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!ond-Order Linear Equations

A second-order linear differential equation has the form

d-y
dx?

1 P(x)

b 00+ Ry = Gl

where P, Q, R, and G are continuous functions.

In this section we study the case where G(x) = 0, for all x,
In Equation 1.

Such equations are called homogeneous linear equations.



!ond-Order Linear Equations

Thus the form of a second-order linear homogeneous
differential equation is

d’y
dx?

d
+0(x) == + R)y =0

2 P(x)

If G(X) # 0 for some x, Equation 1 is nonhomogeneous.



!ond-Order Linear Equations

Two basic facts enable us to solve homogeneous linear
equations.

The first of these says that if we know two solutions y, and
y, of such an equation, then the linear combination

y = C,Y, + C,Y, IS also a solution.

equation

2

3| Theorem If y;(x) and y,(x) are both solutions of the linear homogeneous

and ¢, and ¢, are any constants, then the function

y(x) = c]yl(x) i Czyz(x)

is also a solution of Equation 2.




!ond-Order Linear Equations

The other fact we need is given by the following theorem,
which is proved in more advanced courses.

It says that the general solution is a linear combination of
two linearly independent solutions y, and y.,.

This means that neither y, nor y, is a constant multiple of
the other.

For instance, the functions f(x) = x? and g(x) = 5x* are
linearly dependent, but f(x) = e* and g(x) = xe* are linearly
iIndependent.



!ond-Order Linear Equations

4 | Theorem If y, and y, are linearly independent solutions of Equation 2 on an
interval, and P(x) is never 0, then the general solution is given by

y(x) — C‘|)71(X) + Czy2(x)

where ¢, and ¢, are arbitrary constants.

Theorem 4 is very useful because it says that if we know
two particular linearly independent solutions, then we know
every solution.

In general, it's not easy to discover particular solutions to a
second-order linear equation.



!ond-Order Linear Equations

But it is always possible to do so if the coefficient functions
P, Q, and R are constant functions, that is, if the differential
equation has the form

5 ay" + by’ + cy=20

where a, b, and c are constants and a # 0.

It's not hard to think of some likely candidates for particular
solutions of Equation 5 if we state the equation verbally.



!ond-Order Linear Equations

We are looking for a function y such that a constant times
Its second derivative y” plus another constant times y’ plus
a third constant times y is equal to O.

We know that the exponential function y = e (whereris a
constant) has the property that its derivative is a constant
multiple of itself: y’ = re™. Furthermore, y” = r2e™. If we
substitute these expressions into Equation 5, we see that
y = e™ s a solution If

arée™ + pre™ + ce™ =0
or
(ar’ + br+c)e*=0



!ond-Order Linear Equations

But e* is never 0. Thus y = e™ is a solution of Equation 5 if
ris a root of the equation

6 ar> +br+c=0

Equation 6 is called the auxiliary equation (or
characteristic equation) of the differential equation
ay"” + by’ +cy=0.

Notice that it is an algebraic equation that is obtained from
the differential equation by replacing y” by r2, y' by r, and y
by 1.

10



!ond-Order Linear Equations

Sometimes the roots r, and r, of the auxiliary equation can
be found by factoring. In other cases they are found by
using the quadratic formula:

- —b + b? — 4ac —b — /b? — dac
i — Fo =

2d 2a

We distinguish three cases according to the sign of the
discriminant b? — 4ac.

11



!ond-Order Linear Equations

Casel: b?-4ac >0

In this case the roots r, and r2 of the auxiliary equation are
real and distinct, soy, = ¢'" and y, = ¢"™" are two linearly
independent solutions of Equation 5. (Note that ¢"*" is not a
constant multiple of ¢"'*.)

Therefore, by Theorem 4, we have the following fact.

8 | If the roots r, and r, of the auxiliary equation ar* + br + ¢ = 0 are real and
unequal, then the general solution of ay” + by’ + ¢y = 0 1is

rix

y=ce" + ce™

12



qmple 1

Solve the equation y” +y’' — 6y = 0.

Solution:

The auxiliary equation is

r+r—-6=(r—-2)(r+3)=0

whose roots are r = 2, —3.

Therefore, by

8

, the general solution of the given

differential equation is

— 2 -3
y = €% + c,e~3X

13



!mple 1 — Solution

cont’d

We could verify that this is indeed a solution by
differentiating and substituting into the differential equation.

