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Indefinite integration

In calculus, the inverse of differentiation is called integration
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Indefinite integration

In calculus, the inverse of differentiation is called integration
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Indefinite integration

In calculus, the inverse of differentiation is called integration
If F'(x) = f(x) then F(x) is said to be the integral (sometimes called the anti-derivative or

primitive) of f(x)
F(z) = /f(x) dx read "integral of f of x dee 2"

If F'(z) = f(x), then

/f(x) dx = F(x)+C

C is called the constant of integration.

Example.

/(4a:3 —z%)dx
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Indefinite integration

In calculus, the inverse of differentiation is called integration
If F'(x) = f(x) then F(x) is said to be the integral (sometimes called the anti-derivative or

primitive) of f(x)
F(z) = /f(x) dx read "integral of f of x dee 2"

If F'(z) = f(x), then

/f(x) dx = F(x)+C

C is called the constant of integration.
Example.

1
/(4a:3 —2%)dx = 2t — §x3 +C.
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Indefinite integration

In calculus, the inverse of differentiation is called integration
If F'(x) = f(x) then F(x) is said to be the integral (sometimes called the anti-derivative or

primitive) of f(x)
F(z) = /f(x) dx read "integral of f of x dee 2"

If F'(z) = f(x), then

/f(x) dx = F(x)+C

C is called the constant of integration.

Example.

1
/(4a:3 —2%)dx = 2t — §x3 +C.

Initial conditions.
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Indefinite integration

Simple power function and exponential functions

1 1 1
/;L‘"dx =— " 1, /d:L‘ =In|z|+ C, /emwdaj = —e™ 4+ C.
n+1 z m
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Indefinite integration

Simple power function and exponential functions

1 1 1
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n+1 z m

Example 1. Find
1
a) /3da;, b) /%dm, c) /exda:.
x
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Indefinite integration

Simple power function and exponential functions

1 1 1
/;L‘”dx =— " 1, /d:L‘ =In|z|+ C, /emwdaj = —e™ 4+ C.
n+1 z m

Example 1. Find
1
a) /3da;, b) /%dm, c) /exda:.
x

Rules of integration. Linearity
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Indefinite integration

Simple power function and exponential functions

1 1 1
/;L‘”dx =— " 1, /d:L‘ =In|z|+ C, /emwdaj = —e™ 4+ C.
n+1 z m

Example 1. Find
1
a) /3da;, b) /%dm, c) /exda:.
x

Rules of integration. Linearity

/[af(:v) + bg(e)] do = a/f(m) d:v+b/g(x) do

Example 2. Evaluate

a) / (; - 2e3x) dz, b) /(m + 1)y zvadz.
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Indefinite integration

Applications of indefinite integration in economics
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Indefinite integration

Applications of indefinite integration in economics
Example.

a) A firm's marginal cost function is M C = 2. Find an expression for the total cost function
if the fixed costs are 500. Hence find the total cost of producing 40 goods.

b) The marginal revenue function of a monopolistic producer is
MR =100 — 6Q.

Find the total revenue function and deduce the corresponding demand equation.

c) Find an expression for the savings function if the marginal propensity to save is given by
MPS =04—0.1Y /2
and savings are zero when income is 100.
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© Area and definite integrals
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Area under a curve
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Area under a curve
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Area under a curve

¥ y
(L 1) (L1 (1,1
M.
y=x y=x*
0 o1 31 0 i 1 3 EE
2 1 i 2 4 I 2 I
y ¥ .
n=10 Ry=0.385 A=30 Ry =0.3502 A
0 0

Phan Xuan Thanh (HUST)

11/38



Area under a curve

-
=

11

(11

(L 1)

=
=l

¥y ¥
n=10 R,=0.385 7

FN
NI—
Bl

n=30 Ry=~0.3502

|

n=50 Ry =0.3434

Phan Xuan Thanh (HUST)




Area under a curve
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Area under a curve and Riemann sums

Let f(z) be a function which is defined on a closed interval [a, ]
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Area under a curve and Riemann sums

Let f(z) be a function which is defined on a closed interval [a, ]

y=Ffx)
X=a
mx:b
0 a b x

S={(x,y)‘aéxsb,()Sysf(x)}
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Area under a curve and Riemann sums

Let f(z) be a function which is defined on a closed interval [a, ]

= X3 B Xy
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Riemann sums

The theory of limits of finite approximations was made precise by the German mathematician
Bernhard Riemann (1826-1866).
We introduce the notion of a Riemann sum, which underlies the theory of the definite integrals.
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Riemann sums

The theory of limits of finite approximations was made precise by the German mathematician

Bernhard Riemann (1826-1866).
We introduce the notion of a Riemann sum, which underlies the theory of the definite integrals.
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Riemann sums

The theory of limits of finite approximations was made precise by the German mathematician
Bernhard Riemann (1826-1866).
We introduce the notion of a Riemann sum, which underlies the theory of the definite integrals.

