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Preface

In this book, you will find guided solutions to the odd-numbered end-of-chapter
problems found in the companion textbook, Introduction to Probability, Statis-
tics, and Random Processes.

Since the textbook’s initial publication in 2014, I have received many requests
to publish the solutions to those problems. I have published this book so that
students may learn at their own pace with guided help through many of the prob-
lems presented in the original text.

It is my hope that this book serves its purpose well and enables students to
access help to these problems. To access the original textbook as well as video
lectures and probability calculators please visit www.probabilitycourse.com.
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Chapter 1

Basic Concepts

1. Suppose that the universal set S is defined as S = {1, 2, · · · , 10} and
A = {1, 2, 3}, B = {x ∈ S : 2 ≤ x ≤ 7}, and C = {7, 8, 9, 10}.

(a) Find A ∪B
(b) Find (A ∪ C)−B
(c) Find Ā ∪ (B − C)
(d) Do A,B, and C form a partition of S?

Solution:
(a)

A ∪B = {1, 2, 3, 4, 5, 6, 7}

(b)

A ∪ C = {1, 2, 3, 7, 8, 9, 10}
B = {2, 3, · · · , 7}

thus: (A ∪ C)−B = {1, 8, 9, 10}

(c)

Ā = {4, 5, · · · , 10}
B − C = {2, 3, 4, 5, 6}

thus: Ā ∪ (B − C) = {2, 3, · · · , 10}

1
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(d) No, since they are not disjoint. For example,

A ∩B = {2, 3} 6= ∅

3. For each of the following Venn diagrams, write the set denoted by the shaded
area.

(a)

S

A B

(b)

S

A C

B

(c)
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S

A B

C

(d)

S

A B

C

Solution: Note that there are generally several ways to represent each of
the sets, so the answers to this question are not unique.

(a) (A−B) ∪ (B − A)
(b) B − C
(c) (A ∩B) ∪ (A ∩ C)
(d) (C − A−B) ∪ ((A ∩B)− C)

5. Let A = {1, 2, · · · , 100}. For any i ∈ N, define Ai as the set of numbers in
A that are divisible by i. For example:

A2 = {2, 4, 6, · · · , 100}
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A3 = {3, 6, 9, · · · , 99}
(a) Find |A2|,|A3|,|A4|,|A5|.
(b) Find |A2 ∪ A3 ∪ A5|.

Solution:
(a) |A2| = 50, |A3| = 33, |A4| = 25, |A5| = 20.

Note that in general:
|Ai| = b100

i
c, where bxc is the largest integer less than or equal to x.

(b) By the inclusion-exclusion principle:

|A2 ∪ A3 ∪ A5| = |A2|+ |A3|+ |A5|
− |A2 ∩ A3| − |A2 ∩ A5| − |A3 ∩ A5|
+ |A2 ∩ A3 ∩ A5|.

We have:

|A2| = 50

|A3| = 33

|A5| = 20

|A2 ∩ A3| = |A6| = 16

|A2 ∩ A5| = |A10| = 10

|A3 ∩ A5| = |A15| = 6

|A2 ∩ A3 ∩ A5| = |A30| = 3

|A2 ∪ A3 ∪ A5| = 50 + 33 + 20

− 16− 10− 6

+ 3 = 74

7. Determine whether each of the following sets is countable or uncountable.

(a) A = {1, 2, · · · , 1010}.
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(b) B = {a+ b
√

2| a, b ∈ Q}.
(c) C = {(X, Y ) ∈ R2| x2 + y2 ≤ 1}.

Solution:
(a) A is countable because it is a finite set.
(b) B is countable because we can create a list with all the elements. Specif-
ically, we have shown previously (refer to Figure 1.13 in the book) that if
we can write any set B in the form of

B =
⋃
i

⋃
j

{qij},

where indices i and j belong to some countable sets, that set in this form
is countable.

For this case we can write

B =
⋃
i∈Q

⋃
j∈Q

{ai + bj
√

2}.

So, we can replace qij by ai + bj
√

2.

(c) C is uncountable. To see this, note that for all x ∈ [0, 1] then (x, 0) ∈ C.

9. Let An = [0, 1
n
) = {x ∈ R| 0 ≤ x < 1

n
} for n = 1, 2, · · · . Define

A =
∞⋂
n=1

An = A1 ∩ A2 ∩ · · ·

Find A.
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Solution:
By definition of the intersection

A = {x|x ∈ An for all n = 1, 2, · · · }

We claim A = {0}.
First note that 0 ∈ An for all n = 1, 2, · · · . Thus {0} ⊂ A.

Next we show that A does not have any other elements. Since An ⊂ [0, 1)
then A ⊂ [0, 1). Let x ∈ (0, 1). Choose n > 1

x
then 1

n
< x. Thus x /∈ An

and this results in x /∈ A.

11. Show that the set [0, 1) is uncountable. That is, you can never provide a
list in the form of {a1, a2, a3, · · · } that contains all the elements in [0, 1).

Solution: Note that any x ∈ [0, 1) can be written in its binary expansion:

x = 0.b1b2b3 · · ·

where bi ∈ {0, 1}. Now suppose that {a1, a2, a3, · · · } is a list containing all
x ∈ [0, 1). For example:

a1 = 0. 1 0101101001 · · ·
a2 = 0.0 0 0110110111 · · ·
a3 = 0.00 1 101001001 · · ·
a4 = 0.100 1 001111001 · · ·

Now, we find a number a ∈ [0, 1) that does not belong to the list. Consider
a such that the kth bit of a is the complement of the kth bit of ak. For
example, for the above list, a would be

a = 0.0100 · · ·

We see that a /∈ {a1, a2, · · · }. This is a contradiction, so the above list
cannot cover the entire [0, 1).
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13. Two teams A and B play a soccer match, and we are interested in the
winner. The sample space can be defined as:

S = {a, b, d}

where a shows the outcome that A wins, b shows the outcome that B wins,
and d shows the outcome that they draw. Suppose that we know that (1)
the probability that A wins is P (a) = P ({a}) = 0.5, and (2) the probability
of a draw is P (d) = P ({d}) = 0.25.

(a) Find the probability that B wins.
(b) Find the probability that B wins or a draw occurs.

Solution:

P (a) + P (b) + P (d) = 1

P (a) = 0.5

P (d) = 0.25

Therefore P (b) = 0.25.

(b)

P ({b, d}) = P (b) + P (d)

= 0.5

15. I roll a fair die twice and obtain two numbers. X1 = result of the first roll,
X2 = result of the second roll.
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(a) Find the probability that X2 = 4.
(b) Find the probability that X1 +X2 = 7.
(c) Find the probability that X1 6= 2 and X2 ≥ 4.

Solution: The sample space has 36 elements:

S = {(1, 1), (1, 2), · · · , (1, 6),

(2, 1), (2, 2), · · · , (2, 6),

...

(6, 1), (6, 2), · · · , (6, 6)}

(a) The event X2 = 4 can be represented by the set.

A = {(1, 4), (2, 4), (3, 4), (4, 4), (5, 4), (6, 4)}

Thus

P (A) =
|A|
|S|

=
6

36
=

1

6

(b)

B = {(x1, x2)|x1 + x2 = 7}
= {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}

Therefore

P (B) =
|6|
36

=
1

6

(c)

C = {(X1, X2)|X1 6= 2, X2 ≥ 4}
= {(1, 4), (1, 5), (1, 6),

(3, 4), (3, 5), (3, 6),

(4, 4), (4, 5), (4, 6),

(5, 4), (5, 5), (5, 6),

(6, 4), (6, 5), (6, 6)}
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Therefore

|C| = 15

Which results in:

P (C) =
15

36
=

5

12
.

17. Four teams A,B,C, and D compete in a tournament. Teams A and B have
the same chance of winning the tournament. Team C is twice as likely to
win the tournament as team D. The probability that either team A or team
C wins the tournament is 0.6. Find the probabilities of each team winning
the tournament.

Solution: We have
P (A) = P (B)
P (C) = 2P (D)
P (A ∪ C) = 0.6 thus P (A) + P (C) = 0.6

P (A) + P (B) + P (C) + P (D) = 1

which results in {
P (A) = P (B) = P (D) = 0.2

P (C) = 0.4

19. You choose a point (A,B) uniformly at random in the unit square {(x, y) :
0 ≤ x, y ≤ 1}.
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y

x

(A,B)
B

A 1

1

0

What is the probability that the equation

AX2 +X +B = 0

has real solutions?

Solution: The equation has real roots if and only if:

1− 4AB ≥ 0 i.e. AB ≤ 1

4
.

This area is shown here:

y

x1

1

0

Since (A,B) is uniformly chosen in the square, we can say that the proba-
bility of having real roots is

P (R) =
area of the shaded region

area of the square

=
area of the shaded region

1
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To find the area of the shaded region we can set up the following integral:

y

x1

1

0 0.25

xy = 0.25

Area =
1

4
+

∫ 1

1
4

1

4x
dx

=
1

4
+

1

4
[ln(x)]11

4

=
1

4
+

1

4
ln 4

21. (continuity of probability) For any sequence of events A1, A2, A3, · · · . Prove

P

(
∞⋃
i=1

Ai

)
= lim

n→∞
P

(
n⋃
i=1

Ai

)

P

(
∞⋂
i=1

Ai

)
= lim

n→∞
P

(
n⋂
i=1

Ai

)

Solution: Define the new sequence B1, B2, · · · as

B1 = A1

B2 = A2 − A1

B3 = A3 − (A1 ∪ A2)

...

Bi = Ai −

(
i−1⋃
j=1

Aj

)



12 CHAPTER 1. BASIC CONCEPTS

Then we have:

(a) Bi’s are disjoint.
(b)

⋃n
i=1Bi =

⋃n
i=1 Ai.

(c)
⋃∞
i=1Bi =

⋃∞
i=1Ai.

Then we can write:

P

(
∞⋃
i=1

Ai

)
= P

(
∞⋃
i=1

Bi

)

=
∞∑
i=1

P (Bi) (Bi’s are disjoint)

= lim
n→∞

(
n∑
i=1

P (Bi)

)
(definition of infinite sum)

= lim
n→∞

[
P

(
n⋃
i=1

Bi

)]
(Bi’s are disjoint)

= lim
n→∞

[
P

(
n⋃
i=1

Ai

)]

To prove the second part, apply the result of the first part to Ac1, A
c
2, · · · .

Note: You can also solve this problem using what you have already shown
in Problem 20.

23. Let A,B, and C be three events with probabilities given:
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B

S

A

C
0.15

0.1

0.1 0.20.1

0.10.05

(a) Find P (A|B)
(b) Find P (C|B)
(c) Find P (B|A ∪ C)
(d) Find P (B|A,C) = P (B|A ∩ C)

Solution:

(a)

P (A|B) =
P (A ∩B)

P (B)

=
0.2

0.35

=
4

7

(b)

P (C|B) =
P (C ∩B)

P (B)

=
0.15

0.35

=
3

7
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(c)

P (B|A ∪ C) =
P (B ∩ (A ∪ C))

P (A ∪ C)

=
0.1 + 0.1 + 0.05

0.2 + 0.1 + 0.1 + 0.1 + 0.5 + 0.05

=
0.25

0.7

=
5

14

(d)

P (B|A,C) =
P (B ∩ A ∩ C)

P (A ∩ C)

=
0.1

0.2

=
1

2

25. A professor thinks students who live on campus are more likely to get As
in the probability course. To check this theory, the professor combines the
data from the past few years:

1. 600 students have taken the course.

2. 120 students have got As.

3. 200 students lived on campus.

4. 80 students lived off campus and got As.

Does this data suggest that “getting an A” and “living on campus” are
dependent or independent?
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Solution: From the data, you can see that 80 students out of the 400 off-
campus students got an A (20%). Also, 40 students out of the 200 on-
campus students got an A (again 20%). Thus, the data suggests that “get-
ting an A” and “living on campus” are independent. You can also see this
using the definitions of independence in the following way:

Let C be the event that a random student lives on campus and A be the
event that he or she gets an A in the course. We have:

P (A) ≈ 120

600
=

1

5

P (C) ≈ 200

600
=

1

3

P (A ∩ Cc) ≈ 80

600
=

2

15
P (A ∩ C) = P (A)− P (A ∩ Cc)

=
1

5
− 2

15

=
1

15

Therefore,

1

15
= P (A ∩ C)

= P (A).P (C)

The data suggests that A and C are independent.

27. Consider a communication system. At any given time, the communication
channel is in good condition with probability 0.8 and is in bad condition
with probability 0.2. An error occurs in a transmission with probability 0.1
if the channel is in good condition and with probability 0.3 if the channel is
in bad condition. Let G be the event that the channel is in good condition
and E be the event that there is an error in transmission.

(a) Complete the following tree diagram:
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1

P (G)

P (Gc)

P (E|G)

P (Ec|G)

P (E|Gc)

P (Ec|Gc)

P (G)

P (Gc)

P (G ∩ E)

P (G ∩ Ec)

P (Gc ∩ E)

P (Gc ∩ Ec)

(b) Using the tree find P (E).
(c) Using the tree find P (G|Ec).

Solution:

(a)

1

×0.8

×0.2

×0.1

×0.9

×0.3

×0.7

0.8

0.2

0.08

0.72

0.06

0.14

(b)

P (E) = P (G ∩ E) + P (Gc ∩ E)

= 0.08 + 0.06

= 0.14
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(c)

P (G|Ec) =
P (G ∩ Ec)

P (Ec)

=
0.72

1− 0.14

=
0.72

0.86
≈ 0.84

29. Reliability:
Real-life systems often are comprised of several components. For example,
a system may consist of two components that are connected in parallel
as shown in Figure 1.1. When the system’s components are connected in
parallel, the system works if at least one of the components is functional.
The components might also be connected in series as shown in Figure 1.1.
When the system’s components are connected in series, the system works if
all of the components are functional.

C1

C2

C1 C2

Figure 1.1: In the left figure, Components C1 and C2 are connected in parallel.
The system is functional if at least one of the C1 and C2 is functional. In the right
figure, Components C1 and C2 are connected in series. The system is functional
only if both C1 and C2 are functional.

For each of the following systems, find the probability that the system is
functional. Assume that component k is functional with probability Pk
independent of other components.
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(a)

C1 C2 C3

(b)

C1

C2

C3

(c)

C1

C2 C3

(d)

C1 C2

C3
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(e)

C1 C2

C3 C4

C5

Solution:

Let Ak be the event that the kth component is functional and let A be the
event that the whole system is functional.

(a)

P (A) = P (A1 ∩ A2 ∩ A3)

= P (A1) · P (A2) · P (A3) (since Ais are independent)

= P1P2P3

(b)

P (A) = P (A1 ∪ A2 ∪ A3)

= 1− P (Ac1 ∩ Ac2 ∩ Ac3) (Demorgan’s law)

= 1− P (Ac1)P (Ac2)P (Ac3) (since Ais are independent)

= 1− (1− P1)(1− P2)(1− P3).

(c)

P (A) = P ((A1 ∪ A2) ∩ A3)

= P (A1 ∪ A2) · P (A3) (since Ais are independent)

= [1− P (Ac1 ∩ Ac2)] · P (A3)

= [1− (1− P1)(1− P2)]P3
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(d)

P (A) = P [(A1 ∩ A2) ∪ A3]

= 1− P ((A1 ∩ A2)c) · P (Ac3) (since Ais are independent)

= 1− (1− P (A1) · P (A2)) (1− P (A3))

= 1− (1− P1P2)(1− P3)

(e)

P (A) = P [((A1 ∩ A2) ∪ (A3 ∩ A4)) ∩ A5]

= P ((A1 ∩ A2) ∪ (A3 ∩ A4)) · P (A5) (since Ais are independent)

= [1− (1− P (A1 ∩ A2)) · (1− P (A3 ∩ A4))]P5 (parallel links)

= [1− (1− P1P2)(1− P3P4)]P5

31. One way to design a spam filter is to look at the words in an email. In
particular, some words are more frequent in spam emails. Suppose that we
have the following information:

1. 50% of emails are spam.

2. 1% of spam emails contain the word “refinance.”

3. 0.001% of non-spam emails contain the word “refinance.”

Suppose that an email is checked and found to contain the word refinance.
What is the probability that the email is spam?

Solution:

Let S be the event that an email is spam and let R be the event that the
email contains the word “refinance.” Then,

P (S) =
1

2

P (R|S) =
1

100

P (R|Sc) =
1

100000
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Then,

P (S|R) =
P (R|S)P (S)

P (R)

=
P (R|S)P (S)

P (R|S)P (S) + P (R|Sc)P (Sc)

=
1

100
× 1

2
1

100
× 1

2
+ 1

100000
× 1

2

≈ 0.999

33. (The Monte Hall Problem1) You are in a game show, and the host gives
you the choice of three doors. Behind one door is a car and behind the
others are goats. Say you pick door 1. The host, who knows what is behind
the doors, opens a different door and reveals a goat (the host can always
open such a door because there is only one door with a car behind it). The
host then asks you: “Do you want to switch?” The question is, is it to your
advantage to switch your choice?

Goat1 2

Solution: Yes, if you switch, your chance of winning the car is 2
3
. Let W

be the event that you win the car if you switch. Let Ci be the event that
the car is behind door i, for i = 1, 2, 3. Then P (Ci) = 1

3
i = 1, 2, 3. Note

that if the car is behind either door 2 or 3 you will win by switching, so
P (W |C2) = P (W |C3) = 1. On the other hand, if the car is behind door 1
(the one you originally chose), you will lose by switching, so P (W |C1) = 0.

1http://en.wikipedia.org/wiki/Monty_Hall_problem

http://en.wikipedia.org/wiki/Monty_Hall_problem
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Then,

P (W ) =
3∑
i=1

P (W |Ci)P (Ci)

= P (W |C1)P (C1) + P (W |C2)P (C2) + P (W |C3)P (C3)

= 0 · 1

3
+ 1 · 1

3
+ 1 · 1

3

=
2

3
.

35. You and I play the following game: I toss a coin repeatedly. The coin is
unfair and P (H) = p. The game ends the first time that two consecutive
heads (HH) or two consecutive tails (TT) are observed. I win if (HH) is
observed and you win if (TT) is observed. Given that I won the game, find
the probability that the first coin toss resulted in head.

Solution:

Let A be the event that I win.

P (A) = P (A|H)P (H) + P (A|T )P (T )

P (A|H) : the probability that I win given that the first coin toss is a head.

A|H : HH,HTHH,HTHTHH, · · ·
P (A|H) = p+ pqp+ (pq)2p+ · · ·

= p[1 + pq + · · · ]

=
p

1− pq
.
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A|T : THH, THTHH, THTHTHH, · · ·
P (A|T ) = p2 + p(1− p)p2 + · · ·

= p2[1 + pq + (pq)2 + · · · ]

=
p2

1− pq
P (A) = P (A|H)P (H) + P (A|T )P (T )

=
p2

1− pq
+

p2q

1− pq

=
p2(1 + q)

1− pq
.

P (H|A) =
P (A|H)P (H)

P (A)

=

p2

1−pq
p2

1−pq (1 + q)

=
1

1 + q

=
1

2− p

37. A family has n children, n ≥ 2. What is the probability that all children
are girls, given that at least one of them is a girl?

Solution:

The sample space has 2n elements,

S = {(G,G, · · · , G), (G, · · · , B), · · · , (B,B, · · · , B)}.

Let A be the event that all the children are girls, then

A = {(G,G, · · · , G)}.
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Thus

P (A) =
1

2n
.

Let B be the event that at least one child is a girl, then:

B = S − {(B, · · · , B)}
|B| = 2n − 1

P (B) =
2n − 1

2n
.

Then

A ∩B = A

P (A|B) =
P (A ∩B)

P (B)

=
P (A)

P (B)

=
1

2n

2n−1
2n

=
1

2n − 1

Note: If we let n = 2, we obtain P (A|B) = 1
3

which is the same as Example
17 in the text.

39. A family has n children. We pick one of them at random and find out that
she is a girl. What is the probability that all their children are girls?

Solution:

Let Gr be the event that a randomly chosen child is a girl. Let A be the
event that all the children are girls. Then,

P (Gr|A) = 1

P (A) =
1

2n

P (Gr) =
1

2
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Thus,

P (A|Gr) =
P (Gr|A)P (A)

P (Gr)

=
1 · 1

2n

1
2

=
1

2n−1
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Chapter 2

Combinatorics: Counting
Methods

1. A coffee shop has 4 different types of coffee. You can order your coffee in a
small, medium, or large cup. You can also choose whether you want to add
cream, sugar, or milk (any combination is possible. For example, you can
choose to add all three). In how many ways can you order your coffee?

Solution:

We can use the multiplication principle to solve this problem. There are 4
choices for the coffee type, 3 choices for the cup size, 2 choices for cream
(adding cream or no cream), 2 choices for sugar, and 2 choices for milk.
Thus, the total number of ways we can order our coffee is equal to:

4× 3× 2× 2× 2 = 96

3. There are 20 black cell phones and 30 white cell phones in a store. An
employee takes 10 phones at random. Find the probability that

27
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(a) there will be exactly 4 black cell phones among the chosen phones.

(b) there will be less than 3 black cell phones among the chosen phones.

Solution:

(a) Let A be the event that there are exactly 4 black cell phones among the
10 chosen cell phones. Then:

P (A) =
|A|
|S|

|S| =
(

50

10

)

|A| =
(

20

4

)(
30

6

)
Thus:

P (A) =

(
20
4

)(
30
6

)(
50
10

) .

(b) Let B be the event that there are less than 3 black cell phones among
the chosen phones. Then:

P (B) = P (“0 black phones” or “1 black phones” or “2 black phones”)

=

(
20
0

)(
30
10

)
+
(

20
1

)(
30
9

)
+
(

20
2

)(
30
8

)(
50
10

)
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5. Five cards are dealt from a shuffled deck. What is the probability that the
hand contains exactly two aces, given that we know it contains at least one
ace?

Solution:

Let A be the event that the hand contains exactly two aces and B the event
that it contains at least one ace.

We can use the formula for the conditional probability:

P (A|B) =
P (A ∩B)

P (B)

=
P (A)

P (B)
=

P (A)

1− P (Bc)

P (A) =

(
4
2

)(
48
3

)(
52
5

)

P (Bc) =

(
48
5

)(
52
5

)
By substituting P (A) and P (Bc) to the equation of P (A|B), we have:

P (A|B) =

(4
2)(

48
3 )

(52
5 )

1− (48
5 )

(52
5 )

=

(
4
2

)(
48
3

)(
52
5

)
−
(

48
5

)
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7. There are 50 students in a class and the professor chooses 15 students at
random. What is the probability that neither you nor your friend Joe are
among the chosen students?

Solution:

There are 50 students. A is the event that you or Joe are among the 15
chosen students. We can consider the following simplification:

50 students = you + your friend Joe + 48 others

We can solve the problem by calculating P (Ac). Ac is the event that neither
you or your friend Joe is selected. Thus:

P (A) = 1− P (Ac)

= 1−
(

48
15

)(
50
15

)

9. You have a biased coin for which P (H) = p. You toss the coin 20 times.
What is the probability that:

(a) You observe 8 heads and 12 tails?

(b) You observe more than 8 heads and more than 8 tails?

Solution:

(a) Let A be the event that you observe 8 heads and 12 tails. For this
problem we can use the binomial formula:

P (8 heads) =

(
20

8

)
p8(1− p)12.
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(b) Let X be the number of heads and Y be the number of tails. Because
you toss the coin 20 times, X + Y = 20.

Let B be the event that you observe more than 8 heads and more than 8
tails. Then:

P (B) = P (X > 8 and Y > 8)

= P ((X > 8) and (20−X > 8))

= P (8 < X < 12)

=
11∑
k=9

(
20

k

)
pk(1− p)20−k

11. In problem 10, assume that all the appropriate paths are equally likely.
What is the probability that the sensor located at point (10, 5) receives the
message (that is, what is the probability that a randomly chosen path from
(0, 0) to (20, 10) goes through the point (10, 5))?

Solution:

We need to count the number of paths going from (0, 0) to (20, 10) that go
through the point (10, 5). The number of such paths is equal to the number
of paths from (0, 0) to (10, 5) multiplied by the number of paths from (10, 5)
to (20, 10) which is equal to(

15

5

)
×
(

15

5

)
=

(
15

5

)2

.

Let A be the event that the sensor located at point (10, 5) receives the
message. Thus:

P (A) =

(
15
5

)2(
30
10

)
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13. There are two coins in a bag. For coin 1, P (H) = 1
2

and for coin 2, P (H) =
1
3
. Your friend chooses one of the coins at random and tosses it 5 times.