14



!ond-Order Linear Equations

Case ll: b=4ac =0

In this case r; =r,; that Is, the roots of the auxiliary equation
are real and equal. Let's denote by r the common value of
r, and r,. Then, from Equations 7, we have

_b
2a

9 =

so 2ar+b=0

We know that y, = e™ is one solution of Equation 5. We
now verify that y, = xe™ Is also a solution:

ay, + by, + ¢y, = a(2re™ + r2xe™) + b(e'™ + rxe'™) + cxe'

= (2ar + b)e™ + (ar? + br + c)xe"™
15



!ond-Order Linear Equations

=0(e™) + 0(xe™) =0

The first term is O by Equations 9; the second termis O
because r is a root of the auxiliary equation.

Since y, = e™and y, = xe™are linearly independent
solutions, Theorem 4 provides us with the general solution.

10| If the auxiliary equation ar® + br + ¢ = 0 has only one real root r, then the
general solution of ay” + by’ + cy = 01is

\, — Cler.\' S szer.\'

16



!mple 3

Solve the equation 4y” + 12y’ + 9y = 0.

Solution:

The auxiliary equation is 4r% + 12r + 9 = 0 can be factored

as

(2r+3)°=0

so the only rootis r = —% By

10

, the general solution is

— —3x/2 —3x/2
y = c,e~¥2 + ¢ xe=3

17



!ond-Order Linear Equations

Case lll: b>=4ac <0
In this case the roots r, and r, of the auxiliary equation are
complex numbers. We can write

n=a+ip ,=a—1f

Where o« and g are real numbers. [In fact, a = —b/(2a),
L= \/4ac — b*>/(2a).] Then, using Euler’'s equation

ef=cos @+isin @

18



!ond-Order Linear Equations

We write the solution of the differential equation as
y=C,e""+ C,e"*" = Cel@+fx + C ela—ifx
= C,e?*(cos px +1sin px) + C,e**(cos fx —1sin px)
=e*[(Cy+ C,) cos px +1(Cy — C,) sin fX]
= e*(c, cos pX + c,sin pX)

19



!ond-Order Linear Equations

This gives all solutions (real or complex) of the differential
equation. The solutions are real when the constants ¢, and
C, are real.

We summarize the discussion as follows.

11| If the roots of the auxiliary equation ar® + br + ¢ = 0 are the complex num-
bers ry = a + if3, r» = a — if3, then the general solution of ay” + by" + cy =0

.

1S

ax

y = e**(c; cos Bx + ¢, sin Bx)

20



qmple 4

Solve the equation y” — 6y’ + 13y = 0.

Solution:
The auxiliary equation is r2 — 6r + 13 = 0. By the quadratic
formula, the roots are

6+ 36— 52

r

21



qmple 4 — Solution

cont’d

By

11

, the general solution of the differential equation is

y = e3%(c, COoSs 2X + C, Sin 2Xx)

22



Initial-Value and
Boundary-Value Problems

23



“Intial-Value and Boundary-Value Problems

An initial-value problem for the second-order Equation 1
or 2 consists of finding a solution y of the differential
equation that also satisfies initial conditions of the form

Y(Xo) = Yo Y'(Xo) = Y1
Where y,and y, are given constants.

If P, Q, R, and G are continuous on an interval and P(x) # O
there, then a theorem found in more advanced books
guarantees the existence and unigueness of a solution to
this initial-value problem. Examples 5 illustrate the

technique for solving such a problem.
24



qmple 5

Solve the initial-value problem
y"+y'—6y=0 y(0) =1 y'(0)=0

Solution:
From Example 1 we know that the general solution of the
differential equation is

y(X) = c,€2% + c e~

Differentiating this solution, we get

y'(X) = 2c,e%* — 3c,e~*

25



!mple 5 — Solution

cont’d

To satisfy the initial conditions we require that

12 y(0)=c,+c,=1
13 y'(0)=2c,—-3c, =0
From [13], we have c, = %cl and so [12] gives
c,+:¢ =1 c, = C,= -

26



qmple 5 — Solution

cont’d

Thus the required solution of the initial-value problem is

27



“I-Value and Boundary-Value Problems

A boundary-value problem for Equation 1 or 2 consists of
finding a solution y of the differential equation that also
satisfies boundary conditions of the form

y(Xo) = Yo y(X1) =1

In contrast with the situation for initial-value problems, a
boundary-value problem does not always have a solution.
The method is illustrated in Example 7.

