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Abstract
We give computer-assisted proofs for Erhardt’s 18-state modification of the ten Tusscher–

Panfilov 2006 endocardial ventricular cell model at slow delayed rectifier conductance GKs =
0.0275 nS/pF, 1.46 per cent below the first supercritical Hopf point he computed numerically.
Rings of N identical cells, coupled diffusively through the voltage with strength N2/64000 per
ms, discretize the cable ut = f(u) +Duxx, D = 1/64000 per ms, on a ring of length 1. Rotating
waves there are expected from equivariant Hopf theory; we prove them at explicit parameters.

For one cell, two proofs (CAPD and Arb, sharing only GMP and MPFR) give an orbitally
asymptotically stable periodic orbit, with 17 nontrivial Floquet multipliers below 0.998642 and
0.997859 respectively, and an exact rational check shows both enclose the same orbit. For
N = 8, 16, 32, 64 a rotating 1-wave exists, is locally unique and not synchronous, has minimal
period T = 2π/ω enclosed to within 2×10−25 ms, and is locally exponentially orbitally stable: the
multiplier 1 is algebraically simple and the other 18N − 1 have modulus below e−δT < 0.9997321,
δ = 5 × 10−6 per ms. A locally unique rotating 1-wave also exists for every N ≥ 8, and a
traveling wave for the cable, the limit of the ring waves.

Existence is a radii-polynomial argument in a weighted ℓ1 space, made uniform over ε ∈
[0, 1/64] (1/N2 for the rings, 0 for the cable) in 73 pieces glued by ball inclusion. Stability rests
on one Hill operator whose spectrum gives every Floquet multiplier with its algebraic multiplicity;
a Riesz-projection homotopy shows it meets {Reµ ≥ −δ} only in the eigenvalues iωNZ, each
algebraically simple. For the single cell, a connected conductance family reaches a certified
supercritical Hopf endpoint. Its 712-piece lower interval has uniform nontrivial multiplier bound
0.998413816; a 68-piece amplitude family supplies the bridge. Quantitative uniform stability is
proved only on the lower interval. Nothing is claimed for tissue.
Keywords: cardiac cell model; modified ten Tusscher–Panfilov model; ring of coupled oscillators;
rotating wave; Floquet multipliers; Hill operator; computer-assisted proof; ball arithmetic; radii
polynomial.
MSC 2020: 37C27, 34C25, 92C30, 37M20, 65G20.

1 Introduction
Detailed ionic models of cardiac cells are systems of a few dozen nonlinear ordinary differential
equations whose right-hand sides contain exponentials, logarithms (Nernst potentials) and square
roots. Their bifurcations are studied by numerical continuation. Erhardt and Solem analyzed
reduced versions of the ten Tusscher–Panfilov 2006 (TP06) model [34] in this way [14, 15], Kügler
and coauthors related early afterdepolarizations to period doubling cascades and to folded nodes
[29, 30], and Erhardt [12] studied an 18-dimensional modification of the TP06 endocardial cell with
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reduced repolarization reserve, continued in the slow delayed rectifier conductance GKs. For that
model he reports a supercritical Hopf bifurcation at GKs = 0.027907858929580 nS/pF with stable
bifurcating cycles [12, Table 2].

This paper gives computer-assisted proofs for that model at GKs = 0.0275, about 1.46 per cent
below the Hopf value, for the single cell and for rings of N identical cells coupled diffusively through
the membrane potential. The ring is the simplest spatial object built from these cells: a periodic
chain x0, . . . , xN−1 with

ẋj = f(xj) + cE (xj−1 − 2xj + xj+1), j ∈ ZN , c = N2

64000 per ms, (1)

where f is the cell’s vector field and E the projection on the voltage. The coupling c = N2D with
D = 1/64000 is that of a ring of unit length discretized into N cells. The ring is equivariant under
the cyclic shift, and a rotating wave (a discrete traveling wave) is a solution xj(t) = ϕ(ωt+ 2πj/N)
with ϕ 2π-periodic. That such waves exist near a Hopf point of a ring of identical cells is the generic
expectation of ZN -equivariant Hopf theory [19], [20, Ch. XVIII, Sect. 4]; we make no claim that
their existence is surprising. What we add is a proof, at an explicit parameter value and explicit
coupling strengths, of existence, local uniqueness, the minimal period and local exponential orbital
stability, for the full 18-dimensional nonlinear cells.

Results. Theorem A concerns the single cell. It has two parts, proved independently: one in
the time domain with CAPD [25], by a contraction argument for the Poincaré map, and one in
Fourier space with Arb [23], by the method of this paper with N = 1. The two proofs use different
interval arithmetic (CAPD with filib double intervals, and MPFR intervals for one center image;
Arb ball arithmetic in FLINT), different translations of the model and different methods; they have
in common only the multiprecision libraries GMP and MPFR, linked in separate builds. An exact
rational check (Lemma 8.1) shows that they enclose the same orbit. We call the existence proof
in Fourier space Stage E (Section 4) and the stability proof Stage S (Section 5), as the programs
and their records do. Theorem B concerns the rings with N = 8, 16, 32, 64. Its existence part
(Section 4) is a radii-polynomial (Newton–Kantorovich) argument for the Fourier coefficients of the
profile ϕ in a weighted ℓ1 space. In Fourier space the ring enters only through a scalar damping
dm = 4c sin2(πm/N) on the voltage of mode m, so the cost does not grow with the dimension 18N
of the ring: each existence proof takes about two minutes. Its stability part (Section 5) rests on a
lemma (Theorem 5.3) that the Floquet multipliers of the rotating wave, with algebraic multiplicities,
are the numbers eµT for µ in the spectrum of a single Hill operator H0 in a half-open strip of height
ωN . Spectrum of H0 is then excluded from the half plane {Reµ ≥ −δ}, except a simple eigenvalue
at 0 and its translates by iωNZ, by counting the rank of a Riesz projection along a homotopy
(Theorem 5.15). The stability proofs take between half a minute and eight minutes. Theorem C
extends existence and local uniqueness to every ring size N ≥ 8 and to the continuum cable. The
damping dm is an entire function of ε = 1/N2, and its value at ε = 0 is the damping of the cable,
so the profile equations of all the rings and of the cable belong to one family (Section 2.3). We
prove existence for every ε ∈ [0, 1/64] by making the radii-polynomial argument uniform over 73
parameter pieces, in the manner of rigorous parameter continuation [35], and glue the pieces by ball
inclusion (Section 4.8). Stability is proved only where Stage S was run, for N = 8, 16, 32, 64.

Conductance extension. Theorem D separates three assertions for N = 1: continuation on a
712-piece conductance interval, stability uniform on that entire lower interval, and connection by
a 68-piece amplitude family to a certified supercritical Hopf endpoint. Sections 6 and 7 provide
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the analytic implications; Section 7.11 identifies the exact source-bound numerical evidence. Its
uniform stability interval does not extend automatically to the whole Hopf bridge.

Related work. Gameiro and Lessard [18] proved periodic orbits of the Kuramoto–Sivashinsky
equation by a space-time Fourier radii-polynomial argument and enclosed individual Floquet
exponents by a second contraction on the invariance equation [18, Sect. 7]. That proves instability;
they state that their approach could only prove that some solutions are unstable, and that extending
it to prove stability “is the subject of current research” [18, Sect. 1]. The exclusion and counting step
of Section 5 is how we supply the missing part for our Hill operator. Other routes to the stability of
a periodic orbit exist: Castelli and Lessard [5] computed the Floquet normal form Φ(t) = Q(t)eRt

of periodic orbits of ODEs by rigorous numerics, which gives all Floquet exponents; a time-domain
contraction for the Poincaré map, as in Section 8, is another; and Church, Dai, Hénot, Lappicy
and Vassena [6] proved global families of stable periodic orbits in a model of competing predators
by computer; their abstract does not say how stability is certified. Figueras, Gameiro, Lessard
and de la Llave [17] gave a framework for the numerical computation and a posteriori verification
of invariant objects of evolution equations. Church and Lessard [7] verified Hopf bifurcations in
functional differential equations of mixed type, the class to which the profile equation of a lattice
traveling wave belongs, Arioli and Koch [2] constructed traveling waves of the FPU chain by a
computer-assisted proof, and Kuehn and Queirolo [28] proved Hopf bifurcation points and periodic
orbits of recurrent neural networks by computer. Bayer and Leine [4] proved an explicit a priori
bound on the truncation error of the Koopman–Hill approximation of the monodromy matrix of a
linear time-periodic system, for coefficients with ∥Jk∥ ≤ ae−b|k| and b > ln 2 [4, Theorem 4], and
inferred multiplier locations from pseudospectra in floating point; our tail bound is a posteriori
and acts on the resolvent of the Hill operator, which lets us count eigenvalues in ball arithmetic.
Johnson and Zumbrun [24] proved convergence of Hill’s method for nonselfadjoint periodic-coefficient
operators; as far as its first page describes it, the result is convergence in location and multiplicity,
with no error bound stated there, and we cite it as background on Hill truncation only; our tail
bound does not use it.

The reduction of a ring’s Floquet problem to Fourier blocks combines three classical ingredients:
the ZN -isotypic decomposition of rings of identical cells [19], [20, Ch. XVIII, Sect. 4]; the spatio-
temporal symmetry of a discrete wave, which makes the monodromy an N -th power of a twisted
map, as in Rucklidge and Silber [33] and de Wolff [10]; and the discrete Laplacian eigenvalues
4 sin2(πm/N), familiar from the master stability function of Pecora and Carroll [32]. We state
the resulting identity as a lemma and prove it for completeness. Paullet and Ermentrout [31]
studied stable rotating waves in two-dimensional discrete active media analytically, and Ermentrout
[16] gave conditions for the stability of phase-locked solutions of weakly coupled oscillator arrays;
Ashwin and Swift [3] and Hoppensteadt and Izhikevich [21] treat weakly coupled identical oscillators
and phase reduction. For piecewise-linear Chua–Yang rings, Di Marco, Forti, Garay, Koller and
Pancioni [11] obtained, according to excerpts of their abstract, the Floquet multipliers of an unstable,
metastable rotating wave. Reentry on rings of excitable (not self-oscillating) cardiac tissue has a
long numerical and analytical history, for example Courtemanche, Glass and Keener [8] and ten
Tusscher and Panfilov [34]; the waves of this paper are of a different kind, phase waves on rings of
self-oscillating cells. For the FitzHugh–Nagumo traveling-wave ODE, Czechowski and Zgliczyński
[9] proved periodic orbits by computer, without stability, and, according to them, Arioli and Koch
[1] proved the existence and stability of the FitzHugh–Nagumo traveling pulse by computer. Kapela
and Zgliczyński [26] proved choreographies of the N -body problem by computer; a choreography
has the same cyclic-shift symmetry xj+1(t) = xj(t + T/N) as a rotating wave, in a Hamiltonian
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system without diffusive coupling.

Method credit and search scope. Rigorous Fourier continuation and amplitude desingular-
ization are established methods [36, 37]. In particular locally analytic nonpolynomial fields and
gluing by transformed-ball containment already appear in [37, Sects. 2.2 and 6]. The contribution
here is the stated model application and its explicit domain, remainder, spectral and identification
checks. Erhardt’s numerical continuation [12] already predicts the cell oscillation. The bounded
literature and forward-citation searches described in Section 11 do not establish historical priority;
no first-ever claim is made.

Labels. Theorems A, B and C are computer-assisted: the inequalities they rest on are decided
in exact rational, interval or ball arithmetic by the programs of Section 10 (four constants of
Theorem C(a) that summarize all its pieces are read off the record by an exact rational check,
as the proof says), and every step from those inequalities to the statements is proved in this
paper. Lemma 8.1 is computer-assisted (exact rational arithmetic, code/fourier/link_cell.py).
Theorem D is computer-assisted, with its source-bound continuation and stability evidence specified
in Section 7.11. The other lemmas, Proposition 4.4, Theorems 5.3, 5.15 and 5.17 and Corollaries 5.4
and 5.6 are proved here; Theorems 5.15 and 5.17 are implications from inequalities that the programs
check to their conclusions, with no computation of their own; where a lemma’s hypotheses are
numerical inequalities, the proofs of the theorems say which program checks them. So are the
standard facts about operators with compact resolvent that Section 5 uses, in Appendix A, from
elementary facts only. Section 9 collects numerical observations, labelled as such, among them a
floating-point comparison with the weak-coupling phase reduction (Remark 9.1); none of them is
used in a proof or stated as a theorem. The checks made of this work are listed in Section 11.
Unless stated otherwise, paths such as code/fourier/existence.py name files of the folder that
accompanies this paper (the companion repository named under Data availability).

2 The model and the ring

2.1 The cell

The vector field f : U ⊂ R18 → R18 is the function fun_eval of the file bifurcation
analysis/TP06_18d_endo_bif.m in Erhardt’s MIT-licensed GitHub repository andreerhardt
/cardiac-dynamics-of-a-human-ventricular-tissue-model-with-focus-on-early-aft
erdepolarizations [13], commit dc78f86fd218418e029ec43d945bcd0fc54b9f1e, file SHA-256
a50f6c08b4360dd257cce389a39ae72fda51e3642641bf5b8e5fced6c2225670, which accompanies
[12]. The state is (V,Xr1, Xr2, Xs,m, h, j, d, f, f2, fCass, s, r, R

′,Cai,Casr,Cass,Nai), in mV and
mM, and time is in ms. It is Erhardt’s 18-state modification of the TP06 endocardial cell [34], and
we call it that rather than “the TP06 cell”, because it differs from the published TP06 cell in four
ways:

1. the intracellular potassium concentration Ki is a parameter held at 138.3 mM, so 19 states
become 18;

2. the Heaviside switch at V = −40 mV in the rates of the gates h and j is replaced by
u(V ) = 1/(1 + e−5(V +40)), which makes f real analytic;
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3. Erhardt’s reduced-repolarization parameters: GKr = 0.0153 (0.1 times the endocardial value),
GCaL = 0.000199 (5 times), with GKs the continuation parameter, here GKs = 0.0275; also
GNa = 14.838, GK1 = 5.405 and no stimulus;

4. Erhardt’s capacitance convention: the parameter Cm = 1 divides dV/dt and also multiplies
the fluxes of Cai, Cass and Nai, where the CellML-derived version of TP06 in the same
repository (the gotran file tentusscher_panfilov_2006_endo_cell.ode) uses the numerical
value 0.185 for the cell capacitance (185 pF); so the membrane-current contributions to these
concentration equations have coefficients 1/0.185 ≈ 5.405 times those in that convention.
Internal calcium uptake, leak, release and transfer terms do not carry this capacitance factor.
We state only this ratio and make no claim about the physical units of Erhardt’s Cm.

Holding Ki fixed is a modification of the differential equations, not a restriction of the full 19-
state model to a conserved-charge leaf: the omitted potassium balance is generally nonzero. The
results concern this explicitly specified 18-state model and do not establish the corresponding
results for the full 19-state cell. The domain U is the open set on which every logarithm ar-
gument is positive, every square-root argument is positive and every divisor is nonzero. In the
proofs every decimal constant of the source enters as an exact rational (Section 10), so the
theorems are about the model as written, not about its floating-point rounding. All compu-
tations use the scaled variables z = Σ−1x, Σ = diag(2e1 , . . . , 2e18) with the scale exponents
(−2, 0,−5,−1, 0,−28,−28, 0,−4,−2,−1,−8,−5,−1,−10, 2,−3, 3) (code/model/scales.txt); a
constant diagonal change of variables commutes with E and changes no eigenvalue or multiplier,
and we keep writing f for the field in scaled variables where no confusion arises.

2.2 The ring and its symmetry

For N ≥ 1 the ring is (1) on (R18)N , with E = eV e
T
V the projection on the voltage component; for

N = 1 the coupling vanishes and (1) is the cell. Write F for its vector field and Q for the shift
(Qx)j = xj+1. Then F (Qx) = QF (x) and QN = I.

Let ω > 0, T = 2π/ω, τ = T/N , and let ϕ : R → R18 be 2π-periodic, real analytic and
nonconstant, with ϕ(θ) = ∑

m∈Z ame
imθ. Write θj(t) = ωt+ 2πj/N and (∆Np)(θ) = p(θ− 2π/N) −

2p(θ) + p(θ + 2π/N). If ϕ solves the profile equation

ω ϕ′(θ) = f(ϕ(θ)) + cE (∆Nϕ)(θ) (θ ∈ R), (2)

then xj(t) = ϕ(θj(t)) solves (1), because xj±1(t) = ϕ(θj(t) ± 2π/N), and indices modulo N are
consistent because ϕ is 2π-periodic. Moreover x(t+ τ) = Qx(t), since θj(t+ τ) = θj+1(t). We call x
a rotating 1-wave. On mode m the operator cE∆N acts as −dmE with

dm = 4c sin2(πm/N), 0 ≤ dm ≤ 4c, d−m = dm = dm+N = dN−m, (3)

so in Fourier space (2) reads iωmam = [f ◦ ϕ]m − dmEam for every m ∈ Z. The ring is felt only
through the scalars dm.

2.3 One family for all rings and the cable

Let D = 1/64000 per ms, so that c = N2D. For ε ≥ 0 and m ∈ Z let

dm(ε) = 4π2Dm2 S(π2m2ε)2, S(w) =
∑
k≥0

(−w)k

(2k + 1)! . (4)
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S is entire with real coefficients, and S(w) = sin
√
w/

√
w for w > 0. So each dm is a real analytic

function on R, dm(ε) ≥ 0 for ε ≥ 0, d−m = dm, d0 = 0, dm(0) = 4π2Dm2, and dm(1/N2) =
4N2D sin2(πm/N), which is (3). For ε = h2 > 0, dm(ε) = 4D sin2(πmh)/h2, and −dm(ε)E is the
action on mode m of

(Lεp)(θ) = D

h2 E
(
p(θ − 2πh) − 2p(θ) + p(θ + 2πh)

)
(ε = h2 > 0), L0p = 4π2DE p′′, (5)

where L0 is understood for C2 functions p. The profile equation of the family is

ω ϕ′(θ) = f(ϕ(θ)) + (Lεϕ)(θ) (θ ∈ R). (6)

For ε = 1/N2, Lε = cE∆N and (6) is (2). For ε = 0, if ϕ is C2, 2π-periodic and solves (6), then
u(x, t) = ϕ(ωt+ 2πx) solves the cable equation

ut = f(u) +DE uxx, x ∈ R/Z, (7)

because ut = ωϕ′ and uxx = 4π2ϕ′′; the ring (1) is the discretization of (7) by N cells of length 1/N .
For other ε > 0, (6) is the profile equation of a lattice of spacing

√
ε, which closes into a ring only

when 1/
√
ε is an integer; these values of ε serve only to connect the rings with each other and with

the cable.

3 Results
Let s be the double-precision number nearest to 0.2, and call the section {V = s} (in mV).

Theorem A (the cell; computer-assisted). Let N = 1 and GKs = 0.0275.

(i) (CAPD, time domain.) The first-return map g to the section {V = s}, crossed upward, has
a unique fixed point xc in the explicit ball B of Section 8. The periodic orbit through xc has
period in [53.5855190480139, 53.585519630722438] ms (exact bounds 0x1.acaf249c533cfp+5
and 0x1.acaf24ea88f37p+5), every eigenvalue of Dg(xc), that is every one of the 17 nontrivial
Floquet multipliers, has modulus at most 0.99864150686405151 < 0.998642, and the orbit is
locally orbitally asymptotically stable.

(ii) (Arb, Fourier space.) There are ω∗ > 0 and a real analytic 2π-periodic ϕ∗ with ϕ∗,V (0) = s
such that x(t) = ϕ∗(ω∗t) is a periodic orbit of minimal period T = 2π/ω∗ with

T ∈ [53.58551933936116920991898, 53.58551933936116920991899] ms

(23-decimal outward roundings of binary ends 1.56 × 10−25 ms apart); the pair (ω∗, (am))
is locally unique in the sense of Theorem B(a) with N = 1. The Floquet multiplier
1 is algebraically simple and the other 17 multipliers have modulus less than e−δT ≤
0.9978588747123748493822038, where δ = 23058430092137/259 ≈ 4.0000000000000104916 ×
10−5 per ms; the orbit is locally exponentially orbitally stable with asymptotic phase.

(iii) (Link.) The orbits of (i) and (ii) are the same: Σ−1ϕ∗(0) ∈ B, so xc lies on the orbit of (ii)
(Lemma 8.1). The period interval of (ii) lies inside that of (i).

Each of (i) and (ii) assumes that its program evaluates Erhardt’s function with exact decimals
(the CAPD field in (i), the Arb field in (ii)); (iii) uses both assumptions together, so a fault in either
translation would also break the link. The two programs were compared at 104 points by the tests
(Section 10), not proved equal (Section 11). Figure 1 shows the orbit.
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Figure 1: The periodic orbit of the cell (Theorem A). (a) The membrane potential over one
period: the V component of the center of the existence proof for N = 1 (code/fourier/data/
centre_N1_K32.json, K = 32 modes, hashed by data/fourier-existence-N1.json), summed in
binary64 and drawn against t = θ/ω̄, with ω̄ the frequency of the center; the dot is the section point,
where V = s is crossed upward, at t = 0. The oscillation is small (note the scale of the V axis); it is
not an action potential, and nothing is claimed about action potentials. The period is not drawn as
data: Theorem A(ii) encloses it in [53.58551933936116920991898, 53.58551933936116920991899] ms,
which lies inside the CAPD enclosure [53.5855190480139, 53.585519630722438] ms of Theorem A(i).
(b) The moduli |V̂m| of the Fourier coefficients of V = 2−2zV in the center (dots, 0 ≤ m ≤ K; the
center has no mode m > K, dotted line), and the bound (rex/4)e−m/4 (line), with rex the existence
radius of Table 1 for N = 1. By Theorem B(a) with N = 1, to which Theorem A(ii) refers, the
coefficient V̂∗,m of the orbit satisfies |V̂∗,m − V̂m| ≤ (rex/4)e−m/4 for every m, so for m > K, |V̂∗,m|
is at most this bound; for m ≥ 31 the stored coefficients are below the bound, so these modes of the
center are not resolved individually. Hence the profile ϕ∗,V differs from the V component of the
center (the exact trigonometric polynomial that (a) evaluates in binary64) by at most rex/4 mV at
every phase, and |ω∗ − ω̄| ≤ rex, far below what the figure can show. A display of stored data, not
part of a proof; reproduced by code/plot_cardiac_rings.py.
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Theorem B (rings; computer-assisted). Let GKs = 0.0275, N ∈ {8, 16, 32, 64} and c = N2/64000
per ms.

(a) (Existence and local uniqueness.) There are ω∗ > 0 and a real 2π-periodic ϕ∗, analytic
on the strip | Im θ| < 1/4, with ϕ∗,V (0) = s, such that xj(t) = ϕ∗(ω∗t + 2πj/N) solves
(1). The pair (ω∗, (am)m∈Z) formed by ω∗ and the Fourier coefficients of Σ−1ϕ∗ (the pro-
file in the scaled variables of Section 2.1) lies within rex of an explicit center in the norm
max(|ω|,maxk

∑
m |ak,m|e|m|/4), and it is the only zero of the map (8) below in the ball

of radius run about that center, where run is the largest double not above 10−12 (run ≈
9.9999999999999997989 × 10−13); rex is given in Table 1.

(b) (Period, minimal period, wave number.) T = 2π/ω∗ lies in a certified interval of width less
than 2 × 10−25 ms (between 1.49 × 10−25 and 1.51 × 10−25 for the four values of N), which
Table 1 prints rounded outward to 23 decimals. Each cell has minimal period T , the solution
is not synchronous (it is not the case that xj = x0 for all j), and it is a rotating 1-wave:
xj(t) = x0(t + jT/N), and no relation xj(t) = x0(t + jkT/N) for all j holds with k ̸≡ 1
(mod N).

(c) (Stability.) Let δ = 5764607523035/260 ≈ 5.0000000000006636358 × 10−6 per ms. The
monodromy matrix of the linearization along the wave over the period T has the eigenvalue 1
algebraically simple, and its other 18N − 1 eigenvalues (the nontrivial Floquet multipliers, with
algebraic multiplicity) have modulus less than e−δT , which is at most the bound of Table 2.
The shift-reduced map Q−1φτ , τ = T/N , has derivative at x(0) with eigenvalue 1 algebraically
simple and all other eigenvalues of modulus less than e−δτ . The orbit is locally exponentially
orbitally stable with asymptotic phase: for every δ′ < δ there are ϵ0 > 0 and C such that every
solution starting within distance ϵ0 of the orbit O satisfies, for some σ ∈ R and all t ≥ 0,
|φt(x0) − x(t+ σ)| ≤ Ce−δ′t dist(x0, O).

Here φt is the flow of (1). The constants ϵ0 and C are not computed. Figure 2 shows the wave
for N = 8 and N = 64.

N lower end of the enclosure of T (ms) rex Z1

1 53.58551933936116920991898 1.7073 × 10−28 0.20366
8 53.58797097681944967415082 1.6440 × 10−28 0.20339

16 53.58806910359016923593730 1.6415 × 10−28 0.20338
32 53.58809413031803250655154 1.6409 × 10−28 0.20338
64 53.58810041831757754104213 1.6408 × 10−28 0.20337

Table 1: Existence (Section 4), from the existence records in data/. The printed ends are the exact
binary ends stored in the record, about 1.5 × 10−25 ms apart, rounded outward to 23 decimals; the
upper end is one unit larger in the last printed digit. rex and Z1 (both rounded up here) are the
radius at which the radii polynomial is negative and the bound of Lemma 4.5; the uniqueness radius
is run ≈ 10−12 for every N , set by the validity radius r∗ of the bound Z2.

Remark 3.1. The CAPD record data/cell-gks0.0275.json and the Fourier record data/f
ourier-existence-N1.json store both period enclosures, and the second lies inside the first;
Lemma 8.1 shows that the two orbits are the same. An independent computation within the project,
by a separate CAPD pipeline that is not part of these proofs, enclosed the periods of the cell in
[53.58551856, 53.58552012] ms, of the 8-cell wave in [53.58795907, 53.58798288] ms and of the 16-cell
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Figure 2: The rotating 1-wave of Theorem B on rings of (a) N = 8 and (b) N = 64
cells: Vj(t) = ϕ∗,V (ω∗t + 2πj/N), one row per cell j, over two periods, 0 ≤ t ≤ 2T , with
one color scale for both panels. The profile is the V component of the center of the exis-
tence proof for that N (code/fourier/data/centre_N8_K32.json and centre_N64_K32.json,
hashed by data/fourier-existence-N8.json and -N64.json), summed in binary64 at 600
times per row, with the frequency ω̄ of the center in place of ω∗; by Theorem B(a) the pro-
file of the wave differs from it by at most rex/4 mV and |ω∗ − ω̄| ≤ rex (Table 1). Since
xj(t) = x0(t + jT/N), each cell runs T/N ahead of cell j − 1, and the crests move toward
decreasing j, once around the ring in each period. The periods are not drawn as data; Theorem B(b)
encloses them in [53.58797097681944967415082, 53.58797097681944967415083] ms for N = 8 and
[53.58810041831757754104213, 53.58810041831757754104214] ms for N = 64. The figure shows the
wave only, not its stability (Theorem B(c)). Reproduced by code/plot_cardiac_rings.py.
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N bound on e−δT (full period) bound on e−δτ Ke θT worst (SC) ratio
1 0.9978588747123748493822038 (same) 16 0.2949 0.105
8 0.9997320960377930203747358 0.9999665080790063923613739 20 0.2817 0.090

16 0.9997320955472906096505621 0.9999832538686231493032797 24 0.2519 0.084
32 0.9997320954221904942011761 0.9999916268953467731405854 32 0.2896 0.154
64 0.9997320953907589193958104 0.9999958134384184917812441 48 0.2951 0.170

Table 2: Stability (Section 5), from the stability records in data/: the certified upper bounds, rounded
upward from Arb, with δ = 23058430092137/259 per ms for N = 1 and δ = 5764607523035/260 per
ms for the rings; the window half-width Ke; the tail constant θT < 1 of Lemma 5.12 (rounded up);
and the largest ratio of the left side to the right side of the window inequality (SC) over all window
columns, which must be below 1 (a floating-point figure, the record’s SC_worst_ratio, rounded up
and reported for information; every inequality is decided in Arb).

wave in [53.58805554, 53.58808267] ms, with all nontrivial multipliers of modulus below 999/1000
(cell) and 9999/10000 (rings). The periods of Theorem A(ii) and Theorem B for N = 1, 8, 16 lie
inside these intervals. We use these intervals as a consistency check only.

Theorem C (every ring size and the cable; computer-assisted). Let GKs = 0.0275, and let dm(ε),
Lε and D = 1/64000 per ms be as in Section 2.3.

(a) (One continuous family.) For every ε ∈ [0, 1/64] there are ω∗(ε) > 0 and a real 2π-periodic
ϕ∗(· ; ε) of minimal period 2π, analytic on the strip | Im θ| < 1/4, with ϕ∗,V (0; ε) = s, that solve
(6). Let x∗(ε) be the pair formed by ω∗(ε) and the Fourier coefficients of Σ−1ϕ∗(· ; ε). The map
ε 7→ x∗(ε) is continuous from [0, 1/64] into the space X of Section 4.2. Since x∗(ε) ∈ X, the
Fourier series of ϕ∗(· ; ε) converges absolutely and uniformly on the closed strip | Im θ| ≤ 1/4,
and ϕ∗(· ; ε) denotes its sum there, a continuous function on the closed strip. The interval
[0, 1/64] is covered by 73 pieces, each with an explicit center, and for every piece P that
contains ε: x∗(ε) lies within 9.07 × 10−7 of the center of P in the norm of Theorem B(a); it is
the only zero of F (· ; ε) (Section 4.8) within 1.05×10−6 of that center in that norm, and within
run(P ) ≥ 4.65 × 10−4 of it in a weighted norm stored with the piece; and T (ε) = 2π/ω∗(ε) lies
in an explicit interval of width less than 1.24 × 10−5 ms.

(b) (Every ring size.) For every integer N ≥ 8, with c = N2/64000 per ms and ω∗ = ω∗(1/N2),
xj(t) = ϕ∗(ω∗t+ 2πj/N ; 1/N2) solves (1). Each cell has minimal period TN = T (1/N2), the
solution is not synchronous, and it is a rotating 1-wave in the sense of Theorem B(b). It is
locally unique in the sense of (a) with ε = 1/N2, for which F (· ; ε) is the map (8) of this N .
For N = 8, 16, 32 and 64 it is the wave of Theorem B, and so it is stable in the sense of
Theorem B(c). For every other N its stability is not claimed.

(c) (The cable.) With ω∗ = ω∗(0), u(x, t) = ϕ∗(ω∗t+ 2πx; 0), x ∈ R/Z, is a real analytic, hence
classical, solution of the cable equation (7) on the ring of unit length. It is a traveling wave
that goes once around the ring in each period T∞ = T (0), which is its minimal period in t and
lies in [53.58809529823299300232974, 53.58810763684487454838746] ms. It is locally unique in
the sense of (a) with ε = 0. Its stability is not claimed.

(d) (The limit N → ∞.) x∗(1/N2) → x∗(0) in X as N → ∞. Hence ϕ∗(· ; 1/N2) → ϕ∗(· ; 0)
uniformly on the closed strip | Im θ| ≤ 1/4, and TN → T∞.
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The pieces, their weights, radii, period enclosures and the SHA-256 of each center are stored in
data/fourier-existence-alln.json, and the exact centers are in its run log code/fourier/dat
a/alln/pieces.jsonl, whose hash the record stores; Table 3 lists the pieces that contain 1/N2 for
N = 8, 16, 32, 64, and the cable. For these four N , Theorem B encloses TN in intervals about 1020

times narrower; what Theorem C adds is every other N ≥ 8, the cable, and the continuity in ε. It
says nothing about a rate of convergence in (d). The proof is in Section 4.8, and Figure 4 draws the
pieces.

