DISCRETE LOGIC

TROY UNIVERSITY

HANOI UNIVERSITY OF SCIENCE AND TECHNOLOGY
Instructor: TS. H6 Minh Toan

Letter Grad | Final Ex 40% | Midterm 30% |Assig |Quiz |Att | Total Marks

A

99 94 10 10 | 10 97.8
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« DAy 13 tai liéu t6i dd mang vao thi (mon nay dude mang tai liéu cd GK 1an CK), tong hop
dude gan nhu day du cdc kién thitc Toan rdi rac, tuy vay van con thiéu nhiéu kién thitc do
kién thtic diy qué dé nén t6i da tu lude bd. VA vi & cic hoc phan sau ndy, ban c6 thé can
viét bdo cdo bang LaTeX, nén t6i da convert file nay sang LaTeX, ban c¢6 thé iy ma ngudn
LaTeX cling v6i thu muc chita PDF néu c6 nhu cau tinh chinh. Feel free to edit any way
you want.

o Bét dau in ti trang 3 1& dep ©. Good luck in this course!l!



I. Logic (Logic)

Logic, hay con goi 1 4 ludgn hoc, 14 nén tang ciia toan hoc va khoa hoc méy tinh. N6 cung cap
cac quy tac dé suy ludn va chiing minh mot cach chinh xdc. Ching ta sé tap trung vao hai phan
chinh: ménh dé (propositional logic) va vi ti (predicate logic).

« Ménh dé (Proposition):

o La mét cau khang dinh c6 thé ding (True - T) hodc sai (False - F), nhung khéng thé
vita ding vira sai.

o Vidu:
B “Ha Noi la tha d6 cia Viét Nam.” (Duing)
B <2+ 2=5" (Sai)
B “Hom nay trdi dep khong?” (Khong phai ménh dé - cau hoi)
B “Hay ngoi xudéng!” (Khong phai ménh deé - cAu ménh lénh)
o Céc toan tit logic (Logical Operators):
o Diing dé két hop cdc ménh dé don gian thanh ménh dé phiic tap.
o Céc todn tit co ban:

B Phu dinh (Negation - — hoac ~): “Khong p” (—p). Ddo ngugc gia tri chan ly cia
ménh dé.

e Vidu p: “Troi dang muwa.” —p: “Troi khong mua.”
B Va (Conjunction - A): “p va q” (p A q). Chi ding khi cd p va q déu ding.
e Vidu: p: “Troi dang mua.” q: “T6i ¢6 6.7 p A q: “Troi dang mua va t6i c6 6.”
B Hoic (Disjunction - V): “p hodc q” (p V q). Chi sai khi cd p va q déu sai.
e Vidu: p: “T6i sé di xem phim.” q: “T6i sé di an t6i.” p V q: “T6i sé di xem phim
hoac toi sé di &n t6i.”
B Kéo theo (Implication - —): “Néu p thi q” (p — q). Chi sai khi p ding va q sai.
(p 1a diéu kién di, q 1a dieu kién can).
e Vidu: p: “Trdi mua.” q: “Puong uét.” p — q: “Néu troi mua thi dudng wét.”
B Tuong duong (Equivalence - «+): “p khi va chi khi q” (p <> q). Ping khi p va q
c6 cung gid tri chan l1y.
e Vidu: p: “Tam gidgc ABC 1a tam gidc déu” q: “Tam gidc ABC c6 ba canh bing

nhau” p <> q: “Tam gidc ABC la tam gidc déu khi va chi khi tam gidc ABC c6
ba canh bing nhau.’
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Bang chan tri (Truth Table):

o Liét ké tat c& céc trudng hop cb thé xay ra clia céc bién ménh dé va gié tri chan 1y ctia ménh
dé phtic tap tuong tng.

o Vi du (Bang chén tri cho céc todn tit co ban):

p q -p PAq Vg pP—4q P q
T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T

Let p and g be propositions. The exclusive or of p and ¢, denoted by p @ ¢ (or p XOR g), is
the proposition that is true when exactly one of p and ¢ is true and is false otherwise.

o Logic vi tir (Predicate Logic):

o M3 rong clia logic ménh dé, cho phép biéu dién cédc ménh dé lién quan dén bién va tdp
hop.

o Vi tir (Predicate): Mot ménh dé chita bién, trd thanh ménh dé khi bién duge gn gid
tri cu thé.

B Vidu: P(x): “x 14 sd nguyén t4.”
o P(2): “21a s6 nguyén t6.” (Dting)
o P(4): “41a s6 nguyén t6.” (Sai)
o Lugng tit (Quantifiers):
B V&i moi (Universal Quantifier - V): “V6i moi x, P(x) dung.”

e Vidu: Vx (x € Sb thuc, x? > 0): “V&i moi s6 thuc x, binh phuong ctia x luén 16n
hon hoiic bang 0.7

B Ton tai (Existential Quantifier - 3): “Ton tai x sao cho P(x) ding.”

e Vidu: 3Ix (x € S6 nguyén, x2 = 9): “Ton tai s nguyén x sao cho binh phuong
ctia x bang 9”7 (Piing, vi x = 3 hoiic x = -3)

o Nguy bién logic (logical fallacies): Céc lap luan sai, nhung c¢6 vé dung.



I1. Propositional Equivalences (Cac tuong duong ménh dé)

« Hai ménh dé phtic tap dudc goi 1 twong duong logic néu chiing cé ciing gid tri chan 1y trong

moi truong hgp. Ky hiéu: =

e Vidu:

o a(pAgq)=-pV g (Luat De Morgan)

op—=>q=-pVyg

o pV(gAT)=(pVq) A (pVr) (Luat phan phdi)
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TAELE 6 Logical Equivalences.