(a) What is the probability of observing at least 3 heads?

(b) You ask your friend, “did you observe at least three heads?” Your
friend replies, “yes.” What is the probability that coin 2 was chosen?

Solution:

(a) Let A be the event that your friend observes at least 3 heads. If we
know the value of P (H), then P (A) is given by

P (A) =
5∑

k=3

(
5

k

)
P (H)k(1− P (H))5−k.

Thus,

P (A|coin1) =
5∑

k=3

(
5

k

)
(
1

2
)5,

and

P (A|coin2) =
5∑

k=3

(
5

k

)
(
1

3
)k(

2

3
)(5−k).

Using the law of total probability,

P (A) = P (A|coin1).P (coin1) + P (A|coin2).P (coin2)

=

(
5∑

k=3

(
5

k

)
(
1

2
)5

)
.
1

2
+

(
5∑

k=3

(
5

k

)
(
1

3
)k(

2

3
)(5−k)

)
.
1

2
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(b)

P (coin2|A) =
P (A|coin2).P (coin2)

P (A)

=

(∑5
k=3

(
5
k

)
(1

3
)k(2

3
)(5−k)

)(∑5
k=3

(
5
k

)
(1

2
)5
)

+
(∑5

k=3

(
5
k

)
(1

3
)k(2

3
)(5−k)

)

15. You roll a die 5 times. What is the probability that at least one value is
observed more than once?

Solution:

Let A be the event that at least one value is observed more than once.
Then, Ac is the event in which no repetition is observed.

P (Ac) =
|Ac|
|S|

=
6× 5× 4× 3× 2

65

=
5

54

So, we can conclude:

P (A) = 1− 5

54
=

49

54
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17. I have have two bags. Bag 1 contains 10 blue marbles, while bag 2 contains
15 blue marbles. I pick one of the bags at random, and throw 6 red marbles
in it. Then I shake the bag and choose 5 marbles (without replacement)
at random from the bag. If there are exactly 2 red marbles among the 5
chosen marbles, what is the probability that I have chosen bag 1?

Solution:

We have the following information:

Bag 1: 10 blue marbles.

Bag 2: 15 blue marbles.

Let A be the event that exactly 2 red marbles among the 5 chosen marbles
exist. Let B1 be the event that Bag 1 has been chosen. Let B2 be the event
that Bag 2 has been chosen.

We want to calculate P (B1|A). We use Bayes’ rule:

P (B1|A) =
P (A|B1)P (B1)

P (A)

=
P (A|B1)P (B1)

P (A|B1)P (B1) + P (A|B2)P (B2)

First, note that P (B1) = P (B2) = 1
2
. If Bag 1 is chosen, there will be 10

blue and 6 red marbles in the bag, so the probability of choosing two red
marbles will be

P (A|B1) =

(
6
2

)(
10
3

)(
16
5

) .

Similarly,

P (A|B2) =

(
6
2

)(
15
3

)(
21
5

)
Thus:
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P (B1|A) =

(6
2)(

10
3 )

(16
5 )

(6
2)(

10
3 )

(16
5 )

+
(6
2)(

15
3 )

(21
5 )

=

(
21
5

)(
10
3

)(
21
5

)(
10
3

)
+
(

15
3

)(
16
5

)

19. How many distinct solutions does the following equation have such that all
xi ∈ N?

x1 + x2 + x3 + x4 + x5 = 100

Solution:

Define yi = xi − 1, then yi ∈ {0, 1, 2, · · · } . We can rewrite the equations
as:

(y1 + 1) + (y2 + 1) + (y3 + 1) + (y4 + 1) + (y5 + 1) = 100

such that yi ∈ {0, 1, 2, · · · }

So, we conclude:

y1 + y2 + y3 + y4 + y5 = 95 such that yi ∈ {0, 1, 2, · · · }

Thus, using Theorem 2.1 in the textbook, the number of the solutions is:

(
95 + 5− 1

5− 1

)
=

(
99

4

)
.
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21. For this problem, suppose that xi’s must be non-negative integers, i.e.,
xi ∈ {0, 1, 2, · · · } for i = 1, 2, 3. How many distinct solutions does the
following equation have such that at least one of the xi’s is larger than 40?

x1 + x2 + x3 = 100

Solution:

Let Ai be the set of solutions to x1 + x2 + x3 = 100, xi ∈ {0, 1, 2, · · · } for
i = 1, 2, 3 such that xi > 40. Then by the inclusion-exclusion principle:

|A1 ∪ A2 ∪ A3| = |A1|+ |A2|+ |A3|
− |A1 ∩ A2| − |A1 ∩ A3| − |A2 ∩ A3|
+ |A1 ∩ A2 ∩ A3|
= 3|A1| − 3|A1 ∩ A2|+ |A1 ∩ A2 ∩ A3|

Note that we used the fact that by symmetry, we have

|A1|+ |A2|+ |A3| = 3|A1|
|A1 ∩ A2|+ |A1 ∩ A3|+ |A2 ∩ A3| = 3|A1 ∩ A2|.

To find |A1|:

y1 = x1 − 41

Thus, y1 ∈ {0, 1, 2, · · · }. We want to find the number of the solutions to
the equation: y1 + x2 + x3 = 59, y1, x2, x3 ∈ {0, 1, 2, · · · }.
Thus:

|A1| =
(

59 + 3− 1

3− 1

)
=

(
61

2

)
.
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To find |A1 ∩ A2|:

define:

y1 = x1 − 41

y2 = x2 − 41

So, we have:

y1 + y2 + x3 = 18, such that y1, y2, x3 ∈ {0, 1, 2, · · · }

We get:

|A1 ∩ A2| =
(

18 + 3− 1

3− 1

)
=

(
20

2

)
.

To find |A1 ∩ A2 ∩ A3|:
define:

yi = xi − 41 for i = 1, 2, 3

This event cannot happen for xi > 40 i = 1, 2, 3 , we have x1 + x2 + x3 >
120. So this equation x1 + x2 + x3 = 100 does not have any solution for
xi > 40 i = 1, 2, 3 .

So, we have:

|A1 ∩ A2 ∩ A3| = 0

Thus:

|A1 ∪ A2 ∪ A3| = 3

(
61

2

)
− 3

(
20

2

)
= 4920.
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There is also another way to solve this problem. We find the number of
solutions in which none of xi’s are greater than 40. In other words, all xi’s
∈ 0, 1, 2, ..., 40 for i = 1, 2, 3

We define yi = 40− xi for i = 1, 2, 3.

We want yi ≥ 0, and xi ∈ 0, 1, 2, ..., 40.

x1 + x2 + x3 = 100, xi ∈ {0, 1, 2, · · · } for i = 1, 2, 3 such that xi ≤ 40.

40− y1 + 40− y2 + 40− y3 = 100, yi ∈ {0, 1, 2, · · · , 40}

y1 + y2 + y3 = 20, such that y1, y2, y3 ∈ {0, 1, 2, · · · }

The number of solutions is:

(
20 + 3− 1

3− 1

)
=

(
22

2

)
.

So, the number of solutions in which at least one of the xi’s is greater than
40 is equal to the total number of solutions minus

(
22
2

)
. Using Theorem 2.1,

the total number of solutions is (
102

2

)
.

Thus, the number of solutions in which at least one of the xi’s is greater
than 40 is equal to (

102

2

)
−
(

22

2

)
= 4920.



Chapter 3

Discrete Random Variables

1. Let X be a discrete random variable with the following PMF

PX(x) =



1
2

for x = 0
1
3

for x = 1
1
6

for x = 2

0 otherwise

(a) Find RX , the range of the random variable X.

(b) Find P (X ≥ 1.5).

(c) Find P (0 < X < 2).

(d) Find P (X = 0|X < 2)

Solution:

(a) The range of X can be found from the PMF. The range of X consists
of possible values for X. Here we have

RX = {0, 1, 2}.

(b) The event X ≥ 1.5 can happen only if X is 2. Thus,

P (X ≥ 1.5) = P (X = 2)

= PX(2) =
1

6
.

39
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(c) Similarly, we have

P (0 < X < 2) = P (X = 1)

= PX(1) =
1

3
.

(d) This is a conditional probability problem, so we can use our famous

formula P (A|B) = P (A∩B)
P (B)

.

We have

P (X = 0|X < 2) =
P
(
X = 0, X < 2

)
P (X < 2)

=
P (X = 0)

P (X < 2)

=
PX(0)

PX(0) + PX(1)

=
1
2

1
2

+ 1
3

=
3

5
.

3. I roll two dice and observe two numbers X and Y . If Z = X − Y , find the
range and PMF of Z.

Solution:

Note

RX = RY = {1, 2, 3, 4, 5, 6}

and

PX(k) = PY (k) =

{
1
6

for k = 1, 2, 3, 4, 5, 6
0 otherwise

Since Z = X − Y , we conclude:
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RZ = {−5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5}

PZ(−5) = P (X = 1, Y = 6)

= P (X = 1) · P (Y = 6) (Since X and Y are independent)

=
1

6
· 1

6
=

1

36

PZ(−4) = P (X = 1, Y = 5) + P (X = 2, Y = 6)

= P (X = 1) · P (Y = 5) + P (X = 2) · P (Y = 6)(independence)

=
1

6
· 1

6
+

1

6
· 1

6
=

1

18

Similarly:

PZ(−3) = P (X = 1, Y = 4) + P (X = 2, Y = 5) + P (X = 3, Y = 6)

= P (X = 1) · P (Y = 4) + P (X = 2) · P (Y = 5)+

P (X = 3) · P (Y = 6)

= 3.
1

6
· 1

6
=

1

12
.

PZ(−2) = P (X = 1, Y = 3) + P (X = 2, Y = 4) + P (X = 3, Y = 5)+

P (X = 4, Y = 6)

= P (X = 1) · P (Y = 3) + P (X = 2) · P (Y = 4)

+ P (X = 3) · P (Y = 5) + P (X = 4) · P (Y = 6)

= 4.
1

6
· 1

6
=

1

9
.
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PZ(−1) = P (X = 1, Y = 2) + P (X = 2, Y = 3) + P (X = 3, Y = 4)

+ P (X = 4, Y = 5) + P (X = 5, Y = 6)

= P (X = 1) · P (Y = 2) + P (X = 2) · P (Y = 3)+

+ P (X = 3) · P (Y = 4) + P (X = 4) · P (Y = 5)+

P (X = 5) · P (Y = 6)

= 5.
1

6
· 1

6
=

5

36
.

PZ(0) = P (X = 1, Y = 1) + P (X = 2, Y = 2) + P (X = 3, Y = 3)

+ P (X = 4, Y = 4) + P (X = 5, Y = 5) + P (X = 6, Y = 6)

= P (X = 1) · P (Y = 1) + P (X = 2) · P (Y = 2) + P (X = 3) · P (Y = 3)

+ P (X = 4) · P (Y = 4) + P (X = 5) · P (Y = 5) + P (X = 6) · P (Y = 6)

= 6.
1

6
· 1

6
=

1

6
.

Note that by symmetry, we have:

PZ(k) = PZ(−k)

So,

PZ(0) = 1
6

PZ(1) = PZ(−1) = 5
36

PZ(2) = PZ(−2) = 1
9

PZ(3) = PZ(−3) = 1
12

PZ(4) = PZ(−4) = 1
18

PZ(5) = PZ(−5) = 1
36

5. 50 students live in a dormitory. The parking lot has the capacity for 30
cars. If each student has a car with probability 1

2
(independently from

other students), what is the probability that there won’t be enough parking
spaces for all the cars?
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Solution:

If X is the number of cars owned by 50 students in the dormitory, then:

X ∼ Binomial(50, 1
2
)

Thus:

P (X > 30) =
50∑

k=31

(
50

k

)
(
1

2
)k(

1

2
)50−k

=
50∑

k=31

(
50

k

)
(
1

2
)50

= (
1

2
)50

50∑
k=31

(
50

k

)

7. For each of the following random variables, find P (X > 5), P (2 < X ≤ 6)
and P (X > 5|X < 8). You do not need to provide the numerical values for
your answers. In other words, you can leave your answers in the form of
sums.

(a) X ∼ Geometric(1
5
)

(b) X ∼ Binomial(10, 1
3
)

(c) X ∼ Pascal(3, 1
2
)

(d) X ∼ Hypergeometric(10, 10, 12)

(e) X ∼ Poisson(5)

Solution:

First note that if RX ⊂ {0, 1, 2, · · · }, then

– P (X > 5) =
∑∞

k=6 PX(k) = 1−
∑5

k=0 PX(k).
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– P (2 < X ≤ 6) = PX(3) + PX(4) + PX(5) + PX(6).

– P (X > 5|X < 8) = P (5<X<8)
P (X<8)

= PX(6)+PX(7)∑7
k=0 PX(k)

.

So,

(a) X ∼ Geometric(1
5
) −→ PX(k) = (4

5
)k−1(1

5
) for k = 1, 2, 3, · · ·

Therefore,

P (X > 5) = 1−
5∑

k=1

(
4

5
)k−1(

1

5
)

= 1− (
1

5
) ·
(
1 + (

4

5
) + (

4

5
)2 + (

4

5
)3 + (

4

5
)4
)

= 1− (
1

5
) ·

1− (4
5
)5

1− (4
5
)

= (
4

5
)5.

Note that we can obtain this result directly from the random experi-
ment behind the geometric random variable:

P (X < 5) = P (No heads in 5 coin tosses) = (4
5
)5

P (2 < X ≤ 6) = PX(3) + PX(4) + PX(5) + PX(6)

= (
1

5
)(

4

5
)2 + (

1

5
)(

4

5
)3 + (

1

5
)(

4

5
)4 + (

1

5
)(

4

5
)5

= (
1

5
)(

4

5
)2 ·
(
1 +

4

5
+ (

4

5
)2 + (

4

5
)3
)

= (
4

5
)2
(
1− (

4

5
)4
)
.

P (X > 5|X < 8) =
P (5 < X < 8)

P (X < 8)
=
PX(6) + PX(7)∑7

k=1 PX(k)

=
(1

5
)
(
(4

5
)5 + (4

5
)6
)

(1
5
)
∑7

k=1(4
5
)k−1

=
(4

5
)5 + (4

5
)6

1 + (4
5
) + · · · (4

5
)6
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(b) X ∼ Binomial(10, 1
3
) −→ PX(k) =

(
10
k

)
(1

3
)k(2

3
)10−k for k =

0, 1, 2, · · · , 10

So,

P (X > 5) = 1−
5∑

k=0

(
10

k

)
(
1

3
)k(

2

3
)10−k

= 1−
[(10

0

)
(
1

3
)0(

2

3
)10 +

(
10

1

)
(
1

3
)1(

2

3
)9 +

(
10

2

)
(
1

3
)2(

2

3
)8

+

(
10

3

)
(
1

3
)3(

2

3
)7 +

(
10

4

)
(
1

3
)4(

2

3
)6 +

(
10

5

)
(
1

3
)5(

2

3
)5
]
.

We can also solve this in a more direct way:

P (X > 5) =
10∑
k=6

(
10

k

)
(
1

3
)k(

2

3
)10−k

=

(
10

6

)
(
1

3
)6(

2

3
)4 +

(
10

7

)
(
1

3
)7(

2

3
)3 +

(
10

8

)
(
1

3
)8(

2

3
)2

+

(
10

9

)
(
1

3
)9(

2

3
)1 +

(
10

10

)
(
1

3
)10(

2

3
)0

= (
1

3
)10 ·

((10

6

)
24 +

(
10

7

)
23 +

(
10

8

)
22 +

(
10

9

)
2 +

(
10

10

))
= (

1

3
)10 ·

((10

6

)
24 +

(
10

7

)
23 +

(
10

8

)
22 + 21

)
.

P (2 < X ≤ 6) = PX(3) + PX(4) + PX(5) + PX(6)

=

(
10

3

)
(
1

3
)3(

2

3
)7 +

(
10

4

)
(
1

3
)4(

2

3
)6

+

(
10

5

)
(
1

3
)5(

2

3
)5 +

(
10

6

)
(
1

3
)6(

2

3
)4

= (
1

3
)10[

(
10

3

)
27 +

(
10

4

)
26 +

(
10

5

)
25 +

(
10

6

)
24]

= 24(
1

3
)10[

(
10

3

)
23 +

(
10

4

)
22 +

(
10

5

)
2 +

(
10

6

)
].
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P (X > 5|X < 8) =
P (5 < X < 8)

P (X < 8)
=
PX(6) + PX(7)∑7

k=0 PX(k)

=
PX(6) + PX(7)

1− PX(8)− PX(9)− PX(10)

=

(
10
6

)
(1

3
)6(2

3
)4 +

(
10
7

)
(1

3
)7(2

3
)3

1− (
(

10
8

)
(1

3
)8(2

3
)2 +

(
10
9

)
(1

3
)9(2

3
)1 +

(
10
10

)
(1

3
)10(2

3
)0)

=
(1

3
)10(24

(
10
6

)
+ 23

(
10
7

)
)

1−
(
(1

3
)10(22

(
10
8

)
+ 2
(

10
9

)
+
(

10
10

)
)
)

=
(1

3
)10(24

(
10
6

)
+ 23

(
10
7

)
)

1−
(
(1

3
)10(22 × 45 + 2× 10 + 1)

)
=

(1
3
)10 × 23(2

(
10
6

)
+
(

10
7

)
)

1−
(
(1

3
)10 × 201

)
=

23(2
(

10
6

)
+
(

10
7

)
)

310 − 201

(c) X ∼ Pascal(3, 1
2
) −→ PX(k) =

(
k−1

2

)
(1

2
)k for k = 3, 4, 5, · · ·

So:

P (X > 5) = 1−
5∑

k=3

(
k − 1

2

)
(
1

2
)k

= 1−
((2

2

)
(
1

2
)3 +

(
3

2

)
(
1

2
)4 +

(
4

2

)
(
1

2
)5
)

= 1−
(
(
1

2
)3 + 3(

1

2
)4 + 6(

1

2
)5
)

= 1− (
1

2
)5
(
4 + 6 + 6

)
= 1− ((

1

2
)5 × 24) =

1

2
.
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P (2 < X ≤ 6) = PX(3) + PX(4) + PX(5) + PX(6)

=

(
2

2

)
(
1

2
)3 +

(
3

2

)
(
1

2
)4 +

(
4

2

)
(
1

2
)5 +

(
5

2

)
(
1

2
)6

= (
1

2
)3 + 3(

1

2
)4 + 6(

1

2
)5 + 10(

1

2
)6

= (
1

2
)6(8 + 3× 4 + 6× 2 + 10) = 42× (

1

2
)6 =

21

32
.

P (X > 5|X < 8) =
P (5 < X < 8)

P (X < 8)
=
PX(6) + PX(7)∑7

k=3 PX(k)

=

(
5
2

)
(1

2
)6 +

(
6
2

)
(1

2
)7(

2
2

)
(1

2
)3 +

(
3
2

)
(1

2
)4 +

(
4
2

)
(1

2
)5 +

(
5
2

)
(1

2
)6 +

(
6
2

)
(1

2
)7

=
10(1

2
)6 + (1

2
)7

(1
2
)3 + 3(1

2
)4 + 6(1

2
)5 + 10(1

2
)6 + 15(1

2
)7

=
20 + 15

16 + 24 + 24 + 20 + 15
=

35

99
.

(d) X ∼ Hypergeometric(10, 10, 12) b = r = 10, k = 12

RX = {max(0, k − r), · · · ,min(k, b)} = {2, 3, 4, · · · , 10}

So:

PX(k) =
(10
k )( 10

12−k)
(20
12)

for k = 2, 3, · · · , 10

P (X > 5) = 1−
5∑

k=2

(
10
k

)(
10

12−k

)(
20
12

)
= 1−

[(
10
2

)(
10
10

)(
20
12

) +

(
10
3

)(
10
9

)(
20
12

) +

(
10
4

)(
10
8

)(
20
12

) +

(
10
5

)(
10
7

)(
20
12

) ]

= 1− 1(
20
12

) [(10

2

)
+ 10 ·

(
10

3

)
+

(
10

4

)(
10

8

)
+

(
10

5

)(
10

7

)]
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P (2 < X ≤ 6) = PX(3) + PX(4) + PX(5) + PX(6)

=

(
10
3

)(
10
9

)(
20
12

) +

(
10
4

)(
10
8

)(
20
12

) +

(
10
5

)(
10
7

)(
20
12

) +

(
10
6

)(
10
6

)(
20
12

)
=

1(
20
12

) [(10

3

)(
10

9

)
+

(
10

4

)(
10

8

)
+

(
10

5

)(
10

7

)
+

(
10

6

)(
10

6

)]
=

1(
20
12

) [10×
(

10

3

)
+

(
10

4

)(
10

8

)
+

(
10

5

)(
10

7

)
+

(
10

6

)(
10

6

)]
.

P (X > 5|X < 8) =
P (5 < X < 8)

P (X < 8)
=
PX(6) + PX(7)∑7

k=2 PX(k)

=

(10
6 )(10

6 )
(20
12)

+
(10

7 )(10
5 )

(20
12)

(10
2 )(10

10)
(20
12)

+
(10

3 )(10
9 )

(20
12)

+
(10

4 )(10
8 )

(20
12)

+
(10

5 )(10
7 )

(20
12)

+
(10

6 )(10
6 )

(20
12)

+
(10

7 )(10
5 )

(20
12)

=

(
10
6

)(
10
6

)
+
(

10
7

)(
10
5

)(
10
2

)(
10
10

)
+
(

10
3

)(
10
9

)
+
(

10
4

)(
10
8

)
+
(

10
5

)(
10
7

)
+
(

10
6

)(
10
6

)
+
(

10
7

)(
10
5

) .
(e) X ∼ Poisson(5)

PX(k) = e−55k

k!
for k = 0, 1, 2, · · ·

P (X > 5) = 1−
5∑

k=0

e−55k

k!

= 1−
(50e−5

0!
+

51e−5

1!
+

52e−5

2!
+

53e−5

3!
+

54e−5

4!
+

55e−5

5!

)
= 1−

(
e−5 + 5e−5 +

25e−5

2
+

53e−5

3!
+

54e−5

4!
+

55e−5

5!

)
= 1− e−5

(
6 +

25

2
+

53

3!
+

54

4!
+

55

5!

)
.
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P (2 < X ≤ 6) = PX(3) + PX(4) + PX(5) + PX(6)

=
e−553

3!
+
e−554

4!
+
e−555

5!
+
e−556

6!

= e−5(
53

3!
+

54

4!
+

55

5!
+

56

6!
).

P (X > 5|X < 8) =
P (5 < X < 8)

P (X < 8)
=
PX(6) + PX(7)∑7

k=0 PX(k)

=
e−5(56

6!
+ 57

7!
)

e−5(50

0!
+ 51

1!
+ 52

2!
+ 53

3!
+ 54

4!
+ 55

5!
+ 56

6!
+ 57

7!
)

=
56

6!
+ 57

7!
50

0!
+ 51

1!
+ 52

2!
+ 53

3!
+ 54

4!
+ 55

5!
+ 56

6!
+ 57

7!

=
56

6!
+ 57

7!

6 + 52

2!
+ 53

3!
+ 54

4!
+ 55

5!
+ 56

6!
+ 57

7!

9. In this problem, we would like to show that the geometric random variable
is memoryless. Let X ∼ Geometric(p). Show that

P (X > m+ l|X > m) = P (X > l), for m, l ∈ {1, 2, 3, · · · }

We can interpret this in the following way: remember that a geometric
random variable can be obtained by tossing a coin repeatedly until observing
the first heads. If we toss the coin several times and do not observe a heads,
from now on it is as if we start all over again. In other words, the failed
coin tosses do not impact the distribution of waiting time from now on. The
reason for this is that the coin tosses are independent.

Solution:

Since X ∼ Geometric(p), we have:
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PX(k) = (1− p)k−1p for k = 1, 2, ...

Thus:

P (X > m) =
∞∑

k=m+1

(1− p)k−1p

= (1− p)mp
∞∑
k=0

(1− p)k

= p(1− p)m 1

1− (1− p)
= (1− p)m.

Similarly,

P (X > m+ l) = (1− p)m+l.

Therefore:

P (X > m+ l|X > m) =
P (X > m+ l and P (X > m))

P (X > m)

=
P (X > m+ l)

P (X > m)

=
(1− p)m+l

(1− p)m

= (1− p)l

= P (X > l).

11. The number of emails that I get in a weekday (Monday through Friday)
can be modeled by a Poisson distribution with an average of 1

6
emails per

minute. The number of emails that I receive on weekends (Saturday and
Sunday) can be modeled by a Poisson distribution with an average of 1

30

emails per minute.
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1. What is the probability that I get no emails in an interval of length 4
hours on a Sunday?