N piece P enclosure of TN from P (ms) left side of (11) run(P )
8 [63/4096, 1/64] [53.58796640015, 53.58797756550] 6.90 × 10−7 4.86 × 10−4

16 [63/16384, 67/16384] [53.58806282472, 53.58807434393] 3.57 × 10−7 4.86 × 10−4

32 [7/8192, 9/8192] [53.58808831963, 53.58809994100] 1.31 × 10−11 4.85 × 10−4

64 [0, 1/4096] [53.58809529823, 53.58810763685] 7.25 × 10−7 4.65 × 10−4

64 [7/32768, 15/32768] [53.58809380464, 53.58810545862] 5.40 × 10−7 6.06 × 10−4

∞ (cable) [0, 1/4096] [53.58809529823, 53.58810763685] – 4.65 × 10−4

Table 3: Theorem C at the ring sizes of Theorem B and for the cable, from data/
fourier-existence-alln.json. The period enclosures are the record’s outward-rounded dec-
imal ends, rounded outward again to 11 decimals; each contains the enclosure of Table 1 for the
same N . The fourth column (rounded up) is the left side of the inclusion (11) of the existence
ball of Theorem B(a) in the uniqueness ball of P , which must not exceed run(P ) (rounded down);
1/4096 lies in two pieces, and both inclusions hold. Theorem B gives no ball for the cable, so its
entry is empty.

Theorem D (single-cell conductance family; computer-assisted). Let N = 1, g = GKs and
J = [0.027499735464, 0.02778996093] nS/pF, for the model of Section 2. The exact source-bound
numerical inequalities of Sections 6 and 7 are verified by the records specified in Section 7.11.

(a) For every g ∈ J there is a real nonconstant cell profile ϕ∗(·; g), analytic on | Im θ| < 1/4, and
a positive frequency ω∗(g) such that z(t) = ϕ∗(ω∗(g)t; g) solves the scaled cell equation. Its
voltage first harmonic is real and nonzero. The pair of frequency and Fourier coefficients is
continuous in the weighted Fourier space, locally Lipschitz on each of the 712 pieces, lies in
that piece’s existence ball and is its only phase-fixed zero in the uniqueness ball. The profile
has minimal period 2π, and T (g) = 2π/ω∗(g) is the minimal physical period. The 711 adjacent
inclusions identify one branch on all of J .

(b) The accepted uniform stability units cover all of J . On each unit Iu let δu > 0 and ωhi,u be the
certified bounds. For every g ∈ Iu, the Floquet multiplier 1 is algebraically simple, and the
other 17 multipliers satisfy

|λ| < e−δuT (g) ≤ e−δuTlo,u < 1, Tlo,u = 2π/ωhi,u.

The orbit is locally exponentially orbitally stable with asymptotic phase. For each fixed g
and 0 < δ′ < δu, nonlinear constants Cg, ϵg > 0 exist as in Theorem B(c); these constants
and the neighborhood size are not computed or claimed uniform in g. All 63 admitted units
use δu = 3 × 10−5 per ms; taking the maximum of their outward multiplier bounds gives
|λ| ≤ 0.998413816 for every nontrivial multiplier throughout J .

(c) There is a supercritical Hopf point (zH , gH , ωH) and a continuous normalized family

zε(t) = c(ε) + εw(ω(ε)t; ε), 0 ≤ ε ≤ 6427/50000,
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with g(0) = gH , c(0) = zH , ω(0) = ωH > 0 and wV,1 = wV,−1 = 1/2 in the fixed scaled
TP06 coordinates. Thus a1,V = ε/2 there and |V̂1| = ε/8 mV in physical voltage. Its positive-
amplitude solutions are nonconstant, have minimal period 2π/ω(ε), and are locally unique in
their normalized enclosures. The 68 amplitude pieces and 67 adjacent inclusions form one
continuous family. A fresh existence proof at gs = 0.02778 identifies an orbit common to
this family and (a). Their connected union contains a periodic orbit at every conductance
in [inf J, gH) and the Hopf equilibrium at its endpoint. Sufficiently small positive amplitudes
have the local orbital stability supplied by the classical Hopf theorem. No monotonicity of g(ε),
global uniqueness at a fixed conductance, explicit size of that Hopf neighborhood, or uniform
stability on the entire amplitude bridge is asserted.

This extension concerns only the single cell. The all-N and cable assertions of Theorem C retain
their fixed conductance and their original stability scope. Historical pointwise stability successes
are not used as a substitute for the new uniform cover. The numerical evidence and its acceptance
checks are specified in Section 7.11.

4 Existence in Fourier space

4.1 Rigorous Fourier coefficients of a composition

Let p(θ) = ∑
|m|≤K ame

imθ with am ∈ Cn given as complex balls; every statement below holds for
every trigonometric polynomial with coefficients in the balls. Let f : U → Cq be holomorphic on an
open U ⊂ Cn, given by an inclusion function F: a program that maps a list of complex balls X to
balls Y or raises an error, such that whenever all of Y is finite, X ⊂ U and f(z) ∈ Y for every z ∈ X.
A program written with +,−,×, integer powers, exp, division, and logarithms and square roots that
raise unless their argument ball lies in {Rew > 0} is such an inclusion function, with U the set on
which every divisor is nonzero and every logarithm and square-root argument has positive real part,
by induction over the expression. (Arb returns a non-finite ball for a quotient whose divisor ball
contains 0; Arb’s own complex logarithm does not signal a ball that crosses the branch cut, which is
why the guards are needed.) Let g = f ◦ p, ck = 1

2π

∫ 2π
0 g(θ)e−ikθ dθ, and Σρ = {θ ∈ C : | Im θ| ≤ ρ}.

Lemma 4.1 (strip cover). Cover the rectangle R = [0, 2π]× [−ρ, ρ] by finitely many closed rectangles
B = [2πx1, 2πx2] × [ρy1, ρy2] with exact rationals xi, yi (the proof uses only that the rectangles cover
R). For each B let ΘB be a complex ball containing B, PB = ∑

m am exp(imΘB) evaluated in ball
arithmetic, and YB = F(PB). If every YB is finite, then p(Σρ) ⊂ U , g is holomorphic on an open
neighborhood of Σρ, and supΣρ

|gi| ≤ Si := maxB |YB,i|, where | · | is an upper bound of the modulus.

Proof. Every θ ∈ R lies in some B, so p(θ) ∈ PB ⊂ U by the inclusion property. Since p is
2π-periodic, p(Σρ) = p(R) ⊂ U ; as U is open and p continuous, p−1(U) is an open set containing
Σρ, on which g is holomorphic. Finally |gi(θ)| ≤ |YB,i| ≤ Si.

The whole rectangle is covered, not only its edges: a pole of g strictly inside the strip can coexist
with a finite supremum on the edges, and then the next lemma fails. The programs refine the cover
adaptively and optionally use a centered (mean-value) form on each box; both only affect how tight
S is.

Lemma 4.2 (Cauchy estimate). If g is holomorphic on an open set containing Σρ, 2π-periodic,
and |g| ≤ S on Σρ, then |cm| ≤ Se−ρ|m| for every m ∈ Z.
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(d) detail of (b) at the Hopf point

GKs branch: piece £ enclosure (712 pieces)
Hopf bridge: enclosure of GKs £ enclosure (68 pieces)
Hopf point gH (enclosure of width 2£ 10¡13)
Erhardt's numerical Hopf value 0:027907858929580
GKs = 0:02778: the two families share this orbit

(c) bound over a unit (63 units)
(c) no uniform bound supplied
(c) modulus 1

Figure 3: The single-cell conductance family and its amplitude bridge to the Hopf point. Panels (a)
and (b) show the stored period and physical first-voltage-harmonic enclosures for all 712 conductance
pieces (blue) and all 68 freshly re-proved amplitude pieces (orange). Overlapping rectangles enclose
families, rather than sampled numerical trajectories. The green line marks the fresh common orbit
at GKs = 0.02778. Panel (c) shows the outward nontrivial Floquet multiplier bound over each of
the 63 uniform certificates. The gray interval has no supplied quantitative uniform bound; local
Hopf attraction does not fill that interval with a numerical decay estimate. Panel (d) enlarges the
endpoint enclosures. The black marker displays the certified Hopf interval, whose width is below
the plotting resolution. Erhardt’s printed numerical Hopf value is shown separately and lies outside
that interval. Legends lie outside the data panels. All plotted values are rounded to binary64 for
display; the proofs use the stored exact or interval values.
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Proof. For m > 0 integrate g(θ)e−imθ over the boundary of the rectangle with corners 0, 2π, 2π −
iρ,−iρ. The integral vanishes by Cauchy’s theorem and the vertical sides cancel by periodicity, so
cm = 1

2π

∫ 2π
0 g(x− iρ)e−im(x−iρ) dx and |e−im(x−iρ)| = e−mρ. For m < 0 shift to Im θ = ρ; |c0| ≤ S

directly.

Lemma 4.3 (aliasing). Under the hypotheses of Lemma 4.2, with ĉk = 1
M

∑M−1
j=0 g(2πj/M)e−2πijk/M

and |k| < M ,

|ĉk − ck| ≤ Ek := S
e−ρ(M−k) + e−ρ(M+k)

1 − e−ρM
.

Proof. By Lemma 4.2 ∑m |cm| < ∞, so the Fourier series converges absolutely and uniformly
to g. Substituting and using 1

M

∑
j e

2πij(m−k)/M = 1 if m ≡ k (mod M) and 0 otherwise gives
ĉk = ∑

l∈Z ck+lM . For l ≥ 1, k+lM > 0 and∑l≥1 |ck+lM | ≤ Se−ρ(M+k)/(1−e−ρM ); for l = −j ≤ −1,
|k − jM | = jM − k and the sum is at most Se−ρ(M−k)/(1 − e−ρM ).

Proposition 4.4 (enclosure of the coefficients). Let the strip cover succeed with bounds Si. Evaluate
the nodes eimθj , θj = 2πj/M , as balls (eiπq for exact rationals q), Pj = ∑

m ame
imθj and Gj = F(Pj),

and let Ck = 1
M

∑
j Gje

−ikθj +Ek ([−1, 1] + i[−1, 1]). Then for every p with coefficients in the balls,
every component i and every |k| ≤ K ′ < M , ci,k[f ◦ p] ∈ Ci,k, and |ci,m| ≤ Sie

−ρ|m| for every m.

Proof. The ball sum contains ĉk, and a complex number w with |w| ≤ Ek lies in the square
Ek([−1, 1] + i[−1, 1]). Lemmas 4.1 to 4.3.

For ν > 0 with q = νe−ρ < 1 these bounds give the weighted tail ∑|m|>K′ |cm|ν|m| ≤
2SqK′+1/(1 − q).

4.2 The zero-finding problem

Fix K = 32 and a center x̄ = (ω̄, ā) of exact dyadic numbers, with ām = 0 for |m| > K, ā−m = ām

and ω̄ real; it is computed by an untrusted Newton iteration (code/fourier/centre.py) and stored
in code/fourier/data/centre_N*_K32.json. Let ν = e1/4, let ℓ1ν be the sequences (bm)m∈Z
with ∥b∥ν = ∑

m |bm|ν|m| < ∞, a Banach algebra under convolution, and let X = C × (ℓ1ν)18 with
∥x∥ = max(|ω|,maxk ∥ak∥ν) (the programs allow weights; all runs of Stage E used weight 1, and
Section 4.8 uses weights). Writing ϕa(θ) = ∑

m ame
imθ, g(a) = f ◦ ϕa and gm(a) for its Fourier

coefficients, define F , on the open set of x ∈ X for which ϕa maps the closed strip | Im θ| ≤ 1/4 into
the domain U (it contains the ball Br∗(x̄) used below, Section 4.6), with values in X ′ := C × (ℓ′ν)18,
by

Fph(x) =
∑
m

am,V − s/σV , Fm(x) = iωmam − gm(a) + dmEam (m ∈ Z), (8)

where σV = 2−2 is the scale of V , so Fph = 0 says ϕa,V (0) = s in physical units. Here ℓ′ν is the space
of sequences with ∥b∥′ = ∑

m |bm|ν|m|/(1 + |m|) < ∞, and X ′ has the norm max(| · |,maxk ∥ · ∥′); F
maps X into X ′ because (iωmam)m ∈ ℓ′ν when a ∈ ℓ1ν , and g(a), dmEam ∈ ℓ1ν ⊂ ℓ′ν . A zero of F
with ω > 0 and ϕa real and C1 solves (2), and the phase condition removes the time-shift invariance.

4.3 The radii-polynomial theorem

Let A : X ′ → X be an injective bounded linear operator, defined below, and Ψ(x) = x−AF (x), a
map from X to X. Its fixed points are exactly the zeros of F .
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Lemma 4.5 (radii polynomial). Let r∗ > 0 be such that Ψ is defined and C1 on the closed ball
Br∗(x̄), and suppose that

∥AF (x̄)∥ ≤ Y0, ∥I −ADF (x̄)∥ ≤ Z1, ∥A(DF (x) −DF (x̄))∥ ≤ Z2∥x− x̄∥ (x ∈ Br∗(x̄)).

If 0 < r ≤ r∗, p(r) := Y0 + (Z1 − 1)r+Z2r
2/2 < 0 and Z1 +Z2r < 1, then Ψ maps Br(x̄) into itself

and is a contraction there, so F has exactly one zero in Br(x̄).

Proof. ∥DΨ(x)∥ ≤ Z1 + Z2∥x− x̄∥. For x ∈ Br(x̄), ∥Ψ(x) − x̄∥ ≤ ∥Ψ(x̄) − x̄∥ + ∥
∫ 1

0 DΨ(x̄+ t(x−
x̄))(x− x̄) dt∥ ≤ Y0 + Z1r + Z2r

2/2 < r. The mean value inequality on the convex ball gives the
contraction constant Z1 +Z2r < 1, and Banach’s fixed point theorem gives one fixed point, which is
a zero of F since A is injective.

The programs check p(r) < 0 and Z1 + Z2r < 1 in Arb at two exact dyadic radii: the small
radius rex of Table 1, which places the zero, and run, the largest double not above r∗ = 10−12, which
gives uniqueness (the contraction constant there is about 0.267). The validity radius r∗ is chosen by
hand, so run is not an optimal uniqueness radius.

4.4 The operator A and its tail

Let J(θ) = Df(ϕā(θ)) = ∑
n Jne

inθ. The derivative DF (x̄)y, y = (yω, (ym)), has phase component∑
m ym,V and row m equal to iyωmām + iω̄mym −

∑
n Jnym−n + dmEym. The operator A is block

diagonal with respect to the finite part (the phase row and modes |m| ≤ K, with the unknown ω)
and each tail mode |m| > K:

• Afin, an exact complex matrix of size 1 + 18(2K+ 1), the floating-point inverse of the midpoint
of the Galerkin matrix Jfin (the restriction of DF (x̄) to these rows and columns);

• Am = (iω̄mI − Ĵ0 + dmE)−1 for |m| > K, where Ĵ0 is the exact real midpoint of the enclosure
of J0.

A acts on X ′ block by block. It is bounded from X ′ to X because sup|m|>K(1 + |m|)|Am| < ∞
(Lemma 4.6), and it is injective because every block is: every Am is an inverse, and Afin is invertible,
which follows from ∥I − AfinJfin∥ ≤ Z1 < 1, since the compression of I − ADF (x̄) to the finite
modes is I −AfinJfin and the coordinate projection onto the finite modes has norm 1 in X. Since Ĵ0
and dm are real, A−m = Am, and only m > 0 is computed.

Lemma 4.6 (tail of A). For K < m ≤ mmax the matrices Am are enclosed by Arb inversion of a
ball matrix whose only non-exact entries are the narrow balls of dm (exact for N = 1); Arb raises
unless every matrix in the ball is certainly invertible, and otherwise returns a ball containing every
inverse. Let G0 = |Ĵ0| + 4cE entrywise, Υ = ω̄(mmax + 1), G = G0/Υ and ϑ = ∥G∥∞ < 1. Then
for every m > mmax, entrywise,

|Am| ≤ 1
ΥSG, |mAm| ≤ 1

ω̄
SG, SG := I +G+G2 + ϑ3

1 − ϑ
11T.

Proof. With y = ω̄m ≥ Υ and B0 = Ĵ0 − dmE, |B0| ≤ G0 entrywise because 0 ≤ dm ≤ 4c. Then
Am = (iy)−1(I − B0/(iy))−1 = (iy)−1∑

k(B0/(iy))k, and entrywise |Am| ≤ y−1∑
k(G0/y)k ≤

Υ−1∑
k G

k. Each entry of Gk is at most the corresponding row sum of Gk, which is at most ϑk;
summing over k ≥ 3 gives the last term. Finally |mAm| = (y/ω̄)|Am| ≤ ω̄−1∑

k(G0/y)k.
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The program increases mmax until ϑ ≤ 1/2 is certified (mmax = 391 at N = 8, and between 391
and 395 over the five runs of Table 1). The suprema Ā0 = sup|m|>K |Am|, Ā1 = sup|m|>K |mAm|
and Cn = sup|m|>K |AmJ

′
n|, with J ′

n = Jn for n ̸= 0 and J ′
0 = J0 − Ĵ0, are taken entrywise

over both ranges; for |n| ≤ 12, Cn is the entrywise maximum of the explicit products |AmJ
′
n|

over K < m ≤ mmax and of the bound Υ−1SG|J ′
n| ≥ |Am||J ′

n| valid for every m > mmax; for
12 < |n| ≤ K ′, Cn = Ā0|J ′

n|. Negative m are handled by A−mJ
′
n = AmJ ′

n.

4.5 The bounds Y0 and Z1

The Fourier data come from Proposition 4.4: enclosures of gm(ā) and Jn for |m|, |n| ≤ K ′ =
2K + 16 = 80 from an M = 192 node transform, with strip suprema Sg and (entrywise) SJ

on | Im θ| ≤ ρ = 3/2, and beyond K ′ the bounds |gk,m| ≤ Sg,ke
−ρ|m|, |Jn,jk| ≤ SJ,jke

−ρ|n|. Let
q = νe−ρ < 1. For a linear operator B on X with blocks Bcc′ , ∥B∥ ≤ maxc

∑
c′ ∥Bcc′∥ with

∥Bcc′∥ℓ1
ν→ℓ1

ν
= supm′

∑
m |B(m,m′)|ν|m|/ν|m′| (the column supremum).

Y0. The finite part of AF (x̄) is AfinFfin(x̄), computed in Arb. For |m| > K, ām = 0 and
Fm(x̄) = −gm, so (AF )m = −Amgm. For K < |m| ≤ K ′ the computed enclosures of Am are used
(all of them are explicit, since mmax ≥ 391 > K ′ = 80 in every run of Table 1), and for |m| > K ′,
entrywise |Amgm| ≤ Ā0Sge

−ρ|m|, so ∑|m|>K′ |(Amgm)c|ν|m| ≤
∑

k(Ā0)ckSg,k 2qK′+1/(1 − q). Then
Y0 = maxc

(
∥(AF )c,fin∥ν + ∥(AF )c,tail∥ν

)
, the phase/ω component counting as a component with

the single mode 0.

Z1. Let B = I −ADF (x̄). Finite rows and finite columns give I −AfinJfin, an Arb matrix product.
A tail column (k,m′), |m′| > K, meets the finite rows through −Afinw, where w has phase entry 1 if
k = V and 0 otherwise (the phase functional sums over all modes) and row (j,m) entry −Jm−m′,jk

(the terms iω̄m and dm vanish off the diagonal m = m′); for K < |m′| ≤ K + 16 the enclosures
of J are used, and for |m′| ≥ K + 17 the bound |Jm−m′,jk| ≤ SJ,jke

−ρ(|m′|−sgn(m′)m) makes every
term of the weighted column sum divided by ν|m′| a constant times ν−|m′| or (e−ρ/ν)|m′|, both
decreasing in |m′|, so the value at |m′| = K + 17 bounds the supremum. For the tail rows, since
Am(iω̄m− Ĵ0 + dmE) = I,

(By)m = Am

[
(J0 − Ĵ0)ym +

∑
n̸=0

Jnym−n

]
=
∑

n

AmJ
′
nym−n (|m| > K),

(yω does not enter because ām = 0 there), and ν|m| ≤ ν|m−n|ν|n| gives ∥(By)c,tail∥ν ≤
∑

k Tck∥yk∥ν

with T = ∑
|n|≤K′ Cnν

|n| + Ā0SJ 2qK′+1/(1 − q), for every column. For an output component c
and an input component c′ let ffcc′ be the largest weighted column sum of the finite rows of block
(c, c′) over the finite columns, and ftcc′ the same over the tail columns (bounded as above). A
column of B meets the finite rows and the tail rows, so its weighted sum in block (c, c′) is at most
max(ffcc′ , ftcc′) + Tcc′ , and

Z1 = max
c

∑
c′

(
max(ffcc′ , ftcc′) + Tcc′

)
.

The ω column has a single finite column and no tail rows (iyωmām = 0 for |m| > K), and the ω
row of B (the output of the phase column of Afin) has no tail part, since A has no tail in that row,
so for it only the finite-row terms enter.
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4.6 The bound Z2 by a polydisc majorant

Let Rk = 1/1024 for every component, and let Mk be the strip supremum (Lemma 4.1, on
| Im θ| ≤ ρ2 = 1) of fk over the family of trigonometric polynomials obtained from ϕā by replacing
each constant coefficient ā0,j by the complex box of half-width Rj about it. Since that box contains
the disc of radius Rj , Mk ≥ sup{|fk(ϕā(θ) + w)| : | Im θ| ≤ 1, |wj | ≤ Rj}, and the finite cover
certifies that f is holomorphic on an open set containing these points.

Lemma 4.7. Let q2 = νe−ρ2 < 1 and Q2 = (1 + q2)/(1 − q2). For h ∈ (ℓ1ν)18 with ∥hj∥ν < Rj, the
map a 7→ gk(a) is analytic at ā+ h and

∥D2gk(ā+ h)[u, v]∥ν ≤
∑
j,l

∂j∂lΦk(∥h∥) ∥uj∥ν∥vl∥ν , Φk(t) = MkQ2
∏
j

(1 − tj/Rj)−1.

Proof. For | Im θ| ≤ 1 the Taylor coefficients cα(θ) = ∂αfk(ϕā(θ))/α! satisfy |cα(θ)| ≤ MkR
−α

by Cauchy’s inequality on the closed polydisc, and they are holomorphic and 2π-periodic in θ;
Lemma 4.2 gives |[cα]m| ≤ MkR

−αe−|m| and so ∥cα∥ν ≤ MkR
−αQ2. In the Banach algebra ℓ1ν

the series ∑α cαh
α (convolution powers) converges absolutely, dominated by Φk(∥h∥). For real θ,

|hj(θ)| ≤ ∥hj∥ν < Rj , so the Taylor series of fk at ϕā(θ) converges to fk(ϕā(θ) + h(θ)); convergence
in ℓ1ν is uniform convergence, so the two functions agree and gk(ā+ h) = ∑

α cαh
α. Differentiating

termwise and comparing with the majorant, whose coefficients are nonnegative, gives the bound.

For x = x̄+ ∆ with ∥∆∥ ≤ r and ∥y∥ ≤ 1,

(DF (x) −DF (x̄))y = im(yω ∆am + ∆ω ym) − (Dg(ā+ ∆a) −Dg(ā))ya.

The first term b = yω∆a+ ∆ω ya has ∥bk∥ν ≤ 2r, and ∥A(imb)∥c ≤
∑

k(N1 + Ā1)ck∥bk∥, with N1
the block norms of Afin diag(im). The second equals

∫ 1
0 D

2g(ā+ t∆a)[∆a, ya] dt, whose component
k has norm at most rWk(r) with

Wk(r) = MkQ2P (r)
[(∑

j

sj

)2
+
∑

j

s2
j

]
, sj = 1

Rj − r
, P (r) =

∏
j

Rj

Rj − r
,

because ∂jP = P/(Rj − tj), ∂l∂jP = P/((Rj − tj)(Rl − tl)) for j ̸= l and 2P/(Rj − tj)2 for j = l,
and Φk is increasing. Hence

Z2 = max
c

∑
k

[
2(N1 + Ā1)ck + (N0 + Ā0)ckWk(r∗)

]
,

with N0 the block norms of Afin on the coefficient columns; in the ω row only N0 and N1 enter. Ψ
is defined and C1 on Br∗(x̄) because r∗ < Rj , g is analytic there, the term A(iωmam) is a bounded
bilinear map (sup|m|>K |m||Am| < ∞ by Lemma 4.6), and the other terms are bounded linear.

4.7 The real solution, its period and its wave number

Lemma 4.8. Let the hypotheses of Lemma 4.5 hold at rex and run, let ω̄ − rex > 0, and let
x∗ = (ω∗, a∗) be the zero. Then ω∗ is real and positive, ϕ∗ = ϕa∗ is real-valued, analytic on
| Im θ| < 1/4, and solves (2). If also |ā1,V | > rex/ν, then ϕ∗ has minimal period 2π, and for N ≥ 2
the ring solution xj(t) = ϕ∗(ω∗t+ 2πj/N) has minimal period T = 2π/ω∗, is not synchronous and
is a rotating 1-wave in the sense of Theorem B(b).
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Proof. Let κ(ω, a) = (conjω, (conj a−m)m), an isometry of X with κ(x̄) = x̄. The program code/f
ourier/tp06_18d_arb.py that evaluates f is a fixed composition of +,−,×, /, integer powers, 55
exponentials, 4 logarithms and 3 square roots with real constants, and contains no absolute value,
real or imaginary part, comparison, branch or conversion. Each of these operations commutes with
complex conjugation wherever it is defined: the arithmetic operations algebraically, exp because
its power series has real coefficients, and the principal logarithm and square root on {Rew > 0},
the only arguments admitted, because that set is invariant under conjugation and Log w̄ = Logw,√
w̄ =

√
w there. By induction over the expression, if z lies in the domain then so does z̄, and

f(z̄) = f(z). The points used are ϕā(θ) + h(θ) with θ real and |hj(θ)| < Rj ; this family is closed
under conjugation (ϕā(θ) is real) and lies in the certified domain. Hence gm(κa) = g−m(a), and
since d−m = dm and s/σV are real, F (κx) = F (x) in the corresponding sense; so κ maps zeros of F
in Brun(x̄) to zeros in the same ball, and uniqueness gives κx∗ = x∗: ω∗ is real and ϕ∗ is real-valued.
As a∗ ∈ (ℓ1ν)18, ϕ∗ is analytic on | Im θ| < 1/4; since iω∗ma∗,m = gm − dmEa∗,m, the coefficient
sequence of ϕ′

∗ is in ℓ1ν , and (2) holds pointwise. ω∗ ≥ ω̄ − rex > 0 by hypothesis.
Since ∥a∗,V − āV ∥ν ≥ ν|a∗,1,V − ā1,V |, |a∗,1,V − ā1,V | ≤ rex/ν, so a∗,1,V ̸= 0. A function of

minimal period 2π/k, k ≥ 2, has am = 0 unless k | m; hence ϕ∗ has minimal period 2π and each cell
has minimal period T . A synchronous solution would make ϕ∗ periodic with period 2π/N . If xj(t) =
x0(t+ jkT/N) for all j and some k ̸≡ 1 (mod N), then with j = 1, ϕ∗(θ+ 2π/N) = ϕ∗(θ+ 2πk/N),
so ϕ∗ would have the period 2π(k − 1)/N ̸≡ 0 (mod 2π), contradicting minimality.

Proof of Theorem B(a), (b) and the existence part of Theorem A(ii). For eachN ∈ {1, 8, 16, 32, 64}
the program code/fourier/existence.py computes, in Arb, the strip covers (all leaves finite,
full strip), the enclosures of Proposition 4.4, the tail of Lemma 4.6, Y0, Z1 and Z2 as above,
checks p(r) < 0 and Z1 + Z2r < 1 at r = rex and at r = run ≤ r∗, checks ω̄ − rex > 0, and
|ā1,V | > rex/ν, and writes the interval 2π/[ω∗] with outward-rounded decimal ends. The records
data/fourier-existence-N*.json store every bound; for example at N = 8: Y0 = 1.3096 × 10−28,
Z1 = 0.20339, Z2 ≤ 6.4002 × 1010,|ā1,V | ≥ 0.11524. Lemmas 4.5 and 4.8 give the statements.

4.8 Every ring size and the cable

This subsection proves Theorem C. The parameter is ε of Section 2.3, and GKs = 0.0275 is fixed.

Zeros of the family. For ε ≥ 0 let F (x; ε) have the components (8) with dm replaced by dm(ε)
of (4): the phase component Fph(x) and Fm(x; ε) = iωmam − gm(a) + dm(ε)Eam ∈ C18, m ∈ Z,
defined for every x = (ω, a) ∈ X for which ϕa maps the closed strip | Im θ| ≤ 1/4 into U . We call
x a zero of F (· ; ε) if all these components vanish. For ε = 1/N2 these are the components of the
map (8) of the N -ring, and a zero in the sense of Section 4.2 is a zero in this sense. For ε > 0,
dm(ε) ≤ 4D/ε is bounded in m; for ε = 0, dm(0)am grows like m2am, and F (· ; 0) need not take
values in X ′. We therefore work with a fixed-point map that is defined without a codomain for F .

Pieces. A piece is an interval P = [εlo, εhi] with exact dyadic ends, 0 ≤ εlo < εhi, midpoint εc and
half-width δP . On a piece we fix K = 12 and: a center x̄ = (ω̄, ā) of exact dyadic numbers, with ω̄ > 0,
ām = 0 for |m| > K and ā−m = ām (an untrusted Newton iterate at εc); weights η = (ηω, η1, . . . , η18),
exact dyadic numbers in (0, 1], and the norm ∥x∥η = max(|ω|/ηω,maxk ∥ak∥ν/ηk) on X; Afin, the
floating-point inverse of the midpoint of the Galerkin matrix of Section 4.4 at x̄ with the damping
dm(εc); Ĵ0 as in Section 4.4; and, for |m| > K and ε ∈ P , Am(ε) = (iω̄mI − Ĵ0 + dm(ε)E)−1.
Since every weight is at most 1, ∥x∥ ≤ ∥x∥η, and a weight depends only on the component, so the
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conjugation κ of the proof of Lemma 4.8 is an isometry of ∥ · ∥η. For ε ∈ P define Tε(x) by

Tε(x)fin = xfin−AfinFfin(x; ε), Tε(x)m = −Am(ε)
[
i(ω−ω̄)mam+Ĵ0am−gm(a)

]
(|m| > K), (9)

where xfin collects ω and the modes |m| ≤ K, and Ffin the phase component and the Fm with
|m| ≤ K.

Lemma 4.9 (tail resolvents for every damping). Let Ĵ0 be a real 18 × 18 matrix, ω̄ > 0, mmax ≥ 1,
Υ = ω̄(mmax + 1), G = |Ĵ0|/Υ entrywise, ϑ = ∥G∥∞ < 1, and SG as in Lemma 4.6. Then for every
integer m > mmax and every real d ≥ 0 the matrix M = iω̄mI− Ĵ0 +dE is invertible and, entrywise,

|M−1| ≤ SG/Υ, |mM−1| ≤ SG/ω̄.

