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Review of the Definite Integrals



!iew of the Definite Integrals

First let’s recall the basic facts concerning definite integrals
of functions of a single variable.

If f(x) Is defined for a < x < b, we start by dividing the
interval [a, b] into n subintervals [x,_;, Xi] of equal width
Ax = (b — a)/n and we choose sample points x;“in these
subintervals. Then we form the Riemann sum

1 ;f(X?‘) Ax

and take the limit of such sums as n — oo to obtain the
definite integral of f from a to b:

2 jbf(x) dx = lim lef(xf”) Ax

n—o ;




-iew of the Definite Integrals

In the special case where f(x) > 0, the Riemann sum can be
Interpreted as the sum of the areas of the approximating
rectangles in Figure 1, and [, /(x) dx represents the area
under the curve y = f(x) from a to b.
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Volumes and Double Integrals



-Jmes and Double Integrals

In a similar manner we consider a function f of two
variables defined on a closed rectangle

R=[a,b]x[c,d]={(x,y) e R*|a<x<b,c<Ly<d}
and we first suppose that f(x, y) = 0.

z=fxy -

The graph of f is a surface
with equation z = f(X, y).

Let S be the solid that lies
above R and under the
graph of f, that is, Figure 2

S={(x,y,2z) e R?’|0<z<f(X, V), (X,¥) € R}
(See Figure 2.)




-Jmes and Double Integrals

Our goal is to find the volume of S.

The first step is to divide the rectangle R into
subrectangles.

We accomplish this by dividing the interval [a, b] into m
subintervals [x;_,, x] of equal width Ax = (b —a)/m and
dividing [c, d] into n subintervals [y;_,, y;] of equal width
Ay = (d - c)/n.



-Jmes and Double Integrals

By drawing lines parallel to the coordinate axes through the
endpoints of these subintervals, as in Figure 3, we form the

subrectangles

Rj = [Xi_1, Xi] x

Vi Vil = {6 Y) | Xiog S XX, Y S Y Sy}

each with area AA = AX Ay.
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-Jmes and Double Integrals

If we choose a sample point (x;7', y7) in each R;, then we
can approximate the part of S that lies above each R; by a
thin rectangular box (or “column”) with base R; and height
f(x;7, yii) as shown in Figure 4.

The volume of this box is the height of the box times the
area of the base rectangle:
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Figure 4
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-Jmes and Double Integrals

If we follow this procedure for all the rectangles and add
the volumes of the corresponding boxes, we get an
approximation to the total volume of S:

m n

3 V=2 2 fixF, v AA

i=1 j=1

(See Figure 5.) This double
sum means that for each
subrectangle we evaluate

f at the chosen point and
multiply by the area of the / /K?
subrectangle, and then we - - >

add the results. Figure 5
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-Jmes and Double Integrals

Our intuition tells us that the approximation given in (3)
becomes better as m and n become larger and so we
would expect that

m n

4 V= lim EE]C(XU»YU)AA

— >0 .
m, n i=1 j=1

We use the expression in Equation 4 to define the volume
of the solid S that lies under the graph of f and above the
rectangle R.

12



-Jmes and Double Integrals

Limits of the type that appear in Equation 4 occur
frequently, not just in finding volumes but in a variety of

other situations even when f is not a positive function. So
we make the following definition.

5 | Definition The double integral of f over the rectangle R is

[ reeywaa = 1im 33 ek, vi) Aa

R =1 j=1

if this limit exists.

13



-Jmes and Double Integrals

The precise meaning of the limit in Definition 5 is that for
every number € > 0 there is an integer N such that

m n

ﬂ flry)dA — 2 2 f(xif, yif) AA| < e

i=1 j=1

for all integers m and n greater than N and for any choice
of sample points (x7,y7) in R;.

A function f is called integrable if the limit in Definition 5
exists.

14



-Jmes and Double Integrals

It is shown In courses on advanced calculus that all
continuous functions are integrable. In fact, the double
Integral of f exists provided that f is “not too discontinuous.’

)

In particular, if f is bounded [that Is, there Is a constant M
such that |f(x, y)| £ M for all (X, y) in R], and f is continuous
there, except on a finite number of smooth curves, then fis
Integrable over R.

15



-Jmes and Double Integrals
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Dividing R into subrectangles
Figure 3

The sample point (x;7, y;F) can be chosen to be any point
In the subrectangle R;;, but if we choose it to be the upper
right-hand corner of R; [namely (x;, y;), see Figure 3], then
the expression for the double integral looks simpler:

6 fff(x’ y) dA = ,ﬁﬁfgw E > flxn y) AA

R i=1 j=1

16




nlmes and Double Integrals

By comparing Definitions 4 and 5, we see that a volume
can be written as a double integral:

If f(x, y) = 0, then the volume V of the solid that lies above the rectangle R and
below the surface z = f(x, y) is

V= ~”f(x,y) dA

17



-Jmes and Double Integrals

The sum in Definition 5,

E E f(xij‘:, )71}}’) AA

i=1 j=1

IS called a double Riemann sum and is used as an
approximation to the value of the double integral. [Notice
how similar it is to the Riemann sum in [1] for a function of a
single variable.]

18



-Jmes and Double Integrals

If f happens to be a positive function, then the double
Riemann sum represents the sum of volumes of columns,
as in Figure 5, and is an approximation to the volume under

the graph of f.

Figure 5
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!mple 1

Estimate the volume of the solid that lies above the square
R =10, 2] x [0, 2] and below the elliptic paraboloid

z = 16 — x?— 2y~. Divide R into four equal squares and
choose the sample point to be the upper right corner of
each square R;. Sketch the solid and the approximating
rectangular boxes.

20



qmple 1 — Solution

The squares are shown in Figure 6.

YA
(172)

0 1 o) X

Figure 6

The paraboloid is the graph of f(x, y) = 16 — x?— 2y? and
the area of each square is AA=1.

21



qmple 1 — Solution

cont’d

Approximating the volume by the Riemann sum with
m =n = 2, we have

V= ; §f(x1 y) AA
=f(1, 1) AA+ (1, 2) AA+1(2, 1) AA+1(2, 2) AA
=13(1) + 7(1) + 10(1) + 4(1)

=34

22



!mple 1 — Solution

cont’d

This Is the volume of the approximating rectangular boxes
shown in Figure 7.

Figure 7 23



The Midpoint Rule
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! Midpoint Rule

The methods that we used for approximating single
Integrals (the Midpoint Rule, the Trapezoidal Rule,
Simpson’s Rule) all have counterparts for double integrals.
Here we consider only the Midpoint Rule for double
Integrals.

This means that we use a double Riemann sum to
approximate the double integral, where the sample point
(x7', yif)In Ry Is chosen to be the center (X;, y,) of R;. In
other words, X; is the midpoint of [x,_;, x;] and y; Is the

midpoint of [y;_,, yj.
25



Midpoint Rule

Midpoint Rule for Double Integrals

[[rey aa =3 3 rx.5) a4

i=1 j=1

where X; is the midpoint of [x;-i, x;] and y; is the midpoint of [ y;—1, y; ].

26



qmple 3

Use the Midpoint Rule with m = n = 2 to estimate the value
of the integral [[;(x — 3y2) dA, where

R={(X,y)|0<x<£2,1Ly<L2}

Solution:

In using the Midpoint Rule with m = n = 2, we evaluate
f(x, y) = x — 3y? at the centers of the four subrectangles

shown in Figure 10.
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qmple 3 — Solution

cont’d

SO X =5,% =53,y =3,and y, = ~.

The area of each subrectangle is AA = 5.

Thus

jj (x — 3dA = 3 3 £(F.T) A

=1 j=1
= f(Xi, V1) AA + F(X1, 72) AA + f(%, V1) AA + £(Xo, 72) AA
= (2.9 AA + (5, 7) AA +7(5.3) AA + £(5.7) AA

28



qmple 3 — Solution

cont’d

= (—=%6)2 + (=50)2 + (—3)x + (

Thus we have

_ 2 ~
g (x — 3y?) dA 11.875

29



Average Values

30



“rage Values

Recall that the average value of a function f of one variable
defined on an interval [a, b] is

1 b
f;we — b — q J\a f(X) dx

In a similar fashion we define the average value of a
function f of two variables defined on a rectangle R to be

foe = Sy J) 100 da

A(R

where A(R) is the area of R.

