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Abstract
We study traveling pulses of the neural field ut = −u−v+w∗S(u), vt = ε(u−γv) of Pinto and

Ermentrout, with the kernel w(x) = e−|x|/2 and the logistic firing rate S(u) = 1/(1 + e−β(u−θ)).
For a smooth firing rate, the existence results we found either require the recovery rate ε to
be sufficiently small or are conditional, on a Heaviside pulse satisfying conditions not verified
for any example or on properties of two solutions checked only numerically; none gives a pulse
at an explicit parameter value. We give computer-assisted proofs in ball arithmetic at explicit
parameters, with ε not small for this field. For β = 20, θ = 1/4, γ = 0 and ε = 1/10 there is a
fast pulse, with speed in (c1, c1 + 10−25), c1 = 1.1027477097341592491478677, and a slow pulse.
A fast pulse exists for every ε in [0.08, 0.13693] and at ε = 3/20, where it coexists with a slow
pulse. A fast pulse also exists for the sigmoid of Pinto and Ermentrout’s Fig. 5 at ε = 3/20,
where the rest state is a saddle-focus, and in Faye’s neural field with synaptic depression at his
other parameters for ε = 1/100, 1/50 and 1/20. The proofs combine a validated parametrization
of the unstable manifold, a validated Taylor integrator and a shooting argument of Ważewski
type. For the fast pulse at ε = 1/10 we prove spectral stability, with a spectral gap and a simple
eigenvalue 0, for every pulse of a nonempty class defined by a speed bracket of width 10−58

and a condition on the profile; this step computes the winding number of an Evans function.
Nonlinear stability is not proved.
Keywords: neural field; traveling pulse; logistic firing rate; homoclinic orbit; computer-assisted
proof; ball arithmetic; Evans function; spectral stability.
MSC 2020: 92C20, 35C07, 45K05, 37C29, 65G20.

1 Introduction
Neural field equations describe the activity of a sheet of cortex as a continuum [2, 5]. Pinto and
Ermentrout [27] added a linear recovery variable to the excitatory field and studied traveling fronts
and pulses of

ut(x, t) = −u(x, t) − v(x, t) +
∫
R
w(x− y)S(u(y, t)) dy, vt(x, t) = ε

(
u(x, t) − γv(x, t)

)
, (1)

their eq. (3), in which we write their feedback decay as γ. Here u is the synaptic input of a
population at position x, v a slow negative feedback, w ≥ 0 the connectivity kernel and S the firing
rate. Throughout, w(x) = e−|x|/2, the kernel of [27, Sect. 3.1], and, except in Theorem 5, γ = 0,
as in [27, Sect. 3.1], and

S(u) = 1
1 + e−β(u−θ) . (2)

A traveling pulse is a solution u = U(x + ct), v = V (x + ct) whose profile tends to the same rest
state at ±∞ (Definition 2.1).
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Heaviside firing rates. For the Heaviside firing rate S(u) = H(u − θ) the problem reduces to
finitely many conditions on a width a and a speed c. With γ = 0, Pinto and Ermentrout reduced
it to two conditions f(a, c) = θ and g(a, c) = θ; they note that the second can also be produced
explicitly, and for their Fig. 7 it was evaluated numerically by shooting [27, p. 217 and Fig. 7].
They noted that there “we need not assume ε is small” [27, Sect. 3.1, p. 215]. Pinto, Jackson
and Wayne [28, p. 954] “demonstrate the existence of two traveling pulse solutions” in a network
where “A Heaviside step function governs the activation of each neuron”, and they “make no other
assumptions about the recovery rate”; according to Dyson [12, pp. 7–8], they solve for (a, c) when
θ is small and check the threshold conditions only by computation. We know their paper from its
abstract and from Dyson’s account. Zhang [40] treats the singularly perturbed Heaviside system
for ε = 0 and 0 < ε � 1 (as its zbMATH review, Zbl 1082.45009, and its first two pages describe
it), and Dyson gives, in a preprint, a proof of existence and uniqueness of the fast pulse for small ε
with a Heaviside rate, calling the question “a long-standing open problem” [12, abstract, p. 1].

Smooth firing rates. For a smooth firing rate and no recovery (ε = 0), Ermentrout and McLeod
[15] proved existence and uniqueness of traveling fronts, and Ermentrout, Jalics and Rubin [14] study
waves locked to a moving stimulus with a general smooth rate. For pulses, Pinto and Ermentrout
construct the singular solution and state that “the ability to construct solutions is, at present,
restricted to asymptotic approximations” [27, p. 209]; Faye [16, Sect. 5, p. 27 of the author’s copy]
notes that they “have constructed the singular traveling solution for ε = 0, but not proved that
it persists for small positive value of ε”. Faye and Scheel [17, Theorem 1] prove pulses “for every
sufficiently small ε > 0” for a nonlocal FitzHugh–Nagumo equation, whose nonlinearity acts outside
the convolution; they remark that this difference from the neural field form “does not affect the
techniques we employ here” [17, p. 3 of arXiv:1311.6508v1]. Dyson [11, Theorem 1.4, p. 9] proves a
fast pulse for ε sufficiently small, with a lateral-inhibition kernel that is a difference of exponentials
and steep firing rates that vanish below θ and equal 1 above θ+ τ , τ small. Burlakov, Oleynik and
Ponosov [6] study (1) with a feedback decay σ and state that the smallness of ε “can be specified
as 0 < ε < (σ + 4)−1” [6, p. 2]; their Theorem 3 [6, p. 14] gives, if a Heaviside pulse satisfies their
conditions (17)–(19) and (21), a traveling wave for every member of a family of continuous firing
rates that tends to the Heaviside function. They allow σ = 0 [6, p. 7], and their Fig. 3 [6, p. 12]
solves the Heaviside conditions numerically at ε = 0.1 and σ = 0 (and σ = 1, 2), the ε and γ of
Theorem 1, with a Gaussian kernel and the threshold 0.6. Their result does not reach (1) with
a logistic rate for three reasons: their kernel is continuously differentiable [6, (A1), p. 5], which
e−|x|/2 is not; as we read the proof of their Lemma 5 [6, p. 7], the firing rate must be integrable
along a profile that decays to 0, which a logistic rate with S(0) > 0 is not; and the conditions
(17)–(19) and (21) are not verified there for any example. About (1) Hastings writes: “While
some partial results have been obtained recently by Scheel and Faye (see Section 4), we are not
aware of any existence proof for pulses which covers all reasonable smooth functions S” [19, Sect. 1,
p. 2 of arXiv:1503.04057v2]; and Dyson lists the sigmoidal case among the directions for follow-up:
“Consider the same problem, but with sigmoidal activation. Closed form is not available so we
cannot track a formal solution near the singular homoclinic orbit” [12, Discussion, p. 26].

Synaptic depression. For the neural field with synaptic depression of Theorem 5, Faye proves
existence and spectral stability for sufficiently small ε by geometric singular perturbation [16, The-
orems 3.1 and 4.1], under hypotheses that include his Hypothesis 3.1 on the speeds of the front and
the back, which has not been verified rigorously at his parameter values; as far as Hastings knows,
it “can only be checked by numerically solving” the fast system [19, Remark 3, p. 6]. Hastings
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proves two pulses for sufficiently small ε [19, Theorem 1] and, for a given ε, reduces the existence of
two pulses to properties of two solutions at a speed c1, one of the fast system (his (2.2), with ε = 0)
and one of the full system (2.1) [19, Theorem 2, p. 5, and Remark 2, p. 6], which non-rigorous
computation suggests hold at (ε, c1) = (0.005, 0.34) [19, p. 6, footnote 4]. He writes that “it is
feasible to check existence rigorously for particular positive values of ε > 0, using precise numerical
analysis based on interval arithmetic, but we have not carried out such a check” [19, Sect. 1, p. 2],
and outlines such a check [19, Sect. 4.5]. Theorem 5 proves the fast pulse at explicit values of ε in
this model by a different argument; it does not verify Hastings’s hypotheses, and it gives no slow
pulse.

Stability. For Heaviside rates, Evans functions are constructed by Coombes and Owen [9] and by
Pinto, Jackson and Wayne [28], whose abstract says that “our results suggest that fast pulses are
stable” [28, p. 954], and Zhang [39] proves exponential stability of fast pulses in a Heaviside class
for small ε (as its first two pages state). Faye proves spectral stability for his model and small ε [16,
Theorem 4.1]. Sandstede [30] proves, according to its abstract, “that spectral stability of traveling
waves implies their nonlinear stability in appropriate function spaces” [30, p. 2693] for models of
neuronal networks; we have not read it, and secondary sources disagree on its scope (Section 9).
Habib and Veltz [18, Theorem 1, p. 7] prove a principle of linearized stability, exponential orbital
stability in L2, for traveling waves of a two-population Wilson–Cowan field ut = −L0u+ L0S(W ·
u − θ), whose smooth firing rate is applied to the convolution [18, eqs. (1)–(2), p. 3]; (1), with S
inside the convolution and a linear recovery variable, is not of that form, so their theorem does not
apply to it as stated.

Method. The method follows computer-assisted proofs of traveling waves in local systems, in
particular Arioli and Koch’s proof of existence and stability of the FitzHugh–Nagumo pulse [3]
and Barker and Zumbrun’s numerical proof of stability by an Evans function [4]. The exponential
kernel makes (1) equivalent, for traveling waves, to a four-dimensional ordinary differential equation
(Section 2). We leave the rest state along its one-dimensional unstable manifold, computed by the
parameterization method [7] and validated by a bound on the tail of its Taylor series, as in [33]; we
integrate with a validated Taylor integrator in the style of Lohner [24, 32]; and we close the orbit by
a shooting argument of Ważewski type [34, 8] at a block around the rest state on which a quadratic
form increases, in the spirit of the cone conditions of Zgliczyński [36] and of computer-assisted
proofs of connecting orbits [35, 21] (Section 4). For a range of ε the single shooting run is replaced
by a chain of covering relations [37]. For stability (Section 5) we locate the essential spectrum,
exclude large eigenvalues by a Birman–Schwinger bound, enclose an Evans function [1, 22] on the
boundary of a box and count its zeros by the argument principle.

This paper. We prove existence at explicit parameter values by computer-assisted proofs in ball
arithmetic, with ε not small for the Pinto–Ermentrout field (Theorems 1–4) and, in Faye’s model,
at his other parameters for ε = 1/100, 1/50 and 1/20 (Theorem 5), and spectral stability of the
fast pulse. The results are:

• Theorem 1: for β = 20, θ = 1/4, γ = 0, ε = 1/10 there is a fast pulse with speed in an
interval of width 10−25.

• Theorem 2: a fast pulse exists for every ε ∈ [0.08, 0.13693] and every ε in five shorter intervals
between 0.069975 and 0.1501, one of which contains 3/20, with a speed window at each ε.
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• Theorem 3 and Corollary 3.1: a slow pulse exists at ε = 1/10 and at ε = 3/20, so that at
each of these two values there are at least two pulses.

• Theorem 4: a fast pulse exists for the sigmoid (1 + tanh(6(u− 1/4)))/2 printed in [27, Fig. 5],
that is β = 12, at ε = 3/20, where the rest state is a saddle-focus.

• Theorem 5: a fast pulse exists in Faye’s model with synaptic depression at the other parame-
ters of [16], for ε = 1/100, 1/50 and 1/20.

• Theorem 6: for the parameters of Theorem 1, the class P of pulses with speed in a bracket
of width 10−58 and profile in the block after a fixed time is not empty, and every pulse of P
is spectrally stable with a gap: σ(L) ∩ {Reλ ≥ −1/20} = {0}, and 0 is algebraically simple.

We call the pulses of Theorems 1, 2, 4 and 5 fast because their speeds lie on the numerically
continued branch of fast pulses (Section 7); that such a pulse is the faster of two pulses is proved
only at ε = 1/10 and ε = 3/20 (Corollary 3.1).

Earlier work. In the works we read we found no proof of existence of a traveling pulse of the
Pinto–Ermentrout neural field (1) for a given smooth firing rate at an explicit recovery rate that is
not assumed small, and no computer-assisted proof of a traveling pulse in a neural field equation.
The fixed-rate results we found concern the Heaviside rate (Pinto, Jackson and Wayne [28]), or
steep continuous rates near it under conditions not verified for any example (Burlakov, Oleynik and
Ponosov [6]). The results for smooth rates that we found require the recovery rate to be sufficiently
small (Faye and Scheel [17], Dyson [11]; for synaptic depression, Faye [16] and Hastings [19], whose
result at a given ε rests on properties of two solutions that have been checked only numerically);
Ermentrout, Jalics and Rubin, who add a stimulus to the field with a slow recovery variable, take an
unstimulated pulse as given and call their analysis of pulses “not fully rigorous” [14, p. 3049]. The
spectral stability results we found concern Heaviside rates [9, 28, 39] or a sufficiently small ε [16].
These statements say what our searches found (recorded in review/lead/priorart/PRIORART.md
and review/PRIOR-ART.md), not more. We could not read two works, whose full texts we could not
reach: Enculescu [13], for which the contexts in which it is cited suggest a Heaviside or high-gain
construction, and Sandstede [30], a stability paper; we make no statement about their contents
beyond their titles and, for [30], its abstract. Of Zhang’s papers [40, 41, 39] and of Pinto, Jackson
and Wayne [28] we reached abstracts, reviews and first pages, and of Zhang [38] the parts listed
in Section 9; every page we reached uses the Heaviside rate or concerns stability. We do not claim
nonlinear stability.

Labels. Every result carries one label. Proved: a written proof in this paper, with no computation
(a program named beside such a result only cross-checks its algebra). Computer-assisted: a written
proof in which finitely many inequalities are checked by a program in ball arithmetic (Section 6);
the program, the line of the check script that runs it and its output are named. Numerical: floating-
point or high-precision computation without error control; numerical results are never used in a
proof; they are labelled where they appear and collected in Section 7. All paths name files of the
folder that accompanies this paper. Section 8 says how to rerun everything, Section 9 lists what
is not proved and which checks of this work have been made, and Sections 10 and 11 discuss the
results and list open problems.

4



2 The traveling-wave problem

2.1 Pulses and the wave equation

Definition 2.1. A traveling pulse of (1) with speed c > 0 is a solution u(x, t) = U(x + ct),
v(x, t) = V (x + ct) with U, V ∈ C1(R) bounded and not both constant, such that (U, V )(ξ) tends
to the same limit as ξ → −∞ and as ξ → +∞.

With ξ = x+ ct the pulse moves towards −x; since w is even, u(−x, t), v(−x, t) is then a pulse
moving towards +x. Put κ = 1/c.

Lemma 2.2 (proved). Let f be bounded and continuous on R. The bounded C2 solutions of
Q−Q′′ = f are exactly Q = w ∗ f , w(x) = e−|x|/2.

Proof. |w ∗ f | ≤ sup |f | since w ≥ 0 and
∫
w = 1. Writing (w ∗ f)(ξ) = 1

2e
−ξ
∫ ξ

−∞ eηf(η) dη +
1
2e

ξ
∫∞

ξ e−ηf(η) dη and differentiating twice gives (w ∗ f)′′ = w ∗ f − f . The difference of two
bounded solutions solves D′′ = D, so it is aeξ + be−ξ, which is bounded only if a = b = 0.

For a pulse, Q = w ∗ S(U) is bounded and C2, and with P = Q′ the profile solves

U ′ = κ(Q− U − V ), V ′ = εκ(U − γV ), Q′ = P, P ′ = Q− S(U), (3)

because ut = cU ′ and (w ∗ S(u(·, t)))(x) = (w ∗ S(U))(x+ ct). Conversely:

Proposition 2.3 (proved). Let κ > 0 and let x(ξ) = (U, V,Q, P )(ξ) be a bounded solution of (3)
on R that tends to an equilibrium x∗ as ξ → ±∞ and is not constant. Then u(x, t) = U(x + ct),
v(x, t) = V (x+ ct), c = 1/κ, is a traveling pulse of (1), and U, V ∈ C∞(R).

Proof. Q is bounded and Q′′ = Q− S(U) with S(U) bounded and continuous, so Q = w ∗ S(U) by
Lemma 2.2. Then ut = cU ′ = Q−U−V at x+ct, which is −u−v+w∗S(u), and vt = cV ′ = ε(u−γv).
The field (3) is smooth, so the solution is. If U and V were both constant, then U ′ = 0 would make
Q constant, and P = Q′ = 0, so x would be constant.

2.2 The rest state

For γ = 0 the equilibria of (3) satisfy U = 0 (from V ′ = 0), P = 0, Q = S(0) and V = Q−U = S(0),
so

x∗ = (0, S(0), S(0), 0) (4)

is the only one, and the only spatially homogeneous rest state of (1) is (u, v) = (0, S(0)). Put
s0 = S′(0) = βS(0)(1 − S(0)). The Jacobian at x∗ is

A(s, κ) =


−κ −κ κ 0
εκ 0 0 0
0 0 0 1

−s 0 1 0

 (5)

with s = s0, and eliminating V = εκU/ℓ and Q = −sU/(ℓ2 −1) from the eigenvalue equations gives
the characteristic polynomial

p(ℓ) = (ℓ2 + κℓ+ εκ2)(ℓ2 − 1) + sκℓ = ℓ4 + κℓ3 + (εκ2 − 1)ℓ2 + κ(s− 1)ℓ− εκ2. (6)
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Lemma 2.4 (proved). Let ε > 0 and 0 < s < 1. For every κ > 0, p has exactly one positive root
and no root on the imaginary axis, so the number of roots with positive real part does not depend
on κ. If for one κ0 > 0 exactly one root has positive real part, then for every κ > 0 the matrix
A(s, κ) has one simple positive eigenvalue µ(κ), depending analytically on κ, and three eigenvalues
with negative real part.