For m < −mmax the same bounds hold with |m|, since M is then the complex conjugate of the
matrix for −m.

Proof. Let y = ω̄m ≥ Υ and let Λy be the diagonal matrix with entry iy + d in the position
of V and iy elsewhere, so M = Λy − Ĵ0. As d is real, |iy + d| ≥ y, so |Λ−1

y | ≤ I/y entrywise
and ∥Λ−1

y Ĵ0∥∞ ≤ ∥Ĵ0∥∞/y ≤ ϑ < 1. Hence M−1 = ∑
k≥0(Λ−1

y Ĵ0)kΛ−1
y and, entrywise, |M−1| ≤

y−1∑
k(|Ĵ0|/y)k ≤ Υ−1∑

k G
k ≤ SG/Υ, the last step as in the proof of Lemma 4.6. Since m/y = 1/ω̄,

|mM−1| ≤ ω̄−1∑
k(|Ĵ0|/y)k ≤ SG/ω̄.

Unlike Lemma 4.6, this needs no upper bound on the damping, so it covers dm(0) = 4π2Dm2. For
K < m ≤ mmax the program encloses the range of dm over P in an exact interval [dlo, dhi] ⊂ [0,∞)
(by evaluating (4) on the hull of P ), covers it by finitely many balls of width about ω̄m/4, and
encloses Am on each ball by Arb inversion of the ball matrix (as in Lemma 4.6), so that every
Am(ε), ε ∈ P , lies in one of these enclosures. The suprema Ā0, Ā1 and Cn of Section 4.4 are then
taken over |m| > K and ε ∈ P , with the maximum over these enclosures in the explicit range and
Lemma 4.9 beyond it.

Lemma 4.10 (the fixed-point map). Let P be a piece, ε ∈ P , and B a closed ball about x̄ such that,
for x ∈ B, ϕa maps the closed strip | Im θ| ≤ 1/4 into U and a 7→ g(a) is of class C1 from B into
(ℓ1ν)18. Suppose that Ā0 and Ā1 are finite and that Afin is invertible. Then Tε maps B into X and
is of class C1 there, and Tε(x) = x if and only if x is a zero of F (· ; ε). The derivative DTε(x̄) has
the finite rows of I −AfinDFfin(x̄; ε) and the tail rows (DTε(x̄)y)m = ∑

nAm(ε)J ′
nym−n, |m| > K,

with J ′
n as in Section 4.4; it is the operator I −ADF (x̄) of Section 4.5 with dm(ε) and Am(ε) in

place of dm and Am. Finally, DTε(x) −DTε(x̄) is obtained by applying −Afin and −Am(ε) to the
rows of DF (x; ε) −DF (x̄; ε), which do not contain dm(ε).

Proof. The finite part of Tε involves the phase component, a bounded linear functional on X, and
finitely many Fm, each a C1 function of x on B. The tail part is the sum of −(Am(ε)i(ω−ω̄)mam)m, a
bilinear map of (ω−ω̄, a) bounded because |mAm(ε)| ≤ Ā1 entrywise, and of the bounded linear maps
a 7→ −(Am(ε)Ĵ0am)m and b 7→ (Am(ε)bm)m, the latter applied to g(a); so Tε is of class C1 from B
intoX. For |m| > K, the identity Am(ε)(iω̄m−Ĵ0+dm(ε)E) = I gives am−Tε(x)m = Am(ε)Fm(x; ε),
and xfin − Tε(x)fin = AfinFfin(x; ε); as Afin and every Am(ε) are invertible, Tε(x) = x if and only
if every component of F (x; ε) vanishes. Differentiating the tail part at x̄ in a direction y, with
ω = ω̄ and ām = 0 for |m| > K, gives −Am(ε)[Ĵ0ym −

∑
n Jnym−n] = ∑

nAm(ε)J ′
nym−n. In

DF (x; ε) −DF (x̄; ε) the term dm(ε)Eym cancels, and the tail part of DTε(x) −DTε(x̄) is −Am(ε)
applied to i(ω − ω̄)mym + iyωmam − [(Dg(a) −Dg(ā))ya]m.
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Lemma 4.11 (the derivative of dm). d′
m(ε) = 8π4Dm4S(w)S′(w) with w = π2m2ε and S′(w) =∑

k≥1(−1)kkwk−1/(2k + 1)!, and S′(w) = (cos
√
w − S(w))/(2w) for w > 0. If 0 ≤ w ≤ W , n ≥ 1,

qn = W/((2n + 2)(2n + 3)) < 1 and q′
n = W/(2n(2n + 3)) < 1, then S(w) and S′(w) differ from

their partial sums over k < n by at most tn/(1 − qn) and un/(1 − q′
n), with tn = Wn/(2n+ 1)! and

un = nWn−1/(2n+ 1)!.

Proof. The derivative is the chain rule applied to (4), and the closed form follows by differentiating
sin σ/σ, σ =

√
w. The k-th terms of the two series have moduli at most tk and uk, and for k ≥ n,

tk+1/tk = W/((2k+2)(2k+3)) ≤ qn and uk+1/uk = W/(2k(2k+3)) ≤ q′
n, so the tails are dominated

by geometric series.

The program covers P by subintervals with exact rational ends, evaluates S and S′ on the
corresponding balls of w in Arb (the partial sums with these remainders, or the closed forms where
w > 1 is certain), and takes the union of the resulting enclosures of d′

m: a real ball DDm that
contains d′

m(ξ) for every ξ ∈ P , for each |m| ≤ K.

Lemma 4.12 (bounds uniform over a piece). Let P be a piece and, for |m| ≤ K, DDm a real
interval containing d′

m(ξ) for every ξ ∈ P . For each output component c (the ω component or one
of the 18 state components) let Y p

0,c be the bound of Section 4.5 for the component c of AF (x̄),
computed with dm(εc) in the finite rows and with the tail suprema over |m| > K and ε ∈ P ; let Y g

0,c

bound ∥(Afinw)c∥ν for every w in the box W whose only nonzero entries are W(V,m) = DDm āV,m,
|m| ≤ K; let B1,cc′ = max(ffcc′ , ftcc′) + Tcc′ be the block bounds of Section 4.5, computed with dm(εc)
in the finite block and with the tail suprema over P ; and let

Bg
1,cV = max

|m|≤K

|DDm|
ν|m|

∑
(j,m′)∈c

|(Afin)(j,m′),(V,m)| ν|m′|, Bg
1,cc′ = 0 (c′ ̸= V ),

the sum over the rows of component c. Then for every ε ∈ P

∥Tε(x̄) − x̄∥η ≤ Y0 := max
c

Y p
0,c + δPY

g
0,c

ηc
, ∥DTε(x̄)∥η ≤ Z1 := max

c

1
ηc

∑
c′

ηc′
(
B1,cc′ + δPB

g
1,cc′

)
.

Proof. An operator B on X with blocks Bcc′ has ∥B∥η ≤ maxc η
−1
c

∑
c′ ηc′∥Bcc′∥, since ∥yc′∥ ≤

ηc′∥y∥η. By the mean value theorem for the real function dm, dm(ε) − dm(εc) = (ε − εc)d′
m(ξm)

for some ξm ∈ P , and |ε− εc| ≤ δP . In Ffin(x̄; ε) only the entries (V,m) contain the damping, so
Ffin(x̄; ε) = Ffin(x̄; εc) + (ε − εc)w with w(V,m) = d′

m(ξm)āV,m, w ∈ W , and ∥(AfinFfin(x̄; ε))c∥ν ≤
∥(AfinFfin(x̄; εc))c∥ν + δPY

g
0,c. The tail components of Tε(x̄) − x̄ are Am(ε)gm(ā), bounded as in

Section 4.5 because the suprema are taken over ε ∈ P . For Z1, by Lemma 4.10: in the finite block,
I −AfinJfin(ε) = [I −AfinJfin(εc)] −Afin∆(ε), where ∆(ε) is diagonal with the entries dm(ε) − dm(εc)
on the coordinates (V,m) and 0 elsewhere; column (V,m) of Afin∆(ε) is column (V,m) of Afin times
a number of modulus at most δP |DDm|, so its weighted column sum over the rows of c, divided by
ν|m|, is at most δPB

g
1,cV . The finite rows of the tail columns contain no damping (it acts on the

diagonal, in tail rows) and are bounded as in Section 4.5. The tail rows are ∑nAm(ε)J ′
nym−n and

are bounded by T with the suprema over P .

Lemma 4.13 (Z2 from a bound on the Hessian). Let R1, . . . , R18 > 0 and ρ2 > 1/4 with q2 =
νe−ρ2 < 1, Q2 = (1 + q2)/(1 − q2). Suppose that f is holomorphic on an open set containing the
compact set K = {ϕā(θ) + w : | Im θ| ≤ ρ2, |wi| ≤ Ri} and that |∂j∂lfk| ≤ MHkjl on K. Write
Jkj = ∂jfk, Hkjl = ∂j∂lfk, and for a ∈ (ℓ1ν)18 with ti := ∥ai − āi∥ν < Ri let Π(t) = ∏

iRi/(Ri − ti).
Then:
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(a) ϕa maps the closed strip | Im θ| ≤ 1/4 into K, g(a), Jkj ◦ ϕa and Hkjl ◦ ϕa lie in ℓ1ν, and
∥Hkjl ◦ ϕa∥ν ≤ MHkjlQ2Π(t);

(b) a 7→ g(a) and a 7→ Jkj ◦ ϕa are of class C1 into ℓ1ν, with (Dg(a)y)k = ∑
j(Jkj ◦ ϕa) ∗ yj and

D(Jkj ◦ ϕa)h = ∑
l(Hkjl ◦ ϕa) ∗ hl, where ∗ is the convolution product;

(c) if ηir∗ < Ri for every i, then for every ε ∈ P and every x with ∥x − x̄∥η ≤ r ≤ r∗,
∥DTε(x) −DTε(x̄)∥η ≤ Z2r, where

Z2 := max
c

1
ηc

∑
k

[
2ηωηk(N1 + Ā1)ck + (N0 + Ā0)ckWk

]
, Wk := Q2 Π(ηr∗)

∑
j,l

ηjηl MHkjl,

N0 and N1 are the block norms of Section 4.6, Ā0 and Ā1 the suprema over |m| > K and
ε ∈ P , and Π(ηr∗) is Π at ti = ηir∗; in the ω row only N0 and N1 enter.

Proof. (a) For | Im θ| ≤ 1/4, |ϕa,i(θ) − ϕā,i(θ)| ≤ ti < Ri, so ϕa(θ) ∈ K. The rest is the proof of
Lemma 4.7 with Hkjl, Jkj and fk in place of fk: for | Im θ| ≤ ρ2 the Taylor coefficients cα(θ) of
w 7→ Hkjl(ϕā(θ) + w) satisfy |cα(θ)| ≤ MHkjlR

−α by Cauchy’s inequality on the closed polydisc of
radii R, they are holomorphic and 2π-periodic in θ, and Lemma 4.2 gives ∥cα∥ν ≤ MHkjlR

−αQ2; so
with h = a− ā the series ∑α cαh

α (convolution powers) converges absolutely in ℓ1ν , with norm at
most MHkjlQ2

∏
i(1− ti/Ri)−1, and its sum is Hkjl ◦ϕa because for real θ the Taylor series converges

to Hkjl(ϕa(θ)) and convergence in ℓ1ν is uniform convergence. For Jkj and fk the same holds with
bounds of |Jkj | and |fk| on the compact set K. (b) A power series in h with coefficients in the Banach
algebra ℓ1ν , dominated as above by a scalar power series in (ti) with nonnegative coefficients that
converges for ti < Ri, defines a C1 map on {ti < Ri} whose derivative is obtained by differentiating
term by term, because the series of the derivatives of the terms is dominated by the derivatives of
the scalar series, which converge locally uniformly on the same set; the term-by-term derivative of
the series of fk (of Jkj) in the direction hj (hl) is the series of Jkj (Hkjl) applied to hj (hl), since the
Taylor coefficients of ∂jfk are those of fk differentiated. (c) By Lemma 4.10, DTε(x)−DTε(x̄) applies
−A to (DF (x; ε)−DF (x̄; ε))y = (im(yω∆am +∆ω ym))m −(Dg(ā+∆a)−Dg(ā))ya, with ∆ = x− x̄.
For ∥y∥η ≤ 1, component k of b = yω∆a+∆ω ya has norm at most |yω|∥∆ak∥ν +|∆ω|∥yk∥ν ≤ 2ηωηkr,
and ∥(A(imb))c∥ ≤

∑
k(N1 + Ā1)ck∥bk∥ν as in Section 4.6. By (b) and the mean value inequality

along the segment ā+ σ∆a, σ ∈ [0, 1], on which ti ≤ ηir ≤ ηir∗ < Ri,∥∥[(Dg(ā+ ∆a) −Dg(ā))ya]k
∥∥

ν
≤
∑
j,l

sup
σ

∥Hkjl ◦ ϕā+σ∆a∥ν ∥∆al∥ν∥yj∥ν ≤ rWk,

because Π increases in each ti; applying A costs (N0 + Ā0)ck. Dividing by ηc gives the claim.

The program computesMH (code/fourier/branch.py, class HessBound) as the strip supremum
of Lemma 4.1, on | Im θ| ≤ ρ2 = 1, of the second derivatives of f over the family of trigonometric
polynomials obtained from ϕā by replacing each constant coefficient ā0,i by the complex box of
half-width Ri about it, where Ri is an exact dyadic number close to 32ηir∗ (the program checks
ηir∗ < Ri), a family that contains ϕā(θ) + w for |wi| ≤ Ri. The second derivatives are evaluated
with second-order forward-mode dual numbers in Arb; every intermediate is checked to be finite
and every logarithm and square-root argument to lie in {Rew > 0}, so that, by the induction of
Section 4.1 applied to the value, gradient and Hessian of each intermediate, a finite result encloses
f , Df and D2f and certifies that f is holomorphic on an open set containing K.

Lemma 4.14 (continuity and gluing). (a) Let P be a piece and 0 < rex ≤ run ≤ r∗ such that, for
every ε ∈ P , Tε maps Brex(x̄) into itself and is a contraction with constant L < 1 on Brun(x̄) (balls
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of ∥ · ∥η), and let x∗(ε) be its fixed point in Brex(x̄), which is its only fixed point in Brun(x̄). Then
ε 7→ x∗(ε) is continuous from P into X. (b) Let Pa and Pb be pieces as in (a) with Pa ∩ Pb ̸= ∅ and

∥x̄a − x̄b∥η(b) + rex(a) max
c

ηc(a)
ηc(b)

≤ run(b). (10)

Then x∗,a = x∗,b on Pa ∩ Pb.

Proof. (a) For ε, ε′ ∈ P both fixed points lie in Brun(x̄), where Tε′ is a contraction with constant L,
so

∥x∗(ε′) − x∗(ε)∥η ≤ ∥Tε′(x∗(ε′)) − Tε′(x∗(ε))∥η + ∥Tε′(x) − Tε(x)∥η

≤ L∥x∗(ε′) − x∗(ε)∥η + ∥Tε′(x) − Tε(x)∥η

with x = x∗(ε). It remains to show that ε′ 7→ Tε′(x) is continuous at ε for this fixed x = (ω, a).
The finite part changes by Afin applied to the finitely many terms (dm(ε′) − dm(ε))Eam, |m| ≤ K.
The tail part changes by −(Am(ε′) − Am(ε))vm, vm = i(ω − ω̄)mam + Ĵ0am − gm(a); each term
tends to 0, as Am(·) is the inverse of a continuous family of invertible matrices, and entrywise
|(Am(ε′) −Am(ε))vm| ≤ 2Ā1|ω − ω̄||am| + 2Ā0|Ĵ0am − gm(a)|, which is summable with the weights
ν|m|; dominated convergence gives the claim. (b) Since ∥y∥η(b) ≤ ∥y∥η(a) maxc ηc(a)/ηc(b), for
ε ∈ Pa ∩ Pb the point x∗,a(ε) lies in the closed ball of radius run(b) about x̄b in ∥ · ∥η(b). It is a zero
of F (· ; ε) by Lemma 4.10, hence a fixed point of the map Tε of Pb in that ball, so it is x∗,b(ε).

Proof of Theorem C. The computation. The program code/fourier/alln.py proves the 73 pieces
of the record data/fourier-existence-alln.json. Each has width 1/4096; consecutive pieces
overlap by 1/32768, the first starts at 0 and the last ends at 1/64. For each piece it computes in
Arb, with K = 12, K ′ = 2K + 16 = 40, M = 128 nodes, ρ = 3/2 and ρ2 = 1 (the settings and the
working precisions are stored in the record): the strip covers and the enclosures of Proposition 4.4
at the center, the balls DDm of Lemma 4.11, the tail data of Lemma 4.9, the bounds Y0 and Z1
of Lemma 4.12, and the Hessian cover and Z2 of Lemma 4.13 with Ri close to 32ηir∗; it checks
ϑ < 1, ηir∗ < Ri, p(r) < 0 and Z1 + Z2r < 1 at r = rex and at r = run ≤ r∗, ω̄ − ηωrex > 0 and
|ā1,V | > ηV rex/ν, and stores the period interval 2π/[ω̄ − ηωrex, ω̄ + ηωrex] with outward-rounded
decimal ends. Over the 73 pieces: Y0 lies between 6.90 × 10−7 and 7.26 × 10−7, almost all of it
the term δPY

g
0 of the parameter width (the part at εc is at most 7.42 × 10−11); Z1 lies between

0.152 and 0.199, Z2 between 1305 and 1373, rex between 8.14 × 10−7 and 9.07 × 10−7, run between
4.65 × 10−4 and 6.11 × 10−4, and Z1 + Z2run ≤ 0.979; mmax = 391 and ϑ < 0.4964 on every piece;
the weights lie in [0.00216, 1], with ηV = 1; the period intervals are narrower than 1.24 × 10−5 ms.

Each piece. Fix a piece and ε ∈ P . By Lemma 4.13(a), (b), Lemma 4.10 applies on the ball
Br∗(x̄) of ∥ · ∥η (∥ai − āi∥ν ≤ ηir∗ < Ri there), once Afin is known to be invertible; that follows from
Z1 < 1 as in Section 4.4, since the compression of DTε(x̄) to the finite coordinates is I −AfinJfin(ε)
and the coordinate projection has norm 1 for ∥ · ∥η. With Lemmas 4.12 and 4.13(c), the proof of
Lemma 4.5, which uses only the three bounds and Banach’s fixed point theorem, shows that Tε maps
Brex(x̄) into itself and is a contraction there and on Brun(x̄), with constant at most Z1 + Z2run < 1;
so Tε has exactly one fixed point x∗(ε) in Brun(x̄), it lies in Brex(x̄), and by Lemma 4.10 it is the
only zero of F (· ; ε) in Brun(x̄). The proof of Lemma 4.8 applies to it with ∥ · ∥η (for which κ is an
isometry), with dm(ε) real and even in m, with the domain certified by the Hessian cover (the points
ϕā(θ) +h(θ), θ real, |hj(θ)| < Rj), and with the checks ω̄− ηωrex > 0 and |ā1,V | > ηV rex/ν: ω∗(ε) is
real and positive, ϕ∗(· ; ε) is real, analytic on | Im θ| < 1/4 and of minimal period 2π, ϕ∗,V (0; ε) = s,
and T (ε) lies in the stored interval. It solves (6) pointwise: the coefficient sequences of ϕ∗, ϕ′

∗, ϕ′′
∗
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and f(ϕ∗) are absolutely summable (as |m|jν−|m| is bounded), the shifts in Lε act on mode m by
e±2πimh, and the vanishing of every Fm(x∗; ε) is the equality of the Fourier coefficients of the two
sides. By Lemma 4.14(a), x∗ is continuous on P .

Gluing. The program checks that the lower ends and the upper ends of the pieces increase
strictly and that rex < run on each piece; only consecutive pieces overlap (the record lists no other
overlap); and the 72 inequalities (10) for consecutive pieces hold in Arb, the largest ratio of the
left side to run(b) being below 0.0076. By Lemma 4.14(b) the pieces define one map x∗ on [0, 1/64].
Every point of [0, 1/64] has a neighborhood in [0, 1/64] contained in one piece, because consecutive
pieces overlap in intervals of positive length; so x∗ is continuous. Since ∥ · ∥ ≤ ∥ · ∥η, x∗(ε) lies
within rex ≤ 9.07 × 10−7 of the center in the norm of Theorem B(a); since run minc ηc ≥ 1.05 × 10−6

on every piece, the ball of that radius in that norm lies in Brun(x̄), where x∗(ε) is the only zero.
This proves (a). The four constants 9.07 × 10−7 (the largest rex), 4.65 × 10−4 (the smallest run),
1.05 × 10−6 (the smallest run minc ηc, attained on the piece [35/32768, 43/32768], with a margin of
0.03 per cent) and maxc ηc ≤ 1 are not decided by alln.py; they are read off the record’s exact
binary radii and dyadic weights by an exact rational comparison over the 73 pieces and the cable
entry, whose program and output are given in review/third-reading-2026-10-02.md.

(b) Let N ≥ 8, so ε = 1/N2 ∈ (0, 1/64] and F (· ; ε) is the map (8) of the N -ring. The last part
of Lemma 4.8, whose proof uses only that ϕ∗ solves (2) and has minimal period 2π, gives (b) apart
from the identification. For N = 8, 16, 32, 64 the program checks in Arb, for the piece P containing
1/N2 (for both pieces containing 1/4096),

∥x̄E − x̄P ∥η(P ) + rE
ex max

c

1
ηc(P ) ≤ run(P ), (11)

where x̄E and rE
ex are the K = 32 center and the existence radius of Theorem B(a) (weights 1),

and the difference of centers is formed in X with the coefficients beyond K = 12 of x̄P equal to 0.
Table 3 gives both sides. The zero of Theorem B(a) is a zero of F (· ; 1/N2) in the uniqueness ball of
P , so it is x∗(1/N2), and Theorem B(c) applies to the wave.

(c) For ε = 0, ϕ∗ = ϕ∗(· ; 0) is real analytic and solves (6) with L0 = 4π2DE ∂2
θ , so by Section 2.3

u(x, t) = ϕ∗(ω∗t+ 2πx) is a real analytic solution of (7), 1-periodic in x. For each x, t 7→ u(x, t) has
minimal period 2π/ω∗ = T (0), because ϕ∗ has minimal period 2π, and u(x, t+τ ′) = u(x+τ ′/T (0), t),
so the profile goes once around the ring in each period. The interval for T (0) is that of the piece
[0, 1/4096].

(d) By (a), x∗ is continuous at 0, and 1/N2 → 0. For | Im θ| ≤ 1/4, |
∑

m bme
imθ| ≤ ∥b∥ν , which

gives uniform convergence of the profiles on the closed strip (in the scaled variables, hence also after
the diagonal scaling Σ), and T = 2π/ω is continuous where ω > 0.

The exact inputs of every piece (centers, weights, r∗, the radii Ri) are in the run log code/fou
rier/data/alln/pieces.jsonl; the record stores the weights, the SHA-256 of each center and the
hash of that log, so every bound can be recomputed from inputs the record identifies. The tests
code/fourier/test_alln.py re-prove four pieces from these inputs ([0, 1/4096], which contains ε =
0 and 1/4096, and the first pieces containing 1/1024, 1/256 and 1/64) and compare every stored bound
bit for bit; they passed in the run recorded in review/alln-existence-fixcheck-2026-10-02.md
and again, from the copies in this folder, on 2026-10-02 (Section 10). The negative controls of the
record are listed in Section 9.
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TN, N= 8; 16; 32; 64 (Theorem B; width < 2£ 10¡25 ms)
T1 of the cable, "= 0 (Theorem C(c))
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left side of the gluing inequality

Figure 4: The pieces of the proof of Theorem C, as stored in data/fourier-existence-alln.json.
(a) Each of the 73 boxes is a piece P (width 1/4096; consecutive pieces overlap by 1/32768
and are darker where they overlap) times its period interval: for every ε ∈ P , T (ε) =
2π/ω∗(ε) lies in that interval. Diamonds: the periods TN of Theorem B at ε = 1/N2,
N = 8, 16, 32, 64 (Table 1), whose enclosures are narrower than 2 × 10−25 ms; each lies in
the period interval of every piece that contains 1/N2 (Table 3). Bar at ε = 0: the period
T∞ ∈ [53.58809529823299300232974, 53.58810763684487454838746] ms of the cable wave (Theo-
rem C(c)), the interval of the piece [0, 1/4096]. The vertical axis is T − 53.588 ms in ns; 53.588 ms is
an axis offset, not a result. The top axes mark ε = 1/N2 at the labelled N , with minor ticks at the
other integers N up to 29 in (a) and up to 52 in (b); these points accumulate at ε = 0. (b) The part
of (a) with ε ≤ 5/4096: the rings N = 32 and N = 64 (1/4096 lies in two pieces) and the cable. (c)
For each piece, the existence radius rex(P ) and the uniqueness radius run(P ), drawn over the piece,
both in the weighted norm ∥ · ∥η of that piece; and, at the middle of each of the 72 overlaps, the left
side of the gluing inequality (10), in the norm of the later piece Pb, which must not exceed run(b);
its largest ratio to run(b) is below 0.0076 (Section 4.8). The weights differ from piece to piece, so
the values in (c) are not in one common norm. The figure draws stored enclosures and radii only;
stability is proved only for N = 8, 16, 32, 64. Reproduced by code/plot_cardiac_rings.py.
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5 Stability through one Hill operator

5.1 Setting

Let ϕ, ω, T , τ be as in Section 2.2, with ϕ solving (2), and let A(θ) = Df(ϕ(θ)) = ∑
nAne

inθ,
a real analytic 2π-periodic matrix function, so A−n = An and ∥An∥ decays exponentially. The
linearization along x(t) is y′ = L(t)y with (L(t)y)j = A(θj(t))yj + cE(yj−1 − 2yj + yj+1); let Y (t)
be its fundamental matrix with Y (0) = I, and Mτ = Q−1Y (τ), the derivative at x(0) of h = Q−1φτ .
The Floquet multipliers are the eigenvalues of Y (T ), with algebraic multiplicity. For a matrix M let
m(λ;M) be the algebraic multiplicity and Gλ(M) the generalized eigenspace; for an operator H,
Gµ(H) = ⋃

k ker(H − µ)k (with the convention of Appendix A on the domains of powers of H) and
m(µ;H) = dimGµ(H).

Let | · |1 be the ℓ1 norm on C18, ∥B∥1→1 the induced norm, X = ℓ1(Z;C18) with ∥P∥ = ∑
m |Pm|1,

and D = {P ∈ X : ∑m |m||Pm|1 < ∞}. A sequence P ∈ D is the coefficient sequence of the C1

function p(θ) = ∑
m Pme

imθ. The Hill operator H0 : D → X is

(H0P )m = −iωmPm +
∑

n

AnPm−n − dmEPm, (12)

the coefficient sequence of Lp := −ωp′ + Ap+ cE∆Np. The ansatz yj(t) = eµtp(θj(t)) solves the
linearization if and only if Lp = µp.

We use three standard facts about an operator H with compact resolvent on X , or on the ℓ1 space
of Section 5.4, which Appendix A proves (Lemma A.2(c) and Theorem A.5; see also Kato’s book
[27, Ch. III, Sect. 6]): its spectrum consists of isolated eigenvalues of finite algebraic multiplicity;
for a bounded open rectangle Ω whose boundary Γ lies in the resolvent set, the Riesz projection

1
2πi

∮
Γ(µ−H)−1dµ (Γ counterclockwise) is a projection onto the sum of the generalized eigenspaces

of the eigenvalues in Ω, so its rank is n(H,Ω) := ∑
µ∈Ωm(µ;H); and the resolvent is holomorphic

on the resolvent set.

Lemma 5.1. H0 is closed on D and has compact resolvent, and {Reµ > α} lies in its resolvent
set, where α = ∑

n ∥An∥1→1 + 4c.

Proof. Write H0 = D0 +B with (D0P )m = −iωmPm on D and B the rest. By Young’s inequality
and dm ≤ 4c, ∥B∥ ≤ α. D0 is closed (a diagonal operator on its maximal domain), and for λ /∈ iωZ,
(λ−D0)−1 is diagonal with entries (λ+iωm)−1, compact as the norm limit of its finite truncations. If
Reλ > α, then ∥(λ−D0)−1∥ ≤ 1/Reλ, so ∥B(λ−D0)−1∥ < 1 and λ−H0 = (I−B(λ−D0)−1)(λ−D0)
is a bijection D → X with compact inverse. H0 is closed as a closed operator plus a bounded
one, and compactness of the resolvent at one point gives it everywhere by the resolvent identity
R(λ) = R(λ0)(I + (λ0 − λ)R(λ)).

5.2 The Hill-sector theorem

Lemma 5.2 (twisted periodicity). L(t+ τ) = QL(t)Q−1, Y (t+ τ) = QY (t)Mτ , Y (kτ) = QkMk
τ

and Y (T ) = MN
τ .

Proof. (QL(t)Q−1y)j = A(θj+1(t))yj +cE(yj−1−2yj +yj+1) = (L(t+τ)y)j , because (Q−1y)k = yk−1
and θj+1(t) = θj(t + τ). So Z(t) = Q−1Y (t + τ) solves Z ′ = L(t)Z with Z(0) = Mτ , and
Z(t) = Y (t)Mτ . Induction gives Y (kτ) = QkMk

τ , and QN = I gives Y (T ) = MN
τ .

Theorem 5.3 (Hill sectors). For every µ ∈ C, m(µ;H0) = m(eµτ ;Mτ ).
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Proof. Let λ = eµτ .
m(µ;H0) ≤ m(λ;Mτ ). Let G = Gµ(H0), read through the Fourier correspondence as a finite-

dimensional (Lemma 5.1 and Theorem A.5(iii)) L-invariant space of C1 functions, with L|G = µ+KG,
KG nilpotent. For p ∈ G put u(t) = etLGp ∈ G and yj(t) = u(t)(θj(t)). The chain rule gives
y′

j = (LGu + ωu′)(θj) = (Au + cE∆Nu)(θj) = A(θj)yj + cE(yj−1 − 2yj + yj+1), so y solves the
linearization with y(0) = ι∗p, ι∗p := (p(2πj/N))j∈ZN

. As θj(t+ τ) = θj+1(t), y(τ) = Qι∗(eτLGp);
also y(τ) = Y (τ)ι∗p. Hence Mτ ι

∗ = ι∗eτLG on G. The map ι∗ is injective on G: if ι∗p = 0 then
y = 0, so for all t, j and integers n, 0 = u(t+ nT )(θj(t)) = eµ(t+nT )∑

k
(t+nT )k

k! (Kk
Gp)(θj(t)). For

fixed t, j this is eµ(t+nT ) times a polynomial in n vanishing at every integer, so all its coefficients
vanish; if p ̸= 0 and k∗ is the largest k with Kk

Gp ̸= 0, the coefficient of nk∗ is T k∗

k∗! (Kk∗
G p)(θj(t)),

so Kk∗
G p vanishes at every point, a contradiction. So ι∗(G) is an Mτ -invariant space of dimension

dimG on which Mτ is similar to λeτKG , whose only eigenvalue is λ; hence ι∗(G) ⊂ Gλ(Mτ ).
m(µ;H0) ≥ m(λ;Mτ ). Let W = Gλ(Mτ ), r = dimW ≥ 1, and on W write Mτ = λ(I + K),

K nilpotent. Put B = µI + τ−1∑r
k=1(−1)k+1Kk/k on W . Then eτB = λ exp(log(I + K)) = Mτ

on W (an identity of formal power series, valid for nilpotent K), B commutes with Mτ |W , and
the only eigenvalue of B is µ. Let Π(t) = Y (t)e−tB : W → C18N . By Lemma 5.2, Π(t +
τ)w = QY (t)Mτe

−τBe−tBw = QΠ(t)w, so Πj(t)w = Π0(t + jτ)w and Π0(t + T )w = Π0(t)w.
Hence pw(θ) := Π0(θ/ω)w is 2π-periodic, C∞, with coefficients in D, and Πj(t)w = pw(θj(t)).
Differentiating Y (t)w = Π(t)etBw gives L(t)Π(t)w = Π′(t)w + Π(t)Bw, whose component 0 at
t = θ/ω reads Lpw = pBw. The map w 7→ pw is injective (pw(2πj/N) = wj), so its image is an
L-invariant space of dimension r on which (L − µ)r = 0; it lies in Gµ(H0).