28



qmple 14

Solve the boundary-value problem

y'+2y'+y=0 y(0)=1 y(1) =3

Solution:
The auxiliary equation is

rr+2r+1=0 or (r+1)2=0
whose only root is r = —1.
Therefore the general solution is

y(X) = c,e* + c,xe

29



qmple / — Solution

cont’d

The boundary conditions are satisfied if

y(0)=c, =1
y(l)=c,et+c,et=3

The first condition gives c; = 1, so the second condition
becomes

el+c,et=3

30



qmple / — Solution

cont’d

Solving this equation for c, by first multiplying through by e,
we get

1+c,=3e SO c,=3e-1
Thus the solution of the boundary-value problem is

y=e>*X+ (3e - 1)xe™

31
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“homogeneous Linear Equations

In this section we learn how to solve second-order
nonhomogeneous linear differential equations with constant
coefficients, that is, equations of the form

1

ay” + by’ + cy = G(X)

where a, b, and c are constants and G Is a continuous
function. The related homogeneous eguation

2

ay”+by'+cy=0

IS called the complementary equation and plays an
Important role in the solution of the original

nonhomogeneous equation [1].




homogeneous Linear Equations

3
tion

Theorem The general solution of the nonhomogeneous differential equa-

1

can be written as

y(x) = yp(x) + yx)

where y, 1s a particular solution of Equation 1 and y, is the general solution of the
complementary Equation 2.

There are two methods for finding a particular solution:

The method of undetermined coefficients is straightforward
but works only for a restricted class of functions G.

The method of variation of parameters works for every
function G but is usually more difficult to apply in practice.




The Method of Undetermined
Coefficients



_Method of Undetermined Coefficients

We first illustrate the method of undetermined coefficients
for the equation

ay” + by’ + cy = G(X)

where G(x) is a polynomial.

It is reasonable to guess that there is a particular solution
yp that is a polynomial of the same degree as G because Iif
y IS a polynomial, then ay” + by’ + cy Is also a polynomial.

We therefore substitute y (x) = a polynomial (of the same
degree as G) into the differential equation and determine
the coefficients.



qmple 1

Solve the equation y” +y’' — 2y = x2.

Solution:
The auxiliary equation of y" +y'—2y =01s

P+r—2=(r-1)(+2)=0
with roots r =1, -2.
So the solution of the complementary equation is

— —2
Y. = C,€% + C,e



!mple 1 — Solution

cont’d

Since G(x) = x?is a polynomial of degree 2, we seek a
particular solution of the form

Yp(X) = Ax* + Bx + C

Then Y» = 2Ax + B and Y» = 2A so, substituting into the
given differential equation, we have

(2A) + (2AX + B) — 2(Ax? + Bx + C) = x?
or
—2AX? + (2A—-2B)x + (2A+ B - 2C) = x?

Polynomials are equal when their coefficients are equal.



qmple 1 — Solution

cont’d

Thus

-2A =1 2A-2B =0 2A+B-2C=0

The solution of this system of equations is

I 1

A=— =—> C=—-

2]
RS

A particular solution is therefore

2

Yp(¥) = —2x ~

x_

P | —
W

and, by Theorem 3, the general solution is

X —2x r.2 1.3
y:yc+yp:C1€ + e — 53X X — 3



qmple 3

Solve y” +y’' — 2y = sin X.
Solution:
We try a particular solution
Yp(X) = A cos X + B sin x

Then ’
Yp ==A sin X + B cos x

4

Yp =—=A cos X —B sin x

10



qmple 3 — Solution

cont’d

So substitution in the differential equation gives

(—Acosx — Bsinx) + (—Asin x + Bcos x) — 2(A cos x + Bsin x) = sin x
or (—=3A + B)cos x + (—A — 3B)sin x = sin x

This iIs true If

-3A+B=0 and -A-3B=1

The solution of this system is

1 3

A=—1 B=—1

11



qmple 3 — Solution

cont’d

So a particular solution is

1 | 3 .
Yo(X) = —10 COS X — o SIN X

In Example 1 we determined that the solution of the
complementary equation is

— -2
Y. = C,€X + C,e72X,

Thus the general solution of the given equation is

y(X) = c,€* + C,e > — L (cos x + 3sin x)

12



-Method of Undetermined Coefficients

If G(X) Is a product of functions of the preceding types, then
we take the trial solution to be a product of functions of the

same type.

For instance, in solving the differential equation
y" + 2y' + 4y = X cos 3X

we would try

Yo(X) = (Ax + B) cos 3x + (Cx + D) sin 3x

13



-Method of Undetermined Coefficients

If G(X) is a sum of functions of these types, we use the
easily verified principle of superposition, which says that if
Yp, and Yp, are solutions of

ay” + by’ +cy = G,(X)
ay"” + by’ + cy = G,(x)

respectively, then y,, + V,, is a solution of

ay” + by’ +cy = G(x) + G,(x)

14



-Method of Undetermined Coefficients

Summary of the Method of Undetermined Coefficients

1. If G(x) = ¢"P(x), where P is a polynomial of degree n, then try y,(x) = ¢“Q(x),
where Q(x) is an nth-degree polynomial (whose coefficients are determined by
substituting in the differential equation).