2. A random day is chosen (all days of the week are equally likely to be
selected), and a random interval of length one hour is selected in the
chosen day. It is observed that I did not receive any emails in that
interval. What is the probability that the chosen day is a weekday?

Solution:

(a)

T = 4× 60 = 240 min

λ = 240× 1

30
= 8

Thus X ∼ Poisson(λ = 8)

P (X = 0) = e−λ = e−8

(b) Let D be the event that a weekday is chosen and let E be the event
that a Saturday or Sunday is chosen.

Then:

P (D) =
5

7

P (E) =
2

7
.

Let A be the event that I receive no emails during the chosen interval then:

P (A|D) = e−λ1 = e−
1
6
·60 = e−10

P (A|E) = e−λ2 = e−
1
30
·60 = e−2.
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Therefore:

P (D|A) =
P (A|D).P (D)

P (A)
=

e−10 5
7

P (A|D)P (D) + P (A|E)P (E)

=
e−10 5

7

e−10 5
7

+ e−2 2
7

=
5

5 + 2e8
≈ 8.4× 10−4.

13. Let X be a discrete random variable with the following CDF:

FX(x) =



0 for x < 0
1
6

for 0 ≤ x < 1
1
2

for 1 ≤ x < 2
3
4

for 2 ≤ x < 3

1 for x ≥ 3

Find the range and PMF of X.

Solution:

RX = {0, 1, 2, 3}.

PX(x) = FX(x)− FX(x− ε).
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PX(0) = FX(0)− FX(0− ε) =
1

6
− 0 =

1

6

PX(1) = FX(1)− FX(1− ε) =
1

2
− 1

6
=

1

3

PX(2) = FX(2)− FX(2− ε) =
3

4
− 1

2
=

1

4

PX(3) = FX(3)− FX(3− ε) = 1− 3

4
=

1

4
.

PX(x) =



1
6

for x = 0

1
3

for x = 1

1
4

for x = 2

1
4

for x = 3

0 otherwise

15. Let X ∼ Geometric(1
3
) and let Y = |X − 5|. Find the range and PMF of

Y .

Solution:

RX = {1, 2, 3, ...}

PX(k) =
1

3

(
2

3

)k−1

, for k = 1, 2, 3, ...

Thus,
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RY = {|X − 5|
∣∣X ∈ RX} = 0, 1, 2, ....

Thus,

PY (0) = P (Y = 0) = P (|X − 5| = 0) = P (X = 5)

= (
2

3
)4(

1

3
).

For k = 1, 2, 3, 4

PY (k) = P (Y = k) = P (|X − 5| = k) = P (X = 5 + k or X = 5− k)

= PX(5 + k) + PX(5− k) = [(
2

3
)4+k + (

2

3
)4−k](

1

3
).

For k ≥ 5,

PY (k) = P (Y = k) = P (|X − 5| = k) = P (X = 5 + k)

= PX(5 + k) = (
2

3
)4+k(

1

3
).

So, in summary:

PY (k) =


(2

3
)k+4(1

3
) for k = 0, 5, 6, 7, 8, ...

((2
3
)k+4 + (2

3
)4−k)(1

3
) for k = 1, 2, 3, 4

0 otherwise
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17. Let X ∼ Geometric(p). Find Var(X).

Solution: First, note:

∞∑
k=0

xk =
1

1− x
for |x| < 1.

Taking the derivative:

∞∑
k=1

kxk−1 =
1

(1− x)2
for |x| < 1.

Taking another derivative:

∞∑
k=2

k(k − 1)xk−2 =
2

(1− x)3
for |x| < 1.

Now we can use the above identities to find Var(X). If X ∼ Geometric(p),
then

PX(k) = p(1− p)k−1 = pqk−1 for k = 1, 2, ...

where q = 1− p. Thus

EX = p
∞∑
k=1

kqk−1

= p
1

(1− q)2
=

1

p
.
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E[X(X − 1)] = p
∞∑
k=1

k(k − 1)qk−1 by LOTUS

= pq
∞∑
k=2

k(k − 1)qk−2 = pq
2

(1− q)3

=
2pq

p3
=

2q

p2
.

Thus:

EX2 − EX =
2q

p2

EX2 =
2q

p2
+

1

p
.

Therefore:

Var(X) = EX2 − (EX)2 =
2q

p2
+

1

p
− 1

p2

=
2(1− p) + p− 1

p2
=

1− p
p2

.

19. Suppose that Y = −2X + 3. If we know EY = 1 and EY 2 = 9, find EX
and Var(X).

Solution:

Y = −2X + 3

EY = −2EX + 3 linearity of expectation
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1 = −2EX + 3 → EX = 1

Var(Y ) = 4× Var(X) = EY 2 − (EY )2 = 9− 1 = 8

→ Var(X) = 2

21. (Coupon collector’s problem) Suppose that there are N different types of
coupons. Each time you get a coupon, it is equally likely to be any of the
N possible types. Let X be the number of coupons you will need to get
before having observed each coupon at least once.

(a) Show that you can write X = X0 + X1+· · ·+XN−1, where Xi ∼
Geometric(N−i

N
).

(b) Find EX.

Solution:

(a) After you have already collected i distinct coupons, define Xi to be
the number of additional coupons you need to collect in order to get the
i + 1’th distinct coupon. Then, we have X0 = 1, since the first coupon
you collect is always a new one. Then, X1 will be a geometric random
variable with success probability of p2 = N−1

N
. More generally, we can write

Xi ∼ Geometric(N−i
N

), for i = 0, 1, ..., N − 1. Note that by definition write
X = X0 +X2+· · ·+XN−1.

(b) By linearity of expectation, we have

EX = EX0 + EX1 + · · ·+ EXN−1

= 1 +
N

N − 1
+

N

N − 2
+ · · ·+ N

1

= N

[
1 +

1

2
+ · · ·+ 1

N − 1
+

1

N

]
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23. Let X be a random variable with mean EX = µ. Define the function f(α)
as

f(α) = E[(X − α)2].

Find the value of α that minimizes f .

Solution:

f(α) = E(X2 − 2αX + α2)

= EX2 − 2αEX + α2.

Thus:

f(α) = α2 − 2(EX)α + EX2.

f(α) is a polynomial of degree 2 with positive coefficient for α2

∂f(α)

∂α
= 0 → 2α− 2EX = 0

→ α = EX

25. The median of a random variable X is defined as any number m that
satisfies both of the following conditions:

P (X ≥ m) ≥ 1

2
and P (X ≤ m) ≥ 1

2
.

Note that the median of X is not necessarily unique. Find the median of
X if
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(a) The PMF of X is given by

PX(k) =


0.4 for k = 1
0.3 for k = 2
0.3 for k = 3
0 otherwise

(b) X is the result of a rolling of a fair die.

(c) X ∼ Geometric(p), where 0 < p < 1.

Solution: (a) m = 2, since

P (X ≥ 2) = 0.6 and P (X ≤ 2) = 0.7

(b)

PX(k) =
1

6
for k = 1, 2, 3, 4, 5, 6

→ 3 ≤ m ≤ 4

Thus, we conclude 3 ≤ m ≤ 4. Any value ∈ [3, 4] is a median for X.

(c)

PX(k) = (1− p)k−1p = qk−1p where q = 1− p

P (X ≤ m) =

bmc∑
k=1

qk−1p = p(1 + q + · · · qm−1)

= p
1− qbmc

1− q
= 1− qbmc,

where bmc is the largest integer less than or equal to m. We need 1−qbmc ≥
1
2
.
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Therefore:

qbmc ≤ 1

2
→ bmc log2(q) ≤ −1 → bmc log2

1

q
≥ 1

→ bmc ≥ 1

log2
1
q

Also

P (X ≥ m) =
∞∑

k=dme

qk−1p = pqdme−1(1 + q + · · · )

= p
qdme − 1

1− q
= qdme−1,

where dme is the smallest integer larger than or equal to m. Thus:

qdme−1 ≥ 1

2
→ (dme − 1) log2 q ≥ −1

→(dme − 1) log2(
1

q
) ≤ 1 → dme − 1 ≤ 1

log2(1
q
)

→dme ≤ 1

log2(1
q
)

+ 1

Thus any m satisfying

bmc ≥ 1

log2
1
q

and dme ≤ 1

log2(1
q
)

+ 1

is a median for X. For example if p = 1
5

then bmc ≥ 3.1 and dme ≤ 4.1. So
m = 4.



Chapter 4

Continuous and Mixed
Random Variables

1. I choose a real number uniformly at random in the interval [2, 6] and call it
X.

(a) Find the CDF of X, FX(x).

(b) Find EX.

Solution:
(a) We saw that all individual points have probability 0; i.e.,P (X = x) = 0
for all x in uniform distribution. Also, the uniformity implies that the
probability of an interval of length l in [a, b] must be proportional to its
length:

P (X ∈ [x1, x2]) ∝ (x2 − x1), where 2 ≤ x1 ≤ x2 ≤ 6.

Since P (X ∈ [2, 6]) = 1, we conclude

P (X ∈ [x1, x2]) =
x2 − x1

6− 2
=
x2 − x1

4
, where 2 ≤ x1 ≤ x2 ≤ 6.

61
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Now, let us find the CDF. By definition FX(x) = P (X ≤ x), thus we
immediately have

FX(x) = 0, for x < 2,

FX(x) = 1, for x ≥ 6.

For 2 ≤ x ≤ 6, we have

FX(x) = P (X ≤ x)

= P (X ∈ [2, x])

=
x− 2

4
.

Thus, to summarize

FX(x) =


0 for x < 2
x−2

4
for 2 ≤ x ≤ 6

1 for x > 6

(b) As we saw, the PDF of X is given by

fX(x) =

{
1

6−2
= 1

4
2 ≤ x ≤ 6

0 x < 2 or x > 6.

So, to find its expected value, we can write

EX =

∫ ∞
−∞

xfX(x)dx

=

∫ 6

2

x(
1

4
)dx

=
1

4

[
1

2
x2

]6

2

= 4.

Note: An easier way to derive the CDF of X and EX is to use the relations
for uniform distributions:

As we saw, if X ∼ Uniform(a, b) then the CDF and expected value of X
are given by
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FX(x) =


0 x < a
x−a
b−a a ≤ x ≤ b

1 x > b

EX =
a+ b

2

So, we could also directly write FX(x) and EX using the above formulas
and get the same results.

3. Let X be a continuous random variable with PDF

fX(x) =

{
x2 + 2

3
0 ≤ x ≤ 1

0 otherwise

(a) Find E(Xn), for n = 1, 2, 3, · · · .
(b) Find variance of X.

Solution:

(a) Using LOTUS, we have

E[Xn] =

∫ ∞
−∞

xnfX(x)dx

=

∫ 1

0

xn(x2 +
2

3
)dx

=

∫ 1

0

(xn+2 +
2

3
xn)dx

=

[
1

n+ 3
xn+3 +

2

3(n+ 1)
xn+1

]1

0

=
1

n+ 3
+

2

3(n+ 1)

=
5n+ 9

3(n+ 1)(n+ 3)
. where n = 1, 2, 3, · · ·
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(b) We know that

Var(X) = EX2 − (EX)2.

So, we need to find the values of EX and EX2

E[X] =
7

12

E[X2] =
19

45

Thus, we have

Var(X) = EX2 − (EX)2 =
19

45
− (

7

12
)2 = 0.0819.

5. Let X be a continuous random variable with PDF

fX(x) =

{
5
32
x4 0 ≤ x ≤ 2

0 otherwise

and let Y = X2.

(a) Find CDF of Y .

(b) Find PDF of Y .

(c) Find EY .

Solution:



65

(a) First, we note that RY = [0, 4]. As usual, we start with the CDF. For
y ∈ [0, 4], we have

FY (y) = P (Y ≤ y)

= P (X2 ≤ y)

= P (0 ≤ X ≤ √y) since x is not negative

=

∫ √y
0

5

32
x4dx

=
1

32
(
√
y)5

=
1

32
y2√y

Thus, the CDF of Y is given by

FY (y) =


0 for y < 0
1
32
y2√y for 0 ≤ y ≤ 4

1 for y > 4.

(b)

fY (y) =
d

dy
FY (y) =

{
5
64
y
√
y for 0 ≤ y ≤ 4

0 otherwise

(c) To find the EY , we can directly apply LOTUS,

E[Y ] = E[X2] =

∫ ∞
−∞

x2fX(x)dx

=

∫ 2

0

x2 · 5

32
x4dx

=

∫ 2

0

5

32
x6dx

=
5

32
× 1

7
× 27 =

20

7
.

7. Let X ∼ Exponential(λ). Show that
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1. EXn = n
λ
EXn−1, for n = 1, 2, 3, · · · .

2. EXn = n!
λn

.

Solution:

(a) We use integration by part (choosing u = xn and v = −e−λx)

EXn =

∫ ∞
0

xnλe−λx dx

=
[
−xne−λx

]∞
0

+ n

∫ ∞
0

xn−1e−λx dx

= 0 +
n

λ

∫ ∞
0

xn−1λe−λx dx

=
n

λ
EXn−1.

(b) We can prove this by induction using part (a). Note that for n = 1,
we have

EX =
1

λ
=

1!

λ1
.

Now, if we have EXn = n!
λn

, we can write

EXn+1 =
n+ 1

λ
EXn

=
n+ 1

λ
· n!

λn

=
(n+ 1)!

λn+1
.

9. Let X ∼ N(3, 9) and Y = 5−X.

(a) Find P (X > 2).

(b) Find P (−1 < Y < 3).
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(c) Find P (X > 4|Y < 2).

Solution:

(a) Find P (X > 2): We have µX = 3 and σX = 3. Thus,

P (X > 2) = 1− Φ

(
2− 3

3

)
= 1− Φ

(
−1

3

)
= Φ

(
1

3

)

(b) Find P (−1 < Y < 3): Since Y = 5 − X, we have Y ∼ N(2, 9).
Therefore,

P (−1 < Y < 3) = Φ

(
3− 2

3

)
− Φ

(
(−1)− 2

3

)
= Φ

(
1

3

)
− Φ (−1) .

Note that we can also solve this in the following way:

P (−1 < Y < 3) = P (−1 < 5−X < 3)

= P (2 < X < 6)

= Φ

(
6− 3

3

)
− Φ

(
2− 3

3

)
= Φ (1)− Φ

(
−1

3

)
= Φ

(
1

3

)
− Φ (−1) .
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(c) Find P (X > 4|Y < 2):

P (X > 4|Y < 2) = P (X > 4|5−X < 2)

= P (X > 4|X > 3)

=
P (X > 4, X > 3)

P (X > 3)

=
P (X > 4)

P (X > 3)

=
1− Φ(4−3

3
)

1− Φ(3−3
3

)

=
1− Φ(1

3
)

1− Φ(0)

= 2(1− Φ(
1

3
))

11. Let X ∼ Exponential(2) and Y = 2 + 3X.

(a) Find P (X > 2).

(b) Find EY and variance of Y .

(c) Find P (X > 2|Y < 11).

Solution:

(a) Find P (X > 2):

P (X > 2) = 1− P (X ≤ 2)

= 1− FX(2) = 1− (1− e−4) = e−4

(b) Find EY :

Since Y = 2 + 3X,

we have EY = 2 + 3EX = 2 + 3× 1
2

= 7
2
.

Var(Y ) = Var(2 + 3X) = 9× Var(X) = 9× 1
4

= 9
4
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(c) Find P (X > 2|Y < 11):

P (X > 2|Y < 11) = P (X > 2|2 + 3X < 11)

= P (X > 2|X < 3)

=
P (X > 2, X < 3)

P (X < 3)

=
P (2 < X < 3)

P (X < 3)

=
e−4 − e−6

1− e−6

13. Let X be a random variable with the following CDF:

FX(x) =



0 for x < 0

x for 0 ≤ x < 1
4

x+ 1
2

for 1
4
≤ x < 1

2

1 for x ≥ 1
2

(a) Plot FX(x) and explain why X is a mixed random variable.

(b) Find P (X ≤ 1
3
).

(c) Find P (X ≥ 1
4
).

(d) Write the CDF of X in the form of

FX(x) = C(x) +D(x),

where C(x) is a continuous function and D(x) is in the form of a
staircase function, i.e.,

D(x) =
∑
k

aku(x− xk)

(e) Find c(x) = d
dx
C(x).
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1
4

3
4

1

FX(x)

1
4

1
2

x

Figure 4.1: CDF of the Mixed random variable

(f) Find EX using EX =
∫∞
−∞ xc(x)dx+

∑
k xkak

Solution:

(a) X is a mixed random variable because the CDF is not a continuous
function nor in the form of a staircase function.

(b)

P (X ≤ 1

3
) = FX(

1

3
) =

1

3
+

1

2
=

5

6

(c)

P (X ≥ 1

4
) = 1− P (X <

1

4
)

= 1− P (X ≤ 1

4
) + P (X =

1

4
)

= 1− FX(
1

4
) +

1

2
= 1− 3

4
+

1

2
=

3

4
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(d) We can write:

FX(x) = C(x) +D(x)

where

C(x) =


0 for x < 0

x for 0 ≤ x ≤ 1
2

1
2

for x ≥ 1
2

and

D(x) =


0 for x < 1

4

1
2

for x ≥ 1
4

Thus D(x) = 1
2
u(x− 1

4
).

(e)

c(x) =


0 for x < 0 or x ≥ 1

2

1 for 0 ≤ x < 1
2

(f)

EX =
∫∞
−∞ xc(x)dx+

∑
k xkak =

∫ 1
2

0
xdx+ 1

2
· 1

4
= 1

8
+ 1

8
= 1

4

15. Let X be a mixed random variable with the following generalized PDF:

fX(x) =
1

3
δ(x+ 2) +

1

6
δ(x− 1) +

1

2
.

1√
2π
e−

x2

2

(a) Find P (X = 1) and P (X = −2).

(b) Find P (X ≥ 1).
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(c) Find P (X = 1|X ≥ 1).

(d) Find EX and Var(X).

Solution:

Note that 1√
2π
e−

x2

2 is the PDF of a standard normal random variable.

So, we can plot the PDF of X as follows:

x

fX(x)

1
6
δ(x− 1)

1
3
δ(x+ 2)

(a)

P (X = 1) =
1

6
P (X = −2) =

1

3

(b)

P (X ≥ 1) = P (X = 1) +

∫ ∞
1

1

2

1√
2π
e−

x2

2 dx

=
1

6
+

1

2

[
1− φ(

1− 0

1
)
]

=
1

6
+

1

2

[
1− φ(1)

]
=

1

6
+

1

2
φ(−1)
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(c)

P (X = 1|X ≥ 1) =
P (X = 1 and X ≥ 1)

P (X ≥ 1)

=
P (X = 1)

P (X ≥ 1)
=

1
6

1
6

+ 1
2
φ(−1)

(d)

EX =
1

6
· 1 +

1

3
· (−2) +

1

2
EZ where Z ∼ N(0, 1)

Thus,

EX =
1

6
− 2

3
+ 0 = −1

2

EX2 =

∫ ∞
−∞

x2fX(x)dx

=

∫ ∞
−∞

(1

3
x2δ(x+ 2) +

1

6
x2δ(x− 1) +

1

2
.

1√
2π
x2e−

x2

2

)
dx

=
1

3
· (−2)2 +

1

6
· 12 +

1

2
EZ2 where Z ∼ N(0, 1)

=
4

3
+

1

6
+

1

2
= 2

Var(X) = EX2 − (EX)2

= 2−
(

1

2

)2

=
7

4
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17. A continuous random variable is said to have a Laplace(µ, b) distribution if
its PDF is given by

fX(x) =
1

2b
exp

(
−|x− µ|

b

)
=

{
1
2b

exp
(
x−µ
b

)
if x < µ

1
2b

exp
(
−x−µ

b

)
if x ≥ µ

where µ ∈ R and b > 0.

(a) If X ∼ Laplace(0, 1), find EX and Var(X).

(b) If X ∼ Laplace(0, 1) and Y = bX + µ, show that Y ∼ Laplace(µ, b).

(c) Let Y ∼ Laplace(µ, b), where µ ∈ R and b > 0. Find EY and Var(Y ).

Solution:

(a) X ∼ Laplace(0, 1), so:

fX(x) =
1

2
e−|x| =


1
2
ex for x < 0

1
2
e−x for x ≥ 0

Since the PDF of X is symmetric around 0, we conclude EX = 0. More
specifically,

EX =

∫ ∞
−∞

xfX(x)dx =
1

2

∫ 0

−∞
xexdx+

1

2

∫ ∞
0

xe−xdx

= −1

2

∫ ∞
0

ye−ydy +
1

2

∫ ∞
0

xe−xdx = 0 (let y = −x)

Var(X) = EX2 − (EX)2 = EX2 =

∫ ∞
−∞

x2fX(x)dx

=
1

2

∫ ∞
−∞

x2e−|x|dx =

∫ ∞
0

x2e−xdx = 2
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Another way to obtain Var(X) is as follows: Note that you can interpret
X in the following way. Let W ∼ Exponential(1). You toss a fair coin. If
you observe heads, X = W . Otherwise, X = −W . Using this construction,
we have X2 = W 2, thus EX2 = EW 2 = 2, and since EX = 0, we conclude
that Var(X) = 2.

(b) Y = g(X) where g(X) = bX + µ, g′(X) = b. Thus, using the method
of transformation, we can write

fY (y) =
fX(y−µ

b
)

b
=

1

2b
exp(−|y − µ

b
|)

Thus: Y ∼ Laplace(µ, b).

You can also show this by starting from the CDF:

FY (y) = P (Y ≤ y)

= P (bX + µ ≤ y)

= P (X ≤ y − µ
b

)

= FX(
y − µ
b

).

Thus

fY (y) =
d

dy
FY (y)

=
fX(y−µ

b
)

b
=

1

2b
exp(−|y − µ

b
|).

(c) We can write Y = bX + µ, where X ∼ Laplace(0, 1)
Thus by part (a), EX = 0 and Var(X) = 2

EY = bEX + µ = µ

Var(Y ) = b2Var(X) = 2b2
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19. A continuous random variable is said to have a standard Cauchy distri-
bution if its PDF is given by

fX(x) =
1

π(1 + x2)
.

If X has a standard Cauchy distribution, show that EX is not well-defined.
Also, show EX2 =∞.

Solution:

EX =

∫ ∞
−∞

xfX(x)dx =

∫ ∞
−∞

x

π(1 + x2)
dx

But, note that:∫ 0

−∞
x

π(1+x2)
dx = −∞ and

∫∞
0

x
π(1+x2)

dx =∞

(Note that
∫∞

0
x

π(1+x2)
dx = 1

2π
ln(1+x2)

∣∣∞
0

=∞ and
∫ 0

∞
x

π(1+x2)
dx = 1

2π
ln(1+

x2)
∣∣0
−∞ = −∞)

Thus, EX is not well defined.

EX2 =

∫ ∞
−∞

x2

π(1 + x2)
dx

=

∫ 0

−∞

x2

π(1 + x2)
dx+

∫ ∞
0

x2

π(1 + x2)
dx

= 2

∫ ∞
0

x2

π(1 + x2)
dx

= 2
[
x− arctan(x)

]∞
0

=∞.
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21. A continuous random variable is said to have a Pareto(xm, α) distribution
if its PDF is given by

fX(x) =


α

xαm
xα+1

for x ≥ xm,

0 for x < xm.

where xm, α > 0. Let X ∼ Pareto(xm, α).

(a) Find the CDF of X, FX(x).

(b) Find P (X > 3xm|X > 2xm).

(c) If α > 2, find EX and Var(X).

Solution:

(a)

fX(x) =


α

xαm
xα+1

for x ≥ xm,

0 for x < xm.

Note that RX = [xm,∞),
Thus, FX(x) = 0 for x < xm
For x ≥ xm:

FX(x) =

∫ x

xm

α
xαm
xα+1

dx

=
[
− xαm
xα
]x
xm

= 1−
(xm
x

)α
Thus:

FX(x) =

 1−
(
xm
x

)α
for x ≥ xm

0 otherwise
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(b)

P (X > 3xm|X > 2xm) =
P (X > 3xm and X > 2xm)

P (X > 2xm)

=
P (X > 3xm)

P (X > 2xm)
=

(
xm
3xm

)α(
xm
2xm

)α =
(2

3

)α
(c)

EX =

∫ ∞
xm

x · α xαm
xα+1

dx

= αxαm

∫ ∞
xm

1

xα
dx

= αxαm
xm

(1−α)

α− 1
since α > 1

=
αxm
α− 1

EX2 =

∫ ∞
xm

x2 · α xαm
xα+1

dx

= αxαm

∫ ∞
xm

x−α+1dx

= αxαm[
1

−α + 2
x−α+2]∞xm since α > 2

= αxαm
x2−α
m

α− 2
=

α

α− 2
x2
m since α > 2

Thus:

Var(X) = EX2 − (EX)2 =
α

α− 2
x2
m − (

α

α− 1
xm)2 =

αx2
m

(α− 2)(α− 1)2
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23. Let X1, X2, · · · , Xn be independent random variables with Xi ∼
Exponential(λ). Define

Y = X1 +X2 + · · ·+Xn.