Corollary 5.4. (i) specH0 = {µ : eµτ ∈ specMτ }, invariant with multiplicities under µ 7→ µ+ iωN
and µ 7→ µ̄. (ii) For every real a, on the half-open strip Sa = {a ≤ Imµ < a + ωN} the map
µ 7→ eµτ is a bijection from specH0 ∩ Sa onto specMτ preserving algebraic multiplicities, and these
multiplicities add up to 18N . (iii) For ρ ̸= 0, m(ρ;Y (T )) = ∑

{m(µ;H0) : µ ∈ specH0 ∩ Sa, e
µT =

ρ}. (iv) Let Hq be H0 with dm replaced by dm+q. Then Hq is similar to H0 + iωq by the shift
(RqP )k = Pk−q, so the “N sectors” Hq, q ∈ ZN , carry no information beyond H0.

Proof. (i) Theorem 5.3 in both directions (every logarithm of an eigenvalue of Mτ is an eigenvalue
of H0), eiωNτ = 1, and Mτ real. (ii) eµτ has period iωN , so it is injective on Sa and onto C \ {0};
Mτ is invertible. (iii) Y (T ) = MN

τ ; C18N is the sum of the Gλ(Mτ ), each invariant under MN
τ with

only eigenvalue λN = eµT . (iv) Substitute k = m+ q.

Remark 5.5 (half-open strips). The count 18N holds in a half-open strip of height ωN . A closed
strip | Imµ| ≤ ωN/2 can count an eigenvalue twice: the logarithms of a negative real eigenvalue
of Mτ lie exactly on Imµ ∈ ωN/2 + ωNZ, and since Mτ is real, a simple negative real eigenvalue
stays real and negative under small real perturbations, so this is not a non-generic accident. The
certificate below counts eigenvalues only inside a rectangle whose boundary lies in the resolvent set.

Corollary 5.6 (section maps). Let S be a C1 hypersurface through x∗ = x(0) transverse to
F (x∗), and g(z) = Q−1φtg(z)(z) a section map with tg of class C1, tg(x∗) = τ , g(S) ⊂ S. Then
det(λI −Mτ ) = (λ− 1) det(λI −Dg(x∗)).

Proof. Y (τ)F (x∗) = F (x(τ)) = QF (x∗), so MτF (x∗) = F (x∗). Dg(x∗) = Mτ + F (x∗)Dtg(x∗) on
TS maps TS into itself, so it is the compression of Mτ along F (x∗); in the splitting spanF (x∗)⊕TS,
Mτ is block upper triangular with diagonal blocks 1 and Dg(x∗).
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5.3 The trivial multiplier

Lemma 5.7. (a) P ∗ = (imam)m, the coefficients of ϕ′, is a nonzero element of D with H0P
∗ = 0.

(b) m(1;Y (T )) = ∑N−1
q=0 m(iωq;H0). (c) The multiplier 1 is algebraically simple if and only if

m(0;H0) = 1 and iωq /∈ specH0 for q = 1, . . . , N − 1.

Proof. (a) ϕ is analytic and nonconstant; differentiating (2) gives Lϕ′ = 0. (b) Corollary 5.4(iii)
with ρ = 1, a = −ω/2: eµT = 1 iff µ ∈ iωZ, and iωq ∈ S−ω/2 iff q = 0, . . . , N − 1. (c) follows from
(a) and (b).

An eigenvalue iωq, q ̸≡ 0 (mod N), would be a neutral mode of the reduced map (a spatial
phase twist) that merges with the multiplier 1 of Y (T ). The certificate below excludes it together
with everything else in {Reµ ≥ −δ}.

5.4 Exclusion and counting by a Riesz-projection homotopy

Goal: for a given δ > 0, prove

specH0 ∩ {Reµ ≥ −δ} = iωNZ, each eigenvalue algebraically simple. (13)

Lemma 5.8. If P , P ′ are bounded projections on a Banach space, ∥P − P ′∥ < 1 and rankP < ∞,
then rankP ′ = rankP .

Proof. If x ∈ RanP ′ and Px = 0 then ∥x∥ = ∥(P ′ − P )x∥ < ∥x∥ unless x = 0; so P maps RanP ′

injectively into RanP . Exchange the roles.

Lemma 5.9 (homotopy count). Let X be one of the spaces ℓ1w(J ) of Appendix A, D̂ an operator
in X with compact resolvent, Ê ∈ B(X), Ω a bounded open rectangle whose boundary Γ lies in the
resolvent set of D̂, and suppose I − sÊ(µ− D̂)−1 is invertible for all (s, µ) ∈ [0, 1] × Γ. Then, with
H(s) = D̂ + sÊ, Γ lies in the resolvent set of every H(s) and n(H(1),Ω) = n(D̂,Ω).

Proof. This is Theorem A.7.

The comparison operator. The program fixes:

• cell coordinates: an exact diagonal S = diag(2k1 , . . . , 2k18), applied in every mode (its exponents
kl are chosen per N and stored in the records; they are not the scale exponents ei of Section 2.1).
This is a similarity; it commutes with E, leaves −iωm and dm unchanged, and changes no
spectrum or multiplicity. From here on An and every norm are taken in these coordinates;

• a window W = {|m| ≤ Ke} (nW = 18(2Ke + 1) coordinates) and the tail Tl = {|m| > Ke};

• a complex nW × nW matrix V with exactly representable entries (its invertibility is checked
in (C3)) and a diagonal Λ = diag(λj) with exactly representable entries (floating-point
eigenvectors and eigenvalues of the window block);

• an exact real 18 × 18 matrix Ac
0 (the midpoint of the enclosure of A0), and for each residue r ∈

{0, . . . , ⌊N/2⌋} a complex 18 × 18 matrix Ur with exactly representable entries (its invertibility
is checked in (C2)) and an exact diagonal Λr approximately diagonalizing Xr := Ac

0 − drE;

• the rectangle Ω = (−δ,R0) × (a, b) (real part, imaginary part), with boundary Γ.
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Let Scal be V on the window coordinates and the identity on the tail; it is bounded, boundedly
invertible and maps D onto D. Define

D̂ = Λ ⊕
⊕

m∈Tl
Bm, Bm = −iωmI +Xm mod N , Ê = Scal−1H0 Scal − D̂.

The domain of D̂ is D(D̂) = {v : ∑m∈Tl |m||vm|1 < ∞}, the window coordinates being unrestricted;
it is the maximal domain of the block-diagonal D̂, because (ω|m| − ∥Xr∥1→1)|vm|1 ≤ |Bmvm|1 ≤
(ω|m| + ∥Xr∥1→1)|vm|1 with r = m mod N . Since Scal acts only on the finitely many window
coordinates, Scal−1(D) = D(D̂). In blocks, ÊW W = RW := V −1HW WV − Λ, ÊW T = V −1HW T ,
ÊT W = HT WV and (ÊT TP )m = ∑

n̸=0, m−n∈TlAnPm−n + (A0 −Ac
0)Pm, where HW W , HW T , HT W

are the blocks of H0; in the tail diagonal the damping −dmE of H0 cancels exactly against the
−dm mod NE in Xm mod N , by (3), and −iωm cancels against Bm. These formulas define Ê as a
bounded operator on the whole space (RW is a finite matrix, and the other blocks have column
sums bounded by ∑n ∥An∥1→1 times constants), and on D(D̂) it equals Scal−1H0 Scal − D̂; so
D̂ + Ê = Scal−1H0 Scal as operators with the same domain D(D̂). The exact ω stays in Bm: an
error (ω − ω̄)m is unbounded in m and cannot be moved into Ê. The norm on the Scal-coordinates
v is ∥v∥ = ∑

j |vj | +∑
m∈Tl |vm|1 (all weights equal to 1 in the runs), and the norm of an operator

is the supremum of its column sums.

Notation for the bounds. All are upper bounds unless compared from below:

• distj : the distance from λj to Γ (a lower bound);

• fmj : the ℓ1 norm of column j of RW ; rj = ∑
w∈W tw|V(w,·),j |1 with tw = ∑

|w+n|>Ke
∥An∥1→1;

• bm = maxk
∑

j |(V −1HW,m)j,k| for m ∈ Tl, where HW,m has entries (Aw−m)l,k in row (w, l);
b̂ = supm∈Tl bm;

• σoff = ∑
n̸=0 ∥An∥1→1 and θc = σoff + ∥A0 −Ac

0∥1→1;

• ρT : a bound of ∥(µ−Bm)−1∥1→1 over µ ∈ Ω and m ∈ Tl (Lemma 5.10), and θT = θcρT .

Lemma 5.10 (tail blocks). Let h = max(|a|, |b|), ωlo ≤ ω, g0 = ωlo(Ke + 1) − h, η > 0, and

γr = min
l

max
(
−δ−η−Reλr,l, g0−η−| Imλr,l|

)
, Fr = U−1

r XrUr−Λr, κr ≥ ∥Ur∥1→1∥U−1
r ∥1→1.

If γr > ∥Fr∥1→1 for every r, then for every µ in the open neighborhood Nη = {−δ − η < Reµ <
R0 + η, | Imµ| < h + η} of Ω and every m ∈ Tl, µ − Bm is invertible with ∥(µ − Bm)−1∥1→1 ≤
ρT := maxr κr/(γr − ∥Fr∥1→1). Moreover, for fixed µ, ∥(µ−Bm)−1∥1→1 → 0 as |m| → ∞.

Proof. µ−Bm = z−Xr with z = µ+ iωm and r = m mod N (or N − r, which gives the same Xr).
For m ≥ Ke + 1, Re z = Reµ > −δ− η and Im z ≥ ωlo(Ke + 1) − h− η = g0 − η; for m ≤ −(Ke + 1)
the same holds for z̄, and since Xr is real, (z̄ − Xr)−1 = (z −Xr)−1 has the same norm. For
such z, |z − λr,l| ≥ max(−δ − η − Reλr,l, g0 − η − | Imλr,l|) ≥ γr, so ∥(z − Λr)−1∥ ≤ 1/γr, and
z −Xr = Ur(z − Λr − Fr)U−1

r with the Neumann series gives the bound. The decay follows from
the Neumann bound 1/(|µ+ iωm| − ∥Xr∥).

Lemma 5.11 (comparison operator). If the hypothesis of Lemma 5.10 holds and distj > 0 for
every j, then D̂ has compact resolvent, Γ lies in its resolvent set, n(D̂,Ω) = #{j : λj ∈ Ω}, and
∥(µ− D̂)−1∥ ≤ max(maxj 1/ distj , ρT ) on Γ.

28



Proof. D̂ is block diagonal. Let DT be the tail part, with domain D(DT ) = {v : ∑m∈Tl |m||vm|1 <
∞} in the tail space. For µ ∈ Nη, Lemma 5.10 gives ∥(µ−Bm)−1∥1→1 ≤ ρT for every m ∈ Tl, and
Bm(µ − Bm)−1 = µ(µ − Bm)−1 − I has norm at most 1 + |µ|ρT . So the block-diagonal operator
with blocks (µ−Bm)−1 maps the tail space into D(DT ) (by the lower bound on |Bmvm|1 above), it
is inverse to µ−DT on both sides, and its norm, the supremum of the 1 → 1 norms of its blocks, is
at most ρT : µ−DT is a bijection of D(DT ) onto the tail space with inverse of norm at most ρT .
For fixed µ the blocks of the inverse tend to 0 in norm, so its finite truncations converge to it in
norm, and it is compact. The resolvent of DT is holomorphic on Nη ⊃ Ω, so its contour integral
over Γ vanishes (Lemmas A.2(c) and A.3(d)), and the Riesz projection of D̂ for Ω is the diagonal
projection onto the window coordinates with λj ∈ Ω; its rank is n(D̂,Ω) by Theorem A.5(iv).

Lemma 5.12 (small gain, Schur-complement form). Under the hypotheses of Lemma 5.11, if
θT < 1, b̂ < ∞ and

fmj + b̂ ρT rj

1 − θT
< distj for every window column j, (SC)

then I − sÊ(µ− D̂)−1 is invertible for every (s, µ) ∈ [0, 1] × Γ.

Proof. Fix (s, µ). The tail block of µ− D̂ − sÊ is (I − sÊT T (µ−DT )−1)(µ−DT ), invertible with
∥(µ−DT − sÊT T )−1∥ ≤ ρT /(1 − θT ), since ∥ÊT T (µ−DT )−1∥ ≤ θcρT (the column sums of ÊT T are
at most ∑n̸=0 ∥An∥ + ∥A0 −Ac

0∥). By the block factorization (valid because the window block is
finite-dimensional and both triangular factors are bijections of the domain), µ− D̂− sÊ is invertible
if and only if the Schur complement

Sc = µ− Λ − sRW − s2ÊW T (µ−DT − sÊT T )−1ÊT W = (I − Cc(µ− Λ)−1)(µ− Λ)

is invertible, with Cc = sRW + s2ÊW T (· · · )−1ÊT W . Column j of ÊT W has norm at most rj (its
tail rows are ∑w Am−wV(w,·),j , and ∑m∈Tl ∥Am−w∥ ≤ tw), and ∥ÊW Tu∥ ≤

∑
m,k |um,k|bm ≤ b̂∥u∥.

So column j of Cc has norm at most fmj + b̂ρT rj/(1 − θT ), and ∥Cc(µ − Λ)−1∥ ≤ maxj(fmj +
b̂ρT rj/(1 − θT ))/distj < 1. Then µ− D̂ − sÊ is invertible, which is equivalent to the claim because
µ− D̂ is.

The condition (SC) asks only for the product of the window-to-tail coupling b̂ and the tail-to-
window coupling rj of each column to be small, which suits the problem: eigenvectors of near-axis
eigenvalues are small at the window edge. The programs also evaluate the stronger form in which
the window and tail columns are bounded separately; it does not hold at any N and is not used.
Lemma 5.13 (coupling sums from coefficient bounds). Suppose enclosures [An] of An are known
for |n| ≤ nA and ∥An∥1→1 ≤ s1q

|n|
1 +s2q

|n|
2 for every n (q1, q2 < 1). Let Gtail(k) = 2∑i siq

k
i /(1−qi).

Then σoff ≤
∑

0<|n|≤nA
∥[An]∥ + Gtail(nA + 1); tw ≤

∑
|n|≤nA, |w+n|>Ke

∥[An]∥ + Gtail(nA + 1); let
nc ≥ 1 be an integer, and let β(w,l) ≥

∑
j |(V −1)j,(w,l)| be upper bounds of the column sums of

V −1 (for example those of Lemma 5.14), with βmax = max(w,l) β(w,l). For every m in the tail,
bm ≤ maxk

∑
(w,l) β(w,l)|(Aw−m)l,k|. For Ke < |m| ≤ Ke + nc, the right side is bounded from the

entrywise enclosures [Aw−m] (for |w −m| > nA, the entrywise tail enclosures of Section 5.5). For
|m| > Ke + nc, bm ≤ βmaxGtail(|m| −Ke)/2, a bound that decreases in |m|.

Proof. Sums of upper bounds, with exact geometric sums. The first bound on bm is the triangle
inequality applied to (V −1HW,m)j,k = ∑

(w,l)(V −1)j,(w,l)(Aw−m)l,k, summed over j. For the last
bound, ∑

(w,l)
β(w,l)|(Aw−m)l,k| ≤ βmax

∑
w

∥Aw−m∥1→1,
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and the indices n = w −m have one sign with |n| ≥ |m| −Ke.

Lemma 5.14 (the window without inverting V ). Let Vi be an exact floating-point approximate
inverse of V , C = I − ViV , and suppose qC := ∥C∥ < 1. Then V is invertible, V −1 = (I − C)−1Vi

with ∥(I − C)−1∥ ≤ 1/(1 − qC), and with Ξ := ViHW WV − Λ,

fmj ≤ ∥Ξej∥ + |λj | ∥Cej∥
1 − qC

,
∑

j

|(V −1)j,(w,l)| ≤
∥Vie(w,l)∥

1 − qC
.

Proof. ViV = I − C is invertible by the Neumann series, so V is invertible and V −1 = (ViV )−1Vi.
Since ViV Λ = Λ − CΛ, Vi(HW WV − V Λ) = Ξ + CΛ exactly, so RW = V −1(HW WV − V Λ) =
(I − C)−1(Ξ + CΛ), and CΛej = λjCej .

Theorem 5.15 (the certificate). Suppose the following are checked in ball arithmetic:

(C0) ω ∈ [ωlo, ωhi], ωlo > 0; entrywise enclosures [An] of the true An for every n that enters (those
of Section 5.5, for |n| ≤ nA and beyond) and the tail form of Lemma 5.13; balls containing
dm;

(C1) δ > 0; R0 > αup ≥ α; a < 0 < b, b− a ≥ ωhiN , b < ωloN , −a < ωloN ;

(C2) the hypothesis of Lemma 5.10 for r = 0, . . . , ⌊N/2⌋, with Ur certified invertible by Arb inversion
of the exact matrix Ur, and with the norms of U−1

r that the lemma uses bounded from that
enclosure;

(C3) V invertible and fmj bounded from a ball matrix containing the true HW W (with the ball
[ωlo, ωhi] on its diagonal); distj > 0 for every j;

(C4) θT < 1 and (SC);

(C5) exactly one λj lies in Ω.

Then (13) holds.

Proof. By Lemmas 5.11 and 5.12, Lemma 5.9 applies to D̂ and Ê, so n(Scal−1H0Scal,Ω) =
n(D̂,Ω) = 1 and Γ lies in the resolvent set of H0; the similarity by Scal gives n(H0,Ω) = 1. By (C1),
0 ∈ Ω, and 0 is an eigenvalue (Lemma 5.7(a)), so it is the only eigenvalue in Ω and m(0;H0) = 1.
Let µ be an eigenvalue with Reµ ≥ −δ. By Lemma 5.1, Reµ ≤ α < R0. Since b− a ≥ ωhiN ≥ ωN ,
some µ′ = µ+ iωNk has a ≤ Imµ′ < a+ ωN ≤ b, and µ′ is an eigenvalue of the same multiplicity
(Corollary 5.4(i)). As Γ is in the resolvent set, µ′ ∈ Ω, so µ′ = 0, µ ∈ iωNZ and m(µ;H0) = 1.

The conditions b < ωloN and −a < ωloN are not needed for soundness (if Ω contained ±iωN ,
the certificate could not pass, since by Theorem 5.15’s argument Ω would contain at least two
eigenvalues of H0); they are needed for a correct spectrum to pass.

5.5 From the existence ball to the coefficients

Theorem 5.15 needs enclosures of the coefficients An of Df(ϕ∗(θ)) for the true profile, which is
known only to lie in the ball of Theorem B(a). Let Jn be the coefficients of Df(ϕā(θ)) for the center,
enclosed as in Section 4.1 with the entrywise strip bound |Jn,kl| ≤ SJ,kle

−ρ|n|, and let Mk and Rj

be as in Section 4.6.
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Lemma 5.16. Let r = rex, ρe = min(1/4, ρ2) = 1/4, tj = r, assume tj < Rj for every j, and let

εkl = Mk

Rl

[(
1 − tl

Rl

)−1∏
j

(
1 − tj

Rj

)−1
− 1

]
.

Then |Akl(θ) − Jkl(θ)| ≤ εkl for | Im θ| ≤ ρe, and |(An − Jn)kl| ≤ εkle
−ρe|n| for every n.

Proof. For | Im θ| ≤ 1/4, |ϕ∗,j(θ) − ϕā,j(θ)| ≤ ∥a∗,j − āj∥ν ≤ tj , so w = ϕ∗ − ϕā lies in the
polydisc of radii t. On the polydisc of radii R, fk(ϕā(θ) + w) = ∑

α cαw
α with |cα| ≤ MkR

−α, so
∂lfk(ϕā + w) − ∂lfk(ϕā) = ∑

αl≥1,|α|≥2 αlcαw
α−el is bounded by the same sum for the majorant

Mk
∏

j(1− tj/Rj)−1, which is εkl. A−J is holomorphic and 2π-periodic on | Im θ| < 1/4; Lemma 4.2
on every strip | Im θ| ≤ ρ′′, ρ′′ < 1/4, and the limit ρ′′ → 1/4 give the coefficient bound.

In the cell coordinates S every bound transforms exactly ((S−1MS)kl = Mkl2kl−kk), and from
here on [Jn], SJ and ε denote the transformed bounds. The radius must be rex, not run: at N = 8 the
record gives ∥ε∥1→1 ≤ 1.21×10−12 in the coordinates S with rex; since ε grows linearly in r for small
r, the radius run = 10−12 would give about 7 × 103 in the same coordinates, far above the near-axis
margins distj ≈ 1.3×10−6. So the program uses the entrywise enclosures [An] = [Jn]+ball(0, εe−ρe|n|)
for |n| ≤ nA = 80 and [An] = ball(0, SJe

−ρ|n| + εe−ρe|n|) for |n| > 80 (entrywise; this holds for every
n by Lemma 4.2 applied to J on the strip | Im θ| ≤ ρ and by Lemma 5.16), which is needed in the
window (|n| ≤ 2Ke, up to 96 at N = 64) and for bm (|n| ≤ 2Ke + nc, up to 120), together with the
tail form ∥An∥1→1 ≤ ∥SJ∥e−ρ|n| + ∥ε∥e−ρe|n| for every n, which is the form of Lemma 5.13.

5.6 Conclusion for the wave

Theorem 5.17. Assume the existence statement of Lemma 4.8 and the certificate of Theorem 5.15
for some δ > 0, with inputs (C0) built as in Section 5.5. Then:

(i) Y (T ) has the eigenvalue 1 algebraically simple, and the other 18N − 1 Floquet multipliers
satisfy |ρ| < e−δT ≤ e−δTlo, Tlo = 2π/ωhi;

(ii) Mτ has the eigenvalue 1 algebraically simple and all others of modulus less than e−δτ , and so
has every section map of Corollary 5.6, without the eigenvalue 1;

(iii) the orbit is locally exponentially orbitally stable with asymptotic phase, as stated in Theo-
rem B(c).

Proof. (i) By Corollary 5.4(iii) with a = −ω/2, the multipliers are eµT , µ ∈ specH0 ∩ Sa, with
multiplicities. By (13), µ = 0 is simple and is the only element of iωZ ∩ Sa in the spectrum, and
every other µ has Reµ < −δ, so |eµT | < e−δT . Lemma 5.7(b) gives simplicity of the multiplier 1.
(ii) Corollaries 5.4(ii) and 5.6.

(iii) F is analytic near O = {x(t)}. Let S0 = {z : ⟨F (x∗), z−x∗⟩ = 0}. Since d
dt⟨F (x∗), φt(z)−x∗⟩

at (T, x∗) equals |F (x∗)|2 > 0, the implicit function theorem gives a neighborhood U of x∗ and a C1

function tS on U with tS(x∗) = T and φtS(z)(z) ∈ S0. The Poincaré map P (z) = φtS(z)(z) on S0 ∩U
has P (x∗) = x∗ and, as in Corollary 5.6 with Q replaced by I and τ by T , DP (x∗) is the compression
of Y (T ), with spectrum that of Y (T ) minus one copy of 1; by (i) its spectral radius ϱ is less than e−δT .
Let δ′ < δ, κ = e−δ′T , and choose κ′ with ϱ < κ′ < κ. With a Jordan form JP = U−1

0 DP (x∗)U0 and
Dϵ = diag(1, ϵJ , ϵ2J , . . . ), the norm |v|∗ = |D−1

ϵ U−1
0 v|∞ with 0 < ϵJ ≤ κ′ − ϱ gives ∥DP (x∗)∥∗ ≤ κ′.

By continuity there is ϵ1 > 0 with ∥DP (z)∥∗ ≤ κ on the ball Bc = {z ∈ S0 : |z − x∗|∗ ≤ ϵ1}, which
is convex; the mean value inequality gives |P (z) − x∗|∗ ≤ κ|z − x∗|∗ there, so P maps Bc into itself
and |P k(z) − x∗|∗ ≤ κk|z − x∗|∗.
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Let x0 be given and choose s ∈ [0, T ) with |x0 − x(s)| = dist(x0, O) (it exists because O is
compact), and z0 = φT −s(x0); by Gronwall |z0 − x∗| ≤ eLip T |x0 − x(s)|, so the solution meets S0 at
time t1 = T − s+ tS(z0) ≤ 3T at z1 = φtS(z0)(z0) with |z1 − x∗| ≤ C1 dist(x0, O), and we take ϵ0 so
small that z1 ∈ Bc. Let zk = P k−1(z1) and tk+1 = tk +tS(zk). Since |tS(zk)−T | ≤ C2κ

k|z1 −x∗|, the
limit σ∞ = lim(tk −kT ) exists with |tk −kT −σ∞| ≤ C3κ

k|z1 −x∗|. Put σ = −σ∞. For t ∈ [tk, tk+1],
φt(x0) = φt−tk

(zk) and x(t+ σ) = φt−tk
(x(tk + σ)), where x(tk + σ) = x(tk − kT − σ∞) lies within

sup |F |C3κ
k|z1−x∗| of x∗ and |zk−x∗| ≤ C4κ

k|z1−x∗|; Gronwall over an interval of length at most 2T
gives |φt(x0)−x(t+σ)| ≤ C5κ

k|z1−x∗|, and t ≤ (k+1)T+C6 gives κk ≤ C7e
−δ′t. On [0, t1], Gronwall

gives |φt(x0)−x(t+s)| ≤ eLip t|x0 −x(s)|, and since |σ∞ −(t1 −T )| ≤
∑

k≥1 |tS(zk)−T | ≤ C ′|z1 −x∗|
and t1 − T = −s + tS(z0) with |tS(z0) − T | ≤ C|z0 − x∗|, σ = s − T + O(dist(x0, O)), so by T -
periodicity |x(t + σ) − x(t + s)| ≤ C ′′ dist(x0, O). Together, on [0, t1] the difference is at most
C8e

3δ′T e−δ′t dist(x0, O).

This is the classical Andronov–Witt statement, proved here from the Poincaré map so that no
textbook hypothesis needs matching. If T were not the minimal period of the ring solution, (i) to
(iii) would still hold with respect to T ; Lemma 4.8 shows that it is minimal.

5.7 The computations

The program code/fourier/stability.py implements Theorem 5.15 with Lemma 5.10 for (C2),
Lemma 5.12 for (C4) and Lemma 5.14 for (C3), at 128 bits everywhere. It reads ωlo, ωhi, rex and
the settings from the Stage E record (it refuses to run if any source hash in that record differs from
the current file, and it stores the SHA-256 of the record it read), and recomputes [Jn], SJ and Mk

by the same calls as the existence program; as a consistency check their suprema and the digests
of the trigonometric polynomials must equal the values in the Stage E record. It asserts tj < Rj ;
rounds δ up to a dyadic with denominator 260; takes R0 = 32, the least power of two above αup,
which lies between 17.84 and 18.11 for the five values of N ; takes b = −a an exact double near
ω̄(N/2 + 1/4), which puts both horizontal edges a quarter of ω from the rows Imµ ≈ ωk where
the near-axis eigenvalues lie; takes Ke = ⌊N/2⌋ + 16, nc = 24, η = 2−20; uses Lemma 5.10 for the
tail (the program calls this “route A”; an alternative “route B”, a direct cover of the bounded part
described in code/fourier/LEMMAS-stability.md, is not used); chooses the exponents of S in
floating point to make the tail bound small; computes V and Λ by LAPACK on the midpoint of the
window block in the coordinates S, single-threaded; and decides (C1) to (C4) in Arb, where distj is
an Arb lower bound of a distance computed exactly in rational arithmetic; the count (C5) is decided
by exact rational comparisons of the doubles λj with the dyadic edges −δ, R0, a, b. Floating point
only chooses exact numbers, which decides whether the inequalities hold, never whether a passed
inequality is true. Before any conclusion the program also checks that the residual of the trivial
eigenvector P ∗ under the window block is small (below 7 × 10−17 in every record: about 6.6 × 10−17

for the cell and below 3 × 10−20 for the rings), which would expose a dropped coefficient or a wrong
sign convention.

Proof of Theorem B(c) and Theorem A(ii). For each N ∈ {1, 8, 16, 32, 64} the records data/fouri
er-stability-N*.json show (C0) to (C5) passed, with Lemma 5.10 for the tail and the form
(SC): for example at N = 8, ρT ≤ 3.5781, θc ≤ 0.07873, θT ≤ 0.2817, b̂ ≤ 0.856, qC ≤ 2.7 × 10−14,
the smallest distj is 1.32 × 10−6, and exactly one λj (at about 3 × 10−16 − 4 × 10−15i) lies in Ω;
Table 2 lists the other N . Theorem 5.17 gives the statements, with the multiplier bounds e−δTlo

and e−δTlo/N rounded upward from Arb. For N = 1, Y (T ) = Mτ and Q = I.
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6 Conductance continuation and uniform cell stability
This section proves the implications used in Theorem D(a) and (b). The parameter is g = GKs

and N = 1 throughout; there is no ring coupling. This parameter family is distinct from the
fixed-conductance all-N family of Theorem C. In this section and Section 7, f(z; g) denotes the
scaled field Σ−1f(Σz; g) in the earlier notation. Frequencies retain their units per ms, while Fourier
amplitudes refer to the scaled state.

Validated Fourier continuation and radii-polynomial bounds follow established methods [35, 36].
The model’s analytic nonpolynomial field is handled by explicit guarded strip and polydisc estimates.
The conditions below are mathematical implications; their numerical application requires the
source-bound records and acceptance gates in Section 7.11.

6.1 Setting, domain and proposed statement

Write z = Σ−1x for the exact diagonal scaling of the 18-state cell, and g = GKs. The model has

f(z; g) = f(z; gc) + (g − gc)f1(z).

Only the voltage row of f1 is nonzero. A proposed periodic orbit is

z(t) = ϕ(ωt), ϕ(θ) =
∑
m∈Z

ame
imθ, ωϕ′ = f(ϕ; g).

The complex domain Ug is the open set where every intermediate reciprocal in the model
expression has a nonzero divisor and every intermediate logarithm or square root has argument
with positive real part. Exponentials and integer powers impose no further restriction, except
reciprocals for negative powers. Logarithms and square roots use their principal branches. A finite
ball evaluation, with these guards checked at every intermediate, certifies that the entire input set
lies in this domain. Guarded evaluation of the field and its derivatives is essential; a finite unguarded
logarithm is not a domain certificate.

Let ρ0 > 0, ν = eρ0 > 1, and exact positive weights ηω, η1, . . . , η18 be fixed on a piece. Define

ℓ1ν = {b : ∥b∥ν =
∑
m

|bm|ν|m| < ∞}, X = C × (ℓ1ν)18,

∥(ω, a)∥η = max
{

|ω|/ηω,max
k

∥ak∥ν/ηk

}
.