31



“rage Values

If f(X, y) = 0, the equation

AR) x foe = [[f(x, y) dA

says that the box with base R and height f_ . has the same
volume as the solid that lies under the graph of f.

[If z = f(X, y) describes a
mountainous region and you
chop off the tops of the
mountains at height f_ ., then
you can use them to fill in the
valleys so that the region
becomes completely flat.
See Figure 11.]

Figure 11

32



!mple 4

The contour map in Figure 12 shows the snowfall, in
Inches, that fell on the state of Colorado on December 20
and 21, 2006. (The state is in the shape of a rectangle that
measures 388 mi west to east and 276 mi south to north.)
Use the contour map to estimate the average snowfall for
the entire state of Colorado on those days.

Figure 12 33



!mple 4 — Solution

Let’s place the origin at the southwest corner of the state.

Then 0 <x <388, 0<y<276, and f(x, y) is the snowfall, in
Inches, at a location x miles to the east and y miles to the
north of the origin.

If R Is the rectangle that represents Colorado, then the
average snowfall for the state on December 20-21 was

Jave = A(lR) iff(xa y) dA

where A(R) = 388 - 276.
34



qmple 4 — Solution

cont’d

To estimate the value of this double integral, let’'s use the
Midpoint Rule with m = n = 4. In other words, we divide R
Into 16 subrectangles of equal size, as in Figure 13.

276

Figure 13 35



qmple 4 — Solution

cont’d

The area of each subrectangle is
AA = [(388)(276)

= 6693 mi?

Using the contour map to estimate the value of f at the
center of each subrectangle, we get

4 4
[ reyaa =3 3 Fx.5) aa
5 i=1 j=1
=AA[O+15+8+7+2+25+ 18.5
+11+45+28+ 17+ 135+ 12
+ 15+ 17.5 + 13]

= (6693)(207) 36



!mple 4 — Solution

cont’d

Therefore
(6693)(207)

(388)(276)

ave

~ 12.9

On December 20-21, 2006, Colorado received an average
of approximately 13 inches of snow.

37



Properties of Double Integrals
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-perties of Double Integrals

We list here three properties of double integrals. We

assume that all of the integrals exist. Properties 7 and 8 are
referred to as the linearity of the integral.

71 I e y) + g v da= [T y) da+ [[g(x,y) dA

8 ﬂ cf(x,y)dA=c ﬂ f(x, y) dA where c is a constant

R R

If f(X, y) =2 g(Xx, y) for all (x, y) in R, then

9] ] f(x,y) dA= || g(x, y) dA

39
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Iterated Integrals
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“ated Integrals

Suppose that f is a function of two variables that is
Integrable on the rectangle R = [a, b] x [c, d].

We use the notation (“f(x, y) dy to mean that x is held fixed
and f(x, y) is integrated with respecttoy fromy =ctoy =d.
This procedure is called partial integration with respect to y.
(Notice its similarity to partial differentiation.)

Now (“f(x, y) dy is a number that depends on the value of
X, SO It defines a function of x:

A) = | f(xy) dy



“ated Integrals

If we now integrate the function A with respect to x from
X =atox=Dh, we get

1 Lb A(x) dx = f: [Ldf(x, y) dy] dx

The integral on the right side of Equation 1 is called an
iterated integral. Usually the brackets are omitted. Thus

2 " reeydyax=| [ | y) dy] dx

means that we first integrate with respect to y from c to d
and then with respect to x from a to b.



“ated Integrals

Similarly, the iterated integral

3 |7] reey dedy = | [ |, ey dx] dy

means that we first integrate with respect to x (holding y
fixed) from x = a to x = b and then we integrate the
resulting function of y with respecttoy fromy=ctoy =d.

Notice that in both Equations 2 and 3 we work from the
Inside out.



qmple 1

Evaluate the iterated integrals.
R 2 (3
(a) J: f12x2y dy dx (b) fl fo x2y ax dy

Solution:
(a) Regarding x as a constant, we obtain

2 J
2 5 _ | 2
jlxydy [x 2]v

5)

2

y=2

1

_3



qmple 1 — Solution

Thus the function A in the preceding discussion is given
by A(x) = 3 x? in this example.

cont’d

We now integrate this function of x from 0 to 3:

([ evtae=[ | [ evaa

33
==f Sx*dx
0



qmple 1 — Solution

(b) Here we first integrate with respect to x:

jf j;xzy dxdy = f [j;xzy dx] dy

cont’d




“ated Integrals

Notice that in Example 1 we obtained the same answer
whether we integrated with respect to y or x first.

In general, it turns out (see Theorem 4) that the two iterated
Integrals in Equations 2 and 3 are always equal; that is, the
order of integration does not matter. (This is similar to
Clairaut’s Theorem on the equality of the mixed partial
derivatives.)



qted Integrals

The following theorem gives a practical method for
evaluating a double integral by expressing it as an iterated
iIntegral (in either order).

4 | Fubini's Theorem If f is continuous on the rectangle
R={(x,y) | asx<b,c<y=<d} then

ﬂ‘f(x,y)dA j ‘ e \)dya’x—‘ ‘ f(x,y)dxdy

R

More generally, this is true if we assume that f is bounded on R, f is discontin-
uous only on a finite number of smooth curves, and the iterated integrals exist.




“ated Integrals

In the special case where f(x, y) can be factored as the
product of a function of x only and a function of y only, the
double integral of f can be written in a particularly simple
form.

To be specific, suppose that f(x, y) = g(x)h(y) and
R =]a, b] x [c, d].

Then Fubini’'s Theorem gives

|| feyyda = |"|" g n(y) dxdy = | [ | g0 dx] dy

R

11



“ated Integrals

In the inner integral, y is a constant, so h(y) is a constant
and we can write

| [ ["g(n(y) dx] dy= | [my)( ["g(n dx)] dy = [" g0 dx [ hy) dy

c 1

since " g(x) dx is a constant.

Therefore, in this case, the double integral of f can be
written as the product of two single integrals:

- H g(x) h(y) dA = "h g(x) dx "d h(y) dy where R = [a, b] X [c, d]
i Ja Je

12
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-ble Integrals over General Regions

For single integrals, the region over which we integrate is
always an interval.

But for double integrals, we want to be able to integrate a
function f not just over rectangles but also over regions D of
more general shape, such as the one illustrated in Figure 1.

VA

Y

Figure 1



-ble Integrals over General Regions

We suppose that D is a bounded region, which means that
D can be enclosed in a rectangular region R as in Figure 2.

YA

Figure 2

Then we define a new function F with domain R by

) — flx,y) if (x,y)isin D
7 0 if (x, y)isin R butnotin D




qble Integrals over General Regions

If F is integrable over R, then we define the double
integral of f over D by

2 ﬂ f(x,y)dA = j f F(x,y) dA where F'is given by Equation 1
D R

Definition 2 makes sense because R iIs a rectangle and so

HR F(X, y) dA has been previously defined.



!ble Integrals over General Regions

The procedure that we have used is reasonable because
the values of F(x, y) are 0 when (X, y) lies outside D and so
they contribute nothing to the integral.

This means that it doesn’t matter what rectangle R we use
as long as it contains D.

In the case where f(X, y) = 0, we can still interpret

HD f(x, y) dA as the volume of the solid that lies above D
and under the surface z = f(x, y) (the graph of f).



qble Integrals over General Regions

You can see that this is reasonable by comparing the
graphs of f and F in Figures 3 and 4 and remembering that

HR F(X, y) dA is the volume under the graph of F.

ZA

m graph of f

| <D

Figure 3 Figure 4




“ble Integrals over General Regions

Figure 4 also shows that F is likely to have discontinuities
at the boundary points of D.

Nonetheless, if f is continuous on D and the boundary
curve of D is “well behaved”, then it can be shown that

HR F(x, y) dA exists and therefore HD f(x, y) dA exists.

In particular, this is the case for type | and type |l regions.



-ble Integrals over General Regions

A plane region D is said to be of type | if it lies between the
graphs of two continuous functions of x, that is,

D={(x,y) |asx<b, g;(X) <y <0,(X)}

where g, and g, are continuous on [a, b]. Some examples
of type | regions are shown in Figure 5.

VA VA _ YA s rsgres
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Figure 5
Some type | regions



-ble Integrals over General Regions

In order to evaluate ﬂD f(x, y) dAwhen D is a region of

type I, we choose a rectangle R = [a, b] x [c, d] that
contains D, as in Figure 6, and we let F be the function
given by Equation 1; that is, F agrees withfon D and Fis O

outside D.