Let f(z) be a bounded function defined on a closed interval [a, b].
e subdivide the interval [a, b] into subintervals by a partition P:a =xp < z1 < ... <z, =0b

o Let Ax; = x; — x;—1 and A = max Az;.
1=1n
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Riemann sums

The theory of limits of finite approximations was made precise by the German mathematician

Bernhard Riemann (1826-1866).
We introduce the notion of a Riemann sum, which underlies the theory of the definite integrals.

Let f(z) be a bounded function defined on a closed interval [a, b].
e subdivide the interval [a, b] into subintervals by a partition P:a =xp < z1 < ... <z, =0b

o Let Ax; = x; — x;—1 and A = max Az;.
1=1n

e Choose z} € [z;—1,;], then define a sum (Riemann sum)

n

Sy = g flx)Ax; véi Ax; = x; — xi—q.
i=1
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Riemann sums

Let f(z) be a bounded function defined on a closed interval [a, b].
e subdivide the interval [a, b] into subintervals by a partition P:a =29 < z1 < ... <z, =0b

o Let Az; = x; — x;—1 and A = max Ax;.
i=1,n

e Choose =} € [z;_1,x;], then define a sum (Riemann sum)
n

S, = Z f(z7)Ax; where Az; = x; — z_1.
i=1

Definition
Let f(x) be a bounded function defined on a closed interval |[a,b]. The definite integral of f

n

over [a, b] is the limit of the Riemann sums ), f(z})Axz; as n — +o0o, A — 0 and the limit
i=1

exists for every partition of [a,b] and for any choice of x} in [x;_1,x;].
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Definite integrals

The function is the integrand.
Upper limit of integration

X is the variable of integration.

Tl
Integral sig
ntegral sign \ b /
flx) dx
a When you find the value

Lower limit of integration F il of the integral, you have
y — evaluated the integral.

Integral of f froma to b

When the definition is satisfied, we say the Riemann sums of f on [a,b] converge to the
definite integral f:f(:r)dx and that f is integrable over [a, b].
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Definite integrals

Remark

b
e Ifb < a then we define [ f(z)dx := — [ f(x)dz.

b
e Ifb = a then we define [ f(x)dz = 0.
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Definite integrals

Remark

b
e Ifb < a then we define [ f(z)dz := — [ f(x)dx.

b
e Ifb = a then we define [ f(x)dz = 0.

Existence of the integral

Theorem
If f is continuous on [a,b], then f is integrable on [a,b]. J
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Definite integrals

Remark

b
e Ifb < a then we define [ f(z)dz := — [ f(x)dx.

b
e Ifb = a then we define [ f(x)dz = 0.

Existence of the integral

Theorem
If f is continuous on [a,b], then f is integrable on [a,b]. J
Theorem
If f(x) is bounded on [a,b] and is increasing/decreasing on [a,b], then f is integrable on |a, b]J
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Properties of definite integrals

e Linearity

/ab[ozf(x) + Bg(x)]dx = a/abf(x)dx - B/Gbg(x)da;
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Properties of definite integrals

e Linearity

/ab[ozf(x) + Bg(x)]dx = a/abf(x)dx - B/Gbg(x)da;

o Additivity
Suppose that all of the following definite integrals exist

/acf(:c)dx _ /abf(x)dzv—i—/bcf(x)dx
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Properties of definite integrals

e Linearity

/ab[ozf(x) + Bg(x)]dx = a/abf(x)dx - B/Gbg(x)da;

o Additivity
Suppose that all of the following definite integrals exist

/acf(:n)d;z: _ /abf(x)dzv—i—/bcf(x)dx

f J(x) dx
b

Phan Xuan Thanh (HUST) May 2026 19/38




Properties of definite integrals

Mean value theorem
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Properties of definite integrals

Mean value theorem
If f(z) is continuous on [a,b] then there exists ¢ € [a, b] such that

b
/ f(@)dz = F(e)(b — a).
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Properties of definite integrals

Mean value theorem

If f(z) is continuous on [a,b] then there exists ¢ € [a, b] such that

b
/ f(@)dz = F(e)(b — a).