Egquivalence Name

pAT=p Identity laws
pvF=p

pvT=T Domination laws
pAF=F

pVp=Ep Idempotent laws
PAP=P

() =p Double negation law
pvg=Egvp Commutative laws
PAG=qgAp

(PVv@vr=pvigvr)
pPAGAF=pA(gAT)

Associative laws

pPV@ARN=(PEVg AlpVr)
pA@VI)I=(PAQVI(pAT)

Distributive laws

“(pAg)=-pV g
“(pvg)=-pAg

De Morgan's laws

pVpAg =p Absorption laws
PAPVg=p

pv—p=T Negation laws
pAa-p=F
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TABLE 7 Laogical Equivalences TABLE 8 Logical
Involving Conditional Equivalences Involving
Statements. Biconditional Statements.
P—=qg="pVyg peqg=P—=q9Ag—p)
!}—)qE—lq—)-—lp p(—quﬁ]J-(—)ﬁq
PVG=E"p—4q Poqg=@PAQV(pATgG)
PAG=(p—gq) peg=Epe g

po@=pAg

@P—=DAP—=r=p—(gAr)
p—=nNA@@=nN=pvyg —r
Pp-9vp—-r=p->I(@Vvr)
p—=nNVv@—=n=pArg—r

o Converse (ddo) cia p — q la q — p.

o Contrapositive (phan déo) cia p — q la =-q — —p. Contrapositive ¢6 cung gid tri chin ly
v6i conditional statement ban dau.

o Inverse (phu dinh) cia p — q la =p — —q.

Because conditional statements play such an essential role in mathematical reasoning, a va-
riety of terminology is used to express p — ¢. You will encounter most if not all of the following
ways to express this conditional statement:

“if p, then ¢” “p implies g~

“if p, q” “p only if g”

“p is sufficient for g~ “a sufficient condition for ¢ is p”
“gif p” “g whenever p”

“qg when p” “q is necessary for p”

“a necessary condition for p is ¢” “q follows from p”

“g unless —p” “g provided that p”

BUT == AND

Note that in logic the word “but” sometimes is used instead of “and” in a conjunction. For
example, the statement “The sun is shining, but it is raining” is another way of saying “The
sun is shining and it is raining.” (In natural language, there is a subtle difference in meaning
between “and” and “but”; we will not be concerned with this nuance here.)



Only if

For example, suppose your professor tells you
“You can receive an A in the course only if your score on the final is at least 90%.”

Then, if you receive an A in the course, then you know that your score on the final is at
least 90%. If you do not receive an A, you may or may not have scored at least 90% on the
final. Be careful not to use “q only if p” to express p — g because this is incorrect. The word
“only” plays an essential role here. To see this, note that the truth values of “q only if p” and
p — q are different when p and g have different truth values. To see why “g is necessary for p”

~

Domain Range

e
Lt B t)f]_:'_}

/.
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°

.

Negation of Quantifiers

Negation of Quantifiers

* Distributing a negation operator across a
quantifier changes a universal to an existential
and vice versa.

~Vx P(x) < dx ~P(x)
~dx P(x) < Vx ~P(x)
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V&i moi thi dung kéo theo, tén tai thi dung and

Precedence of Logical Operators

Precedence of Logical Operators

» Parentheses gets the highest precedence

* Then:

Operator

Precedence

-

A

<

\)

| | | o

Rules of Inference

Premise entails sth

Some Rules of Inference

P

pP—>q pAr(p—=>9]—q Modus ponens
___________________ mode that affirms
. q

—q

p—>q [-qAr(P—>q@]—>—p Modus tollens
___________________ mode that denies

- p

p—q

q—or [(p=Ar(go0]—=>(p—0) Hypothetical
"""""""""" syllogism

p—or

Pvq

—p [(PpvgA—=p]l—q Disjunctive
___________________ syllogism
Lq




Some Rules of Inference

p
"""""""""" pP—=>pvq Addition
S pvq

pAq
"""""""""" PAq—p Simplitication
L p

p

q (pA@l—=(P@Aaq Conjunction

pAq

pvq

—pvr [(pv@A(=pvr)]—>(qvr) Resolution
Taer

Rules of Inference for Quantified Statements

Rules of Inference for Quantified Statements

TABLE 2 Rules of Inference for Quantified Statements.

Rule of Inference Name

Vx P(x)
. P(c)

Universal instantiation

P(c) for an arbitrary ¢
e YXEP(X)

Universal generalization

FxlPx)
". P(c) for some element ¢

Existential instantiation

P(c) for some element ¢
o PLx)

Existential generalization
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Fallacy

Fallacy of Denying the Hypothesis

P—q ((p > q)A=p)—> —q
—p

This argument is fallacious.

((p = g) A —p) > —q is not a tautology and
therefore not a rule of inference.

Fallacy of Affirming the Consequent

p—q (p>q9)ng)—>p
q

S p

» This argument is fallacious. (p > g) Aq) > p
1s not a tautology and therefore not a rule of
inference.

10




Prove sth:

Definitions

» A theorem is a valid logical assertion which can
be proved using

— Axioms: statements which are given to be true

— Rules of inference: logical rules allowing the
deduction of conclusions from premises

* A lemma is a ‘pre-theorem’ or a result which is
needed to prove a theorem.

* A corollary is a ‘post-theorem’ or a result which
follows directly from a theorem.

Cac phuong phap chitng minh trong logic toan hoc

¢ Chirng minh hién nhién (Trivial proof): Chiing minh ménh dé p — q la ding dua trén viéc g luén
dang, bat ké p cé dung hay khong.
Chirng minh chan khong (Vacuous proof): Chirtng minh ménh dé p — g la ding dua trén viéc p
luén sai. Trong trudng hdp nay, ménh dé diéu kién luén ding theo dinh nghia logic.
Chirng minh ton tai (Existence proof): Chirng minh mét ménh dé c6 dang Jdz P(:z:) la ding. Co
hai cach:
e Ton tai xay dung (Constructive existence proof): Chi ra mot phan tf cu thé ¢ sao cho P(c)

ding.

Ton tai khéng xdy dung (Non-constructive existence proof): Chiing minh ring 3z P(z) la

ding ma khéng can chi ra cu thé phan ti z, thudng thong qua phudng phap phan chiing.
Chirng minh duy nhat (Uniqueness proof): Chiing minh rang ton tai duy nhat mot phan ti théa
man mat tinh chat nao do. Gom hai budc: chifng minh ton tai, va sau dé chifng minh tinh duy nhat

(nghia la néu co hai phan tf théa man thi ching phai bang nhau).

11
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Counterexample: 1 phuong phap kha hitu ich

Proof by Cases

Break the premise of p — ¢ into an equivalent
disjunction of the formp, vp,v ... v p,

Then use the equivalence

[(p,vP,v...vp,) = gl < [(p,=>PAp, =) A ..
ANp,—9)]

Each of the implications p,— g 1s a case.

