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8.1. Anqular position, velovity and acceleration
8.1.1. Anqul.ur Position and Radian

« What is the circumference C ?
C

C=Q02mr —- 2w = =

w

* 8 can be defined as the arc length s o r
along a circle divided by the radius
r:

g =23

r

* f1s a pure number, but commonly
s given the artificial unit, radian

(“rad”) .
* Converting from degrees to radians:
T
6 (rad) = o 0 (degrees) Whenever using
« Converting from radians to degrees gGl{eaEIRe[IE]dle]gl}

you must use angles
expressed in radians

O (degrees) = %ﬂn 6 (rad)

360°

1 rad =
21

= 57.3°




Angular Displacement

* The angular displacement s defined as the
angle the object rotates through during some
time interval

* S| unit: radian (rad)

* This s the angle that the reference line of
length r sweeps out



8.1.2. Average and Instantaneous Angular Speed

* The average angular speed, w,,, of a rotating
rigid object (s the vratio of the angular
displacement to the time interval

_ 90 _ 46
Wavg = tp—t; At

*« The instantaneous angular speed is defined as
the limit of the average speed as the time
interval approaches zero

i A6 de
® =305 =0
* S| unit of angular speed: radian per second (rad/s)

« Angular speed  positive if rotating (n
counterclockwise.

* Angular speed will be negative f rotating (n
clockwise.



8.1.3. Angular Acceleration

« The average angular acceleration, B, of an object is
defined as the ratio of the change in the angular
speed to the time it takes for the object to
undergo the change:

_ wi-wp Aw

Bavg = te—t; At




8.1.3. Angular Acceleration

* The instantaneous angular acceleration is
defined as the limit of the average angular
acceleration as the time goes to 0

Aw dw

ﬁ_lt—p{]ﬂt _E

* Sl units of angular acceleration: rad/s?

» Positive angular acceleration is
counterclockwise (RH rule — curl your fingers in
the direction of motion).

* if an object rotating counterclockwise is speeding up
« if an object rotating clockwise is slowing down

* Negative angular acceleration is clockwise.

* if an object rotating counterclockwise is slowing
down

* if an object rotating clockwise is speeding up



Rotational Kinematics

* A humber of parallels exist between the equations for
rotational motion and those for linear motion.

Xr—x; Ax
1 — —
Pt -t At

_6,—-6;, A6
mﬂt'_ﬂ' _ E—f-_ti . E

* Under constant angular acceleration, we can describe
the motion of the rigid object using a set of
kRinematic equations

* These are similar to the kinematic equations
for linear motion

* The rotational equations have the same
mathematical form as the linear equations



Analogy with Linear Kinematics

dw

Start with angular acceleration: g = -

Integrate once: w; = [ Bdt = w; + Pt vy = v; +at
Integrate again: 6; = [(w; + Bt)dt = 6; + w;t +%ﬁt2

X =X; + vt + —at?

2
Just substitute symbols, and all of the old equations

apply:

x=0
v=>w
a=f



Example: A Rotating Wheel

* A wheel rotates with a constant angular
acceleration of 3.5 rad/s2. If the angular
speed of the wheel is 2.0 rad/s att=0

(a) through what angle does the wheel rotate
between

t =0 and t = 2.0 s? Given your answer in radians
and in revolutions.

(b) What is the angular speed of the wheel at 1 =
2.0 s?

w; = 2.0rad/s P
B = 3.5rad/s? K
t=20s !