Proof. The signs of the coefficients of (6) are +,+, ?,−,−, with one change of sign whatever the
middle one, so by Descartes’ rule there is exactly one positive root, and it is simple. On the
imaginary axis, p(iω) = (ω2 − εκ2)(ω2 + 1) + iκω(s − 1 − ω2); the imaginary part vanishes only
at ω = 0 because s < 1, and p(0) = −εκ2 6= 0. The roots of the monic polynomial p depend
continuously on κ, and the number in {Re ℓ > 0} can change only when a root crosses the imaginary
axis. Since this number is 1 at κ0 and the positive root is one of them, it is the only one for every
κ; it is simple, so it depends analytically on κ by the implicit function theorem.

Lemma 2.5 (computer-assisted: code/certify_rest.py, check 1 of Table 3). Let β = 20 and
θ = 1/4. For every ε > 0 and every κ > 0 the matrix A(s0, κ) has one simple positive eigenvalue
µ, which depends analytically on (ε, κ), and three eigenvalues with negative real part.

Proof. Here s0 = 20e5/(1 + e5)2 = 0.13296 . . . < 1, which does not depend on ε. Check 1 certifies
that at ε = 1/10 and κ ∈ [1/c2, 1/c1] of Theorem 1 the four roots of p are real and simple, one
positive and three negative. The proof of Lemma 2.4 excludes roots on the imaginary axis for every
(ε, κ) ∈ (0,∞)2, a connected set on which the roots depend continuously on (ε, κ), so the number
of roots with positive real part is 1 on all of it. The positive root is simple by Descartes’ rule, so it
depends analytically on (ε, κ) by the implicit function theorem.

So for every c > 0 the rest state has a one-dimensional unstable and a three-dimensional stable
manifold, and a pulse is found by shooting in the single parameter c. For the other parameter
points of Section 3 the counts are certified by the programs named in the proofs.

2.3 A polynomial embedding

The programs integrate the five-dimensional polynomial system obtained by adding Y = S(U):

U ′ = κ(Q− U − V ), V ′ = εκU, Q′ = P, P ′ = Q− Y, Y ′ = βY (1 − Y )U ′, (7)

because S′ = βS(1 − S). Its rest points form the line {(0, a, a, 0, a) : a ∈ R}, so the rest point x5
∗

with a = S(0) is not isolated, and the Jacobian there has the eigenvalue 0 besides the roots of p
(its Y column is (0, 0, 0,−1, 0)T and its last row is s0 times the first). The invariance of the surface
{Y = S(U)} therefore does not by itself place an orbit of (7) on it; the following lemma does.

Lemma 2.6 (proved). Let z(ξ) = (U, V,Q, P, Y )(ξ) solve (7) on an interval (−∞, ξ1) with z(ξ) →
x5

∗ as ξ → −∞. Then Y = S(U) on (−∞, ξ1), (U, V,Q, P ) solves (3), and the solution extends to
all ξ ∈ R.

Proof. For the given U , the equation Y ′ = βU ′(ξ)Y (1 − Y ) is a scalar equation with the solutions
Y ≡ 0 and Y ≡ 1, so by uniqueness 0 < Y < 1 on the whole interval, since Y → S(0) ∈ (0, 1).
There d

dξ

(
β−1 log Y

1−Y − U
)

= Y ′

βY (1−Y ) − U ′ = 0, so β−1 log(Y/(1 − Y )) − U is constant, equal to
its limit β−1 log(S(0)/(1 − S(0))) = −θ. Hence log(Y/(1 − Y )) = β(U − θ), that is Y = S(U), and
the first four components solve (3). The field of (3) is globally Lipschitz, so its solution exists on
R [31, Theorem 2.17], and (U, V,Q, P, S(U)) is the continuation of z.
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3 Results
All six theorems are computer-assisted: each rests on written lemmas (Sections 4 and 5) and
on finitely many inequalities checked in ball arithmetic by the programs named in their proofs.
Theorem 1 is proved in Section 4.4, Theorem 2 in Section 4.7, Theorem 3 and Corollary 3.1 in
Section 4.5, Theorem 4 in Section 4.6, Theorem 5 in Section 4.8 and Theorem 6 in Section 5.6.
Speeds are given as exact decimal numbers, and every printed bound is rounded outward from the
certified enclosure.

Theorem 1 (computer-assisted). Let β = 20, θ = 1/4, ε = 1/10, γ = 0 and w(x) = e−|x|/2, and
let

c1 = 1.1027477097341592491478677, c2 = c1 + 10−25.

There is a traveling pulse of (1) with speed c ∈ (c1, c2) and (U, V )(ξ) → (0, S(0)) as ξ → ±∞,
S(0) = 1/(1 + e5), the rest state (4). Its orbit leaves the rest state, as ξ increases from −∞, on the
branch of the one-dimensional unstable manifold on which U increases, and supU > 0.7596.

Theorem 2 (computer-assisted). Let β = 20, θ = 1/4, γ = 0 and w(x) = e−|x|/2.

(a) For every ε in

E = [0.069975, 0.070025] ∪ [0.08, 0.13693] ∪ [0.138, 0.1382]
∪ [0.1395, 0.1397] ∪ [0.1399, 0.1401] ∪ [0.1499, 0.1501]

there is a traveling pulse of (1) whose orbit leaves the rest state on the branch of the unstable
manifold on which U increases.

(b) The set E is the union of 386 intervals Ek: the interval [0.08, 0.13693] is the union of 381 of
them, and each of the other five intervals of E is one of them. They are listed in ex t/ ep
s-r an ge /d at a/ sp ee d_ ta bl e. md (383 intervals) and ex t/ ep s-r an ge /d at a/ pr ob
e_ ta bl e. md (four intervals, of which [0.1299, 0.1301] lies in [0.08, 0.13693] and is not one
of the Ek), and summarized in Table 1. For each k the certificate of Ek gives exact dyadic
numbers ek, hk > 0, qk, sk and dk (recorded as e_m_exact, w_exact, q0_exact, s1_exact
and dk_exact) such that for every ε ∈ Ek the pulse of (a) can be chosen with speed c satisfying∣∣∣1

c
− qk − sk

ε− ek

hk

∣∣∣ ≤ |dk|;

in particular c ∈ [c1(Ek), c2(Ek)] with the bounds listed in those files. At ε = 1/10 a pulse of
(a) can be chosen with speed in [1.1027337393, 1.1027617086], and at ε = 3/20 one with speed
in [1.0343501717, 1.0343715699].

Theorem 3 (computer-assisted). Let β = 20, θ = 1/4, γ = 0 and w(x) = e−|x|/2, and let

ca = 0.3775319350688905765075606, cb = 0.4932988879736285669800062.

(a) For ε = 1/10 there is a traveling pulse with speed in (ca, ca + 10−25), leaving the rest state on
the branch on which U increases, with supU > 0.3523.

(b) For ε = 3/20 there is a traveling pulse with speed in (cb, cb + 10−25), leaving the rest state on
the branch on which U increases, with supU > 0.3898.
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Table 1: Theorem 2: the 381 intervals Ek that make up [0.08, 0.13693], in bins of length 0.005 (the
last one is [0.135, 0.13693]), with the least width of an Ek in the bin (rounded to two significant
digits), the least lower and the largest upper speed bound over the bin (rounded outward) and the
widest bracket c2(Ek) − c1(Ek) in the bin (rounded up). Below, the five further intervals Ek of E ,
each with its bracket. The brackets contain the variation of the speed over Ek; at a fixed ε the
window is about 2.9 · 10−6 to 4.3 · 10−5 wide (floating-point estimates). Output of table.py in
ext/eps-range/data/table_summary.txt and probe_summary.txt.

ε bin or Ek intervals least width least c1(Ek) largest c2(Ek) widest c2 − c1

[0.080, 0.085) 56 3.0 · 10−5 1.120447884 1.126184732 2.0 · 10−4

[0.085, 0.090) 43 3.2 · 10−5 1.114630533 1.120457049 3.0 · 10−4

[0.090, 0.095) 50 2.3 · 10−5 1.108745260 1.114652673 3.1 · 10−4

[0.095, 0.100) 34 1.0 · 10−4 1.102516850 1.108753588 3.6 · 10−4

[0.100, 0.105) 23 1.2 · 10−4 1.096533473 1.102549926 4.8 · 10−4

[0.105, 0.110) 25 9.3 · 10−5 1.090137678 1.096555157 3.7 · 10−4

[0.110, 0.115) 21 4.7 · 10−5 1.083800059 1.090158053 5.0 · 10−4

[0.115, 0.120) 20 5.7 · 10−5 1.077529075 1.083832318 5.0 · 10−4

[0.120, 0.125) 41 3.2 · 10−5 1.070770107 1.077545764 3.4 · 10−4

[0.125, 0.130) 40 5.0 · 10−5 1.063724897 1.070784849 4.1 · 10−4

[0.130, 0.135) 20 4.6 · 10−5 1.056941556 1.063758520 5.5 · 10−4

[0.135, 0.13693] 8 1.5 · 10−4 1.054156251 1.056963740 5.5 · 10−4

[0.069975, 0.070025] 1 5.0 · 10−5 1.137369890 1.137432333 6.3 · 10−5

[0.138, 0.1382] 1 2.0 · 10−4 1.052309900 1.052627038 3.2 · 10−4

[0.1395, 0.1397] 1 2.0 · 10−4 1.050107296 1.050427247 3.2 · 10−4

[0.1399, 0.1401] 1 2.0 · 10−4 1.049516254 1.049836970 3.3 · 10−4

[0.1499, 0.1501] 1 2.0 · 10−4 1.034189745 1.034532053 3.5 · 10−4

Corollary 3.1 (computer-assisted). Let β = 20, θ = 1/4, γ = 0 and w(x) = e−|x|/2. At ε = 3/20,
(1) has at least two traveling pulses: a pulse given by Theorem 2 with speed in [1.0343501717,
1.0343715699], and a pulse given by Theorem 3(b). At ε = 1/10 the same holds for pulses given by
Theorems 1 and 3(a).

At ε = 3/20 Pinto and Ermentrout show a fast and a slow pulse for the Heaviside rate [27,
Figs. 7 and 8]; Corollary 3.1 gives the same pair for the logistic rate with β = 20.

Theorem 4 (computer-assisted). Let S(u) = 1
2(1 + tanh(6(u− 1

4))) = 1/(1 + e−12(u−1/4)), that is
β = 12 and θ = 1/4, and let ε = 3/20, γ = 0, w(x) = e−|x|/2. There is a traveling pulse with speed
in (cg, cg +10−25), cg = 1.04753749779917111554998626, and (U, V ) → (0, S(0)), S(0) = 1/(1+e3),
leaving the rest state on the branch of the unstable manifold on which U increases, with supU >
0.6223. For every speed in that interval the rest state of (3) is a saddle-focus: its eigenvalues lie
in balls of radius below 10−24 about 0.8588669270450529842332007, −1.398430451966129174219018
and −0.207528120050090284671622 ± 0.265976259788901481325790 i, and the unstable eigenvalue
exceeds 4.1385 times the modulus of the real part of the complex pair.

The firing rate of Theorem 4 is the sigmoid printed in the caption of [27, Fig. 5, p. 215],
P (u− θ) = 1

2(1 + tanh(6(u− θ))), whose tanh gain 6 is the logistic gain 12, since (1 + tanh z)/2 =
1/(1 + e−2z). Two caveats apply. Figure 5 is a computation of fronts, with the kernel e−|y|/0.3/0.6
and no recovery variable, so the rate appears there in another setting. And its caption calls the
sigmoid one “with the same linear slope as L”, a piecewise linear rate whose slope is 6, whereas
the logistic rate with gain 12 has maximal slope 3; a logistic rate with maximal slope 6 would have
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Table 2: Theorem 5: the speed brackets (cf , cf + 10−n) and the lower bounds for supU . The digits
of cf after the point are printed in groups of ten.

ε cf n supU >

1/100 0.3315163073 3686543662 5730534879 4592252725 7930151000
8102579492 3820021659 3880377692 8641803147 0542964154
4290317720 8307894457 1026228380 3577955607 2008

144 0.77145

1/50 0.3123155710 0606361009 1707089216 9975669710 7963698354
3689818598 5170714422 6616775784 84618711

88 0.68250

1/20 0.2471826276 5166962699 06434087 28 0.50435

gain 24. We take the formula as printed. The other parameters, θ = 1/4, ε = 3/20, γ = 0 and the
kernel e−|x|/2, are those of Pinto and Ermentrout’s Figures 7 and 8, in which they show a fast and
a slow pulse for the Heaviside rate.

Theorem 5 (computer-assisted). Consider the neural field with synaptic depression of Faye [16,
eqs. (2.1)–(2.3)], with τ = 1,

ut = −u+
∫
R
J(x− y) q(y, t)S(u(y, t)) dy, 1

ε
qt = 1 − q − α q S(u), J(x) = b

2
e−b|x|, (8)

and S as in (2) with β = 20, θ = 11/50, b = 9/2 and α = 5 (Faye’s λ, κ, b and β, his illustration
values [16, Sect. 3.2 and Figs. 1, 4 and 7]). The homogeneous rest state (u0, q0) is unique,

u0 = 0.0151017095592381945561 . . . , q0 = 0.9244914522038090272194 . . . .

For each ε in Table 2 there is a traveling pulse u = U(x+ ct), q = Q(x+ ct) with c ∈ (cf , cf + 10−n),
(U,Q) → (u0, q0) as ξ → ±∞, leaving the rest state on the branch of the unstable manifold on which
U increases, with supU above the bound in the table.

For the stability theorem fix the parameters of Theorem 1 and the block B of Section 4.4:
y = T (x − x∗) and B = {|y1| ≤ r, |y′| ≤ ρ} as in Section 4.2, where T is the matrix of double-
precision numbers (exact dyadic rationals) recorded in data/block_certificate.json, ρ is the
dyadic number recorded there (rho_mantissa_exponent) and r = 4ρ. (The programs recompute T
from a floating-point eigendecomposition at each run; check P3 of Table 4 compares the recomputed
pulse records, which contain T , exactly with the stored ones, so the runs of record used the recorded
T .) For c > 0 let xc be the solution of (3) through the point Φ1/c(1/4) of the parametrized unstable
manifold (Section 4.1) at ξ = 0; by Lemma 4.3 every pulse with speed c that leaves the rest state
on the branch on which U increases is a translate of xc.

Definition 3.2. Let clo = 1.1027477097341592491478677357466217332550533837818208789272
and chi = clo + 10−58. The class P consists of the traveling pulses of (1), with the parameters of
Theorem 1, whose speed c lies in [clo, chi], which leave the rest state on the branch on which U
increases, and for which xc(ξ) ∈ B for every ξ ≥ 110.

The bracket [clo, chi] lies inside the bracket (c1, c2) of Theorem 1. Linearizing (1) about a pulse
in the frame ξ = x+ ct gives the operator

L
(
p
q

)
=
(

−cp′ − p− q + w ∗ (S′(U)p)
−cq′ + εp

)
(9)

on X = L2(R) × L2(R) with domain H1(R) ×H1(R).
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Theorem 6 (computer-assisted). The class P is not empty: it contains a pulse with speed in
(clo, chi). For every pulse of P the operator L of (9) satisfies:

(i) for Reλ > −δ0, δ0 = (1 −
√

3/5)/2 = 0.11270166 . . ., the operator L − λ is Fredholm of index
0 from H1 ×H1 to X, and the spectrum of L in {Reλ > −δ0} consists of isolated eigenvalues
of finite algebraic multiplicity;

(ii) σ(L) ∩ {Reλ ≥ −1/20} = {0};

(iii) 0 is an eigenvalue with eigenfunction (U ′, V ′) and algebraic multiplicity one.

Theorem 6 is spectral stability with a spectral gap of at least 1/20 in the sense of [22]. It is
not nonlinear stability (Section 9). Every pulse of P satisfies the conclusions of Theorem 1: its
speed lies in (c1, c2), it leaves the rest state on the branch on which U increases, and the bound
supU > 0.7596 of the proof holds for every speed in that bracket (Section 4.4); so the pulse of
Theorem 1 can be chosen in P. We do not know whether every pulse with speed in (c1, c2) that
leaves the rest state on that branch belongs to P, nor whether the pulse given by the proof of
Theorem 1 does; either would follow from uniqueness of such a pulse, which we have not proved.

4 Existence
This section proves Theorem 1 in full and then the modifications for Theorems 2–5: the unstable
manifold (Section 4.1), the block (Section 4.2) and the shooting argument (Section 4.3), then the
proofs. The lemmas are stated for the neural field (3); Section 4.8 adapts them to (8).

4.1 The unstable manifold

Write z = x5
∗+y for points of the polynomial embedding (7) (Section 2.3), with γ = 0 and Y0 = S(0).

Since Y (1 − Y ) = Y0(1 − Y0) + (1 − 2Y0)yY − y2
Y and Q−U − V = yQ − yU − yV =: ω(y), the field

of (7) is
F5(x5

∗ + y) = A5y + eY g(y), g(y) = βκ
(
(1 − 2Y0)yY − y2

Y

)
ω(y), (10)

where A5 is the Jacobian at x5
∗ and eY the fifth unit vector; only the Y equation is nonlinear. Let

µ = µ(κ) be the positive root of p and v = (1, εκ/µ,−s0/(µ2 −1),−s0µ/(µ2 −1), s0), which satisfies
A5v = µv (check it row by row using p(µ) = 0). We look for Φκ(t) =

∑
n≥0 ant

n with

µ tΦ′
κ(t) = F5(Φκ(t)), a0 = x5

∗, a1 = σv, σ = 1/7. (11)

If Φκ converges and solves (11) for |t| < 1, then z(ξ) = Φκ(t0eµξ) solves (7) for |t0|eµξ < 1 and
tends to x5

∗ as ξ → −∞. Matching powers of t, a1 is an eigenvector and, for n ≥ 2,

(nµ−A5) an = eY gn, gn = [tn] g
(∑

1≤m<n amt
m
)
, (12)

where gn depends only on a1, . . . , an−1 because g is at least quadratic in y. The eigenvalues of A5
are 0 and the roots of p, so nµ, which is real and larger than the only positive root µ, is not an
eigenvalue: (12) has a unique solution for every n ≥ 2.