You must

— Convince the reader that the cases are inclusive (i.e.,
they exhaust all possibilities)

— Establish all implications

12



Chitng minh phan ching (indirect proof):

1. Ta ludn di tu gid sit ménh dé dau 1a sai

2. = ra 1 cai dung

3. Ta sé tit ménh dé ding suy ra 1 cai ma phti dinh dc vs cdi ta da gid st 1a sai, contradiction

1) Véi dang p — q ta gid stt p — ¢ wrong = ménh dé nay chi wrong khi p ding va q sai, nghia
14 q sai thi ~ ¢ chic chin dung

2) Ta c6 ménh dé true méi ma ta vita establish 1a p true and ~ ¢ true, p —~ ¢ true.

3) Ta bit dau véi gid sit méi 1a ~ ¢ true then ta lam thé nao di dén 1 cdi ~ p tit d6 ta két luan
dc contradiction

“Without Loss of Generality”

* By proving one case of a theorem, other cases
follow by
— making straightforward changes to the argument,
— or by filling in some straightforward initial step.

Example

* Show that (x+y)" < x" + " whenever x and y
are positive real numbers and r is a real
number with 0 < r <].

« We say: “Without loss of generality we can
assume thatx +y=1"

* Proof: (see next slide)

13
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Common scenarios:

1. Symmetric variables:

Let's say you want to prove something about two numbers a and b, and their roles are interchangeable

(i-e, symmetric).

Example:
Prove that min(a, b) < “TH’ < max(a, b)
You can say:

WLOG, assume a < b, then prove the inequality.
Because if @ > b, you could just switch the names.

2. Sorting or ordering:
You need to prove a property about a set or list, and order doesn’t matter.

Example:

Prove that in any 3 real numbers, at least two of them are within distance d.
You can say: WLOG, assumea < b < ¢
Then prove the property based on sorted order.

3. Label symmetry:

In geometry or graph theory, labels can be renamed.

Example:

In triangle A BC, prove some property involving sides.
Say: WLOG, assume AB < AC < BC




ITI. Sets and Set Operations (Tap hgp va cac phép toan tap hop)

« Tap hop (Set): Mot nhém cac dbi tugng phan biét (khong Lip lai).
o Vidu: A ={1,2,3},B={a, b, c}
e« Cac phép toan:
o Hgp (Union - U): AUB = {x | x € A hoic x € B}
Giao (Intersection - N): ANB ={x|xe€ AvaxeB}
Hiéu (Difference - \): A\ B={x|x€ Avax¢ B}
Phan bu (Complement - A'): A' = {x | x ¢ A} (trong mot tap vii tru U nao d6)
e 4= {x|xeUnAxgd}

o

o

[¢]

The set-builder notation for the symmetric difference of two sets A and B, written as A @& B (or

A A B), is the set of elements that are in either A or B, but not in both.
Set-builder notation:

AdB={z|(rc AUB)A(z ¢ AN B)}
Or equivalently:

AeB={z|(ztc ANz ¢B)V(zeBAz ¢ A)}

Prove by set builder:

AR A e
5 KRR x | U €41

’{)C HXé UJ\( LEAY L& @\

J

(Q‘/é DAxenly (Tf ) ACER ‘

i \}eﬁ)\/&xeﬁ)>

= oA R

15
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Powerset of the empty set

The powerset of the empty set is:
P(D) = {J}
Note  P({J})={J, {T}}

Venn diagrams

* In Venn diagrams:

— A rectangle represents the universal set
(universe of discourse)

—Circles (and other geometric figures)
represents sets

—Points (or words) represent elements

Venn Diagrams

 Assistant professors at Blivet State
University who have taught MTH 2215:

U

Green

Moore

16




Cong thic tap

Membership table: giéng truth table

Set Identities
Aud=A4 Identity
AnNnU=A4
AuU=U Domination
AND=0
AuAd=4 Idempotent
AmA=4
4=4 Double Complement

Set Identities (Cont.)

AUuB=BuUAd Commutative
AnB=BnNA

Au(BuO)=(AuB)uC Associative
AN(BNC)=(AnB)NC
ANBuUCO)=ANB)UANC) Distributive
AUBNCO)=AduB)N (AU )

Au(AnNnB)=A Absorption
AmnAUB)=A

AUB=ANB De Morgan's
ANB=AUB

A c B is true if and only if the following
quantification is true:

Vx ((x € A) = (x € B))

For every set S,
DS
Sc S

17
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A 1s a proper subset of B iff:
Vx(xeA—->xeB)adx(xeBax¢gA)

1. Double Inclusion (Mutual Subset Method)
This is the most common and rigorous method:
e Prove: AC B

e Prove: BC A
If both are true, then A = B.

¥ Véi 2 tap hop A, B:
|AUB| =|A| +|B| - |AN B
Va néu ban muodn s6 phan t cua tap liy thira:

|P(A U B)| — 9lAl+|B|-|ANB

¥ Véi3tap hop A, B, C:
|JAUBUC| =|A|+|B|+|C|—-|ANB|-|ANC|—|BNC|+|ANBNC]|

Va tap |Gy thira cda hgp:

|P(A UBU C)| _ 2|A|+|B|+|C—'|—|_4|"‘|B|—|Ar"|C-'|—|Br"IC-'|+|Ar"|Br"|C-'|

I'V. Functions (Ham sd)
« Ham s6 (Function): Mot 4nh xa tit tdp hop A (mién xdc dinh) dén tap hop B (mién gia
tri), sao cho moi phan tit trong A tuong ting v6i duy nhat mot phan ti trong B.
o Ky hiéu: f: A— B
o Vidu: f(z) = 2? (v6i x 1a s6 thuc)

Let A and B be nonempty sets. A function f from A to B is an assignment of exactly one
element of B to each element of A. We write f(a) = b if b is the unique element of B
assigned by the function f to the element @ of A. If f is a function from A to B, we write

18



Surjectivity:

We need to show that for every y € R, there exists an € R such that:

—b
f@=y=az+b=y=>o=2—

— Since @ # 0, this z € R exists forevery y € R

— So f is surjective.