Yy =g2(x)

0 a 5 h X

Figure 6 10



-ble Integrals over General Regions

Then, by Fubini’'s Theorem,

[y an = [ Py an = [ oy v

D R

Observe that F(x,y) =0 ify < g,(x) ory > g,(x) because
(X, y) then lies outside D. Therefore

d 2(X) 2(x)
fF(x,y)dy=fg Fix,y)dy = |""f(x,y)dy

¢ g1(x) gi(x)

because F(Xx, y) = f(x, y) when g,(X) <y < g,(X).
11



-ble Integrals over General Regions

Thus we have the following formula that enables us to
evaluate the double integral as an iterated integral.

3| If fis continuous on a type I region D such that

D = {(x, y) ] as<x<b gx) =y= gz(X)}

then ﬂ f(x,y) dA = Lb Lg.((\;)f (x,y) dy dx
) ;

The integral on the right side of [3] is an iterated integral,
except that in the inner integral we regard x as being
constant not only in f(x, y) but also in the limits of
integration, g,(x) and g,(x).

12



-ble Integrals over General Regions

We also consider plane regions of type Il, which can be
expressed as

4 D ={(x,y) [ c<y<d, hy(y) x<hy(y)}

where h; and h, are continuous. Two such regions are
illustrated in Figure 7.
VA YA

df————— 7 | N —

=Y

Figure 7
Some type Il regions
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-ble Integrals over General Regions

Using the same methods that were used in establishing [3

we can show that

5 Hf(x, y) dA = f(d fl:l:i’:)f(x, y) dx dy
p £

where D is a type Il region given by Equation 4.

14



!mple 1

Evaluate ﬂD (x + 2y) dA, where D is the region bounded by
the parabolasy = 2x?andy = 1 + x2.

Solution:

The parabolas intersect when 2x2 =1 + x?, that is, x? = 1,
SO X = #1. \

{—1.2)\ y= l iR (1,2)

We note that the region D,
sketched in Figure 8, is a B
type | region but not a type Il D
region and we can write

D={(X,y)|-1<x<1,2x?°<y<1+x?%

Figure 8 15



!mple 1 — Solution

Since the lower boundary is y = 2x2 and the upper
boundary isy = 1 + x?, Equation 3 gives

cont’d

([ comaa=[ 7"+ 2y dyd
= | Ty + 3700
- J_ll [x(1 + x2) + (1 + x%)° — x(2x*) — (2x7)*]dx

16



!mple 1 — Solution

cont’d

= f_ll (=3x* —x7 4+ 2x> + x + 1) dx

5 4 3 2 1
— 3 -2ty
4 3 2 »
o
15

17



Properties of Double Integrals

18



-perties of Double Integrals

We assume that all of the following integrals exist. The first

three properties of double integrals over a region D follow
iImmediately from Definition 2.

6] [ Lreey + gle nlaa = [[ flxy) da + [ glx.y) da

7 || erteyyaa=c||rtxy da

If f(x, y) 2 g(x, y) for all (x, y) in D, then

8 ﬂf(x,y) dA?ﬁﬂg(x,y)dA

19



-perties of Double Integrals

The next property of double integrals is similar to the
property of single integrals given by the equation

[P f(x)dx= [ f(x)dx + ("f(x)dx. )
f D =D, U D,, where D, and D, D\ D
don’t overlap except perhaps on |
their boundaries (see Figure 17), |
then Figure 17

9 ﬂf(x, y) dA = ﬂ f(x,y)dA + ﬁf(x, y) dA

20



-perties of Double Integrals

Property 9 can be used to evaluate double integrals over
regions D that are neither type | nor type Il but can be
expressed as a union of regions of type | or type Il.
Figure 18 illustrates this procedure.

VA VA
D,
D D,
0 X 0 X
D is neither type | nor type II. D =D, uD,, D, istype |, D, is type II.
Figure 18(a) Figure 18(b)

21



-perties of Double Integrals

The next property of integrals says that if we integrate the
constant function f(x, y) = 1 over a region D, we get the
area of D:

10 j 1 dA = A(D)

D




-perties of Double Integrals

Figure 19 illustrates why Equation 10 is true: A solid
cylinder whose base is D and whose height is 1 has
volume A(D) - 1 = A(D), but we know that we can also write

its volume as HD 1 dA.

A
- z=1
oL D4
D N Y
Figure 19

Cylinder with base D and height 1 23



-perties of Double Integrals

Finally, we can combine Properties 7, 8, and 10 to prove
the following property.

1| If m < f(x,y) < M for all (x, y) in D, then

mA(D) < j j £(x,y) dA < MA(D)




qmple 6

Use Property 11 to estimate the integral ﬂD gsinxcosy dA,
where D is the disk with center the origin and radius 2.

Solution:

Since-1<sinx<land-1<cosy<1, wehave
—1 <sin x cos y £ 1 and therefore

el esinxcosys el=g

Thus, usingm=e1=1/e, M = e, and A(D) = 7(2)? in
Property 11, we obtain

47T < fesinxco»}'dA < 47T€

e
D

25
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“ble Integrals in Polar Coordinates

Suppose that we want to evaluate a double integral
[ ]+ f(x, y) dA, where R is one of the regions shown in

Figure 1. In either case the description of R in terms of
rectangular coordinates is rather complicated, but R is
easily described using polar coordinates.

VA VA

=Y

=Y

0 \
@ R={r,0)|0=r<1,0<60<2m} D) R={(r,0)|1=r<2,0<0<7m}

Figure 1



“ble Integrals in Polar Coordinates

Recall from Figure 2 that the polar coordinates (r, &) of a
point are related to the rectangular coordinates (X, y) by the
equations

rr=x>+y’ X = rcos 6 y = rsin 6

Y

v o

Figure 2



“ble Integrals in Polar Coordinates

The regions in Figure 1 are special cases of a polar
rectangle

R={(r,0)|asr<b, a< 8L p}

which is shown in Figure 3.
YA VA s r=h
xz—l-yzzl x2+)'3=4
R

R R //

0 ; // r=a \ 0= a
\ > /i>£",/(t//

0 V4 yi=1 t ol

Polar rectangle
@R={r.0)|0=r<1,0=6<27} OR={r0)|lsr<2,0s6<mw}

Figure 3

Figure 1



nble Integrals in Polar Coordinates

In order to compute the double integral | [ f(x, y) dA, where
R Is a polar rectangle, we divide the interval [a, b] into m
subintervals [r; _,, r]] of equal width Ar = (b —a)/m and we
divide the interval [«, f] into n subintervals [&_,, ] of
equal width A= (- a)/n.

0=10,
Then the circles r = r, and the R LMo
rays 6= ¢ divide the polar
rectangle R into the small polar 80 /7 X
rectangles R; shown in Figure 4. V2 [r=r

0

Dividing R into polar subrectangles

Figure 4



“ble Integrals in Polar Coordinates

The “center” of the polar subrectangle
Ry={(r, ) |r_,<r<r, 8_,<0< 6}

has polar coordinates

rt o= ;(Vf—l + r;) 91‘* — ;(Qj—l + 91‘)

We compute the area of R; using the fact that the area of a
sector of a circle with radius r and central angle @is %,ﬂa .



“ble Integrals in Polar Coordinates

Subtracting the areas of two such sectors, each of which

has central angle A6= g — g _,, we find that the area of R;
IS

AA,‘ :%Y}‘ZAQ_ 7', 1A9—§( 2 — I’gz_l)A@

=3(ri + ri))(r = 1) AG = 1" Ar A

Although we have defined the double integral | [ f(x, y) dA
In terms of ordinary rectangles, it can be shown that, for

continuous functions f, we always obtain the same answer
using polar rectangles.