The residual space is X ′ = C × (ℓ1′
ν )18, with

∥b∥′
ν =

∑
m

|bm|ν|m|

1 + |m|
,

and the corresponding weighted maximum norm. The operator bm 7→ imbm is bounded from ℓ1ν
to ℓ1′

ν . It is not asserted bounded on ℓ1ν . Define F : X → X ′ locally by

Fph(ω, a) = a1,V − a−1,V , Fm(ω, a; g) = iωmam − [f ◦ ϕa]m.

On real conjugation-symmetric profiles this phase condition is Im a1,V = 0. It fixes a local time
origin when a1,V ̸= 0. It does not select a voltage level crossing, which can cease to exist along a
shrinking orbit.
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6.2 Fourier enclosures and an injective proposed inverse

The convolution inequality

∥b ∗ c∥ν ≤ ∥b∥ν∥c∥ν

follows by summing absolute values and using ν|m| ≤ ν|n|ν|m−n|. Thus ℓ1ν is a Banach algebra. Its
Fourier series converges absolutely and uniformly on the closed strip | Im θ| ≤ ρ0, and is holomorphic
on its interior.

Lemma 6.1 (strip and Fourier bounds). Suppose a finite cover of [0, 2π]×[−ρ, ρ] by closed rectangles
is evaluated by guarded inclusion arithmetic for a trigonometric polynomial p and a holomorphic
expression H. If all evaluations are finite, H(p(θ)) is holomorphic on an open neighborhood of the
closed strip, and its modulus is bounded by the maximum S of the output modulus upper bounds.
Its coefficients satisfy |cn| ≤ Se−ρ|n|. An M-node DFT encloses

∑
ℓ∈Z cn+ℓM ; therefore the exact

coefficient is enclosed after adding the alias error

S
e−ρ(M−n) + e−ρ(M+n)

1 − e−ρM
(|n| < M).

For q = νe−ρ < 1, the weighted omitted tail beyond K ′ is at most 2SqK′+1/(1 − q).

Proof. Each rectangle’s input ball contains every polynomial value on the rectangle; inclusion and
the domain guards imply that these values lie in an open holomorphic domain. Periodicity extends
the cover to the strip. Shifting the Fourier integration contour to imaginary part −ρ sgn(n) proves
the coefficient bound. Absolute convergence permits interchanging the Fourier series with the finite
DFT; the finite roots-of-unity sum is 1 precisely when the coefficient index equals n modulo M .
Summing the positive and negative alias geometric series gives the displayed formula. Summing
S(νe−ρ)|n| over both omitted signs gives the last claim. The same proof applies entrywise and to a
family whose coefficient and parameter balls contain every member.

Choose an exact real center x̄ = (ω̄, ā), with ω̄ > 0, modes |m| ≤ K, conjugation symmetry, and
zero phase. Let Jn = [Df ◦ ϕā]n, evaluated at gc. Form the finite Jacobian Jfin with rows phase and
modes |m| ≤ K, and columns frequency and those modes. Its phase row has precisely +1 at (1, V )
and −1 at (−1, V ). Let Afin be any exact square matrix proposed as an inverse. Define the fixed
operator A : X ′ → X by Afin on the finite block and

Am = (iω̄mI − Ĵ0)−1 (|m| > K),
on individual tail modes, where Ĵ0 is an exact real matrix. There is no damping term for N = 1.

Lemma 6.2 (tail inverse and injectivity). Compute the point matrix inverses for K < |m| ≤ mmax.
Put Y = ω̄(mmax + 1), G = |Ĵ0|/Y , and require θ = ∥G∥∞ < 1. Set

SG = I +G+G2 + θ3

1 − θ
1.

For every farther mode,

|Am| ≤ SG/Y, |mAm| ≤ SG/ω̄.

Together with the explicit modes these give finite entrywise bounds A0 ≥ sup|m|>K |Am| and
A1 ≥ sup|m|>K |mAm|, and make A : X ′ → X bounded. If ∥I − ADF (x̄; gc)∥X→X < 1, then A is
injective.
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Proof. For y = ω̄|m| ≥ Y , expand the inverse in the Neumann series of Ĵ0/(iω̄m). Entrywise
absolute values are bounded by y−1∑

k≥0G
k. For k ≥ 3, each entry is at most the corresponding

row sum, which is at most θk; summing proves both estimates. The factor needed to map X ′ into
X is (1 + |m|)|Am|, bounded by A0 +A1. The finite compression of I −ADF is I −AfinJfin, with
norm below 1. A Neumann series makes AfinJfin invertible, hence the square matrix Afin invertible.
Each tail matrix is invertible by its explicit or Neumann construction, so Av = 0 implies every
component of v is zero.

Negative tail modes are included: A−m = Am, but products with a fixed Jn require both signs.
A bound for |AmJn| at positive m cannot simply be reused for negative m without conjugating Jn.

6.3 Finite/tail bounds and the branch contraction

Here and below absolute values of matrices are entrywise, and inequalities between nonnegative
matrices are entrywise. For an operator B : X → X with component blocks, a sufficient bound is

∥B∥ ≤ max
c

1
ηc

∑
c′

ηc′Bcc′ , Bcc′ ≥ sup
m′

∑
m

|Bcc′(m,m′)|ν|m|−|m′|.

Frequency has one mode with weight 1. This is proved by applying the triangle inequality in
each output component and then the weighted maximum norm.

The following prescriptions specify the directions that must be bounded. A finite vector residual
is multiplied by Afin exactly in ball arithmetic. For a residual with nonlinear coefficient enclosure
[vm], its remaining bound is

∑
K<|m|≤K′

|Am[vm]|ν|m| +A0Sv
2qK′+1

1 − q
.

Polynomial derivative terms vanish beyond K, including along the paths below. The three terms,
finite rows, explicit tail rows and analytic omitted tail, give a component residual vector.

For B = I − ADF (x̄; gc), finite rows and finite columns are I − AfinJfin. Finite rows and tail
columns are Afin applied to convolution columns with entries −Jm−m′,kj , |m| ≤ K < |m′|. Their
phase entry is zero, since this branch phase uses only modes ±1. Evaluate K < |m′| ≤ K + L
explicitly. For each sign, farther columns satisfy

|Jm−m′,kj | ≤ SJ,kje
−ρ(|m′|−sgn(m′)m).

After division by ν|m′|, each term of the finite-row column sum is a nonnegative constant times
(e−ρ/ν)|m′|. It decreases, so the column at |m′| = K + L + 1, for each sign, bounds all farther
columns.

For tail rows put J ′
0 = J0 − Ĵ0 and J ′

n = Jn otherwise. The identity Am(iω̄mI − Ĵ0) = I gives

(By)m =
∑

n

AmJ
′
nym−n, |m| > K.

There is no frequency column in these rows because ām = 0 there. Let Cn ≥ sup|m|>K |AmJ
′
n|,

using explicit products for both signs and the far bound of Lemma 6.2. Then

T =
∑

|n|≤K′

Cnν
|n| +A0SJ

2qK′+1

1 − q
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bounds the tail convolution blocks. A block bound is the maximum of its finite-row finite-column
and finite-row tail-column suprema, plus the tail block T . This maximum is necessary: the two
finite-row cases are alternatives for an input column, whereas the tail rows are additional outputs.

On P = [gc − h, gc + h], affinity in g gives

Y0 = max
c

(Y0p,c + hY0g,c)/ηc,

Z1 = max
c
η−1

c

∑
c′

ηc′(B1,cc′ + hB1g,cc′).

Here Y0p uses the point residual, Y0g uses Fg = (0,−[f1 ◦ ϕā]m), and B1g bounds A∂gDF by the
same finite/tail split, with the convolution coefficients of Df1 and no identity subtraction. This
derivative has zero rows outside voltage. Exact zero rows may be omitted; nonzero directions
may not. The displayed estimates follow from F (x̄; g) = F (x̄; gc) + (g − gc)Fg(x̄) and the identical
derivative identity, or from the fundamental theorem of calculus if interval enclosures are used.

Lemma 6.3 (Hessian bound in the Banach algebra). Let ρ2 > ρ0, exact radii Rj > 0, and a guarded
cover contain every center polynomial under consideration, its state polydisc |wj | ≤ Rj, and every
required g. Suppose

|∂j∂lfk(ϕā(θ) + w; g)| ≤ MH,kjl (| Im θ| ≤ ρ2).

For tj = ∥aj − āj∥ν < Rj, define

q2 = νe−ρ2 < 1, Q2 = (1 + q2)/(1 − q2), Π(t) =
∏
j

(1 − tj/Rj)−1.

Then the Hessian composition belongs to ℓ1ν and has norm at most MH,kjlQ2Π(t). The map
a 7→ f ◦ ϕa is analytic locally into (ℓ1ν)18, with derivative convolution by Df ◦ ϕa; its Jacobian
derivative is convolution by the Hessian.

Proof. Expand the Hessian about the center polynomial in the state polydisc. Cauchy’s formula
gives Taylor coefficient bounds |cα(θ)| ≤ MHR

−α. Each coefficient is periodic and holomorphic near
the ρ2 strip, so Lemma 6.1 gives ∥cα∥ν ≤ MHR

−αQ2. Substitution of a− ā in this series converges
absolutely in the Banach algebra, dominated by MHQ2

∏
j

∑
n≥0(tj/Rj)n. On the real circle its

value is the original composite, so its Fourier coefficients are those of the composite. The same
argument for f and Df gives normally convergent power series on smaller polydiscs. Differentiating
those series term by term gives the stated derivatives, and the series for the derivative of Df is
precisely the Hessian series already bounded.

Let N0, N1 bound the finite blocks of Afin and of Afin followed by mode multiplication im,
respectively, in the component sequence norms. Extend A0, A1 by zero in frequency output. For
ηjr∗ < Rj , put

Wk = Q2Π(ηr∗)
∑
j,l

ηjηlMH,kjl,

Z2 = max
c
η−1

c

∑
k

{2ηωηk(N1 +A1)ck + (N0 +A0)ckWk}.

Indeed, for x− x̄ = (∆ω,∆a) and a unit test vector y, the derivative difference is

im(yω∆am + ∆ωya,m) − [(Df ◦ ϕa −Df ◦ ϕā) ∗ ya]m.
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The first two terms give the factor 2ηωηk; the last is the integral of the Hessian along ā+ s∆a,
bounded by Lemma 6.3 and the convolution inequality. Thus

∥A(DF (x; g) −DF (x̄; g))∥ ≤ Z2∥x− x̄∥ (∥x− x̄∥ ≤ r∗).

Lemma 6.4 (piece existence and uniqueness). Suppose the domain cover and inverse checks above
hold uniformly on P , and choose 0 < rlo < rhi ≤ r∗. If, at both radii,

p(r) = Y0 + (Z1 − 1)r + 1
2Z2r

2 < 0, Z1 + Z2r < 1,

then each g ∈ P has a unique zero in Brhi(x̄), and that zero lies in Brlo(x̄).

Proof. The composition lemma and the bounded mode-multiplied inverse make Tg = x−AF (x; g)
continuously differentiable on the ball in X. Integration of its derivative along the center segment
gives

∥Tg(x) − x̄∥ ≤ Y0 + Z1r + 1
2Z2r

2 < r.

Its derivative norm is at most Z1 + Z2r < 1, so it is a contraction. Apply Banach’s theorem at
both radii; the smaller fixed point lies in the larger ball and is its unique fixed point. Injectivity of A
equates fixed points with zeros of F . Reality follows because (ω, am) 7→ (ω, a−m) takes zeros to zeros
and preserves the ball, so uniqueness fixes this involution. A certified lower bound ω̄ − ηωrlo > 0
gives positive frequency. The lower bound |ā1,V | − ηV rlo/ν > 0 gives a nonzero first harmonic. A
nonconstant 2π-periodic continuous function with a smaller minimal period has minimal period
2π/k for an integer k ≥ 2; its Fourier coefficients then vanish outside multiples of k. The first
harmonic excludes this possibility.

6.4 Continuity and gluing

On a piece, F (x; g) − F (x; g′) = (g − g′)F1(x). The composition series above gives a finite bound L
for ∥AF1(x)∥ on its uniqueness ball. With κ = Z1 + Z2rhi < 1, the fixed point identity gives

∥x∗(g) − x∗(g′)∥ ≤ L|g − g′| + κ∥x∗(g) − x∗(g′)∥,

and hence Lipschitz constant L/(1 − κ).
For adjacent pieces with overlap, require

∥x̄i − x̄i+1∥η(i+1) + rlo,i max
c

ηc,i

ηc,i+1
≤ rhi,i+1.

The existence zero of i is then in the uniqueness ball of i+ 1, so the two maps agree throughout
their overlap. Require that both lower and upper piece endpoints increase strictly. If nonadjacent
pieces i < j meet, the lower endpoint of j belongs to every intermediate piece: its value is at least
their lower endpoints and at most the upper endpoint of i, hence at most theirs. Adjacent identities
give equality there. The equality set on Pi ∩ Pj is closed by continuity. It is relatively open: an
agreement zero lies in the existence ball of j, which is strictly inside its uniqueness ball because
rlo,j < rhi,j ; nearby values from i remain inside that uniqueness ball and are the same zero. The
overlap is connected, so the equality set is the entire overlap. The piecewise map is therefore single
valued and continuous on the full interval. This proves Theorem D(a) under the stated record
hypotheses.
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6.5 Affine piece tubes and quadratic group tubes

The smaller stability tube must follow the orbit. A broad existence ball about a constant center
cannot be substituted for this tube without checking the resulting inequalities.

For an affine path x̃(g) = x̄+ dx̄1, d = g − gc, |d| ≤ h, let e ≥ h∥x̄1∥. If

e+ r ≤ rhi, κ = Z1 + Z2(e+ r) < 1, Y ′ ≥ sup
g

∥AF (x̃(g); g)∥, Y ′ ≤ (1 − κ)r,

the same contraction argument on Br(x̃(g)) locates the branch there. The ball lies in the old
uniqueness ball, which identifies the zero. Its residual decomposition is

R0 + dR1 + d2R2(d),

(R1)m = im(ω̄ā1,m + ω1ām) − [∂dG(·; 0)]m,

(R2(d))m = imω1ā1,m −
[∫ 1

0
(1 − s)∂2

dG(·; sd) ds
]

m
,

where G(θ; d) = f(ϕā + dϕ1; gc + d). All phase components are zero when the path has the exact
branch phase. Taylor’s formula proves the decomposition; continuous integrands on a compact circle
times [0, 1] justify exchange of the Fourier and s integrals. The second-derivative box enclosure
is multiplied by 1/2, the mass of 1 − s. Applying the residual prescription of Section 6.3 gives
Y ′ = maxc(Y0p,c + hY1,c + h2Y2,c)/ηc.

For a unit consisting of consecutive overlapping branch pieces with the same weights and settings,
use

x̃(g) = x̄+ dx̄1 + 1
2d

2x̄2.

All sequence modes have |m| ≤ K, real symmetry and exact zero phase. A coefficientwise hull
must contain every path coefficient for |d| ≤ h, using a real box containing [−h, h] and a separate
box containing [0, h2]. No assertion about the square of an extra rounded rim of the first box is
needed. Its guarded polydisc cover provides Lemma 6.3 about every polynomial center in the hull.
The proof of the derivative-difference bound uses only a difference from that center, so the same
Z2 works at every moving path point. In particular it does not introduce Z2 times the distance
traveled from x̄.

6.5.1 Taylor arithmetic and residual

A degree-P jet stores Taylor coefficients ck = u(k)/k!. The exact recurrences are

(ab)k =
k∑

j=0
ajbk−j , r0 = 1/a0, rk = −r0

k∑
j=1

ajrk−j ,

kek =
k∑

j=1
jajek−j , a0ℓk = ak − 1

k

k−1∑
j=1

jℓjak−j ,

2s0sk = ak −
k−1∑
j=1

sjsk−j .

These follow respectively by multiplying power series and by the identities ar = 1, e′ = a′e,
a′ = aℓ′, and s2 = a. Guarded a0 excludes zero for reciprocals and has positive real part for log and
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square root. Thus each recurrence computes coefficients of a holomorphic germ. Induction over
the expression, with inclusion arithmetic at each operation, proves enclosure of every coefficient.
Integer powers use products and reciprocals. First state derivatives carried over jets satisfy the
exact product and chain rules, so the same induction proves enclosures for Df .

At base point ξ0, the path has coefficients

(z̄ + ξ0z1 + ξ2
0z2/2, z1 + ξ0z2, z2/2, 0, . . .),

and the conductance has (gc + ξ0, 1, 0, . . .). Domain checks over the strip and every real
ξ0 ∈ [−h, h] establish joint holomorphy of the expression in its complex state inputs. Its parameter
Taylor coefficients are consequently holomorphic in those inputs and are admissible black boxes for
Lemma 6.1.

Let cp = (1/p!)∂p
ξG(·; 0) for p ≤ 3, and c4(·; ξ) = (1/4!)∂4

ξG(·; ξ). Taylor’s formula gives

G(·; d) =
3∑

p=0
dpcp + d4

∫ 1

0
4(1 − s)3c4(·; sd) ds.

The averaging weight has mass 1, so coefficient box enclosures and strip bounds of c4 also enclose
its integral. The exact derivative polynomial ω(d)a(d) = ∑4

p=0 d
plp has

l0 = ω̄ā, l1 = ω̄ā1 + ω1ā,

l2 = ω̄ā2/2 + ω1ā1 + ω2ā/2, l3 = (ω1ā2 + ω2ā1)/2, l4 = ω2ā2/4.

Subtracting the nonlinear expansion gives Rp = (0, (imlp,m − [cp]m)m) for p = 1, 2, 3, and the
same expression with the averaged c4 for R4(d). Section 6.3 bounds each ARp, including every
omitted Fourier coefficient. Therefore

Y ′ = max
c

Y0p,c +∑4
p=1 h

pYp,c

ηc
≥ sup

g
∥AF (x̃(g); g)∥.

6.5.2 Derivative bound and identification

Set D(d) = DF (x̃(gc + d); gc + d) and J(θ; d) = Df(ϕ̃(θ; d); gc + d). Then

D(d) = D(0) + dD′(0) + d2E(d),

(D′(0)y)m = imω1ya,m + imā1,myω − [J1 ∗ ya]m,

(E(d)y)m = im(ω2/2)ya,m + im(ā2,m/2)yω − [C(d) ∗ ya]m,

with zero phase rows, J1 = ∂dJ(·; 0), and

C(d) =
∫ 1

0
2(1 − s)1

2∂
2
dJ(·; sd) ds.

The coefficient enclosures [C2,n] of 1
2∂

2
dJ over the whole parameter box enclose C(d)n, because

this averaging weight also has mass 1. Use the finite/tail prescription to bound AD′(0) by B′ and
AE(d) by B′′. Tail rows now include the additional diagonal term |ωd|A1; they have no frequency
column because the polynomial frequency-column profile has no modes beyond K. Thus

Z1G = max
c
η−1

c

∑
c′

ηc′(B1,cc′ + hB′
cc′ + h2B′′

cc′) ≥ sup
g

∥I −AD(d)∥.
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The finite point compression is bounded by Z1G, so Z1G < 1 proves injectivity as in Lemma 6.2.
If

r ≤ r∗, κ = Z1G + Z2r < 1, Y ′ ≤ (1 − κ)r,

then Tg maps Br(x̃(g)) into itself and contracts there. Its unique zero is identified with the
already glued branch by checking, for every constituent piece,

sup
g∈Pi

∥x̃(g) − x̄i∥η(i) + rmax
c

ηc

ηc,i
≤ rhi,i.

The supremum uses the complete polynomial on a box containing Pi −gc, not sampled parameter
values. The triangle inequality puts the new zero in the old uniqueness ball, so it is x∗(g).

6.6 Hill coefficients for every conductance in a unit

Let tj = ηjr < Rj , ρe = min(ρ0, ρ2), and

ϵW,kl =
∑

j

MH,kljtj .

Along the quadratic path let [J0,n], [J1,n], [C2,n] and their strip majorants be as above. Choose
exact matrices J1c,n, C2c,n, and entrywise radii rad1,n, rad2,n bounding their differences from the
respective coefficient balls. For the true orbit coefficients An(g) = [Df ◦ ϕ∗]n,

An(g) ∈ [J0,n] + dJ1c,n + d2C2c,n + ball(h rad1,n +h2 rad2,n +ϵW e−ρe|n|),

|An(g)| ≤ (SJ0 + hSJ1 + h2SC2)e−ρ|n| + ϵW e−ρe|n| (n ∈ Z),

|ω∗(g) − ω̄ − dω1 − d2ω2/2| ≤ ηωr.

Derivation of the coefficient enclosures. Taylor expansion gives J(d) = J0 + dJ1 + d2C(d); subtract-
ing exact centers of the two derivative enclosures gives the two radius terms. Put w = ϕ∗ − ϕ̃. Its
components have modulus at most tj on the closed ρ0 strip. The integral of the Hessian on ϕ̃+ sw
gives

Df(ϕ∗; g) −Df(ϕ̃; g) =
∫ 1

0
D2f(ϕ̃+ sw; g)w ds,

whose entrywise modulus is at most ϵW on the ρe strip. The true profile is known holomorphic
only inside its ρ0 strip, so apply Lemma 6.1 first on each closed strip ρ′′ < ρe, then let ρ′′ ↑ ρe. This
proves the slow exponential bound without assuming extension past the boundary. Adding the
path terms proves both coefficient bounds. The frequency estimate is the tube inequality. For an
affine piece omit the C2 terms and set ω2 = 0; its first derivative is boxed over the entire parameter
interval, so h rad1 encloses the integral derivative variation.

6.7 The Hill operator, domain and Floquet multiplicities

This part uses a different space:

XH = ℓ1(Z;C18), ∥P∥ =
∑
m

|Pm|1, D = {P :
∑
m

|m||Pm|1 < ∞}.

For fixed g, define the closed operator
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(HgP )m = −iω∗(g)mPm +
∑

n

An(g)Pm−n, D(Hg) = D.

The convolution is bounded by α = ∑
n ∥An∥1→1 < ∞. The diagonal operator has compact

resolvent: its inverse entries (µ + iωm)−1 tend to zero and are norm limits of finite truncations.
For Reµ > α, a Neumann series in the bounded convolution gives a compact resolvent for Hg.
The resolvent identity then gives compact resolvent at every resolvent point. Compact-resolvent
spectral theory implies isolated eigenvalues of finite algebraic multiplicity, with Riesz projection
rank equal to the sum of those multiplicities inside an isolating contour. This is the same general
compact-resolvent theorem proved in Appendix A; no new compact-resolvent theorem is claimed.

Lemma 6.5 (multiplicity, N = 1). Let Y ′(t) = Df(ϕ∗(ωt); g)Y (t), Y (0) = I, and T = 2π/ω. Then

m(µ;Hg) = m(eµT ;Y (T )).

Proof. On the finite-dimensional generalized eigenspace Gµ(Hg), the function operator −ω∂θ +A(θ)
is µ+K with K nilpotent. For p in that space,

y(t) = (et(µ+K)p)(ωt)
solves the variational equation by differentiation. Evaluation at zero intertwines eT (µ+K) and

Y (T ). It is injective: if y(0) = 0, then y(t) = 0. At t + nT , periodicity makes this equality a
polynomial in n times a nonzero exponential. If Kk∗p is the highest nonzero power, the leading
polynomial coefficient is T k∗(Kk∗p)(ωt)/k∗!, so it vanishes for every t, a contradiction. This gives
the inequality from Hill multiplicity to monodromy multiplicity.

Conversely, on W = Gλ(Y (T )), λ = eµT , write Y (T ) = λ(I +K) and

B = µI + T−1∑
j≥1

(−1)j+1Kj/j,

where the sum is finite by nilpotence. It has eT B = Y (T )|W . The matrix-valued map Π(t) =
Y (t)e−tB : W → C18 is T -periodic. Its smooth periodic profiles pw(θ) = Π(θ/ω)w have Fourier
sequences in D. Differentiation gives Hgpw = pBw, and evaluation at zero is w, so this embeds all of
W injectively in Gµ(Hg). The reverse dimension inequality follows.

Consequently the Hill spectrum is invariant, with multiplicity, under shifts by iωZ; one half-open
strip of height ω contains exactly 18 eigenvalues counted with multiplicity. Differentiating the profile
equation gives Hg(ima∗,m)m = 0. This vector is nonzero and belongs to D, because the profile is
nonconstant and analytic. Thus zero is an actual neutral eigenvalue, not an assumed numerical
center.

6.8 A uniform finite-window comparison

Use a fixed exact real diagonal cell similarity S, with entries powers of two, and replace coefficients
by S−1AnS. This preserves D, spectrum and multiplicities. All matrix 1-norms in what follows use
these cell coordinates. Let W = {|m| ≤ Ke}, and choose exact affine matrices

V (d) = V0 + dV1, Vi(d) = Vi0 + dVi1, Λ(d) = Λ0 + dΛ1

with diagonal Λ. They are proposals; their floating-point construction is not an assumption
of correctness. Window weights are 1, with a constant tail weight ζT > 0. The norm in these
coordinates is
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∥v∥ζ =
∑

j

|vj | + ζT

∑
m/∈W

|vm|1.

Let H0, H1, H2 be the window matrices of [J0,n], J1c,n, C2c,n, including diagonals −imω̄, −imω1
and −imω2/2, respectively. Let Rb contain the coefficient remainder from Section 6.6 in every block
(w,w′), plus |w|ηωr on its diagonal. Then the true window is

HW W (g) = H ′
0 + dH1 + d2H2 + E, H ′

0 ∈ H0, |E| ≤ Rb.

Define

cj = ∥(Vi0V0 − I)ej∥1 + h∥(Vi0V1 + Vi1V0)ej∥1 + h2∥Vi1V1ej∥1, qC = max
j
cj ,

and the coefficient matrices

W0 = Vi0H0V0 − Λ0,

W1 = Vi1H0V0 + Vi0(H1V0 +H0V1) − Λ1,

W2 = Vi1(H1V0 +H0V1) + Vi0(H1V1 +H2V0),

W3 = Vi1(H1V1 +H2V0) + Vi0H2V1, W4 = Vi1H2V1.

Put Vb = |V0| + h|V1|, Vib = |Vi0| + h|Vi1|, and

wj =
4∑

k=0
hk∥Wkej∥1 + ∥VibRbVbej∥1.

If qC < 1, then V (d) is invertible and the true finite defect Fm = V (d)−1HW W (g)V (d) − Λ(d)
satisfies

fj := ∥Fmej∥1 ≤ fU
j = wj + (|λ0j | + h|λ1j |)cj

1 − qC
,

βwl := ∥V (d)−1ewl∥1 ≤ βU
wl = ∥Vibewl∥1/(1 − qC).

Derivation of the window bounds. Expanding the products gives the five Wk, and bounding the
remaining product by absolute matrices gives wj . For C = I − ViV , its column norms are at most
cj ; hence I − C is invertible and so are the square matrices Vi, V . Since V −1 = (I − C)−1Vi,

Fm = (I − C)−1(ViHW WV − Λ + CΛ).

The Neumann norm bound ∥(I −C)−1∥ ≤ (1 − qC)−1 proves the two inequalities. If Γ is a fixed
rectangle boundary, its distance function is 1-Lipschitz, so

dist(λj(d),Γ) ≥ dU
j := dist(λ0j ,Γ) − h|λ1j |.

When every dU
j > 0, no affine diagonal path crosses the boundary, and its inside count is

constant.
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6.9 Infinite tail, coupling bounds and the Schur count

Let B0 be a fixed exact real cell matrix and, for the actual frequency, put Bm = −iωmI +B0 in the
tail. The comparison operator is D = Λ(d) ⊕ (Bm)m/∈W . Its domain is precisely D, because

(ω|m| − ∥B0∥)|vm|1 ≤ |Bmvm|1 ≤ (ω|m| + ∥B0∥)|vm|1.

Let V equal V (d) on the finite window and the identity on the tail. It and its inverse preserve this
domain. The difference E = V−1HgV −D is bounded, with blocks Fm, V

−1HW T , HT WV,HT T −DT .
Crucially the actual −iωm cancels in the tail difference. An uncertain frequency times m is never
moved into a bounded tail perturbation.

From Section 6.6 obtain balls [An]U and an all-index majorant |An| ≤ s1q
|n|
1 + s2q

|n|
2 , qi < 1.

Define

G(k) = 2
2∑

i=1
siq

k
i /(1 − qi), θc =

∑
0<|n|≤nA

∥[An]U ∥ +G(nA + 1) + ∥[A0]U −B0∥.

The tail-to-tail operator norm is at most θc by convolution. For each window mode let

tw =
∑

|n|≤nA

|w+n|>Ke

∥[An]U ∥ +G(nA + 1), rU
j = ζT

∑
w

tw|(Vb)w,j |1.

These bound each window-to-tail output column. For tail input mode m,

bU
m = max

k
ζ−1

T

∑
w,l

βU
wl|[Aw−m]Ulk|.

Use the analytic entrywise majorant where an index is outside the coefficient enclosure range.
Evaluate Ke < |m| ≤ Ke +nc in both signs. For farther inputs all w−m have one sign and modulus
at least |m| −Ke, so

bm ≤ βU
max
ζT

G(|m| −Ke)
2 ≤ βU

max
ζT

G(nc + 1)
2 .

Taking the maximum of the near values and this far bound gives b̂ ≥ ∥EW T ∥. All these estimates
follow by summing absolute column entries; the factor 1/2 removes the unused sign of the geometric
tail. They require the majorant at every index used in the far estimate.

Choose Ω = (−δ,R0) × (a, b), with positively oriented boundary Γ, satisfying

δ > 0, R0 > αU , a < 0 < b, b− a ≥ ωhi, b < ωlo, −a < ωlo.

Here αU is the sum of all coefficient norm bounds, including their omitted tail. Put hΓ =
max(|a|, |b|), g0 = ωlo(Ke + 1) − hΓ, and choose ϵ > 0. For each µ in the open neighborhood

−δ − ϵ < Reµ < R0 + ϵ, | Imµ| < hΓ + ϵ,

and tail m, either z = µ + iωm or its conjugate has real part at least −δ − ϵ and imaginary
part at least g0 − ϵ. Since B0 is real, conjugation preserves its resolvent 1-norm. Choose an exact
invertible U and exact diagonal ΛT ; certify their inverses and put FT = U−1B0U − ΛT . If

γ = min
l

max{−δ − ϵ− ReλT,l, g0 − ϵ− | ImλT,l|} > ∥FT ∥,
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then every tail block is invertible throughout that neighborhood, with

∥(µ−Bm)−1∥ ≤ ρT := ∥U∥∥U−1∥
γ − ∥FT ∥

.

Indeed each diagonal distance is at least γ, and the Neumann series for z−ΛT −FT gives the bound
after conjugating by U . For fixed µ, the simpler Neumann bound 1/(|µ+ iωm|−∥B0∥) tends to zero.
The direct-sum inverse therefore is compact. It maps into D, since Bm(µ−Bm)−1 = µ(µ−Bm)−1 −I
is bounded and the displayed domain estimate applies. The tail resolvent is holomorphic on an open
neighborhood of Ω; its contour integral vanishes. Hence D’s Riesz rank in Ω is exactly the number
of its finite diagonal entries there.

Lemma 6.6 (Schur homotopy certificate). Suppose qC < 1, all dU
j > 0, exactly one λ0j lies in Ω,

and

θT = θcρT < 1, fU
j +

b̂ρT r
U
j

1 − θT
< dU

j for every window column j.

Then Hg has exactly one eigenvalue in Ω, counted algebraically, and

specHg ∩ {Reµ ≥ −δ} = iωZ,

each such eigenvalue being algebraically simple.