Lemma 4.1 (proved). Let ζ ≥ 2 and z = (ζ − A5)−1eY . Then zU = −κ/p(ζ), zV = εκzU/ζ,
zY = s0zU + 1/ζ, zQ = −zY /(ζ2 − 1) and zP = ζzQ, and

|zU | ≤ 4κ
3ζ4 , |zY | ≤ 1

ζ
+ s0|zU |, |zQ| ≤ 4|zY |

3ζ2 , |zP | ≤ 4|zY |
3ζ

, |zV | = εκ|zU |
ζ

;

each bound decreases in ζ.

10



Proof. The rows of (ζ − A5)z = eY are (ζ + κ)zU + κzV − κzQ = 0, ζzV = εκzU , ζzQ = zP ,
ζzP = zQ − zY and ζzY + s0κ(zU + zV − zQ) = 1. The third and fourth give zQ = −zY /(ζ2 − 1);
the first gives κ(zU + zV − zQ) = −ζzU , so the fifth reads ζzY − s0ζzU = 1; inserting zV , zQ and
zY into the first and multiplying by ζ(ζ2 − 1) gives p(ζ)zU = −κ. For ζ ≥ 2, p(ζ) = ζ2(ζ2 − 1) +
(κζ + εκ2)(ζ2 − 1) + s0κζ ≥ ζ2(ζ2 − 1) ≥ 3

4ζ
4 and ζ2 − 1 ≥ 3

4ζ
2, which give the bounds.

For a sequence h = (hn)n>N of vectors in R5 put ‖hi‖ =
∑

n>N |hn,i|, and for a polynomial or
series f =

∑
fnt

n put ‖f‖1 =
∑

n |fn|, a norm under which products satisfy ‖fg‖1 ≤ ‖f‖1‖g‖1.

Lemma 4.2 (proved; its hypotheses are checked by code/manifold.py). Let N = 80, let K ⊂
(0,∞) be an interval, and suppose that, for all κ ∈ K at once, balls containing µ(κ) and the solutions
a1, . . . , aN of (12) are computed, (N + 1) minµ ≥ 2, and, with Ki the bounds of Lemma 4.1 at
ζ0 = (N + 1) minµ, G0 =

∑
n>N |gn(ā)| for the polynomial ā =

∑
1≤n≤N ant

n, and Z(R) the bound
defined in the proof, there is G > 0 with G0 + Z(R) ≤ G for Ri = KiG. Then for every κ ∈ K the
series Φκ converges absolutely for |t| ≤ 1, solves (11) for |t| < 1, and∣∣∣Φκ,i(t) −

∑
n≤N

an,it
n
∣∣∣ ≤ Ri|t|N+1, |t| ≤ 1. (13)

Moreover κ 7→ Φκ(1/4) is continuous on K.

Proof. Write ȳ for the polynomial part of Φκ − x5
∗ and η, ϖ for the tails of its Y component and of

ω. By (10),

g(ȳ + h) − g(ȳ) = βκ
[
(1 − 2Y0)(ȳY ϖ + ηω̄ + ηϖ) − (ȳ2

Y ϖ + 2ȳY ηω̄ + 2ȳY ηϖ + η2ω̄ + η2ϖ)
]
,

so with Ȳ = ‖ȳY ‖1, W̄ = ‖ω̄‖1, Rω = RU +RV +RQ ≥ ‖ϖ‖1 and RY ≥ ‖η‖1, the Banach-algebra
property gives ‖g(ȳ + h) − g(ȳ)‖1 ≤ Z(R) with

Z(R) = βκ
[
|1 − 2Y0|(Ȳ Rω +RY W̄ +RY Rω) + Ȳ 2Rω + 2Ȳ RY W̄ + 2Ȳ RY Rω +R2

Y W̄ +R2
Y Rω

]
.

For M ≥ N let h(M) = (an)N<n≤M . We show ‖h(M)
i ‖ ≤ Ri by induction; for M = N it is empty.

Since gn depends only on a1, . . . , an−1, gn(a1, . . . , an−1) is the coefficient of tn in g(ȳ + h(M)) for
every n ≤ M + 1. By (12) and Lemma 4.1 (with nµ ≥ ζ0 for n > N and the bounds decreasing in
ζ), |an,i| ≤ Ki|gn|, so

‖h(M+1)
i ‖ ≤ Ki

∑
n>N

∣∣[tn] g(ȳ + h(M))
∣∣ ≤ Ki

(
G0 + Z(R)

)
≤ KiG = Ri.

Hence
∑

n>N |an,i| ≤ Ri: the series converges absolutely for |t| ≤ 1, and (13) follows from |t|n ≤
|t|N+1. For |t| < 1 the series is analytic and (11) holds because it holds coefficientwise. All balls
enclose the values for every κ ∈ K (with µ(κ) in its ball), so the tail bound is uniform in κ. Each
an is a rational function of κ and µ(κ) whose denominators nµ, p(nµ) and n2µ2 − 1 do not vanish,
and µ is analytic in κ (Lemma 2.4), so each an is continuous; the partial sums at t = 1/4 converge
uniformly on K, since the tail after M ≥ N is at most Ri4−M−1, so the limit is continuous.

Lemma 4.3 (proved). Under the hypotheses of Lemma 4.2, for κ ∈ K the fifth component of
Φκ(1/4) is S of its first, and the solution xκ of (3) whose value at ξ = 0 is the first four components
of Φκ(1/4) exists on R, satisfies xκ(ξ) → x∗ as ξ → −∞ with U > 0 and U ′ > 0 for ξ near −∞,
and every solution of (3) that tends to x∗ as ξ → −∞ with U > 0 near −∞ is a translate of xκ.
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Proof. z(ξ) = Φκ(eµξ/4) solves (7) for ξ < log(4)/µ and tends to x5
∗, so Lemma 2.6 applies: Y =

S(U) along it and the four-dimensional solution extends to R. Its fifth component is S(U), so the Y
component of Φκ(1/4) is S of its U component. As ξ → −∞, U = σ

4 e
µξ +O(e2µξ) with σ > 0, which

gives the signs. The equilibrium x∗ of (3) is hyperbolic with a one-dimensional unstable space E
(Lemma 2.4); let P be the spectral projection of A(s0, κ) onto E. By the local unstable manifold
theorem [31, Theorems 9.4 and 9.5, the unstable case] there is a neighbourhood N = x∗ +N0 of x∗
(small enough that the conclusions of both theorems hold on it) such that the points of N whose
backward orbit stays in N form the graph W = {x∗ + a+ h(a) : a ∈ E ∩N0} of a C1 map h with
h(0) = 0 and Dh(0) = 0, and their backward orbits tend to x∗. (The condition that the backward
orbit stays in N cannot be dropped: a homoclinic orbit, such as a pulse, returns into N along the
stable directions.) Write πΦκ for the first four components of Φκ; for |t| < 1, Φκ(teµξ) solves (7)
for ξ ≤ 0 and tends to x5

∗, so by Lemma 2.6 its first four components πΦκ(teµξ) solve (3). For
tN > 0 small, the points πΦκ(t), |t| < tN , and their backward orbits πΦκ(teµs), s ≤ 0, lie in N , so
these points lie in W . The map a(t) = P (πΦκ(t) − x∗) has a(0) = 0 and a′(0) = Pπa1 = πa1 6= 0,
since πa1 = σπv is an unstable eigenvector; so, for tN small, a maps (−tN , tN ) diffeomorphically
onto an open interval J 3 0 of the line E, and, since these points lie in W , J ⊂ E ∩ N0 and, W
being a graph over E ∩ N0, the curve {πΦκ(t) : |t| < tN } is the part of W over J . Since the U
component of πΦκ(t) is σt+O(t2) with σ > 0, we may also take tN so small that U > 0 at πΦκ(t)
exactly when t > 0. Choose a neighbourhood N ′ ⊂ N of x∗ with P (N ′ − x∗) ⊂ J . Now let x(ξ)
solve (3) with x(ξ) → x∗ as ξ → −∞ and U > 0 near −∞. There is ξ0 such that x(ξ) ∈ N ′

for all ξ ≤ ξ0 and U(ξ0) > 0. The backward orbit of x(ξ0) stays in N ′ ⊂ N , so x(ξ0) ∈ W , and
P (x(ξ0) − x∗) ∈ J ; hence x(ξ0) = πΦκ(t1) with |t1| < tN , and t1 > 0 because U(ξ0) > 0. With
tN ≤ 1/4, πΦκ(t1) = xκ(µ−1 log(4t1)) is a point of the orbit of xκ, so x is a translate of xκ.

4.2 The block

Let F be a C1 vector field on R4 with an equilibrium x∗, let T be an invertible matrix, y =
T (x− x∗) = (y1, y

′) with y′ ∈ R3, J = diag(1,−1,−1,−1),

Λ(x) = yTJy = y2
1 − |y′|2, B = {x : |y1| ≤ r, |y′| ≤ ρ}, r > ρ > 0,

and K± = {x ∈ B : Λ(x) > 0, ±y1 > 0}, the two cones. For a matrix A write Ã = TAT−1 in
blocks Ã11, Ã12, Ã21, Ã22 of sizes 1 and 3.

Lemma 4.4 (proved). Suppose there is a compact set A of 4 × 4 matrices such that for every
x ∈ B, F (x) = Ax(x− x∗) with Ax in the convex hull conv A, and for every A ∈ A:

(C) H(A) = JÃ+ ÃTJ is positive definite;

(E) e(A) = λmax(sym Ã22) + ‖Ã21‖2 < 0.

Then (C) and (E) hold on conv A, and for every solution x(ξ) of x′ = F (x):

(a) there is m > 0 with d
dξ Λ(x(ξ)) ≥ m|y(ξ)|2 whenever x(ξ) ∈ B;

(b) if x([a, b]) ⊂ B and Λ(x(a)) > 0, then Λ > 0 and the sign of y1 is constant on [a, b];

(c) if x([a, b)) ⊂ intB and x(b) ∈ ∂B, then Λ(x(b)) > 0;

(d) if x(ξ) ∈ B for all ξ ≥ a, then x(ξ) → x∗ as ξ → ∞ and Λ(x(ξ)) ≤ 0 for all ξ ≥ a.
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Proof. A 7→ H(A) is affine and the positive definite matrices form a convex cone, so (C) holds on
conv A. The map A 7→ e(A) is convex: λmax(sym Ã22) = max|u|=1 u

T Ã22u is a maximum of linear
functions of A, and ‖Ã21‖2 is a norm of a linear function of A; a convex function is negative on
the convex hull of a set on which it is negative. The set conv A is compact and A 7→ λmin(H(A))
is continuous, so m = minconv A λmin(H) > 0.

(a) Along a solution in B, y′ = Ãxy, so d
dξ Λ = yTH(Ax)y ≥ m|y|2.

(b) Λ is nondecreasing on [a, b] by (a), so Λ > 0 there; y1 = 0 would give Λ = −|y′|2 ≤ 0, so y1
does not change sign.

(c) Suppose Λ(x(b)) ≤ 0. Then |y1| ≤ |y′| ≤ ρ < r at b, so |y′(b)| = ρ. There
1
2

d
dξ |y′|2 = y′T Ã22y

′ + y′T Ã21y1 ≤
(
λmax(sym Ã22) + ‖Ã21‖2

)
|y′|2 < 0

with Ã = Ãx(b), using |y1| ≤ |y′|. So |y′| > ρ just before b, contradicting x([a, b)) ⊂ intB.
(d) Λ is bounded on B and nondecreasing, so

∫∞
a m|y|2 dξ < ∞ by (a). Since F is bounded on

the compact set B, |y|2 is uniformly continuous on [a,∞), and an integrable, uniformly continuous,
nonnegative function tends to 0. So y → 0, Λ → 0, and since Λ is nondecreasing, Λ ≤ 0 on
[a,∞).

Lemma 4.5 (proved). Let γ = 0, κ > 0 and 0 < δU ≤ θ, let F be the field of (3), and suppose
|U | < δU on B. If (C) and (E) hold for the two matrices A(S′(−δU ), κ) and A(S′(δU ), κ) of (5),
then F satisfies the hypotheses of Lemma 4.4 with A = {A(S′(−δU ), κ), A(S′(δU ), κ)}.

Proof. For (3) with γ = 0 the only nonlinear component is P ′ = Q−S(U), and S(U)−S(0) = s̃(U)U
with s̃(U) = (S(U)−S(0))/U (s̃(0) = s0). Hence F (x) = A(s̃(U), κ)(x−x∗) exactly. On B, s̃(U) =
S′(ϑ) for some ϑ between 0 and U by the mean value theorem, and S′′ = β2S(1 − S)(1 − 2S) > 0
for u < θ, so s̃(U) ∈ [S′(−δU ), S′(δU )]. Since A(s, κ) is affine in s, A(s̃(U), κ) lies in the convex hull
of the two matrices.

4.3 Shooting

Proposition 4.6 (proved). Let K = [κ1, κ2] and, for κ ∈ K, let Fκ, with the same x∗, T and B,
satisfy the hypotheses of Lemma 4.4. Let xκ(ξ) solve x′ = Fκ(x), with (κ, ξ) 7→ xκ(ξ) continuous
on K × [T0,∞), and suppose:

(H1) xκ(T0) ∈ intB for every κ ∈ K;

(H2) there are ξ1, ξ2 ≥ T0 and a sign ς with xκ1([T0, ξ1]) ⊂ intB, xκ1(ξ1) ∈ Kς , xκ2([T0, ξ2]) ⊂ intB
and xκ2(ξ2) ∈ K−ς .

Then there is κ∗ ∈ (κ1, κ2) with xκ∗(ξ) ∈ intB for all ξ ≥ T0 and xκ∗(ξ) → x∗ as ξ → ∞.

Proof. For ± let E± be the set of κ ∈ K for which there is ξ′ ≥ T0 with xκ([T0, ξ
′]) ⊂ intB and

xκ(ξ′) ∈ K±. Each E± is open in K: xκ([T0, ξ
′]) is a compact subset of the open set intB and

xκ(ξ′) lies in the open set {Λ > 0,±y1 > 0}, and both properties persist for nearby κ by uniform
continuity on K × [T0, ξ

′]. The two sets are disjoint: if κ belonged to both, with times ξa < ξb (they
cannot be equal), then xκ([ξa, ξb]) ⊂ B and Λ(xκ(ξa)) > 0, so y1 could not change sign on [ξa, ξb]
by Lemma 4.4(b). By (H2) the ends κ1 and κ2 lie in different sets. The interval K is connected, so
some κ∗ ∈ K lies in neither, and κ∗ 6= κ1, κ2.

Suppose x = xκ∗ leaves intB after T0, and let b = inf{ξ ≥ T0 : x(ξ) /∈ intB}. By (H1),
b > T0, x([T0, b)) ⊂ intB and x(b) ∈ ∂B. By Lemma 4.4(c), Λ(x(b)) > 0, so y1(x(b)) 6= 0, and by
continuity there is ξ′ ∈ (T0, b) with Λ(x(ξ′)) > 0 and y1(x(ξ′)) of the same sign. Then κ∗ ∈ E+ ∪E−,
a contradiction. So x stays in intB, and x → x∗ by Lemma 4.4(d).
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Table 3: The checks of code/run_all.sh for Theorem 1 and what each one establishes. P: a proof
step; T: a test of the integrator (not part of the proof); N: a negative control, which must be
refused.

# program establishes

1 certify_rest.py P: x∗ unique, s0 < 1, one positive and three negative simple roots
of p on K (Lemma 2.4)

2 certify_rest.py N: θ = 0 (s0 = 5) refused
3–5 manifold.py P: hypotheses of Lemma 4.2 at c1, c2 and on K

6 manifold.py N: the scaling 8σ refused (tail bound fails)
7 block.py P: (C) and (E) on K for slopes in [S′(−0.05), S′(0.05)]; r = 4ρ > ρ;

|U | < 0.05 on B
8 block.py N: slopes up to S′(0.15) refused
9 block_check_iv.py P (second library): (C) by interval Cholesky, (E), the U range

and r > ρ, in mpmath.iv
10 test_jacobian.py T: Taylor jet derivatives, including ∂/∂κ, against finite differences

11–13 test_lohner*.py, test_stress.py T: enclosures contain an independent mpmath solution; with the
Taylor remainder dropped they do not; low-order stress test

14 prove_pulse.py P: (H1), xκ(53) ∈ int B for all κ ∈ K
15 prove_pulse.py P: (H2) at c1: path in int B on [53, 58.375], then in K−

16 prove_pulse.py P: (H2) at c2: path in int B on [53, 57.75], then in K+

17 prove_pulse.py N: the orbit at c1 asked to reach K+ refused
18 prove_pulse.py N: c = 1.1024 refused (leaves |x| < 5 at ξ ≈ 14.6)

19–20 prove_pulse.py N: a block reaching U = 0.15, and a block with r < ρ, refused by
the driver

No condition is imposed on the faces |y1| = r or on the part of |y′| = ρ where Λ > 0, so B need
not be an isolating block in the sense of Conley [8], and the cones are invariant only while the orbit
stays in B; the argument uses no more.

4.4 Proof of Theorem 1

The program code/run_all.sh runs the steps below and prints one line per check; Table 3 lists
the twenty checks of its output data/run_all.txt, and the certificates are the JSON files in data/.
All arithmetic is ball arithmetic at 256 bits; the parameters, c1 and c2 are exact rationals. Put
K = [1/c2, 1/c1].

Rest state (check 1). The program encloses S(0) and s0 = 0.1329611334158 . . . < 1, isolates four
sign changes of p on a grid for all κ ∈ K at once, and refines them by bisection with certified signs:
the roots lie in balls of radius below 10−24 about 0.9687611605793217870553652, −0.1246531325
59362267515550, −0.583109889199161753091305 and −1.167823871645100102751750 (data/rest_
certificate.json). Lemma 2.4 applies.