Relationship Between Angular and Linear Quantities

 Every point on the rotating object
has the same angular motion

 Every point on the rotating object
does not have the same linear
motion

Displacement: s =0r
Speeds: V=wr
Acelerations: a=pr

* The linear velocity is always

tangent to the circular path
* Called the tangential velocity
* The magnitude of velocity is
defined by the tangential speed

a2 a0 As 14s
r At rAt T At




Acceleration Comparison

* The tangential acceleration s the
derivative of the tangential velocity

Av = rAw
ﬂv_ ﬂm_
m_rm_rﬁ

a, =1P



Speed and Acceleration Note

* All points on the rigid object will have the
same angular speed, but not the same
tangential speed

* All points on the rigid object will have the
same angular acceleration, but not the
same tangential acceleration

* The tangential quantities depend on r, and
r s not the same for all points on the
object
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8.2. Rigid body and motion of rigid body

A rigid body/object: is a solid body in which deformation
is zero or negligibly small.

» The relative locations of all particles making up the
object remain constant

« All real objects are deformable to some extent, but the
rigid object model is very useful in many situations where
the deformation is negligible. This simplification allows
analysis of the motion of an extended object

* A rigid body can be considered as a system of point particles
in which the distance between any two particles is always
a constant.

* On the other hand, a rigid body can be considered as a
continuous distribution of mass.

o

_1"'-

» The first idea (mass is distributed distoﬁtinuaugly) (s
opposite to the second. But both ideas are useful. 'Some
results studied in this chapter can be; aEfl[d{;l for. solid
bodies which are not rigid. G



8.2.1. The Center of Mass

* How should we define the
position of the moving
body (the baseball bat)?

* What is height h for PE, =
mgh?

* Take the average position
of mass. Call “Center of
Mass” (COM or CM)

 There is a special point in a system or object, called
the center of mass, that moves as if all of the mass
of the system is concentrated at that point

* The CM of an object or a system is the point, where
the object or the system can be balanced in the
uniform gravitational field.



8.2.1. The Center of Mass (cont's)

*» The center of mass of any symmetric object lies
on an axis of symmetry and on any plane of
symmetry

* If the object has uniform density

* The CM may reside inside the body, or outside
the body




Where is the Center of HMass ?

* The center of mass of particles

Two bodies in 1 dimension

mixX; + myXxy

XcMm =

m1+m2




Where is the Center of Mass ?

* Assumem;=1kg, m,=3kg,andx,=1m, x,=5m,
where is the center of mass of these two objects?

A) Xem =
B) Xcy =2 M

|
3

C) Xem =3 m
D)X,L:M=4Vﬂ
E) Xemqy =5 m




Center of Mass for many
particles in 3D? |
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Center of Mass for a System of Particles

* Two bodies and one dimension
m1x1+m2x2

XcM —

mq+m-,

* General case: n bodies and three dimension

g -1
cM M

* where M =m; + m, + m; +...

n -




Sample Problem :

Three particles of masses m, = 1.2 kg, m, = 2.5 kg, and
m; = 3.4 kg form an equilateral triangle of edge length
a = 140 cm. Where (s the center of mass of this
system?

(Hint: m, is at (0,0), m, is at (140 cm,0), and m3 is at
(70 cm, 120 cm), as shown in the figure below.)

mn
1 myx; +myx; + maxs
AcM = 37 E miXx; =
M . m; +m, +ms,
=1

my +m, + my

n
1 Z myy; + myy, + myy;
:?"EM M_ 1 iVi
=

Xey = 828cm  and yeo = 57.5cm :

Yoom 100




Translation and rotation

Translational motion is the motion such that, at any
instant, all the particles of the body move parallel to
each other.

A translational wmotion can be rectilinear or
curvilinear.The body is shifted from point to point
without rotation.

Momentarily, all the particles (of the body) move in
the same direction.

All the particles have the same velocity and
acceleration.

Therefore, in studying a pure translational motion,
we only need to study the motion of the CM of the
body.



Translation and rotation (cont.)

In a pure rotational motion of a rigid body, the body
rotates about an axis which is fixed in an inertial
reference frame.

* The orbit of any particle (in the body) is a circle
which is perpendicular to the axis and centered at
the axis.

* All particles rotate the same angle in the same time
interval, and have the same angular velocity w and
angular acceleration B.