Proof. For each s ∈ [0, 1], the tail block of µ − D − sE is invertible by a Neumann series, with
inverse norm at most ρT /(1 − θT ). Its finite Schur complement is

µ− Λ − sFm − s2EW T (µ−DT − sET T )−1ET W .

Column j of the subtracted perturbation has norm at most fU
j + b̂ρT r

U
j /(1 − θT ). Dividing

by the diagonal µ− Λ gives norm below 1 on Γ. The Schur complement is invertible. The usual
triangular factorization is valid on the domain: its lower factor maps the finite window into D
through the tail inverse, and its upper factor is bounded on the tail into the finite window. Thus Γ is
in the resolvent of every D+ sE. These operators have compact resolvent; their contour projections
are norm continuous by the resolvent identity. Projections within norm distance less than 1 have
equal finite rank: either projection restricts injectively from the other range, since a nonzero vector
in its kernel would have norm strictly less than itself. Partitioning [0, 1] into such neighborhoods
keeps the rank constant. Its initial rank is the finite inside count, one. Similarity transfers this
count to Hg.

The actual neutral vector from Section 6.7 lies at zero inside Ω, so it exhausts that count and
is algebraically simple. Any eigenvalue with real part at least −δ has real part below R0 by the
half-plane Neumann estimate of Section 6.7. Shift it by an integer multiple of iω into the closed
interval [a, b], possible because its length is at least ω. No shifted eigenvalue can lie on Γ, which is
resolvent. It is therefore inside Ω, and must be zero. Conversely every shift of the actual neutral
eigenvalue exists with the same multiplicity by Lemma 6.5.

All quantities in this proof were bounded on the whole parameter interval. At each fixed g, the
same inequalities apply with its own V (d),Λ(d), true frequency, and true coefficients. No continuity
assertion for parameter-dependent Riesz projections is needed: only the s-homotopy for that fixed
g. Thus Lemma 6.6 holds for every conductance of the unit. This proves the spectral part of
Theorem D(b) using Lemma 6.5 and T (g) ≥ 2π/ωhi.
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6.10 Local orbital stability and asymptotic phase

Fix a conductance with the preceding certificate, and a point z∗ on its orbit. The vector field
there is nonzero: otherwise uniqueness for the ODE would make the entire orbit constant. On
the transverse affine section Σ = {z : ⟨f(z∗), z − z∗⟩ = 0}, the implicit function theorem supplies
a smooth return time τ(z) near T and a return map P . Its derivative is the projection of Y (T )
onto the section along the flow direction. In the splitting into flow direction and section, Y (T ) has
triangular diagonal blocks 1 and DP (z∗). Hence the return derivative has all 17 stable multipliers
and spectral radius below e−δT .

For 0 < δ′ < δ, choose a norm on the section and a contraction factor q satisfying

r(DP (z∗)) < q < e−δ′T .

Such a norm is obtained by scaling each Jordan chain so its off-diagonal entries are arbitrarily
small. Continuity of DP then bounds its norm by q on a sufficiently small convex section ball, and
the mean value inequality gives |P kz − z∗| ≤ qk|z − z∗|. An initial point close to the orbit reaches
that section within a bounded time, at a point whose distance to z∗ is bounded by a constant
times its initial orbital distance; this follows from a finite flow interval and the smooth return-time
function.

If zk are successive section intersections at times tk, smoothness of τ gives |τ(zk) − T | ≤
Cqk dist(z0,O). The sum converges, so tk − kT → σ∞, with error at most C ′qk dist(z0,O). Set
phase σ = −σ∞. At each section return both the perturbed orbit and z∗(tk + σ) are within
C ′′qk dist(z0,O) of z∗. Gronwall’s inequality on the bounded intervals between returns propagates
this estimate to every later time. Since tk = kT +O(1), qk ≤ C ′′′e−δ′t on each such interval. On
the initial bounded interval, smooth dependence on initial data and the fact that the limiting phase
differs from the nearby orbit’s initial phase by O(dist(z0,O)) give the same estimate after increasing
the constant. This proves the local stability assertion of Theorem D(b). It does not compute the
section size, Jordan norm or nonlinear constants.

7 The Hopf endpoint and amplitude bridge
This section proves the implication used in Theorem D(c). The amplitude desingularization and the
transition back to ordinary periodic-orbit coordinates follow van den Berg, Lessard and Queirolo [37],
particularly their Sections 5 and 6. Their Section 2.2 already describes locally analytic nonpolynomial
fields through DFT error and Banach-algebra derivative bounds; nonpolynomiality alone is not a
new method. Here the guarded domains, Fourier remainders and full-ball bounds are made explicit
for the fixed TP06 logarithmic and square-root expression. The amplitude parameter ε below is
unrelated to 1/N2 in Theorem C.

7.1 Complex domain and finite-dimensional contraction

All complex extensions use the actual analytic branches in the vector field. The principal logarithm
and square root are holomorphic on the right half-plane used by the domain guards. Every divisor
is separated from zero. It is necessary to check the entire complex box or strip image used in an
estimate, rather than only its real center.

Let F : Cn → Cn be holomorphic on a neighborhood of the closed polydisc

P = {z : |zi − z̄i| ≤ ri, 1 ≤ i ≤ n}, ri > 0.
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Let C be a proposed inverse and set T (z) = z − CF (z). Suppose interval enclosures give

|(CF (z̄))i| ≤ bi, |(I − CDF (z))ij | ≤ Mij (z ∈ P ).

If
bi +

∑
j

Mijrj ≤ ri, κ = max
i

∑
j Mijrj

ri
< 1,

then T maps P into itself and is a contraction in the weighted maximum norm ∥v∥r = maxi |vi|/ri.
Indeed, integration of DT along the segment from z̄ to z proves the first inequality, and integration

along the segment between two points of the convex polydisc proves the Lipschitz bound κ. Banach’s
theorem gives a unique fixed point. At any point of P , the matrix CDF = I − (I − CDF ) is
invertible by the Neumann series. Since both factors are square, C and DF are invertible. Thus
a fixed point is a true zero of F , not merely a zero of CF . This also supplies the injectivity that
cannot be inferred from a proposed numerical inverse alone.

For a real parameter family the same estimates may hold uniformly over a closed parameter
interval. Conjugation preserves a real problem and its enclosure, so uniqueness implies a real
zero. Invertibility of DF and the implicit function theorem identify the zeros locally as an analytic
parameter family. Where a common uniqueness enclosure contains the local solutions, local families
agree on overlaps and form one equilibrium branch. For the Hopf argument this common-enclosure
check is required only on the identity interval JH ; no global branch identity over the larger cover is
inferred merely from individual contractions.

Apply this construction to F (x; g) = f(x; g). Differentiating the equilibrium equation gives

x′
e(g) = −A(g)−1f1(xe(g)), A(g) = Dxf(xe(g); g),

and hence
A′(g) = D2

xf(xe(g); g)[x′
e(g), ·] +Dxf1(xe(g)).

A uniform interval enclosure of this derivative gives A(g) ∈ A(gc)+(g−gc)A′(G) by the fundamental
theorem of calculus. The midpoint enclosure used for A(gc) must be proved to lie in the same larger
equilibrium enclosure on which the derivative bound is valid.

7.2 Spectrum and identity of the critical eigenpair

Let V be an invertible approximate eigenvector matrix. Interval evaluation of V −1A(g)V gives
Gershgorin discs that contain its diagonal entries and row sums for every admitted equilibrium and
parameter. A union of k discs separated from the remaining discs contains exactly k eigenvalues
counted with algebraic multiplicity.

For completeness, deform the off-diagonal part continuously to zero while keeping the diagonal
fixed. All spectra remain in the same enclosing Gershgorin sets. A contour separating the selected
union from the other discs cannot be crossed during this deformation. The argument principle, or
continuity of the Riesz projection, keeps its eigenvalue count constant. At the diagonal endpoint
the selected discs contain exactly the corresponding k diagonal entries. The count is therefore k
throughout. For interval matrices the same argument is applied to each actual matrix using the
common enclosing discs and separating contour.

An augmented eigenpair problem

Aq − λq = 0, qk = 1
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is a square complex system. The polydisc contraction proves a true eigenpair. Its eigenvalue
enclosure must meet only the designated simple critical Gershgorin component; its conjugate must
meet only the conjugate component. Mere overlap with an approximate eigenvalue does not establish
identity. The remaining 16 eigenvalues are enclosed strictly in the left half-plane.

A left eigenvector satisfies pTA = λpT . The same component-identification condition is required
for its augmented proof. For a simple eigenvalue, pT q ≠ 0: otherwise q belongs to the range of
A− λI, yielding a generalized eigenvector and contradicting algebraic simplicity. Differentiating
Aq = λq and multiplying by pT therefore gives

λ′(g) = pTA′(g)q
pT q

.

All numerator and denominator operations must be outward enclosures, with the denominator
separated from zero.

The accepted equilibrium Hopf gate must prove that the endpoint and central eigenpairs refer
to this same critical component. One sufficient identification used in the source is a strict bound
Bim on the imaginary parts of all noncritical eigenvalues, together with a critical imaginary-part
lower bound exceeding Bim. This identifies the eigenvalue of positive imaginary part throughout
the common equilibrium cover.

Let GH be the central crossing interval. Suppose its left endpoint has ℜλ > 0, its right endpoint
has ℜλ < 0, and its derivative enclosure gives ℜλ′ < 0. Require a common equilibrium uniqueness
enclosure over an identity interval JH ⊃ GH , containing every equilibrium-cover polydisc meeting
JH , and consistent critical-component identification there. Continuity and the intermediate value
theorem produce one crossing in GH ; the derivative bound makes it unique there. The strict real-part
signs on every cover interval to its left and right exclude any other imaginary-axis crossing on JH .
These statements concern the certified equilibrium family. They do not imply global uniqueness of
equilibria elsewhere. Every central enclosure, including the Hopf enclosure itself, must be included
in the reported maxima used for eigenvalue identification.

7.3 Qualitative Hopf theorem and the cubic coefficient

The qualitative theorem used is the standard finite-dimensional Hopf theorem, with the hypotheses
and sign convention described by Kuznetsov [38]. Here the equilibrium family is smooth, its
linearization has exactly one simple pair µ(g) ± iω(g) with µ(gH) = 0 and ω(gH) > 0, every other
eigenvalue has negative real part, µ′(gH) ̸= 0, and the first Lyapunov coefficient is nonzero.

For the expansion at the equilibrium

f(xH + y; gH) = Ay + 1
2B(y, y) + 1

6C(y, y, y) +O(|y|4),

choose Aq = iωHq, AT p = −iωHp, and ⟨p, q⟩ = pT q = 1. In the convention used here,

l1 = 1
2ωH

ℜ
[
⟨p, C(q, q, q)⟩ − 2⟨p,B(q, A−1B(q, q))⟩ + ⟨p,B(q, (2iωHI −A)−1B(q, q))⟩

]
.

Both inverses in this formula must be certified. The spectral separation proves their existence,
but their numerical action still requires outward bounds. The derivative tensors may be evaluated
through exact truncated Taylor arithmetic: the quadratic directional derivative is 2[t2]f(x + tv)
and the cubic directional derivative is 6[t3]f(x + tv). Polarization gives the mixed derivatives.
Square-root and logarithm recurrences are valid only within the checked holomorphic domain. A
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change of normalization that rescales the coefficient by a positive factor preserves its sign, but does
not justify comparing unnormalized numerical values.

If µ′(gH) < 0 and l1 < 0, the theorem gives a supercritical stable family on the g < gH side, for
sufficiently small distance from the Hopf point. Stability is orbital, with the neutral phase direction
removed. This conclusion is local and existential. No lower bound on the size of the neighborhood is
supplied by this invocation. The amplitude continuation below provides an explicit existence cover,
not an automatic extension of this qualitative stability conclusion.

7.4 Desingularized equations and Banach spaces

Let ν = e1/8 and define

ℓ1ν =

a = (am)m∈Z : ∥a∥ν =
∑
m∈Z

|am|ν|m| < ∞

 , ℓ1ν,0 = {a ∈ ℓ1ν : a0 = 0}.

Convolution makes ℓ1ν a Banach algebra, since ν|m+n| ≤ ν|m|ν|n| and Tonelli’s theorem gives
∥a ∗ b∥ν ≤ ∥a∥ν∥b∥ν .

The unknown is X = (ω, g, c, w) in

X = C2 × C18 × (ℓ1ν,0)18.

For positive component weights η = (ηω, ηg, ηc, ηw),

∥X∥η = max
{

|ω|
ηω
,
|g|
ηg
,max

j

|cj |
ηcj

,max
j

∥wj∥ν

ηwj

}
.

The residual sequence space is weaker:

ℓ1′
ν =

{
a :
∑
m

|am|ν|m|

1 + |m|
< ∞

}
.

Thus Fourier differentiation maps ℓ1ν boundedly into ℓ1′
ν . It must not be treated as a bounded

operator on ℓ1ν itself.
Define the difference quotient without division by amplitude:

Q(c, u, ε; g) =
∫ 1

0
Dxf(c+ sεu; g)u ds.

On a domain containing every segment in this integral,

εQ(c, u, ε; g) = f(c+ εu; g) − f(c; g), Q(c, u, 0; g) = Dxf(c; g)u.

The fundamental theorem of calculus proves the identity. Uniform holomorphy and boundedness on
the compact segment permit differentiation under the integral, so Q is jointly holomorphic including
at ε = 0.

The desingularized residual is

N+ = wV,1 − 1
2 , N− = wV,−1 − 1

2 ,

E0 = f(c; g) + ε[Q(c, w, ε; g)]0, Em = imωwm − [Q(c, w, ε; g)]m (m ̸= 0).
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It maps X into X ′ = C2 × C18 × (ℓ1′
ν,0)18.

For ε > 0, E0 = 0 is the mean equation for f(c+ εw), and εEm = 0 gives every nonzero Fourier
equation for the ODE. Hence a zero is a genuine periodic orbit. Conjugate symmetry gives a
real orbit. The normalization uses the fixed scaled TP06 coordinates of Section 2.1: its voltage
first harmonic is a1,V = ε/2 ̸= 0 there. Since the physical voltage scale is σV = 1/4, the physical
first-harmonic magnitude is |V̂1| = ε/8 mV. Any period of a Fourier series with a nonzero first
harmonic is an integer multiple of 2π in the normalized angle, so its least positive period is exactly
2π/ω.

At ε = 0, E0 = 0 gives f(c; g) = 0, and the first-mode equation gives Dxf(c; g)w1 = iωw1
with wV,1 = 1/2. Thus the zero-amplitude endpoint is an equilibrium with an imaginary eigenpair.
Identity with the specific Hopf point still requires Section 7.9.

7.5 Holomorphic Fourier estimates for the nonpolynomial field

The following lemma makes the analytic composition estimate explicit when polynomial convolution
formulas are unavailable.

Lemma 7.1 (Holomorphic composition). Let pσ(θ) be a finite Fourier polynomial holomorphic
for |σ| ≤ T and |ℑθ| ≤ ρ2. Suppose H is holomorphic on a neighborhood of every point pσ(θ) + ζ
with |ζj | ≤ Rj, and |H| ≤ M there. Let h have component Fourier norms ∥hj∥ν ≤ tj < Rj, with
ρ2 > log ν. Then

∥H(pσ + h)∥ν ≤ MQ2
∏
j

(1 − tj/Rj)−1, Q2 = 1 + q2
1 − q2

, q2 = νe−ρ2 .

For |σ| < T , its parameter derivative satisfies the additional bound

∥∂σH(pσ + h)∥ν ≤
MQ2

∏
j(1 − tj/Rj)−1

T − |σ|
.

Proof. Expand in the state perturbation, H(pσ +ζ) = ∑
α aα(σ, θ)ζα. Multivariate Cauchy estimates

give |aα| ≤ MR−α uniformly on the angle strip. Shifting the Fourier contour to its upper or lower
edge gives |[aα]m| ≤ MR−αe−ρ2|m|. Consequently

∥aα∥ν ≤ MR−α
∑
m

q
|m|
2 = MR−αQ2.

The Banach algebra estimate bounds the substituted term by MQ2
∏

j(tj/Rj)αj . Summing the
product of geometric series proves uniform absolute convergence in ℓ1ν and the stated norm bound.
On the real angle circle the sum equals the pointwise holomorphic composition by the Taylor
theorem, so it represents the correct Fourier series. Uniform convergence on smaller parameter discs
also proves Banach-space holomorphy. Cauchy’s integral formula on parameter circles of radius
approaching T − |σ| proves the derivative estimate.

For each amplitude piece, take pσ = c(ξ)+σw(ξ), where c, w are the affine center polynomials for
the real amplitude interval. Every state and parameter perturbation used in the Newton estimate
must lie in the checked complex domain. In particular the domain includes |σ| ≤ T , the full angle
strip, state margins Rj , and a conductance margin GR. Bounds on the Jacobian, state Hessian,
and derivatives of f1 are established there. Checking only c+ ξw at real angle samples would not
establish this lemma.
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For any strip-bounded scalar function H with bound S, the Fourier coefficient and tail estimates
are

|Hm| ≤ Se−ρ2|m|,
∑

|m|>K

|Hm|ν|m| ≤ 2S qK+1
2

1 − q2
.

For an M -point discrete Fourier transform the alias error in coefficient n is bounded by

S
∑
ℓ̸=0

e−ρ2|n+ℓM |.

These sums are evaluated outward. Residual, Jacobian, and derivative coefficients each use their
own valid strip bounds. Aliasing is not discarded merely because the approximate orbit has finitely
many modes.

7.6 Finite and tail inverse, residual, and derivative bounds

For a piece ξ ∈ [ec −h, ec +h], let X̄(ξ) = X̄c +(ξ−ec)t. The center has finite Fourier support, exact
conjugate symmetry, and exact voltage normalization. In particular the tangent’s two normalization
entries vanish.

The proposed inverse A : X ′ → X consists of a finite square block for the normalization equations,
the mean equation, and modes 0 < |m| ≤ K, and tail blocks

Am = (imωc − Ĵ0)−1 (|m| > K).

The finite matrix is a proposal whose entries are enclosed exactly. Every tail block must be invertible.
A finite near-tail range is checked directly for both signs of m, and the remaining modes use a
Neumann estimate with a proved threshold. Bounds on the component norms of Am and mAm,
denoted A0 and A1, prove boundedness from the weaker residual space to X .

Here is an explicit bound for the infinite tail. Choose mmax so that, with

Y = ωc(mmax + 1), G = |Ĵ0|/Y, ϑ = ∥G∥∞ < 1,

the Neumann series applies for every m > mmax. Entrywise define

SG = I +G+G2 + ϑ3

1 − ϑ
1,

where the last matrix has every entry equal to one. Each entry of Gk is at most its row sum, hence
at most ϑk for k ≥ 3. Therefore

|Am| ≤ SG/Y, |mAm| ≤ SG/ωc.

The explicitly inverted modes K < m ≤ mmax are included by entrywise maxima. For negative
modes A−m = Am, since Ĵ0 and ωc are real. Products with complex Fourier coefficients still require
the corresponding conjugated enclosure.

Write J ′
0 = J0 − Ĵ0 and J ′

n = Jn otherwise, and obtain

Cn ≥ sup
|m|>K

|AmJ
′
n|

entrywise from explicit products for both signs in the finite near-tail range and the far-tail bound
|Am||J ′

n|. If |Jn| ≤ SJe
−ρ2|n| beyond the coefficient cutoff K ′, the tail convolution block is bounded

by

Btail
ww ≤

∑
|n|≤K′

Cnν
|n| + A0SJ

2qK′+1
2

1 − q2
.
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Indeed ν|m| ≤ ν|m−n|ν|n|, so summing |AmJ
′
nym−n|ν|m| first in m bounds it by this matrix applied

to the component norms of y. The scalar-state column obeys

Btail
wc ≤

∑
K<|m|≤K′

|Am(Kc)m|ν|m| + A0SKc

2qK′+1
2

1 − q2
,

and the conductance column has the same formula with kg and its strip bound. These sums include
both signs. For the line derivative replace coefficients by their proved line derivatives and include
|tω|A1 on the diagonal.

For a finite output row at mode m, |m| ≤ K, and a far input mode m′,

|Jm−m′ | ≤ SJe
−ρ2(|m′|−sgn(m′)m).

Multiplication by |Afin|, summing the finite output Fourier weights, and dividing by the input
weight ν|m′| produces a constant times (e−ρ2/ν)|m′|. This decreases in |m′|, so the boundary columns
m′ = ±(K + L + 1) bound all remaining columns after the explicit range K < |m′| ≤ K + L.
Normalization rows have no such tail input because they depend only on modes ±1. The same
argument applies to the line derivative.

For a block operator on the component maximum norm, component bounds Bij give

∥B∥η ≤ max
i

1
ηi

∑
j

Bijηj .

For a sequence block, its operator bound is the Fourier-weighted column supremum

sup
m′

∑
m |B(m,m′)|ν|m|

ν|m′| .

These inequalities justify the finite and tail assembly estimates.
The bound Z1 < 1 for I −ADF (X̄) implies invertibility of the finite compressed product and

hence of the proposed finite inverse block. Invertibility of all tail blocks then proves injectivity of A.
This injectivity is what turns fixed points of X −AF (X) into zeros of F .

For the residual, Taylor’s theorem along the affine amplitude center gives

sup
ξ

∥AF (X̄(ξ); ξ)∥η ≤ max
i

Y0p,i + hY1,i + 1
2h

2Y2,i

ηi
≤ Y0,

where the three vectors bound |AF (X̄c)|, |AdξF (X̄c)|, and supξ |Ad2
ξF (X̄(ξ))|. The second deriva-

tive of the integral quotient uses the full integrand

d2

dξ2Q =
∫ 1

0

d2

dξ2 {Dxf(c(ξ) + sξw(ξ); g(ξ))w(ξ)} ds.

It includes derivatives of c, w, g, and ξ. Interval partitions in s and ξ enclose the whole integral and
interval; evaluations at endpoints alone do not bound a Taylor remainder.

At the center, the mean-row derivatives are the mean Jacobian acting on δc, the mean convolution
of the full Jacobian with εδw, and [f1(c+ εw)]0δg. For nonzero modes they are

imwm δω + imω δwm − [Jδw]m − [Kcδc]m − [kgδg]m,

51



where

J = Dxf(c+ εw; g), Kc =
∫ 1

0
D2

xf(c+ sεw; g)[w, ·] ds, kg =
∫ 1

0
Dxf1(c+ sεw)w ds.

These formulas follow by differentiating the quotient integral, or its nonsingular holomorphic
extension.

The defect estimate is

sup
ξ

∥I −ADF (X̄(ξ); ξ)∥η ≤ Z1c + hZc ≤ Z1,

where Zc bounds the derivative of ADF along the complete center interval. The final Y0 and Z1
are the recorded outward majorants used in the radii polynomial; admission must prove that each
displayed intermediate expression is bounded above by its recorded constant. Its finite-finite part is a
matrix enclosure. Its finite-tail part includes all near-tail columns and an exponential far-tail bound.
Its tail-finite and tail-tail parts include the full Jacobian convolution, the constant mismatch J0 − Ĵ0,
the Kc and kg columns, and both mode directions. In particular the varying-frequency diagonal
contributes the bound involving |tω|A1; it does not disappear because the center polynomial is finite.
The actual frequency-column tail of that finite center is zero, but the derivative with respect to
varying frequency still acts on arbitrary tail perturbations.

The weighted far-tail estimates use the decreasing exponential ratio supplied by ρ2 > log ν.
Their start index and the finite near-tail range must exhaust all omitted columns. The DFT alias
bounds from Section 7.5 are propagated through the proposed finite matrix and every relevant tail
bound.

7.7 Full-ball derivative variation

Write ehi = max |ξ| on the piece and let r∗ be the largest admissible proof radius. Define

τj = ηcj + ehiηwj , tj = τjr∗, P =
∏
j

(1 − tj/Rj)−1, Tm = T − ehi.

The prerequisites are tj < Rj , Tm > 0, and ηgr∗ ≤ GR. Let MH,kjl bound the state Hessian and
MG,kj bound ∂j(f1)k on the full complex domain. Set

aJ,kj = Q2P

(∑
l

MH,kjlτl +MG,kjηg

)
.

If ∥∆X∥η ≤ r ≤ r∗, the composition lemma and the mean value integral bound the change in Jkj

by raJ,kj .
For the mean and nonzero-mode rows one may use

W0,k =
∑

j

aJ,kj(ηcj + ehiηwj ) + ηgQ2P
∑

l

MG,klτl,

WE,k =
∑

j

aJ,kjηwj

+
∑

j

(
Q2P

∑
l

MH,kjlηwl
+ aJ,kj/Tm

)
ηcj

+ ηgQ2P

(∑
l

MG,klηwl
+
∑

l

MG,klτl/Tm

)
.

52



To see the quotient bounds in detail, write hs = ∆c+ sξ∆w and ps = c(ξ) + sξw(ξ). Then

Kc(X) −Kc(X̄) =
∫ 1

0
D2

xf(ps + hs; g) [∆w, ·] ds

+
∫ 1

0
{D2

xf(ps + hs; g) −D2
xf(ps; ḡ)}[w(ξ), ·] ds.

The first integral is bounded in entry (k, j) by rQ2P
∑

l MH,kjlηwl
. For the state part of the second,

integrate the state Hessian derivative along ps + uhs, 0 ≤ u ≤ 1. Its contraction with w(ξ) is the
derivative in a complex parameter σ of D2

xf(ps + uhs + σw(ξ))[hs, ·]. The base amplitude is sξ, and
the available parameter-disc radius is at least T − ehi. Section 7.5 bounds this derivative by the
corresponding Hessian majorant divided by Tm. The conductance part is treated through Dxf1 in
the same way. Together they are bounded by raJ,kj/Tm. Similarly,

∥(kg(X) − kg(X̄))k∥ν ≤ rQ2P

(∑
l

MG,klηwl
+
∑

l

MG,klτl/Tm

)
,

and
∥(f1(c+ ξw) − f1(c̄+ ξw̄))k∥ν ≤ rQ2P

∑
l

MG,klτl.

Combining these with the J difference in the derivative rows gives W0 and WE above.
The terms involving ηw arise from changes in the vector w inside Kc and kg. The terms with T−1

m

follow from the amplitude Cauchy estimate in Section 7.5, which bounds the next state derivative
needed for variation of the integral quotient. They require the full complex amplitude margin.
Dependence on g is affine, so f1 has no further conductance derivative.

For residual block j, define the finite inverse component norm by

NA;ij = sup
ℓ in block j

∑
a in output i |(Afin)aℓ|ν|ma|

ν|mℓ| ,

with mode zero for scalar blocks. Define NA1;ij by inserting the factor |mℓ| in each column
expression. Below, 0k denotes mean component k and Ek its nonzero-mode residual block. Set
A0,ik = A1,ik = 0 for scalar output components; the tail matrices act only on w output components.
With the corresponding tail component bounds, a valid derivative-variation constant is

Z2 = max
i

1
ηi

∑
k

[NA;i,0kW0,k + (NA;i,Ek + A0,ik)WE,k + (NA1;i,Ek + A1,ik) 2ηωηwk
] .

The displayed expression, evaluated outward and bounded above by the recorded Z2, proves

∥A(DF (X̄ + ∆X) −DF (X̄))∥η ≤ Z2∥∆X∥η.

The final term comes from the bilinear product ω ∂θw and includes both perturbation orders. The
weak residual space is essential for bounding this derivative term. Every bound is on the full ball,
including conductance perturbations, rather than just the real center curve.

7.8 Radii polynomial, continuity, and gluing

Define
p(r) = Y0 + (Z1 − 1)r + 1

2Z2r
2.
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Suppose
0 < rlo ≤ rhi ≤ r∗, p(rlo) < 0, p(rhi) < 0, Z1 + Z2rhi < 1.

Taylor’s integral formula gives

∥AF (X̄) + [ADF (X̄) − I]v +A{F (X̄ + v) − F (X̄) −DF (X̄)v}∥η ≤ Y0 + Z1r + 1
2Z2r

2

for ∥v∥η ≤ r. Thus T = X − AF (X) maps the radius-r ball into itself whenever p(r) < 0. Its
derivative norm is at most Z1 + Z2rhi on the larger ball, so Banach’s theorem gives one zero in the
larger ball and locates it in the smaller ball. Section 7.6 proves that this is a true zero.

The real Fourier involution swaps the positive and negative normalization equations and conju-
gates all coefficients. It preserves the problem and enclosure. Uniqueness forces conjugate symmetry
and real ω, g, c.

Strict inequalities also prove continuity without requiring rlo < rhi. Since p(rlo) < 0, continuity
of p permits a radius r′ < rlo sufficiently close to rlo with p(r′) < 0. The fixed point then has the
positive margin rhi − r′ inside its larger ball. Nearby affine centers move by less than this margin.
Both local zeros can therefore be compared in a common larger ball; the contraction inequality
bounds their difference by the continuous change of the parameter-dependent map divided by 1 − κ.
Hence the zeros depend continuously on amplitude. The local implicit function theorem supplies
analyticity wherever the derivative is invertible.

At a shared endpoint of adjacent pieces, one sufficient gluing inequality is

∥X̄L − X̄R∥ηR + rlo,L max
i

ηL,i

ηR,i
≤ rhi,R.

The left zero is then inside the right uniqueness ball and solves the identical normalized equations.
Uniqueness identifies the zeros. An accepted cover of all 68 pieces and all 67 adjacent gluings
therefore produces a continuous amplitude family over [0, 6427/50000]. Missing a gluing cannot be
replaced by similar-looking endpoint approximations.

7.9 Identifying the zero-amplitude endpoint

The amplitude endpoint at ε = 0 gives an equilibrium c(0) and an eigenvalue iω(0) with a nonzero
first-mode eigenvector. To identify it with the certified Hopf point, require an outward inclusion
g(0) ∈ JH and a common equilibrium contraction enclosure containing both c(0) and the real
equilibrium enclosures that meet JH . The equilibrium uniqueness theorem in that common polydisc
proves c(0) = xe(g(0)).

The eigenpair separation and positive imaginary-frequency enclosure from Section 7.2 identify
iω(0) with the unique critical eigenvalue. The unique crossing in JH therefore implies

g(0) = gH , c(0) = xH , ω(0) = ωH .

No global equilibrium uniqueness over a larger interval is needed. A claim that every equilibrium in
that larger interval is the same branch would require an additional argument.

Continuity now gives c(ε) + εw(ε) → xH . The normalization and positive frequency keep the
positive-amplitude solutions nonconstant. For sufficiently small amplitude these solutions lie in the
neighborhood covered by the qualitative Hopf theorem, so they are its stable small cycles up to
phase. This identifies their local stability but leaves the size of that neighborhood unquantified.
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7.10 Fresh bridge at conductance 0.02778

A fresh ordinary periodic-orbit proof with Fourier phase equation aV,1 − aV,−1 = 0 at gs = 0.02778
supplies a center as, frequency ω̄s, weights ηs, and an error radius rs in Fourier weight νP = e1/4.
Its voltage first harmonic has positive real amplitude after phase fixing. Define the true normalized
amplitude by

εs = 2(atrue
s )V,1.

Its outward enclosure is

E = 2 [ās,V,1 − ηs,V rs/νP , ās,V,1 + ηs,V rs/νP ] , inf E > 0.

The amplitude family uses ν = e1/8 ≤ νP , so the point proof’s error controls its norm in the
amplitude space.