As we will see later, Y has a Gamma distribution with parameters n
and λ, i.e., Y ∼ Gamma(n, λ). Using this, show that if Y ∼ Gamma(n, λ),
then EY = n

λ
and Var(Y ) = n

λ2
.

Solution:

Y = X1 +X2 + · · ·+Xn.

where Xi ∼ Exponential(λ)

Thus:

EY = EX1 + EX2 + · · ·+ EXn

=
1

λ
+

1

λ
+ · · ·+ 1

λ
since Xi ∼ Exponential(λ)

=
n

λ

Var(Y ) = Var(X1) + Var(X2) + · · ·+ Var(Xn) since Xi’s are independent

=
1

λ2
+

1

λ2
+ · · ·+ 1

λ2

=
n

λ2
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Chapter 5

Joint Distributions: Two
Random Variables

1. Consider two random variables X and Y with joint PMF, given in Table
5.1.

Table 5.1: Joint PMF of X and Y in Problem 5

Y = 1 Y = 2

X = 1 1
3

1
12

X = 2 1
6

0

X = 4 1
12

1
3

(a) Find P (X ≤ 2, Y > 1).

(b) Find the marginal PMFs of X and Y .

(c) Find P (Y = 2|X = 1).

(d) Are X and Y independent?

81
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Solution:

(a)

P (X ≤ 2, Y > 1) = P (X = 1, Y = 2) + P (X = 2, Y = 2)

=
1

12
+ 0 =

1

12
.

(b)

PX(x) =
∑
y∈RY

P (X = x, Y = y).

PX(x) =



1
3

+ 1
12

= 5
12

for x = 1

1
6

+ 0 = 1
6

for x = 2

1
12

+ 1
3

= 5
12

for x = 4

So:

PX(x) =



5
12

x = 1

1
6

x = 2

5
12

x = 4

PY (y) =
∑
x∈RX

P (X = x, Y = y).

PY (y) =


1
3

+ 1
6

+ 1
12

= 7
12

for y = 1

1
12

+ 0 + 1
3

= 5
12

for y = 2

So:



83

PY (y) =


7
12

y = 1

5
12

y = 2

(c)

P (Y = 2|X = 1) =
P (Y = 2, X = 1)

P (X = 1)
=

1
12
5
12

=
1

5
.

(d) Using the results of the previous part, we observe that:

P (Y = 2|X = 1) = 1
5
6= P (Y = 2) = 5

12
.

So, we conclude that the two variables are not independent.

3. A box contains two coins: a regular coin and a biased coin with P (H) = 2
3
.

I choose a coin at random and toss it once. I define the random variable X
as a Bernoulli random variable associated with this coin toss, i.e., X = 1 if
the result of the coin toss is heads and X = 0 otherwise. Then I take the
remaining coin in the box and toss it once. I define the random variable Y
as a Bernoulli random variable associated with the second coin toss. Find
the joint PMF of X and Y . Are X and Y independent?

Solution:

We choose each coin with probability 0.5. We call the regular coin “coin1”
and the biased coin “coin2.”

Let X be a Bernoulli random variable associated with the first chosen coin
toss. We can pick the first coin “coin1” or second coin “coin2” with equal
probability 0.5. Thus, we can use the law of total probability:
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P (X = 1) = P (coin1)P (H|coin 1) + P (coin2)P (H|coin 2)

=
1

2
× 1

2
+

1

2
× 2

3
=

7

12
.

P (X = 0) = P (coin1)P (T |coin 1) + P (coin2)P (T |coin 2)

=
1

2
× 1

2
+

1

2
× 1

3
=

5

12
.

Let Y be a Bernoulli random variable associated with the second chosen
coin toss. We can pick the first coin “coin1” or second coin “coin2” with
equal probability 0.5.

P (Y = 1) = P (coin1)P (H|coin 1) + P (coin2)P (H|coin 2)

=
1

2
× 1

2
+

1

2
× 2

3
=

7

12
.

P (Y = 0) = P (coin1)P (T |coin 1) + P (coin2)P (T |coin 2)

=
1

2
× 1

2
+

1

2
× 1

3
=

5

12
.
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P (X = 0, Y = 0) = P (first coin = coin1)P (T |coin 1)P (T |coin 2)

+ P (first coin = coin2)P (T |coin 1)P (T |coin 2)

= P (T |coin 1)P (T |coin 2)

=
1

2
× 1

3
=

1

6
.

P (X = 0, Y = 1) = P (first coin = coin1)P (T |coin 1)P (H|coin 2)

+ P (first coin = coin2)P (T |coin 2)P (H|coin 1)

=
1

2
× 1

2
× 2

3
+

1

2
× 1

3
× 1

2
=

1

4
.

P (X = 1, Y = 0) = P (first coin = coin1)P (H|coin 1)P (T |coin 2)

+ P (first coin = coin2)P (H|coin 2)P (T |coin 1)

=
1

2
× 1

2
× 1

3
+

1

2
× 2

3
× 1

2
=

1

4
.

P (X = 1, Y = 1) = P (first coin = coin1)P (H|coin 1)P (H|coin 2)

+ P (first coin = coin2)P (H|coin 1)P (H|coin 2)

= P (H|coin 1)P (H|coin 2)

=
1

2
× 2

3
=

1

3
.

Table 5.2 summarizes the joint PMF of X and Y .

Table 5.2: Joint PMF of X and Y

Y = 0 Y = 1

X = 0 1
6

1
4

X = 1 1
4

1
3
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By comparing joint PMFs and marginal PMFs, we conclude that the two
variables are not independent.

For example:

P (X = 0) =
5

12

P (Y = 1) =
7

12

P (X = 0, Y = 1) =
1

4
6= P (X = 0)× P (Y = 1).

5. Let X and Y be as defined in Problem 5. Also, suppose that we are given
that Y = 1.

(a) Find the conditional PMF of X given Y = 1. That is, find PX|Y (x|1).

(b) Find E[X|Y = 1].

(c) Find Var(X|Y = 1).

Solution:

(a)

PX|Y (x|1) =
P (X = x, Y = 1)

P (Y = 1)
=
P (X = x, Y = 1)

7
12

=
12

7
P (X = x, Y = 1).

PX|Y (x|1) =



12
7
× 1

3
= 4

7
x = 1

12
7
× 1

6
= 2

7
x = 2

12
7
× 1

12
= 1

7
x = 4
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PX|Y (x|1) =



4
7

x = 1

2
7

x = 2

1
7

x = 4

(b)

E[X|Y = 1] =
∑
x

xPX|Y (x|1) = 1× 4

7
+ 2× 2

7
+ 4× 1

7
=

12

7
.

(c)

E[X2|Y = 1] =
∑
x

x2PX|Y (x|1) = 1× 4

7
+ 4× 2

7
+ 16× 1

7
=

28

7
.

Var(X|Y = 1) = E(X2|Y = 1)− (E[X|Y = 1])2

=
28

7
−
(

12

7

)2

=
52

49

7. Let X ∼ Geometric(p). Find Var(X) as follows: find EX and EX2 by
conditioning on the result of the first “coin toss” and use Var(X)= EX2 −
(EX)2.

Solution: The random experiment behind Geometric(p) is that we have a
coin with P (H) = p. We toss the coin repeatedly until we observe the first
heads. X is the total number of coin tosses. Now, there are two possible
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outcomes for the first coin toss: H or T . Thus, we can use the law of total
expectation:

EX = E[X|H]P (H) + E[X|T ]P (T )

= pE[X|H] + (1− p)E[X|T ]

= p · 1 + (1− p)(EX + 1).

In this equation, E[X|T ] = 1 +EX because the tosses are independent, so
if the first toss is tails, it is like starting over on the second toss. Solving
for EX, we obtain

EX =
1

p

Similarly, we can obtain EX2.

EX2 = E[X2|H]P (H) + E[X2|T ]P (T )

= pE[X2|H] + (1− p)E[X2|T ]

= p · 1 + (1− p)E(X + 1)2

= p+ (1− p)[1 + 2EX + EX2]

= p+ (1− p)
[
1 +

2

p
+ EX2

]
Solving for EX2, we obtain

EX2 =
2− p
p2

.

Therefore,

Var(X) = EX2 − (EX)2 =
1− p
p2

.

9. Consider the set of points in the set C:

C = {(x, y)|x, y ∈ Z, x2 + |y| ≤ 2}.

Suppose that we pick a point (X, Y ) from this set completely at random.
Thus, each point has a probability of 1

11
of being chosen.
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(a) Find the joint and marginal PMFs of X and Y .

(b) Find the conditional PMF of X given Y = 1.

(c) Are X and Y independent?

(d) Find E[XY 2].

Solution:

(a) Note that here

RXY = C = {(x, y)|x, y ∈ Z, x2 + |y| ≤ 2}.

Thus, the joint PMF is given by

PXY (x, y) =

{
1
11

(x, y) ∈ C
0 otherwise

To find the marginal PMF of Y , PY (j), we use

PY (y) =
∑
xi∈RX

PXY (xi, y), for any y ∈ RY

Thus,

PY (−2) = PXY (0,−2) =
1

11
,

PY (−1) = PXY (0,−1) + PXY (−1,−1) + PXY (1,−1) =
3

11
,

PY (0) = PXY (0, 0) + PXY (1, 0) + PXY (−1, 0) =
3

11
,

PY (1) = PXY (0, 1) + PXY (−1, 1) + PXY (1, 1) =
3

11
,

PY (2) = PXY (0, 2) =
1

11
.

Similarly, we can find

PX(i) =


3
11

for i = −1, 1
5
11

for i = 0

0 otherwise
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(b) For i = −1, 0, 1, we can write

PX|Y (i|1) =
PXY (i, 1)

PY (1)

=
1
11
3
11

=
1

3
, for i = −1, 0, 1.

Thus, we conclude

PX|Y (i|1) =

{
1
3

for i = −1, 0, 1
0 otherwise

By looking at the above conditional PMF, we conclude that given
Y = 1, X is uniformly distributed over the set {−1, 0, 1}.

(c) X and Y are not independent. We can see this because the conditional
PMF of X given Y = 1 (calculated above) is not the same as marginal
PMF of X, PX(x).

(d) We have

E[XY 2] =
∑

i,j∈RXY

ij2PXY (i, j)

=
1

11

∑
i,j∈RXY

ij2

= 0

11. The number of cars being repaired at a small repair shop has the following
PMF:

PN(n) =



1
8

for n = 0

1
8

for n = 1

1
4

for n = 2

1
2

for n = 3

0 otherwise
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Each vehicle being repaired is a four-door car with probability 3
4

and a
two-door car with probability 1

4
independently from other cars and inde-

pendently from the total number of cars being repaired. Let X be the
number of four-door cars and Y be the number of two-door cars currently
being repaired.

(a) Find the marginal PMFs of X and Y .

(b) Find joint PMF of X and Y .

(c) Are X and Y independent?

Solution:

(a) Suppose that the number of cars being repaired is N . Then note that
RX = RY = {0, 1, 2, 3} and X + Y = N . Also, given N = n, X is
the sum of n independent Bernoulli(3

4
) random variables. Thus, given

N = n, X has a binomial distribution with parameters n and 3
4
, so

X|N = n ∼ Binomial(n, p =
3

4
);

Y |N = n ∼ Binomial(n, q = 1− p =
1

4
).

We have

PX(k) =
3∑

n=0

P (X = k|N = n)PN(n) (law of total probability)

=
3∑

n=0

(
n

k

)
pkqn−kPN(n)

PX(k) =



∑3
n=0

(
n
0

) (
3
4

)0 (1
4

)n · PN(n) for k = 0∑3
n=0

(
n
1

) (
3
4

)1 (1
4

)n−1 · PN(n) for k = 1∑3
n=0

(
n
2

) (
3
4

)2 (1
4

)n−2 · PN(n) for k = 2∑3
n=0

(
n
3

) (
3
4

)3 (1
4

)n−3 · PN(n) for k = 3

0 otherwise
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PX(k) =



23
128

for k = 0

33
128

for k = 1

45
128

for k = 2

27
128

for k = 3

0 otherwise

Similarly, for the marginal PMF of Y , p = 1
4

and q = 3
4
.

PY (k) =



73
128

for k = 0

43
128

for k = 1

11
128

for k = 2

1
128

for k = 3

0 otherwise

(b) To find the joint PMF of X and Y , we can also use the law of total
probability:

PXY (i, j) =
3∑

n=0

P (X = i, Y = j|N = n)PN(n) (law of total probability).

But note that P (X = i, Y = j|N = n) = 0 if N 6= i + j, thus for
i, j ∈ {0, 1, 2, 3}, we can write

PXY (i, j) = P (X = i, Y = j|N = i+ j)PN(i+ j)

= P (X = i|N = i+ j)PN(i+ j)

=

(
i+ j

i

)
(
3

4
)i(

1

4
)jPN(i+ j)

PXY (i, j) =



1
8
(3

4
)i(1

4
)j for i+ j = 0 (i.e., i = j = 0)

1
8
(3

4
)i(1

4
)j for i+ j = 1

1
4

(
2
i

)
(3

4
)i(1

4
)j for i+ j = 2

1
2

(
3
i

)
(3

4
)i(1

4
)j for i+ j = 3

0 otherwise
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(c) X and Y are not independent since, as we saw above:

PXY (i, j) 6= PX(i)PY (j).

13. Consider two random variables X and Y with their joint PMF given in
Table 5.5.

Table 5.3: Joint PMF of X and Y in Problem 13.

Y = 0 Y = 1 Y = 2

X = 0 1
6

1
6

1
8

X = 1 1
8

1
6

1
4

Define the random variable Z as Z = E[X|Y ].

(a) Find the marginal PMFs of X and Y .

(b) Find the conditional PMF of X given Y = 0 and Y = 1, i.e., find
PX|Y (x|0) and PX|Y (x|1).

(c) Find the PMF of Z.

(d) Find EZ and check that EZ = EX.

(e) Find Var(Z).

Solution:
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(a) Using the table, we find out

PX(0) =
1

6
+

1

6
+

1

8
=

11

24
,

PX(1) =
1

8
+

1

6
+

1

4
=

13

24
,

PY (0) =
1

6
+

1

8
=

7

24
,

PY (1) =
1

6
+

1

6
=

1

3
,

PY (2) =
1

8
+

1

4
=

3

8
.

Note that X and Y are not independent.

(b) We have

PX|Y (0|0) =
PXY (0, 0)

PY (0)

=
1
6
7
24

=
4

7
.

Thus,

PX|Y (1|0) = 1− 4

7
=

3

7
.

We conclude

X|Y = 0 ∼ Bernoulli

(
3

7

)
.

Similarly, we find

PX|Y (0|1) =
1

2
,

PX|Y (1|1) =
1

2
.

(c) We note that the random variable Y can take three values: 0, 1, and
2. Thus, the random variable Z = E[X|Y ] can take three values as it
is a function of Y . Specifically,
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Z = E[X|Y ] =


E[X|Y = 0] if Y = 0

E[X|Y = 1] if Y = 1

E[X|Y = 2] if Y = 2

Now, using the previous part, we have

E[X|Y = 0] =
3

7
, E[X|Y = 1] =

1

2
, E[X|Y = 2] =

2

3

and since P (Y = 0) = 7
24

, P (Y = 1) = 1
3
, and P (Y = 2) = 3

8
we

conclude that

Z = E[X|Y ] =



3
7

with probability 7
24

1
2

with probability 1
3

2
3

with probability 3
8

So we can write

PZ(z) =



7
24

if z = 3
7

1
3

if z = 1
2

3
8

if z = 2
3

0 otherwise

(d) Now that we have found the PMF of Z, we can find its mean and
variance. Specifically,

E[Z] =
3

7
· 7

24
+

1

2
· 1

3
+

2

3
· 3

8
=

13

24
.

We also note that EX = 13
24

. Thus, here we have

E[X] = E[Z] = E[E[X|Y ]].

(e) To find Var(Z), we write

Var(Z) = E[Z2]− (EZ)2

= E[Z2]− (
13

24
)2,
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where

E[Z2] = (
3

7
)2 · 7

24
+ (

1

2
)2 · 1

3
+ (

2

3
)2 · 3

8
=

17

56
.

Thus,

Var(Z) =
17

56
− (

13

24
)2

=
41

4032
.

15. Let N be the number of phone calls made by the customers of a phone
company in a given hour. Suppose that N ∼ Poisson(β), where β > 0 is
known. Let Xi be the length of the i’th phone call, for i = 1, 2, ..., N . We
assume Xi’s are independent of each other and also independent of N . We
further assume

Xi ∼ Exponential(λ),

where λ > 0 is known. Let Y be the sum of the lengths of the phone calls,
i.e.,

Y =
N∑
i=1

Xi.

Find EY and Var(Y ).

Solution: To find EY , we cannot directly use the linearity of expectation
because N is random but, conditioned on N = n, we can use linearity and
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find E[Y |N = n]; so, we use the law of iterated expectations:

EY = E[E[Y |N ]] (law of iterated expectations)

= E

[
E

[ N∑
i=1

Xi|N
]]

= E

[
N∑
i=1

E[Xi|N ]

]
(linearity of expectation)

= E

[
N∑
i=1

E[Xi]

]
(Xi’s and N are indpendent)

= E[NE[X]] (since EXi = EXs)

= E[X]E[N ] (since EX is not random).

EY = E[X]E[N ]

EY =
1

λ
· β

EY =
β

λ

To find Var(Y ), we use the law of total variance:

Var(Y ) = E(Var(Y |N)) + Var(E[Y |N ])

= E(Var(Y |N)) + Var(NEX) (as above)

= E(Var(Y |N)) + (EX)2Var(N).

To find E(Var(Y |N)) note that, given N = n, Y is the sum of n indepen-
dent random variables. As we discussed before, for n independent random
variables, the variance of the sum is equal to sum of the variances. We can
write

Var(Y |N) =
N∑
i=1

Var(Xi|N)

=
N∑
i=1

Var(Xi) (since Xi’s are independent of N)

= NVar(X).
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Thus, we have

E(Var(Y |N)) = ENVar(X).

We obtain

Var(Y ) = ENV ar(X) + (EX)2Var(N).

Var(Y ) = β(
1

λ
)2 + (

1

λ
)2β.

=

(
2β

λ2

)

17. Let X and Y be two jointly continuous random variables with joint PDF

fXY (x, y) =


e−xy 1 ≤ x ≤ e, y > 0

0 otherwise

(a) Find the marginal PDFs, fX(x) and fY (y).

(b) Write an integral to compute P (0 ≤ Y ≤ 1, 1 ≤ X ≤
√
e).

Solution:

(a) We have:

1 e

y

x

RXY
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for 1 < x < e:

fX(x) =

∫ ∞
0

e−xydy

= −1

x
e−xy

∣∣∣∣∞
0

=
1

x

fX(x) =


1
x

1 ≤ x ≤ e

0 otherwise

for 0 < y

fY (y) =

∫ e

1

e−xydx

=
1

y
(e−y − e−ey)

Thus,

fY (y) =


1
y
(e−y − e−ey) y > 0

0 otherwise

(b)

P (0 ≤ Y ≤ 1, 1 ≤ X ≤
√
e) =

∫ √e
x=1

∫ 1

y=0

e−xydydx

=
1

2
−
∫ √e

1

1

x
e−xdx

19. Let X and Y be two jointly continuous random variables with joint CDF

FXY (x, y) =

 1− e−x − e−2y + e−(x+2y) x, y > 0

0 otherwise
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(a) Find the joint PDF, fXY (x, y).

(b) Find P (X < 2Y ).

(c) Are X and Y independent?

Solution: Note that we can write FXY (x, y) as

FXY (x, y) =
(
1− e−x

)
u(x)(1− e−2y)u(y)

= (a function of x) · (a function of y)

= FX(x) · FY (y)

i.e. X and Y are independent.

(a)

FX(x) = (1− e(−x))u(x)

Thus X ∼ Exponential(1) . So, we have fX(x) = e−xu(x). Similarly,
fY (y) = 2e−2yu(y) which results in:

fXY (x, y) = 2e(−x+2y)u(x)u(y)

(b)

P (X < 2Y ) =

∫ ∞
y=0

∫ 2y

x=0

2e−(x+2y)dxdy

=

∫ ∞
y=0

(
2e−2y − 2e−4y

)
dy

=
1

2

(c) Yes, as we saw above.
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21. Let X and Y be two jointly continuous random variables with joint PDF

fXY (x, y) =


x2 + 1

3
y −1 ≤ x ≤ 1, 0 ≤ y ≤ 1

0 otherwise

(a) Find he conditional PDF of X given Y = y, for 0 ≤ y ≤ 1.

(b) Find P (X > 0|Y = y), for 0 ≤ y ≤ 1. Does this value depend on y?

(c) Are X and Y independent?

Solution:

(a) Let us first find fY (y):

fY (y) =

∫ +1

−1

(x2 +
1

3
y)dx =

[1
3
x3 +

1

3
yx
]+1

−1

=
2

3
y +

2

3
for 0 ≤ y ≤ 1

Thus, for 0 ≤ y ≤ 1, we obtain:

fX|Y (x|y) =
fXY (x, y)

fY (y)
=
x2 + 1

3
y

2
3
y + 2

3

=
3x2 + y

2y + 2
for − 1 ≤ x ≤ 1

For 0 ≤ y ≤ 1:

fX|Y (x|y) =


3x2+y
2y+2

−1 ≤ x ≤ 1

0 else

(b)

P (X > 0|Y = y) =

∫ 1

0

fX|Y (x|y)dx =

∫ 1

0

3x2 + y

2y + 2
dx

=
1

2y + 2

∫ 1

0

(3x2 + y)dx

=
1

2y + 2

[
(x3 + yx)

]1
0

=
y + 1

2(y + 1)
=

1

2
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Thus it does not depend on y.

(c) X and Y are not independent. Since fX|Y (x|y) depends on y.

23. Consider the set

E = {(x, y)
∣∣|x|+ |y| ≤ 1}.

Suppose that we choose a point (X, Y ) uniformly at random in E. That is,
the joint PDF of X and Y is given by

fXY (x, y) =


c (x, y) ∈ E

0 otherwise

(a) Find the constant c.

(b) Find the marginal PDFs fX(x) and fY (y).

(c) Find the conditional PDF of X given Y = y, where −1 ≤ y ≤ 1.

(d) Are X and Y independent?

Solution:

(a) We have:

1 =

∫
E

∫
cdxdy = c(area of E) = c

√
2 ·
√

2 = 2c

→ c =
1

2

(b)

For 0 ≤ x ≤ 1, we have:
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−1 1

1

−1

y

x

−1 1

1

−1

−x+ y = 1 x+ y = 1

x− y = 1−x− y = 1

y

x
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fX(x) =

∫ 1−x

x−1

1

2
dy = 1− x

For −1 ≤ x ≤ 0, we have:

fX(x) =

∫ 1+x

−x−1

1

2
dy = 1 + x

fX(x) =


1− |x| − 1 ≤ x ≤ 1

0 else

Similarly, we find:

fY (y) =


1− |y| − 1 ≤ y ≤ 1

0 else

(c)

fX|Y (x|y) =
fXY (xy)

fY (y)
=

1
2

(1− |y|)

=
1

2(1− |y|)
for |x| ≤ 1− |y|

Thus:

fX|Y (x|y) =


1

2(1−|y|) for − 1 + |y| ≤ x ≤ 1− |y|

0 else

So, we conclude that given Y = y, X is uniformly distributed on [−1 +
|y|, 1− |y|], i.e.:

X|Y = y ∼ Uniform(−1 + |y|, 1− |y|)
(d) No, because fXY (x, y) 6= fX(x) · fY (y)
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25. Suppose X ∼ Exponential(1) and given X = x, Y is a uniform random
variable in [0., x], i.e.,

Y |X = x ∼ Uniform(0, x),

or equivalently

Y |X ∼ Uniform(0, X).

(a) Find EY .

(b) Find Var(Y ).