Rotational Motion




Motion of a rigid body:

Translational motion:

* Every point in the body experiences the

same displacement that points undergo
the exact same motions and the
distance between the points s also
maintained. It means that all the
particles forming the body move along
parallel paths which may be either
rectilinear (straight line) or curvilinear.

* Every point tn the body experiences the
same velocity and acceleration at any
instant of time.

Rotational motion / a fix axe:

* Particles forming the rigid body
move n parallel planes along
circles centered (0) on the same
fixed axis (4) with different
radiuses (r).

* Have the same angular velocity,
and angular acceleration




Motion of a rigid body:

Rotating without slipping:

ttttt




8.2.2. Translational Hotion of a System of Particles or a riqid object

« Assume the total mass, M, of the system remains
constant

» We can describe the translational motion of the

system in terms of the velocity and acceleration of
the center of mass of the system.

* We can also describe the momentum of the system
and Newton’s Second Law for the system.

Velocity and Momentum of a System of Particles

* The velocity of the center of mass of a system of
particles is

dFew 1

dt M

« The momentum can be expressed as
Mvcy = Y;miV; = Y;Di = Ptot

* The total linear momentum of the system equals

the total mass multiplied by the velocity of the
center of mass.

Vem = i m;v;



Acceleration and Force of the Center of Hass

* The acceleration of the center of mass can be found
by differentiating the velocity with respect to time

- . dvem 1 -
Aem = —3; —ngmfﬂf

 The acceleration can be related to a force: Mdcy = EJ*‘}

* If we sum over all the internal forces, they cancel in
pairs and the net force on the system is caused only
by the external forces,

* So, the net external force equals the total mass

of the system multiplied by the acceleration of

the center of mass: Newton’s Second Law for a

Y Foye = Mdcy System of Particles/a rigid object

* The center of mass of a system of particles/a rigid
object of combined mass M moves like an equivalent
particle of mass M would move under the influence of

the net external force on the system.
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8.3. Rotation of Rigid body

Kinematic characterizations

Particles forming the rigid
body move in parallel planes
along circles centered (0) on
the same fixed axis (4) with
different radius (r).

Displacement: of point P on »
body is seen as line OP that is A
fixed in the body and rotates « :
with it forming the angles () ~
and describing the rotational - \;

it

position of the body as':
coordinate for rotation.

The angle subtended at the
center of a circle by an arc with

: An angle is ratio
a length s equal to the radius of = length s
the circle (r). The value of @ (in to the radius r

radians) is defined as @ :E

a3 Rotation axis passes origin
and points in




8.3. Rotation of Rigid body

Kinematic characterizations (cont.)
% Average angular velocity of

the body as the ratio of the 49 <0
angular displacement in the
time interval A8 '
w=—
At

= The I(nstantaneous angular

velocity is the derivative of &
de

T dt
= When rigid body rotates all points have the
same angular velocity .

: L]
Rotation axis L

with respect tot: rotated plane

= Angular velocity vector o : o I w
- Orientation s lying on the
rotation axis; 1 >
- Direction is determined by -"i " A
the right-hand rule as ] é
/
vector product.



8.3. Rotation of Rigid body

Kinematic characterizations (cont.)

= Acceleration vector: a

- Orientation Is
rotation axis,

- Same direction of @

Increasing,
decreasing.

lytng on

if o
inversely if o
R

- Magnitude: g =—=—

# For points located on rotation axis both
velocity and acceleration are zero.

% Relationship between: ¥, d and @, @
4 ¥and @:
V=@Fror v=axr

¢ Grand @ g =arord =axr

¢ G, and @: ’ 2

— A N
a o
tm

Sy

——
€l

Acc. vector of

translation
motion




8.3.1. Torque/moment of a force acting on a rigid object

Al

% what aspect of a force determines the
cause or change in rotational motion?