Ham tran va san

|z| =m if and only if m<z<m+]1,
[z| =n ifandonlyif n—1<z <n,
lz| =m ifandonlyif z—-1<m <z,
[z] =n if and only if r<n<z+l

V. Sequences and Summations (Day s va tong)
« Day sb (Sequence): Mot ham s6 tit tAp hop sd tu nhién (hodic tdp con ciia né) dén mot
tap hop khac.
o Vidu: a, = 2n (diy s6 chan)
« Téng (Summation): Téng clia cdc phan tit trong mot day sb.
o Ky hiéu: ¥ (Sigma)
o Vidu: )% ja;=a1+as+---+ap

19

Troy University Resources



https://github.com/Bladz1/Troy-University-Resources

Useful Summation Formulae

TABLE 2 Some Useful Summation
Formulae.
Sum Closed Form
L L
Zar" (r #0) W—a.r # 1
= r—1
i:"’ n(n + 1)
k=1 2
tkg n(n + D@2n + 1)
k=1 6
s PE nz(n + l)2
k=1 4
oo l 25
Z.\r",lxl< 1 }5
= 1 —x 8t
s
& i i
k] € 1 oy £
k=1 (1 —=x) %2

A
\'_“\ Key Point

If @ and ¢ are constants, and if f(k) and g(k) are functions of k, then

1

Zr- = nc,
k=1
Z ck = r-z.ﬁ
k=1 k=1

Z(A’ +c) ne 4 Z.{'_
k=1 k=1
n 1]
Z(ﬁ_r;(irj +e) = nc+ frz_q[.{'].
k=1

k=1
Uk +gk) = Y fk)+D glk).
k=1 k=1 k=1

20



Explicit Formula

(1+7)= £
Pn—l
B
=
B

Exponential Growth

Recursive Formula

P =(1+r)P_,

7 1

1—1

Explicit Formula

P, =P,1+r)

Cong thitc truy hdi thudn nhit hé sb hing

Dac diém
Dang t6ng quat

Phan khéng thuan
nhat (Non-

homogeneous term)

Cach giai

Troy University Resources

Thua@n nhat hé sé hang
(Homogeneous linear recurrence
with constant coefficients)

a, = C1ld,— + Cod,—2 + ... + Cpll

Khéng cé (F(n) = 0)

Giai phuong trinh dac trung

(characteristic equation) dé€ tim

nghiém t6ng quat

a, = 3a,1 — 2a,-

21
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. Vidu 1: Truy hoi thuan nhat

Cho truy hoi:

a,=3a,1—-2a,3Vvlia=2 a =3

Budc 1: Viét phuong trinh dac trung
Gia st nghiém co dang a, = 1", ta thé vao truy hor:

=3 — 215
2
=r=3r-2

=2rr-3r+2=0

Budc 2: Giai phucng trinh dac trung

rr-3r+2=0

=2r=1r=2

Budc 2: Giai phudng trinh dac trung
rr-3r+2=0
=2r=1r=2
Budc 3: Viét nghiém téng quat
Vi c6 2 nghiém don (khéng trung), nghiém tong quat la:
a,=A1"+B-2"=A + B-2"
Budc 4: Dung diéu kién dau dé tim A, B
as=2=A+B=2
a1 =3=2A+2B=3
Giai he:
e A+B=2

e A+2B=3

22



Dé tim recurrence relation, explicit formula (solution)

SO term = order

34 1. What is a first-order recurrence?

A first-order recurrence has the form:

a, = C10n—1 + F(n)

Nghia 1a lip 1 lan (béac 2 thi + Bnr™)
5. Tuy loai nghiem:
* Né&u nghiém phan biét: a,, = a1 77 + aary

¢ NeéEu nghiém trang: a,, = a1 7" + aynr”

>

Bac 3 thi

¥ Nghiém tong quat:

a, = (A+ Bn+ Cn?) - o™

Vi véi nghiém béi k = 3, ta c6 cac nghiém ddc lap tuyén tinh:

° aﬂ.

23
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Con cac bac khéc ko xét vi ko thi

@ Tom gon meo nhé:

Né&u F(n) Tring véi nghiém thuén nhat... Thi doan nghiém riéng la...
r* xuat hién 1 [an
xuat hién 2 [an (nghiém kép)

xudt hién k [an

Lam xong nhé mé ngoac dieu kién ctia n
Téng kiéu Telescoping (6ng nhom)
35. Show that Z’;: ((aj —aj_1) =a, —ap, where

ap, ai, - - ., dy 1s a sequence of real numbers. This type
of sum is called telescoping.

Big O: so sanh dd hiéu qua thuat toan

Big-O

» Let fand g be functions from N or R to R.
We say that “f(x) is O(g(x))” if there are

positive constants C and k such that
i)l = € g ()|

whenever x > k.
 Read as: “f(x) is big-oh of g(x)”

24



Ky hiéu:
* Commonly used notation
f)=0ge)
 Correct notation _—

fix) < O(g(x) -

Phuong phap chiing minh

? Tong quat héa phuong phap chitng minh Big-0
& Muc tiéu:
Chitng minh rang mét ham f(n) 1a O(g(n)), nghia la tim cac hing s6 dudng C va k sao cho:

f(m)] < C-lg(m)] véimoin >k

¥ Phuong phap tong quat tirng bu'éc:

Budc 1: Viét lai |f(n)| va tach tirng hang tr
Néu f(n) la mét biéu thic nhu:

k-1

f(n) = arn® +ap_1n* T+ +ain+ag

[f()] < lax||n®| + |ag—|[n*~Y + - - + |as]|n| + |ag|

(Vi i 2> 1 thi bo dau tuyét déi luén vi tat ca déu dudng.)
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Budc 2: So sanh va chan cac hang tir theo bac cao nhat

Viduvdi f(n) = 4n® + 2n? + 10n + 7, bac cao nhat la n®. Ta sé chan nhu sau:

e 202 <20 win? <nlkhin>1)
o 10n < 10n®
« 7<Tnd

Tong lai:

f(n) < 4n® + 2n® + 10n® + Tn® = 23n® = f(n) < Cn®véiC =23

Budc 3: Két luan

= f(n) € O(n*) (véi k 12 bac cao nhét)