Unstable manifold (checks 3–5). code/manifold.py computes a1, . . . , a80 for κ ∈ K with
σ = 1/7, and checks the hypotheses of Lemma 4.2 with ζ0 = 81 minµ ≈ 78.5, G0 ≤ 5.8 · 10−26 and
G = 1.16 · 10−25; the tail radii Ri are below 1.5 · 10−27. The enclosure of Φκ(1/4) has radius about
10−75 at c1 and c2 and 10−25 over K. By Lemma 4.3, xκ is defined for κ ∈ K, lies on Y = S(U),
and leaves x∗ on the branch where U increases; (κ, ξ) 7→ xκ(ξ) is continuous, since the flow of (3)
with κ adjoined as a variable with κ′ = 0 is continuous on its domain [31, Theorem 6.1], which here
is all of R × R4 × (0,∞): for each κ the field of (3) is globally Lipschitz in x, since |S′| ≤ β/4, so
every solution exists on R [31, Theorem 2.17].

Block (checks 7 and 9). T is an approximate inverse of a floating-point eigenvector matrix of
A(s0, 1/c1), row-scaled by (1, 1/2, 1/4, 1/4) and stored as exact dyadic numbers; T−1 is enclosed.
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With δU = 1/20 the program certifies, for all κ ∈ K and both ends s ∈ {S′(−0.05), S′(0.05)} =
{0.049330 . . . , 0.353254 . . .}, condition (C) by Sylvester’s criterion on the leading minors of H in
ball arithmetic, and condition (E) by Gershgorin’s bound for λmax(sym Ã22) plus the Euclidean
norm of Ã21, with the upper bounds −0.05955 and −0.04841 for e(A). The block has ρ =
0.0072688567096 . . . (an exact dyadic number) and r = 4ρ, and |U | ≤ |(T−1)11| r+‖(T−1)1,2:4‖2 ρ ≤
0.04866 < 0.05 on B. Check 9 repeats (C), (E), the U range and r > ρ with the stored T in the
interval arithmetic of mpmath, an independent library. So, by Lemma 4.5, Lemma 4.4 applies to Fκ

for every κ ∈ K.
Shooting (checks 14–16). code/prove_pulse.py integrates (7), with κ as a sixth variable, by

the validated integrator of Section 6. The interval run starts from the enclosure of {(Φκ(1/4), κ) :
κ ∈ K} and shows xκ(53) ∈ intB for all κ ∈ K: |y1| ≤ 4.0 · 10−4 < r and |y′| ≤ 0.006090 < ρ. The
run at c1 shows x1/c1(53) ∈ intB, then, step by step, that the enclosure of the whole path over
each step lies in intB, until at ξ = 58.375 the enclosure satisfies −y1 > |y′|, that is x ∈ K−; the
run at c2 does the same and reaches K+ at ξ = 57.75. This is (H1) and (H2) with T0 = 53 and
ς = + for κ1 = 1/c2.

By Proposition 4.6 there is κ∗ ∈ int K whose solution xκ∗ stays in B for ξ ≥ 53 and tends to x∗;
by Lemma 4.3 it tends to x∗ as ξ → −∞ and is not constant. Proposition 2.3 makes it a traveling
pulse with c = 1/κ∗ ∈ (c1, c2). Finally, the interval run encloses U at every step end for all κ ∈ K,
and the largest of these enclosures has lower end 0.7596645, so supU > 0.7596.

The negative controls (checks 2, 6, 8, 17–20) show that each program refuses a nearby false
statement, and the tests (checks 10–13) check the integrator against independent solutions; Section 6
discusses what they can and cannot detect.

4.5 Proof of Theorem 3

The chain is that of Section 4.4, run by ext/slow-pulse/code/run_all.sh through wrappers
that set ε and the bracket and import the programs of code/ unchanged; it prints 26 checks, stored
in ext/slow-pulse/data/run_all.txt. At ε = 1/10 the four roots of p are real on the bracket;
at ε = 3/20 the count of Lemma 2.4 is certified at c = 1 and the unstable root is enclosed on the
bracket (the program also checks, as a consistency check only, that the residual of its eigenvector
contains 0). The block has δU = 0.05; at ε = 3/20 it is built in a real Jordan basis, since there,
numerically, two of the stable eigenvalues are complex (Section 7; this is not certified and not
needed); Lemma 4.4 does not require real eigenvalues, and the block conditions are certified for the
matrix T given. With T0 = 40: at ε = 1/10 the orbit at ca enters K+ at ξ = 46.875 and the orbit at
ca +10−25 enters K− at ξ = 47; at ε = 3/20 the orbits at cb and cb +10−25 enter K+ at 43.625 and
K− at 42.75, each with its whole path in intB. Proposition 4.6, Lemma 4.3 and Proposition 2.3
give the pulses, and the interval runs give supU > 0.35232 and supU > 0.38983. The negative
controls include, at ε = 1/10, the speed 0.3775288144231931360774251, 3.1 · 10−6 below the slow
pulse, at which the shooting of code/shoot_hp.py changes sign because of a periodic wave train
(numerical, Section 7); the chain refuses it with either cone.

Proof of Corollary 3.1. At ε = 3/20 Theorem 2 gives a pulse with speed in [1.0343501717,
1.0343715699] (Section 4.7), and Theorem 3(b) one with speed in (cb, cb + 10−25) ⊂ (0.49, 0.50);
at ε = 1/10 Theorems 1 and 3(a) give pulses with speeds in (c1, c2) ⊂ (1.10, 1.11) and in (ca, ca +
10−25) ⊂ (0.37, 0.38). Pulses with different speeds are different solutions, and neither pair of speed
intervals meets, even after the reflection x 7→ −x, which changes the direction of travel but not the
speed.
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4.6 Proof of Theorem 4

The programs in ext/gain-12/code/ are copies of those of code/ with these changes: nfcore.py
sets β = 12 and ε = 3/20 as the defaults of the environment variables NF_BETA and NF_EPS, which
ext/gain-12/code/run_all.sh clears, so that the defaults apply, and it uses assertions where
the base file uses explicit checks; certify_rest.py certifies the complex pair and the condition
R5 below; block.py and block_check_iv.py build and check the block in a real Jordan basis
with a Lyapunov form and a sharper entrance test; prove_pulse.py uses the block |U | ≤ 0.02,
the entry time ξ = 45 and an interval negative control; bracket.py and test_decisions.py
are new. lohner.py and shoot_hp.py are identical to those of code/, and manifold.py is
identical to code/manifold.py as it was at commit 3e2000a: it differs from the present base
file in using assertions where that file uses explicit checks, and in choosing the scaling σ of a1
at run time by choose_sigma where that file fixes σ = 1/7; here choose_sigma gives σ = 1/7
(ext/gain-12/data/manifold_validation.json). ext/gain-12/code/run_all.sh prints 23
checks, stored in ext/gain-12/data/run_all.txt.

• Rest state. Two certified sign changes of p give the roots µ > 0 and ℓ1 < 0; the quotient
p(ℓ)/((ℓ−µ)(ℓ−ℓ1)) = ℓ2+bℓ+c0 has the exact coefficients b = κ+µ+ℓ1 and c0 = −εκ2/(µℓ1),
and the program certifies b > 0, c0 > 0 and b2 < 4c0: a complex pair with negative real part.
So exactly one root has positive real part. Here s0 = 0.542 . . . < 1, so Lemma 2.4 applies.
The program also certifies R5: the complex pair is the leading stable eigenvalue (its real part
lies above ℓ1), and µ > | Re | of the pair, with µ/| Re | ∈ 4.13855687045086 ± 5 · 10−15.

• Block. T = diag(1, R)V −1 with V a real Jordan basis of A(s0, κ) and RTR the solution of
a Lyapunov equation for the stable block. Condition (E) is certified as positive definiteness
of − sym Ã22 − fI with f ≥ ‖Ã21‖F , which implies (E). The divided differences of S over
|U | ≤ 0.05 range over [0.310, 0.916], too wide for (C) and (E); the block has δU = 0.02, r = 4ρ
and ρ = 0.00727 . . ., and |U | ≤ 0.019495 < 0.02 on it.

• Bracket. With T0 = 45, the orbit at cg enters K− at ξ = 59.125 and the orbit at cg + 10−25

enters K+ at 59.25.

The rest of the proof is that of Section 4.4; the interval run gives supU > 0.62233.

4.7 Proof of Theorem 2

For each interval E = [elo, ehi] of ε, ext/eps-range/chain.py certifies the following for all ε ∈ E at
once, with ε carried as a seventh variable of the integrator (ε′ = 0) and its derivative in the Taylor
jet (ext/eps-range/lohner7.py); write ε = e + hε0 with e and h the midpoint and half-width
of E rounded to exact dyadic numbers, so that |ε0| ≤ 1 + δ on E, where δ, slightly above 2−100,
bounds the rounding (chain.py computes it; table.py recomputes the ε0 of the ends of E from e
and h in exact arithmetic).

(R) s0 < 1, ε > 0 and κ > 0 on the box, and the positive root µ is enclosed. By Lemma 2.5, for
each ε and κ of the box A(s0, κ) has one simple positive eigenvalue µ and three with negative
real part.

(M) The hypotheses of Lemma 4.2 on the whole box of (ε, κ), with κ in the window W (ε) =
q + sε0 + d[−1, 1].

(B) Conditions (C) and (E) of Lemma 4.4 on the box, with the largest δU ∈ {0.05, 0.04, . . . } that
certifies.
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(Cov) A chain of sets N1(ε), . . . , Nm(ε) in the coordinates (U, V,Q, P, κ), Ni(ε) = {x̄i + ε0di +
Mi(u, χ) : u ∈ [−1, 1], χ ∈ [−1, 1]4} with centres x̄i and invertible Mi, and the maps fi of the
flow of (7), with Y = S(U) and time rescaled on stage i by the factor τi(ε) = 1+bi(ε−e) > 0,
constant along each orbit, over one unit of time; each fi is thus a time-τi(ε) map of the
unscaled flow. For z ∈ Ni(ε) let (ui+1, χi+1)(fi(z)) be the coordinates of fi(z) for Ni+1(ε).
Checked: ‖χi+1(fi(z))‖∞ < 1 for all z ∈ Ni(ε); ui+1(fi(z)) > 1 on the face u = 1 and < −1
on the face u = −1 of Ni(ε). For i = 0 the same holds with N0(ε) replaced by the curve
g(ς) = (Φ(1/4; ε, κ(ς)), κ(ς)), κ(ς) = q + sε0 + dς, ς ∈ [−1, 1], and its ends ς = ±1 in place
of the faces. The last map sends Nm(ε) into intB and its two faces into K+ and K−, one
each. These are covering relations with one unstable direction in the sense of Zgliczyński and
Gidea [37], in the form made precise by the argument below.

Fix ε ∈ E. Put h1 = f0 ◦ g on [a0, b0] = [−1, 1], b1 = min{ς ∈ [a0, b0] : u1(h1(ς)) ≥ 1} and
a1 = max{ς ∈ [a0, b1] : u1(h1(ς)) ≤ −1}. By continuity u1(h1(a1)) = −1, u1(h1(b1)) = 1 and
|u1| < 1 in between, and ‖χ1‖∞ < 1 on all of [a0, b0], so h1([a1, b1]) ⊂ N1(ε) with its ends on the
two faces. Inductively, if hi([ai, bi]) ⊂ Ni(ε) with hi(ai) on the face u = −1 and hi(bi) on the face
u = 1, then hi+1 = fi ◦ hi satisfies the same inequalities on [ai, bi], and the same construction gives
[ai+1, bi+1] ⊂ [ai, bi]. At the end, ς 7→ fm(hm(ς)) maps [am, bm] into intB, with its ends in opposite
cones. Proposition 4.6, applied with the parameter ς ∈ [am, bm] in place of κ and T0 = 0 (the time
rescaling changes the parametrization of orbits, not the orbits), gives ς∗ whose orbit stays in B and
tends to x∗; it is the orbit through Φ(1/4; ε, κ(ς∗)), which tends to x∗ backwards on the branch
where U increases. Proposition 2.3 gives the pulse, with 1/c = κ(ς∗) ∈ W (ε).

For each Ek of Theorem 2 a certificate records that these checks passed, together with in-run
negative checks: at every stage the slab of the next set made 2 per cent thinner, or its u extent 2
per cent longer than the images allow, must be refused, and at the end a block 100 times smaller
must be refused. ext/eps-range/table.py reads the certificates, uses only those whose in-
run negative checks were all refused, recomputes the range of ε0 of each from its exact numbers,
and checks the coverage in exact rational arithmetic. Of the 383 accepted certificates in ext/ep
s-range/data/certs/, 381 lie in [0.08, 0.13693] and their union is that interval, without gaps
(ext/eps-range/data/table_summary.txt); the other two are [0.138, 0.1382] and [0.1395, 0.1397],
the first attempts of two chunks of a sweep beyond 0.13693 that was stopped for its cost (ext/
eps-range/data/sweep_attempts.txt, chunks range_B1_chunk12 and 13). The certificates in
ext/eps-range/data/probes/ come from single attempts of ext/eps-range/probe_limits.sh
near ε = 0.05, 0.06, 0.07, 0.13, 0.14, 0.15 and 0.17 (the script runs four attempts at a time
and writes plain JSON files, which are stored compressed; its attempts near 0.19, 0.20, 0.21 and
0.215 stopped before a verdict and left no certificate, and ext/eps-range/data/limits.txt
records them with an empty verdict); the same program accepts four of them, [0.069975, 0.070025],
[0.1299, 0.1301], [0.1399, 0.1401] and [0.1499, 0.1501] (ext/eps-range/data/probe_summary.txt),
whose in-run negative checks were all refused, and the others failed. At ε = 1/10 and ε = 3/20 the
windows of the certificates containing these values give the brackets stated in Theorem 2 (table.py
--at). ext/eps-range/run_checks.sh reruns one interval from scratch with its negative controls,
checks the coverage of [0.08, 0.13693] by 381 certificates, and checks that the four certificates in
ext/eps-range/data/probes/ are accepted.

Program versions. Every certificate records SHA-256 prefixes of the programs that produced it.
All 386 certificates of Theorem 2 were made with the base modules code/nfcore.py, certify_
rest.py, manifold.py and block.py as they were in the repository at commit 3e2000a (prefixes
971321a3d300665c, 3d4edb7e8ed73d3c, 01828a6e06c0c397, 0926620cb88fbe94); these files have
since changed only by replacing assertions with explicit checks, by new helper functions, constants
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and comments, and by a sign convention in block.setup, which chain.py does not call; none of
these changes alters an inequality that chain.py checks. 285 of these certificates (among them
the three probes used in E), and the fourth accepted probe, were made with the present chain.py
(328042d015af5043), and the other 101 with a version (e0aa72d09e4519dc) that differs from it
only in an over-strict assertion on the subdivision of sets (ext/eps-range/REPORT.md).

4.8 Proof of Theorem 5

With ξ = x + ct, κ = 1/c, Z = J ∗ (QS(U)) and Z1 = Z ′, a traveling wave of (8) solves Faye’s
system [16, eq. (2.8)]

U ′ = κ(Z − U), Z ′ = Z1, Z ′
1 = b2(Z −QS(U)

)
, Q′ = εκ

(
1 −Q− αQS(U)

)
, (14)

because (b2 − d2/dξ2) b
2e

−b|ξ| = b2δ. Conversely, as in Lemma 2.2, the bounded solutions of b2Z −
Z ′′ = b2f are exactly Z = J∗f , so a nonconstant bounded solution of (14) tending to an equilibrium
at ±∞ gives a traveling pulse, as in Proposition 2.3. The programs are in ext/faye-model/code/;
run_all.sh1/100 (and 1/50, 1/20) prints 14 checks, stored in ext/faye-model/data/run_all_ep
s1_100.txt and its two siblings. The settings of each run are in ext/faye-model/code/config.py.

Embedding. With Y = S(U), so that Y ′ = βY (1 − Y )U ′, traveling waves solve the polynomial
system

U ′ = κ(Z−U), Z ′ = Z1, Z ′
1 = b2(Z−QY ), Q′ = εκ(1−Q−αQY ), Y ′ = βκY (1−Y )(Z−U).

(15)
The analogue of Lemma 2.6 holds, with the same first integral β−1 log(Y/(1 − Y )) − U = −θ: a
solution of (15) that tends to a rest point x5

∗ = (u0, u0, 0, q0, S(u0)) as ξ → −∞ lies on Y = S(U).
The field of (14) is not globally Lipschitz, but it grows at most linearly, since 0 < S < 1 gives
|QS(U)| ≤ |Q|; so its solutions exist on R [31, Theorem 2.17]. Write z = x5

∗ + y, Y0 = S(u0)
and m = yZ − yU . Since u0 = q0Y0, 1 − q0 − αq0Y0 = 0, QY = q0Y0 + q0yY + Y0yQ + yQyY and
Y (1 − Y ) = Y0(1 − Y0) + (1 − 2Y0)yY − y2

Y , the field of (15) is F5(x5
∗ + y) = A5y + N (y), with A5

its Jacobian at x5
∗ and only three nonzero components of N :

NZ1 = −b2yQyY , NQ = −εκα yQyY , NY = βκ
(
(1 − 2Y0)yY − y2

Y

)
m.

With s = S′(u0), µ the positive root of the characteristic polynomial p below and v = (1, 1 +
µ/κ, µ(1 + µ/κ),−εκαq0s/(µ + εκ(1 + αY0)), s), A5v = µv (check it row by row; the third row is
p(µ) = 0). We look for Φκ(t) =

∑
n≥0 ant

n with µtΦ′
κ = F5(Φκ), a0 = x5

∗ and a1 = σv; for n ≥ 2,
(nµ−A5)an = Nn, the coefficient of tn in N (

∑
1≤m<n amt

m).

Lemma 4.7 (proved; its hypotheses are checked by ext/faye-model/code/manifold.py). Let K
be an interval of κ and N ≥ 1, and suppose that, for all κ ∈ K at once, balls containing µ(κ), a1 = σv
and solutions a2, . . . , aN of these equations are computed, that (N + 1) minµ > 2‖A5‖∞, and, with
KF = 1/((N + 1) minµ− ‖A5‖∞), G0 =

∑
n>N

∑
j |Nn,j(ā)| for the polynomial ā =

∑
1≤n≤N ant

n

and ZF as in the proof, that G0 + ZF (KFG) ≤ G for some G > 0. Then the conclusions of
Lemma 4.2 hold for (15), with Ri = KFG for every component i.