“ble Integrals in Polar Coordinates

The rectangular coordinates of the center of R;; are
(r¥ cos 6, r* sin 6), so a typical Riemann sum is

1 > D f(rFcos 0F, rf sin 0F) AA; = X 2, f(ri cos 0F, r¥ sin 6F) rf Ar A6

i=1j=1 i=1 j=1

If we write g(r, 8) = rf(r cos 6, r sin 8), then the Riemann
sum in Equation 1 can be written as

m n

>y g(r*, 67) Ar A6

i=1 j=1

which is a Riemann sum for the double integral

Jj Lb g(r, 0) dr do



!ble Integrals in Polar Coordinates

Therefore we have

m n

[[eevaa= tim S 3 7 cos 67,17 sin 67) Ad
R

oo . .
m,n— i=1 ]:]
m n

= lim ), Egr, : 9*)ArA9—fﬁfbg(r, 0) dr db

m,n—oce i=1 ]_

- fﬁfbf(rcos 0, rsin ) r dr d

2 | Change to Polar Coordinates in a Double Integral If f is continuous on a polar
rectangle R givenbyO <sasr<=>b,a< 0 =< 3, where 0 =< 8 — a < 27, then

ﬂf(x, y) dA = LB Lbf(rcos 0, rsin 0) rdr do

10



“ble Integrals in Polar Coordinates

The formula in [2] says that we convert from rectangular to
polar coordinates in a double integral by writing

X =rcos fdand y =r sin 6, using the appropriate limits of
Integration for r and &, and replacing dA by r dr d&.

Be careful not to forget the additional factor r on the right
side of Formula 2.

A classical method for remembering

this is shown in Figure 5, where the d0. <X
“infinitesimal” polar rectangle can be > E{/f i
thought of as an ordinary rectangle //////1-/ rde
with dimensions r d@and dr and -

therefore has “area” dA =r dr dé. Figure 5

11



qmple 1

Evaluate [ | (3x + 4y2) dA, where R is the region in the
upper half-plane bounded by the circles x? + y> =1 and
X2 +y2=4.

Solution:
The region R can be described as

R={(X,y)|y=0,1<x?+y?<4} R
It is the half-ring shown in Figure 1(b), 0 eipog  x
and in polar coordinates itis given by  _ 1, ¢, 11<,<2.0=9=<n)
1SI’SZ, OS 6’S 7C. Figure 1(b)

12



qmple 1 — Solution

cont’d

Therefore, by Formula 2,

H (3x + 4y2) dA

— f-]z (3rcos O + 4r*sin’6) rdr d6

— {7 [ 3r2cos 6 + 477 sin%6) dr d6

JO J1

(* 71 . A . r=2
— [r3 cos O + r’ smzé’]r:] d0
JO

(* 7T

= | (7cosf + 15sin*6) d6

JO

_ r [7(:089 + 1—25(1 — COS 26))] do

0
™

7 sin 6 + 156 15 0
= 1n — - T 4
S 5 4 S1n

0 2 13




“ble Integrals in Polar Coordinates

What we have done so far can be
extended to the more complicated
type of region shown in Figure 7.
In fact, by combining Formula 2
with

(0]

r=h,0)

Figure 7

d (th,(y) O < f< <r<h(d
ﬂf(x,y) dA:y Y y) dedy  PTROle= 0SB0 =r=hio)

h,(y)
D

where D is a type |l region, we obtain the following formula.

E If £ is continuous on a polar region of the form

D={(r0|a=<0=<p8 b <r=<n0)

_ B (hA0) .
then gf(x, y) dA = L fw) f(rcos 6, rsin 6) rdr df

14



“ble Integrals in Polar Coordinates

In particular, taking f(x, y) =1, h,(8) =0, and h,(&) = h(8) in
this formula, we see that the area of the region D bounded
by 6= a, 6= f,and r = h(0) is

A(D)zﬁldA

P ar o

h(6)

| 2
= | |=| a0
j\a 2:|0

15
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Density and Mass



qsity and Mass

We were able to use single integrals to compute moments
and the center of mass of a thin plate or lamina with
constant density.

But now, equipped with the double integral, we can
consider a lamina with variable density.

Suppose the lamina occupies a region D of the xy-plane
and its density (in units of mass per unit area) at a point
(X, y) In D is given by p(X, y), where pis a continuous
function on D.



qsity and Mass

This means that

Am

y) = lim ——
p(x,y) = lim AA

where Am and AA are the
mass and area of a small
rectangle that contains (X, y)
and the limit is taken as the
dimensions of the rectangle
approach 0. (See Figure 1.)

Y4

>

Figure 1

=Y



qsity and Mass

To find the total mass m of the lamina we divide a rectangle
R containing D into subrectangles R; of the same size
(as in Figure 2) and consider p(x, y) to be 0 outside D.

YA

(XL i) Ry

ij iy i

If we choose a point (x;F, yi¥) in
R;, then the mass of the part of
the lamina that occupies R; |
approximately p (xj, v )AA

where AA is the area of R;.

Figure 2

If we add all such masses we get an approximation to the
total mass:
m = E 2 p(xij, yij) AA

=1 j=1



qsity and Mass

If we now increase the number of subrectangles, we obtain
the total mass m of the lamina as the limiting value of the
approximations:

Physicists also consider other types of density that can be
treated in the same manner.



qsity and Mass

For example, if an electric charge is distributed over a
region D and the charge density (in units of charge per unit
area) is given by o(x, y) at a point (x, y) in D, then the total

charge Q is given by

2

Q= ﬁ o(x,y) dA



qmple 1

Charge is distributed over the triangular region D in Figure
3 so that the charge density at (X, y) is o(X, y) = Xy,
measured in coulombs per square meter (C/m?). Find the

total charge. YA

1 -"'l_:‘ 4 ® (15 1)

Figure 3



qmple 1 — Solution

From Equation 2 and Figure 3 we have

0 = ﬂ o(x,y) dA

10



qmple 1 — Solution

cont’d

= éfol (2x* — x7)dx

Y

Thus the total charge is 5; C.

11



Moments and Centers of Mass

12



“nents and Centers of Mass

We have found the center of mass of a lamina with
constant density; here we consider a lamina with variable
density.

Suppose the lamina occupies a region D and has density
function p(x, V).

Recall that we defined the moment of a particle about an
axis as the product of its mass and its directed distance
from the axis.

We divide D into small rectangles.
13



“nents and Centers of Mass

Then the mass of R; Is approximately p(xj, y#) AA, so we
can approximate the moment of R; with respect to the
X-axis by

[p(xi5, ¥i7) AA]Y;

If we now add these quantities and take the limit as the
number of subrectangles becomes large, we obtain the
moment of the entire lamina about the x-axis:

m n

3 M. = lim 2 ¥ y§ p(xf, ) AA = ﬂ yp(x, y) dA
D

00 .. 5
m;n—=> =1 ]=|

14



“nents and Centers of Mass

Similarly, the moment about the y-axis is

m n

4 M, = lim 3 3 xf p(ck y§) A = || xp(x, y) da
D

m, n—>0 i=1 ]:]

As before, we define the center of mass (x, y) so that
mx = M\ and my = M.,.

The physical significance is that the lamina behaves as if
Its entire mass Is concentrated at its center of mass.

15



“nents and Centers of Mass

Thus the lamina balances
horizontally when supported
at its center of mass

(see Figure 4).

Figure 4

5| The coordinates (X, y) of the center of mass of a lamina occupying the
region D and having density function p(x, y) are

M,

_ I _
X == -—ﬂ xp(x,y) dA y =
m s

M, I
m m

m

ﬂyp(x, y) dA

where the mass m 1s given by

m = f p(x,y) dA
D

16



Moment of Inertia

17



“Moment of Inertia

The moment of inertia (also called the second moment)
of a particle of mass m about an axis is defined to be mr?,
where r is the distance from the particle to the axis.

We extend this concept to a lamina with density function
o(X, y) and occupying a region D by proceeding as we did
for ordinary moments.

We divide D into small rectangles, approximate the
moment of inertia of each subrectangle about the x-axis,
and take the limit of the sum as the number of
subrectangles becomes large.

18



“nent of Inertia

The result Is the moment of inertia of the lamina about
the x-axis:

m n

6 L= lim E 2 (}’ifzk)zp(xf}:, }’i.;}:) AA = ﬂ yzp(X, )’) dA
D

m,n—>x i=1 /=1

Similarly, the moment of inertia about the y-axis is

m n

7 L= tim 33 () p(e i) A4 = [ #p(x,y) dA
D

m, n— i=1 /=l




“nent of Inertia

It IS also of interest to consider the moment of inertia
about the origin, also called the polar moment of inertia:

m n

8] L= lim 3 3 [ + 0] ol 38 A4 = [[ (2 + 32 p(x, y) dA
D

m, n—x* i=1 j=|

Note that I, = I, + I,.

20



qmple 4

Find the moments of inertia I, |, and |, of a homogeneous
disk D with density po(Xx, y) = p, center the origin, and radius a.

Solution:

The boundary of D is the circle x? + y? = a® and in polar
coordinates D is described by 0 < ¢<2r,0<r<a.