Trén 14 bat ding thic tam gidc, ngoi ra ciing ¢6 dang:

2 Dang tuong ducng (dung dé chirng minh hoac phan tich):

la[ — [b] < |a — b
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Common Complexity Functions

Common Complexity Functions
Complexity Term
O(1) constant
O(log n) logarithmic
O(n) linear
O(n log n) nlogn
O(n®) polynomial
O(b"), where b > 1 exponential
O(n!) factorial
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o(n) Faster

O(n) Faster or Equal
©(n) Equal To

Q(n) Slower or Equal To
w(n) Slower Than

Phuong phap chitng minh big O khéc (di thi khéng dugc dung)

¥ Y tudng chinh:

Gia st ban c6 hai ham f(n) va g(n). D€ phan loai dé ting trudng (Big-O, Big-Theta, Big-Omega), ban xét:
im £ —
n=00 g(n)
Khi do:
e Néul < L < oo:

= f(n) = ©(g(n))
Néu L = 0:
= f(n) = o(g(n)) = f(n) = O(g(n)). nhung khéng phai ©

Néu L = oo:
= f(n) = w(g(n)) = f(n) = Q(g(n)), nhung khéng phai ©

Thuét toan Euclid tim ged (Ilcm tim bang céng thitc lién hé sau khi cé ged)

@® Y tudng chinh cua thuat toan Euclid:

GCD(a, b) = GCD(b, a mod b)
(Vdi a > b, va lap lai cho dén khi phan du bang 0.)

® Phién ban dya trén hiéu (phién ban cd):

GCD(a, b) = GCD(a - b, b) (néu a > b)
— Ta thay s6 I3n hon bang hiéu cda hai s6, 13p lai cho dén khi 2 sé bang nhau. Khi d6, gia tri chung chinh
la GCD.
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Thuit toidn Euclid mé rong dé tim an inverse of a modulo m

« Euclid mé& réng di xa hon: khéng chi tim ged, ma con biéu dién ged(a, m) dudi dang t6 hgp

tuyén tinh:
sa + tm = ged(a, m)
« Néugcd(a, m) = 1, phudng trinh trg thanh:
sa+tm=1
« Lay modulo m ca haivé, vitm = 0 (mod m), ta dugc:
sa=1 (mod m)

Vay s chinh la nghich dao cla a.

Rt nguge lién tuc la tim dc inverse thoi

Budc 3: Rit ngugctr 1 = ...

(Str dung back-substitution dé tim biéu thirc 1 = z- 55 + y- 89)

@ Sao chép 2 Chinh sira

3 - 1x2

3 - 1x(5 - 1x3) = 2x3 - 1x5

2x(8 - 1x5) - 1x5 = 2x8 - 3x5

2x8 - 3x(13 - 1x8) = 5x8 - 3x13

5x(21 - 1x13) - 3x13 = 5x21 - 8x13
5x21 - 8x(34 - 1x21) = 13x21 - 8x34
13x(55 - 1x34) - 8x34 = 13x55 - 21x34
13x55 - 21x(89 - 1x55) = 34x55 - 21x89

:>1:34><15—21><89

Giai phuong trinh déng du:

ar=b modm=z=a 'b modm

Nhan cd 2 ve vdi tk inverse
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Pong du (mod)

2 Ll m>@ b A

v

= Let m be a positive integer.
If a=b(modm)and
¢ =d (mod m),
then a+c=b+d (modm)
ac = bd (mod m)

3. Kich hoat ché dd phan tich thifa sé nguyén to:
» Tuy dong may, ban nhan t hdp phim dé vao ché do "FACT" (Factorization):

= Trén Casio fx-580VN X: Nhdn SHIFT rdi nhan phim FACT (thudng Ia phim c6 chit "FACT"

mau vang).

Inverse of a modulo m

Trong s6 hoc modulo, nghich dio clia mét 6 nguyén a modulo
mot s6 nguyén duong m 14 mdt s6 nguyén 3 saochoa-a=1
(mod m) 1 . Biéu nay cd nghia la tich clia a va 3 khichiacho m

sé co phandulat 1

Standard Method Recap

The number of trailing zeros in 100! is determined by the number of times 10 (i.e., 2 x 5) appears
as a factor in the product 1 x 2 x ... x 100. Since there are always more factors of 2 than 5in a

factorial, the limiting factor is the number of times 5 appears. We calculate this as:

100 100 100
{?J + {EJ + {EJ =20+4+0=24

So, 100! has 24 trailing zeros.
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Khai trién a mit m + 1 (m 18)

a®+1=a"— (-1)™ = (a+1) (m ll[—ljiam 1 i)

Ham Euler p-function

Ham Euler @-function, hay con goi la ham totient cua Euler, ky hiéu Ia gﬁ(n), la mét ham trong ly

thuyét s6, dung dé dém sé lugng cac s6 nguyén dudng nhéd hon hodc béng n va nguyén t6 cling

nhau véi n (tdc la cic sé k tif 1 dén n sao cho ged(k,n) = 1).

Trong dé p 1a céc wdc sd nguyén té khac nhau cia n.

Cong thtic nay check key thoi
Chimng minh quy nap (Induction)

e Gom hai budc:

1. Budc cd s&: Ching minh P(1) dung.

2. Budc quy nap: Gia st P (k) dung (gia thuyét quy nap), chitng minh P(k + 1) ciing dung.

Nghia 1a khi thay k + 1 vao thi ta tach 1 lic thiy gibng v&i nhitng cai gia st k

Well-Ordering

Thuec chat 1a giai thich logic cho cii quy nap kco y nghia miy
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Strong Induction

La ki thudt ¢c/m dé dung tat ca cdc budc trude d6 dé chitng minh bude tiép theo

Kha kho 1 cach téng quat nhung co ban 13

Claim: Every positive integer greater than 1 can either be written at the
product of prime numbers or is a prime number itself.

Proof by Strong Induction:

Variable:
n 1s an element of positive natural numbers greater than 1
i.e., {234..}, so neN* - {1}

Prop:

P(n):n is either a prime number or the product of prime
numbers.

1) Base Case:

Let 2 be the base case. 2 is a prime number.

2) Induction Step:

[I.H.] et n = k = 2. Assume k can be written as the product of
primes, or that k is a prime number.