4
-1

@ Consider force F acting on a rigid
body at P of which the position is defined

o —
by vector OP =71

(0 1s lying on the rotation axis A).
It’s components are as follows,

[ F,//A: Impossible to cause the rotation

=

E,: radical force = impossible
F, 1A to cause the rotation
F;: causes the rotation

¢ Conclusion: Only the tangent force can
cause the rotation about fixed axis of
a rigid body.



8.3.1. Torque (cont.)

> Definition: for a force
perpendicular to the rotating axis

T=7FxF; (r: Lever arm)
¢ Magnitude: 1 = rF,sin(7,E,)
# when : T = const

® shorter r = greater F;

4 longer r = smaller F.

@ Vector T has

4 Orientation coincides the rotation axis:

# Direction is determined by using the
right —~hand-side rule.




8.3.2. Torque and two conditions for equil.ibrium (reading)

* An object in mechanical equilibrium must satisfy the
following two conditions

(1) The net external force must be zero:

Fret = ZF; external =
(2) The net external torgque must be zero: Zt; =0

Example 3: Balancing seesaw

- 2 (M) m

T + 7 + 7 + 7 = ()

]}i".'{fl[ H’l';i\'il\' Imaan WwWOIman

The first two torques are zero.

Let x represent the man’s
distance from the pivot.

The woman is at a distance L/2
from the pivot.

’r ..

FIgl.ll"E 8.8 Example 8.3) The system consists of

two people and a seesaw. Because the sum of the

forces .t[ll.! [tll.' sum of [hl.' |.“]'1.||.|.1."\ = L [i.]'l:’,." LA 1]'I{'

0+ 0— Mgx+ mg(L/2

svstem are both zero, the svstem s said o be in

:':]nilih:inm.



8.3.3. Moment of Inertia
a) Moment of Inertia of Point Mass

« For a single particle, the definition of moment of inertia is:
I = mr?
* m is the mass of the single particle
* r is the rotational radius

SI units of moment of inertia are kg-m?2

Moment of inertia and mass of an object are different
quantities.

It depends on both the quantity of matter and its
distribution (through the 2 term).

* For a composite particle, the definition of moment of
Inertia s
= Zm,;‘r,—z = ml‘rlz + mzrzz + mgrgz + m4r42+...
* m; and r; are the mass and rotational radius of
the i*" single particle



Exum_pl.e 4. The Baton Twirler

* Consider an unusual baton made up of four sphere
fastened to the ends of very light rods. Each rod is
1.0m long (a=b=1.0m). M = 0.3 kg and m = 0.2 kg.

(a) Find I about an axis perpendicular to the page and
passing through the point where the rods cross.

(b) The majorette tries spinning her strange baton
about the axis y, calculate I of the baton about this
axis.

(@) I = ¥Ym;r;2 = mb? + Ma? + mb? + Ma? = 2Ma? + 2mb?




b) Moment of Inertia of Extended Objects

* Divided the extended objects into many small
volume elements, each of mass Am,

* We can rewrite the expression for I in terms of
Am

1= ﬂ}riirillﬂ Y17 Am; = [r%dm

* Consider a small volume such that dm = pdV, with
p s mass density; Then
1= [pr?dv

* If p is constant, the integral can be evaluated
with known geometry, otherwise its variation
with position must be known



(Mass) Densities

* You know the density (volume density)
as mass/untt volume
« p =MV =dm/dV => dm = pdV

* We can define other densities such as
surface density (mass/unit area)
» o=M/A=dm/dA =>dm = ocdA

* Or linear density (mass/unit length)
* A=M/L = dm/dx =>dm = hdx



Moment of Inertia of a Uniform Rigid Rod

* The shaded area has a mass QBJ@A]\ %

dm= A dx
* Then the moment of inertia is 1@{@{@
By y-axis:

L/2 M
Iy:frzdm: _Lﬂx — dx
_ uz
_f L/2*%

I = —MLZ

Byy -axis:

= [r?dm = fL EM dx
_ 2
IJH—EML




Moment of Inertia for some other common shapes

-
& D

Long, thin rod v Long, thin

with rotation axis rod with
through center ' rotation axis
; T through end

Ty =— MIL2 L 5
ol L= [= 3 ML

- : -
Solid sphere ':. > Thin spherical
shell

)
Icm = = MR? l :
CM = 5 Ioa = 5 MR?