Solution:

Remember that if Y ∼ Uniform(a, b), then EY = a+b
2

and Var(Y ) = (b−a)2

12

(a) Using the law of total expectation:

E[Y ] =

∫ ∞
0

E[Y |X = x]fX(x)dx

=

∫ ∞
0

E[Y |X = x]e−xdx Since Y |X ∼ Uniform(0, X)

=

∫ ∞
0

x

2
e−xdx =

1

2
[

∫ ∞
0

xe−xdx]

=
1

2
· 1 =

1

2

(b)

EY 2 =

∫ ∞
0

E[Y 2|X = x]fX(x)dx

=

∫ ∞
0

E[Y 2|X = x]e−xdx Law of total expectation
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Y |X ∼ Uniform(0, X)

E[Y 2|X = x] = Var(Y |X = x) + (E[Y |X = x])2

=
x2

12
+
x2

4
=
x2

3

EY 2 =

∫ ∞
0

x2

3
e−xdx =

1

3

∫ ∞
0

x2e−xdx

=
1

3
EW 2 =

1

3
[Var(W ) + (EW )2]

=
1

3
(1 + 1) =

2

3
where W ∼ Exponential(1)

Therefore:

EY 2 =
2

3
Var(Y ) =

2

3
− 1

4
=

5

12

27. Let X and Y be two independent Uniform(0, 1) random variables and
Z = X

Y
. Find both the CDF and PDF of Z.

Solution:

First note that since RX = RY = [0, 1], we conclude RZ = [0,∞). We first
find the CDF of Z.

FZ(z) = P (Z ≤ z) = P
(X
Y
≤ z
)

= P (X ≤ zY ) (Since Y ≥ 0)

=

∫ 1

0

P (X ≤ zY |Y = y)fY (y)dy (Law of total prob)

=

∫ 1

0

P (X ≤ zy)dy (Since X and Y are indep)

Note:
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P (X ≤ zy) =

{
1 if y > 1

z

zy if y ≤ 1
z

Consider two cases:

(a) If 0 ≤ z ≤ 1, then P (X ≤ zy) = zy for all 0 ≤ y ≤ 1

Thus:

FZ(z) =

∫ 1

0

(zy)dy =
1

2
zy2
∣∣1
0

=
1

2
z

(b) If z > 1, then

FZ(z) =

∫ 1
z

0

zydy +

∫ 1

1
z

1dy

=
[1
2
zy2
] 1
z

0
+
[
y
]1

1
z

=
1

2z
+ 1− 1

z
= 1− 1

2z

FZ(z) =


1
2
z 0 ≤ z ≤ 1

1− 1
2z

z ≥ 1
0 z < 0

Note that FZ(z) is a continuous function.

fZ(z) =
d

dz
FZ(z) =


1
2

0 ≤ z ≤ 1
1

2z2
z ≥ 1

0 else
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29. Let X and Y be two independent standard normal random variables. Con-
sider the point (X, Y ) in the x− y plane. Let (R,Θ) be the corresponding
polar coordinates as shown in Figure 5.11. The inverse transformation is
given by {

X = R cos Θ
Y = R sin Θ

where, R ≥ 0 and −π < Θ ≤ π. Find the joint PDF of R and Θ. Show
that R and Θ are independent.

•Y

X

(X, Y )

Θ

R
X = R cos Θ
Y = R sin Θ

Figure 5.1: Polar coordinates

Solution: Here (X, Y ) are jointly continuous with

fXY (x, y) =
1

2π
e−

x2+y2

2 .

Also, (X, Y ) is related to (R,Θ) by a one-to-one relationship. We can use
the method of transformations. The function h(r, θ) is given by{

x = h1(r, θ) = r cos θ
y = h2(r, θ) = r sin θ

Thus, we have

fRΘ(r, θ) = fXY (h1(r, θ), h2(r, θ))|J |
= fXY (r cos θ, r sin θ)|J |.
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where

J = det

∂h1∂r ∂h1
∂θ

∂h2
∂r

∂h2
∂θ

 = det

cos θ −r sin θ

sin θ r cos θ

 = r cos2 θ + r sin2 θ = r.

We conclude that

fRΘ(r, θ) = fXY (r cos θ, r sin θ)|J |

=


r

2π
e−

r2

2 r ∈ [0,∞), θ ∈ (−π, π]

0 otherwise

Note that, from above, we can write

fRΘ(r, θ) = fR(r)fΘ(θ),

where

fR(r) =

 re−
r2

2 r ∈ [0,∞)

0 otherwise

fΘ(θ) =


1

2π
θ ∈ (−π, π]

0 otherwise

Thus, we conclude that R and Θ are independent.

31. Consider two random variables X and Y with joint PMF given in Table 5.6.

Find Cov(X, Y ) and ρ(X, Y ).

Solution:

First, we find the PMFs of X and Y :
RX = {0, 1} PX(0) = 1

6
+ 1

4
+ 1

8
= 4+6+3

24
= 13

24
PX(1) = 1

8
+ 1

6
+ 1

6
= 11

24

RY = {0, 1, 2} PY (0) = 1
6

+ 1
8

= 7
24

PY (1) = 1
4

+ 1
6

= 5
12

PY (2) = 1
8

+ 1
6

= 7
24
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Table 5.4: Joint PMF of X and Y in Problem 31.

Y = 0 Y = 1 Y = 2

X = 0 1
6

1
4

1
8

X = 1 1
8

1
6

1
6

EX = 0 · 13

24
+ 1 · 11

24
=

11

24

EY = 0 · 7

24
+ 1 · 5

12
+ 2 · 7

24
= 1

EXY =
∑

ijPXY (i, j) = 0 + 1 · 0 · 1

8
+ 1 · 1 · 1

6
+ 1 · 2 · 1

6
=

1

6
+

1

3
=

1

2

Therefore:

Cov(X, Y ) = EXY − EX · EY =
1

2
− 11

24
· 1 =

1

24

Var(X) = EX2 − (EX)2

EX2 =
∑

i2PXY (i, j) =
11

24

Var(X) =
11

24
· 13

24

→ σX =

√
11× 13

24
≈ 0.498

EY 2 = 0 · 7

24
+ 1 · 5

12
+ 4 · 7

24
=

19

12

Var(Y ) =
19

12
− 1 =

7

12

→ σY =

√
7

12
≈ 0.76
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→ ρ(X, Y ) =
Cov(X, Y )

σXσY

=
1
24

√
11×13
24
·
√

7
12

≈ 0.11

33. Let X and Y be two random variables. Suppose that σ2
X = 4, and σ2

Y = 9.
If we know that the two random variables Z = 2X − Y and W = X + Y
are independent, find Cov(X, Y ) and ρ(X, Y ).

Solution:

Z and W are independent, thus Cov(Z,W ) = 0. Therefore:

0 = Cov(Z,W ) = Cov(2X − Y,X + Y )

= 2 · Var(X) + 2 · Cov(X, Y )− Cov(Y,X)− Var(Y )

= 2× 4 + Cov(X, Y )− 9

Therefore:

Cov(X, Y ) = 1

ρ(X, Y ) =
Cov(X, Y )

σXσY

=
1

2× 3
=

1

6

35. Let X and Y be two independent N(0, 1) random variables and

Z = 7 +X + Y

W = 1 + Y.
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Find ρ(Z,W ).

Solution:

Cov(Z,W ) = Cov(7 +X + Y, 1 + Y )

= Cov(X + Y, Y )

= Cov(X, Y ) + Var(Y ).

Since X and Y are independent, Cov(X, Y ) = 0, so

Cov(Z,W ) = Var(Y ) = 1

Var(Z) = Var(X + Y ) Since Xand Y are independent

= Var(X) + Var(Y ) = 2

Var(W ) = Var(Y ) = 1

Therefore:

ρ(X, Y ) =
Cov(Z,W )

σZσW

=
1√

1× 2
=

1√
2

37. Let X and Y be jointly normal random variables with parameters µX = 1,
σ2
X = 4, µY = 1, σ2

Y = 1, and ρ = 0.

(a) Find P (X + 2Y > 4).

(b) Find E[X2Y 2].
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Solution:
X ∼ N(1, 4); Y ∼ N(1, 1):

ρ(X, Y ) = 0 and X , Y are jointly normal. Therefore X and Y are indepen-
dent.

(a) W = X + 2Y Therefore:

W ∼ N(3, 4 + 4) = N(3, 8)

P (W > 4) = 1− Φ(
4− 3√

8
) = 1− Φ(

1√
8

)

(b)

E[X2Y 2] = EX2 · EY 2 Since Xand Y are independent.

= (4 + 1) · (1 + 1) = 10
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Chapter 6

Multiple Random Variables

1. Let X, Y , and Z be three jointly continuous random variables with joint
PDF

fXY Z(x, y, z) =


x+ y 0 ≤ x, y, z ≤ 1

0 otherwise

(a) Find the joint PDF of X and Y .

(b) Find the marginal PDF of X.

(c) Find the conditional PDF of fXY |Z(x, y|z) using

fXY |Z(x, y|z) =
fXY Z(x, y, z)

fZ(z)
.

(d) Are X and Y independent of Z?

Solution:

fXY Z(x, y, z) =


x+ y 0 ≤ x, y, z ≤ 1

0 otherwise

115
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(a)

fXY (x, y) =

∫ ∞
−∞

fXY Z(x, y, z)dz

=

∫ 1

0

(x+ y)dz

= x+ y

Thus,

fXY (x, y) =


x+ y 0 ≤ x, y ≤ 1

0 otherwise

(b)

fX(x) =

∫ 1

0

fXY (x, y)dy

=

∫ 1

0

(x+ y)dy

=

[
xy +

1

2
y2

]1

0

= x+
1

2

fX(x) =


x+ 1

2
0 ≤ x ≤ 1

0 otherwise
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(c)

fXY |Z(x, y, z) =
fXY Z(x, y, z)

fZ(z)

=
x+ y

fZ(z)
for 0 ≤ x, y, z ≤ 1

fZ(z) =

∫ 1

0

∫ 1

0

(x+ y)dydx

=

∫ 1

0

[
xy +

1

2
y2

]1

0

dx

=

∫ 1

0

(x+
1

2
)dx

=
1

2
x2 +

1

2

∣∣∣∣1
0

= 1

Thus,

fZ(z) = 1 for 0 < z < 1

Thus,

fXY |Z(x, y|z) = x+ y

= fXY (x, y) for 0 ≤ x, y ≤ 1

(d) Yes, since fXY |Z(x, y|z) = fXY (x, y). Also, note that fXY Z(x, y, z) can
be written as a function of x, y times a function of z:

fXY Z(x, y, z) = h(x, y)g(z)

where

h(x, y) =


x+ y 0 ≤ x, y ≤ 1

0 otherwise

g(z) =


1 0 ≤ z ≤ 1

0 otherwise
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3. Let X, Y , and Z be three independent N(1, 1) random variables. Find
E[XY |Y + Z = 1].

Solution:

E[XY |Y + Z = 1] = E[X]E[Y |Y + Z = 1]

= E[Y |Y + Z = 1]

But note:

E[Y |Y + Z = 1] = E[Z|Y + Z = 1] (by symmetry)

E[Y |Y + Z = 1] + E[Z|Y + Z = 1] = E[Y + Z|Y + Z = 1]

= 1

Therefore,

E[Y |Y + Z = 1] =
1

2

E[XY |Y + Z = 1] =
1

2

5. In this problem, our goal is to find the variance of the hypergeometric
distribution. Let’s remember the random experiment behind the hyperge-
ometric distribution. Say you have a bag that contains b blue marbles and
r red marbles. You choose k ≤ b + r marbles at random (without replace-
ment) and let X be the number of blue marbles in your sample. Then
X ∼ Hypergeometric(b, r, k). Now let us define the indicator random vari-
ables Xi as follows.

Xi =

{
1 if the ith chosen marble is blue
0 otherwise

Then, we can write
X = X1 +X2 + · · ·+Xk

Using the above equation, show
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1. EX = kb
b+r

.

2. Var(X) = kbr
(b+r)2

b+r−k
b+r−1

.

Solution:

(a) We note that for any particular Xi, all marbles are equally likely to be
chosen. This is because of symmetry: no marble is more likely to be chosen
as the ith marble than any other marble. Therefore,

P (Xi = 1) =
b

b+ r
, for all i ∈ {1, 2, · · · , k}.

Therefore, Xi ∼ Bernoulli
(

b
b+r

)
,

EXi =
b

b+ r

EX = EX1 + · · ·+ EXk

=
kb

b+ r

(b)
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Var(X) =
k∑
i=1

Var(Xi) + 2
∑
i<j

Cov(Xi, Xj)

Var(Xi) =
b

b+ r
·
(

1− b

b+ r

)
=

br

(b+ r)2

Cov(Xi, Xj) = E[XiXj]− E[Xi]E[Xj]

= E[XiXj]−
(

b

b+ r

)2

E[XiXj] = P (Xi = 1 & Xj = 1)

= P (X1 = 1 & X2 = 1)

=
b

b+ r
· b− 1

b+ r − 1

Cov(Xi, Xj) =
b(b− 1)

(b+ r)(b+ r − 1)
− (

b

b+ r
)2

Var(X) =
kbr

(b+ r)2
+ 2

(
k
2

)[
b(b− 1)

(b+ r)(b+ r − 1)
−
(

b

b+ r

)2
]

=
kbr

(b+ r)2
· b+ r − k
b+ r − 1

7. If MX(s) = 1
4

+ 1
2
es + 1

4
e2s, find EX and Var(X).

Solution:

MX(s) =
1

4
+

1

2
es +

1

4
e2s

M ′
X(s) =

1

2
es +

1

2
e2s

EX = M ′
X(0)

=
1

2
+

1

2
= 1
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M ′′
X(s) =

1

2
es + e2s

EX2 = M ′′
X(0)

=
1

2
+ 1

=
3

2

Var(x) =
3

2
− 1

=
1

2

9. (MGF of the Laplace distribution) Let X be a continuous random variable
with the following PDF:

fX(x) =
λ

2
e−λ|x|.

Find the MGF of X, MX(s).

Solution:

fX(x) =
λ

2
e−λ|x|

MX(s) = E
[
esX
]

=

∫ ∞
−∞

esx · λ
2
e−λ|x|dx

=

∫ 0

−∞

λ

2
e(s+λ)xdx+

∫ ∞
0

λ

2
e(s−λ)xdx

=

[
λ

2(s+ λ)
e(s+λ)x

]0

−∞
+

[
λ

2(s− λ)
e(s−λ)x

]∞
0

=
λ

2(s+ λ)
+

−λ
2(s− λ)

(for− λ < s < λ)

=
λ

2
(

1

s+ λ
+

1

λ− s
) (for− λ < s < λ)

=
λ2

λ2 − s2
(for− λ < s < λ)
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11. Using the MGFs, show that if Y = X1 + X2 + · · · + Xn, where Xi’s are
independent Exponential(λ) random variables, then Y ∼ Gamma(n, λ).

Solution:

Xi ∼ Exponential(λ)

MXi(s) =
λ

λ− s
(for s < λ)

Y = X1 + · · ·+Xn (Xis i.i.d.)

MY (s) = (MX1(s))
n

=

(
λ

λ− s

)n
= MGF of Gamma(n, λ)

Therefore,

Y ∼ Gamma(n, λ)

13. Let X and Y be two jointly continuous random variables with joint PDF

fX,Y (x, y) =


1
2
(3x+ y) 0 ≤ x, y ≤ 1

0 otherwise

and let the random vector U be defined as

U =

[
X
Y

]
.

(a) Find the mean vector of U, EU.

(b) Find the correlation matrix of U, RU.
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(c) Find the covariance matrix of U, CU.

Solution:

fX(x) =

∫ 1

0

1

2
(3x+ y)dy

=
3

2
x+

1

4
(for 0 ≤ x ≤ 1)

fY (y) =

∫ 1

0

1

2
(3x+ y)dx

=
3

4
+
y

2
(for 0 ≤ y ≤ 1).

EX =

∫ 1

0

x

(
3

2
x+

1

4

)
dx

=
5

8

EX2 =

∫ 1

0

x2

(
3

2
x+

1

4

)
dx

=
11

24

Var(X) =
11

24
−
(

5

8

)2

=
13

192
.
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EY =

∫ 1

0

(
y2

2
+

3

4
y

)
dy

=
13

24

EY 2 =

∫ 1

0

(
y3

2
+

3

4
y2

)
dy

=
3

8

Var(Y ) =
3

8
−
(

13

24

)2

=
47

576
Cov(X, Y ) = EXY − EXEY

EXY =

∫ 1

0

∫ 1

0

xy

2
(3x+ y)dxdy

=
1

3

Cov(X, Y ) =
1

3
− 5

8
· 13

24

=
−1

192

(a)

EU =

[
EX
EY

]
=

[
5
8

13
24

]
(b)

RU =

[
EX2 EXY
EXY EY 2

]
=

[
11
24

1
3

1
3

3
8

]
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(c)

CU =

[
Var(X) Cov(X, Y )

Cov(X, Y ) Var(Y )

]
=

[
13
192

−1
192

−1
192

47
576

]

15. Let X =

[
X1

X2

]
be a normal random vector with the following mean and

covariance matrices:

m =

[
1
2

]
, C =

[
4 1
1 1

]
.

Let also

A =

 2 1
−1 1
1 3

 , b =

−1
0
1

 , Y =

Y1

Y2

Y3

 = AX + b.

(a) Find P (X2 > 0).

(b) Find expected value vector of Y, mY = EY.

(c) Find the covariance matrix of Y, CY.

(d) Find P (Y2 ≤ 2).

Solution:

X1 ∼ N(1, 4)

X2 ∼ N(2, 1)
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(a)

P (X2 > 0) = 1− Φ

(
0− µ2

σ2

)
= 1− Φ

(
−2

1

)
= 1− Φ(−2)

= Φ(2)

≈ 0.98

(b)

EY = AEX + b

=

 2 1
−1 1
1 3

[1
2

]
+

−1
0
1


=

3
1
8


(c)

CY = ACXA
T

=

 2 1
−1 1
1 3

[4 1
1 1

] [
2 −1 1
1 1 3

]

=

21 −6 18
−6 3 −3
18 −3 19


(d)

Y2 ∼ N(1, 3)

P (Y2 ≤ 2) = Φ

(
2− 1√

3

)
= Φ

(
1√
3

)
≈ 0.718
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17. A system consists of 4 components in a series, so the system works properly
if all of the components are functional. In other words, the system fails if
and only if at least one of its component fails. Suppose that we know that
the probability that the component i fails is less than or equal to pf = 1

100
,

for i = 1, 2, 3, 4. Find an upper bound on the probability that the system
fails.

Solution: Let Fi be the event that the ith component fails. Then,

P (F ) = P

(
4⋃
i=1

Fi

)

≤
4∑
i=1

P (Fi)

≤ 4

100

19. Let X ∼ Geometric(p). Using Markov’s inequality, find an upper bound
for P (X ≥ a), for a positive integer a. Compare the upper bound with the
real value of P (X ≥ a).

Solution:

X ∼ Geometric(p)

EX =
1

p
.

P (X ≥ a)

≤ EX

a
(Using Markov’s inequality)

=
1

pa
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P (X ≥ a) =
∞∑
k=a

P (X = k)

=
∞∑
k=a

qk−1p

= pqa−1 1

1− q
= qa−1

= (1− p)a−1

We show (1− p)a−1 ≤ 1
pa

for all a ≥ 1, 0 < p < 1. To show this, look at the
function:

f(p) = p(1− p)a−1

f ′(p) = 0 which results in p =
1

a

f(p) ≤ 1

a
(1− 1

a
)a−1 ≤ 1

a

p(1− p)a−1 ≤ 1

a

(1− p)a−1 ≤ 1

pa

21. (Cantelli’s inequality) Let X be a random variable with EX = 0 and
Var(X) = σ2. We would like to prove that for any a > 0, we have

P (X ≥ a) ≤ σ2

σ2 + a2
.

This inequality is sometimes called the one-sided Chebyshev inequality.

Hint: One way to show this is to use P (X ≥ a) = P (X + c ≥ a+ c) for any
constant c ∈ R.
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Solution:

P (X ≥ a) = P (X + c ≥ a+ c)

= P
(
(X + c)2 ≥ (a+ c)2

)
≤ E[(X + c)2]

(a+ c)2
(Markov’s inequality)

We try to minimize E[(X+c)2]
(a+c)2

to get the best upper bound:

E[(X + c)2]

(a+ c)2
=
EX2 + 2cEX + c2

(a+ c)2

=
c2 + σ2

(a+ c)2

d

dc
= 0 .Thus, (2c)(a+ c)2 − 2(c+ a)(c2 + σ2) = 0

c =
σ2

a
.Therefore,

E[(X + c)2]

(a+ c)2
=

σ2

σ2 + a2

23. Let Xi be i.i.d and Xi ∼ Exponential(λ). Using Chernoff bounds, find an
upper bound for P (X1 +X2 + · · ·+ Xn ≥ a), where a > n

λ
. Show that the

bound goes to zero exponentially fast as a function of n.

Solution: Let Y = X1 +X2 + · · ·+Xn then

MY (s) = MX(s)n

=

(
λ

λ− s

)n
(for s < λ)

Therefore,

P (Y ≥ a) ≤ min
s>0

[
e−saMY (s)

]
= min

s>0

[
e−sa

(
λ

λ− s

)n]
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d
ds

= 0. Thus,

−ae−sa
(

λ

λ− s

)n
+

nλ

(λ− s)2

(
λ

λ− s

)n−1

e−sa = 0

−a+
n

λ− s
= 0

s∗ = λ− n

a
> 0 (since λ >

n

a
)

P (Y ≥ a) ≤ e−sa
(

λ

λ− λ+ n
a

)n
= en−aλ

anλn

nn

= e−aλ
[
eaλ

n

]n
Note that as n → ∞, eaλ � n. Thus,

[
eaλ
n

]n
goes to zero, exponentially

fast in n.

25. Let X be a positive random variable with EX = 10. What can you say
about the following quantities?

(a) E[X −X3]

(b) E[X ln
√
X]

(c) E
[
|2−X|

]

Solution:

(a)

g(X) = X −X3

g′(X) = 1− 3X2

g′′(X) = −6X < 0 (for positive X).
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Therefore, g(X) is a concave function on (0,∞).

E[g(X)] ≤ g(E[X])

E[X −X3] ≤ µ− µ3

= 10− 1000

= −990

(b)

g(X) = X ln
√
X

=
1

2
X lnX

g′(X) =
1

2
lnX +

1

2

g′′(X) =
1

2X
(for X > 0)

g(X) is a convex function on (0,∞). Thus,

E[g(X)] ≥ g(EX)

E[X ln
√
X] ≥ µ ln

√
µ

= 10 ln
√

10 = 5 ln 10

(c) Note that |2−X| = g(X) is a convex function on (0,∞).

E[|2−X|] ≥ |2− EX|
= 8
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Chapter 7

Limit Theorems and
Convergence of RVs

1. Let Xi be i.i.d Uniform(0, 1). We define the sample mean as

Mn =
X1 +X2 + ...+Xn

n
.

(a) Find E[Mn] and Var(Mn) as a function of n.

(b) Using Chebyshev’s inequality, find an upper bound on

P

(∣∣∣∣Mn −
1

2

∣∣∣∣ ≥ 1

100

)
.

(c) Using your bound, show that

lim
n→∞

P

(∣∣∣∣Mn −
1

2

∣∣∣∣ ≥ 1

100

)
= 0.

Solution:

133
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(a)

EMn =
EX1 + · · ·+ EXn

n

=
nEX1

n

= EX1 =
1

2

Var(Mn) =
1

n2

n∑
i=1

Var(Xi)

=
nVarX1

n2

=
Var(X1)

n

=
1
12

n
=

1

12n

(b)

P

(∣∣∣∣Mn −
1

2

∣∣∣∣ ≥ 1

100

)
≤ Var(Mn)(

1
100

)2

=
10000

12n

(c)

lim
n→∞

P

(∣∣∣∣Mn −
1

2

∣∣∣∣ ≥ 1

100

)
≤ lim

n→∞

10000

12n
= 0

lim
n→∞

P

(∣∣∣∣Mn −
1

2

∣∣∣∣ ≥ 1

100

)
= 0 (since probability is non-negative)

3. In a communication system, each codeword consists of 1000 bits. Due to the
noise, each bit may be received in error with probability 0.1. It is assumed
bit errors occur independently. Since error correcting codes are used in this
system, each codeword can be decoded reliably if there are fewer than or
equal to 125 errors in the received codeword, otherwise the decoding fails.
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Using the CLT, find the probability of decoding failure.

Solution:
Let Y = X1 +X2 + · · ·+Xn, n = 1000.