Proof. The proof of Lemma 4.2 applies with two changes. First, for n > N the Neumann series
gives ‖(nµ − A5)−1‖∞ ≤ 1/(nµ − ‖A5‖∞) ≤ KF , which bounds every entry of the inverse, so
|an,i| ≤ KF

∑
j |Nn,j | for every component i; this replaces Lemma 4.1. Second, three components

of N are nonlinear. Let Q̄ = ‖ȳQ‖1, Ȳ = ‖ȳY ‖1 and M̄ = ‖m̄‖1 for the polynomial part ȳ, and let
the tail h satisfy ‖hi‖1 ≤ R for every component, so that its m component has norm at most 2R.
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Since (ȳQ +hQ)(ȳY +hY ) − ȳQȳY = ȳQhY +hQȳY +hQhY has norm at most (Q̄+R)(Ȳ +R) − Q̄Ȳ ,
and the two terms of NY expand in the same way,∑

j

‖Nj(ȳ + h) − Nj(ȳ)‖1 ≤ ZF (R) = ĉ1
[
(Q̄+R)(Ȳ +R) − Q̄Ȳ

]
+ ĉ2

[
(Ȳ +R)(M̄ + 2R) − Ȳ M̄

]
+ ĉ3

[
(Ȳ +R)2(M̄ + 2R) − Ȳ 2M̄

]
with ĉ1 = b2 + εκα, ĉ2 = βκ|1 − 2Y0| and ĉ3 = βκ. The induction on truncations then gives
‖h(M+1)

i ‖ ≤ KF

(
G0 + ZF (KFG)

)
≤ KFG for every i. The rest of the proof of Lemma 4.2 is

unchanged; each an is a rational function of κ and µ(κ) whose denominator det(nµ−A5) does not
vanish, as the computed solution for n ≤ N and the Neumann series for n > N show.

• Rest state. Equilibria satisfy Z = U , Z1 = 0, Q = 1/(1 + αS(U)) and U = QS(U) ∈ (0, 1),
that is F (U) = U(1 + αS(U)) − S(U) = 0. On each of 2000 pieces of [0, 1] the program
certifies either a sign of F or F ′ > 0, and finds exactly one zero; so the rest state is unique.
With s = S′(u0) it certifies q0s < 1. The characteristic polynomial is p(ℓ) = ℓ4 +κ(1+εA)ℓ3 +
(εκ2A − b2)ℓ2 + b2κ(q0s − 1 − εA)ℓ + b2εκ2(q0s − A) with A = 1/q0, whose coefficient signs
are +,+, ?,−,−; Im p(iω) = ω(c′

1 − c′
3ω

2) with c′
1 < 0 < c′

3 and p(0) 6= 0. So the argument of
Lemma 2.4 applies, and the four roots are certified real on each bracket, one positive.

• Manifold. manifold.py checks the hypotheses of Lemma 4.7 on each bracket. The order
N , the scaling σ of a1 = σv and the parameter θ0 of the start point Φκ(θ0) are N = 80,
σ = 1/11, θ0 = 1/2 for ε = 1/20; N = 120, σ = 1/10, θ0 = 1/4 for ε = 1/50; and N = 200,
σ = 1/9, θ0 = 1/8 for ε = 1/100. The analogue of Lemma 4.3 holds with this start point:
z(ξ) = Φκ(θ0e

µξ) solves (15) for ξ < log(1/θ0)/µ and lies on Y = S(U), the rest state is
hyperbolic with a one-dimensional unstable manifold (the argument of Lemma 2.4, above),
the U component of a1 is σ > 0, and the local unstable manifold argument of the proof
of Lemma 4.3 applies word for word. The solution xc of the shooting argument is the one
through the first four components of Φ1/c(θ0).

• Block. The Jacobian depends on x only through a = QS′(U) and S(U), affinely, so F (x) −
F (x∗) =

(∫ 1
0 DF (x∗ + τ(x− x∗)) dτ

)
(x− x∗) is DF (ā, S̄)(x− x∗) with (ā, S̄) in the rectangle

of values of (QS′(U), S(U)) over the convex set B, on which U stays below θ and Q > 0.
Lemma 4.4 applies with A the Jacobians at the four corners of that rectangle; (C) and (E) are
certified there for all κ of the bracket, and checked again in mpmath.iv by block_check_iv.py,
which computes its own rest state and its own inverse of T and uses none of the model code.

• Shooting. T0 = 12.5, 30 and 74 for ε = 1/20, 1/50 and 1/100; the orbit at cf enters K− and
the orbit at cf + 10−n enters K+, at ξ = (14.23, 14.40), (46.91, 46.42) and (76.61, 76.54), at
256, 600 and 900 bits with Taylor orders 30, 70 and 120.

Proposition 4.6 gives the pulses; the interval runs give the lower bounds on supU .
At ε = 1/100 the rigorous enclosure must survive a long slow passage along the left branch

of the slow manifold, during which the orbits of nearby speeds separate quickly (numerically, by
about 1.85 decimal digits per unit of ξ; Section 7); this is why the bracket has 144 digits.

5 Spectral stability
Throughout this section the parameters are those of Theorem 1, (U, V ) is a pulse with speed
c ∈ [c1, c2] that leaves the rest state on the branch on which U increases, x = (U, V,Q, P ) is its
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orbit, normalized by Lemma 4.3 so that x = xc, and κ = 1/c. Since x∗ is hyperbolic, x(ξ) → x∗
exponentially as ξ → ±∞, and so do U , U ′, V ′ and S′(U) − s0. Put Ω = {λ ∈ C : Reλ > −δ0} and
use the Fourier transform p̂(k) =

∫
p(ξ)e−ikξ dξ, for which ŵ(k) = 1/(1 + k2).

5.1 The essential spectrum

Proposition 5.1 (computer-assisted: ext/stability/ess_spectrum.py). Part (i) of Theorem 6
holds for every pulse as above.

Proof. Let L∞ be (9) with S′(U) replaced by s0 and K = L−L∞, K(p, q) = (w∗((S′(U)−s0)p), 0).

L∞ acts in Fourier variables by the matrix M(k) =
(

−ick − 1 + s0ŵ(k) −1
ε −ick

)
, and with ζ =

λ+ ick and a(k) = 1 − s0ŵ(k) ∈ [1 − s0, 1),

det(M(k) − λ) = ζ2 + a(k)ζ + ε.

The program certifies (1 − s0)2 − 4ε = 0.3517 . . . > 0 (check E1 of Table 4). So for every k both
roots ζ±(k) are real and negative, ζ−(k) ≥ −a(k) ≥ −1, and ζ+(k) = ϱ(a(k)) with ϱ(a) = (−a +√
a2 − 4ε)/2, which is increasing in a; hence ζ+(k) < ϱ(1) = −δ0. For λ ∈ Ω we get |ζ − ζ±(k)| ≥

Reλ+ δ0 > 0, and |ζ − ζ±(k)| ≥ |ζ| − 1. The inverse of M(k) − λ is (det)−1
(

−ζ 1
−ε −ζ − a

)
, whose

norm is therefore at most C(λ)/(1+ |k|) uniformly in k. So L∞ −λ is an isomorphism from H1 ×H1

onto X for λ ∈ Ω.
K is a Hilbert–Schmidt operator on X: its kernel w(ξ − η)(S′(U(η)) − s0) has

∫∫
w(ξ −

η)2(S′(U(η)) − s0)2 dξ dη = ‖w‖2
2 ‖S′(U) − s0‖2

2 < ∞. It is therefore compact from X, and a
fortiori from H1 × H1, to X. Write L − λ = (I + T (λ))(L∞ − λ) with T (λ) = K(L∞ − λ)−1, a
holomorphic family of compact operators on X. An operator I + T with T compact is Fredholm
of index 0 [10, (C.2.1), (C.2.2) and Theorem C.5], and composing it with the isomorphism L∞ − λ
from H1 ×H1 onto X changes neither the dimension of the kernel nor that of the cokernel; so L−λ
is Fredholm of index 0 from H1 × H1 to X for every λ ∈ Ω. Since M(k) = −ick I + M0(k) with
‖M0(k)‖ ≤ 2, ‖(L∞ − λ)−1‖X→X ≤ 1/(λ− 2) for real λ > 2, so ‖T (λ)‖ < 1 and L − λ is invertible
for large real λ. By the analytic Fredholm theory in the form of [10, Theorem C.9], applied with the
continuous inclusion H1 ×H1 ⊂ X and the connected open set Ω, λ 7→ (L −λ)−1 is a meromorphic
family of operators on Ω and the Riesz projection at each of its poles is a projection of finite rank.
The poles are the points of Ω where L − λ is not invertible, and there L − λ, Fredholm of index 0,
is not injective. So the spectrum of L in Ω consists of isolated eigenvalues whose Riesz projections
have finite rank.

5.2 No large eigenvalues

Proposition 5.2 (computer-assisted: ext/stability/large_lambda.py). Every eigenvalue λ of
L with Reλ ≥ −1/20 satisfies Reλ < 9/2 and | Imλ| < 38/5.

Proof. Let L(p, q) = λ(p, q) with (p, q) ∈ H1 × H1 not zero and Reλ ≥ −δ, δ = 1/20, and put
f = S′(U)p ∈ L2. In Fourier variables, with ζ = λ + ick, (ζ + 1)p̂ + q̂ = ŵf̂ and ζq̂ = εp̂, so
(ζ2 + ζ + ε)p̂ = ζŵf̂ . The roots of ζ2 + ζ + ε are ζ+ = −δ0 and ζ− = −(1 − δ0), and Re ζ = Reλ ≥
−δ > −δ0, so p̂ = m(ζ)ŵf̂ with m(ζ) = ζ/(ζ2 + ζ + ε). Since 0 < S′ ≤ β/4 = 5, Plancherel’s
theorem gives ‖f‖2 ≤ 5F (λ)‖f‖2 with F (λ) = supk |m(λ+ ick)| ŵ(k). If 5F (λ) < 1 then f = 0, so
p = 0 (as S′ > 0), and ζq̂ = 0 gives q = 0: λ is not an eigenvalue. Write |m| = 1/|ζ + 1 + ε/ζ|.
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(a) Re(ζ + 1 + ε/ζ) = 1 + Re ζ (1 + ε/|ζ|2) ≥ 1 + 9/2 if Re ζ ≥ 9/2, so 5F ≤ 10/11.

(b) If | Im ζ| ≥ 5, then | Im(ζ + ε/ζ)| = | Im ζ|(1 − ε/|ζ|2) ≥ 5 − ε/5 and Re(ζ + 1 + ε/ζ) ≥
1 − δ(1 + ε/25) > 0, so |m| ≤ M1 = ((1 − δ(1 + ε/25))2 + (5 − ε/5)2)−1/2.

(c) Since δ ≤ δ0/2, every ζ with Re ζ ≥ −δ is at least as close to 0 as to ζ+, so |m| ≤ 1/|ζ− ζ−| ≤
Md = 1/(1 − δ0 − δ).

If Reλ ≥ −δ and | Imλ| ≥ 38/5, a wavenumber with | Im ζ| < 5 has c|k| > 38/5 − 5, so |m|ŵ ≤
Md/(1 + ((38/5 − 5)/c2)2), and otherwise (b) applies. The program checks in ball arithmetic that
δ ≤ δ0/2 and that 5 max{M1,Md/(1 + ((38/5 − 5)/c2)2)} < 1; the largest product is 0.98624.

Hence every eigenvalue with Reλ ≥ −1/20 lies in the box

R = {λ : −1/20 ≤ Reλ ≤ 9/2, | Imλ| ≤ 38/5},

and, since −1/20 > −δ0, R ⊂ Ω.

5.3 The eigenvalue equation as an ordinary differential equation

With g = w∗ (S′(U)p), which by Lemma 2.2 is the bounded solution of g−g′′ = S′(U)p, and z = g′,
the equation L(p, q) = λ(p, q), that is −cp′ − p − q + g = λp and −cq′ + εp = λq, becomes, after
multiplication by κ = 1/c, φ′ = A(ξ, λ)φ for φ = (p, q, g, z), with

A(ξ, λ) =


−κ(λ+ 1) −κ κ 0

εκ −κλ 0 0
0 0 0 1

−S′(U(ξ)) 0 1 0

 = A∞(λ) + b(ξ) e4e
T
1 , b = s0 − S′(U), (16)

and A∞(λ) the matrix with S′(U) replaced by s0; ∂λA = diag(−κ,−κ, 0, 0). At λ = 0, (16)
is the variational equation of (3) along the pulse: differentiating (3) gives U ′′ = κ(Q′ − U ′ − V ′),
V ′′ = εκU ′, Q′′ = P ′ and P ′′ = Q′−S′(U)U ′, so φ0 = (U ′, V ′, Q′, P ′) solves it. The adjoint equation
is ψ′ = −A(ξ, λ)Tψ; for solutions φ and ψ of the two equations, (ψTφ)′ = −ψTAφ+ψTAφ = 0, so
ψTφ is constant. As a cross-check, not used in the proofs, ext/stability/part3_symbolic.py
verifies these identities and those of Lemma 5.8 in SymPy (items a–g in its header).

Lemma 5.3 (proved). Let A∞ be a constant matrix with no eigenvalue on the imaginary axis, with
ns eigenvalues of negative and nu of positive real part, and let B(ξ) be continuous with

∫∞
ξ0

‖B‖ < ∞.
Then the solutions of φ′ = (A∞ + B(ξ))φ that are bounded on [ξ0,∞) form a space of dimension
ns, and each of them tends to 0 exponentially. The same holds on (−∞, ξ0] with nu in place of ns,
if
∫ ξ0

−∞ ‖B‖ < ∞.

Proof. Let Πs, Πu be the spectral projections of A∞, and C, a > 0 with ‖eA∞tΠs‖ ≤ Ce−at for
t ≥ 0 and ‖eA∞tΠu‖ ≤ Ceat for t ≤ 0. Enlarging ξ0 does not change the claim, since solutions of
a linear equation are bounded on compact intervals; take ξ0 with 2C

∫∞
ξ0

‖B‖ < 1. For ς ∈ ran Πs

define on functions on [ξ0,∞)

(Sςφ)(ξ) = eA∞(ξ−ξ0)ς +
∫ ξ

ξ0
eA∞(ξ−η)ΠsBφdη −

∫ ∞

ξ
eA∞(ξ−η)ΠuBφdη.

For 0 ≤ a′ ≤ a it maps the space of continuous φ with ‖φ‖a′ = supξ≥ξ0 e
a′(ξ−ξ0)|φ(ξ)| < ∞ into

itself with Lipschitz constant 2C
∫∞

ξ0
‖B‖ < 1: in the first integral e−a(ξ−η)e−a′(η−ξ0) ≤ e−a′(ξ−ξ0),
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and in the second e−a′(η−ξ0) ≤ e−a′(ξ−ξ0). Its fixed point is a solution of the equation (differentiate).
Conversely, a solution φ bounded on [ξ0,∞) satisfies, by variation of constants between ξ and
η → ∞ for the Πu part and between ξ0 and ξ for the Πs part, φ = SΠsφ(ξ0)φ. So ς 7→ (fixed point)
is a linear bijection from ran Πs onto the bounded solutions, and the fixed point for a′ = 0 equals
the one for a′ = a, so it decays like e−aξ. The case of (−∞, ξ0] follows by reversing ξ.

Lemma 5.4 (proved). (a) For λ ∈ Ω, A∞(λ) has exactly one eigenvalue ν(λ) with positive real
part, and three with negative real part; ν is simple and analytic on Ω.

(b) The vectors v = (1, εκ
ν+κλ ,

−s0
ν2−1 ,

−s0ν
ν2−1) and ℓ̃ = (1, −κ

ν+κλ ,
κν

ν2−1 ,
κ

ν2−1) are right and left eigenvec-
tors of A∞(λ) for ν(λ), analytic on Ω, and ℓ̃T v 6= 0 on Ω. Put ℓ = ℓ̃/(ℓ̃T v).

(c) There are solutions φ−(ξ, λ) = eνξ(v+o(1)) as ξ → −∞ of (16) and ψ+(ξ, λ) = e−νξ(ℓ+o(1))
as ξ → +∞ of the adjoint equation, analytic in λ ∈ Ω for each ξ. The solutions of (16)
bounded on (−∞, 0] are the multiples of φ−; the solutions bounded on [0,∞) form a three-
dimensional space, equal to {φ : ψ+Tφ = 0}; each bounded solution decays exponentially.

(d) The Evans function D(λ) = ψ+(ξ, λ)Tφ−(ξ, λ) does not depend on ξ and is analytic on Ω.
For λ ∈ Ω, D(λ) = 0 if and only if λ is an eigenvalue of L, and then ker(L − λ) is spanned
by the first two components of φ−. In particular D(0) = 0 and ker L = span{(U ′, V ′)}.

(e) D̃ = (ℓ̃T v)D has the same zeros in Ω, with the same orders.

Proof. (a) If A∞(λ)φ = ikφ with k real and φ = (p, q, g, z) 6= 0, then g = s0ŵ(k)p from the last two
rows, and the first two give (ζ + a(k))p + q = 0 and ζq = εp with ζ = λ + ick; p = 0 would force
φ = 0, so ζ2 + a(k)ζ + ε = 0 and Reλ = ζ±(k) < −δ0. So A∞(λ) has no imaginary eigenvalue for
λ ∈ Ω, the number of eigenvalues with positive real part is constant on the connected set Ω, and at
λ = 0, where A∞(0) = A(s0, κ), it is one (Lemma 2.4). A simple eigenvalue depends analytically
on the parameter.

(b) The eigenvalues of A∞(λ) are the roots ν of (ν2−1)
(
(ν+κ(λ+1))(ν+κλ)+εκ2)+s0κ(ν+κλ),

and the eigenvector equations are solved row by row as displayed as long as ν +κλ 6= 0 and ν2 6= 1.
At a root, either condition forces the other, and then ν2 = 1 and ν = −κλ; for the root with
Re ν > 0 this is ν = 1, λ = −c /∈ Ω. Left and right eigenvectors of a simple eigenvalue are not
orthogonal.