Let's compute |, first:
lo= || (x> + y*)pda
D

- 2T azdde
=p ), | rra
21



qmple 4 — Solution

[T an [

, r_4 a
e A O

mpa’
2

cont’d

Instead of computing I, and |, directly, we use the facts that
l, +1,=1yand I, = I, (from the symmetry of the problem).

Thus

22



“nent of Inertia

In Example 4 notice that the mass of the disk is
m = density x area = p(7a?)

so the moment of inertia of the disk about the origin (like a
wheel about its axle) can be written as
mpa’

Iy = 5 = 3 (pma*)a® = %ma

2

Thus if we increase the mass or the radius of the disk, we
thereby increase the moment of inertia.

23



“nent of Inertia

In general, the moment of inertia plays much the same role
In rotational motion that mass plays in linear motion.

The moment of inertia of a wheel is what makes it difficult
to start or stop the rotation of the wheel, just as the mass of
a car i1s what makes it difficult to start or stop the motion of

the car.

The radius of gyration of a lamina about an axis is the
number R such that

J mMR2 = |

24



“nent of Inertia

Where m is the mass of the lamina | and is the moment of
Inertia about the given axis. Equation 9 says that if the
mass of the lamina were concentrated at a distance R from
the axis, then the moment of inertia of this “point mass”
would be the same as the moment of inertia of the lamina.

25



“nent of Inertia

In particular, the radius of gyration y with respect to the x-
axis and the radius of gyration x with respect to the y-axis
are given by the equations

10 my”- = I, mx- =1

Thus (. y) is the point at which the mass of the lamina can
be concentrated without changing the moments of inertia
with respect to the coordinate axes. (Note the analogy with
the center of mass.)

26



Probability

27



-oability

We have considered the probability density function f of a
continuous random variable X.

This means that f(x) > 0 for all x, {* f(x) dx = 1, and the
probability that X lies between a and b is found by
Integrating f from a to b:

Pla<X<b) =j"f(x)dx

28



-oability

Now we consider a pair of continuous random variables
X and Y, such as the lifetimes of two components of a
machine or the height and weight of an adult female
chosen at random.

The joint density function of X and Y is a function f of two
variables such that the probability that (X, Y) lies in a region
Dis
P((X,Y) € D) = f f £(x,y) dA
D

29



-oability

In particular, if the region is a rectangle, the probability that
X lies between a and b and Y lies between c and d is

Pas<sX<b c=<Y=<d) ZLdef(x,y)dydx

(See Figure 7.)

Figure 7

The probability that X lies between a and b and Y lies between ¢ and d is the volume that
lies above the rectangle D = [a, b] x [c, d] and below the graph of the joint density function.

30



-oability

Because probabilities aren’t negative and are measured on
a scale from O to 1, the joint density function has the
following properties:

f(x, ) 2 0 gf(x, ¥) dA = 1

The double integral over R? is an improper integral defined
as the limit of double integrals over expanding circles or
sguares, and we can write

Hf(x, y) dA = fi fif(x, y)dxdy = 1

31



qmple 6

If the joint density function for X and Y is given by

Cix+2y) 1f0<x<10,0<y<10

f(x,y) =
otherwise

find the value of the constant C. Then find P(X <7, Y > 2).

32



qmple 6 — Solution

We find the value of C by ensuring that the double integral
of f is equal to 1. Because f(X, y) = 0 outside the rectangle
[0, 10] x [O, 10], we have

[ sy dyde= || Cle + 2y) dy dx

y=10

10
=C fo [xy + y?[y dx
—C fo'o (10x + 100) dx
— 1500C

Therefore 1500C =1andsoC=_1_
1500 - 33



!mple 6 — Solution

Now we can compute the probability that X is at most 7 and
Y Is at least 2:

PX=7Y=2)= f_?m Locf(x, y) dy dx

cont’d

7 10
== JO L Tloo(x + 2y) dy dx

_ 7 2 [y=10
= 50 |, [xy +y ];.:z dx

n (8x + 90) dx

7
JO

= 2 ~ (0.5787

34



-oability

Suppose X is a random variable with probability density
function f;(x) and Y Is a random variable with density
function f,(y).

Then X and Y are called independent random variables if
their joint density function is the product of their individual
density functions:

f(x, y) = 1,00)f,(y)

We have modeled waiting times by using exponential
density functions

) = 0 ft<O
D=1 prevs ift>0
where uis the mean waiting time. 35



Expected Values

36



qected Values

Recall that if X is a random variable with probability density
function f, then its mean is

n = Ji xf(x) dx

Now Iif X and Y are random variables with joint density
function f, we define the X-mean and Y-mean, also called
the expected values of X and Y, to be

T wi = || xf(x ) da ua = || v/(x.y) da

37



“EXxpected Values

Notice how closely the expressions for x4 and g, in [11

resemble the moments M, and M, of a lamina with density
function p in Equations 3 and 4.

In fact, we can think of probability as being like
continuously distributed mass. We calculate probability the
way we calculate mass—Dby integrating a density function.

And because the total “probability mass” is 1, the

expressions for x and y in [5

show that we can think of the

expected values of X and Y, x, and u,, as the coordinates
of the “center of mass” of the probability distribution.

38



qected Values

In the next example we deal with normal distributions.

A single random variable is normally distributed if its
probability density function is of the form

1

f(x)zo_m

e—(f— w’/(2a”)

where uis the mean and o Is the standard deviation.

39



“Example 8

A factory produces (cylindrically shaped) roller bearings
that are sold as having diameter 4.0 cm and length 6.0 cm.
In fact, the diameters X are normally distributed with mean
4.0 cm and standard deviation 0.01 cm while the lengths Y
are normally distributed with mean 6.0 cm and standard
deviation 0.01 cm. Assuming that X and Y are independent,
write the joint density function and graph it.

Find the probability that a bearing randomly chosen from
the production line has either length or diameter that differs
from the mean by more than 0.02 cm.

40



qmple 8 — Solution

We are given that X and Y are normally distributed with
u =40, 4, =6.0and o, = 0, = 0.01.

So the individual density functions for X and Y are

—(y—6)*/0.0002

filx) =

| e_(,,(_4)2/0.0002 f (y) : e

0.0127 200127

Since X and Y are independent, the joint density function is
the product:

f(x, y) = 1,00)f,(y)

1 —(x—4)*/0.0002 e (y—6)*/0.0002

~0.00027 41




qmple 8 — Solution

5000
T

cont’d

o 3000 [(x—4)’+(v—6)’]

A graph of this function is shown in Figure 9.

6.05 .05

Figure 9

Graph of the bivariate normal joint
density function in this example

42



qmple 8 — Solution

Let’s first calculate the probability that both X and Y differ
from their means by less than 0.02 cm. Using a calculator
or computer to estimate the integral, we have

cont’d

P(3.98 < X <4.02,598 <Y <6.02)

4.02 [r6.02
j jgg f(x,y) dy dx

3.98

SOOO Foz JGO? —5000[(x—4)+(y— G)de dx

~ 0.91

43



!mple 8 — Solution

Then the probabillity that either X or Y differs from its mean
by more than 0.02 cm is approximately

cont’d

1-0.91=0.09

44
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Surface Area
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q‘ace Area

In this section we apply double integrals to the problem of
computing the area of a surface.

Here we compute the area of a surface with equation
z = (X, y), the graph of a function of two variables.

Let S be a surface with equation z = f(x, y), where f has
continuous partial derivatives.

For simplicity in deriving the surface area formula, we
assume that f(x, y) = 0 and the domain D of f is a rectangle.

We divide D into small rectangles R; with area AA = AxAy.



q‘aee Area

If (X;, y;) Is the corner of R; closest to the origin, let
Py (i, Yis f(x;, y;)) be the point on S directly above it
(see Figure 1).

ZA

Figure 1



q‘ace Area

The tangent plane to S at P;; Is an approximation to S near
P;. So the area AT;; of the part of this tangent plane

(a parallelogram) that lies directly above R;is an
approximation to the area AS; of the part of S that lies
directly above R;;.

Thus the sum X¥AT; is an approximation to the total area
of S, and this approximation appears to improve as the
number of rectangles increases.

Therefore we define the surface area of S to be

m,n—o ;_ j=1




q‘aee Area

To find a formula that is more convenient than Equation 1
for computational purposes, we let a and b be the vectors
that start at P;; and lie along the sides of the parallelogram
with area AT;;. (See Figure 2.)