Xi ∼ Bernoulli(p = 0.1)

EXi = p = 0.1

Var(Xi) = p(1− p) = 0.09

EY = np = 100

Var(Y ) = np(1− p) = 90

By the CLT:

Y − EY√
Var(Y )

=
Y − 100√

90
(can be approximated by N(0, 1)). Thus,

P (Y > 125) = P

(
Y − 100√

90
>

125− 100√
90

)
= 1− Φ

(
25√
90

)
≈ 0.0042

5. The amount of time needed for a certain machine to process a job is a
random variable with mean EXi = 10 minutes and Var(Xi) = 2 minutes2.
The time needed for different jobs are independent from each other. Find
the probability that the machine processes fewer than or equal to 40 jobs
in 7 hours.

Solution: Let Y be the time that it takes to process 40 jobs. Then,

P (Less than or equal to 40 jobs in 7 hours) = P (Y > 7 hours).
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Y = X1 +X2 + · · ·+X40

EXi = 10,Var(Xi) = 2

EY = 40× 10 = 400

Var(Y ) = 40× 2 = 80

P (Less than or equal to 40 jobs in 7 hours) = P (Y > 7× 60)

= P (Y > 420)

= P

(
Y − 400√

80
>

420− 400√
80

)
≈ 1− Φ

(
20√
80

)
≈ 0.0127

7. An engineer is measuring a quantity q. It is assumed that there is a random
error in each measurement, so the engineer will take n measurements and
report the average of the measurements as the estimated value of q. Specif-
ically, if Yi is the value that is obtained in the ith measurement, we assume
that

Yi = q +Xi,

where Xi is the error in the i’th measurement. We assume that Xi’s are
i.i.d with EXi = 0 and Var(Xi) = 4 units. The engineer reports the average
of measurements

Mn =
Y1 + Y2 + ...+ Yn

n
.

How many measurements does the engineer need to take until he is 95%
sure that the final error is less than 0.1 units? In other words, what should
the value of n be such that

P
(
q − 0.1 ≤Mn ≤ q + 0.1

)
≥ 0.95 ?

Solution:

EYi = q + EXi = q

Var(Yi) = Var(Xi) = 4

Y = Y1 + · · ·+ Yn Thus: EY = nq

Var(Y ) = nVar(Yi) = 4n.
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P (q − 0.1 ≤Mn ≤ q + 0.1) = P

(
q − 0.1 ≤ Y1 + · · ·+ Yn

n
≤ q + 0.1

)
= P (qn− 0.1n ≤ Y ≤ qn+ 0.1n)

= P

(
qn− 0.1n− nq

2
√
n

≤ Y − nq
2
√
n
≤ qn+ 0.1n− nq

2
√
n

)
= P

(
−0.05

√
n ≤ Y − nq

2
√
n
≤ 0.05

√
n

)
≈ Φ(0.05

√
n)− Φ(−0.05

√
n)

= 2Φ
(
0.05
√
n
)
− 1 = 0.95

Thus, we obtain:

Φ
(
0.05
√
n
)

= 0.975

0.05
√
n ≥ 1.96

n ≥ 1537

9. Let X2, X3, X4, · · · be a sequence of non-negative random variables such
that

FXn(x) =


enx+xen

enx+(n+1
n )en

0 ≤ x ≤ 1

enx+en

enx+(n+1
n )en

x > 1

Show that Xn converges in distribution to Uniform(0, 1).

Solution: Since Xn’s are non-negative we have

FXn(x) = 0 for x < 0.
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For 0 < x < 1,

lim
n→∞

FXn(x) = lim
n→∞

[
enx + xen

enx +
(
n+1
n

)
en

]
= lim

n→∞

xen(
n+1
n

)
en

= lim
n→∞

(
n

n+ 1

)
x

= x

For x > 1,

lim
FXn (x)→∞

= lim
n→∞

enx

enx

= 1

lim
n→∞

FXn(x) =


0 x < 0
1 x > 1
x 0 < x < 1

Xn
d−→ Uniform(0, 1)

11. We perform the following random experiment. We put n ≥ 10 blue balls
and n red balls in a bag. We pick 10 balls at random (without replacement)
from the bag. Let Xn be the number of blue balls chosen. We perform this

experiment for n = 10, 11, 12, · · · . Prove that Xn
d−→ Binomial

(
10, 1

2

)
.

Solution:

P (Xn = k) =

(
n
k

)
·
(

n
10− k

)
(

2n
10

) for k = 0, 1, 2, · · · , 10

Note that for any fixed k, as n grows(
n
k

)
=
n(n− 1) · · · (n− k + 1)

k!
∼ nk

k!
.
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Using the above approximation:

P (Xn = k)
as n→∞−−−−−−→

nk

k!
n10−k

(10−k)!

(2n)10

10!

=
10!

k!(10− k)!

(
1

2

)10

=

(
10
k

)(
1

2

)10

.

Thus, 
RXn = {0, 1, 2, · · · , 10}

limn→∞ P (Xn = k) =

(
10
k

)(
1
2

)10

Therefore, using Theorem 7.1 in the text, we obtain

Xn
d−→ Binomial(10,

1

2
)

13. Let X1, X2, X3, · · · be a sequence of continuous random variables such that

fXn(x) =
n

2
e−n|x|.

Show that Xn converges in probability to 0.

Solution:

P (|Xn| > ε) = 2

∫ ∞
ε

fXn(x)dx (since fXn(−x) = fXn(x))

= 2

∫ ∞
ε

n

2
e−nxdx

=
[
−e−nx

]∞
ε

= e−nε

Thus, lim
n→∞

P (|Xn| > ε) = 0

Xn
p−→ 0
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15. Let Y1, Y2, Y3, · · · be a sequence of i.i.d random variables with mean EYi = µ
and finite variance Var(Yi) = σ2. Define the sequence {Xn, n = 2, 3, ...} as

Xn =
Y1Y2 + Y2Y3 + · · ·Yn−1Yn + YnY1

n
, for n = 2, 3, · · · .

Show that Xn
p−→ µ2.

Solution:

E[Xn] =
1

n
[E [Y1Y2] + E [Y2Y3] + · · ·+ E [YnY1]]

=
1

n
· n · EY1 · EY2

= (µ)2.

Also, for n ≥ 3, we can write

Var(Xn) =
1

n2
[nVar (Y1Y2) + 2nCov (Y1Y2, Y2Y3)]

Var (Y1Y2) = E
[
Y 2

1 Y
2

2

]
− (E[Y1Y2])2

= E [Y1]2E [Y2]2 − (µ)4

=
(
σ2 + µ2

) (
σ2 + µ2

)
− (µ)4

= σ4 + 2(µ2)(σ2)

Cov (Y1Y2, Y2Y3) = E [Y1]E [Y3]E
[
Y 2

2

]
− E [Y1]E [Y2]E [Y2]E [Y3]

= µ2
(
µ2 + σ2

)
− (µ4)

= µ2σ2

Therefore

Var(Xn) =
1

n2

[
nσ4 + 2nµ2σ2 + 2nµ2σ2

]
=

1

n

(
σ4 + 2µ2σ2 + 2µ2σ2

)
In particular Var(Xn)→ 0 as n→∞
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Now, using Chebyshev’s Inequality, we can write

P (|Xn − EXn| > ε) <
Var(Xn)

ε2
→ 0 as n→∞

P (|Xn − EXn| > ε)→ 0 as n→∞.

Thus,

Xn
p−→ µ2.

17. Let X1, X2, X3, · · · be a sequence of random variables such that

Xn ∼ Poisson(nλ), for n = 1, 2, 3, · · · ,

where λ > 0 is a constant. Define a new sequence Yn as

Yn =
1

n
Xn, for n = 1, 2, 3, · · · .

Show that Yn converges in mean square to λ, i.e., Yn
m.s.−−→ λ.

Solution: Since Xn ∼ Poisson(nλ), we have

EXn = nλ, Var(Xn) = nλ.

EYn =
1

n
EXn =

1

n
· nλ = λ.

We can write

E[|Yn − λ|2] = E

[∣∣∣∣ 1nXn − λ
∣∣∣∣2
]

=
1

n2
E[(Xn − nλ)2]

=
1

n2
Var(Xn)

=
1

n2
· nλ =

λ

n
→ 0 as n→∞.
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Thus, we conclude

Yn
m.s.−−→ λ

19. Let X1, X2, X3, · · · be a sequence of random variable such that Xn ∼
Rayleigh( 1

n
), i.e.,

fXn(x) =

{
n2xe−

n2x2

2 x > 0
0 otherwise

Show that Xn
a.s.−−→ 0.

Solution: Note that:

FXn(x) =

∫ x

0

fn(α)dα

= 1− e−
n2x2

2

that P (|Xn| > ε) = P (Xn > ε)

= 1− P (Xn < ε)

= e−
n2ε2

2 .

Therefore,

∞∑
n=1

P (|Xn| > ε) =
∞∑
n=1

e−
n2ε2

2

≤
∞∑
n=1

e−
nε2

2

=
e−

ε2

2

1− e− ε
2

2

<∞.

Therefore, using Theorem 7.5, we conclude

Xn
a.s.−−→ 0



Chapter 8

Statistical Inference I:
Classical Methods

1. Let X be the weight of a randomly chosen individual from a population of
adult men. In order to estimate the mean and variance of X, we observe a
random sample X1,X2,· · · ,X10. Thus, the Xi’s are i.i.d. and have the same
distribution as X. We obtain the following values (in pounds):

165.5, 175.4, 144.1, 178.5, 168.0, 157.9, 170.1, 202.5, 145.5, 135.7

Find the values of the sample mean, the sample variance, and the sample
standard deviation for the observed sample.

Solution: The sample mean is

X =
X1 +X2 +X3 +X4 +X5 +X6 +X7 +X8 +X9 +X10

10
= (165.5 + 175.4 + 144.1 + 178.5 + 168.0 + 157.9 + 170.1 + 202.5+

145.5 + 135.7)/10

= 164.32

The sample variance is given by

S2 =
1

10− 1

10∑
k=1

(Xk − 164.32)2 = 383.70,

and the sample standard deviation is given by

S =
√
S2 = 19.59.

143
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You can use the following MATLAB code to compute the above values:

x=[165.5, 175.4, 144.1, 178.5, 168.0, 157.9, 170.1,
202.5, 145.5, 135.7];
m=mean(x);
v=var(x);
s=std(x);

3. Let X1, X2, X3, ..., Xn be a random sample from the following distribution:

fX(x) =

 θ
(
x− 1

2

)
+ 1 for 0 ≤ x ≤ 1

0 otherwise

where θ ∈ [−2, 2] is an unknown parameter. We define the estimator Θ̂n as

Θ̂n = 12X − 6

to estimate θ.

(a) Is Θ̂n an unbiased estimator of θ?

(b) Is Θ̂n a consistent estimator of θ?

(c) Find the mean squared error (MSE) of Θ̂n.

Solution: Let’s first EX and Var(X) in terms of θ. We have

EX =

∫ 1

0

x

[
θ

(
x− 1

2

)
+ 1

]
dx

=
θ + 6

12
,
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EX2 =

∫ 1

0

x2

[
θ

(
x− 1

2

)
+ 1

]
dx

=
θ + 4

12
,

Var(X) = EX2 − EX2

=
12− θ2

144
.

(a) Is Θ̂n an unbiased estimator of θ? To see this, we write

E[Θ̂n] = E[12X − 6]

= 12E[X]− 6

= 12 · θ + 6

12
− 6

= θ.

Thus, Θ̂n IS an unbiased estimator of θ.

(b) To show that Θ̂n is a consistent estimator of θ, we need to show

lim
n→∞

P
(
|Θ̂n − θ| ≥ ε

)
= 0, for all ε > 0.

Since Θ̂n = 12X − 6 and θ = 12EX − 6, we conclude

P
(
|Θ̂n − θ| ≥ ε

)
= P

(
12|X − EX| ≥ ε

)
= P

(
|X − EX| ≥ ε

12

)
which goes to zero as n→∞ by the law of large numbers. Therefore,
Θ̂n is a consistent estimator of θ.
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(c) To find the mean squared error (MSE) of Θ̂n, we write

MSE(Θ̂n) = Var(Θ̂n) +B(Θ̂n)2

= Var(Θ̂n)

= Var(12X − 6)

= 144Var(X)

= 144
Var(X)

n

= 144 · 12− θ2

144n

=
12− θ2

n
.

Note that this gives us another way to argue that Θ̂n is a consistent
estimator of θ. In particular, since

lim
n→∞

MSE(Θ̂n) = 0,

we conclude that Θ̂n is a consistent estimator of θ.

5. Let X1, . . . , X4 be a random sample from an Exponential(θ) distribution.
Suppose we observed (x1, x2, x3, x4) = (2.35, 1.55, 3.25, 2.65). Find the like-
lihood function using

fXi(xi; θ) = θe−θxi , for xi ≥ 0

as the PDF.

Solution: If Xi ∼ Exponential(θ), then

fXi(x; θ) = θe−θx

Thus, for xi ≥ 0, we can write

L(x1, x2, x3, x4; θ) = fX1X2X3X4(x1, x2, x3, x4; θ)

= fX1(x1; θ)fX2(x2; θ)fX3(x3; θ)fX4(x4; θ)

= θ4e−(x1+x2+x3+x4)θ.
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Since we have observed (x1, x2, x3, x4) = (2.35, 1.55, 3.25, 2.65), we have

L(2.35, 1.55, 3.25, 2.65; θ) = θ4e−9.8θ.

7. Let X be one observation from a N(0, σ2) distribution.

(a) Find an unbiased estimator of σ2.

(b) Find the log likelihood, log(L(x;σ2)), using

fX(x;σ2) =
1√
2πσ

exp

{
− x2

2σ2

}
as the PDF.

(c) Find the Maximum Likelihood Estimate (MLE) for the standard de-
viation σ, σ̂ML.

Solution:

(a) Note that

E(X2) = Var(X) + (EX)2 = σ2 + µ2 = σ2.

Therefore σ̂(X) = X2 is an unbiased estimator of σ2.

(b) The likelihood function is

L(x;σ2) = fX(x;σ2) =
1√
2πσ

e−
1

2σ2
(x)2 .

The log-likelihood function is

lnL(x;σ2) = − ln(2π)
1
2 − lnσ − x2

2σ2
.



148 CHAPTER 8. STATISTICAL INFERENCE I: CLASSICAL METHODS

(c) To find the MLE for σ, we differentiate lnL(x;σ2) with respect to σ
and set it equal to zero.

∂

∂σ
lnL = − 1

σ
+
x2

σ3

= − 1

σ
+
x2

σ3

set
= 0.

Therefore,

σ̂X2 = σ̂3 → σ̂ = |X|.

Also, we can verify that the second derivative is negative to make sure
that σ̂ = |X| is actually the maximizing value:

∂2

∂σ2
lnL =

1

σ2
− 3x2

σ4
< 0 when σ̂ = |x|.

9. In this problem, we would like to find the CDFs of the order statistics. Let
X1, . . . , Xn be a random sample from a continuous distribution with CDF
FX(x) and PDF fX(x). Define X(1), . . . , X(n) as the order statistics and
show that

FX(i)
(x) =

n∑
k=i

(
n

k

)[
FX(x)

]k[
1− FX(x)

]n−k
.

Hint: Fix x ∈ R. Let Y be a random variable that counts the number of
X ′js ≤ x. Define {Xj ≤ x} as a “success” and {Xj > x} as a “failure”, and
show that Y ∼ Binomial(n, p = FX(x)).

Solution:

Let Y be a random variable thats counts the number of X1, . . . , Xn ≤
x where x is fixed. Now if we define {Xj ≤ x} as a “success,” Y ∼
binomial(n, FX(x)). The event {X(i) ≤ x} is equivalent to the event {Y ≥
i}, so

FX(i)
(x) = P (Y ≥ i) =

n∑
k=i

(
n

k

)[
FX(x)

]k[
1− FX(x)

]n−k
.
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11. A random sample X1, X2, X3, ..., X100 is given from a distribution with
known variance Var(Xi) = 81. For the observed sample, the sample mean
is X = 50.1. Find an approximate 95% confidence interval for θ = EXi.

Solution: Since n is large, a 95% CI can be expressed as given by[
X − z0.025

√
Var(Xi)

n
,X + z0.025

√
Var(Xi)

n

]
.

If we plug in known values, the 95% CI is (48.3, 51.9).

13. Let X1, X2, X3, ..., X100 be a random sample from a distribution with
unknown variance Var(Xi) = σ2 <∞. For the observed sample, the sample
mean is X = 110.5, and the sample variance is S2 = 45.6. Find a 95%
confidence interval for θ = EXi.

Solution: Since n is relatively large, the interval[
X − zα

2

S√
n
,X + zα

2

S√
n

]
is approximately a (1 − α)100% confidence interval for θ. Here, n = 100,
α = .05, so we need

zα
2

= z0.025 = Φ−1(1− 0.025) = 1.96.

Thus, we can obtain a 95% confidence interval for µ as[
X − zα

2

S√
n
,X + zα

2

S√
n

]
=

[
110.5− 1.96 ·

√
45.6

10
, 110.5 + 1.96 ·

√
45.6

10

]
≈ [109.18, 111.82]

Therefore, [109.18, 111.82] is an approximate 95% confidence interval for µ.

15. Let X1, X2, X3, X4, X5 be a random sample from a N(µ, 1) distribution,
where µ is unknown. Suppose that we have observed the following values

5.45, 4.23, 7.22, 6.94, 5.98
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We would like to decide between

H0: µ = µ0 = 5,

H1: µ 6= 5.

(a) Define a test statistic to test the hypotheses and draw a conclusion
assuming α = 0.05.

(b) Find a 95% confidence interval around X. Is µ0 included in the in-
terval? How does the exclusion of µ0 in the interval relate to the
hypotheses we are testing?

Solution:

(a) Here we define the test statistic as

W =
X − µ0

σ/
√
n

=
5.96− 5

1/
√

5

≈ 2.15.

Here, α = .05, so zα
2

= z0.025 = 1.96. Since |W | > zα
2
, we reject H0

and accept H1.

(b) The 95% CI is given by(
5.96− 1.96 ∗ 1√

(5)
, 5.96 + 1.96 ∗ 1√

(5)

)
= (5.09, 6.84).

Since µ0 is not included in the interval, we are able to reject the null
hypothesis and conclude that µ is not 5.
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17. Let X1, X2 ,..., X150 be a random sample from an unknown distribution.
After observing this sample, the sample mean and the sample variance are
calculated to be as follows:

X = 52.28, S2 = 30.9

Design a level 0.05 test to choose between

H0: µ = 50,

H1: µ > 50.

Do you accept or reject H0?

Solution:

W =
X − µ0

S/
√
n

=
52.28− 50√

30.9/150

= 5.03

Since 5.03 > 1.96, we reject H0.

19. Let X1, X2 ,..., X121 be a random sample from an unknown distribution.
After observing this sample, the sample mean and the sample variance are
calculated to be as follows:

X = 29.25, S2 = 20.7

Design a test to decide between

H0: µ = 30,

H1: µ < 30,

and calculate the P -value for the observed data.
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Solution: We define the test statistic as

W =
X − µ0

S/
√
n

=
29.25− 30√
20.7/

√
121

= −1.81

and by Table 8.4 the test threshold is −zα. The P -value is P (type I error)
when the test threshold c is chosen to be c = −1.81. Thus,

−zα = 1.81

Noting that by definition zα = Φ−1(1− α), we obtain P (type I error) as

α = 1− Φ(1.81) ≈ 0.035

Therefore,

P − value = 0.035

21. Consider the following observed values of (xi, yi):

(−5,−2), (−3, 1), (0, 4), (2, 6), (1, 3).

(a) Find the estimated regression line

ŷ = β̂0 + β̂1x

based on the observed data.

(b) For each xi, compute the fitted value of yi using

ŷi = β̂0 + β̂1xi.

(c) Compute the residuals, ei = yi − ŷi.
(d) Calculate R-squared.
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Solution:

(a) We have

x =
−5− 3 + 0 + 2 + 1

5
= −1

y =
−2 + 1 + 4 + 6 + 3

5
= 2.4

sxx = (−5 + 1)2 + (−3 + 1)2 + (0 + 1)2 + (2 + 1)2 + (1 + 1)2 = 34

sxy = (−5 + 1)(−2− 2.4) + (−3 + 1)(1− 2.4) + (0 + 1)(4− 2.4)

+ (2 + 1)(6− 2.4) + (1 + 1)(3− 2.4) = 34.

Therefore, we obtain

β̂1 =
sxy
sxx

=
34

34
= 1

β̂0 = 2.4− (1)(−1) = 3.4.

(b) The fitted values are given by

ŷi = 3.4 + 1xi,

so we obtain

ŷ1 = −1.6, ŷ2 = 0.4, ŷ3 = 3.4, ŷ4 = 5.4, ŷ4 = 4.4.

(c) We have

e1 = y1 − ŷ1 = −2 + 1.6 = −0.4,

e2 = y2 − ŷ2 = 1− 0.4 = 0.6,

e3 = y3 − ŷ3 = 4− 3.4 = 0.6,

e4 = y4 − ŷ4 = 6− 5.4 = 0.6

e4 = y4 − ŷ4 = 3− 4.4 = −1.4.

(d) We have

syy = (−2− 2.4)2 + (1− 2.4)2 + (4− 2.4)2 + (6− 2.4)2 + (3− 2.4)2

= 37.2.

We conclude

r2 =
(34)2

34× 37.2
≈ 0.914.
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23. Consider the simple linear regression model

Yi = β0 + β1xi + εi,

where εi’s are independent N(0, σ2) random variables. Therefore, Yi is a
normal random variable with mean β0 + β1xi and variance σ2. Moreover,
Yi’s are independent. As usual, we have the observed data pairs (x1, y1),
(x2, y2), · · · , (xn, yn) from which we would like to estimate β0 and β1. In
this chapter, we found the following estimators

β̂1 =
sxy
sxx

,

β̂0 = Y − β̂1x.

where

sxx =
n∑
i=1

(xi − x)2,

sxy =
n∑
i=1

(xi − x)(Yi − Y ).

(a) Show that β̂1 is a normal random variable.

(b) Show that β̂1 is an unbiased estimator of β1, i.e.,

E[β̂1] = β1.

(c) Show that

Var(β̂1) =
σ2

sxx
.

Solution:
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(a) Note that

β̂1 =
sxy
sxx

=

∑n
i=1(xi − x)(Yi − Y )

sxx

=

∑n
i=1(xi − x)Yi

sxx
− Y

∑n
i=1(xi − x)

sxx

=

∑n
i=1(xi − x)Yi

sxx
.

Thus, β̂1 can be written as a linear combination of Yi’s, i.e.,

β̂1 =
n∑
i=1

ciYi.

Since the Yi’s are normal and independent, we conclude that β̂1 is a
normal random variable.

(b) Note that

Yi − Y = (β0 + β1xi + εi)− (β0 + β1x+ ε̄)

= β1(xi − x) + (εi − ε̄).

Therefore,

E[Yi − Y ] = β1(xi − x) + E[εi − ε̄]
= β1(xi − x).

Thus,

E[β̂1] =

∑n
i=1(xi − x)E[Yi − Y ]

sxx

=

∑n
i=1(xi − x)β1(xi − x)

sxx
= β1.

(c) We have

β̂1 =

∑n
i=1(xi − x)Yi

sxx
,
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where the Yi’s are independent, so

Var(β̂1) =

∑n
i=1(xi − x)2Var(Yi)

s2
xx

=

∑n
i=1(xi − x)2σ2

s2
xx

=
σ2

sxx
.



Chapter 9

Statistical Inference II:
Bayesian Inference

1. Let X be a continuous random variable with the following PDF

fX(x) =


6x(1− x) if 0 ≤ x ≤ 1

0 otherwise

Suppose that we know

Y | X = x ∼ Geometric(x).

Find the posterior density of X given Y = 2, fX|Y (x|2).

Solution: Using Bayes’ rule, we have

fX|Y (x|2) =
PY |X(2|x)fX(x)

PY (2)
.

We know Y | X = x ∼ Geometric(x), so

PY |X(y|x) = x(1− x)y−1, for y = 1, 2, · · · .

Therefore,

PY |X(2|x) = x(1− x).

157
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To find PY (2), we can use the law of total probability

PY (2) =

∫ ∞
−∞

PY |X(2|x)fX(x) dx

=

∫ 1

0

x(1− x) · 6x(1− x) dx

=
1

5
.

Therefore, we obtain

fX|Y (x|2) =
6x2(1− x)2

1
5

= 30x2(1− x)2, for 0 ≤ x ≤ 1.