The number f(c) is called its mean value on [a, b].
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Properties of definite integrals

Mean value theorem
If f(z) is continuous on [a,b] then there exists ¢ € [a, b] such that

b
/ f(@)dz = F(e)(b — a).

The number f(c) is called its mean value on [a, b].

0| «
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Definite integrals

Definition

If f is a continuous function over [a, b], then its average value on [a,b], also called its mean

value, is

av(f) =

1
b—a

/a b f(z)dz.
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The Fundamental Theorem of Calculus

Theorem (The Fundamental Theorem of Calculus part 1)

If f(z) is continuous on [a,b] then F(x) = [ f(t)dt is continuous on [a,b] and differentiable on
a
(a,b) and its derivative is f(x): F'(x) = f(x).

Phan Xuan Thanh (HUST)

May 2026 22/38



The Fundamental Theorem of Calculus

Theorem (The Fundamental Theorem of Calculus part 1)

If f(z) is continuous on [a,b] then F(x) = [ f(t)dt is continuous on [a,b] and differentiable on
a
(a,b) and its derivative is f(x): F'(x) = f(x).

area = F(x)

of
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The Fundamental Theorem of Calculus

Theorem (The Fundamental Theorem of Calculus part 1)

If f(z) is continuous on [a,b] then F(x) = [ f(t)dt is continuous on [a,b] and differentiable on
a
(a,b) and its derivative is f(x): F'(x) = f(x).

area = F(x)

y

ol a x b !
xX
If f is continuous on [a, b] then the function F'(x) = [ f(t)dt is an anti-derivative of f.
a
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The Fundamental Theorem of Calculus

Theorem (The Fundamental Theorem of Calculus part 2)

If f is continuous at every point of [a,b] and F' is any anti-derivative of f on [a,b], then

b
/ f(z)dz = F(b) — F(a) (Newton-Leibniz formula).
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The Fundamental Theorem of Calculus

Theorem (The Fundamental Theorem of Calculus part 2)

If f is continuous at every point of [a,b] and F' is any anti-derivative of f on [a,b], then

b
/ f(z)dz = F(b) — F(a) (Newton-Leibniz formula).

Example 1. Evaluate fOW/Q cos? xdx, ff (2 —dx — %) dx.

Example 2. (Physical Science: Distance). Suppose a particle's acceleration, in m/sec?, is
a(t) = 12t% — 6, with initial velocity v(0) = 5m/sec, and initial position (or distance)
s(0) = 10m.

) Find s(t).

a
b) Find the particle’s position (distance from the initial position) after 2 sec.

Phan Xuan Thanh (HUST) May 2026 23/38



Area under a curve as a definite integral

Definition

If y = f(x) is nonnegative and integrable over a closed integral [a,b], then the area under the
curve y = f(x) over [a,b] is the integral of f from a to b,

A= /ab f(z)dx.
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Area under a curve as a definite integral

Definition

If y = f(x) is nonnegative and integrable over a closed integral [a,b], then the area under the
curve y = f(x) over [a,b] is the integral of f from a to b,

A= /ab f(z)dx.

Example. Compute the integral f02 V4 — 2?dz.
Areas between curves.
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Definite integrals

Example. The temperature, in degrees Fahrenheit, in Minneapolis on a winter's day can be
modeled by the function T'(z) = —0.01223 + 0.382% — 1.992 — 10.1, where x is the number of
hours from midnight (0 < = < 24). Find the average temperature in Minneapolis during this
24-hour period.
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Definite integrals

Exercise 1. (Total and average daily profit) Shylls, Inc., determines that its marginal revenue
per day is given by R/(t) = 100e!, R(0) = 0, where R(t) is the total accumulated revenue, in
dollars, on the tth day. The company’s marginal cost per day is given by C’(t) = 100 — 0.2¢,
C(0) = 0, where C(t) is the total accumulated cost, in dollars, on the tth day.

a) Find the total profit from ¢ = 0 to ¢t = 10 (the first 10 days). Note:

T
P(T) = R(T) — O(T) = /0 (R (1) — C'(#)]dt.

b) Find the average daily profit for the first 10 days (from ¢ = 0 to ¢ = 10).
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Definite integrals

Exercise 2. (Total and average daily profit) Great Green, Inc., determines that its marginal
revenue per day is given by R/(t) = 75e! — 2t, R(0) = 0, where R(t) is the total accumulated
revenue, in dollars, on the tth day. The company's marginal cost per day is given by

C'(t) = 75—3t, C(0) = 0, where C(t) is the total accumulated cost, in dollars, on the tth day.
a) Find the total profit from ¢t = 0 to ¢ = 10 (the first 10 days).

b) Find the average daily profit for the first 10 days (from ¢t = 0 to ¢ = 10).
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Definite integrals

Exercise 2. (Total and average daily profit) Great Green, Inc., determines that its marginal
revenue per day is given by R/(t) = 75e! — 2t, R(0) = 0, where R(t) is the total accumulated
revenue, in dollars, on the tth day. The company's marginal cost per day is given by

C'(t) = 75—3t, C(0) = 0, where C(t) is the total accumulated cost, in dollars, on the tth day.
a) Find the total profit from ¢t = 0 to ¢ = 10 (the first 10 days).

b) Find the average daily profit for the first 10 days (from ¢t = 0 to ¢ = 10).

Exercises 53, 54, 56, page 430; 66 page 431.
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© Techniques of integration
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The Substitition Rule

The power rule in integral form. If w is any differentiable function, then

" unJrl
/u du:n+1+C’ (n# —1).
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The Substitition Rule

The power rule in integral form. If w is any differentiable function, then

" unJrl
/u du:n+1+C’ (n# —1).

Moreover

1
/e“du:e“—i—C /du:ln|u|+C.
u
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The Substitition Rule

The power rule in integral form. If w is any differentiable function, then

unJrl
"du = —1).
/udu n+1+0 (n # —1)
Moreover

1
/e“du:e“—i—C /du:ln|u|+C.
u

Theorem (The Substitution Rule)

If w = g(x) is a differentiable function whose range is an interval I and f is continuous on I,
then

/ f(9(x))d (z)dx = / f(u)du.
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The Substitition Rule

The power rule in integral form. If w is any differentiable function, then

unJrl
/u”du:n+1+0 (n# —1).
Moreover )
/e“du:e“—f—C /udu:ln|u|—|—C.

Theorem (The Substitution Rule)

If w = g(x) is a differentiable function whose range is an interval I and f is continuous on I,
then

[ atang @iz = [ s
T,

Example. Find [ x(z —1)%dz, [ty/2t—1dt, [
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The Substitition Rule

Theorem (The Substitution Rule)

If u= g(z) is a differentiable function whose range is an interval I and f is continuous on I,

then

/ f(g(@)g (@)dz = / f(u)du.

T 1 2—x
Exercise. Evaluate [3z°Vz3 + 1dz, [ dz, [ dz, [/ dx.
2+ 2 e +1 T
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The Substitition Rule

Theorem (The Substitution Rule)

If u= g(z) is a differentiable function whose range is an interval I and f is continuous on I,
then

/ f(g(@)g (@)dz = / f(u)du.

1 9 —
Exercise. Evaluate [ 32°Va® + 1dz, [ \3/332L+zdw, J et ] \/7 da.
Exercises. 87, 88, 89, 90 page 438, 439.
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Integration by parts

Integration by parts is a technique for simplifying integrals of the form

[ f@yg(wyia.
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Integration by parts

Integration by parts is a technique for simplifying integrals of the form

[ f@yg(wyia.

/udv:uv—/vdu.

Integration by parts formula
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Integration by parts

Integration by parts is a technique for simplifying integrals of the form

[ f@yg(wyia.

/udv:uv—/vdu.

Example. Evaluate [z Inzdz, [(x + 1)e**dz, [z%edx, feﬁda;.

Integration by parts formula
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Integration by parts

Integration by parts is a technique for simplifying integrals of the form

[ f@yg(wyia.

/udv:uv—/vdu.

Example. Evaluate [z Inzdz, [(x + 1)e**dz, [z%edx, feﬁda;.

Integration by parts formula

Exercises. 39, 40, 42 page 445-446.

Tables of integration formulas (page 447-448)
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Integration by parts

Integration by parts is a technique for simplifying integrals of the form

[ f@yg(wyia.