ZA

Figure 2



q‘aee Area

Then AT; = |a x b|. Recall that f,(x;, y;) and f,(x;, y;) are the
slopes of the tangent lines through Pj;in the directions of
a and b.

Therefore

a = Axi + f,(x;, y;) Axk

b = Ay] +1,(X;, y;) Ayk

and

i k
axXb=|[Ax 0 filx,y)Ax
0 Ay fi(x,y)Ay




q‘aee Area

= —1,(X;, y;) AX Ayl —1,(X;, ¥;) AX Ay] + Ax Ayk
= [0 vl = 1,06, )i + K] AA

Thus

ATij = |a X bl = \/[ﬁé(xia yj)]2 T [f‘f‘(xi’ yj)]2 + 1 AA

From Definition 1 we then have

m n

A(S) = lim 2, 2 AT;

—>00 . .
m,n i=1 j=1



q‘ace Area

— tim Y S VIAG T T AG )+ 1AA

m,n—> 0 i=1 jzl

and by the definition of a double integral we get the
following formula.

2| The area of the surface with equation z = f(x, y), (x, y) € D, where f, and f,
are continuous, is

A(S) = ([ VTAGE T + TA0 T + 1dA




q‘aee Area

If we use the alternative notation for partial derivatives, we

can rewrite Formula 2

as follows:

A(s) = ﬂ\/l + (%)2 + (g—;)z dA

Notice the similarity between the surface area formula in

Equation 3 and the arc length formula

L

b dy 2
— | A1+ ()
\LJ (dX) .

10



qmple 1

Find the surface area of the part of the surface z = x? + 2y
that lies above the triangular region T in the xy-plane with
vertices (0, 0), (1, 0), and (1, 1).

Solution:

The region T Is shown in Figure 3 and is described by

T={(x,y)|0<x<1,0Ly<Lx}

VA

0,0) (1,0) X

Figure 3

11



qmple 1 — Solution

cont’d

Using Formula 2 with f(x, y) = x? + 2y, we get

A= ﬂ J2XP F 2P + 1dA

— jo f: VAR T 5 dy dx

= jol XAXE T+ 5 dx

i@+ 57,

= 5(27 = 55)

12



cont’d

qmple 1 — Solution

Figure 4 shows the portion of the surface whose area

we have just computed.

Figure 4

13
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Triple Integrals
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qle Integrals

We have defined single integrals for functions of one
variable and double integrals for functions of two variables,
so we can define triple integrals for functions of three
variables.

Let’s first deal with the simplest case where f is defined on
a rectangular box:

1 B={(Xx,y,z)|asx<b,c<y<d,r£z<s}

The first step is to divide B into sub-boxes. We do this by
dividing the interval [a, b] into | subintervals [Xx; _,, X;] of
equal width Ax, dividing [c, d] into m subintervals of width
Ay, and dividing [r, s] into n subintervals of width Az.



“Ie Integrals

The planes through the endpoints of
these subintervals parallel to the
coordinate planes divide the box B
Into Imn sub-boxes

Bij = [Xi _1, X X [Yj_1, Vil % [2 _1, Z4]

which are shown in Figure 1.

Each sub-box has volume
AV = AX Ay Az.

Figure 1



qle Integrals

Then we form the triple Riemann sum

/ m n

2 E E f(x;j"k, y{*?k, Zij?k) AV

i=1 j=1 k=1

where the sample point (x;, yij, zij) IS in By.

By analogy with the definition of a double integral, we
define the triple integral as the limit of the triple Riemann
sumsin|2].




“Ie Integrals

3 | Definition The triple integral of f over the box B is

m n

in(x» 2dv=lim $ S S Flk yike 22) AV

bty =, g, j=si bl

if this limit exists.

Again, the triple integral always exists if f is continuous. We
can choose the sample point to be any point in the sub-
box, but if we choose it to be the point (x;, y;, z,) we get a
simpler-looking expression for the triple integral:

m n

ﬂ]f‘(x,y,z)dv— lim E > 2 Flx v 2) AV

Limn—=2 = j=1 k=1




qle Integrals

Just as for double integrals, the practical method for
evaluating triple integrals Is to express them as iterated
Integrals as follows.

4 | Fubini’s Theorem for Triple Integrals If f is continuous on the rectangular box
B = [a, b] X [c,d] X [r, s], then

([l rryezrav = [ [* [ ey 2) e dy o
B

The iterated integral on the right side of Fubini’'s Theorem
means that we integrate first with respect to x (keeping

y and z fixed), then we integrate with respect to y (keeping
z fixed), and finally we integrate with respect to z.



“Ie Integrals

There are five other possible orders in which we can
Integrate, all of which give the same value.

For instance, Iif we integrate with respect to y, then z, and
then x, we have

r C

jﬂf(x, y,2) dV = Lb F “f(x, v, 2) dy dz dx



qmple 1

Evaluate the triple integral mB Xyz? dV, where B is the
rectangular box given by

B={(X,y,2)|0<x<1,-1<y<2,0LzL3}

Solution:
We could use any of the six possible orders of integration.

If we choose to integrate with respect to x, then y, and
then z, we obtain

([ orav =[] [ o arara



qmple 1 — Solution
SN
(] e

gl [yifz]ﬁi :

_ r 3

cont’d

10



qle Integrals

Now we define the triple integral over a general bounded
region E in three-dimensional space (a solid) by much the
same procedure that we used for double integrals.

We enclose E in a box B of the type given by Equation 1.
Then we define F so that it agrees with f on E but is O for
points in B that are outside E.

By definition,
jﬂf(x, y,z)dV = ﬂj F(x,y,z)dV

This integral exists if f is continuous and the boundary of E
IS “reasonably smooth.”

11



“Ie Integrals

The triple integral has essentially the same properties as
the double integral.

We restrict our attention to continuous functions f and to
certain simple types of regions.

12



qle Integrals

A solid region E is said to be of type 1 if it lies between the
graphs of two continuous functions of x and y, that is,

5 E={(x,y,2) | (X,¥) € D, uy(x, y) £z < u,(X, y)}

where D is the projection of E onto the xy-plane as shown
In Figure 2. zp

Z=Up (X, )

A type 1 solid region
Figure 2

13



qle Integrals

Notice that the upper boundary of the solid E is the surface
with equation z = u,(X, y), while the lower boundary is the

surface z = u,(x, y).

By the same sort of argument, it can be shown that if E is a
type 1 region given by Equation 5, then

6 foyzdv ﬂ[f f(xyzdz]dA

The meaning of the inner integral on the right side of
Equation 6 is that x and y are held fixed, and therefore
u;(X, y) and u,(x, y) are regarded as constants, while

f(X, Yy, z) Is integrated with respect to z.

14



“Ie Integrals

In particular, if the projection D of E onto the xy-plane is a
type | plane region (as in Figure 3),

A type 1 solid region where the projection D is a type | plane region

Figure 3

15



“Ie Integrals

In particular, if the projection D of E onto the xy-plane is a
type | plane region (as in Figure 3), then

E={(Xy,z)|[a<x<Dh, g,(X) Sy <0g,(X), uy(X, y) £z S uy(X, y)}
and Equation 6 becomes

g1(x)

7 fﬂ flx,v,2z)dV = Lb Fzm Ll:r;:)f(x, y, z) dz dy dx
. :

16



“Ie Integrals

If, on the other hand, D is a type |l plane region (as in
Figure 4), then

E - {(X1 y1 Z) | C< y < d1 hl(y) <XS h2(y)’ ul(X’ y) <zZ<Z UZ(X1 y)}
and Equation 6 becomes

d /3() 2 z(~'..7)
J‘jff(x,y,z)d\/:j j/”jl“f(x,y,z)dzdxdy
E ¢ u(y) Juy(x, y)
ZA
= U,(X, y)
2o
il ’ | z=u(x, y)
"/
7 ‘ T--*‘:CL’(
PR :| x = hy(y)
9 W
/ I - 4 | :
X | N )
| D |
= hy(y)

A type 1 solid region with a type Il projection
Figure 4



qle Integrals

A solid region E is of type 2 if it is of the form

E=1X%Y,2)[(y,2) € D, uy(y, 2) <X < Uy(y, 2)}

where, this time, D is the projection
of E onto the yz-plane (see Figure 7).