N.0.S8. that n+1 is a product of prime numbers or is prime.
Case 1 — If n+1 is prime, this satisfies the claim

Case 2 — If n+1 isn’'t prime, let there exist integers x,y where n> x =2 and
n>y =2 such that xy=n+1.

Since x and yare both primes or the product of primes by the I.H., xy=n+1
is a product of primes.
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Frobenius number

= Cong thuc:
Khi a va b nguyén dudng va nguyén té cling nhau, sé Frobenius dudc tinh bang céng thirc:
g(a,b) =ab—a—b

Cong thic nay dudc chitng minh bdi James Joseph Sylvester vao nam 1884 .  wikipedia - Die freie Enzykiopadie

B vidu:

e Vdia=30b=>5:

9(3,5)=3x5-3-5=15—-3-5=7

— S6 7 la s& nguyén dudng Idn nhat khéng thé biéu dién dudi dang 3z + by véi z,y > 0.
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Dua trén vi du ban cung cép, ching ta dang
lam viéc véi mot day s6 dé quy dugce dinh
nghia nhu sau:

* aq 1
L) 3
* ap = ap—2+ 2051 vGi k>3

Ngudi néi da tinh
az=a1+2a0=14+2-3=7,vaduara
khang dinh: T4t ca cac phan tir ar trong day
déu la sé lé. Ho dang chirng minh diéu nay
bang quy nap manh (strong induction). Hay
tiép tuc chirng minh va hoan thién vi du.

Vi du: Chirng minh @ ludn la so lé

Budc 1: Kiém tra co s& (Base Case)
D4 dugc thuc hién trong phan ban cung céap:
cap=1,las61é®.
cay=3,lasolé M.

Co sd quy nap dung, vi cong thirc dé quy
ap = ap—o + 2a;—1 phu thudc vao hai phan tu
trude dé, nén can kiém tra ca a1 va a2,

Budc 2: Gia thiét quy nap (Inductive
Hypothesis)

Cling da dugc néu:

Gia strrang @i lasoléchotatca i tir 1
dén k,ticla 1 <i<k.

Diéu nay c6 nghia la:

+ a1,0, ...,0; déu la sé lé.

34

Buéc 3: Chirng minh cho % + 1
(Inductive Step)

Bay gid, ta can chirng minh rang @k+1 ciling
la s6 1€, dua trén gia thiét rang @i |a sé le
cho I =i < k.

Theo cong thic dé quy:

Op+1 = Q(rs1)-2 T 20(k41)-1

Apr1 = ak—1 + 2a;
 Theo gia thiét quy nap:
o k-1 lasé1é (vi k—1<k).
o Qi lasdlé(Vi k<k).
« Xét tinh chan 1é clia Gk+1:

o Gp-1 13 s6 1€, gid sir ap—1 = 2m + 1
(véi m la sd nguyén).

o ai lasdlé gida st ar =2n+1 (vGi n
la sd nguyén).

1, =202n+ 1) =4n+ 2, day 1a s6
(vi chia hét cho 2).

* Tinh Gk+1:
apy1=ap 1+2a,=02m+1)+ 4n+2) =
ar+1=2(m+2n+1)+1

o m+2n+ 1 1a s6 nguyén, nén Gk+1 cod
dang 2- (s0 nguyén) + 1, tirc 1a sd |€.

Két luan

* T gia thiét @i lasdlécho 1 <i<k,ta
da chirng minh @k+1 ciing la s6 lé.

- Theo nquyén Iy quy nap manh, khang dinh
ding chomoi k> 1.




Quy tac dém
Quy tic cong:
o Néu hai viéc 14 rdi nhau cha lién quan gi nhau thi ta c¢é thé cong sb cach lam hai viéc v6i
nhau
Quy téc nhan:

o Hai viéc lién quan dén nhau vi hai viéc 13 2 cong doan ctia 1 viéc 16n thi ta nhan 2 viéc dé
ra sO cach lam viéc 16n, vi du: s6 cach chon 1 hoc sinh gidi trong 1 16p, ta tim s6 cach chon
1 hoc sinh ¢6 GPA 16n hon 8 nhan véi s6 cach chon 1 hoc sinh hanh kiém tét trong déng
hoc sinh ¢c6 GPA 16n hon 8 day

Nguyén ly Bu trir (Inclusion-Exclusion Principle)

Cong thic cd ban:

|AUB| =|A|+ |B| - |[AN B

Nghia la:
S6 phan t thudc it nhat mot trong hai tap A hodc B =
S6 phan tU cua A + s6 phan tf cua B
trir di s6 phan tir nam trong ca A va B (dé khong bi dém hai lan).
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Tree diagram

Ist bit

2nd bit
3rd bit

4th bit

1010 <
1001 =
1000 <

Co ban thi day 14 kiéu ta vé ra cdc nhanh trudng hop roi dém, ngoai viée 1lam lau thi chic chin
k thé sai

Pigeonhole Principle

Phat biéu: Néu ban cé nhiéu bd cdu hon sé hom dé nhét, thi it nhit mot hom sé
phai chita tir hai con bd cau tré lén.

// khong can chtig minh

Téng quat hon dé lam bai:

// ham & trén lam tron trén ceiling da dé cap & dau d6 trong file nay

Céng thirc tinh sb lugng sbé hang ctia 1 csc
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Permutations (Hoan vi)

Thtt tu quan trong, ko lap

1. Permutations:

« Definition: A permutation is an ordered arrangement of objects. An r-permutation is an

ordered selection of r elements from a set of n.

= Formula: The number of »-permutations is:

P(n,r) = ! =nxn—-1)x---x(n—r+1)

(n—r)

Combinations (T3 hgp)

Thtt tu ko quan trong moi thit déu cé ¥ nghia tuong duong nhau, ko lip

2. Combinations:

« Definition: A combination is an unordered selection of  elements from a set of n.

« Formula: The number of r-combinations is:

n! _ P(n,r)

C(n,r) =

Combinations

» Corollary 2: Letn and r be nonnegative
mtegers with » < n. Then C(n, r) = C(n, n-r).

n!

r!(n — r)!

C(n, r‘) =

and,

(e o

and these are obviously equivalent.