3. Let X and Y be two jointly continuous random variables with joint PDF

fXY (x, y) =


x+ 3

2
y2 0 ≤ x, y ≤ 1

0 otherwise.

Find the MAP and the ML estimates of X given Y = y.

Solution: For 0 ≤ x ≤ 1, we have

fX(x) =

∫ ∞
−∞

fXY (x, y)dy

=

∫ 1

0

(
x+

3

2
y2

)
dy

=

[
xy +

1

2
y3

]1

0

= x+
1

2
.
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Thus,

fX(x) =


x+ 1

2
0 ≤ x ≤ 1

0 otherwise

Similarly, for 0 ≤ y ≤ 1, we have

fY (y) =

∫ ∞
−∞

fXY (x, y)dx

=

∫ 1

0

(
x+

3

2
y2

)
dx

=

[
1

2
x2 +

3

2
y2x

]1

0

=
3

2
y2 +

1

2
.

Thus,

fY (y) =


3
2
y2 + 1

2
0 ≤ y ≤ 1

0 otherwise

The MAP estimate of X, given Y = y, is the value of x that maximizes

fX|Y (x|y) =
x+ 3

2
y2

3
2
y2 + 1

2

, for 0 ≤ x, y ≤ 1.

For any y ∈ [0, 1], the above function is maximized at x = 1. Thus, we
obtain the MAP estimate of x as

x̂MAP = 1.

The ML estimate of X, given Y = y, is the value of x that maximizes

fY |X(y|x) =
x+ 3

2
y2

x+ 1
2

= 1 +
3
2
y2 − 1

2

x+ 1
2

, for 0 ≤ x, y ≤ 1.

Therefore, we conclude

x̂ML =


1 0 ≤ y ≤ 1√

3

0 otherwise
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5. Let X ∼ N(0, 1) and

Y = 2X +W,

where W ∼ N(0, 1) is independent of X.

(a) Find the MMSE estimator of X given Y , (X̂M).

(b) Find the MSE of this estimator, using MSE = E[(X − X̂M)2].

(c) Check that E[X]2 = E[X̂2
M ] + E[X̃2].

Solution: Since X and W are independent and normal, Y is also normal.
Moreover, X and Y are jointly normal.

Cov(X, Y ) = Cov(X, 2X +W )

= 2Cov(X,X) + Cov(X,W )

= 2Var(X) = 2.

Therefore,

ρ(X, Y ) =
Cov(X, Y )

σXσY

=
2

1 ·
√

5
=

2√
5
.

(a) The MMSE estimator of X given Y is

X̂M = E[X|Y ]

= µX + ρσX
Y − µY
σY

=
2Y

5
.
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(b) The MSE of this estimator is given by

E[(X − X̂M)2] = E

[(
X − 2Y

5

)2
]

= E

[(
X − 4

5
X − 2

5
W

)2
]

= E

[(
1

5
X − 2

5
W

)2
]

=
1

25
E
[
(X − 2W )2]

=
1

25
[EX2 + 4EW 2]

=
1

5
.

(c) Note that E[X]2 = 1. Also,

E[X̂2
M ] =

4EY 2

25
=

4

5
.

In the above, we also found, MSE = E[X̃2] = 1
5
. Therefore, we have

E[X]2 = E[X̂2
M ] + E[X̃2].

7. Suppose that the signal X ∼ N(0, σ2
X) is transmitted over a communication

channel. Assume that the received signal is given by

Y = X +W,

where W ∼ N(0, σ2
W ) is independent of X.

(a) Find the MMSE estimator of X given Y , (X̂M).

(b) Find the MSE of this estimator.



162 CHAPTER 9. STATISTICAL INFERENCE II: BAYESIAN INFERENCE

Solution: Since X and W are independent and normal, Y is also normal.
The variance is

Cov(X, Y ) = Cov(X,X +W )

= Cov(X) + Cov(X,W )

= Var(X) = σ2
X .

Therefore,

ρ(X, Y ) =
Cov(X, Y )

σXσY

=
σX√

σ2
X + σ2

W

.

(a) The MMSE estimator of X given Y is

X̂M = E[X|Y ]

= µX + ρσX
Y − µY
σY

=
σ2
X

σ2
X + σ2

W

Y.

(b) The MSE of this estimator is given by

E[(X − X̂M)2] = E
[
X̃2
]

= E[X2]− E[X̂M
2
]

= σ2
X −

(
σ2
X

σ2
X + σ2

W

)2

(σ2
X + σ2

W )

=
σ2
Xσ

2
W

σ2
X + σ2

W

.

9. Consider again Problem 8, in which X is an unobserved random variable
with EX = 0, Var(X) = 5. Assume that we have observed Y1 and Y2 given
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by

Y1 = 2X +W1,

Y2 = X +W2,

where EW1 = EW2 = 0, Var(W1) = 2, and Var(W2) = 5. Assume that
W1, W2 , and X are independent random variables. Find the linear MMSE
estimator of X, given Y1 and Y2 using the vector formula

X̂L = CXYCY
−1(Y − E[Y]) + E[X].

Solution: Note that here X is a one dimensional vector, and Y is a two
dimensional vector

Y =

[
Y1

Y2

]
=

[
2X +W1

X +W2

]
.

We have

CY =

[
Var(Y1) Cov(Y1, Y2)

Cov(Y2, Y1) Var(Y2)

]
=

[
22 10
10 10

]
,

CXY =
[
Cov(X, Y1) Cov(X, Y2)

]
=
[
10 5

]
.

Therefore,

X̂L =
[
10 5

] [22 10
10 10

]−1([
Y1

Y2

]
−
[
0
0

])
+ 0

=
[

5
12

1
12

] [Y1

Y2

]
=

5

12
Y1 +

1

12
Y2,

which is the same as the result that we obtain using the orthogonality prin-
ciple in Problem 8.

11. Consider two random variables X and Y with the joint PMF given by the
table below.
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Y = 0 Y = 1

X = 0 1
7

3
7

X = 1 3
7

0

(a) Find the linear MMSE estimator of X given Y , (X̂L).

(b) Find the MMSE estimator of X given Y , (X̂M).

(c) Find the MSE of X̂M .

Solution: Using the table we find out

PX(0) =
1

7
+

3

7
=

4

7
,

PX(1) =
3

7
+ 0 =

3

7
,

PY (0) =
1

7
+

3

7
=

4

7
,

PY (1) =
3

7
+ 0 =

3

7
.

Thus, the marginal distributions of X and Y are both Bernoulli(3
7
). There-

fore, we have

EX = EY =
3

7
,

Var(X) = Var(Y ) =
3

7
· 4

7
=

12

49
.

(a) To find the linear MMSE estimator of X, given Y , we also need
Cov(X, Y ). We have

EXY =
∑

xiyjPXY (x, y) = 0.

Therefore,

Cov(X, Y ) = EXY − EXEY

= − 9

49
.
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The linear MMSE estimator of X, given Y is

X̂L =
Cov(X, Y )

Var(Y )
(Y − EY ) + EX

=
−9/49

12/49

(
Y − 3

7

)
+

3

7

= −3

4
Y +

3

4
.

Since Y can only take two values, we can summarize X̂L in the following
table

Y = 0 Y = 1

X̂L
3
4

0

(b) To find the MMSE estimator of X given Y , we need the conditional
PMFs. We have

PX|Y (0|0) =
PXY (0, 0)

PY (0)

=
1

4
.

Thus,

PX|Y (1|0) = 1− 1

4
=

3

4
.

We conclude

X|Y = 0 ∼ Bernoulli

(
3

4

)
.

Similarly, we find

PX|Y (0|1) = 1,

PX|Y (1|1) = 0.

Thus, given Y = 1, we have always X = 0. The MMSE estimator of
X given Y is

X̂M = E[X|Y ].
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We have

E[X|Y = 0] =
3

4
,

E[X|Y = 1] = 0.

Thus, we can summarize X̂M in the following table.

Table 9.1: The MMSE estimator of X given Y for Problem 10.

Y = 0 Y = 1

X̂M
3
4

0

We notice that, for this problem, the MMSE and the linear MMSE
estimators are the same. Here, Y can only take two possible values,
and for each value we have a corresponding MMSE estimator. The lin-
ear MMSE estimator is just the line passing through the two resulting
points.

(c) The MSE of X̂M can be obtained as

MSE = E[X̃2]

= EX2 − E[X̂2
M ]

=
3

7
− E[X̂2

M ].

From the table for X̂M , we obtain E[X̂2
M ] = 4

7

(
3
4

)2
. Therefore,

MSE =
3

28
.

Note that here the MMSE and the linear MMSE estimators are equal,
so they have the same MSE. Thus, we can use the formula for the MSE
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of X̂L as well

MSE = (1− ρ(X, Y )2)Var(X)

=

(
1− Cov(X, Y )2

Var(X)Var(Y )

)
Var(X)

=

(
1− (−9/49)2

12/49 · 12/49

)
12

49

=
3

28
.

13. Suppose that the random variable X is transmitted over a communication
channel. Assume that the received signal is given by

Y = 2X +W,

where W ∼ N(0, σ2) is independent of X. Suppose that X = 1 with proba-
bility p, and X = −1 with probability 1− p. The goal is to decide between
X = −1 and X = 1 by observing the random variable Y . Find the MAP
test for this problem.

Solution: Here we have two hypotheses:

H0: X = 1,

H1: X = −1.

Under H0, Y = 2 +W , so Y |H0 ∼ N(2, σ2). Therefore,

fY (y|H0) =
1

σ
√

2π
e−

(y−2)2

2σ2 .

Under H1, Y = −2 +W , so Y |H1 ∼ N(−2, σ2). Therefore,

fY (y|H1) =
1

σ
√

2π
e−

(y+2)2

2σ2 .

Therefore, we choose H0 if and only if

1

σ
√

2π
e−

(y−2)2

2σ2 P (H0) ≥ 1

σ
√

2π
e−

(y+2)2

2σ2 P (H1).
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We have P (H0) = p, and P (H1) = 1 − p. Therefore, we choose H0 if and
only if

exp

(
4y

σ2

)
≥ 1− p

p
.

Equivalently, we choose H0 if and only if

y ≥ σ2

4
ln

(
1− p
p

)
.

15. A monitoring system is in charge of detecting malfunctioning machinery in
a facility. There are two hypotheses to choose from:

H0: There is not a malfunction,

H1: There is a malfunction.

The system notifies a maintenance team if it accepts H1. Suppose that,
after processing the data, we obtain P (H1|y) = 0.10. Also, assume that the
cost of missing a malfunction is 30 times the cost of a false alarm. Should
the system alert a maintenance team (accept H1)?

Solution: First, note that

P (H0|y) = 1− P (H1|y) = 0.90.

The posterior risk of accepting H1 is

P (H0|y)C10 = 0.90C10.

We have C01 = 30C10, so the posterior risk of accepting H0 is

P (H1|y)C01 = (0.10)(30C10)

= 3C10.

Since P (H0|y)C10 ≤ P (H1|y)C01, we accept H1, so an alarm message needs
to be sent.
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17. When the choice of a prior distribution is subjective, it is often advantageous
to choose a prior distribution that will result in a posterior distribution of
the same distributional family. When the prior and posterior distributions
share the same distributional family, they are called conjugate distributions,
and the prior is called a conjugate prior. Conjugate priors are used out of
ease because they always result in a closed form posterior distribution. One
example of this is to use a gamma prior for Poisson distributed data.

Assume our data Y given X is distributed Y | X = x ∼ Poisson(λ = x)
and we choose the prior to be X ∼ Gamma(α, β). Then, the PMF for our
data is

PY |X(y|x) =
e−xxy

y!
, for x > 0, y ∈ {0, 12, . . . },

and the PDF of the prior is given by

fX(x) =
βαxα−1e−βx

Γ(α)
, for x > 0, α, β > 0.

(a) Show that the posterior distribution is Gamma(α + y, β + 1).
(Hint: Remove all the terms not containing x by putting them into
some normalizing constant, c, and noting that
fX|Y (x|y) ∝ PY |X(y|x)fX(x).)

(b) Write out the PDF for the posterior distribution, fX|Y (x|y).

(c) Find the mean and the variance of the posterior distribution, E(X|Y )
and V ar(X|Y ).

Solution:

(a)

fX|Y (x|y) ∝ PY |X(y|x)fX(x)

=

(
e−xxy

y!

)
×
(
βαxα−1e−βx

Γ(α)

)
= ce−xxyxα−1e−βx (where c is everything not involving x)

∝ e−xxyxα−1e−βx (remove c with proportionality)

= xα+y−1e−x(β+1).
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This looks like the PDF of a gamma distribution without the normal-
izing constants. Thus, fX|Y (x|y) ∼ Gamma(α + y, β + 1).

(b) The posterior PDF is

fX|Y (x|y) =
(β + 1)(α+y)xα+y−1e−(β+1)x

Γ(α + y)
.

(c) Since we know the posterior distribution is gamma, E(X|Y ) = α+y
β+1

and V ar(X|Y ) = α+y
(β+1)2

.

19. Assume our data Y given X is distributed Y | X = x ∼ Geometric(p = x)
and we chose the prior to be X ∼ Beta(α, β). Refer to Problem 18 for the
PDF and moments of the Beta distribution.

(a) Show that the posterior distribution is Beta(α + 1, β + y − 1).

(b) Write out the PDF for the posterior distribution, fX|Y (x|y).

(c) Find the mean and the variance of the posterior distribution, E(X|Y )
and V ar(X|Y ).

Solution:

(a)

fX|Y (x|y) ∝ PY |X(y|x)fX(x)

=
(
(1− x)y−1x

)
×
(

Γ(α + β)

Γ(α)Γ(β)
xα−1(1− x)β−1

)
= cx(1− x)y−1xα−1(1− x)β−1

∝ x(1− x)y−1xα−1(1− x)β−1

= xα(1− x)β+y−2.
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This looks like the PDF of a beta distribution without the normalizing
constants. Thus, fX|Y (x|y) ∼ Beta(α + 1, β + y − 1).

(b) The posterior PDF is

fX|Y (x|y) =
Γ(α + β + y)

Γ(α + 1)Γ(β + y − 1)
xα(1− x)β+y−2.

(c) Since the posterior distribution is beta, the mean and variance E(X|Y )

= α+1
α+β+y

and V ar(X|Y ) = (α+1)(β+y−1)
(α+β+y)2(α+β+y+1)

respectively.
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Chapter 10

Introduction to Random
Processes

1. Let {Xn, n ∈ Z} be a discrete-time random process, defined as

Xn = 2 cos
(πn

8
+ Φ

)
,

where Φ ∼ Uniform(0, 2π).

(a) Find the mean function, µX(n).

(b) Find the correlation function RX(m,n).

(c) Is Xn a WSS process?

Solution:

(a) We have

µX(n) = E[Xn]

= E
[
2 cos

(nπ
8

+ Φ
)]

=

∫ 2π

0

2 cos
(πn

8
+ φ
) 1

2π
dφ

= 0

173
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(b)

RX(m,n) = E[4 cos
(mπ

8
+ Φ

)
cos
(nπ

8
+ Φ

)
]

= 2E [cos ((m− n)π/8) + cos ((m+ n)π/8 + 2Φ)]

= 2 cos

(
(m− n)π

8

)
(c) Yes, since µX(n) = µX and RX(m,n) = RX(m− n).

3. Let {X(n), n ∈ Z} be a WSS discrete-time random process with µX(n) = 1
and RX(m,n) = e−(m−n)2 . Define the random process Z(n) as

Z(n) = X(n) +X(n− 1), for all n ∈ Z.

(a) Find the mean function of Z(n), µZ(n).

(b) Find the autocorrelation function of Z(n), RZ(m,n).

(c) Is Z(n) a WSS random process?

Solution:

(a)

µZ(n) = E[Z(n)]

= E[X(n)] + E[X(n− 1)]

= 1 + 1

= 2

(b)

RZ(m,n) = E[Z(m) · Z(n)]

= E[(X(m) +X(m− 1))(X(n) +X(n− 1))]

= E[X(m)X(n)] + E[X(m)X(n− 1)] + E[X(m− 1)X(n)]

+ E[X(m− 1)X(n− 1)]

= e−(m−n)2 + e−(m−n+1)2 + e−(m−1−n)2 + e−(m−n)2

= 2e−(m−n)2 + e−(m−n+1)2 + e−(m−1−n)2
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(c) Yes, since µZ(n) = µZ and RZ(m,n) = RZ(m− n).

5. Let {X(t), t ∈ R} and {Y (t), t ∈ R} be two independent random processes.
Let Z(t) be defined as

Z(t) = X(t)Y (t), for all t ∈ R.
Prove the following statements:

(a) µZ(t) = µX(t)µY (t), for all t ∈ R.

(b) RZ(t1, t2) = RX(t1, t2)RY (t1, t2), for all t ∈ R.

(c) If X(t) and Y (t) are WSS, then they are jointly WSS.

(d) If X(t) and Y (t) are WSS, then Z(t) is also WSS.

(e) If X(t) and Y (t) are WSS, then X(t) and Z(t) are jointly WSS.

Solution:
(a)

µZ(t) = E[Z(t)]

= E[X(t)Y (t)]

= E[X(t)]E[Y (t)] (since X and Y are independent)

= µX(t)µY (t)

(b)

RZ(t1, t2) = E[Z(t1) · Z(t2)]

= E[X(t1)Y (t1)X(t2)Y (t2)]

= E[X(t1)X(t2)]E[Y (t1)Y (t2)]

= RX(t1, t2) ·RY (t1, t2)

(c)

RXY (t1, t2) = E[X(t1) · Y (t2)]

= E[X(t1)]E[Y (t2)]

= µX · µY (Does not depend on) t1, t2

(You can think of these as a function of t1 − t2)
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(d)

µZ(t) = µXµY (By (a) and (b))

RZ(t1, t2) = RX(t1 − t2)RY (t1 − t2)

= RZ(τ)

(e) By part (d), Z(t) is also WSS.

RXZ(t1, t2) = E[X(t1) ·X(t2) · Y (t2)]

= E[X(t1)X(t2)]E[Y (t2)]

= RX(t1 − t2)µY

= RXZ(t1 − t2)

7. Let X(t) be a WSS Gaussian random process with µX(t) = 1 and RX(τ) =
1 + 4sinc(τ).

(a) Find P (1 < X(1) < 2).

(b) Find P (1 < X(1) < 2, X(2) < 3).

Solution:
(a) Let Y = X(1), then

EY = E[X(1)]

= 1

V ar(Y ) = RX(0)− (E[Y ])2

= 5− 1 = 4

Y ∼ N (1, 4)

P (1 < Y < 2) = Φ(
2− 1

2
)− Φ(

1− 1

2
)

= Φ(
1

2
)− Φ(0)

≈ 0.19



177

(b) Let Y = X(1), Z = X(2). Then Y and Z are jointly Gaussian and
Y ∼ N(1, 4), Z ∼ N(1, 4).

Cov(Y, Z) = E[Y Z]− EY EZ
= RX(−1)− 1 · 1
= 1− 1 = 0

Y and Z are uncorrelated, so Y and Z are independent (jointly Gaussian).

P (1 < Y < 2, Z < 3) = P (1 < Y < 2)P (Z < 3)

= [Φ(
1

2
)− Φ(0)][Φ(

3− 1

2
)]

≈ 0.16

9. Let {X(t), t ∈ R} be a continuous-time random process, defined as

X(t) =
n∑
k=0

Akt
k,

where A0, A1, · · · , An are i.i.d. N(0, 1) random variables and n is a fixed
positive integer.

(a) Find the mean function µX(t).

(b) Find the correlation function RX(t1, t2).

(c) Is X(t) a WSS process?

(d) Find P (X(1) < 1). Assume n = 10.

(e) Is X(t) a Gaussian process?

Solution:
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(a)

µX(t) = E

[
n∑
k=0

Akt
k

]

=
n∑
k=0

E[Ak]t
k

= 0

(b)

RX(t1, t2) = E[X(t1)X(t2)]

= E[
n∑
k=0

Akt
k
1

n∑
l=0

Alt
l
2]

=
n∑
k=0

n∑
l=0

E[AkAl]t
k
1t
l
2

=
n∑
k=0

E[A2
k]t

k
1t
k
2

=
n∑
k=0

(t1t2)k

(c) No, since RX(t1, t2) 6= RX(t1 − t2).

(d)

n = 10

X(t) =
10∑
k=0

Akt
k

X(1) =
10∑
k=0

Ak Ak ∼ N(0, 1)(i.i.d)

X(1) ∼ N(0, 10)

P (X(1) < 1) = Φ

(
1− 0√

10

)
= Φ

(
1√
10

)
= 0.624
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(e) Yes, since any linear combination of

X(t1), X(t2), X(t3), · · · , X(tl)

can be written as a linear combination of

A0, A1, A2, · · · , An

Since A0, A1, · · · , An are jointly normal, we conclude that X(t1) , · · ·
, X(tl) are jointly normal.

11. (Time Averages) Let {X(t), t ∈ R} be a continuous-time random process.
The time average mean of X(t) is defined as 1

〈X(t)〉 = lim
T→∞

[
1

2T

∫ T

−T
X(t)dt

]
.

Consider the random process
{
X(t), t ∈ R

}
defined as

X(t) = cos(t+ U),

where U ∼ Uniform(0, 2π). Find 〈X(t)〉.

Solution:

Let U = u. So X(t) = cos(t+ u). Note that∫ T

−T
cos(t+ u)dt = sin(T + u)− sin(−T + u)∣∣∣∣∫ T

−T
cos(t+ u)dt

∣∣∣∣ ≤ 2∣∣∣∣ 1

2T

∫ T

−T
cos(t+ u)dt

∣∣∣∣ ≤ 1

T

lim
T→∞

[
1

2T

∫ T

−T
X(t)dt] = 0

1Assuming that the limit exists in mean-square sense.
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13. Let {X(t), t ∈ R} be a WSS random process. Show that for any α > 0, we
have

P
(
|X(t+ τ)−X(t)| > α

)
≤ 2RX(0)− 2RX(τ)

α2
.

Solution: Let Y = X(t+ τ)−X(t). Then,

EY = E[X(t+ τ)−X(t)] = 0

Var(Y ) = E[Y 2]

= E[X2(t+ τ) +X2(t)− 2X(t+ τ)X(t)]

= RX(0) +RX(0)− 2RX(τ)

= 2RX(0)− 2RX(τ)

= P (|Y − 0| > α) ≤ Var(Y )

α2
(Chebyshev’s Inequality)

=
2RX(0)− 2RX(τ)

α2

15. Let X(t) be a real-valued WSS random process with autocorrelation func-
tion RX(τ). Show that the Power Spectral Density (PSD) of X(t) is given
by

SX(f) =

∫ ∞
−∞

RX(τ) cos(2πfτ) dτ.

Solution:

SX(f) = F{RX(τ)}

=

∫ ∞
−∞

RX(τ)e−2jπfτ dτ

=

∫ ∞
−∞

RX(τ)(cos 2πfcτ − j sin 2πfcτ)dτ

=

∫ ∞
−∞

RX(τ) cos(2πfcτ)dτ − j
∫ ∞
−∞

RX(τ) sin(2πfcτ)dτ

=

∫ ∞
−∞

RX(τ) cos(2πfcτ)dτ
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The integral
∫∞
−∞RX(τ) sin(2πfcτ)dτ is equal to zero, since RX(τ) is an even

function and sin(2πfc) is an odd function. Therefore, RX(τ) sin(2πfτ)dτ is
an odd function.

17. Let X(t) be a WSS process with autocorrelation function

RX(τ) =
1

1 + π2τ 2
.

Assume that X(t) is input to a low-pass filter with frequency response

H(f) =


3 |f | < 2

0 otherwise

Let Y (t) be the output.

(a) Find SX(f).

(b) Find SXY (f).

(c) Find SY (f).

(d) Find E[Y (t)2].

Solution:

−2 2 f

3

H(f)

Figure 10.1: A lowpass filter

RX(τ) =
1

1 + π2τ 2
.
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(a)

SX(f) = F{ 1

1 + π2τ 2
}

= e−2|f | for all f ∈ R

(b)

SXY (f) = SX(f)H∗(f) =

 3e−2|f | |f | < 2

0 else

(c)

SY (f) = SX(f)|H(f)|2 =

 9e−2|f | |f | < 2

0 else

(d)

E[Y (t)2] =

∫ ∞
−∞

SY (f) df

=

∫ 2

−2

9e−2|f |df

= 2

∫ 2

0

9e−2fdf

= 9
(
1− e−4

)

19. Let X(t) be a zero-mean WSS Gaussian random process with RX(τ) =
e−πτ

2
. Suppose that X(t) is input to an LTI system with transfer function

|H(f)| = e−
3
2
πf2 .