The back surface is x = u,(y, z), N
the front surface is x = u,(y, 2), -
and we have

~X=U(y, z)

A type 2 region
Figure 7

10 Hf f(x,v,z)dV = ﬂ [Lbj(zif’zj)f(x, v, Z) dx] dA

18



qle Integrals

Finally, a type 3 region is of the form
E ={(X, ¥, 2) | (X, 2) € D, uy(x, 2) Sy S Uy(X, 2)}

where D is the projection of E onto the xz-plane, y = u,(X, z)
IS the left surface, and y = u,(X, z) Is the right surface

(see Figure 8).

A type 3 region
Figure 8

19



qle Integrals

For this type of region we have

A roav= [ [ o | as

In each of Equations 10 and 11 there may be two possible
expressions for the integral depending on whether D is a
type | or type |l plane region (and corresponding to

Equations 7 and 8).

20



Applications of Triple Integrals

21



“Applications of Triple Integrals

Recall that if f(x) > 0, then the single integral |7 f(x) dx
represents the area under the curve y = f(x) from a to b,
and if f(x, y) =2 0, then the double integral HD f(x, y) dA
represents the volume under the surface z = f(x, y) and
above D.

The corresponding interpretation of a triple integral

mE f(x,y, z) dV, where f(x, y, z) 2 0, is not very useful
because it would be the “hypervolume” of a
four-dimensional object and, of course, that is very difficult
to visualize. (Remember that E is just the domain of the
function f; the graph of f lies in four-dimensional space.)

22



qm:ations of Triple Integrals

Nonetheless, the triple integral mE f(x, y, z) dV can be
Interpreted in different ways in different physical situations,
depending on the physical interpretations of x, y, z and

f(Xx, Yy, z).

Let’'s begin with the special case where f(Xx, y, z) = 1 for all
points in E. Then the triple integral does represent the
volume of E:

12 V(E) = m A%

23



qlications of Triple Integrals

For example, you can see this in the case of a type 1
region by putting f(x, y, z) = 1 in Formula 6:

[ v 127 o = e e pan

and we know this represents the volume that lies between
the surfaces z = u;(x, y) and z = u,(x, y).

24



qmple 5

Use a triple integral to find the volume of the tetrahedron T
bounded by the planes x + 2y + z =2, x = 2y, x =0, and
z=0.

Solution:
The tetrahedron T and its projection D onto the xy-plane
are shown in Figures 14 and 15.

Figure 14 Figure 15 25



!mple 5 — Solution

The lower boundary of T is the plane z = 0 and the upper
boundary is the plane x + 2y + z = 2, that is, z =2 — x — 2y.

cont’d

Therefore we have

VU)=ing

Y

t1 [fl=x/2 (2—x—2y
— j j dz dy dx
0 Jx/2 0

o/

(2, _
jo L—/z (2 —x — 2y)dydx :

(Notice that it is not necessary to use triple integrals to
compute volumes. They simply give an alternative method

for setting up the calculation.)
26



qm:ations of Triple Integrals

All the applications of double integrals can be immediately
extended to triple integrals.

For example, if the density function of a solid object that
occupies the region E is p(X, Y, 2), in units of mass per unit
volume, at any given point (X, Yy, z), then its mass is

13 m=ﬂjp(x,y,z)dV

and its moments about the three coordinate planes are
1 M. = ([[xptey.0av Mo = |[[ypley,2)av
E E

M., = gj zp(x,v,z)dV -



qlications of Triple Integrals

The center of mass is located at the point (X, Y, Z), where

M, _ M, - M,
y —_— Z _—
m m m

15 X =

If the density is constant, the center of mass of the solid is
called the centroid of E.

The moments of inertia about the three coordinate
axes are

16 Ix=ﬂ (yv* + z%) p(x, y,2) dV I —ﬂj x*+ 7)) plx, v, z) dV
E

L=ﬂ(f+y5ML%ﬂM’

28



qm:ations of Triple Integrals

The total electric charge on a solid object occupying a
region E and having charge density o(X, Yy, z) IS

0= ﬂj o(x,y,z)dV

If we have three continuous random variables X, Y, and Z,
their joint density function is a function of three variables
such that the probability that (X, Y, Z) liesin E Is

P(X,Y,2) EE) = j j j f(x,y,2) dV

29



“Iications of Triple Integrals

In particular,

PasX<b cs<sY=d, r£Z£5)=jbfd Sf(x,y,z)dzdydx

The joint density function satisfies

flx,y,2) =0 fw J: j: fx,y,z)dzdydx =1

30



Multiple Integrals
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ne Integrals in Cylindrical Coordinates

In plane geometry the polar coordinate system is used to
give a convenient description of certain curves and regions.

Figure 1 enables us to recall the connection between polar
and Cartesian coordinates.

YA
P(r,0)=P(x,y)

\"w 0 [
0 |

=Y

Figure 1



qe Integrals in Cylindrical Coordinates

If the point P has Cartesian coordinates (X, y) and polar
coordinates (r, ), then, from the figure,

X=rcoséd y=rsind

=x%+y? tand >
X

In three dimensions there is a coordinate system, called
cylindrical coordinates, that is similar to polar coordinates
and gives convenient descriptions of some commonly
occurring surfaces and solids. As we will see, some triple
Integrals are much easier to evaluate in cylindrical
coordinates.



Cylindrical Coordinates



Qndrical Coordinates

In the cylindrical coordinate system, a point P In
three-dimensional space is represented by the ordered
triple (r, 6, z) where r and @ are polar coordinates of the
projection of P onto the xy-plane and z is the directed
distance from the xy-plane to P. (See Figure 2.)

ZA

? P(r,0,z)

y
X b (1,0,0)

The cylindrical coordinates of a point

Figure 2



qndrical Coordinates

To convert from cylindrical to rectangular coordinates, we
use the equations

1 X =rcos 0 y=rsin 0 z=1z

whereas to convert from rectangular to cylindrical
coordinates, we use

2 re=x>+y’ tan9=l z
X

I
N




qmple 1

(a) Plot the point with cylindrical coordinates (2, 27/3, 1)
and find its rectangular coordinates.

(b) Find cylindrical coordinates of the point with rectangular
coordinates (3, -3, —7).

Solution:

(a) The point with cylindrical coordinates (2, 27z/3, 1) is
plotted in Figure 3.

0

A
/ A
27
D
g |
X

Figure 3




!mple 1 — Solution

cont’d

From Equations 1, its rectangular coordinates are

2 cos 2 —of 1
— COS — = — | = —
A 3 >

y = 2 sin =2 — 2(£) _ /3

3 2

z=1

Thus the point is (-1,./3, 1) in rectangular coordinates.



qmple 1 — Solution

(b) From Equations 2 we have

r=+32+ (32 =32

cont’d

tan 0 = —= —1 SO 0=——+ 2nmw

Therefore one set of cylindrical coordinates Is
(3v2, 7xl4, =7). Another is (32, —z/4, =7).

As with polar coordinates, there are infinitely many choices.

10



Evaluating Triple Integrals with
Cylindrical Coordinates

11



-ating Triple Integrals with Cylindrical Coordinates

Suppose that E is a type 1 region whose projection D onto
the xy-plane is conveniently described in polar coordinates
(see Figure 6).

ZA

Figure 6

12



-ating Triple Integrals with Cylindrical Coordinates

In particular, suppose that f is continuous and

E={(x,¥,2)|(X,y) € D, u;(X,y) £z < u,(X, y)}

where D iIs given in polar coordinates by

D={(r, O)|a< 8< B, h,(0) <r<h,(O)}

We know

; 7600 = [ [ x|

13



-ating Triple Integrals with Cylindrical Coordinates

But to evaluate double integrals in polar coordinates, we
have the formula

hy(0) (Cus(r cos 6, r sin 9) .
4 ﬂff X, y,z)dV = j f/ j f(rcos O, rsinb, z) rdz dr do

t,(r cos 6, r sin 0)

Formula 4 is the formula for triple integration in
cylindrical coordinates.

14



-ating Triple Integrals with Cylindrical Coordinates

It says that we convert a triple integral from rectangular to
cylindrical coordinates by writing X =r cos 6,y =r sin 6,
leaving z as it Is, using the appropriate limits of integration
for z, r, and 6, and replacing dV by r dz dr dé.

(Figure 7 shows how to remember this.)

ZA

rdo

Volume element in cylindrical
coordinates: dV =rdz drdé

Figure 7 15



-ating Triple Integrals with Cylindrical Coordinates

It is worthwhile to use this formula when E is a solid region
easily described in cylindrical coordinates, and especially
when the function f(x, y, z) involves the expression x> + y2.