The admitted amplitude pieces must cover all of E, and every amplitude piece Q meeting E
must be checked. For X = E∩Q, interval evaluation of its affine center yields the sufficient inclusion

max



|ω̄s − ω̄Q(X)| + ηs,ωrs

ηQ,ω
,
|gs − ḡQ(X)|

ηQ,g
,

max
k

|ās,k,0 − c̄Q,k(X)| + ηs,krs

ηQ,ck

,

max
k

∑
m ̸=0 |ās,k,m/X − w̄Q,k,m(X)|ν|m| + ηs,krs/ inf X

ηQ,wk


≤ rhi,Q.

The finite coefficient difference includes the union of both center supports. The remaining infinite
coefficients are controlled by the point error and ν ≤ νP . All divisions by X require its positive
lower bound.

For the true point solution set

Ys =
(
ωs, gs, (atrue

s )0, ((atrue
s )m/εs)m̸=0

)
.

The bound above places Ys inside an amplitude uniqueness ball. Its Fourier equations and amplitude
definition give both normalization equations and every desingularized residual equation. The analytic
quotient is valid on this ball by the domain proof. Thus Ys is the amplitude-family zero at εs.

A separate ordinary-branch inclusion places the same point solution in the relevant conductance-
piece uniqueness ball:

∥X̄s − X̄P (gs)∥ηP + rs max
i

ηs,i

ηP,i
≤ rhi,P .

The centers, phase conventions, Fourier weights, and component conversions in this inequality must
match the actual two proofs. This proves that the point orbit lies on both certified families.

Their union is connected. The continuous amplitude conductance map has endpoint values gH

and gs, so its image contains every intermediate value. For values strictly below gH , an intermediate
preimage is positive and represents a nonconstant orbit. Combining this with the conductance-family
interval proves the existence conclusion of Theorem D(c). No derivative sign for the entire amplitude
curve is used.

7.11 Numerical inputs and admission gates

The final conductance log has 712 pieces in 57 center groups on the exact interval

J = [0.027499735464, 0.02778996093].
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The inputs use K = 12, ρ0 = 1/4, a coefficient strip of width 3/2, Hessian strip ρ2 = 1, L = 16,
K ′ = 40, and 128 Fourier nodes. Exact per-piece weights, centers, polydisc radii, validity radii and
precision settings are authoritative; defaults do not replace them. All 711 adjacent branch inclusions
are recomputed from the final piece bounds. The new uniform computation covers those 712 pieces
with 63 actual group or consecutive-subgroup certificates; no individual-piece fallback certificate
is used in this final cover. Each accepted unit supplies its own exact interval, path settings, δu,
frequency bounds and multiplier bound. The common gap is δ = 3×10−5 per ms, and the maximum
multiplier bound rounded upward to nine decimal places is 0.998413816. A historical decomposition
with 127 successes is not the current cover.

The separately serialized upper bounds need not preserve every relation between the finer Arb
bounds used during calculation. For each group certificate the receipt check therefore forms the
exact conservative majorant

κcheck = max{κstored, Z
path
1,stored + Z2,storedρstored}

and requires κcheck < 1 and Y ′
stored ≤ (1 − κcheck)ρstored. This stronger self-map check passed for all

63 certificates, with 35 larger majorants. The original raw receipts were preserved; no tolerance
or rewritten scientific bound was used. Six unsuccessful whole-group attempts were followed by
successful consecutive-subgroup proofs. Public receipts retain the spectral count and small-gain
summaries, but omit the finite column vectors: reproducing those spectral inequalities requires the
source-bound Arb calculation, rather than parsing a success flag from the receipt alone.

The equilibrium Hopf certificate uses the full 516-interval cover, including its central crossing
interval, and checks the identities and signs of the critical eigenpair and the 16 remaining eigenvalues.
Amplitude continuation uses exactly 68 fresh pieces on [0, 6427/50000], all 67 adjacent inclusions,
and the zero-amplitude identity in Section 7.9. The first 41 pieces use K = 8, M = 48, and the
last 27 use K = 12, M = 64; their exact logged centers, affine tangents, weights and cover settings
govern the actual proofs. The bridge uses a fresh K = 32 existence proof at gs = 0.02778. No
Stage S point certificate is needed for that identification. This point lies in the conductance interval
J , so its stability follows from the uniform cover through its branch identity.

For numerical application require a complete immutable final log; exact typed settings and input
digests; the import-time scientific source snapshot; rigorous sign, self-map, contraction, domain and
inverse checks; strict rejection of missing, duplicated, stale or malformed records; fresh recomputation
of every gluing and both bridge inclusions; and independent inspection of the final records together
with the formulas. A copied success flag, a printed decimal, or agreement with historical bounds
is insufficient. Parse and hash the same input bytes. The branch and stability records must bind
to the same final log and centers. The Hopf collection must require a successful zero-amplitude
identity before writing a conclusion. Historical logs and the 1.0.0 evidence are preserved, including
their failures, and never seed a fresh acceptance result.

Final numerical evidence. The full branch and the fresh uniform cover have completed scoped
in-project record checks. The six amplitude shards and their collection workflow supplied the 67
inclusions, zero-amplitude identity and fresh bridge, which were independently inspected within
the project. The original seven stability piece tests, thirteen group and half-group tests, six quick
controls, and all 117 Hopf tests passed against the current programs; an additional half-group
orchestration control also passed. These test counts are validation evidence, not additional theorem
hypotheses. The records are data/fourier-branch-gks.json, data/fourier-branch-stabi
lity-uniform.json and data/fourier-hopf.json, with their final logs and inputs and exact
source bindings. The review records state the separate scope of each inspection; no outside review
is claimed.
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Proof of Theorem D. Under the stated numerical hypotheses, Lemma 6.4 and Section 6.4 give the
real, phase-fixed, locally unique continuous conductance family and its minimal period, proving
(a). The moving-tube identification of Section 6.5, the uniform coefficient and finite/tail bounds,
Lemma 6.6 and Section 6.10 give (b) for every conductance in the accepted union of units, which
is all of J . Sections 7.8 and 7.9 produce and identify the normalized amplitude family; the fresh
inclusions of Section 7.10 identify a common orbit at gs. Continuity and the intermediate value
theorem give (c). The qualitative Hopf theorem supplies only the local small-amplitude stability
statement. No step extends that local stability to the whole amplitude bridge.

8 The cell in the time domain
The proof of Theorem A(i) uses CAPD [25]. Work in the scaled variables z of Section 2.1, and let
S = {zV = s/σV } (that is V = s; s/σV = 4s is an exact double) and g the first-return map to S,
crossed upward. The frame file code/candidates/cell_frameF.txt, whose SHA-256 the record
data/cell-gks0.0275.json stores, gives a point x̂ with x̂V = s/σV exactly (the verifier refuses
the file otherwise), an invertible 17 × 17 matrix At, and a partition of the 17 free coordinates into
14 blocks of size 1 or 2 with radii ρb between 1.13 × 10−13 and 8.36 × 10−11 (listed in the record).

With A =
(

1 0
0 At

)
the map y 7→ x̂+A(0, y), y ∈ R17, is an affine parametrization of S, since the

first component of A(0, y) is 0. Let ∥y∥ = maxb ∥yb∥2/ρb and

B = {x̂+A(0, y) : ∥y∥ ≤ 1}, G(y) = A−1
t

(
g(x̂+A(0, y)) − x̂

)
free.

x̂ and At are proposed by the untrusted programs code/proofs/orbit_newton.cpp and code/pro
ofs/frame.py (after scaling the free coordinates by S = diag(max(|x̂i|, 10−6)): eigenvectors of the
numerical Dg for the slow directions, and for the fast ones the Schur vectors of S−1Dg S, which are
orthonormal in the scaled coordinates, mapped back by S). The program code/proofs/verify.cpp
encloses A−1

t rigorously, G(0) by a 128-bit MPFR interval run (order 30) and DG over the whole
box ∏17

k=1[−ρb(k), ρb(k)] ⊃ {∥y∥ ≤ 1}, where b(k) is the block of coordinate k, by a C1 Lohner run in
double intervals (order 20), and checks:

• q = maxb
∑

c ∥Mbc∥ρc/ρb < 1, where M encloses DG over the box (on diagonal 2 × 2 blocks,
upper bounds of the spectral norm from its closed form evaluated in interval arithmetic;
elsewhere, upper bounds of the Frobenius norm of the entrywise magnitudes);

• ∥G(0)b∥/ρb + (row sum of block b) < 1 for every block b;

• every bound entering the decision is finite, and the section time of the center run lies inside
the section time of the box run, so both resolve the same crossing; CAPD’s crossing step
checks that dV/dt does not vanish on the enclosure of the crossing point, so the crossing is
transversal and g is C1 on B.

Then G maps {∥y∥ ≤ 1} into itself and is a q-contraction there in the norm ∥·∥ (mean value inequality
on a convex set), so g has a unique fixed point xc in B and every eigenvalue of Dg(xc) has modulus
at most q. By Corollary 5.6 with N = 1 (Q = I, τ = T ), det(λI−Y (T )) = (λ− 1) det(λI−Dg(xc)),
so these eigenvalues are the 17 nontrivial Floquet multipliers. Local orbital asymptotic stability, with
asymptotic phase and rate e−δ′t for every δ′ with e−δ′T > q, follows from the proof of Theorem 5.17(iii)
with S0 replaced by S near xc, P by g (whose return time is C1 by transversality), and the ball Bc

by B with the norm ∥ · ∥, in which g is already a q-contraction. The period is the return time: since
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g(xc) = xc, the first return time t1 of xc is a period, and since the orbit is back at xc ∈ S at its
minimal period, t1 is the minimal period. The fixed point lies in the relative interior of B in S, as
the proof of Theorem 5.17(iii) needs: by the second check, G maps {∥y∥ ≤ 1} into {∥y∥ ≤ 0.99865},
and xc corresponds to a fixed point of G. The record gives q ≤ 0.99864150686405151 (stored as the
double 0x1.ff4df088d18aap-1), maxb(∥G(0)b∥/ρb + row sum) ≤ 0.99864258833469344, and the
return time [53.5855190480139, 53.585519630722438] ms; the run took 732 s.

Lemma 8.1 (the two cell certificates enclose the same orbit; computer-assisted, exact rational
arithmetic). The computer-assisted check is performed by co de /f ou ri er /l in k_ ce ll .p y . Let
ϕ∗ be the profile of Theorem A(ii) and p = Σ−1ϕ∗(0). Then p ∈ B, and the orbit {Σ−1ϕ∗(θ)} of
Theorem A(ii), in scaled variables, is the orbit of the fixed point xc of Theorem A(i).

Proof. pV = s/σV by the phase condition, so p ∈ S. For each free component k, |pk − p̄k| ≤∑
m |a∗,k,m − āk,m| ≤ ∥a∗,k − āk∥ν ≤ rex, where p̄ = ∑

|m|≤K ām is an exact rational vector (the
program checks that Im ā0 = 0, so p̄ = ā0 + 2 Re∑K

m=1 ām). The program code/fourier/l
ink_cell.py reads x̂, At and the radii as the doubles the verifier reads, inverts At exactly in
rational arithmetic, computes yc = A−1

t (p̄− x̂)free exactly and the bound |yk −yc
k| ≤ rex

∑
j |(A−1

t )kj |
for y = A−1

t (p − x̂)free, and checks, with upper bounds of square roots in integer arithmetic,
∥yc

b∥2 + ∥(y − yc)b∥2 < ρb for every block. All 14 checks pass, the largest ratio being below 0.14
(data/link_cell.txt); a control with every radius divided by 10 fails. So p ∈ B. Since g(B) ⊂ B
and g is a contraction on B, gk(p) ∈ B and gk(p) → xc. Each gk(p) is a point of the flow line
through p of the CAPD field; by the assumptions of Theorem A(i) and (ii) taken together, the
CAPD and Arb fields are the same function, so that flow line is the closed set {Σ−1ϕ∗(θ)}. So xc

lies on it, and the orbit of xc is that set. Neither the crossing direction of p nor xc = p is used:
CAPD defines g on all of B, and only that gk(p) lies on the flow line of p is needed.

The domain and the CAPD patch. CAPD’s interval wrapper throws when a divisor contains
0, a logarithm argument is not positive or a square-root argument is negative, and the run then fails;
the multiprecision logarithm does not check its argument, so every log a is computed as 2 log

√
a

(the same function for a > 0), and the multiprecision square root refuses a negative argument.
The source’s (1 − u) is computed as 1/(1 + e5(V +40)), the same function, because near V = 0,
u is within 10−80 of 1. In PoincareMap::crossSectionInOneStep of CAPD 6.1.0 the crossing-
point bound is trimmed with the endpoints of the previous Newton window while monotonicity
was checked on the current one, which is unsound if the loop stops at its iteration cap without
converging. The run used a header-only local patch that takes the endpoints of the current window
(code/proofs/capd-6.1.0-genchase.patch); the record stores the SHA-256 of the patched
header. An earlier unpatched run gave the same bounds.

9 Numerical observations
Nothing in this section is proved, and none of it is used in a proof.

• Leading exponents. The floating-point eigenvalues of the window blocks closest to the imaginary
axis, apart from 0, have real parts −4.71382 × 10−5 (N = 1), −6.32096 × 10−6 (N = 8),
−8.57417 × 10−6 (16), −9.18618 × 10−6 (32) and −9.34235 × 10−6 per ms (64), with imaginary
parts near 0 (N = 1) and near ±ω (the rings). The certified δ = 5 × 10−6 for the rings is
below all of them.
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• Sharpness at N = 8. In unrecorded runs of code/fourier/stability.py, the certificate
passes at N = 8 with δ = 6.32095 × 10−6 (near-axis (SC) ratio 0.398) and fails at δ =
6.321 × 10−6 with a count of 3 in (C5). So the certificate is sharp to about 10−6 relative
against the floating-point exponent; we do not state the larger δ as a theorem.

• Negative controls. In the same runs the certificate failed, at the step that is supposed to fail,
for δ = 7 × 10−6 at N = 8 ((C5)), for reversed coupling c → −c ((C5), count 9), for a window
that is too small (Lemma 5.10), for S = I (Lemma 5.10 or θT < 1 fails), for a coefficient A±1
dropped from the proof data only ((SC) fails in 127 columns), and for floating-point data that
place the leading pair at −7.5 × 10−6 while the true data do not ((SC) fails).

• Hopf point. An ordinary finite-difference computation (code/numerics/hopf_and_orbit.py,
data/numerics-hopf-orbit.json) reproduces Erhardt’s Hopf point to 5 × 10−7 relative
(0.0279078439 against 0.0279078589) and the Hopf frequency to 3 × 10−7 relative. In that
computation the cycle at GKs = 0.0275 has period about 53.586 ms, against the Hopf period
2π/0.1193414 ≈ 52.65 ms, and its voltage stays between about 0.14 and 0.26 mV: a small
depolarized oscillation, not an action potential.

• Ring periods. The certified periods increase with N by 2.45 × 10−3, 9.8 × 10−5, 2.5 × 10−5 and
6.3×10−6 ms from N = 1 to 8, 8 to 16, 16 to 32 and 32 to 64. The ratios of successive differences,
about 3.9 and 4.0 for the last two, look like second-order convergence in 1/N . Theorem C(d)
proves TN → T∞ but no rate; the extrapolation T64 + (T64 − T32)/3 ≈ 53.5881025 ms lies
inside its interval for T∞, which is an observation, not a proof of second-order convergence.

• Controls for Theorem C. Recorded in data/fourier-existence-alln.json (from code/f
ourier/data/alln/controls.jsonl) and not used in the proof: on the piece [0, 1/4096],
omitting the terms of the parameter width (δPY

g
0 and δPB

g
1) lowers Y0 to 3.4 × 10−11, below

the floating-point norms 7.25 × 10−7 of AfinF (x̄; ε) at the two ends of the piece, so those terms
are needed; single pieces [0, w] fail for w = 1/16, 1/8, 1/4 and 1 (with Z1 between 1.27 and
16.1), and close for w = 1/1024, 1/256 and 1/64 (Z1 = 0.30 for [0, 1/64]); those closed pieces
are not part of the record’s cover.

Remark 9.1 (phase reduction; numerical, not part of the proofs). We compared the rotating 1-waves
with the classical phase reduction of weakly coupled oscillators [3, 21], in the form of Malkin’s theorem
as stated by Izhikevich [22, Sect. 10.2.3], in floating point (code/numerics/phase_reduction.py,
data/numerics-phase-reduction.json); nothing in this remark is proved or used in a proof. Let
Z(θ) be the infinitesimal phase response of the cell orbit ϕ(ωt), the gradient of its asymptotic phase
(in radians) at ϕ(θ), normalized by Z · ϕ′ = 1 and computed spectrally from the adjoint equation
ωZ ′ = −Df(ϕ)TZ; at four phases, a finite-difference monodromy computation over one period
agrees with it to within 3 × 10−5 relative in the V component. Let

H(ψ) = 1
2π

∫ 2π

0
ZV (θ)

(
ϕV (θ + ψ) − ϕV (θ)

)
dθ.

The averaged phase model of the ring, θ̇j = ω+ c [H(θj−1 − θj) +H(θj+1 − θj)], which has the form
studied by Ermentrout [16], has the splay state θj = Ωt+2πj/N for every N , with Ω = ω+c [H(q)+
H(−q)], q = 2π/N . Its ring mode k has the exponent λk = c [H ′(q)(eikq − 1) +H ′(−q)(e−ikq − 1)],
so the splay state is stable if and only if H ′(q) +H ′(−q) > 0. For N = 8, 16, 32, 64 the computed
H ′(q) and H ′(−q) are both positive, which is Ermentrout’s sufficient condition for stability [16,
Theorem 3.1 and Lemma 3.2].
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• Predictions. For N = 8, 16, 32, 64 the predicted period shifts TN − T1 fall short of the certified
ones (2.452 × 10−3 to 2.581 × 10−3 ms, Table 1) by 0.77 to 0.82 per cent. The predicted
leading nontrivial exponent (k = 1) differs from the floating-point leading exponent of this
section by 3.2 to 3.5 per cent in its real part and by 2.2 to 2.7 per cent in its imaginary part,
imaginary parts being compared modulo ω, as Floquet exponents are defined only modulo iω.

• Weak coupling. With the coupling scaled by a factor σ ∈ (0, 1] and the wave recomputed by
Newton’s method, both relative discrepancies of the leading exponent, and that of the period
shift, decrease in proportion to σ (for the real part at N = 8, relative to the floating-point
exponent as above: 4.9 × 10−4 at σ = 1/64 and 3.2 × 10−2 at σ = 1, the latter being the 3.2
per cent above). So the leading ring modes are in the weak-coupling regime. The relevant
parameter 4c sin2(π/N)/ω lies between 4.9 × 10−3 and 5.3 × 10−3 for the four N .

• Where the phase model fails. It is not uniformly valid. For N ≥ 16 its decay rates for the
short-wavelength ring modes (k ≥ 3) exceed the slowest transverse decay rate of the cell,
4.71 × 10−5 per ms, while the floating-point leading exponents of those modes stay between
−5.74 × 10−5 and −4.75 × 10−5 per ms; at N = 64, k = 32, the phase model predicts
−4.0 × 10−3 per ms.

The phase reduction thus accounts for the size of the leading exponents, and so for the scale of
the certified δ = 5 × 10−6 per ms, but it cannot replace the Hill-operator certificate for the whole
spectrum.

10 Reproducibility
For the unchanged all-N certificate, code/run_all.sh verifies code/fourier/branch-1.0.0.py
against the branch source hash stored in its record and restores those bytes under fourier/bran
ch.py only in the historical scratch layout. The argument continuation uses a separate current-
source layout for Theorem D: it rederives the complete 712-piece branch and 711 inclusions, the
uniform cover and the 68-piece Hopf collector, including all 67 amplitude inclusions and both bridge
memberships. This collection run does not re-prove every piece. Exact source, input, typed-setting
and gluing fields must agree. Runtime and path metadata are scoped separately; a regenerated
zero-endpoint equilibrium polydisc must pass the full complex contraction and exact containment
checks even when its floating-point proposal differs from the stored polydisc. No decimal tolerance
substitutes for a rigorous inequality. The source archive preserves the 1.0.0 evidence without
rebinding its hashes to newer programs.

The programs are in code/, in the layout of the project folder in which they were run; that
folder was developed in the GENChase repository, which is not part of the companion of this paper.
The records in data/ name the files they hash by paths relative to code/, with data/ in the
place of results/. code/run_all.sh rebuilds that layout in a scratch folder, with the records of
data/ in its results/, and there code/fourier/check_records.py rechecks all 90 stored hashes
(sources, centers and the Stage E records read by Stage S) in a few seconds; run directly in code/,
that program finds no records and checks nothing. The script then runs the link of Lemma 8.1
(code/fourier/link_cell.py, standard library only), and reruns Stage E and Stage S for chosen
N . For Theorem C it also checks the 15 hashes stored in data/fourier-existence-alln.json
(its nine sources, among them code/fourier/alln.py and code/fourier/branch.py, its run
log code/fourier/data/alln/pieces.jsonl, which holds the exact inputs of every piece, and
the Stage E records it identifies), and with the argument alln it re-derives in Arb, from the
stored exact data, the piece order, every gluing inequality (10) and the inclusions (11) (alln.py
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–collect), and compares them with the record. Re-proving pieces from their stored inputs is done by
code/fourier/test_alln.py. The script does not check the four source hashes stored in the CAPD
record data/cell-gks0.0275.json (code/proofs/verify.cpp, code/model/tp06_capd.hpp,
setup.hpp and scales.txt); they were compared with the copies by hand on 2026-10-02 and agree.
link_cell.py checks the frame hash of that record, and the hash of the verifier binary, which is not
shipped, is not checked. code/plot_cardiac_rings.py, which draws Figures 1 to 3 from stored
files, belongs to this folder only, and no record hashes it. Table 4 lists the programs.

program what it establishes kind
code/fourier/existence.py Stage E: Theorem A(ii) and Theorem B(a), (b) P
code/fourier/stability.py Stage S: (C0) to (C5), Theorem A(ii) and Theo-

rem B(c)
P

code/fourier/alln.py with branch
.py

the pieces of Theorem C; with –collect, the gluing
and the inclusions

P

code/fourier/branch.py Theorem D(a): conductance pieces and adjacent
inclusions

P

code/fourier/branch_stability.py Theorem D(b): uniform moving-tube stability P
code/fourier/hopf.py Theorem D(c): Hopf point, amplitude pieces and

bridge inclusions
P

code/fourier/link_cell.py Lemma 8.1 P
code/proofs/verify.cpp with cert
ify.py

Theorem A(i) (CAPD) P

code/fourier/check_records.py,
code/run_all.sh

the stored hashes; the driver of the reruns C

code/fourier/test_*.py tests of the code; the negative controls of Section 9 T, N
code/fourier/centre.py, code/pro
ofs/frame.py, orbit_newton.cpp

choose centers and frames; no proof –

code/numerics/*.py Section 9 and Remark 9.1; numerical –
code/plot_cardiac_rings.py Figures 1 to 3; provenance and layout checks, no

proof
C

Table 4: The programs. Kind: P, a step of a proof; C, a consistency check of the stored records; T,
a test of the code, not part of a proof; N, a negative control, which must fail.

Trust base of the Fourier route. Trusted: Arb and FLINT through python-flint 0.9.0 (FLINT
3.6.0, with the GMP and MPFR builds bundled in that pinned wheel; the wheel’s SHA-256 is
pinned in code/fourier/arbmodel.py, and code/fourier/test_arbmodel.py checks the
installed files against the distribution’s RECORD and, when the wheel file is given with –wheel,
its SHA-256 against the pin), CPython, the programs code/fourier/arbmodel.py, the generated
code/fourier/tp06_18d_arb.py, fourier_eval.py, existence.py, stability.py, the functions
of code/fourier/centre.py that existence.py and alln.py call (level_exact, the phase level
s/σV = 4s on which Lemma 8.1 relies; Layout, the index layout; load and text_to_dyadic, which
read the centers and the stored radii; and dyadic_to_text, which writes every stored exact bound),
for Theorem C also alln.py and the functions of branch.py it calls (the assembly of the bounds, the
Hessian cover with its second-order dual numbers, the distance of centers and the check of the piece
order), and the reference translation code/model/tp06_18d.py with the scales. For the conductance
extension of Theorem D, the trust base additionally includes the rigorous routines and exact
record checks of the current code/fourier/branch.py, code/fourier/branch_stability.py
and code/fourier/hopf.py: conductance and amplitude bound assembly, guarded analytic
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covers, moving-tube identification, the uniform spectral certificate, equilibrium and eigenpair
contraction, eigenvalue separation, the Lyapunov-coefficient enclosure, final source and input
binding, and gluing and endpoint identification. The rigorous strip and DFT evaluations exercised
by code/fourier/bench_strip.py rely on the same trusted arbmodel.py and fourier_eval.py
routines; its center refinement and singularity scan are numerical proposals, and the benchmark
itself certifies no orbit and is not consumed by the theorem certificates. The rest of centre.py
(the Newton solver and its floating-point helpers) only proposes centers. link_cell.py parses the
center file and the Stage E record with its own parser, so Lemma 8.1 also relies on that parser
agreeing with load. The generator rewrites every decimal literal of the reference translation as
an exact rational by Python’s tokenizer, and a freshness check compares the generated file byte
for byte. numpy and LAPACK only propose centers, eigenvectors and weights. The tests in
code/fourier/test_arbmodel.py compare the Arb field with a 50-digit mpmath evaluation of
the reference translation at 104 real points (40 random states and the 64 points of the N = 1
orbit in code/fourier/data/orbit_N1_M64.json) and at 8 complex points near the orbit,
and with the double and interval values of the CAPD field, printed by a binary built from
code/numerics/compare_rhs.cpp, at the 104 real points. The other tests check the strip cover,
the aliasing bound and the centered form against closed forms, and contain the negative controls
of Section 9, independent floating-point estimates that every certified bound must dominate, and
perturbation controls within the uniqueness ball.

Trust base of the CAPD route. Trusted: CAPD 6.1.0 at commit 03dc5628203334b214bb7
d9fd63788a175521005 with the local patch above, filib (CAPD’s default interval type), MPFR
and GMP (MPFR 4.2.1 and GMP 6.3.0 in the build of the rerun of 2026-10-02), g++ 13.3
with -frounding-math, the processor’s directed rounding, and code/proofs/verify.cpp with
code/model/tp06_capd.hpp and setup.hpp, in which every non-integer decimal enters as an
interval enclosing that exact decimal. The driver code/proofs/certify.py checks that the frame
file’s header names the intended claim and records the hashes of the frame, the binary and the
sources; the stored record also carries two fields added by hand (sources_match_commit and a
note) that are not part of the certificate. Both routes link GMP and MPFR: CAPD’s multiprecision
intervals are built on MPFR, and the pinned python-flint wheel bundles GMP and MPFR with
FLINT, so an error in these libraries could affect both proofs of Theorem A.

What is certified, and reruns. The theorems rest on the stored records in data/: the Stage S
records hash the stored Stage E records they read, so the stored rex is the one consumed. On
2026-10-01 the existence and stability programs for N = 1 and N = 8 were rerun from the copies in
code/ with python-flint 0.9.0: the period and frequency enclosures, run and every stability bound of
Table 2 agree exactly with the records, while the binary values of Y0, Z1, Z2 and rex differ from the
records in late digits (Y0 beyond its 25 printed digits, the others from the 14th or 15th significant
digit on). On 2026-10-02 the rest was rerun from the same copies. The CAPD certificate, with
the verifier rebuilt against CAPD 6.1.0 with the patch, printed VERIFIED, and all 28 keys of the
verifier’s output, the period enclosure and the bounds q and r0 among them, equal the stored ones;
only the hash of the rebuilt binary and the run time (940 s against 732 s, on a shared machine) differ.
Stage E and Stage S for N = 16, 32, 64 (sh code/run_all.sh 16,32,64) reproduced the period
and frequency enclosures, run, δ, Tlo, both multiplier bounds and the eigenvalue count exactly; Y0
differs beyond its 25 printed digits and Z1, Z2 and rex from the 14th to the 16th significant digit,
and θT and αup, which use rex, differ only beyond their 25 printed digits, so Tables 1 and 2 are
unaffected. The collection step (sh code/run_all.sh alln) reproduced the piece table, the gluing
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and the inclusions of the record exactly, and code/fourier/test_alln.py passed all 13 of its tests,
re-proving bit for bit four pieces of Theorem C (those containing ε = 0 and 1/4096, 1/1024, 1/256
and 1/64); the other 69 pieces were not re-proved from these copies. Later the same day the files
of this paper’s companion were staged afresh, code/requirements.txt was installed into a new
Python 3.11 environment, and sh code/run_all.sh 1 was run from that copy: all 90 and all 15
stored hashes matched, the link passed with its negative control, and Stage E and Stage S for N = 1
reproduced every value the script compares (the period and frequency enclosures, run, δ, Tlo, both
multiplier bounds and the eigenvalue count) exactly. The rerun records are not kept. All these
reruns set the number of BLAS threads to one (run_all.sh exports the thread variables), while
the stored existence records do not record their thread settings; the untrusted floating-point inverse
Afin of existence.py may depend on them, which is a possible cause of the late-digit differences; it
was not investigated. Any exact Afin is admissible, and only the size of the bounds depends on it.
alln.py sets the three thread variables to one unless the environment already sets them.

The run times quoted are those of the records: about two minutes for each existence proof, and
26, 48, 80, 184 and 479 s for the stability proofs at N = 1, 8, 16, 32, 64 (peak memory 3.6 GB at
N = 64); the 73 pieces of Theorem C took 3129 s of computing time in all, between 27 and 63 s
each.

11 Limitations and what has been checked
What is not proved. Theorems A, B and C are about one modified cell model at one parameter
value, GKs = 0.0275, and about rings with one coupling law: existence, local uniqueness and the
minimal period for every N ≥ 8 and for the cable (7) on a ring of unit length (Theorem C), and
stability only for N = 8, 16, 32, 64 (Theorem B). Nothing is claimed for N < 8, for the stability of
the waves with other N or of the cable wave, for stability uniformly in N , for a rate of convergence
as N → ∞, for the published 19-state TP06 cell, for action potentials or reentry, or for tissue in
two or three dimensions. For N ≥ 8 other than 8, 16, 32, 64 the period is enclosed only to about
1.2 × 10−5 ms. The orbits are small depolarized oscillations (Section 9).

The released fixed-conductance results inferred the Hopf connection from the numerical observa-
tions of Section 9. Theorem D supplies a rigorous single-cell connection using the current equilibrium,
amplitude, zero-amplitude identity and fresh bridge certificates. Uniform stability is supplied only
on J . The fresh bridge proof at 0.02778 is existence-only; its stability follows through the separately
admitted uniform branch identity, without inheriting an old pointwise success. Neither local Hopf
stability nor isolated point stability establishes attraction throughout the rest of the amplitude
bridge. The conductance projection may turn, and global uniqueness of a periodic orbit for each
conductance is not proved.

That the ring waves continue the cell as coupling tends to zero remains supported only by
Remark 9.1. Theorem C connects the ring waves and the cable through 1/N2 at fixed GKs = 0.0275.
The new single-cell conductance argument supplies no additional ring or cable stability, action-
potential or clinical conclusion.