(c) The matrix E(t) = e(A∞−ν)t is bounded for t ≥ 0, locally uniformly in λ (it is Πu plus a
term decaying like e−at, which is uniform near each λ by the Dunford integral over a fixed contour),
and b is integrable on (−∞, 0]. The Volterra equation ω(ξ) =

∫ ξ
−∞E(ξ − η)b(η)e4e

T
1 (v + ω(η)) dη

therefore has a unique bounded solution on (−∞, ξ0] for ξ0 negative enough, given by Picard
iteration, whose iterates are analytic in λ and converge locally uniformly; ω(ξ) → 0 as ξ → −∞,
and φ− = eνξ(v + ω) solves (16), since ω′ = (A∞ − ν)ω + b e4e

T
1 (v + ω) and A∞v = νv. It is

continued to all ξ by the linear equation, whose coefficients are entire in λ. The construction of
ψ+ is the same, with ω̃(ξ) =

∫∞
ξ E(η − ξ)T b(η)e1e

T
4 (ℓ + ω̃(η)) dη. By Lemma 5.3 with nu = 1 the

solutions bounded on (−∞, 0] form a one-dimensional space, which contains φ−. The solutions
bounded on [0,∞) form a three-dimensional space by Lemma 5.3 with ns = 3; for each of them
ψ+Tφ is constant and tends to 0, since ψ+ decays, so this space lies in, and by dimension equals,
the annihilator of ψ+.

(d) D is constant in ξ as a pairing of solutions of the two equations, and analytic by (c). If λ is
an eigenvalue with eigenfunction (p, q), then φ = (p, q, g, g′) with g = w ∗ (S′(U)p) is a solution of
(16) that is bounded on R (H1 functions are bounded), so φ ∈ spanφ− and ψ+Tφ = 0; as φ 6= 0,
D(λ) = 0 and (p, q) is a multiple of the first two components of φ−. Conversely, if D(λ) = 0,
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then φ− is bounded on [0,∞) by (c), hence decays exponentially at both ends, together with its
derivative. Its components p, q are in H1, and g is a bounded solution of g − g′′ = S′(U)p, so
g = w ∗ (S′(U)p) by Lemma 2.2 and L(p, q) = λ(p, q); (p, q) 6= 0, since otherwise g − g′′ = 0 with
g bounded would give φ− = 0. At λ = 0, φ0 is a nonzero solution that decays at both ends, so
D(0) = 0.

(e) ℓ̃T v is analytic and has no zero in Ω.

5.4 The class P and the pulse on the whole line

Lemma 5.5 (computer-assisted; programs in ext/stability/). With the parameters of Theo-
rem 1, the following hold.

(a) P contains a pulse with speed in (clo, chi).

(b) For every pulse of P, normalized as xc: for ξ ≤ −16, |U(ξ)| ≤ CUe
µξ/4 with CU ≤ 0.14687

and e−16µ/4 ≤ 4.64 · 10−8; for ξ ∈ [−16, 120], x(ξ) lies in recorded boxes (the parametrization
on [−16, 0], the node boxes and step enclosures of a validated integration on [0, 120]); and for
ξ ≥ 120, |U(ξ)| ≤ KUη0e

−mE(ξ−120) with KU ≤ 5.75, η0 ≤ 1.4672 · 10−6 and mE ≥ 0.1245.

Proof. (a) thin_runs.sh runs the unchanged code/prove_pulse.py at 384 bits, Taylor order 36
and tolerance 10−95 at clo and chi with T0 = 110: the orbit at clo has its path in intB from ξ = 110
until it enters K− at ξ = 127.31, and the orbit at chi until it enters K+ at 127.70. pulse_encl
osure.py validates the manifold on [1/chi, 1/clo] and integrates the box of all (Φκ(1/4), κ) with κ
in that interval: every such orbit is in intB at ξ = 110. The block conditions were certified on
[1/c2, 1/c1], which contains this interval. Proposition 4.6 with T0 = 110 gives a pulse with speed in
(clo, chi) whose orbit stays in B for ξ ≥ 110.

(b) For ξ ≤ 0, x(ξ) is given by Φκ(eµξ/4), and |Φκ,U (t)| ≤ |t|(
∑

n≥1 |an,U | + RU ) = CU |t| for
|t| ≤ 1; this bound holds for all ξ ≤ 0 and is used for ξ ≤ −16, and on [−16, 0] the parametrization
is evaluated on recorded boxes. On [0, 120] the integration of (a), continued to ξ = 120, encloses xκ

for every κ of the bracket, in particular for every pulse of P. For ξ ≥ 110 a pulse of P stays in B,
so by Lemma 4.4(d) Λ ≤ 0, that is |y1| ≤ |y′|, for ξ ≥ 110. At ξ = 120 the enclosure gives |y′| ≤ η0.
Along the orbit, y′ = Ãy with Ã = TA(s̃(U), κ)T−1 and the slope s̃(U) = S′(ϑ), ϑ between 0 and
U (proof of Lemma 4.5). If |y1| ≤ |y′| and |U | ≤ u ≤ δU , then, as in the proof of Lemma 4.4(c),
1
2

d
dξ |y′|2 ≤ e|y′|2, where e < 0 is the bound of (E) certified for the slopes in [S′(−u), S′(u)]. We

use this twice. First with u = δU : on B, |U | < δU , so |y′| is nonincreasing on [120,∞) and
|y′| ≤ η0 there; since |y1| ≤ |y′|, |U | ≤ |(T−1)11||y1| + ‖(T−1)1,2:4‖2|y′| ≤ KU |y′| ≤ KUη0 for
ξ ≥ 120, with KU = |(T−1)11| + ‖(T−1)1,2:4‖2. Second with u = us = 2KUη0 > KUη0: the program
ext/stability/evans_rig.py certifies (C) and (E), with the same T and for κ ∈ [1/c2, 1/c1],
for the slopes in [S′(−us), S′(us)], with a bound of (E) at most −mE ; since |U | ≤ KUη0 < us on
all of [120,∞) by the first step, d

dξ |y′| ≤ −mE |y′| there, so |y′(ξ)| ≤ η0e
−mE(ξ−120) and |U(ξ)| ≤

KUη0e
−mE(ξ−120) for ξ ≥ 120.

5.5 Enclosing the Evans function

The program ext/stability/evans_rig.py encloses D̃(λ) for all λ in a complex square Q and
all pulses of P at once, at 128 bits, as follows.

• Rest eigenstructure. The four roots of the characteristic polynomial in (b) of Lemma 5.4 are
enclosed for all λ ∈ Q by a complex Krawczyk test (Lemma 6.1) in four disjoint balls, one
with positive and three with negative real part (the square is split when the test fails). This
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gives ν, v, ℓ̃, the eigenvector matrix V of the vectors of Lemma 5.4(b) for the four roots νj ,
and its inverse, whose rows are ℓ̃Tj /(ℓ̃Tj vj) because the four roots are distinct. The formulas of
Lemma 5.4(b) are singular where νj +κλ = 0 or ν2

j = 1, which for a stable root happens only
at λ = c (with νj = −1); the squares used here stay away from that point, and the program
requires every enclosure of V and V −1 to be finite.

• Left tail. For ξ ≤ −16, with Kij =
∑

l |Vil||V −1
lj |, which bounds the entries of e(A∞−ν)t for

t ≥ 0 since Re(νl − ν) ≤ 0, and, since b = s0 − S′(U) = −S′′(ϑ)U with ϑ between 0 and U ,
GL =

∫−16
−∞ |b| ≤ sup|u|≤CU e−16µ/4 |S′′(u)|CUe

−16µ/(4 minµ) ≤ 1.85 · 10−8 by Lemma 5.5(b),
the Volterra equation of Lemma 5.4(c) gives |ω1| ≤ K14GL|v1|eK14GL by Gronwall’s inequality,
and then |ωi| ≤ Ki4GL|v1|(1 +K14GLe

K14GL).

• Right tail. The same bound for ω̃ in ψ+eνξ = ℓ̃ + ω̃, ξ ≥ 120, with K1i, |ℓ̃4| and GR =∫∞
120 |b| ≤ sup|u|≤KU η0 |S′′(u)|KUη0/mE ≤ 1.777 · 10−4. (Both suprema of |S′′| are taken over

these small ranges of u, where |S′′| is about 2.6, not over R, where it is about 38.5.)

• Middle. On [−16, 120] the program integrates φ̂′ = (A(ξ, λ) − νc)φ̂, νc = ν(λc) at the centre
λc of Q, by an interval Taylor method of order 32: for each step the transition matrix and
its first two λ-derivatives are enclosed by their Taylor polynomials on the recorded node
box plus a remainder, bounded through the integral form of the Taylor remainder (these
functions are complex and matrix-valued, so the Lagrange form does not apply) by majorant
recursions on the recorded a priori enclosure of the pulse, with the a priori bounds ‖Φ‖ ≤
eNt, ‖∂λΦ‖ ≤ tNλe

Nt, ‖∂2
λΦ‖ ≤ t2N2

λe
Nt from Gronwall’s inequality; steps are subdivided

where the remainder exceeds 10−24. The vector is carried as a second-order Taylor model
p̄ + C1d + C2d

2 + Br in d = λ − λc, with B approximately unitary (Gram–Schmidt applied
to a midpoint matrix), its inverse enclosed, and a box r, so that only third-order terms are
wrapped.

• Assembly. D̃(λ) = f(λ)(ℓ̃ + ω̃)T φ̂(120) with f(λ) = exp(−(ν(λ) − νc) · 136), enclosed as
f(λ)(Dc +D1d+D2d

2).

Every piece is an enclosure for every λ ∈ Q and every pulse of P, because the pulse enters only
through S′(U) = βY (1 − Y ) on the recorded boxes (Lemma 2.6) and through the tail bounds of
Lemma 5.5.

Proposition 5.6 (computer-assisted: ext/stability/winding.py). For every pulse of P, D̃ has
no zero on ∂R and its winding number along ∂R is 1.

Proof. ∂R is split into six pieces covered by 1976 segments of length at most 1/50. For each segment
[a, b], the program encloses D̃ on the square with centre (a+b)/2 and half-width |b−a|/2, and D̃(a),
D̃(b) in thin enclosures, and checks that all three lie in the open half-plane {X : Re(Xz̄) > 0}, z the
centre of the square’s enclosure. Then D̃ 6= 0 on the segment, and its continuous argument changes
along it by arg(D̃(b)z̄) − arg(D̃(a)z̄) with principal arguments in (−π/2, π/2). No segment had to
be split. The argument changes over the pieces lie, in radians, in [1.7868, 1.9821] (right, upper half),
[0.9257, 1.0267] (top) and [−0.0953, 0.6571] (left, upper half), and in the same three intervals for
the lower half, which was computed separately and agrees with the upper half to about 10−10, as
the symmetry D̃(λ̄) = D̃(λ) requires. The lower bounds of |D̃| on the pieces are 403.27, 820.28 and
0.2756 (ext/stability/data/winding_*.json). The total divided by 2π lies in [0.8331, 1.1669],
which contains exactly one integer, 1. The program winding.pycombine decides this from the ball
itself; it refuses the pieces unless the SHA-256 digests they record for evans_rig.py, winding.py
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and the pulse records equal those of the present files (the base modules that evans_rig.py imports
are not among them; Section 8). As controls, ext/stability/winding_controls.py runs the
same enclosure and segment code (it calls winding.main), with a copy of the decision step of
winding.py combine, on two small squares: it finds winding number 1 on [−1/25, 1/25]2, around
the zero 0, and winding number 0 on [1/10, 3/10] × [−1/10, 1/10], where there is no zero, so that
the false statement that D̃ vanishes there is refused (W1 and W2 of Table 4).

Proposition 5.7 (computer-assisted: ext/stability/simple_zero.py). For every pulse of
P, A∞(0) has one eigenvalue with positive and three with negative real part in four disjoint balls,
D̃′(0) ∈ [−16.3819,−14.0497] + [−1.16101, 1.16101] i, (ℓ̃T v)(0) ∈ −60.8493463246776 ± 2 · 10−14,
and D′(0) ∈ [0.230893, 0.269221] + [−0.0190800, 0.0190800] i; in particular D′(0) 6= 0.

Proof. By Cauchy’s formula on the circle |λ| = 1/25, which lies in R ⊂ Ω where D̃ is analytic,
D̃′(0) = 25

2π

∫ 2π
0 D̃(eit/25)e−it dt. The circle is split into 128 arcs of angle ∆ = 2π/128; on the arc

with midpoint angle tk every λ lies in the square with centre eitk/25 and half-width ∆/50, on which
the program encloses D̃, and e−it ∈ e−itk + [−∆/2,∆/2] + i[−∆/2,∆/2]. The integral over the
arc is ∆ times an average of products of values in the two enclosures; these products lie in the
ball-arithmetic enclosure of the product, a rectangle, hence convex, so the average lies in it too.
Summing gives the enclosure of D̃′(0), which excludes 0. Since D(0) = 0, D̃′(0) = (ℓ̃T v)(0)D′(0). As
a negative control (Z3 of Table 4), the same arcs enclose D̃(0) = 1

2π

∫ 2π
0 D̃(eit/25) dt in a rectangle

of half-width 0.021 that contains 0, as it must, so the program refuses the false statement D̃(0) 6= 0;
it is computed from the same enclosures and would expose a bias in them, but it does not test the
argument above independently.

Lemma 5.8 (proved; its algebra is cross-checked by ext/stability/part3_symbolic.py). If
D′(0) 6= 0, then 0 is an algebraically simple eigenvalue of L.

Proof. By Lemma 5.4(d), ker L = span{(U ′, V ′)}, and φ−(·, 0) = a∗φ0 with a∗ 6= 0. Since 0
is an isolated eigenvalue whose Riesz projection has finite rank (Proposition 5.1), its algebraic
multiplicity is one unless there is (p1, q1) ∈ H1 × H1 with L(p1, q1) = (U ′, V ′). Suppose there is.
With g1 = w ∗ (S′(U)p1) and z1 = g′

1, φ1 = (p1, q1, g1, z1) is bounded: p1 and q1 are, as functions
of H1, and f1 = S′(U)p1 is bounded and continuous, so |g1| ≤ sup |f1| and, differentiating the
formula for w ∗ f1 in the proof of Lemma 2.2, z1 = −1

2e
−ξ
∫ ξ

−∞ eηf1(η) dη + 1
2e

ξ
∫∞

ξ e−ηf1(η) dη, so
|z1| ≤ sup |f1|. It solves φ′

1 = A(ξ, 0)φ1 + ∂λAφ0: the equations −cp′
1 − p1 − q1 + g1 = U ′ and

−cq′
1+εp1 = V ′, multiplied by κ, are the first two rows with the added terms −κU ′ and −κV ′, which

are the first two components of ∂λAφ0, and the last two rows are g′
1 = z1 and z′

1 = g1 − S′(U)p1
(the third component of φ0 is Q′ = w ∗ (S′(U)U ′)).

Let ψ0 = ψ+(·, 0). It decays at +∞. Since D(0) = 0, ψT
0 φ

−(·, 0) = 0. By Lemma 5.3 applied
to the adjoint equation on (−∞, 0], where −A∞(0)T has three eigenvalues with positive real part,
the adjoint solutions bounded on (−∞, 0] form a three-dimensional space; each of them annihilates
φ−(·, 0), since the constant pairing tends to 0; and the adjoint solutions that annihilate φ−(·, 0) form
a three-dimensional space. So they coincide, ψ0 is bounded on (−∞, 0], and it decays exponentially
at both ends.

Since ψ′
0 = −A(ξ, 0)Tψ0, the product rule gives (ψT

0 φ1)′ = −ψT
0 Aφ1 + ψT

0 (Aφ1 + ∂λAφ0) =
ψT

0 ∂λAφ0. The left side’s antiderivative ψT
0 φ1 tends to 0 at ±∞ because ψ0 decays and φ1 is

bounded, so
I :=

∫
R
ψT

0 ∂λAφ0 dξ = 0.

On the other hand, differentiating D(λ) = ψ+(ξ, λ)Tφ−(ξ, λ) at λ = 0 for fixed ξ gives D′(0) =
∂λψ

+Tφ− + ψT
0 ∂λφ

−. Here ∂λφ
− solves (∂λφ

−)′ = A∂λφ
− + ∂λAφ

− and ∂λψ
+ solves (∂λψ

+)′ =
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Table 4: The checks of ext/stability/run_all.sh for Theorem 6, in the order printed; the output
of a run with the argument quick is ext/stability/data/run_all.txt. With that argument
the six winding pieces and the four pieces of the controls W1 and W2 are not recomputed, and
winding.py combine and winding_controls.py check compare the SHA-256 digests the stored
pieces record for evans_rig.py, winding.py and the pulse records with those of the present files.
N: a negative control, which must be refused; C: a control or cross-check that is not a proof step.

check program establishes

E1 ess_spectrum.py (1 − s0)2 > 4ε and µ+(0) < −δ0 (Proposition 5.1)
E2 ess_spectrum.py N: ε = 3/10 (complex roots) refused
L1 large_lambda.py the bounds of Proposition 5.2
L2 large_lambda.py N: a box with Re λ < 3, | Im λ| < 6 refused
P1, P2 thin_runs.sh (H2) at clo (K−) and chi (K+), T0 = 110
P3 pulse_enclosure.py the stored pulse records are reproduced exactly (except a timing field)
P4 pulse_enclosure.py (H1): all orbits of the bracket in int B at ξ = 110
Z1, Z2 simple_zero.py Proposition 5.7
Z3 simple_zero.py N: D̃(0) 6= 0, from the same 128 arcs, refused (the enclosure contains

0)
S part3_symbolic.py C: the identities a–g of Section 5 in SymPy, with two negative controls
W winding.py combine Proposition 5.6
W1 winding_controls.py C: winding number 1 on [−1/25, 1/25]2, around the zero 0
W2 winding_controls.py N: a zero in [1/10, 3/10] × [−1/10, 1/10] refused (winding number 0)

−AT∂λψ
+ −∂λA

Tψ0, so by the product rule, as above, (ψT
0 ∂λφ

−)′ = ψT
0 ∂λAφ

− and (∂λψ
+Tφ−)′ =

−∂λψ
+TAφ− − ψT

0 ∂λAφ
− + ∂λψ

+TAφ− = −ψT
0 ∂λAφ

−, all at λ = 0. As ξ → −∞, ∂λφ
− =

eνξ(ν ′ξ(v + ω) + v′ + ∂λω) tends to 0, since ω is analytic in λ and bounded uniformly for ξ ≤ ξ0
and λ near 0, so that ∂λω is bounded by Cauchy’s estimate; and ψ0 is bounded. So ψT

0 ∂λφ
−(ξ) =∫ ξ

−∞ ψT
0 ∂λAφ

−. In the same way ∂λψ
+ → 0 as ξ → +∞ and φ−(·, 0) = a∗φ0 is bounded, so

∂λψ
+Tφ−(ξ) =

∫∞
ξ ψT

0 ∂λAφ
−. Adding, D′(0) = a∗I = 0, a contradiction.