2. If G(x) = e"P(x) cos mx or G(x) = e**P(x) sin mx, where P is an nth-degree
polynomial, then try

y(x) = e“0(x) cos mx + e“R(x) sin mx

where Q and R are nth-degree polynomials.

Modification: If any term of y, 1s a solution of the complementary equation,
multiply y, by x (or by x* if necessary).

15



qmple 6

Determine the form of the trial solution for the differential
equation
y” — 4y + 13y = e cos 3X.

Solution:
Here G(x) has the form of part 2 of the summary, where
k=2, m=3, and P(x) = 1.

So, at first glance, the form of the trial solution would be

Yo(X) = €2 (A cos 3x + B sin 3x)

16



!mple 6 — Solution .

But the auxiliary equation is r2 — 4r + 13 = 0, with roots
r =2 £ 3i, so the solution of the complementary equation is

y.(X) = e2¥ (c,cos 3x + C,Sin 3x)

This means that we have to multiply the suggested trial
solution by x.

So, Instead, we use

Yp(X) = xe= (A cos 3x + B sin 3x)

17



The Method of Variation
of Parameters

18



- Method of Variation of Parameters

Suppose we have already solved the homogeneous
equation ay” + by’ + cy = 0 and written the solution as

4

y(X) = C1y1(X) + CoY,(X)

where y,; and y, are linearly independent solutions.

Let’s replace the constants (or parameters) c, and c, in
Equation 4 by arbitrary functions and u,(x) and u,(x).

19



- Method of Variation of Parameters

We look for a particular solution of the nonhomogeneous
equation ay” + by’ + cy = G(x) of the form

5 Yp(X) = U3(X) Y1(X) + Us(X) Y2(X)

(This method is called variation of parameters because
we have varied the parameters c, and c, to make them
functions.)

20



- Method of Variation of Parameters

Differentiating Equation 5, we get

6 vy = (uiy; + usy2) + (uiyl + uzyh)

Since u, and u, are arbitrary functions, we can impose two
conditions on them.

One condition is that y, is a solution of the differential
equation; we can choose the other condition so as to
simplify our calculations.

21



- Method of Variation of Parameters

In view of the expression in Equation 6, let’s impose the
condition that

7

wyr + uzy, =0

Then

V) = uiyl + wys + wyi + uxy;

Substituting in the differential equation, we get

aluiyr + usys + wyl + uayy) + byt + wayz) + cluryr + woy) =G

or

8

uilay? + byt + cy1) + wayy + by, + cy,) + aluiyr + usy:) =G

22



- Method of Variation of Parameters

But y, and y, are solutions of the complementary equation,

SO

ayi + byi +cy; =0 and ay; + by; + cy, =0

and Equation 8 simplifies to

9

aluiyi + wry;) =G

Equations 7 and 9 form a system of two equations in the
unknown functions u; and u;.

After solving this system we may be able to integrate to find
u, and u, then the particular solution is given by Equation 5.

23



qmple 14

Solve the equation

y"+y=tan x, 0 <x < /2.

Solution:
The auxiliary equation is r2 + 1 = 0 with roots =i, so the
solution of y” +y =0 is y(x) = ¢, SIn X + C, COS X.

Using variation of parameters, we seek a solution of the
form

Yp(X) = uy(X) sin x + u,(x) cos x

Then

y, = (u; sin x + wuy cos x) + (u; cos x — u, sin x)

24



!mple / — Solution

cont’d

Set

10

Then

ursinx + wcosx =0

Y, = uj COSX — u3Sin X — u; Sin X — U, COS X

For y, to be a solution we must have

11

y, + ¥, = uiCoS x — u>Sin x = tan x

Solving Equations 10 and 11, we get

11 (sin?x + cos2x) = cos X tan x

25



qmple / — Solution

cont’d

u; =sinx  uy(x) = —cos x

(We seek a particular solution, so we don’t need a constant
of integration here.)

Then, from Equation 10, we obtain

, sin x

u — —

Ui
COS X

sin’x

COS X

cos’x — 1

COS X

26



qmple / — Solution

cont’d

= COS X — SecC X
S0
U,(X) = sin X — In(sec x + tan x)

(Note that sec x +tan x>0 for 0 < x < 7/2.)

Therefore
Yp(X) = —C0s X sin x + [sin x — In(sec x + tan X)] cos x

= —Cco0s X In(sec x + tan x)

and the general solution is

y(X) = c,SIn X + ¢,C0S X — cos X In(sec x + tan Xx)
27
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uations of Second-Order Differential Equations

Second-order linear differential equations have a variety of
applications in science and engineering. In this section we
explore two of them: the vibration of springs and electric
circuits.