Let Y (t) be the output.
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(a) Find µY .

(b) Find RY (τ) and Var(Y (t)).

(c) Find E[Y (3)|Y (1) = −1].

(d) Find Var(Y (3)|Y (1) = −1).

(e) Find P (Y (3) < 0|Y (1) = −1).

Solution:

(a)

µY = µXH(0)

= 0

(b)

SY (f) = SX(f)|H(f)|2

= e−πf
2|H(f)|2

= e−4πf2

RY (τ) = F−1{SY (f)}
= F−1{e−π(2f)2}

=
1

2
e−π(

τ
2 )

2

Var(Y (t)) = E[Y (t)2]

= RY (0)

=
1

2
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(c) Y (3) and Y (1) are zero-mean jointly normal random variables.

Cov(Y (3), Y (1)) = E[Y (3)Y (1)]

= RY (2)

=
1

2
e−π

E[Y (3)|Y (1) = −1] = E[Y (3)] +
cov(Y (3), Y (1))

Var(Y (1))
(−1− 0)

= 0 +
1
2
e−π

1
2

(−1)

= −e−π

(d)

Var(Y (3)|Y (1) = −1) = (1− ρ2)Var(Y (3))

ρ =
Cov(Y (3), Y (1))√

Var(Y (3))Var(Y (1))

=
1
2
e−π

1
2

= e−π

Var(Y (3)|Y (1) = −1) = (1− e−2π)
1

2

(e) Y (3)|Y (1) = −1 ∼ N
(
−e−π, 1−e−2π

2

)
. Thus,

P (Y (3) < 0|Y (1) = −1) = Φ

 0 + e−π√
1−e−2π

2


= 0.5244



Chapter 11

Some Important Random
Processes

1. The number of orders arriving at a service facility can be modeled by a
Poisson process with intensity λ = 10 orders per hour.

(a) Find the probability that there are no orders between 10:30 and 11:00.

(b) Find the probability that there are 3 orders between 10:30 and 11:00
and 7 orders between 11:30 and 12:00.

Solution:

(a) Let X = N(11)−N(10.5), then X ∼ Poisson(10 · 1
2
), thus P (X = 0) =

e−5.
(b) Let

X1 = N(11)−N(10.5)

X2 = N(12)−N(11.5)

Then X1 and X2 are two independent Poisson(5) random variables. So

P (X1 = 3, X2 = 7) = P (X1 = 3)P (X2 = 7)

=
e−553

3!
· e
−557

7!

185
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3. Let X ∼ Poisson(µ1) and Y ∼ Poisson(µ2) be two independent random
variables. Define Z = X + Y .
Show that

X|Z = n ∼ Binomial

(
n,

µ1

µ1 + µ2

)
.

Solution: First note that

Z = X + Y ∼ Poisson(µ1 + µ2).

We can write

P (X = k|Z = n) =
P (X = k, Z = n)

P (Z = n)

=
P (X = k, Y = n− k)

P (Z = n)

=
P (X = k)P (Y = n− k)

P (Z = n)

=

e−µ1 (µ1)k

k!
e−µ2 (µ2)n−k

(n−k)!

e−(µ1+µ2)(µ1+µ2)n

n!

=

(
n

k

)(
µ1

µ1 + µ2

)k (
1− µ1

µ1 + µ2

)(n−k)

X|Z = n ∼ Binomial

(
n,

µ1

µ1 + µ2

)

5. Let N1(t) and N2(t) be two independent Poisson processes with rate λ1 and
λ2 respectively. Let N(t) = N1(t) + N2(t) be the merged process. Show

that given N(t) = n, N1(t) ∼ Binomial
(
n, λ1

λ1+λ2

)
.

Note: We can interpret this result as follows: Any arrival in the merged
process belongs to N1(t) with probability λ1

λ1+λ2
and belongs to N2(t) with
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probability λ2
λ1+λ2

independent of other arrivals.

Solution: This is the direct result of problem 3. Here we have

X = N1(t)

Y = N2(t)

X ∼ Poisson(η1 = λ1t)

Y ∼ Poisson(η2 = λ2t)

Z ∼ Poisson (η = η1 + η2)

Thus, X|Z = n ∼ Binomial(n,
η1

η1 + η2

)

= Binomial

(
n,

λ1

λ1 + λ2

)

7. Let {N(t), t ∈ [0,∞)} be a Poisson Process with rate λ. Let T1, T2, · · · be
the arrival times for this process. Show that

fT1,T2,...,Tn(t1, t2, · · · , tn) = λne−λtn , for 0 < t1 < t2 < · · · < tn.

Hint: One way to show the above result is to show that for sufficiently small
∆i, we have

P

(
t1 ≤ T1 < t1 + ∆1, t2 ≤ T2 < t2 + ∆2, ..., tn ≤ Tn < tn + ∆n) ≈

λne−λtn∆1∆2 · · ·∆n, for 0 < t1 < t2 < · · · < tn.

Solution:

P (ti ≤ Ti < ti + ∆i) for (i = 1, 2, · · · , n)

t0 t1 t2 · · · tn
∆1 ∆2 ∆n

Figure 11.1:
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P (t1 ≤ T1 < t1 + ∆1, · · · , tn ≤ Tn < tn + ∆n)

= P [one arrival in [t1, t1 + ∆), · · · , one arrival in [tn, tn + ∆)]

× P [no arrivals in [0, t1), no arrivals in [t1 + ∆, t2), · · · ]
=
(
λ∆1e

−λ∆1
)
· · ·
(
λ∆ne

−λ∆n
)
· e−λ(t−∆1−∆2−···−∆n)

= λne−λ(∆1+···+∆n) · e−λ(tn−(∆1+···+∆n)) (∆1 · · ·∆n)

= λne−λtn ·∆1 · · ·∆n.

Therefore,

P (t1 ≤ T1 < t1 + ∆1, · · · , tn ≤ Tn < tn + ∆n) ≈ fT1,··· ,Tn (t1, · · · , tn) ·∆1 · · ·∆n

= λne−λtn ·∆1 · · ·∆n.

We conclude

fT1,··· ,Tn (t1, · · · , tn) = λne−λtn for 0 < t1 < t2 < · · · < tn

9. Let {N(t), t ∈ [0,∞)} be a Poisson Process with rate λ. Let T1, T2, · · · be
the arrival times for this process. Find

E[T1 + T2 + · · ·+ T10|N(4) = 10].

Hint: Use the result of Problem 8.

Solution: By Problem 8, we can say:

Given N(4) = 10, then T1 + · · · + T10 has the same distribution as U =
U1 + U2 + · · · + U10 where Ui ∼ Uniform(0, 4) and Ui’s are independent.
Thus:

E [T1 + · · ·+ T10|N(4) = 10] = E [U1 + · · ·+ U10]

= 10E [Ui]

= 20
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11. In Problem 10, find the probability that Team B scores the first goal. That
is, find the probability that at least one goal is scored in the game and the
first goal is scored by Team B.

Solution:

Given that the first goal is scored at t ≤ 90, then the goal is scored by team
B with probability λ2

λ1+λ2
= 3

5
(see Problem 5). The probability of scoring

at least one goal is
P [N(90) > 0] = 1− e−4.5

Thus the desired probability is(
1− e−4.5

) 3

5
.

13. Consider the Markov chain with three states S = {1, 2, 3}, that has the
state transition diagram as shown in Figure 11.31.

1

1
4
��

3
4

��

2

1
2

ss

1
2

ww
3

1
4

JJ

1
4

77

1
2

VV

Figure 11.2: A state transition diagram.

Suppose P (X1 = 1) = 1
2

and P (X1 = 2) = 1
4
.

(a) Find the state transition matrix for this chain.
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(b) Find P (X1 = 3, X2 = 2, X3 = 1).

(c) Find P (X1 = 3, X3 = 1).

Solution:

(a) The state transition matrix is given by

P =


1
4

0 3
4

1
2

0 1
2

1
2

1
4

1
4

 .
(b) First, we obtain

P (X1 = 3) = 1− P (X1 = 1)− P (X1 = 2)

= 1− 1

2
− 1

4

=
1

4
.

We can now write

P (X1 = 3, X2 = 2, X3 = 1) = P (X1 = 3) · p32 · p21

=
1

4
· 1

4
· 1

2

=
1

32
.

(c) We can write

P (X1 = 3, X3 = 1) =
3∑

k=1

P (X1 = 3, X2 = k,X3 = 1)

=
3∑

k=1

P (X1 = 3) · p3k · pk1

= P (X1 = 3)
[
p31 · p11 + p32 · p21 + p33 · p31

]
=

1

4

[1
2
· 1

4
+

1

4
· 1

2
+

1

4
· 1

2

]
=

3

32
.
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15. Let Xn be a discrete-time Markov chain. Remember that, by definition,
p

(n)
ii = P (Xn = i|X0 = i). Show that state i is recurrent if and only if

∞∑
n=1

p
(n)
ii =∞.

Solution: Let V be the total number of visits to state i. Define the random
variables Yn’s as follows:

Yn =

{
1 if Xn = i
0 otherwise

Then, we have

V =
∞∑
n=0

Yn.

Therefore,

E[V |X0 = i] =
∞∑
n=0

E[Yn = i|X0 = i]

=
∞∑
n=0

P (Xn = i|X0 = i)

= 1 +
∞∑
n=1

p
(n)
ii .

Now, as we have seen in the text, i is a recurrent state if and only if
E[V |X0 = i] =∞. We conclude that state i is recurrent if and only if

∞∑
n=1

p
(n)
ii =∞.
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17. Consider the Markov chain of Problem 16. Again assume X0 = 4. We
would like to find the expected time (number of steps) until the chain gets
absorbed in R1 or R2. More specifically, let T be the absorption time, i.e.,
the first time the chain visits a state in R1 or R2. We would like to find
E[T |X0 = 4].

Solution: Here, we follow our standard procedure for finding mean hitting
times. Consider Figure 11.3.

3

1
2

��

1
4

��

1
4

��

R1 4
1
4

oo

1
4

WW

1
2 // R2

Figure 11.3: The state transition diagram in which we have replaced each recur-
rent class with one absorbing state

Let T be the first time the chain visits R1 or R2. For all i ∈ S, define

ti = E[T |X0 = i].

By the above definition, we have tR1 = tR2 = 0. To find t3 and t4, we can
use the following equations

ti = 1 +
∑
k

tkpik, for i = 3, 4.

Specifically, we obtain

t3 = 1 +
1

2
tR1 +

1

4
t4 +

1

4
tR2

= 1 +
1

4
t4,
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t4 = 1 +
1

4
tR1 +

1

4
t3 +

1

2
tR2

= 1 +
1

4
t3.

Solving the above equations, we obtain

t3 =
4

3
, t4 =

4

3
.

Therefore, if X0 = 4, it will take on average t4 = 4
3

steps until the chain
gets absorbed in R1 or R2.

19. Consider the Markov chain shown in Figure 11.34.

1

1
2
��

1
2

''
2

1
3




2
3

��

3

1
2

VV

1
2

HH

Figure 11.4: A state transition diagram.

(a) Is this chain irreducible?

(b) Is this chain aperiodic?

(c) Find the stationary distribution for this chain.

(d) Is the stationary distribution a limiting distribution for the chain?

Solution:

(a) The chain is irreducible since we can go from any state to any other
state in a finite number of steps.
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(b) The chain is aperiodic since there is a self-transition, e.g., p11 > 0.

(c) To find the stationary distribution, we need to solve

π1 =
1

2
π1 +

1

2
π3,

π2 =
1

2
π1 +

1

3
π2 +

1

2
π3,

π3 =
2

3
π2,

π1 + π2 + π3 = 1.

We find

π1 =
2

7
, π2 =

3

7
, π3 =

2

7
.

(d) The above stationary distribution is a limiting distribution for the
chain because the chain is both irreducible and aperiodic.

21. Consider the Markov chain shown in Figure 11.36. Assume that 0 < p < q.
Does this chain have a limiting distribution? For all i, j ∈ {0, 1, 2, · · · }, find

lim
n→∞

P (Xn = j|X0 = i).

0q+r
))

p

''
1

q

gg

p

''

r





2
q

gg

p

((

r




...

q

hh

Figure 11.5: A state transition diagram.
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Solution: This chain is irreducible since all states communicate with each
other. It is also aperiodic since it includes self-transitions. Note that we
have p + q + r = 1. Let’s write the equations for a stationary distribution.
For state 0, we can write

π0 = (q + r)π0 + qπ1,

which results in

π1 =
p

q
π0.

For state 1, we can write

π1 = rπ1 + pπ0 + qπ2

= rπ1 + qπ1 + qπ2,

which results in

π2 =
p

q
π1.

Similarly, for any j ∈ {1, 2, · · · }, we obtain

πj = απj−1,

where α = p
q
. Note that since 0 < p < q, we conclude that 0 < α < 1. We

conclude

πj = αjπ0, for j = 1, 2, · · · .

Finally, we must have

1 =
∞∑
j=0

πj

=
∞∑
j=0

αjπ0, (where 0 < α < 1)

=
1

1− α
π0 (geometric series).

Thus, π0 = 1− α. Therefore, the stationary distribution is given by

πj = (1− α)αj, for j = 0, 1, 2, · · · .
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Since this chain is both irreducible and aperiodic and we have found a sta-
tionary distribution, we conclude that all states are positive recurrent and
π = [π0, π1, · · · ] is the limiting distribution.

23. (Gambler’s Ruin Problem) Two gamblers, call them Gambler A and Gam-
bler B, play repeatedly. In each round, A wins 1 dollar with probability p or
loses 1 dollar with probability q = 1−p (thus, equivalently, in each round B
wins 1 dollar with probability q = 1− p and loses 1 dollar with probability
p). We assume different rounds are independent. Suppose that, initially,
A has i dollars and B has N − i dollars. The game ends when one of the
gamblers runs out of money (in which case the other gambler will have N
dollars). Our goal is to find pi, the probability that A wins the game given
that he has initially i dollars.

(a) Define a Markov chain as follows: The chain is in state i if the Gambler
A has i dollars. Here, the state space is S = {0, 1, · · · , N}. Draw the
state transition diagram of this chain.

(b) Let ai be the probability of absorption to state N (the probability that
A wins) given that X0 = i. Show that

a0 = 0,

aN = 1,

ai+1 − ai =
q

p
(ai − ai−1), for i = 1, 2, · · · , N − 1.

(c) Show that

ai =

[
1 +

q

p
+

(
q

p

)2

+ · · ·+
(
q

p

)i−1
]
a1, for i = 1, 2, · · · , N.

(d) Find ai for any i ∈ {0, 1, 2, · · · , N}. Consider two cases: p = 1
2

and
p 6= 1

2
.

Solution:
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(a) The state transition diagram of the chain is shown in Figure 11.6.

01
))

1
1−p
oo

p

''
2

1−p

ff

p

''
...

1−p

gg

p
++

N − 1

1−p

hh
p // N 1
rr

Figure 11.6: The state transition diagram for the gambler’s ruin problem.

(b) Applying the law of total probability, we conclude that

ai = pai+1 + (1− p)ai−1, for i = 1, 2, · · · , N − 1.

Since states 0 and N are absorbing, we conclude that

a0 = 0,

aN = 1.

From the above, we conclude

ai+1 =
ai
p
− 1− p

p
ai−1, for i = 1, 2, · · · , N − 1.

Thus,

ai+1 − ai =
q

p
(ai − ai−1), for i = 1, 2, · · · , N − 1.

(c) For i = 1, we obtain

a2 − a1 =
q

p
(a1 − a0) =

q

p
a1.

Thus,

a2 =

[
1 +

q

p

]
a1.

Similarly,

a3 − a2 =
q

p
(a2 − a1) =

(
q

p

)2

a1.
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Thus,

a3 = a2 +

(
q

p

)2

a1

=

[
1 +

q

p

]
a1 +

(
q

p

)2

a1

=

[
1 +

q

p
+

(
q

p

)2
]
a1.

And, so on. In general, we obtain

ai =

[
1 +

q

p
+

(
q

p

)2

+ · · ·+
(
q

p

)i−1
]
a1, for i = 1, 2, · · · , N.

(d) Using the above, we obtain

aN =

[
1 +

q

p
+

(
q

p

)2

+ · · ·+
(
q

p

)N−1
]
a1.

Since, aN = 1, we conclude

a1 =
1[

1 + q
p

+
(
q
p

)2

+ · · ·+
(
q
p

)N−1
] .

We thus have

ai =

[
1 +

q

p
+

(
q

p

)2

+ · · ·+
(
q

p

)i−1
]
a1, for i = 1, 2, · · · , N.

We can obtain ai for any i. Specifically, we obtain

ai =


1−( q

p
)i

1−( q
p

)N
if p 6= 1

2

i
N

if p = 1
2
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25. The Poisson process is a continuous-time Markov chain. Specifically, let
N(t) be a Poisson process with rate λ.

(a) Draw the state transition diagram of the corresponding jump chain.

(b) What are the rates λi for this chain?

Solution: Here, the process starts at state 0 (N(0) = 0). It stays at state 0
for some time and then moves to state 1. In general, the process goes from
state i to state i+ 1. Thus, the jump chain can be shown by Figure 11.7.

0
1 // 1

1 // 2
1 // ...

Figure 11.7: The jump chain for the Poisson process.

Remember that the interarrival times in the Poisson process have
Exponential(λ) distribution. Thus, the time that the chain spends at each
state has Exponential(λ) distribution. We conclude that

λi = λ.

27. Consider a continuous-time Markov chain X(t) that has the jump chain
shown in Figure 11.8. Assume λ1 = 1, λ2 = 2, and λ3 = 4.

(a) Find the generator matrix for this chain.

(b) Find the limiting distribution for X(t) by solving πG = 0.
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1
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��

1
2

gg
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3
4

VV

1
4

HH

Figure 11.8: The jump chain for the Markov chain of Problem 27.

Solution: The jump chain is irreducible and the transition matrix of the
jump chain is given by

P =


0 1 0
1
2

0 1
2

3
4

1
4

0

 .
The generator matrix can be obtained using

gij =


λipij if i 6= j

−λi if i = j

We obtain

G =


−1 1 0

1 −2 1

3 1 −4

 .
Solving

πG = 0, and π1 + π2 + π3 = 1

we obtain π = 1
12

[7, 4, 1].

29. Let W (t) be the standard Brownian motion.
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(a) Find P (−1 < W (1) < 1).

(b) Find P (1 < W (2) +W (3) < 2).

(c) Find P (W (1) > 2|W (2) = 1).

Solution:

(a) Note that W (1) ∼ N(0, 1), thus

P (−1 < W (1) < 1) = Φ

(
1− 0

1

)
− Φ

(
−1− 0

1

)
= Φ(1)− Φ(−1)

≈ 0.68

(b) Let X = W (2) +W (3). Then, X is normal with EX = 0 and

Var(X) = Var
(
W (2)

)
+ Var

(
W (3)

)
+ 2Cov

(
W (2),W (3)

)
= 2 + 3 + 2 · 2
= 9.

Thus, X ∼ N(0, 9). We conclude

P (1 < X < 2) = Φ

(
2− 0

3

)
− Φ

(
1− 0

3

)
= Φ

(
2

3

)
− Φ

(
1

3

)
≈ 0.12

(c) Remember that if 0 ≤ s < t, then

W (s)|W (t) = a ∼ N
(s
t
a, s
(

1− s

t

))
.

(This has been shown in the Solved Problems Section of the Brownian
motion section). We conclude

W (1)|W (2) = 1 ∼ N

(
1

2
,
1

2

)
.
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Thus,

P (W (1) > 2|W (2) = 1) = 1− Φ

(
2− 1

2

1/
√

2

)
≈ 0.017

31. (Brownian Bridge) Let W (t) be a standard Brownian motion. Define

X(t) = W (t)− tW (1), for all t ∈ [0,∞).

Note that X(0) = X(1) = 0. Find Cov(X(s), X(t)), for 0 ≤ s ≤ t ≤ 1.

Solution: We have

Cov(X(s), X(t)) = Cov(W (s)− sW (1),W (t)− tW (1))

= Cov(W (s),W (t))− tCov(W (s),W (1))

− sCov(W (1),W (t)) + stCov(W (1),W (1))

= s− ts− st+ st

= s− st.

33. (Hitting Times for Brownian Motion) Let W (t) be a standard Brownian
motion. Let a > 0. Define Ta be the first time that W (t) = a. That is

Ta = min{t : W (t) = a}.

(a) Show that for any t ≥ 0, we have

P (W (t) ≥ a) = P (W (t) ≥ a|Ta ≤ t)P (Ta ≤ t).

(b) Using Part (a), show that

P (Ta ≤ t) = 2

[
1− Φ

(
a√
t

)]
.
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(c) Using Part (b), show that the PDF of Ta is given by

fTa(t) =
a

t
√

2πt
exp

{
−a

2

2t

}
.

Note: By symmetry of Brownian motion, we conclude that for any
a 6= 0, we have

fTa(t) =
|a|

t
√

2πt
exp

{
−a

2

2t

}
.

Solution:

(a) Using the law of total probability, we obtain

P (W (t) ≥ a) = P (W (t) ≥ a|Ta > t)P (Ta > t)+

P (W (t) ≥ a|Ta ≤ t)P (Ta ≤ t).

However, since P (W (t) ≥ a|Ta > t) = 0, we conclude

P (W (t) ≥ a) = P (W (t) ≥ a|Ta ≤ t)P (Ta ≤ t).

(b) Note that given Ta ≤ t, W (t) is normal with mean a. Thus

P (W (t) ≥ a|Ta > t) =
1

2
.

Thus,

P (W (t) ≥ a) =
P (Ta ≤ t)

2
.

We conclude

P (Ta ≤ t) = 2P (W (t) ≥ a)

= 2

[
1− Φ

(
a√
t

)]
.



(c) We can find the PDF of Ta by differentiating P (Ta ≤ t). We have

fTa(t) =
d

dt
P (Ta ≤ t)

= 2
d

dt

[
1− Φ

(
a√
t

)]
= −2

d

dt
Φ

(
a√
t

)
=

a

t
√

2πt
exp

{
−a

2

2t

}
.
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Chapter 14

Recursive Methods

1. Solve the following recurrence equations. That is, find a closed form formula
for an.

1. an = 2an−1 − 3
4
an−2, with a0 = 0, a1 = −1.

2. an = 4an−1 − 4an−2, with a0 = 2, a1 = 6.

Solution:

(a) Characteristic equation:

x2 − 2x+
3

4
= 0

By solving the equation, we get:

x1 =
1

2

x2 =
3

2

We define:

an = A(
1

2
)n +B(

3

2
)n

209
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a0 = 0 −→ 0 = A+B

a1 = −1 −→ − 1 =
A

2
+

3B

2

By solving the equations, we get:

A = 1

B = −1

By substituting the values of A and B to the equation an = A(1
2
)n +B(3

2
)n,

we get:

an = (
1

2
)n − (

3

2
)n

(b) Characteristic equation:

x2 − 4x+ 4 = 0

By solving the equation, we get:

x1 = x2 = 2

We define:

an = A2n +Bn2n

a0 = 2 −→ 2 = A

a1 = 6 −→ 6 = 2× A+ 2×B
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By solving the equations, we get:

A = 2

B = 1

By substituting the values of A and B to the equation an = A2n + Bn2n,
we get:

an = 2n+1 + n2n

3. You toss a biased coin repeatedly. If P (H) = p, what is the probabil-
ity that two consecutive H’s are observed before we observe two consec-
utive T ’s? For example, this event happens if the observed sequence is
THTHHTHTT · · · .

Solution:

Let A be the event that two consecutive H’s are observed before we observe
two consecutive T ’s. Conditioning on the first coin toss:

P (A) = P (A|H)P (H) + P (A|T )P (T )

= pP (A|H) + (1− p)P (A|T )

P (A|H) = P (A|HH)P (H) + P (A|HT )P (T )

= 1P (H) + P (A|T )P (T )

= p+ (1− p)P (A|T )

So:
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P (A|H) = p+ (1− p)P (A|T )

P (A|T ) = P (A|TH)P (H) + P (A|TT )P (T )

= pP (A|H) + 0P (T )

= pP (A|H)

So, by combining the two results, P (A|T ) = pP (A|H) and P (A|H) =
p+ (1− p)P (A|T ) :

P (A|H) = p+ (1− p)pP (A|H)

So:

P (A|H) =
p

1− p(1− p)

Thus, we obtain

P (A) = pP (A|H) + (1− p)P (A|T )

= pP (A|H) + (1− p)pP (A|H)

= p(2− p)P (A|H)

=
p2(2− p)

1− p(1− p)
.
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