!
C(n, " r) - (n —Hr)! 7!
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hdn ve cong thic:

n+r—1
r

lap lai, khong quan tam thur tu.

ThereareC(n +r — 1,7r) = C(n +r — 1, n — 1) r-combinations from a set with n elements
when repetition of elements is allowed.

Order Repetitions | Type of Result Formula
Relevant Allowed

Yes Yes Arrangement |n”
nr=0

Yes No Permutation | P(n, r) = nl/(n-r)!
0<r<n

No No Combination | C(n, r) = n!/[r!(n-r)!]
0<r<n

38



Binomial Theorem

Section 5.4: Binomial Coefficients
Summary
This section explores binomial coefficients and their applications:

1. Binomial Coefficients:

n!
rl(n—r)!

Definition: The binomial coefficient (") = C(n,r) =

represents the number of
ways to choose r items from n.
Symmetry: C(n., 'r:} = C’(n., n — r:}, as choosing r items is equivalent to choosingn — r

items to exclude.
2. Binomial Theorem:

» Statement: For any x, ¥y and non-negative integer n:

n

(@+9)"=)

k=0

- Example: The coefficient of z'2y'% in (z + y)*® is (fg) = 5, 200, 300.
Sum of binomial coefficients

3. Properties:
» Corollary 1: The sum of binomial coefficients is:
n

k=0 ( "

This counts all subsets of an n-element set, as each subset has k elements for some k.
« Example: For S = {a, b, c}, subsets are counted as C(3,0) + C(3,1) + C(3,2) +

C(3,3)=1+3+3+1=8=2%

4. Pascal’s Triangle:

» A geometric arrangement of binomial coefficients where each entry is the sum of the two

above it (Pascal’s Identity):

C(n+1,k) = C(n, k — 1) + C(n, k)

+ Example: C(7,5) = C(6,4) + C(6,5).
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Xac sut
Cong thitc Bayes:

Day 1a cong thitc x4c suat c6 diéu kién, cho biét x4c suat ctia sy kién A xay ra khi biét su kién
B da xdy ra. nhan quéa tum lum (causal knowledge)
P(B|A)P(A)

P(AIB)=——p &

V6i P(B) = P(B|A)P(A) + P(B|~A)P(—A).

Néu A va B doc lap thi xéc suat diéu kién bang ding A.

« Khi tim x4c suat 2 sy kién cling xdy ta nhan xac suat xay ra titng cai v6i nhau (ko lién quan
nhau)

e (Céc su kién roi nhau thi cong thoi

» Luat xac suat toan phan (Law of Total Probability):

P(A) = P(ANB) + P(AN -B)
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Phan phbi Nhi thitc (Binomial Probability): Bernoulli diing sai

« Phan phoi Nhi thuc (Binomial Probability):

« Xac suét c6 dung k thanh céng trong n thif nghiém Bernoulli doc 1ap:

n.

L.

Trong d6 (};) Ia t6 hgp chép k cua n.

Gia tri ki vong: thuc chat 1a tién &n dc nhan véi xdc suat, kiéu cude mu ma #n dec 10k thua
mat 5k thi expected value = 10k.(xs &n) + 5k.(xs thua)
E(z) = sum(z; - p;)

* Mot phep thu co xac suat thanh cong p

» Talap lai phep thi cho dén khi thanh cong dau tien

» Goi F lasé lan ky vong dé dat thanh céng

P thi (graph)

Gom tap dinh (vertices) V va tap canh (edges) E, ky hiéu: G = (V, E)

Simple Graph: khéng cé canh lip va khong cé vong (loop). don gian nhit mdi
dudng di qua 1 lan

xirple graph
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Multigraph: cho phép nhiéu canh giita hai dinh.

nonsimple graph
with multiple edpes

Pseudograph: ca canh lap cé6 ca loop

ronsimple grapih
with loops

Directed Graph: canh 13 céc cip c6 thit tu (u, v). nghia 1a di tit u dén v (c6 huéng)

Adjacent: hai dinh lién ké c6 canh ndi chiing.
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Incident: hai canh lién quan dén dinh nao dé.

Degree of vertex: bic ciia dinh 14 s6 canh ké (loop tinh gap déi). (chd can quan tAm loop vi
ko thi)

Complete Graph (K,,): moi cip dinh déu dugc ndi, khong ton tai 2 dinh bat ki khong duge
noéi béi 2 canh, ta goi 1 graph 1a K, khi n dinh déu dugc ndi complete hoan toan

-...-
. »
K, K, K,
Ky K Le
43
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Cycle Graph (C),): chu trinh don khép kin v6i n > 3. vi n duéi 3 khong tao thanh vong tron
khép kin

Ngoai ra chu trinh nghia 1 tit ca cdc dinh phai connected (mdi dinh bac 2)

Wheel Graph (W,): cycle cong thém mot dinh ndi dén tat ci dinh ctia chu trinh. (n 1a s
dinh ctia chu trinh nhu dudi W3 NOT Wy)

Ay

Wheels: W,
Subgraph: 13 mot phan ctia do thi me.

* A subgraph of a graph G = (V,FE) is a graph
H=(W,[F) where Wc Vand F C E.
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K Cs

Cs la subgraph ctua Kj5

Union

 The union of 2 simple graphs G, = (V,, £,) and
G, = (V,, E,) 1s the simple graph with vertex set
V=V,ul, and edge set £ = E|UE,. The union 1s

denoted by G,UG,.
C C c
b d
7 b d d
]
a e a e a
Ss Cs Ws

Tinh lién théng

Path: day lién tiép cic dinh c6 canh ndi.

Length = tong cac path, vi du: 10 path = length = 10
Circuit: path bit dau va két thic tai cing mot dinh.
Simple Path: khong lap canh. nghia la ko di lai duong ca
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Connected Graph: moi cip dinh déu c6 duong di giita chiing.

Fully connected graph Unconnected graph

Do chi hoc undirected graph nén:
Paths in Undirected Graphs
e A path or circuit is said to pass through the vertices vg, vy, vs,...,v, or traverse the edges
€1,€2,...,€
« O day nghia 13 do thi vo huéng nén ta liét ké cic dinh theo thit tu di coi nhu 14 huéng
« Connected Components: néu do thi khong lién théng — géom nhiéu thanh phan con lién
thong.
« 1 @b thi lién thong thi ton tai thanh phan lién théng duy nhat 13 chinh né
D06 thi lién thong 14 do thi ma bat ki dinh nao di dén dinh nao ciing cé path dé dén

Cut edges and vertices

» If one can remove a vertex (and all
incident edges) and produce a graph with
more connected components, the vertex is
called a cut vertex.