Vibrating Springs



“ating Springs

We consider the motion of an object with mass m at the
end of a spring that is either vertical (as in Figure 1) or

horizontal on a level surface (as in Figure 2).
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-ating Springs

The Hooke’s Law, says that if the spring is stretched (or
compressed) x units from its natural length, then it exerts a
force that is proportional to x:

restoring force = —kx

where k Is a positive constant (called the spring constant).
If we ignore any external resisting forces (due to air
resistance or friction) then, by Newton’s Second Law (force
equals mass times acceleration), we have

| d’*x ' d’*x
m = —kx
o " dr’

+kx=20




“ating Springs

This Is a second-order linear differential equation. Its
auxiliary equation is mr? + k = 0 with roots r = wi, where
w = +/k/m. Thus the general solution is

X(t) = ¢, cos wt + ¢, Sin wt
which can also be written as
X(t) = A cost(wt + o)

where
w = \/k/m (frequency)
A= ./c + ¢ (amplitude)
C1 . . C2
COS 0 = 1 Sin 0 = A (dis the phase angle)

This type of motion is called simple harmonic motion.



!mple 1

A spring with a mass of 2 kg has natural length 0.5 m.
A force of 25.6 N is required to maintain it stretched to a
length of 0.7 m. If the spring is stretched to a length of
0.7 m and then released with initial velocity O, find the
position of the mass at any time t.

Solution:

From Hooke's Law, the force required to stretch the spring
IS

k(0.2) = 25.6

so k =25.6/0.2 = 128.



!mple 1 — Solution

Using this value of the spring constant k, together with
m = 2 in Equation 1, we have

cont’d

d’x

2
dt?

+ 128x =0

As In the earlier general discussion, the solution of this
equation is

2 X(t) = c, cos 8t + c, sin 8t

We are given the initial condition that x(0) = 0.2. But, from
Equation 2, x(0) = c,.



qmple 1 — Solution

cont’d

Therefore c, = 0.2. Differentiating Equation 2, we get
X'(t) = —8c, sin 8t + 8c, cos 8t

Since the initial velocity is given as x’(0) = 0, we have
C, = 0 and so the solution is

x(t) =1 cos 8t

10



Damped Vibrations
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“Damped Vibrations

We next consider the motion of a spring that is subject to a
frictional force (in the case of the horizontal spring or a
damping force (in the case where a vertical spring moves
through a fluid.

An example is the damping force supplied by a shock
absorber in a car or a bicycle.

We assume that the damping force is proportional to the
velocity of the mass and acts in the direction opposite to
the motion. (This has been confirmed, at least
approximately, by some physical experiments.)

12



!nped Vibrations

Thus

: dx
damping force = —C -
where c is a positive constant, called the damping

constant. Thus, in this case, Newton’s Second Law gives

d’x _ | o
m— = restoring force + damping force = —kx — c—-
or
d*x dx
: m——s tc——+kx=0
dt dt

13



qnped Vibrations

Equation 3 is a second-order linear differential equation
and its auxiliary equation is mr2 + cr + k = 0. The roots are

—c + Jc? — 4mk —c — Jc? — dmk
4 ry — ro —
2m 2m

Case |I: c2—4mk > 0 (overdamping)
In this case r, and r, are distinct real roots and

x=ce" + ce™

Since ¢, m, and k are all positive, we have vc? — 4mk <c,
so the roots r; and r, given by Equations 4 must both be
negative. This shows thatx > 0ast 5 oo.

14



!nped Vibrations

Typical graphs of x as a function of t are shown in Figure 4.
Notice that oscillations do not occur. (It's possible for the

mass to pass through the equilibrium position once, but
only once.)

XA

\

XA

0] )

Overdamping

Figure 4
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!nped Vibrations

This is because c? > 4mk means that there is a strong
damping force (high-viscosity oil or grease) compared with
a weak spring or small mass.

Case ll: ¢c2—=4mk = 0 (critical damping)
This case corresponds to equal roots

C

M =r=->-

and the solution is given by

X = (C; + C,t)e(c/2mt

16



qnped Vibrations

It is similar to Case |, and typical graphs resemble those in
Figure 4, but the damping is just sufficient to suppress
vibrations. Any decrease Iin the viscosity of the fluid leads

to the vibrations of the following case.

Case lll: c?—4mk <0 (underdamping)
Here the roots are complex:

where rl} ¢
= ——— * wi
I 5 2m
Vadmk — ¢?
w pr—
2m

17



!nped Vibrations

The solution is given by
X = e~(¢2Mi(c. cos wt + ¢, sin wt)

We see that there are oscillations that are damped by the
factor e~(¢2Mt Since ¢ > 0 and m > 0, we have —(c/2m) <0
so e~ (2mt 5 0 ast —oo.