R

& 2007 Thomson Higher Education




Moment of Inertia for some other common shapes
TABLE 10.2

Moments of Inertia of Humogeneous Rigid Objecls with Different Geometries

Hoop or thin 5 Hollow cvlinder 5
cylindrical shell h r

fﬂ,,1=1l}.1r{je, +R?) o

T

"..-(:31 = .']I‘!H!

Solid cvlinder s Rectangular plate
or disk

] 9] o
I = — M(a= + b°)
| o CM 12
len = 5 MR

& 2007 Thomson Higher Education




c) Parallel-Axis Theorem

*In the previous examples, the
axis of rotation calculations

Axis

* The theorem states coincides |3 — through
with the axis of symmetry of the Z& M

).

object

* For an arbitrary axis, the parallel-
axis theorem often simplifies

I=1Iqy+MD?

Where: I 1s about any axis parallel to the
axis through the center of mass of the
object

I, s about the axis through the
center of mass

D s the distance from the center
of mass axis to the arbitrary axis



c) Parallel-Axis Theorem (cont.)
Moment of Inertia of a Uniform Rigid Rod (cont.)

s The moment of inertia
about y is

1 2
I}r = ICM :EML

* The moment of (nertia
about y’ (s

L,=1I +M92:iML2+M(E)2:1ML2
e e 12 2 3




Review

* Translational motion: The net external force equals

the total mass of the system multiplied by the
acceleration of the center of mass:

Y Fexe = Macy

* Torque Definition
T=Fx%XF T=r.Fsinf =d.F
d=r.sin@

* Moment of Inertia

I = ﬂ?lril?}r[l Y. r7Am; = [r%2dm



Chapter 8. Rotational Hotion of Rigid body

8.3.4. Newton’s Second Law for a Rotating Object
&.3.5. Angular momentum
8.3.6. Energy of a rotating object



8.3.4. Newton's Second Law for a Rotating Object

* When a rigid object is subject to a net torque
(#0), it undergoes an angular acceleration

2t = la

* The angular acceleration «a is directly
proportional to the net torque Zz;

«=> the angular acceleration s Iinversely
proportional to the moment of tnertia of the

object: a = ETT

» The relationship is analogous to ), F; = ma



8.3.4. Newton's Second Law for a Rotating Object

Dynamic equation Al

% Consider a rnigid body rotates about fixed
axis A when acted by tangent force ﬁt Let’s
see ﬁn- acting on P, one of particles forming
the rigid body. As a result, P, moves with

1

acceleration g, along a circle having center at
OonA.

¢ The dynamic equation for P: m;d,; = F

¢ Multiple both sides by 7i: mf; X @ = 7; % Fy;
& RHS=7xF =1

" LHS = miﬁ b4 ﬁﬁ = mi[ﬁ X (& X ﬁ)] = m:[(ﬁﬁ)& = (FI&)FI] = mEFEE&

hence m[-.rf.& = T;

- - - - (Zmrr?)ﬁzsz
¢ Finally, for all particles forming the rigid body, - i
% Dynamic equation for a rigid body rotated about a fixed axis,

la =1

¢ Where 1= Z m,.r; 1s so-called Moment of Inertia.
[



Strategy to use the Newton 2" Law

* Draw or sketch system. Adopt coordinates, indicate rotation axes,
list the known and unknown quantities, ...

» Draw free body diagrams of key parts. Show forces at their points of
application. Find torques about a (common) axis

» May need to apply Second Law twice, once to each part

Note: can have
. —_ — — Fn&t =0
Translation: F,,; = ), F; = ma but T, #0

Rotation: Tper = 2. 7; = I

» Make sure there are enough (N) equations; there may be constraint
equations (extra conditions connecting unknowns)

 Simplify and solve the set of (simultaneous) equations.