5.6 Proof of Theorem 6

Lemma 5.5(a) is the first statement. Let (U, V ) ∈ P. Part (i) is Proposition 5.1. For (ii): by Propo-
sition 5.1, the spectrum of L in {Reλ ≥ −1/20} ⊂ Ω consists of eigenvalues; by Proposition 5.2
they lie in R; by Lemma 5.4(d),(e) they are zeros of D̃; by Proposition 5.6 and the argument
principle, D̃ has exactly one zero in R, counted with its order, none of them on ∂R; and D̃(0) = 0.
So the spectrum there is {0}, and the zero of D̃ at 0 is simple. For (iii): ker L = span{(U ′, V ′)}
by Lemma 5.4(d); D′(0) 6= 0 by Proposition 5.6 (a simple zero of D̃ is a simple zero of D) and,
independently, by Proposition 5.7; Lemma 5.8 gives algebraic multiplicity one.

6 The computer-assisted method
Ball arithmetic. All rigorous computations use Arb [20], through python-flint 0.9.0, in which a
real number is a ball [m ± r] with a floating-point midpoint and an error bound, and a complex
number a pair of balls. Every operation returns a ball that contains all results for all inputs in
the input balls, and a comparison such as x < y is true only if it holds for all points of the two
balls; an undecided comparison is false. The programs decide every inequality of a proof in this
way. The model parameters and the speed brackets are exact rationals, converted to balls at the
working precision. Floating-point arithmetic is used only to choose things that a rigorous check
then takes as given: the block coordinates T , step sizes, brackets, the sets of the covering chain and
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the weights of the blocks. The block conditions are checked a second time in the interval arithmetic
of mpmath [26] (code/block_check_iv.py), and, as a cross-check that no proof uses, the algebra
of Section 5 in SymPy [25].

Taylor coefficients. Because (7) is polynomial, the Taylor coefficients of its solutions follow
from a recursion with convolution products (code/nfcore.py, taylor). Evaluated on balls, the
recursion encloses the coefficients of every solution with initial point in a box and κ in a ball.

The integrator. code/lohner.py is a C0 Lohner-type interval Taylor method [24, 32] for (7)
with κ as a sixth variable, κ′ = 0. A set is kept as x̄ + Cr0 + Br with a point x̄, matrices C and
B (B nearly orthogonal) and boxes r0, r. One step of length h and order p (p = 30 at 256 bits for
Theorem 1): (i) an a priori box W is accepted when [X]+[0, h]F (W ) lies in the interior of W in the
five components of (7) (in the component κ, whose derivative is 0, containment suffices), [X] the
hull of the set, which by the Picard–Lindelöf argument contains every solution from [X] on [0, h]; (ii)
the Lagrange remainder hp+1xp+1(W ) bounds, componentwise, the difference between the solution
and its Taylor polynomial at the initial point, since the (p+ 1)-th coefficient is evaluated at a point
of the solution; (iii) the Taylor polynomial is evaluated in mean-value form, with its Jacobian over
[X], including the column ∂/∂κ, computed by forward-mode automatic differentiation; (iv) the
new set is formed with B′ the orthogonal factor of a QR decomposition of the midpoint of JB
and a ball enclosure of the exact inverse of B′. Step lengths are exact dyadic numbers. Between
steps, the path is enclosed by the Taylor polynomial of the step’s initial hull evaluated on [0, h] plus
[0, hp+1]xp+1(W ) (code/prove_pulse.py, step_range_y); the proof uses these path enclosures to
show that an orbit stays in intB between step ends. Theorem 2 uses the same method with ε as a
seventh variable (ext/eps-range/lohner7.py), and Theorem 5 with the Taylor recursion of (14).

Eigenvalues and blocks. Real eigenvalues are isolated by certified sign changes of p on a grid
and refined by bisection with certified signs; complex ones are enclosed by the Krawczyk test [23, 29]
in the form of Lemma 6.1 below. Positive definiteness of an interval symmetric matrix is certified by
Sylvester’s criterion on its leading principal minors, computed in ball arithmetic (and by interval
Cholesky in mpmath), and the largest eigenvalue of a symmetric interval matrix is bounded by
Gershgorin’s theorem or by certifying tI −M > 0.

Lemma 6.1 (proved). Let f be analytic near a closed square X ⊂ C with centre z0, Y ∈ C, and
F a closed convex set that contains f ′(X). If every z0 − Y f(z0) + (1 − Y m)(z − z0) with m ∈ F
and z ∈ X lies in the interior of X, then X contains exactly one zero of f .

Proof. For z ∈ X, f(z) − f(z0) = m(z)(z − z0) with m(z) =
∫ 1

0 f
′(z0 + t(z − z0)) dt ∈ F , so

g(z) = z − Y f(z) maps X into itself and has a fixed point by Brouwer’s theorem; Y 6= 0, since for
Y = 0 the hypothesis says that X lies in its own interior, so the fixed point is a zero of f . If z1 6= z2
were zeros in X, then 0 = f(z1) − f(z2) = m(z1 − z2) with m the mean of f ′ over the segment
[z1, z2] ⊂ X, so 0 = m ∈ F , and the hypothesis with m = 0 says that the translate X − Y f(z0) of
the compact set X lies in the interior of X, which is impossible.

This is the scalar complex form of [29, Theorem 13.3]. The programs take for F a ball-arithmetic
enclosure of f ′ over X, which is a rectangle. In ext/stability/evans_rig.py the zero is that of
the characteristic polynomial at every λ′ of a complex ball, and f(z0) and F are enclosed for all
such λ′ at once by the mean value form in λ.
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Tests and negative controls. Each check script runs negative controls, which must be refused,
and tests of the integrator: its enclosures must contain an independent mpmath solution, and, with
the Taylor remainder removed, a low-order run must miss it (checks 10–13 of Table 3). An end-
to-end run cannot show that the rigorous parts are present: a mutation study of the programs
of Theorem 1 (review/lead/code/CODE.md) found that 21 of 32 mutations that weaken rigor,
among them removing the Lagrange remainder, skipping the a priori test and replacing the rigorous
inverse of B′ by its transpose, still passed all checks, because the true orbit still satisfies the
inequalities with a wide margin. The tests now in the script (the stress test, check 13) catch
the mutations of the Lagrange remainder and of the Jacobian, including its column ∂/∂κ. No
automatic check detects a fault in the following components, whose correctness rests on reading the
code (review/lead/code/CODE.md, finding F4): the a priori test of step (i); the enclosure of the
inverse of B′; the remainder of the path enclosure between steps and the check that this path stays
in intB; the test for intB itself; condition (C) alone and condition (E) alone, since the negative
control of the block fails on both at once; the use of an interval, not a point, for κ; and the tail
bound of the manifold, including the resolvent bound of Lemma 4.1. The programs of the stability
proof have had no mutation study. Their negative controls are E2, L2, Z3 and W2 of Table 4, with
the control W1; Z3 is computed from the same enclosures as Proposition 5.7. W1, W2 and Z3
evaluate the Evans function only for |λ| ≤ 0.32, so they would not detect a fault of its enclosure
that shows only at larger |λ|, where most of ∂R lies; and the line of simple_zero.py that reports
Z1 and Z2 also requires Z3 to be refused, so a failure of that negative control would also fail Z2 (a
coupling that can fail a correct run, never pass a wrong one). Some negative controls are refused by
an early test rather than by the step they are meant to exercise: check 2 of Table 3 fails at s0 < 1
before any root is isolated, and L2 fails on bound (a) of Proposition 5.2 alone.

Trust base. The proofs assume that Arb and python-flint compute correct enclosures, that
mpmath’s interval arithmetic does for the second check of the blocks, that the Python interpreter
runs the programs as written, and that the programs do what Sections 4–6 describe. Every inequal-
ity of a proof is decided in ball or interval arithmetic or in exact rational arithmetic, and every
program stops with a nonzero exit status when a check fails (Section 9, Program hygiene). The last
assumption is tested where a test is possible: by the tests and negative controls of the check scripts
(Tables 3 and 4), by the mutation study above, and by a separate reimplementation that proves the
existence step of Theorem 1 again with its own integrator, block and shooting argument (Section 9).
For the components listed above that no automatic check exercises, and for the programs of the
stability proof, which have had no mutation study, it rests on reading the code against the text:
the programs of Theorem 1 were read line by line in the code audit (review/lead/code/CODE.md),
and those of the stability proof were compared with the text in the readings listed in Section 9. An
end-to-end run cannot replace that reading, because the true orbit satisfies the checked inequalities
with a margin, so that a loss of rigor in these parts need not change any output. SymPy is used
only for a cross-check.

7 Numerical observations
Nothing in this section is used in a proof.

• The fast pulse at ε = 1/10. High-precision shooting (code/shoot_hp.py) and two separate
programs (review/lead/reimpl/shoot_mp.py, review/reimpl/shoot_mp.py), with differ-
ent precision, order and start point, give c∗ = 1.1027477097341592491478677357466217332550
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5338378182087892726 . . ., agreeing in at least 58 digits; the ends of the narrow bracket of Defi-
nition 3.2 were chosen from it. The profile (Figure 1) has maxU ≈ 0.7597 and undershoots to
U ≈ −0.44. A separately written validated integrator narrows the change of sign of the shoot-
ing to an interval of width 1.5·10−32 that contains c∗ (review/lead/reimpl/rig_bisect.py);
this is a validated computation, but no proof here uses it.

• Slow pulse and wave train at ε = 1/10. The escape classification of code/shoot_hp.py
changes sign a second time at c = 0.37752881442319 . . ., 3.1 · 10−6 below the slow pulse; there
the orbit settles on a periodic wave train that fires every 14.32 units with peaks U ≈ 0.384 and
does not return to the rest state. A first-return classification finds the slow pulse; a survey
of 4000 speeds in [0.02, 1.4] finds, on the branch where U increases, exactly two first-return
sign switches, the slow and the fast pulse, at ε = 1/10 and at ε = 3/20; its other changes of
classification are tangencies, not returns to rest (ext/slow-pulse/data/scan_eps1_10.txt
and scan_eps3_20.txt). For comparison with the Heaviside rate at ε = 3/20, where Pinto
and Ermentrout show pulses with speeds 0.45 and 0.80 [27, Fig. 8], the logistic pulses have
speeds 0.4933 (slow, β = 20), 1.0344 (fast, β = 20) and 1.0475 (fast, β = 12). At the slow pulse
at ε = 3/20 the stable eigenvalues of the rest state are about −1.805 and −0.5921 ± 0.0655 i
(double precision), so the rest state is, numerically, a saddle-focus there; at the slow pulse at
ε = 1/10 all four eigenvalues are real.

• Gain 12. The escape classification changes sign at c = 1.0475374978103944 . . ., 1.1 · 10−11

above the pulse; the orbit there fires three times, so this switch belongs to a multi-pulse.
Multi-pulses accumulating on the pulse are what one expects near a homoclinic orbit to a
saddle-focus whose unstable eigenvalue exceeds the modulus of the real part of the leading
stable pair; that eigenvalue condition is certified (R5 in Section 4.6), but we did not check the
other hypotheses of Shilnikov’s theorem, and this explanation is heuristic. The chain refuses
that bracket.

• The range of ε. Near ε = 1/10 every failure of the covering chain seen was at a covering check
during the back of the pulse, where U falls from about 0.6 to below 0: there the u-direction
barely expands (the face images exceed the u-size by factors 1.0 to 1.5 per unit of time, against
2 to 2.6 elsewhere), and the vector field is nearly parallel to it (ext/eps-range/REPORT.md).
Below ε = 0.08 the covering chain needs ever narrower intervals: at ε = 0.07 an interval of
width 5 · 10−5 is certified (Theorem 2) and one of width 10−4 is not, and at ε = 0.06 and 0.05
single attempts of widths down to 5 · 10−5 and 2.5 · 10−5 fail (ext/eps-range/data/limits
.txt). Above 0.13693 the sweep was stopped for its cost, not because it failed; an interval of
width 4 · 10−4 at 0.15 and one of width 2 · 10−4 at 0.17 fail, and attempts near 0.19, 0.20, 0.21
and 0.215 stop before a verdict. Near ε ≈ 0.176 two stable eigenvalues of the rest state meet
along the pulse branch and become complex, and between ε = 0.220 and 0.225 the numerical
continuation of the fast pulse loses its bracket, consistent with a fold where the fast and slow
pulses meet, as Pinto and Ermentrout describe for the Heaviside rate [27, Fig. 7].

• Faye’s model. Floating-point shooting gives fast pulses at ε = 0.03 and 0.07 and a slow pulse
at small speeds (for example c ≈ 0.0258 at ε = 0.01), and no pulse at ε = 0.1; the fast speeds
approach the front speed 0.35000 of the fast system as ε decreases. At ε = 1/100 the orbits
of nearby speeds separate by about 1.85 decimal digits per unit of ξ during the slow passage
along the left branch of the slow manifold, which is why the bracket of Theorem 5 there has
144 digits.
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(b) projection in the (U; V) plane

U V Q=w ¤ S(U) block B: »¸ 53

V= S(U)¡U pulse (U; V) rest

Figure 1: The fast pulse of Theorem 1, computed numerically at a speed within 10−55 of the speed
c∗ of Section 7 (code/orbit_hp.py, code/figure.py). Left: U , V and Q = w ∗ S(U) against ξ,
with ξ = 0 at the manifold point Φ1/c(1/4); the shaded range is where the proof keeps the orbit in
the block B. Right: the orbit in the (U, V ) plane, drawn from ξ = 0 (the short piece on the unstable
manifold between the rest state and Φ1/c(1/4) is not drawn), with the curve V = S(U) − U , the
nullcline of the space-clamped equation ut = −u− v + S(u).

• Stability. A double-precision Evans function, evaluated along a high-precision pulse at the
60-digit speed, has winding number 1 on ∂R and also on the wider box [−0.11, 9/2] ×
[−38/5, 38/5], and D′(0) ≈ 0.25005 (the normalization ℓT v = 1 of Lemma 5.4), inside the
enclosure of Proposition 5.7 (ext/stability/spectrum_num.py, ext/stability/data/spe
ctrum_num.json).

• Direct simulation of the field. The Neural-Field Pulse tab of the GENChase studio (src/
modules/neural-field.js in the GENChase repository) integrates (1) itself on a periodic
ring, with a fourth-order Numerov solve for the convolution and the classical Runge–Kutta
method in time. Launched from a localized stimulus, the solution settles on a traveling pulse
whose timed speed converges at fourth order to the speeds proved here: at β = 20, ε = 1/10
it differs from the speed of Theorem 1 by −2.80 · 10−5, −1.74 · 10−6 and −1.08 · 10−7 with
1024, 2048 and 4096 cells, and at β = 12, ε = 3/20 from that of Theorem 4 by −8.6 · 10−6,
−5.4 · 10−7 and −3.4 · 10−8; six stimuli of different heights and widths give speeds within
1.74 · 10−6 of the proved one at 2048 cells (tools/neural-field-science.js and validati
on/results/neural-field-science.json in the same repository). That the simulation is
attracted to the fast pulse is observed, not proved; it is the behaviour that nonlinear stability
would explain.
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8 Reproducibility
The programs need Python 3.11 with the packages of code/requirements.txt (python-flint 0.9.0,
mpmath 1.3.0, numpy 2.4.6, matplotlib 3.11.2 for the figure, SymPy 1.14.0 for part3_symbolic.py
and SciPy 1.17.1 for the numerical scripts). From the folder of this paper (times are wall-clock
times on the four-core machine used for this paper, which was busy with other work):

command what it proves, and time

sh code/run_all.sh Theorem 1: the 20 checks of Table 3, whose
committed output is data/run_all.txt; about 6
min with the steps that the script runs in parallel
run one after another

sh ext/slow-pulse/code/run_all.sh Theorem 3: 26 checks, about 1 min with its parallel
steps run one after another

sh ext/gain-12/code/run_all.sh Theorem 4: 23 checks, about 3 min with its parallel
steps run one after another

sh ext/faye-model/code/run_all.sh 1/20
(and 1/50, 1/100)