18



!nped Vibrations

This implies that x — 0 as t —»o0; that Is, the motion decays
to O as time increases. A typical graph is shown in Figure 5.

XA

Underdamping

Figure 5
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Forced Vibrations

20



-ced Vibrations

Suppose that, in addition to the restoring force and the
damping force, the motion of the spring is affected by an
external force F(t). Then Newton’s Second Law gives

d’x _ _
42 = restoring force + damping force + external force

_ dx
=—kx—-c -t F(t)

Thus, instead of the homogeneous equation(3], the motion
of the spring is now governed by the following
nonhomogeneous differential equation:

m

d’x dx
—+ c— + kx = F(1)
dt dt

) m

21



-ced Vibrations

A commonly occurring type of external force is a periodic
force function

F(t) = F,cos wyt  where wy# w = Vk/m

In this case, and in the absence of a damping force (¢ = 0),
you are asked to use the method of undetermined
coefficients to show that

Fy

m(w* — og)

6 x(1) = ¢;¢08 wt + ¢,sin wt +

COS wof

If w, = w, then the applied frequency reinforces the natural
frequency and the result is vibrations of large amplitude.
This is the phenomenon of resonance.

22



Electric Circuits

23



!:tric Circuits

Earlier we have seen how to use first-order separable and
linear equations to analyze electric circuits that contain a
resistor and inductor or a resistor and capacitor. Now that
we know how to solve second-order linear equations, we
are in a position to analyze the circuit shown in Figure 7.

R
l AVAVAY,
switch
L
&
|
C

Figure 7
24



!:tric Circuits

It contains an electromotive force E (supplied by a battery

or generator), a resistor R, an inductor L, and a capacitor
C, in series. If the charge on the capacitor at time t is

Q = Q(t), then the current is the rate of change of Q with
respect to t: | = dQ/dt. It is known from physics that the
voltage drops across the resistor, inductor, and capacitor

are

dl 0
RI [L— —
dt C

respectively. Kirchhoff's voltage law says that the sum of
these voltage drops is equal to the supplied voltage:

I
[ B
dt C

25



!:tric Circuits

Since | = dQ/dt, this equation becomes

dQ+RdQ+éQ=E(t)

71 L
dt? dt

which is a second-order linear differential equation with
constant coefficients. If the charge Q, and the current |, are
known at time O, then we have the initial conditions

Q0)=Q, Q0)=1(0) =1,



!:tric Circuits

A differential equation for the current can be obtained by
differentiating Equation 7 with respect to t and
remembering that | = dQ/dt:

d’l dl 1 |
L— +R— +—1=E(®)
d dt  C

27



qmple 3

Find the charge and current at time t in the circuit of
Figure 7ifR=40Q,L=1H,C =16 x 10“ F,

E(t) = 100 cos 10t, and the initial charge and current are
both O.

Solution:
With the given values of L, R, C, and E(t), Equation
/becomes

d’ d
Q1+ 4022 1 6250 = 100 cos 104
dt dt

28



!mple 3 — Solution

cont’d

The auxiliary equation is r? + 40r + 625 = 0 with roots

—40 + /=900
r= . — =20 = 15

so the solution of the complementary equation is
Q.(t) = e2%(c, cos 15t + ¢, sin 15t)

For the method of undetermined coefficients we try the
particular solution

Qp(t) = A cos 10t + B sin 10t

29



!mple 3 — Solution

cont’d

Then
0,(r) =—=10A sin 10t + 10B cos 10t

Q) (1) = =100A cos 10t — 100B sin 10t

Substituting into Equation 8, we have

(—100A cos 10t — 100B sin 10t) + 40(—10A sin 10t
+10B cos 10t) + 625(A cos 10t + B sin 10t) = 100 cos 10t

or

(525A + 400B) cos 10t + (—400A + 525B) sin 10t
=100 cos 10t

30



!mple 3 — Solution

cont’d

Equating coefficients, we have

525A +400B =100 21A +16B =4
or
—400A + 525B =0 —-16A +21B =0

31



qmple 3 — Solution

cont’d

The solution of this system isA = > andB = &7, so a
particular solution is

Q,(t) = 47 (84 cos 10t + 64 sin 10t)
and the general solution is
Q(t) = Q(t) + Q1)

= e=2%(c, cos 15t + ¢, sin 15t) + 57 (21 cos 10t + 16 sin 10t)

32



!mple 3 — Solution o

Imposing the initial condition Q(0) = 0, we get

34
Q(O):Cf"@_o C1=" 607

To impose the other initial condition, we first differentiate to
find the current:

| = CZ—Q = e2%[(-20c, + 15c¢,) cos 15t
' 4 (~15¢c, —20c,) sin 15t]