* Find unknown quantities and check answers



Example }: The Falling Object

A solid, frictionless cylindrical reel of mass M
2.5 kg and radius R = 0.2 m is used to draw
water from a well. A bucket of mass m=1.2 k
s attached to a cord that is wrapped around
the cylinder.

(a) Find the tension T in the cord and
acceleration a of the object.

(b) If the object starts from rest at the top of
the well and falls for 3.0 s before hitting the
water, how far does it fall ?

Solution:

* Draw free body diagrams of each object

* Only the cylinder is rotating, so apply
X t=la

* The bucket is falling, but not rotating, so apply
> F=ma

* Remember that a = ar and solve the resulting equations
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8.3.5. Angular Momentum

Definition:
¢ For a particle mass m at position,
vector 7 moves n a plane with

constant velocity v relative to the
origin 0 of an inertial frame,

L=Fxp=7Fxmb
¢ Magnitude: L =rmvsin(¥,v) =rmv
¢ Direction: Right-hand rule.

For a system of particles or a rigid body

L= ZLE = Zmiri(n-m) = [Z(miriz}] w=lw

% Theorems of angular momentum

¢ 1 Law: The rate of change of angular momentum

equals the net torque of all external forces acting on, ~ 9L
dt

¢ 27 Law : The change in angular momentum equals the impulse of of the

net torque acting on in a duration At, AL =L, — L, = #At

=rxF=17T



Definition p = mv

1st Law d;‘i o

dt net
t2 —3 =3 —
A = B, — By =f Frodt AL=T,—L, =

ty

2nd Law

Change of momentum Change of angular
= Impulse of (net) momentum = Impulse
force. of (total) torque.

Conservation
of momentum




8.3.5. AnguLar Homentum

« Definition: L=lw
* 15t Law of angular momentum:
Starting from the Newton’s Law of rotational motion

do d(l. 4’) dL
dt dt  dt
« 2" law of angular momé{cum

di=(giyar,  ~ T = o\,

L
- dL= (Er,_)dt
Ly £
ﬂf — Ez — El — (ﬁl)dt
ty
Change of angular momentum = Impulse of (total)
torque.

* Conservation of angular momentum:
if 27, =0 then L is unchanged.

3%, = Id =(1)




8.3.5. Angular Momentum

* Conservation of angular momentum

dL .
If 'r_i'zt}men—tzﬂandi.zmnst
When the net external torque acting on a system is zero, the
total angular momentum of the system is constant

(conserved).
Eg: A person s sitting on a ‘:-T—:’()
& - =1

turntable holding his arms -::;;::» @,

extended horizontally with a same

dumbbell in each hand.

¢ |Initially his arms are out- >
stretched, = angular velocity o, &
— angular momentum, L, = I, @,

¢ When the arms are folded =

angular velocity ®, = angular

momentum, L, = L@,

¢ If friction in the turntable is neglected, no external torques act

about the vertical (z) axis., hence the angular momentum about

this axis is constant. i B | . =
104 =I2ﬂ'_?2 = 5] =Tm1 since Il :"Iz :}ﬂjz :"‘[.U]_

2



Figure 8.30 Evgeni
Plushenko varies his
moment of inertia o

change his angular speed.

By pulling in his arms and
legs, he reduces his moment
of inertia and increases his

angular speed (rate of spin).

rloarnet T
planct >

Upon landing, extending
his arms and legs increases
his moment of ineria and

helps slow his spin.

Tightly curling her body, a diver
decreases her moment of inertia,

increasing her angular speed.
B L |

of his act

a diver wishes to
make several
somersaults




Third Kepler Law




The Solar System and Its Formation

* The Nebular theory: Theory that the Sun and planets
formed together from a cloud of gas and dust—a nebula.

