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Chapter 3. Motion in Two Dimensions

. Reminder of vectors and vector algebra

. Displacement and position inh 2-D

. Average anhd instantaneous velocity (nh 2-D

. Average and tnstantaneous acceleration tn 2-D
. Motion (n two dimensions

. Projectile motion

. Uniform circular motion

. Relative velocity*




3.1. Reminder of Vector and vector ul.gebrn

* The components are the legs of the right triangle
whose hypotenuse s A:

A= A+ A'J,, where: [

A, =Acos(0)
A, = Asin(0)

] = Ja0? +(4,)°

A A,
tan(8) =—= or f =tan?! (—})
! A, A,

In case of 3D

A=A4,+4,+A4,
A, =Asin(@)cos( )
A, = Asin( @)sin(0)
lMﬁl;,, = Acos( @)

i




Vector Algebra
1 Which diagram can represent

F:FZ_FI?




Hotion in 2 and 3 dimensions

« Kinematic variables in one dimension
« Position: x(t) m
+ Velocity: v(t) m/s
» Acceleration: a(t) m/s?

+ Kinhematic variables in three dimensions
« Position: F(t) = xi + vj + zk m
« Velocity: U(t) = vyl + v)f + v,k m/s
* Acceleration: d(t) = a,i+a,j+a.k m/s2

+ All are vectors: have direction and magnitudes




3.2. Position and Displacement

1 In one dimension, displacement Ar )

o Ax = x5(t;) — x, () Positive direction

)
X, (t1)=-3.0m, x-(t2) =+ 1.0 m (e

Negatve direction
Ax=4+1.0m+3.0m=+40 m

|
3 =2 -l () 1

x (m)
2 3

[;
e .

Origin—/

d In two dimensions

= Position: the position of an
object (s described by (ts position

vector 7(t) always points to
particle from origin.

= Displacement: AF=F -7 -' Path of
ﬂ’F — {IEE -+ }'2}) —_ (Ili + ylj) an object

= (X2 —x)i+ (V2 —y1)J | .
= Axi + Ayj




3.3. Average & Instantaneous Velocity

J Average velocity: v,,

- ﬂI ﬂy
Vapvg = ﬂ ::‘-.Ej = Vauvg, xl+ Vavg, vJ

langent —

d Instantaneous velocity
toe A7 dr
= lim ¥, = lim — =

A0 9 At-o At dt

o dr dx. dy.
vzdf—dr1+—j—1?x1+1?}j

2 U is tangent to the path in x-y graph;




3.4. Average & Instantaneous Acceleration

Av
o AUEF.—‘.’IQE ﬂCCE[ETﬂtIGT‘I ﬂavg —_ — The average

At ; .
acceleration is
defined as the rate
at which the velocity
changes.
The instantaneous
dcceleration is the
limit of the average
acceleration as At

a=

—

a=—= + o i J approaches zero

Notice that:
* I[n general: dv # dv

* U s always tangential to the orbit
* d is not necessary to be tangential to the orbit;
Tangential and normal acceleration compohnents:
a=a,+a,
dv

* d,: tangential acceleration, and a, = =
TJ-'E

* d,: hormal acceleration, a, =




3.5. HMotion in 2 dimensions

* Motions ih each dimension are independent
components

* Consider: Constant acceleration equations
vV =1, +at

p— T = Ugf"'iﬂfz

* Constant acceleration equations hold in each
dimension

u: = Fﬂx + ﬂrt

1 1
X —Xg = Upyt +Eﬂ’r1 Y=Y = Fn;.-f "-‘E!:.‘:nrt:t

Ut = v, " + 2a,.(x — x5)

vy? = vpy” + 2ay(y — ¥o)

At :t=0 beginning of the process
* d =a,l+ayj where a, and a, are constants
* Initial velocity Vg = vg,i + vg,J

* initial displacement 7y = xpi + ¥of :




Hints for solving problems

L]

Define coordinate system. Make sketch showing axes,
origin.

List Rnowhn quantities. Find v,,, Voys Ay, 4y, etc. Show
initial conditions on sketch.

List equations of motion to see which ones to use.

1 Time t (s the same for x and y directions.

Xy = x(t =0), Vo = vt = 0),
Mo =V AT =0 Voy = Ls'},(t =)
Have an axis point along the direction of a If it is constant.