 If removal of an edge creates more
connected components the edge 1s called a
cut edge or bridge.
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b 4 e h

0 day vi du ¢ va e 1a cut vertex vi xéa c,e tao ra 2 thang lién thong con
Con ce la cut edge ro rang
QUAN TRONG!!!
Euler Path
La mét dudng di trong do thi ma:
« Pi qua mbi canh ding mét 1lan (khong lip canh).
« C6 thé khéng can quay lai diém xuit phat.
« C6 thé lip dinh (nhung khong ldp canh).
Euler Circuit / Eulerian Circuit (Chu trinh Euler):
La mot Euler Path c6 thém diéu kién:
« Bt dau va két thic tai ciing mét dinh (tao thanh chu trinh).
Piéu kién tén tai:
¢ Euler Circuit ton tai khi va chi khi:

1. D6 thi lién théng (b6 qua cdc dinh bic 0)

2. Tt ca céic dinh déu cé bac chan
¢ Euler Path (nhung khong cé circuit) tén tai khi va chi khi:

1. D6 thi lién thong (b6 qua cdc dinh bic 0)

2. C6 ding 2 dinh bac 1&, cdc dinh con lai bac chan
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Néu bai yéu cau tim Euler Circuit:
< Chon bt ky dinh nao (c6 bac khac 0) lam diém bat dau.
7 Vi:
o TAt ca cac dinh déu c6 bac chan.
o Dudng di sé quay lai ding chd xuit phét, nén bat dau dau cing dugc.
Néu bai yéu cau tim Euler Path (khéng phai circuit):
< Bit dau tit mot trong hai dinh c6 bac 1é
7 Vi:
« Euler Path ton tai khi cé6 ding 2 dinh béc lé.
« Dudng di phai bit diu & mét dinh 1é va két thic & dinh 1& con lai.
Hamilton Path:

La mot dudng di qua mbi dinh ding 1 l1an, khéng yéu cau quay lai dinh ban dau. ! C6 thé
khong di qua tat ca canh, chi quan tdm dén dinh.

¢ Hamilton Circuit (con goi la Hamilton Cycle):

La mot Hamilton Path khép kin — bit dau va két thic tai cing mot dinh.

A Suftficient Condition

Let G be a connected simple graph with n
vertices with n > 3.

(7 has a Hamilton circuit if the degree of
each vertex is > n/2.

bieu kién c6 circuit, cé circuit 1a c¢6 path

Céch tim dudng di Hamilton
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I. Kiém tra nhanh kha ning tdn tai
7 Budc 1: Kiém tra sé dinh bac thap
« Néu c6 dinh bac 0 — x Khoéng thé c6 Hamilton path/circuit.
e Néu cé nhic¢u dinh bac nhé hon 2 — rat nghi ngd.
7 Budc 2: Dung dinh 1y da néu cé thé
e Néu moi dinh c6 bac > 5 — v Dirac — C¢ circuit.
Sau khi biét c¢6 ton tai: Néu c6 dinh bac thip (1, 2) thi vu tién chon lam diém bit dau.
roi do
Khoéng c6 chu trinh nho hon chita trong chu trinh Hamilton

M6t chu trinh nhé hon (subcycle) nghia la: ban tao mot vong khép kin truée khi di hét
tit ca cac dinh.

Property Euler | Hamilton

Repeated visits to a given | Yes No
node allowed?

Repeated traversals of a No No
given edge allowed?

Omitted nodes allowed? No No

Omitted edges allowed? No Yes

Dinh c6 1ap (isolated vertex): 1a dinh khong c6 canh ndi v6i bat ky dinh nao khéc (bac =
0). Dinh treo (pendant vertex): 1a dinh chi ndi véi ding mot dinh khac (bac = 1).

Dinh 1y Bit tay (Handshaking Theorem), trong 1 db thi vé huéng thi luén cé diéu
nay (dung dé check xem cé ton tai dd thi khéng?):

Tong degree clia tat ca céc dinh = 2 * (téng s canh)

B4 sung dinh 1y dé xéc dinh chu trinh Hamiltonian, luvu ¥ 1a 2 dinh 1y nay chi 14 diéu kién

du, nghia la théa man thi duong nhién cé chu trinh nhung khéng théa man thi chuwa

chic 1a khong cé chu trinh, cich tét nhit 1a ty nhin 1 cai path hgp li
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Ore's Theorem

Let G = (V, E) be a simple graph with . > 3 vertices. If, for every pair of non-adjacent

vertices u and v, the sum of their degrees satisfies: Testbook
deg(u) + deg(v) > n,

then G is Hamiltonian; that is, it contains a Hamiltonian cycle.  Mathematics Stack Exchange

Véi d6 thi G c6 n dinh, ma tran ké A 1a ma trdn n X 7 sao cho:

Ali][j] = {Sé canh gifta dinh i va dinh j  (d6 thi c6 huéng hoidc vb hudng)

0 néu khong c6 canh giita ¢ va j

e V&i do thi vé huéng: ma tran déi xiing qua dudng chéo chinh.

* Vdi dd thi c6 huéng: A[é][;] 1a s6 cung di tur dinh i — j

Nghia 1a gid st ¢6 ma tran ké A roi ta bo vao mdy tinh nhan r lan 1én thi sé tinh ra ma tran
v6i elements vi tri ij va gid tri tai 6 do la:

o (A");;: s6 dudng di dai r ti dinh ¢ dén dinh j

Céi trén dé lam bai Find the number of paths of length n between two different vertices

* Let f(x)=ax*+a_x>!'+...+tax+a,

where a,, a;, ..., a_,, a, are real numbers.

* Then f(x) 1s O(x").

20



What is the big-O estimate for n!?

nl=1e¢2e¢3e  op

n<nenene..on

What 1s the big-O estimate for log(n!)?
n! <n"

= log n! <log n"

= logn! <nlogn

So: logn! 1s O(n log n)
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