Theorem 5: 14 checks each; about 4, 12 and 49 min
with the parallel steps run one after another

sh ext/eps-range/run_checks.sh Theorem 2: tests, one interval proved from scratch
with its negative controls, the coverage of
[0.08, 0.13693] by the stored certificates and the
acceptance of those in
ext/eps-range/data/probes/; about 2 min with
its four chain runs run one after another

python3 ext/eps-range/table.py --from
0.08 --to 0.13693 --condensed --at 1/10

the coverage, Table 1 and the window at ε = 1/10
(ext/eps-range/data/table_summary.txt);
--certs ext/eps-range/data/probes --at 3/20
gives the four accepted probes, three of which are
further intervals of E , and the window at ε = 3/20
(ext/eps-range/data/probe_summary.txt);
seconds

python3 ext/eps-range/run_range.py 0.08
0.13693 --w0 1.5e-4

a new sweep of [0.08, 0.13693], once the stored
certificates are moved away (the program skips an
attempt that has one); it may choose other
subintervals than the stored ones; about four hours
on four cores. The arguments 0.138 0.1382 and
0.1395 0.1397 recompute the two further
certificates of ext/eps-range/data/certs/, and
bash ext/eps-range/probe_limits.sh the single
attempts of ext/eps-range/data/probes/

sh ext/stability/run_all.sh quick Theorem 6 without recomputing the winding pieces
or the pieces of the controls: the 15 checks of
Table 4, whose committed output is
ext/stability/data/run_all.txt; about 26 min
with its parallel steps run one after another, most of
it simple_zero.py, then about 20 min of numerical
scripts

sh ext/stability/run_all.sh the same with the six winding pieces, 16 to 31 min
each on four cores, and the four pieces of the
controls, which took 2.5 to 10.5 min each on one
core (the script runs them with four workers)
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Each script prints one line per check and exits with status 1 if a proof step fails or a negative
control passes. Every script refuses to run when PYTHONOPTIMIZE is set and clears every NF_*
environment variable, since the first would remove the Python assertions that some programs still
use as gates and the second change parameters, blocks, precision, order or tolerances (Section 9). On
2026-09-27 each script of this table except run_range.py and probe_limits.sh was rerun from a
copy of the folder, one process at a time and with twelve NF_* variables set in the environment (the
stability script with the argument quick), and winding_controls.py run recomputed the four
pieces of the controls: every check passed, and every summary, certificate and piece is identical
to the committed one apart from timing fields. Later that day the programs changed only by the
refusal of python -O at import, the prelude of run_range.py and docstrings; the scripts were then
rerun in the same way with the present programs, with the same result. Of the computations
that the scripts do not repeat, two of the six winding pieces, the one that passes closest to the
zero λ = 0 (the lower half of the left side of ∂R) and the top side, where |λ| is largest, were
recomputed and are identical to the stored pieces apart from their times, segment by segment; and
nineteen of the accepted certificates of Theorem 2, among them the one that contains ε = 1/10
and the four accepted probes, were recomputed with the present programs: all nineteen passed,
with the same rest state, manifold validation and block, the same number of stages, the same block
entry time and all in-run negative checks refused; three are identical to the stored ones, and the
other sixteen differ only in numerically chosen data of the stages of the covering chain, because a
rerun takes the numerical pulse data from a stored table rather than recomputing them from an
unrecorded speed guess. The details, and the argument for the computations that were not repeated,
are in review/RERUNS.md. Each piece of the winding number, and each piece of its controls,
records the SHA-256 digests of ext/stability/evans_rig.py, ext/stability/winding.py and
ext/stability/data/pulse_records.pkl, and winding.py combine and winding_controls.py
check refuse the pieces unless these equal the digests of the present files. The base modules that
evans_rig.py imports are not fingerprinted: code/nfcore.py (S, S′ and the Taylor recursion
of the pulse), code/certify_rest.py (c1 and c2, which set the range of κ of the smaller block)
and code/block.py (the check of the smaller block). Since the pieces were computed (commit
5af378b), certify_rest.py and block.py have changed only in comments, and nfcore.py only
by the refusal of python -O (Section 9). The files of the proofs of Theorems 1 and 6 have the
following SHA-256 prefixes (the full digests of evans_rig.py, winding.py and the pulse records
are in ext/stability/data/winding.json, and sha256sum prints all of them); the certificates of
Theorem 2 record the prefixes of the programs that made them (Section 4.7):

in code/ SHA-256, first 16 digits in ext/stability/ SHA-256, first 16 digits

nfcore.py 0bfb2bab95a8ed49 ess_spectrum.py eec6864605a1c4ca
certify_rest.py 000acf9bb8641ef1 large_lambda.py 0a06600a22c438df
manifold.py a5a4d66b38c01a2e pulse_enclosure.py f23d581eed4ac73b
block.py 01d5d81f89a0ae99 simple_zero.py e12cb36b56559933
block_check_iv.py 91fcda1c252b7652 part3_symbolic.py 9a81eb57f7f47499
lohner.py 3746e2320017f015 evans_rig.py 0057267d1af27862
prove_pulse.py 8bf63203b2646b95 winding.py 93b17f170e546f2e
run_all.sh be792b0024bb7a1e data/pulse_records.pkl 7e2bdbbdc8fa4e31

9 Limitations and what has been checked
Nonlinear stability is not proved. Theorem 6 is a statement about the spectrum. Sandstede
[30] proves, according to its abstract, that spectral stability implies nonlinear stability for traveling
waves of neuronal network models in appropriate function spaces [30, p. 2693]. We have not read
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that paper, and the secondary sources disagree on its scope: Faye invokes it for a smooth firing
rate (“the results for neural field equations of Sandstede” [16, p. 17 of the author’s copy]) but lists
it among the studies in which the firing rate is a Heaviside function [16, p. 2], and Dyson describes
it as proving “that spectral stability implies nonlinear stability for neural field models with single
Heaviside firing rates” [11, p. 29]. Whether its hypotheses cover (1) with γ = 0, the exponential
kernel and a logistic rate, and whether its function spaces match X, is therefore unknown. The
nearest proved principle of linearized stability that we found, that of Habib and Veltz [18, Theorem 1,
p. 7], is for a Wilson–Cowan field with the firing rate outside the convolution and does not apply to
(1) as stated; they note that the principle had been conjectured [18, p. 2]. A self-contained proof
would need at least: that L generates a C0-group on X, that etL − etL∞ is compact, so that the
essential growth bound is that of the Fourier multiplier group, and a modulation argument for the
translation mode. None of this is done here.

The class P and Theorem 1. Theorem 6 covers the pulses of P, with speed in a bracket of
width 10−58 and in the block from ξ = 110; a pulse of P satisfies all conclusions of Theorem 1
(Section 3). Whether every pulse with speed in (c1, c2) that leaves the rest state on the branch
on which U increases is one of them, and in particular the pulse given by the proof of Theorem 1,
would follow from uniqueness of such a pulse, which is not proved, or from a stability computation
over the whole bracket of Theorem 1, for which the enclosure of the pulse beyond ξ = 53 is too
wide with the present method. No theorem here concerns uniqueness, except that Corollary 3.1
shows that there are at least two pulses at ε = 1/10 and at ε = 3/20; nothing is proved about the
stability of the slow pulses, of the pulses of Theorems 2, 4 and 5, or about other parameter values.

What has been checked. The following checks were made within the project by separate AI
agent sessions, each instructed to find errors and each with its report in the folder. For Theo-
rem 1: a reading of the mathematics that wrote out the arguments now in Section 4 (review
/lead/math/MATH.md); an audit of the code with 32 mutations (review/lead/code/CODE.md);
a reimplementation from the equations alone, with its own validated integrator, its own block in
exact rational arithmetic and its own shooting argument, which proves the existence step again
(review/lead/reimpl/); a check of the earlier literature (review/lead/priorart/PRIORART.md);
and a concurrent second review of the same kind (review/). Their must-fix findings are fixed in
the programs, and review/lead/VERIFY.md lists the fixes. Theorems 2–5 each had one adversarial
check that reran the chain from a copy, recomputed decisive numbers with its own code and ran
mutation tests (the REPORT.md of each folder under ext/). For Theorem 6, one adversarial check
reran and recomputed the essential spectrum, the exclusion of large eigenvalues, the pulse enclosure
and several thin Evans enclosures with its own code, and found no error; it predates the winding
number and the Cauchy integral, which it did not rerun, and a local rerun of four of the six wind-
ing pieces gave the same intervals (ext/stability/REPORT.md, Section 1). Three separate agent
sessions checked the completeness, the claims and the literature of a first draft of this paper against
the folder, and the findings confirmed there were applied. The revised manuscript then had three
readings on 2026-09-27, again by separate AI agent sessions within the project, each instructed
to find errors and each with one lens: the analysis (every written proof read line by line), the
computation (the check scripts of Theorems 1, 2, 3 and 4 and the steps of Theorem 6, except the
six winding pieces, rerun from a copy, and the printed numbers traced to the outputs; the chains
of Theorem 5 were not rerun) and the claims and the literature (the quotations and references
checked in the sources that could be reached). Every finding was examined by two further agent
sessions; the confirmed ones are fixed in this version. The passages written in response (Lemma 4.7
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with the embedding of Faye’s model, the corrected step of the proof of Lemma 4.3, Lemma 5.8
and the statements about the class P), with the Fredholm step of Proposition 5.1, the proof of the
Krawczyk test in Section 6 and the citations of Teschl, had a fourth reading the same day, by a
separate agent session briefed only with the paper, its programs and excerpts of the two cited books.
It found no error that makes a proof wrong or a statement false; the fuller arguments it asked for
(that the parametrized curve is the local unstable manifold in Lemma 4.3, the boundedness of z1
in Lemma 5.8, and the argument for ξ ≥ 120 in Lemma 5.5(b)) are in this version. A fifth, narrow
reading of those passages found no error, and the three clauses it asked for are added. The controls
W1, W2 and Z3 of Table 4 had a review of their own, which found that they do what they are
said to do, found one wrong statement about how the pieces of W1 and W2 were computed (now
corrected), and asked for the statements about them now in Sections 5, 6 and 8. The reports, with
the response to each finding, are kept with the quality record of the paper, outside this folder. The
readings do not replace a check of Arb or of the Python interpreter, and the mutation study shows
that the automatic checks cannot detect every loss of rigor in the integrator (Section 6).

Program hygiene. The base programs enforce every rigorous gate with an explicit check. Some
programs of the extensions and of the stability proof use Python assert statements for gates
of the proof, for example the manifold validation in ext/stability/pulse_enclosure.py, the
certification of the smaller block and a consistency check of the eigenvalue enclosures in ext/stabil
ity/evans_rig.py, the refusal by winding.py combine of pieces with other SHA-256 digests and
its check that the pieces close the path, the manifold and block checks of the drivers in ext/gain-12/
code/, ext/faye-model/code/ and ext/eps-range/chain.py (including the positivity of the time
rescaling in lohner7.py), and the check of the range of ε0 in ext/eps-range/table.py. A failed
assertion stops the program, as an explicit check does, but Python removes assertions when it runs
with -O or with PYTHONOPTIMIZE set. Every program of this folder therefore refuses to run in that
case: the modules that the programs import (code/nfcore.py, its copy in ext/gain-12/code/,
ext/faye-model/code/fcore.py and ext/stability/_paths.py) and the programs that
import none of them (the two mpmath re-checks of the blocks, ext/eps-range/table.py and
run_range.py) exit at once under -O, so an assertion is active whenever a program runs; each
program that contains an assert statement was started with -O and stopped at once. Every
check script, and run_range.py, also clears every NF_* environment variable. The variables
matter: besides NF_EVANS_* and NF_STAB_* (precision, order and tolerances of evans_rig.py
and pulse_enclosure.py), the stability programs read, through the base modules they import,
NF_PULSE (which switches c1 and c2 in code/certify_rest.py, and with them the speed bound
of large_lambda.py and the range of κ of the smaller block), NF_DU and NF_R_OVER_RHO (the
block B in code/prove_pulse.py), and NF_PREC, NF_TOL, NF_ORDER and NF_TAG; the programs of
ext/gain-12/code/ read NF_BETA and NF_EPS, and ext/eps-range/chain.py several more. A
program run on its own, outside its script, must be run without any NF_* variable, as the committed
runs were.

Sources. The published results that a proof here uses are taken from sources we read: the local
unstable manifold theorem, the continuity of the flow and global existence under linear growth
from Teschl [31, Theorems 9.4, 9.5, 6.1 and 2.17]; the analytic Fredholm theory from Dyatlov and
Zworski [10, Appendix C, Theorems C.5, C.8 and C.9]; and the Krawczyk test from Rump [29,
Theorem 13.3]. Of Zhang [38] we read pp. 162–165 (the abstract, the model with the Heaviside
rate, Theorem 1), pp. 168–171 and 186 (the plan for pulses) and p. 194 (Theorems 3 and 4, on
pulses of the singularly perturbed Heaviside system for sufficiently small ε, stated with their proofs
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deferred to other papers), and searched the rest for the firing rate and for pulses. We could not
reach the full texts of seven works. We read: Zhang [40], pp. 489–490 and its zbMATH review
(Zbl 1082.45009); Zhang [41], pp. 283–284; Zhang [39], pp. 283–284; Zhang [42], its abstract; Pinto,
Jackson and Wayne [28], the abstract and Dyson’s account [12, pp. 7–8]; and Sandstede [30], the
abstract. Every page of these that we reached uses the Heaviside rate or concerns stability: [38]
treats fronts of a scalar Heaviside equation, [40] the Heaviside system for ε = 0 and 0 < ε � 1,
[41] fronts of a scalar Heaviside equation and standing waves of the forced system, and [39] the
stability of fast pulses. Faye lists [40], [28], [30], [42], whose abstract concerns traveling waves of a
nonlocal model with spatio-temporal delay, and a paper cited with the title of [38] and the journal of
another Zhang paper among the studies in which the firing rate is a Heaviside function [16, p. 2 and
references 33, 35 and 42–44]. Enculescu [13] is unread, and we know nothing of its contents beyond
its title and the contexts in which it is cited, which suggest a Heaviside or high-gain construction.
Coombes and Owen [9] was read in the authors’ preprint (ext/stability/REPORT.md). Of
Ermentrout, Jalics and Rubin [14] we read, in an author-posted copy, the abstract, Sections 1,
2.1, 3 (its opening and Section 3.1) and 4: its rigorous result concerns fronts locked to a small
stimulus, and its treatment of pulses assumes a pulse of the unstimulated field with slow recovery.
Of Ermentrout and McLeod [15] we read pp. 461–462 (the synopsis, the model and its hypotheses)
in an author-posted scan. The statements about earlier work in Section 1 are limited accordingly:
they say what the works we read contain, and they name the works we could not read.

10 Discussion
The existence results for smooth firing rates that we found are asymptotic in ε, or conditional on
hypotheses checked only numerically or not at all (Section 1). Theorems 1–5 replace the limit ε → 0
by a rigorous computation at a given ε: the orbit is followed in ball arithmetic from a validated
piece of the unstable manifold to a block around the rest state, and closed there by a topological
argument in the speed. The price is that each theorem holds at the parameter values computed,
and that the enclosures must survive the strong sensitivity of the orbit to the speed; at ε = 1/100 in
Faye’s model this takes a bracket of 144 digits. For a range of ε the covering relations of Theorem 2
reset the enclosure every unit of time, which makes each interval of ε cheap, but the chain stops
where the back of the pulse barely expands the unstable direction (numerically, Section 7).

The pulses found agree with the picture Pinto and Ermentrout drew for the Heaviside rate [27,
Sect. 3.1]: a fast and a slow pulse coexist at ε = 1/10 and at ε = 3/20 (Corollary 3.1), and the
numerical continuation of the fast branch loses its bracket between ε = 0.220 and 0.225, as at a
fold where the two meet (numerical, Section 7). They expected the fast pulse to be stable and the
slow one unstable [27, Sect. 3.1]. Theorem 6 proves the first half at the spectral level, for the class
P at ε = 1/10, and the direct simulation of the field (Section 7) is attracted to that pulse from
several stimuli, which is what nonlinear stability would explain. The rest state is a saddle-focus in
Theorem 4, where this is certified, and, numerically, in Theorem 3(b); in both the block is built in
a real Jordan basis, with a Lyapunov form in Theorem 4, and the complex eigenvalues are not an
obstacle to the method.

11 Open problems
1. Are the pulses of P in Theorem 6 nonlinearly (orbitally) stable? Sandstede’s theorem [30]

may settle it, if its hypotheses cover (1); otherwise a principle of linearized stability for (1), in
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the spirit of [18], is needed: a C0-group on X, the compactness of etL −etL∞ and a modulation
argument (Section 9).

2. Is every pulse with speed in (c1, c2) that leaves the rest state on the branch on which U
increases in the class P? A proof that such a pulse is unique would give it, and so would a
stability computation over the whole bracket of Theorem 1, which needs a sharper enclosure
of the pulse beyond ξ = 53.

3. Are the slow pulses of Theorem 3 unstable, with exactly one positive eigenvalue, as Pinto
and Ermentrout expect? An Evans-function count as in Section 5, on a box that contains the
expected unstable eigenvalue, might settle this. The stability of the pulses of Theorems 2, 4
and 5 is open as well.

4. Can the range of ε be extended? Below 0.07 the weakest stable eigenvalue of the rest state is
small and the chains are long; near ε = 0.176 two stable eigenvalues become complex, which
calls for the block in a real Jordan basis used for Theorem 4; and near 0.22 the fast and slow
pulses appear to meet in a fold, which a proof would have to follow through its turning point.

5. At gain 12 the unstable eigenvalue exceeds the modulus of the real part of the complex pair
(R5, certified). If the homoclinic orbit of Theorem 4 is also shown to be transversal in the
parameter c, Shilnikov’s theory gives multi-pulses accumulating on it, which the shooting
finds numerically (Section 7). Can this be proved?

6. Hastings asks for an existence proof that covers all reasonable smooth firing rates [19, p. 2].
Can the computations be continued in the gain β, or in θ, to cover a family of smooth rates
at fixed ε? In Faye’s model, does the slow pulse exist at his parameters, and do Hastings’s
hypotheses hold at (ε, c1) = (0.005, 0.34)?

Data availability. The programs of this paper and their output are in its folder: the base proof
in code/ and data/, the extensions in ext/slow-pulse/, ext/gain-12/, ext/eps-range/,
ext/faye-model/ and ext/stability/, each with a report, and the project’s checks in review/.
These files are available in the companion repository,
https://github.com/ChaseHendrick/nf-pulse. Release 1.0.3 archives the exact proof
programs, outputs and supplementary checks at https://doi.org/10.5281/zenodo.23047061.
Funding. This research received no external funding.
This work was prepared with AI assistance. The author takes full responsibility for its content.
Rights. Copyright (c) 2026 Chase Hendrick. The manuscript and figures are all rights reserved.
Code and data are licensed under Apache-2.0, subject to component notices. These notices do not
revoke licenses previously granted for earlier material.
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