/udv:uv—/vdu.

Example. Evaluate [z Inzdz, [(x + 1)e**dz, [z%edx, feﬁda;.

Integration by parts formula

Exercises. 39, 40, 42 page 445-446.

Tables of integration formulas (page 447-448)

3lnx

i = dz, [ 22+ Txdz, [e*\/1+ erdz,

Exercises. Evaluate [

[ 23V4 + 22da.
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@ Applications of definite integrals
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An Economics Application: Consumer Surplus

Definition

Suppose that p = D(z) describes the demand function for a commodity. Then the consumer
surplus is defined for the point (Q, P) as

Q
CS = / D(z)dx — PQ.
0
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An Economics Application: Consumer Surplus

Definition

Suppose that p = D(z) describes the demand function for a commodity. Then the consumer
surplus is defined for the point (Q, P) as

Q
CS = / D(z)dx — PQ.
0

Price
¢ Consumer
surplus
Total expenditure
P
D(x)
0 [0) Units
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An Economics Application: Consumer Surplus

The total money spent on @) goods (at the price P) is PQ. The shaded area represents the
benefit to the consumer of paying the fixed price of P.

Price

Consumer
surplus

Total expenditure

D(x)

Phan Xuan Thanh (HUST)
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An Economics Application: Consumer Surplus

The total money spent on @) goods (at the price P) is PQ. The shaded area represents the
benefit to the consumer of paying the fixed price of P.

Price
¢ Consumer
surplus
Total expenditure
P
D(x)
0 0 Units

Example. Find the consumer surplus for the demand function given by D(x) = 22 — 6z + 16
when z = 1.
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Producer Surplus

Definition

Suppose that p = S(x) is the supply function for a commodity. Then the producer surplus is
defined for the point (Q, P) as

Q
PS = PQ —/ S(z)dx.
0
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Producer Surplus

Definition

Suppose that p = S(x) is the supply function for a commodity. Then the producer surplus is
defined for the point (Q, P) as

Q
PS = PQ —/ S(z)dx.
0

Price

Producer

surplus

/ S(x)
P
0 0] Units
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Producer Surplus

Total money received on selling Q goods (at the price P) is PQ. The shaded area therefore
represents the benefit to the producer of selling at the fixed price of P.

HHES Producer
surplus
/ S(x)
P
0 [0) Units
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Producer Surplus

Total money received on selling Q goods (at the price P) is PQ. The shaded area therefore
represents the benefit to the producer of selling at the fixed price of P.

Price

Producer
surplus
/ S(x)
P
0 [0) Units

Example. Find the producer surplus for the supply function given by S(z) = %:1:2 + %m +4
when z = 1.

Phan Xuan Thanh (HUST) May 2026 36/38



Consumer Surplus and Producer Surplus

The equilibrium point (2, pg) in the following figure is the point at which the supply and

demand curves intersect. It is the point at which sellers and buyers come together and
purchases and sales actually occur.

Phan Xuan Thanh (HUST) May 2026 37/38



Consumer Surplus and Producer Surplus

The equilibrium point (2, pg) in the following figure is the point at which the supply and
demand curves intersect. It is the point at which sellers and buyers come together and
purchases and sales actually occur.

Price Consumer
« surplus
) S
(%> Pp) o
Producer
P GRS | surplus
| D(x)
¢
0 Xg Units
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Consumer Surplus and Producer Surplus

The equilibrium point (2, pg) in the following figure is the point at which the supply and
demand curves intersect. It is the point at which sellers and buyers come together and

purchases and sales actually occur.

S(x)

Producer
surplus
D(x)

Price Consumer
« surplus
(%> Pp)
jak—————

[
[

¢

0 XE

Units

The consumer surplus and the producer surplus at the equilibrium point are

zE
CS = / D(z)dx — xgpE
0

Phan Xuan Thanh (HUST)
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Consumer Surplus and Producer Surplus

The consumer surplus and the producer surplus at the equilibrium point are

TE TE
CS = / D(z)dx — xppE PS = xppg — / S(z)dx.
0 0

1800
and supply equation S T+ 1.
NS pply eq (z) =2V

Example. Given the demand equation D(z) =

Calculate

a) The equilibrium point.

b) The consumer surplus at the equilibrium point.
c) The producer surplus at the equilibrium point.
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