16



qmple 3

A solid E lies within the cylinder x? + y? = 1, below the plane

z = 4, and above the paraboloid z = 1 — x? — y~.
(See Figure 8.) The density at any point is proportional to
Its distance from the axis of the cylinder. Find the mass

z=4 :

of E.

0.0.4))

Figure 8

17



!mple 3 — Solution

In cylindrical coordinates the cylinder is r = 1 and the
paraboloid is z = 1 — r?, so we can write

E={(r 62)|0<0<27r,0<r<1,1-r?<z<4}

Since the density at (X, y, z) is proportional to the distance
from the z-axis, the density function is

f(x,y,2) = Ki/x2 + y2 = Kr

where K is the proportionality constant.

18



qmple 3 — Solution

cont’d

Therefore, the mass of E Is

m = fﬂ KJx*+ y2dV = sz fol f_ﬂ (Kr) rdz dr df
E

—f”j — (1 — r)]drdé

— K f;“ d0 fol 3r2 + r*)dr

S R o 1 127K
=27K|r’ + — | =
S |, 5

19
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qe Integrals in Spherical Coordinates

Another useful coordinate system in three dimensions is
the spherical coordinate system.

It simplifies the evaluation of triple integrals over regions
bounded by spheres or cones.



Spherical Coordinates



qerical Coordinates

The spherical coordinates (p, 6, ¢) of a point P in space
are shown in Figure 1, where p = |OP| is the distance from
the origin to P, #is the same angle as in cylindrical
coordinates, and ¢ is the angle between the positive z-axis
and the line segment OP.

FP(K)’ 69 (rb)

The spherical coordinates of a point

Figure 1



qerical Coordinates

Note that

The spherical coordinate system is especially useful in
problems where there is symmetry about a point, and the
origin is placed at this point.



qerical Coordinates

For example, the sphere with center the origin and radius c
has the simple equation p = c (see Figure 2); this is the
reason for the name “spherical” coordinates.

p =C, asphere

Figure 2



Qerical Coordinates

The graph of the equation = c is a vertical half-plane
(see Figure 3), and the equation ¢ = c represents a
half-cone with the z-axis as its axis (see Figure 4).

ZA

0<c<m/2 m2<c<m

6 = c, a half-plane ¢ = c, a half-plane

Figure 3 Figure 4



qerical Coordinates

The relationship between rectangular and spherical
coordinates can be seen from Figure 5.

From triangles OPQ and OPP’ we have

Z=pCOS ¢ r=psin ¢ Q

P'(x,y,0)

Figure 5



qerical Coordinates

But X =rcos #dand y =r sin ¢, so to convert from spherical
to rectangular coordinates, we use the equations

1 X = psin ¢ cos 6 y = psin ¢ sin 0 zZ=pcos ¢

Also, the distance formula shows that

2 p2=x2+y2+22

We use this equation in converting from rectangular to
spherical coordinates.

10



!mple 1

The point (2, /4, =/3) Is given in spherical coordinates.

Plot the point and find its rectangular coordinates.

Solution:
We plot the point in Figure 6.

(2, /4, 7/3)

Figure 6

11



!mple 1 — Solution

cont’d

From Equations 1 we have

3 1 3
x=psind)cos€=251n£cosi=2 V3 = 4=
3 4 2 V2 2

T o.m V3 [ 1 3

= psing sinf = 2 sin— sin — = — | = . /=
y = psing¢ SlIl3Sln4 2( )(ﬁ) \/7

zZ = pCcos P =200$%=2(é) =1

Thus the point (2, z/4, z/3) is (,/3/2,+/3/2. 1) in rectangular

coordinates.
12



Evaluating Triple Integrals with
Spherical Coordinates

13



-ating Triple Integrals with Spherical Coordinates

In the spherical coordinate system the counterpart of a
rectangular box is a spherical wedge

E={(p, 6, §)|a<p<b, a<0< B c<g<d}

where a>0and f— o< 2x, and d — c < 7. Although we
defined triple integrals by dividing solids into small boxes, it
can be shown that dividing a solid into small spherical
wedges always gives the same result.

So we divide E into smaller spherical wedges E;, by means
of equally spaced spheres p = p, half-planes 6= 4, and
half-cones ¢ = ¢,.

14



-ating Triple Integrals with Spherical Coordinates

Figure 7 shows that E;, Is approximately a rectangular
box with dimensions Ap, p. A ¢ (arc of a circle with
radius p, angle A¢), and p, sin ¢, A 8 (arc of a circle with
radius p; sin ¢,, angle AQ).

ZA

ri A0 = p;sin ¢, A6

Figure 7

15



-ating Triple Integrals with Spherical Coordinates

So an approximation to the volume of Ey, Is given by

AV = (Ap)(o Ad)(o; Sin ¢ AB) = pi sin ¢ ApAOAY

In fact, it can be shown, with the aid of the Mean Value
Theorem that the volume of E;, is given exactly by

AV = pi sin ¢k ApAOAg

where (p, ¢k) IS some point in Ejik-

b J’

16



-ating Triple Integrals with Spherical Coordinates

Let (X, Vi Zip) be the rectangular coordinates of
this point. Then

[ m n
J‘J‘j f(xa y, Z) dV - lim E 2 E f(xij-:k’ yi?k, ZI?J{Fk) Avfjk
F i=1 j=1 k=1

[Lm,n—o0 -

f(p: sin ¢ cos 0, p; sin ¢y sin 0;, p; cos b)) pisind Ap A A
1

17



-ating Triple Integrals with Spherical Coordinates

But this sum I1s a Riemann sum for the function

F(p, 6, ¢) =f(psin ¢ cos 6, psin ¢sin 6, p cos @) p?sin ¢

Consequently, we have arrived at the following formula for
triple integration in spherical coordinates.

3] ([ ey 2 av
E
= J:I ff Lbf(p sin ¢ cos 6, p sin ¢ sin 6, p cos ) p”sind dp d6 dd

where E 1s a spherical wedge given by

E={(p,9,¢)|a$p$b, asesﬁ,cscgssd}

18



-ating Triple Integrals with Spherical Coordinates

Formula 3 says that we convert a triple integral from
rectangular coordinates to spherical coordinates by writing

X = psin ¢ cos ¢ y=psSin ¢sin 0 Z = pCOS ¢

using the appropriate limits of integration, and replacing dv
by p? sin ¢ dp do dg.

19



-ating Triple Integrals with Spherical Coordinates

This is illustrated in Figure 8.

Volume element in spherical
coordinates: dV = p? sin ¢ dpdfddg

Figure 8

20



-ating Triple Integrals with Spherical Coordinates

This formula can be extended to include more general
spherical regions such as

E={p 0 9 |as0<pc<¢4<d, 9:(6 ¢) < p=20,6, 9)}

In this case the formula is the same as in [3] except that the
limits of integration for p are g,(6, ) and g,(6, ¢).

Usually, spherical coordinates are used in triple integrals
when surfaces such as cones and spheres form the
boundary of the region of integration.

21



!mple 4

Use spherical coordinates to find the volume of the solid
that lies above the cone z = +/x*> + y? and below the
sphere x? + y? + z2 = z. (See Figure 9.)

Figure 9

22



qmple 4 — Solution

Notice that the sphere passes through the origin and has
center (O, O, %). We write the equation of the sphere in

spherical coordinates as

p% = pCOoS ¢ or p = pCOS ¢

The equation of the cone can be written as

pcos ¢ = \/p?sin¢d cos26 + p?sin2¢ sin26

= psin ¢
23



qmple 4 — Solution

cont’d

This gives sin ¢ = cos ¢, or ¢ = z/4. Therefore the
description of the solid E in spherical coordinates is

E={(p, 6,9 |0L60<L2r, 0L ¢< 74,0< p<LCOS ¢}

24



!mple 4 — Solution

cont’d

Figure 11 shows how E is swept out if we integrate first with
respect to p, then ¢, and then 6.

AN/

p varies from O to cos ¢ ¢ varies from O to z/4 O varies from 0 to 21 .
while ¢ and @ are constant. while @is constant.
Figure 11

25



qmple 4 — Solution

cont’d

The volume of E Is

V(E) = f f j N f;” L“/ 4 fo " 02sind dp d do

, y p3 p=cos ¢
=f0 do fo s1nd>[?] do

p=0

o 2T /4

— sin ¢ cos ¢ do = 27|
3 3 4

0

/4
cos’d ] T

0
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