qmple 3 — Solution .

With x = —v?/c?, the Maclaurin series for (1 + x)"12 is
most easily computed as a binomial series with k = —%.

(Notice that |x| < 1 because v < c.) Therefore we have

(D) L, EDENED

2! 3!

(1+x)""2=1-13x+

21



!mple 3 — Solution

cont’d

If v is much smaller than c, then all terms after the first
are very small when compared with the first term. If we
omit them, we get

1 v° |
K = mocz(g—z — gmovz
C

(b) If x = —v2/c?, f(X) = myc? [(1 + x) Y2 —-1],and M is a

number such that [f"(x)| £ M, then we can use Taylor’s
Inequality to write

M
|R1()C)| = ?xz

22



qmple 3 — Solution

We have f"(x) :2 myc?(1 + xX)~>? and we are given that
|lv]| £100 m/s, so

cont’d

3mgc’ _ 3moc’
L — 0%/ 4(1 — 100%/c?)?

W] = (= M)

Thus, with ¢ = 3 x 108 m/s,

3moc? 100*
(1 — 100%/c?)?> ¢

1
|Ri(x)| < >3 < (4.17 X 10" ")my

So when |v| £ 100 m/s, the magnitude of the error Iin

using the Newtonian expression for kinetic energy Is at

most (4.2 x 10710) .
23