* Gravitation between materials n the cloud pulled it
inward. When pulled inward, spin increased in accord with
the conservation of angular momentum.

* The spinning cloud conformed to the shape of a spinning
disk.

Rotating Neutron
Stars

Figure 8.31 (a) The Crab Nebula

in the constellation Taurus. This

nebula is the remnant of a super-
nova seen on Earth in A.p. 1054, It is
locared some & 300 |i'_'.:'|l VEATS AW
and is
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8.3.6. Rotational Kinetic Enerqy
a) Definition:

* An object rotating around (fixed) z axis with an angular
speed, w, has rotational kinetic energy

* The total rotational kRinetic energy of the rigid object is
the sum of the energies of all its particles

1

Kg = ¥ K; = Li;miri{w?
_ 2y .2 _1, 2

Kp =5 (Zimri)e’ =lw

1
Kg = Elmz
where I: the moment of inhertia

« Unit of rotational KE is Joule (J)




b) Work-Energy Theorem for pure Translational motion (recalled)

* The work-energy theorem tells us
Whee = AKE = KE; — KE; = ~mv} — ~mv]

Kinetic energy is for point mass only, ighoring
rotation.

« Work done by a force: W= [dW = [F-ds

* Power of a force p:_:p.d_:p.{;



Total Energy of a System
A ball is rolling down a ramp

« Described by three types of energy
- Gravitational potential energy

PE = Mgh
- Translational kinetic energy

KE, = ZMv}y

1., 1
) ) ) KE = EMUE‘]H =1 ;Imh
- Rotational kinetic energy -

KE, = Iw?

* Total energy of a system

1 2 1
E=KE+PE=EMUCM+EIm +Mgh

Comparing with an object sliding down

*» Total energy E = KE + PE = %mv%M + mgh



Work done by a torue during a pure rotation

* Apply force F to mass at point P, distance r, causing
rotation-only about axis

* The work done by F applied to the object at P as it
rotates through an infinitesimal distance ds

dW = F ds—Fcns(‘)O“—q))ds
= Fsindds = Frsinddo

* Only transverse component of F does work - the
same component that contributes to torque:

dW = td6

* As object rotates from 6. to 6;, work done by the
torque j

W= [ dw = [}/ tde




Work-Kinetic Theorem pure rotation

* As object rotates from 6.to §,, work done by the
torque ‘
6r Or Or 6r deo Of
W = [dW erﬂ — f ladf = J. Is-—dﬂéc lwdw
dt
b i &

[ is constaht for rigid Ob_jECt

W = J’Hlflmdm—ff fmdm——.'mf——fw —ﬂKErA J\L

« Power —

d.'W dﬂ'
P = dr dr e




Example 8. Work done and power of force

An motor attached to a grindstone exerts a
constant torque of 10 N-m. The moment of inertia
of the grindstone is | = 2 kg.m?. The system starts
from rest.
Find the {einetic energy after 8 s

Hf — E
Find the work dune by the motor during this time

T
Iwf =1600] « wf = w; +at =40 rad/s € a = == 5 rad/s?

W= fﬂiﬂ—r(ﬂf—ﬂ)—l{]xlé{]— 1600/

|
(ef —6;) = w;t +5at” =160 rad

1 1
W =Kr— K—zfmf—ifm = 1600 ]

Find the average power delivered by the motor

dw lﬁﬂl]
Favg = =5 - = 200 watts

Find the instantaneous power att=8 s
P=1tw =10 x40 = 400 watts



Review: Work-Enerqy Theorem

» For pure translation motion

1

Whet = AKem = cm,f — Kcm.,i = E

* For pure rotation

* Rolling: pure rotation + pure translation

Whet = AKiorar = (Krot,_f + Kcm,;‘) - (Kmt,i + Kcm,i)

1 1 1 1
= (Efmf - Emvf) - (Efmf - Emvf')