Uy = Vpx + Gyt Vy =Voy T ayt

1 1
X Xo = Vopt g At Y= Yo = oyt +5 a7

V" = v, " + 2a,(x — x;) vy% = vgy* + 2a,(y — ¥o)



3.6. Projectile Motion

Horizontal projectile motion

o

2-D problem and define a coordinate
system: x- horizontal, y- vertical (up
+)

 Try'to pick X, =0, ¥, =0dCt=0
1 Horizontal motion + Vertical motion

Horizontal: a,= 0, constant velocity
motion

a Vertical: a,=-g=-9.8 m/s? v,, =0

¥
Equations:

Horizontal Vertical




3.6. Projectile Motion (Cont.)

In general case:
Horizontal: a,= 0 and vertical: a
Try to pickR X, =0, ¥y =0 at £t = 0.
Velocity initial conditions:
= U, can have x, y components.
= UV, Is constant usually.
= V,, changes continuously.

Equations:

Ppy = Uy Sindy
Py = Up COS By
Horizontal Vertical
Vy = Vpy Vy = Yoy — gt

1

Y = Yo+ voyt — gt




Trajectory of Projectile Motion

O I Initial conditions (£ =0):X,=0, Y, =10
Vox = Yy €OsO, and v,,, = v, stné,

d Horizontal motion:

x =04 vgyt —
1 Vertical motion:

- L A
y =0+ vy,t—-gt

.
y=vos )

g
2wg? cos* 8y

y=xtanf,; —

Parabola;
If: 8,= 0 and 0,=90 ?




Whatis Rand /1 ?

J Time and position of landing:

1
x =0+ vyt ﬂ=ﬂ+vu},t—igt2

t_zl?n}._zl?nﬁlllﬂn
9 g

ZvgcosByvosinBy  vp*sin28,

R=x—xg=vpt =




Projectile Motion at Various Initial Angles

Complementary values of the initial angle result in
the same range

* The heights will be different

The maximum range occurs at a projection angle of
450
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3.3. Uniform circular motion

Uniform circular moti

on

An object traveling
in a circle, even
though (t moves
with a constant
speed, will have an
dacceleration

The centripetal
acceleration is due
to the change in the
direction of the
velocity

¥

Constant speed, or, 'Motion along a circle:

constant magnitude of velocity




Circular HMotion: Observations

Object moving along a
curved path with constant
speed
Magnitude of velocity: same
Direction of velocity:
changind
Velocity: changing
Acceleration 1s NOT zero!

Net force acting on the object
is NOT zero

“Centripetal force”



3.3. Uniform Circular Motion (cont.)

1 Centripetal acceleration

Av  Ar vAr
=— 50, Av=——7m

ik T r

Arv ﬂ? v 1?2

ﬂt f_":t r =R

Av vl
aq, =—=—

..|'

¥:

Vi

\f’ -
.‘h“ Vs

! AV = V¢ - V.

AT r
1Direction: Centripetal Aiiﬂ




3.3. Uniform Circular Motion (cont.)

* Velocity:
* Magnitude: constant v

*» The direction of the velocity is
tangent to the circle

* Angular velocity:
L m — E
A

* Acceleration: a. 1L v
L,E

» Magnitude: a,=—

» directed toward the center of
the circle of motion

* Period:

* time interval required for one
complete revolution of the

particle T=22=22

[ 4 o

* Frequency: f :T—l_
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Summary of chapter 3.

1 Position: r(t) =xi+yj

_ . 2 AF . s
2 Average velocity: Vapg = 77 = Vavgrt + Vavgs)

| : = - S A
d Instantaneous velocity: v(t) = ]11’1{1 = 7. d—y;
)

Uxl + V)
__dx __dy
l?x == E ﬂﬂd 1.3"}; — E

J Acceleration

. AT d¥ dvy, |, dv
a(t) =lim—=—=—" y
=] Al il clt

e a1+ a};;

— dvy _ d°x _ dvy  d%
dt  dt? dt  dt?

a r(t), v(t), and d(t) are not necessarily in the same
direction.

H’I ﬂ.}, —




Summary of chapter 3.

If a particle moves with constant acceleration a, motion
edquations are

- : - 1 s 1 i
fy = Xpl+ ypf = ( + vt + 5 @t + 0 + vyit + S8yt
FA A

1 Projectile motion 1s one type of 2-D motion under
constant acceleration, where a, =0, a4, = -g.




