Disjunctivity of the Erdds-Borwein constant

Abstract

We prove that every finite binary word occurs infinitely often in the Erd6s—Borwein constant,
answering a question recorded by Bailey and Crandall in 2002. Every fixed word has at least
N exp{—C(loglog N)3} occurrences beginning among the first N digits, for all sufficiently large
N. The proof extends Campbell’s construction for the word 11: one prescribed divisor count
encodes the desired word, while congruences and an averaged estimate control the surrounding
terms.

1 Introduction

Let d(n) be the number of positive divisors of n. The Erdés—Borwein constant is

B=Y gg= L 2 =Y 00 W

m>1 m,j>1 n>1

where absolute convergence justifies regrouping. A real number is binary disjunctive if its binary
expansion contains every finite binary word, or equivalently if its doubling orbit is dense in [0, 1].
For a nonempty word w, let N,,(N) count its occurrences beginning at positions 1 < n < N after
the binary point of F.

Theorem 1. For every nonempty finite binary word w, there are constants Cy, > 0 and No(w) such
that
Ny(N) > Nexp{—Cy(loglog N)3} (N > No(w)). (2)

In particular, E is binary disjunctive, and every finite binary word occurs infinitely often.

Erdés [4] proved irrationality by forcing divisibility of consecutive divisor counts and controlling
the remaining tail. Bailey and Crandall [2, §5, p. 540] explicitly identify binary disjunctivity of E,
which they call 2-density, as an open problem. Campbell [3, Theorem 1 and §4] proves infinitely
many occurrences of 11 and asks about arbitrary words. We extend his construction, using the
prime-distribution theorem of Alford, Granville, and Pomerance [1] in Vandehey’s formulation
[5, Proposition 2.1]. The elementary divisor estimate below is Campbell’s Lemma 2; its proof is
included.

The idea is to make all early terms of a shifted series integers except one. An index of the
form ¢*!p, with distinct primes g, p, has exactly 2a divisors. Choosing a encodes the desired word;
averaging the tail leaves sufficiently many prime indices where carries cannot alter it.

Throughout, log is natural, and log, has base two. Implied constants are absolute unless a
subscript indicates dependence. Sums and counts over m < M mean 0 < m < M.

2 Preliminaries

Lemma 2 (Alford-Granville-Pomerance). There are constants Xo, Do > 0 such that, for every
X > Xy, there is a set D(X) of at most Dy integers, each greater than log X, for which

X;B,s) > ——
m(X; B s) 2 2¢(B)log X

whenever 1 < B < X4 ged(s, B) = 1, and no member of D(X) divides B. Here m(X; B, s) counts
primes p < X with p=s (mod B).



Lemma 3 (Divisor average). If u, A, M are positive integers, ged(u, A) =1, andu+ (M —1)A <Y
with' Y > 1, then
3" d(u+mA) <2M(1+ LlogY) +2VY.
m<M

Proof. Pairing divisors about the square root gives

> dlu+mA)<2 > #{m<M:h|lu+mA}<2 Y (M/h+1).
m<M h<VY h<VY

For ged(h, A) > 1 there are no solutions; otherwise they form one residue class modulo h. The
conclusion follows from ), h=1 <1 +logz for z > 1. O

3 Proof of Theorem 1

Fix a word w of length ¢ and integer value 0 < v < 2¢, including leading zeros. Put
Ip=[w2"5 (w+1)27%, r=(4+2  a=4v+2.

Then a/2" = (v+ £)27¢ is the midpoint of I,,. We will arrange that {2""'E} differs from this
midpoint by less than 274!, so that w begins at digit n.
Let X tend to infinity, and set

k=[4logylog X],  L=|(logy X)?|. (3)

In what follows, X is sufficiently large depending on w; in particular, & > r and L > 2k.

1. Construct the progression

For each D € D(X) having a prime divisor in (L,2L), discard one such prime. This discards at
most Dy primes. By the prime number theorem, > L/log L primes remain, more than k?. Choose
distinct remaining primes ¢ and p;; for

J=10,...,k=1}\{r}, jeJ, 1<t<j+1

Define -
J
-Pj:Hpj,t7 Q:qail, A:anP]'27 B:A/QZQHP]2
t=1 JET JjeET
There are at most k? selected primes, and
log B = 0(k*log L) = O((loglog X)?), @ < (2L)* ! = (log X )=, (4)

Thus B < X'/4. No D € D(X) divides B: if it did, all its prime factors would lie in (L,2L),
including the one discarded.
The Chinese remainder theorem gives a unique 0 < R < A such that

R+r=@Q (mod q%), R+j=P; (modeZ) (j€J). (5)

The congruence for j =0 gives R > 0. Since @) > r, the integer s = (R + r)/Q satisfies 1 < s < B;
also s =1 (mod q), so s < B. For every p | Fj,

Qs=R+r=r—35#0 (mod p),

because 0 < |r — j| < k < L < p. Hence ged(s, B) = 1.



Put M = | X/B| + 1 and n,, = R+ mA for m < M. Lemma 2 supplies at least

X M

>
2Blog X — 4log X (6)

indices for which p = s + mB < X is prime. At these indices, n,, +r = Qp = ¢* 'p, and p = 1
(mod ¢) ensures p # q. Consequently

d(nm + 1) = 2a, 2 | d(ng, +7) (j€JT). (7)

The second assertion holds for every m < M: by (5), each of the j + 1 primes in P; divides n,, + j
to exponent exactly one.

2. Control the tail

Write Tpy, = 3255 d(nm +7)277 and Y = 2QX. For k < j < L, we have ged(R + j,A) = 1.
Indeed, each prime p | A divides an assigned R + j, with 0 < j, < k, whereas 0 < j — j, < L < p.
Furthermore,

nm+Jj<QB+QX+L<Y.

By (4), logY = Oy (log X) and Y = o(M), since M > X3/4 Lemma 3 therefore gives

> d(nm+j) <w MlogX  (k<j<L).
m<M

After multiplying by 277 and summing, this part of 3, y; Tin is Oy (M (log X)27k).
For j > L, use d(ny, +j) < 2VY +jand 32,51 V7277 <4VL27F. Since Y < 2F and L > 2k

for large X, the remaining part is
<MWY +VL)2™F <« M2752 < M2k,

Thus
> T < M(log X)27F.
m<M

As T,, > 0, the number of indices with T,,, > 2~ is at most 2¢ > me<m Im, hence

M M
T, >2 N <y e = .
#{m<M:T, >2""}t< (log X)? O(logX)

Here we used 27% < (log X)~* from (3). Comparing with (6), at least M/(8log X) prime indices
also satisfy Ty, < 27¢.



3. Read and count the words

For any such index, put n = n,,. By (1) and (7),

dn+j) T
2 E= Y dw i Y (;Lji_l])-i-zm
1<t<n 0<j<k
a T

= 1 t
an integer + or 9

Since 0 < T;,/2 < 2771, the fractional part lies in I,,. Thus w begins at n = Qp — r < QX.
Distinct prime indices give distinct occurrences, at least M/(8log X) in total.
To obtain (2) for every sufficiently large N, choose

N
U= 10g2 N, X = W
Then X — oo and Q < (2L)*! < (2U%)%7!, so QX < N/2. The preceding count gives

M X
> > .
~ 8log X T 8Blog X

Ny (N)

Finally, log(N/X) = O (loglog N) and log B = O((loglog N)3) by (4). Absorbing these costs and
log(81log X) into Cy,(loglog N)? proves (2). O
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