Theorem A(i) assumes that the CAPD field (code/model/tp06_capd.hpp) evaluates Erhardt’s
fun_eval with exact decimals, and (ii), Theorem B and Theorem C assume the same of the Arb
field (code/fourier/tp06_18d_arb.py); Lemma 8.1 uses both assumptions together. The tests
compare the two programs’ enclosures at 104 points, which is evidence, not a proof that they define
the same function.
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Sources of the proofs. The three facts of Section 5.1 are proved in Appendix A from elementary
facts (the Neumann series, the Hahn–Banach theorem, the Cauchy–Goursat and identity theorems,
Jordan decomposition in finite dimension); Kato’s book [27] is cited as the standard reference only;
it was not checked against a copy, and no step depends on it. For the fixed-conductance results,
the background sources supply context and only Erhardt’s model source [13] and [12] (read in full)
enter the setting. For the conductance extension, the established continuation/desingularization
methods are credited to [36, 37], and the local qualitative Hopf implication uses [38]. The entire
published Hopf article [37], pp. 573–607, and the entire 46-page March 22, 2019 author preprint
of [36] were read; the final typeset continuation article was not read in full. Scholarpedia’s indexed
primary text identifying revision 90964 supplied the definition, multidimensional hypotheses and
coefficient convention; direct revision retrieval failed. These readings did not rerun the authors’
MATLAB proofs. Read in part: Gameiro and Lessard [18] (Sections 1 and 7 and the theorem
statements of Section 8 of the authors’ version), Bayer and Leine [4] (Sections 1 to 4, 6 and 7
of arXiv:2503.21318v2), Ermentrout [16] (pp. 1674–1677), Izhikevich [22] (Sect. 10.2.3, in a 2005
draft), Johnson and Zumbrun [24] (first page), Czechowski and Zgliczyński [9] (Theorems 1.1 to
1.3). Known from abstracts: van den Berg, Lessard and Mischaikow [35], Paullet and Ermentrout
[31], Church and Lessard [7], Arioli and Koch [2], Kapela and Zgliczyński [26], Kuehn and Queirolo
[28], ten Tusscher and Panfilov [34], Church et al. [6], Castelli and Lessard [5], Rucklidge and Silber
[33], de Wolff [10], the papers of Erhardt and Solem [14, 15] and of Kügler et al. [29, 30]. Known
from its title and Czechowski and Zgliczyński’s account: Arioli and Koch [1]. Known from metadata
or a table of contents: Golubitsky, Stewart and Schaeffer [20] (table of contents), Golubitsky and
Stewart [19], Figueras et al. [17], Courtemanche et al. [8], Pecora and Carroll [32], Ashwin and Swift
[3], Hoppensteadt and Izhikevich [21]. Known from excerpts of its abstract: Di Marco et al. [11].
Not checked against a copy: Kato [27]. Cited as the software used, whose correctness is part of
the trust base of Section 10, with no reading of the papers recorded: Johansson [23] and Kapela
et al. [25]. The statements about earlier work in Section 1 are limited accordingly. The project’s
development records, which are not part of the companion, hold a note on each reading.

The searches. On 2026-10-01 we searched GitHub code search, a general web search, zbMATH
Open (through its API), the arXiv API, PubMed and Crossref. The query families were: the
name of the model file; computer-assisted, interval, rigorous or validated, combined with cardiac,
ventricular, ten Tusscher, Luo–Rudy or Beeler–Reuter, and with periodic orbit or limit cycle;
computer-assisted or rigorous, combined with rotating wave, ring, lattice, coupled oscillators or
choreographies; rigorous Floquet and Hill methods; and studies of TP06 rings. An earlier bounded
search, of 2026-09-30, is not kept with this paper. A dedicated forward-citation check on October
2, 2026 queried the published DOI in OpenAlex, Crossref and Semantic Scholar; all returned one
indexed forward citation. The primary publisher reference list of [39], reference 46, confirms the
citation. The inspected introduction, model, bifurcation section and limitations concern a different
compartmental tissue/ECG model, not a TP06 validated continuation certificate; that article was
not read in full. The earlier WIAS preprint identifier was checked separately and returned zero
OpenAlex forward works. These are dated index results, not exhaustive Google Scholar, Scopus
or Web of Science searches and not a priority conclusion. The searches did not cover traveling
waves of continuum cables of detailed ionic models, so no novelty is claimed for Theorem C(c). The
statements on earlier work in Section 1 are limited to these dated searches and access scopes.

What has been checked. Appendix A had an adversarial reading on 2026-10-02 by a separate
AI agent session within the project, covering Appendix A and its uses in Section 5 (review/a
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ppendixA-reading-2026-10-02.md); it found no error, two gaps in how Section 5 hands its
operators to the appendix (the space of Lemma 5.9; the domains of D̂ and DT and the boundedness
of Ê) and exposition items, all addressed in this version. This is not an outside review. The
programs of Stages E and S (code/fourier/existence.py, code/fourier/stability.py)
and the stability lemmas each had an adversarial reading by a separate AI agent session within
the project, followed by a second reading of the fixes, which found nothing unsound; the Fourier
evaluation modules arbmodel.py and fourier\_eval.py had such a reading, whose fixes to
tests and interface were not read again; the CAPD verifier had an adversarial review within the
project, which led to the patch above; and the manuscript had two such readings, whose findings
are addressed in this version. The program of Theorem C, code/fourier/alln.py, with its tests,
record and the parts of branch.py it calls, had an adversarial reading by a separate AI agent
session within the project (review/alln-existence-review-2026-10-02.md); it found nothing
unsound and no gap affecting the theorem, re-proved two pieces bit for bit, and reported four
weak tests and four minor items, which the program’s author fixed without changing any bound
(review/alln-existence-fixcheck-2026-10-02.md, not an independent reading); the record
keeps the status its program wrote. The whole manuscript, including Theorem C (Sections 2.3
and 4.8), Appendix A and Remark 9.1, had a third in-project reading on 2026-10-02, in five parts
(the existence proofs; the stability proofs and the appendix; the printed numbers against the records;
claims and sources; the CAPD argument and reproducibility), each by a separate AI agent session,
with every finding checked by two further sessions (review/third-reading-2026-10-02.md). It
found no gap in the proofs; its confirmed findings concerned the record of checks, the trust base, the
statements of the reruns, citations and reading bases, and a few printed numbers rounded the wrong
way, and they are addressed in this version. These fixes have not been read by a further reader.
The reports are in review/. None of these is an outside review. Two items of the program readings
remain open: a few negligible terms (for example the strip tail of SJ beyond K ′) cannot be detected
by any test, and the source hashes are taken after the modules are imported, a small window.

12 Discussion
The method separates the dimension of the ring from the cost of the proof: existence costs the same
for every N , and stability grows with the window Ke ≈ N/2 + 16 that must contain the N near-axis
copies of the spectrum. The Hill-sector theorem turns a 18N -dimensional Floquet problem into a
question about one operator on ℓ1(Z;C18), and the Riesz homotopy with the Schur-complement small
gain answers it with a count, which is what a stability proof needs and an eigenpair enclosure cannot
give. The margins are thin: at N = 8 the floating-point leading nontrivial exponent (numerical,
Section 9) is about −6.32 × 10−6 per ms, against the certified δ = 5 × 10−6, so the multipliers are
within about 3.4 × 10−4 of the unit circle per period; the certificate still resolves them because the
window is computed at 128 bits and the near-axis columns of (SC) have ratios below 10−6. The
phase reduction of Remark 9.1 accounts for the size of these leading exponents, but not for the rest
of the spectrum. For existence the dependence on N is removed altogether: since the damping is an
entire function of ε = 1/N2, all rings with N ≥ 8 and the cable are one family, and 73 pieces in ε
prove all of them at a cost of under an hour of computing time (Theorem C). Stability does not yet
follow this route: Stage S certifies the spectrum of one Hill operator, and a version uniform over a
piece in ε has not been attempted. Natural next steps remain stability uniform in N and for the
cable. The conductance extension of Theorem D addresses a separate single-cell parameter interval
and Hopf connection; attraction across the entire amplitude bridge would require an additional
argument.
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Data availability. The programs of this paper and their output are in its folder: the programs in
code/ (with code/requirements.txt and code/run_all.sh, which rechecks the stored hashes
and reruns the proofs), the records on which the theorems rest in data/, and the project’s readings
of the programs and the manuscript in review/. These files are available in the companion
repository, https://github.com/ChaseHendrick/cardiac-rings; companion releases are
archived as preprints on Zenodo with the manuscript.
Funding. This research received no external funding.
Use of AI. This work was prepared with AI assistance. The author takes full responsibility for its
content.
Rights. Copyright (c) 2026 Chase Hendrick. The manuscript and figures are all rights reserved.
Code and data are licensed under Apache-2.0, subject to component notices. These notices do not
revoke licenses previously granted for earlier material.

A Operators with compact resolvent on ℓ1 spaces
This appendix proves the facts about operators with compact resolvent that Section 5 uses, at the
generality needed there. They are standard; Kato’s book [27, Ch. III, Sect. 6] is the usual reference,
and nothing below depends on it. The only result of the body that is used is Lemma 5.8 (two
bounded projections at distance less than 1 have the same finite rank), whose three-line proof does
not depend on anything else. Besides standard facts of linear algebra (determinants and Cramer’s
rule, boundedness of coordinate functionals on a finite-dimensional normed space), of metric spaces
(a relatively compact set has a finite ϵ-net) and of the Riemann integral (a uniformly continuous
function on a compact interval, with values in a Banach space, has a Riemann integral, the norm
limit of its Riemann sums), and the Neumann series, we use only the following: the Hahn–Banach
theorem (a nonzero element of a normed space is not annihilated by every bounded linear functional);
the Cauchy–Goursat theorem for a function holomorphic on an open set containing a closed rectangle;
the identity theorem (on a connected open set, the zeros of a holomorphic function that is not
identically zero have no accumulation point in that set); for the positively oriented boundary Γ
of a bounded open rectangle Ω and µ /∈ Γ, 1

2πi

∮
Γ(λ− µ)−1dλ is 1 for µ ∈ Ω and 0 for µ /∈ Ω, and∮

Γ(λ− µ)−kdλ = 0 for k ≥ 2 (a primitive exists); Fubini’s theorem for continuous functions on a
product of two compact intervals; and, for a linear map T of a finite-dimensional complex space M ,
the decomposition M = ⊕

µ∈spec T ker(T − µ)dim M and the boundedness of T in any norm.

Setting. X is a complex Banach space and B(X) the bounded operators on it; an element of
B(X) is invertible if it is bijective with a bounded inverse. For a linear operator H with domain
D(H) ⊂ X, the resolvent set ρ(H) is the set of λ ∈ C for which λ−H : D(H) → X is bijective with
a bounded inverse R(λ) = (λ−H)−1, and specH = C \ ρ(H). If ρ(H) ̸= ∅, H is closed: if xn → x
and Hxn → y, then xn = R(λ)(λ−H)xn → R(λ)(λx−y), so x = R(λ)(λx−y) ∈ D(H) and Hx = y.
H has compact resolvent if R(λ0) is compact for some λ0 ∈ ρ(H). We write ker(H − µ)k for the
set of x ∈ D(H) with (H − µ)jx ∈ D(H) for j < k and (H − µ)kx = 0, Gµ(H) = ⋃

k ker(H − µ)k,
m(µ;H) = dimGµ(H) ∈ {0, 1, . . . ,∞} and n(H,Ω) = ∑

µ∈Ωm(µ;H), as in Section 5.1. A rectangle
is a bounded open set Ω = (x0, x1) × (y0, y1) ⊂ C, and Γ = ∂Ω, positively oriented, of length |Γ|.
An operator is approximable if it is a norm limit of finite-rank operators in B(X). Approximable
operators form a norm-closed linear subspace of B(X), and AKB is approximable whenever K is
and A,B ∈ B(X) (∥AKB −AFB∥ ≤ ∥A∥∥K − F∥∥B∥ and AFB has finite rank).

The spaces of Section 5 are ℓ1w(J ) = {x : ∥x∥ = ∑
i∈J wi|xi| < ∞} with J countable and

weights wi > 0: X = ℓ1(Z;C18) with J = Z × {1, . . . , 18}, and the space of the Scal-coordinates of
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Section 5.4, with J the window coordinates together with Tl × {1, . . . , 18}, all weights 1.

Lemma A.1. On X = ℓ1w(J ) every compact operator is approximable.

Proof. For finite J there is nothing to prove. Otherwise enumerate J = {i1, i2, . . . } and let Πn

keep the coordinates i1, . . . , in and set the others to 0. Then Πn has finite rank, ∥I − Πn∥ ≤ 1, and
∥x−Πnx∥ = ∑

k>nwik
|xik

| → 0 for every x. Let K be compact and ϵ > 0. The image of the unit ball
underK is relatively compact, so it has a finite ϵ-net y1, . . . , yr; choose n with ∥yl−Πnyl∥ < ϵ for every
l. For ∥x∥ ≤ 1 pick l with ∥Kx−yl∥ < ϵ; then ∥(I−Πn)Kx∥ ≤ ∥(I−Πn)(Kx−yl)∥+∥(I−Πn)yl∥ < 2ϵ.
So ∥K − ΠnK∥ ≤ 2ϵ, and ΠnK has finite rank.

Lemma A.2 (the resolvent). Let ρ(H) ̸= ∅.

(a) For λ, µ ∈ ρ(H), R(λ) −R(µ) = (µ− λ)R(λ)R(µ), and R(λ)R(µ) = R(µ)R(λ).

(b) R(λ) maps X onto D(H), HR(λ) = λR(λ) − I ∈ B(X), and R(λ)Hx = HR(λ)x for
x ∈ D(H).

(c) If λ0 ∈ ρ(H) and |λ−λ0|∥R(λ0)∥ < 1, then λ ∈ ρ(H) and R(λ) = ∑
k≥0(λ0 −λ)kR(λ0)k+1. So

ρ(H) is open, R is norm continuous on ρ(H), and R is holomorphic there: (R(λ)−R(µ))/(λ−
µ) → −R(µ)2 in norm as λ → µ.

(d) If R(λ0) is approximable for one λ0 ∈ ρ(H), then R(λ) is approximable for every λ ∈ ρ(H).

(e) If E ∈ B(X), λ ∈ ρ(H) and I−ER(λ) is invertible, then λ ∈ ρ(H+E), with D(H+E) = D(H)
and (λ−H−E)−1 = R(λ)(I−ER(λ))−1. If λ ∈ ρ(H)∩ρ(H+E), then (λ−H−E)−1 −R(λ) =
(λ−H − E)−1ER(λ).

Proof. (a) Since R(µ) maps into D(H), R(λ) = R(λ)(µ−H)R(µ) and R(µ) = R(λ)(λ−H)R(µ);
subtract. Exchanging λ and µ and comparing gives commutativity for λ ̸= µ. (b) R(λ)X ⊂ D(H)
by definition, and every x ∈ D(H) is R(λ)(λ−H)x, so R(λ)X = D(H). (λ−H)R(λ) = I gives the
formula forHR(λ); for x ∈ D(H), R(λ)(λ−H)x = x gives R(λ)Hx = λR(λ)x−x = HR(λ)x. (c) Let
T = (λ0−λ)R(λ0), so ∥T∥ < 1. For x ∈ D(H), (λ−H)x = (λ0−H)x−(λ0−λ)x = (I−T )(λ0−H)x.
Since I − T is invertible by the Neumann series, λ−H is a bijection D(H) → X with the bounded
inverse R(λ0)(I−T )−1 = ∑

k(λ0−λ)kR(λ0)k+1, and ∥R(λ)−R(λ0)∥ ≤
∑

k≥1 |λ−λ0|k∥R(λ0)∥k+1 →
0 as λ → λ0. The derivative follows from (a) and continuity. (d) By (a), R(λ) = R(λ0) + (λ0 −
λ)R(λ)R(λ0). (e) For x ∈ D(H), (λ−H − E)x = (I − ER(λ))(λ−H)x, a composition of bijections
with bounded inverses. The last identity is (λ−H − E)−1[(λ−H) − (λ−H − E)]R(λ).

For a continuous F : Γ → B(X),
∮

Γ F (λ) dλ is the sum over the four edges of the norm limits of
Riemann sums, which exist by uniform continuity exactly as for scalar functions.

Lemma A.3 (contour integrals). Let Ω be a rectangle and F : Γ → B(X) continuous.

(a) ∥
∮

Γ F∥ ≤ |Γ| maxΓ ∥F∥; A(
∮

Γ F )B =
∮

ΓAFB for A,B ∈ B(X); (
∮

Γ F )x =
∮

Γ F (λ)x dλ;
ℓ(
∮

Γ F ) =
∮

Γ ℓ ◦ F for every bounded linear functional ℓ on B(X).

(b) If every F (λ) is approximable, so is
∮

Γ F .

(c) If H is closed, F (λ)X ⊂ D(H) for every λ, and λ 7→ HF (λ) is continuous into B(X), then
(
∮

Γ F )X ⊂ D(H) and H
∮

Γ F =
∮

ΓHF .
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(d) If F extends to a holomorphic function on an open set containing Ω, then
∮

Γ F = 0. If Ω′ is
Ω with each side moved outward by ϵ > 0, and F is holomorphic on an open set containing
Ω′ \ Ω, then

∮
Γ′ F =

∮
Γ F , Γ′ = ∂Ω′.

(e) If Γ′ is the boundary of another rectangle and G : Γ × Γ′ → B(X) is continuous, then∮
Γ
∮

Γ′ G(λ, λ′) dλ′ dλ =
∮

Γ′
∮

ΓG(λ, λ′) dλ dλ′.

Proof. (a) and (b) hold for Riemann sums and pass to the norm limit. (c) The Riemann sums Sk

converge to
∮
F in norm, Skx ∈ D(H), and HSkx are the Riemann sums of λ 7→ HF (λ)x, which

converge to (
∮
HF )x; H is closed. (d) For every bounded linear functional ℓ on B(X), ℓ ◦ F is

holomorphic on that open set, so ℓ(
∮

Γ F ) =
∮

Γ ℓ ◦ F = 0 by the Cauchy–Goursat theorem, and∮
Γ F = 0 by the Hahn–Banach theorem. For the second statement, Ω′ \ Ω is the union of four

closed rectangles: the two of width ϵ along the vertical sides of Ω′, of the full height of Ω′, and the
two of height ϵ above and below Ω, of the width of Ω. The integrals over their positively oriented
boundaries are 0 by the first statement, and they add up to

∮
Γ′ F −

∮
Γ F , because every edge shared

by two of them is traversed once in each direction, the outer edges make up Γ′, and the edges on Γ
are traversed opposite to the orientation of Γ. (e) The inner integrals are continuous in the outer
variable by uniform continuity of G. Apply ℓ as in (d); on each pair of edges the scalar statement is
Fubini’s theorem for a continuous function on a product of two compact intervals; conclude by the
Hahn–Banach theorem.

Proposition A.4 (Riesz projection). Let ρ(H) ̸= ∅, Ω a rectangle with Γ ⊂ ρ(H), and P =
1

2πi

∮
ΓR(λ) dλ.

(a) P 2 = P ; PR(µ) = R(µ)P for µ ∈ ρ(H); PX ⊂ D(H), HP ∈ B(X), and PHx = HPx for
x ∈ D(H). So M = PX is a closed subspace and H(M) ⊂ M .

(b) If x ∈ ker(H − µ)k for some k ≥ 1, then Px = x if µ ∈ Ω and Px = 0 if µ /∈ Ω.

(c) For ζ ∈ Ω, Q(ζ) = 1
2πi

∮
Γ(λ − ζ)−1R(λ) dλ maps X into D(H), (ζ − H)Q(ζ) = I − P , and

Q(ζ)(ζ −H)x = (I − P )x for x ∈ D(H).

(d) If dimM < ∞, then specH ∩ Ω is the spectrum of the linear map H|M of M , a finite set of
eigenvalues of H, M = ⊕

µ∈spec H∩ΩGµ(H), and rankP = n(H,Ω).

(e) If R(λ) is approximable for every λ ∈ Γ, then dimM < ∞.

Proof. (a) Γ is compact and specH is closed, so if specH ̸= ∅ they are at a distance d0 > 0
(otherwise let d0 = 1). Let Ω′ be Ω with each side moved outward by ϵ = d0/2. Every point of Ω′ \ Ω
lies within

√
2ϵ < d0 of Γ, so Ω′ \ Ω ⊂ ρ(H), an open set on which R is holomorphic (Lemma A.2(c));

by Lemma A.3(d), P = 1
2πi

∮
Γ′ R(λ′) dλ′. By Lemma A.3(a), Lemma A.2(a) and Lemma A.3(e),

since Γ ∩ Γ′ = ∅,

P 2 = 1
(2πi)2

∮
Γ

∮
Γ′
R(λ)R(λ′) dλ′ dλ = 1

(2πi)2

∮
Γ

∮
Γ′

R(λ) −R(λ′)
λ′ − λ

dλ′ dλ

= 1
2πi

∮
Γ
R(λ)

[ 1
2πi

∮
Γ′

dλ′

λ′ − λ

]
dλ− 1

2πi

∮
Γ′
R(λ′)

[ 1
2πi

∮
Γ

dλ

λ′ − λ

]
dλ′.

For λ ∈ Γ ⊂ Ω′ the first bracket is 1; for λ′ ∈ Γ′, which lies outside Ω, the second is 0. So
P 2 = P . PR(µ) = R(µ)P by Lemmas A.2(a) and A.3(a). By Lemmas A.2(b) and A.3(c),
PX ⊂ D(H) and HP = 1

2πi

∮
Γ(λR(λ) − I) dλ = 1

2πi

∮
Γ λR(λ) dλ, since

∮
Γ dλ = 0. For x ∈ D(H),
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R(λ)Hx = λR(λ)x− x, so PHx = 1
2πi

∮
Γ(λR(λ)x− x) dλ = HPx. M = ker(I − P ) is closed, and

for x ∈ M , Hx = HPx = PHx ∈ M .
(b) If x ̸= 0, then µ is an eigenvalue (with j the largest index such that (H−µ)jx ̸= 0, (H−µ)jx

is an eigenvector), so µ /∈ Γ. For λ ∈ ρ(H) let y = ∑k−1
j=0(λ − µ)−j−1(H − µ)jx ∈ D(H). Writing

λ − H = (λ − µ) − (H − µ), the sum telescopes: (λ − H)y = x − (λ − µ)−k(H − µ)kx = x, so
R(λ)x = y. Integrating over Γ, Px = ∑

j

[ 1
2πi

∮
Γ(λ− µ)−j−1dλ

]
(H − µ)jx, which is x if µ ∈ Ω and

0 if µ /∈ Ω.
(c) By Lemmas A.2(b) and A.3(c), Q(ζ)X ⊂ D(H) and, using λ(λ− ζ)−1 = 1 + ζ(λ− ζ)−1 and

1
2πi

∮
Γ(λ− ζ)−1dλ = 1,

HQ(ζ) = 1
2πi

∮
Γ

λR(λ) − I

λ− ζ
dλ = P + ζQ(ζ) − I,

that is, (ζ −H)Q(ζ) = I − P . For x ∈ D(H), R(λ)Hx = HR(λ)x gives Q(ζ)Hx = HQ(ζ)x in the
same way, so Q(ζ)(ζ −H)x = (ζ −H)Q(ζ)x = (I − P )x.

(d) Let T = H|M , a linear map of the finite-dimensional space M . An eigenvalue µ of T is an
eigenvalue of H, so µ /∈ Γ; if µ /∈ Ω, an eigenvector x ∈ M would satisfy x = Px = 0 by (b). So
specT ⊂ Ω∩ specH. Conversely, let ζ ∈ Ω\ specT and S = (ζ−T )−1P +Q(ζ)(I−P ) ∈ B(X). For
x ∈ X, (ζ −H)Sx = Px+ (I −P )2x = x by (c). For x ∈ D(H), (I −P )x ∈ D(H), (ζ − T )−1P (ζ −
H)x = (ζ−T )−1(ζ−T )Px = Px by (a), and Q(ζ)(I−P )(ζ−H)x = Q(ζ)(ζ−H)(I−P )x = (I−P )x
by (a) and (c); so S(ζ−H)x = x. Hence ζ ∈ ρ(H), and specH∩Ω = specT , a finite set of eigenvalues
of H. For µ ∈ Ω, (b) gives Gµ(H) ⊂ M , so Gµ(H) = ⋃

k ker(T − µ)k = ker(T − µ)dim M , which
is {0} unless µ ∈ specT . The decomposition of M under T gives M = ⊕

µ∈spec T Gµ(H), and
rankP = dimM = n(H,Ω).

(e) By Lemma A.3(b), P is approximable; let F have finite rank with ∥P − F∥ < 1. If x ∈ M
and Fx = 0, then ∥x∥ = ∥(P − F )x∥ ≤ ∥P − F∥∥x∥, so x = 0. Thus F is injective on M and
dimM ≤ rankF .

Theorem A.5 (compact resolvent). Let X = ℓ1w(J ) and let H have compact resolvent. Then:

(i) R(λ) is compact and approximable for every λ ∈ ρ(H);

(ii) specH consists of eigenvalues and has no accumulation point in C;

(iii) for every µ ∈ C, m = m(µ;H) is finite, H maps Gµ(H) into itself, and Gµ(H) = ker(H−µ)m,
so that (H − µ)|Gµ(H) is nilpotent;

(iv) for every rectangle Ω with Γ ⊂ ρ(H), Ω contains finitely many eigenvalues, and the Riesz
projection 1

2πi

∮
ΓR(λ) dλ is a projection onto

⊕
µ∈ΩGµ(H) of rank n(H,Ω) < ∞.

Proof. (i) Lemmas A.1 and A.2(d); approximable operators are compact, as norm limits of compact
operators.

(ii) Fix λ0 ∈ ρ(H), K = R(λ0) and r > 0; we show that specH ∩ {|µ − λ0| ≤ r} is a finite
set of eigenvalues, which proves (ii) since r is arbitrary. By (i) there is a finite-rank F with
e := ∥K − F∥ < 1/r; let ∆ = K − F . For µ ̸= λ0 put ζ = (λ0 − µ)−1. Then, for x ∈ D(H),

(µ−H)x = (λ0 − µ)(ζ − K)(λ0 −H)x, (14)

because (λ0 −µ)K(λ0 −H)x = (λ0 −µ)x. On Z = {ζ : |ζ| > e}, ζ−∆ is invertible with (ζ−∆)−1 =∑
k≥0 ∆kζ−k−1, which is holomorphic and of norm at most (|ζ|−e)−1, and ζ−K = (ζ−∆)(I−G(ζ))

with G(ζ) = (ζ − ∆)−1F . Choose a basis f1, . . . , fn of FX and write Fx = ∑
j φj(x)fj ; the φj
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are bounded linear functionals, because coordinates on a finite-dimensional space are bounded.
Then G(ζ)x = ∑

j φj(x)gj(ζ) with gj(ζ) = (ζ − ∆)−1fj . Let Φ(ζ) be the n× n matrix with entries
φi(gj(ζ)) and d(ζ) = det(I − Φ(ζ)), holomorphic on Z; as |Φij(ζ)| ≤ ∥φi∥∥fj∥/(|ζ| − e), d(ζ) → 1
as |ζ| → ∞.

If d(ζ) ̸= 0, then I − G(ζ) is invertible: a solution of x − G(ζ)x = y has the form x =
y + ∑

j cjgj(ζ) with ci = φi(x), and applying φi shows (I − Φ(ζ))c = (φi(y))i; conversely, with
c = (I − Φ(ζ))−1(φi(y))i, the vector x = y +∑

j cjgj(ζ) has φi(x) = φi(y) + (Φ(ζ)c)i = ci and so
solves it. So the solution exists, is unique, and depends boundedly on y. If d(ζ) = 0, take c ̸= 0
with (I − Φ(ζ))c = 0 and x = ∑

j cjgj(ζ): then φi(x) = ci, so x ̸= 0 and x−G(ζ)x = 0.
Now let 0 < |µ− λ0| ≤ r, so that |ζ| ≥ 1/r > e and ζ ∈ Z. If d(ζ) ̸= 0, then ζ − K is invertible

and by (14) µ−H is a bijection D(H) → X with the bounded inverse (λ0 − µ)−1K(ζ − K)−1, so
µ ∈ ρ(H). If d(ζ) = 0, there is y ̸= 0 with (ζ−K)y = (ζ−∆)(I−G(ζ))y = 0; then x = Ky = ζy ≠ 0
lies in D(H), and by (14) (µ − H)x = (λ0 − µ)(ζ − K)y = 0, so µ is an eigenvalue. Finally, the
set {ζ : |ζ| ≥ 1/r, d(ζ) = 0} is closed, and bounded because d → 1 at infinity, so it is a compact
subset of the connected open set Z, on which d is holomorphic and not identically zero; by the
identity theorem it is finite. Since µ 7→ ζ is a bijection of {0 < |µ− λ0| ≤ r} onto {|ζ| ≥ 1/r} and
λ0 ∈ ρ(H), the claim follows.

(iii) If µ is not an eigenvalue, Gµ(H) = {0} (a nonzero element of ker(H − µ)k produces an
eigenvector, as in the proof of Proposition A.4(b)). Otherwise, by (ii), there is an open square Ω
centered at µ with Ω ∩ specH = {µ}, so Γ ⊂ ρ(H). By (i) and Proposition A.4(a), (d) and (e),
M = PX = Gµ(H) is finite-dimensional, H(M) ⊂ M , and the only eigenvalue of H|M is µ, so
(H|M − µ)dim M = 0 and Gµ(H) = ker(H − µ)m.

(iv) Proposition A.4(d) and (e), with (i).

Lemma A.6 (continuity of the Riesz projection). Let H be an operator in X, E ∈ B(X), Ω a
rectangle with Γ ⊂ ρ(H) ∩ ρ(H + E), and ∥(λ−H)−1∥ ≤ C and ∥(λ−H − E)−1∥ ≤ C on Γ. Then
the Riesz projections PH and PH+E of H and H + E for Ω satisfy ∥PH+E − PH∥ ≤ |Γ|

2πC
2∥E∥.

Proof. ρ(H) ̸= ∅, and by Lemma A.2(e) applied to H and E , (λ − H − E)−1 − (λ − H)−1 =
(λ−H − E)−1E(λ−H)−1 on Γ; integrate (Lemma A.3(a)).

Theorem A.7 (the count is invariant under a homotopy). Let X = ℓ1w(J ), D̂ an operator with
compact resolvent, Ê ∈ B(X), Ω a rectangle with Γ ⊂ ρ(D̂), and suppose that I − sÊ(µ− D̂)−1 is
invertible for every (s, µ) ∈ [0, 1] × Γ. Let H(s) = D̂ + sÊ. Then for every s ∈ [0, 1], Γ ⊂ ρ(H(s)),
H(s) has compact resolvent, and n(H(s),Ω) is finite and does not depend on s.

Proof. By Lemma A.2(e), every µ ∈ Γ lies in ρ(H(s)) and Rs(µ) := (µ − H(s))−1 = RD̂(µ)(I −
sÊRD̂(µ))−1, which is compact by Theorem A.5(i) for D̂. The map (s, µ) 7→ I − sÊRD̂(µ) is
norm continuous on [0, 1] × Γ (Lemma A.2(c)) with invertible values, and inversion is continuous
on the invertible operators (if ∥B − A∥∥A−1∥ < 1, then B is invertible and ∥B−1 − A−1∥ ≤
∥A−1∥2∥B − A∥/(1 − ∥A−1∥∥B − A∥), by the Neumann series). So Rs(µ) is continuous on the
compact set [0, 1] × Γ and bounded there by some C. By Theorem A.5(iv), the Riesz projection P (s)
of H(s) for Ω has rank n(H(s),Ω) < ∞, and by Lemma A.6 with H = H(s) and E = (s′ − s)Ê,
∥P (s)−P (s′)∥ ≤ |Γ|

2πC
2∥Ê∥|s−s′|. When this is less than 1, Lemma 5.8 gives rankP (s) = rankP (s′).

So the rank is locally constant on the connected interval [0, 1], hence constant.
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