697 (—21 sin 10t + 16 cos 10t)

1(0) =—20c; + 15¢C, + ¢ =0 Cy =~ 2001

33



qmple 3 — Solution

cont’d

Thus the formula for the charge is

=20t

4 e , ,
Qr) = o7 [ 3 (—63cos 15t — 116sin15¢) + (21 cos 107 + 16 sin 1()t)]

and the expression for the current is

|

1(t) =2001 [€7291(=1920 cos 15t + 13,060 sin 15t)
+ 120(-21 sin 10t + 16 cos 10t)]

34



!:tric Circuits

Note 1:
In Example 3 the solution for Q(t) consists of two parts.
Since e2%_, 0 as t —ocand both cos 15t and sin 15t are

bounded functions,

4
Q.(t) =2001e72%(-63 cos 15t — 116 sin 15t) —+0 ast— oo

So, for large values of t,

Q(t) » Qy(t) =(,; (21 cos 10t + 16 sin 10t)

and, for this reason, Q,(t), is called the steady state
solution.

35



!:tric Circuits

Figure 8 shows how the graph of the steady state solution
compares with the graph of Q in this case.

0.2

o\
\/

+ c—+ kx=F(
dt? Cdt * (1)
d*Q dQ

+R——=+—Q=E
dt? dt CQ (2

Figure 8
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!:tric Circuits

Note 2:

Comparing Equations 5 and 7, we see that mathematically
they are identical. This suggests the analogies given in the
following chart between physical situations that, at first
glance, are very different.

Spring system

Electric circuit

x
dx/dt

displacement
velocity

mass

damping constant
spring constant
external force

D)

s>

= dQ/dt

charge

current

inductance
resistance

elastance
electromotive force

37
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!es Solutions

Many differential equations can’t be solved explicitly in
terms of finite combinations of simple familiar functions.

This Is true even for a simple-looking equation like

1 y'=2xy'+y=0

But it is important to be able to solve equations such as
Equation 1 because they arise from physical problems and,
In particular, in connection with the Schrodinger equation in
guantum mechanics.



!es Solutions

In such a case we use the method of power series; that is,
we look for a solution of the form

y=f(X) =2 C, X" =Cu+C X +Cp X2+ Cy X3+

n=0

The method is to substitute this expression into the
differential equation and determine the values of the

coefficients c,, c4, C,, . . . . This technique resembles the
method of undetermined coefficients.



!es Solutions

Before using power series to solve Equation 1, we illustrate
the method on the simpler equation y” + y = 0 in Examplel.

But it's easier to understand the power series method when
it Is applied to this simpler equation.



qmple 1

Use power series to solve the equation y” +y = 0.

Solution:
We assume there Is a solution of the form

2 y:co+c1x+czx2+c3x3+---:Eocnx”

We can differentiate power series term by term, so

y' = ¢, +2C,X +3C;x2+ = 2 nc, x" 1

n=1



!mple 1 — Solution o

3 y”:2c:2+2-3c:3x+---:zn(n—l)cnx”—2

In order to compare the expressions for y and y” more
easily, we rewrite y” as follows:

1y = S(+2)(n+1)c,, X"

n=0

Substituting the expressions in Equations 2 and 4 into the
differential equation, we obtain

>(+2)(n+1c,,.,x"+ 2 cx"=0

n=0 n=0



qmple 1 — Solution

cont’d

or

; S [(n+ 2)(n + 1)c, . , + C,Jx"= 0

n=0

If two power series are equal, then the corresponding
coefficients must be equal. Therefore the coefficients of x"
In Equation 5 must be O:

(n+2)(n+ :I-)Cn+2+cn:O

Cn
6 Cﬂ+2__(n+1)(n+2) n=0,1,2,3,...




qmple 1 — Solution .

Equation 6 is called a recursion relation. If c,and c, are
known, this equation allows us to determine the remaining

coefficients recursively by puttingn =0, 1, 2, 3, ...1In
succession.
Co
—_N- Cr — —
Putn =0: 2 1.2
C1
=1: cCy3 — —
Putn=1: 3 W
Put n = 2: = ——2 0 0



qmple 1 — Solution

cont’d

Putn=3 < <l <l
i 4.5 2-3-4-5 5

Put n = 4: SO . R
56 415+ 6 6!

Cs Cq C1

Putn=>5: 7 6.7 5167 oy

10



qmple 1 — Solution

cont’d

By now we see the pattern:

Co
For th n fficients, c,, = (-1)"
or the even coeffici , Con = (1) 2n).
For the odd coefficient 1y ——
or the odd coefficients, c,.,, = (—
2n1 = (-1) 2n + 1)!

Putting these values back into Equation 2, we write the
solution as

Y=CptCiX+CoX2+CyX3+CyXt+ X+

11



qmple 1 — Solution

cont’d
1 r + x a + + (—1)" x +
R I o
’ 21 41 6! (2n)!
x’% xS 7 x2n+l
+ — — —— 4+ -+ (1)
C‘(x T L W TY )
0 x2n o0 x2il+l
— —1 n + —1 n
C“,ZO( ) en) ,EO( ) 2n + 1)!

Notice that there are two arbitrary constants, c, and c;.

12



!es Solutions

Note 1:
We recognize the series obtained in Example 1 as being

the Maclaurin series for cos x and sin X. Therefore we
could write the solution as

y(X) = c,C0S X + €, SIn X

But we are not usually able to express power series
solutions of differential equations in terms of known

functions.

13



!mple 2

Solve y”" —2xy"' +y =0.

Solution:

We assume there is a solution of the form
y =D CX

Then -
y' = i nc, x" -1

And "

o0

y"= > n(n—=1)c, x"=2 = > (n+2)(n + 1)c,, X"

n=2 n=0

as in Example 1.

14



qmple 2 — Solution

cont’d

Substituting in the differential equation, we get

E (n + 2)(!’] + :I-)Cn+2Xn — 2X 2 nCan_1+ E Can =0

n=0 n=1 n=>0

2 (N+2)(n+1)c,, X" — 2 2ncx" + 2 ¢ x"=0

n=0 n=1 n=0

i [(n+2)(n+1)c,,,—(2n—1)c Jx"=0

n=0

15



qmple 2 — Solution

cont’d

This equation is true if the coefficient of x" is O:
(n+2)(n+1)c,.,—(2n—-1)c, =0

2n — 1
Cn
(n+ 1)(n + 2)

7 Chn+2 —

n=0,1,2,3,...

We solve this recursion relation by puttingn =0, 1, 2, 3, . ..
successively in Equation 7:

Putn =0: Cr =

16



qmple 2 — Solution

cont’d

Putn=1:
Putn = 2:
Put n = 3:
Put n = 4:

o

C3 2.3(31

_ 3 B 3 _ 3

R N T
5 15 15

STy 59 T 3459 T “
7 3.7 3.7

Ce — Cq — — — —

" 5.6 415 -6 61

17



cont’d

qmple 2 — Solution

o 9  1+5:9  1-:5:9
Putn=5. o= =F o a=—— ¢
s 1 3-7-11
Put n = 6: C3 7. g Co 21 Co
Ut = 7 13 1:5:9-13
utn=r. C9 8°9C7 o1 C1

18



qmple 2 — Solution

cont’d

In general, the even coefficients are given by

3711+ -« (4n—5)
(2n)!

Co

and the odd coefficients are given by

159« -+« (4n — 3)
2n + 1)!

Con+1 — C1

The solution Is

— 2 3 4
Y= Cu+tC X+Cy X2+ Cy X3+, x4+
19



qmple 2 — Solution

cont’d
| 3 3.7 3711
260(1——)62——)64— yo — XS—"')
2! 4! 6! 3!
1 15 1-5-9 1-5-9-1
+ C1(x + —x° 5| x> + 7 x’ o1 5 x° )
or
1 o 37 (4n — 5)
8 — 1__2_ 2n
, ( Y T AT )

20



!es Solutions

Note 2.

In Example 2 we had to assume that the differential
equation had a series solution. But now we could verify
directly that the function given by Equation 8 is indeed a

solution.

Note 3.
Unlike the situation of Example 1, the power series that
arise in the solution of Example 2 do not define elementary

functions.

21



!es Solutions

The functions

3.7. e o n .(4n_5)
3 “~ (2n)! *

2n

and
159« -+ (4n — 3)
n=1 (27”["‘1)'

x2n+1

are perfectly good functions but they can’'t be expressed in
terms of familiar functions.

We can use these power series expressions for y, and y, to
compute approximate values of the functions and even to
graph them.

22



!es Solutions

Figure 1 shows the first few partial sums T,, T,, T,, . ..

(Taylor polynomials) for y,(x), and we see how they
converge to y;.

Figure 1

23



!es Solutions

In this way we can graph both y, and y, in Figure 2.

J
25 2.5

=13

Figure 2

Note 4.
If we were asked to solve the initial-value problem

y'—2xy'+y=0 y(0)=1 y'(0)=1

24



!es Solutions

we would observe from this Theorem that

Co=Yy(0)=0 ¢, =y'(0)=1

This would simplify the calculations in Example 2, since all
of the even coefficients would be 0.

25



!es Solutions

The solution to the initial-value problem is

‘791.5.9.....(4”_3)
X
n=1 (2714‘1)'

2n+1

26



