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Do we need a primitive notion of equality ?
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For booleans, as we have seen, equality 
can be defined as a fixpoint.
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With this definition, it is possible to show
Leibniz principle of indiscernibility of premisses. 
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For natural numbers, in the same way, 
equality can be defined as a fixpoint.
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Again, with this definition, it is possible to show
Leibniz principle of indiscernibility of premisses. 
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For functions, assuming that the codomain has a 
notion of equality, we can define equality 
between functions as point wise equality.



Equivalences for Free!

HoTT is about equality

8



Equivalences for Free!

HoTT is about equality

8

Problem: 

We can not prove Leibniz principle on functions.
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We need some stronger principle in the theory, 
which assumes the existence of an equality type
for every type, with elimination principle. 

(This corresponds to the rewrite tactic)
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Actually, such an equality can be defined using 
the following inductive type in Coq. 
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With the corresponding elimination principle
(more general than transport):
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Coming back to eq_nat, as we have seen, it is
possible to show that it coincides with equality:

Only works for inductive types. 
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Equivalences for Free!

HoTT is about equality
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Problem: 

This equality is missing many interesting principles
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Functional Extensionality

8A B (f g : 8a : A,B a), (8a, f a = g a) ! f = g
<latexit sha1_base64="sqAD2wG+DQ2YJIpddMsvY/R3PhQ="></latexit><latexit sha1_base64="sqAD2wG+DQ2YJIpddMsvY/R3PhQ="></latexit><latexit sha1_base64="sqAD2wG+DQ2YJIpddMsvY/R3PhQ="></latexit><latexit sha1_base64="sqAD2wG+DQ2YJIpddMsvY/R3PhQ="></latexit>



Not a single proof assistant for all but proof assistants for everyone   15

Uniqueness of Identity Proof

8A (x y : A) (e e0 : x = y), e = e0
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Univalence

8(A B : Type), A ' B ! A = B
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Issue

Univalence + UIP = 
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Issue

All those principles cannot be valid altogether !

Univalence + UIP = 
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Issue

UIP implies axiom K, which says that the only 
proof of x = x is refl.

However,  there are two automorphisms on 
booleans (id and neg).

By univalence, they correspond to equalities, 
By UIP neg is equal to the identity    

=> true = false 
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HoTT to the rescue

We need a more 
conceptual point of 
view on equality !
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Of course, these simplifications could as well be taken as evidence that the new methods will
not, ultimately, prove to be really constructive. However, we emphasize again that the reader
does not have to care, or worry, about constructivity in order to read this book. The point is
that in all of the above examples, the version of the theory we give has independent advantages,
whether or not LEM and AC are assumed to be available. Constructivity, if attained, will be an
added bonus.

Given this discussion of adding new principles such as univalence, higher inductive types,
AC, and LEM, one may wonder whether the resulting system remains consistent. (One of the
original virtues of type theory, relative to set theory, was that it can be seen to be consistent
by proof-theoretic means). As with any foundational system, consistency is a relative ques-
tion: “consistent with respect to what?” The short answer is that all of the constructions and
axioms considered in this book have a model in the category of Kan complexes, due to Voevod-
sky [KLV12] (see [LS13b] for higher inductive types). Thus, they are known to be consistent
relative to ZFC (with as many inaccessible cardinals as we need nested univalent universes).
Giving a more traditionally type-theoretic account of this consistency is work in progress (see,
e.g., [LH12, BCH13]).

We summarize the different points of view of the type-theoretic operations in Table 1.

Types Logic Sets Homotopy

A proposition set space
a : A proof element point
B(x) predicate family of sets fibration
b(x) : B(x) conditional proof family of elements section
0, 1 ?,> ∆, {∆} ∆, ⇤
A + B A _ B disjoint union coproduct
A ⇥ B A ^ B set of pairs product space
A ! B A ) B set of functions function space
Â(x:A) B(x) 9x:AB(x) disjoint sum total space
’(x:A) B(x) 8x:AB(x) product space of sections
IdA equality = { (x, x) | x 2 A } path space AI

Table 1: Comparing points of view on type-theoretic operations

Open problems

For those interested in contributing to this new branch of mathematics, it may be encouraging to
know that there are many interesting open questions.

Perhaps the most pressing of them is the “constructivity” of the Univalence Axiom, posed
by Voevodsky in [Voe12]. The basic system of type theory follows the structure of Gentzen’s
natural deduction. Logical connectives are defined by their introduction rules, and have elimi-
nation rules justified by computation rules. Following this pattern, and using Tait’s computabil-
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All those laws can be proven using 
the dependent elimination of equality
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It has been shown formally that every type 
forms an ∞-groupoid.

Conversely, it is believed that HoTT is the right
language to described ∞-groupoids. 

=> Synthetic Homotopy Theory
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A Hierarchy of Types

One of the main contribution of  V.V. in type theory 
is the notion of levels of homotopy of types.
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Types are classified by the complexity of their 
equality/identity type.
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contractible. Another equivalent definition of contractibility, which is also sometimes convenient,
is the following.

Definition 3.11.1. A type A is contractible, or a singleton, if there is a : A, called the center of
contraction, such that a = x for all x : A. We denote the specified path a = x by contrx.

In other words, the type isContr(A) is defined to be

isContr(A) :⌘ Â
(a:A)

’
(x:A)

(a = x).

Note that under the usual propositions-as-types reading, we can pronounce isContr(A) as “A
contains exactly one element”, or more precisely “A contains an element, and every element of
A is equal to that element”.

Remark 3.11.2. We can also pronounce isContr(A) more topologically as “there is a point a : A
such that for all x : A there exists a path from a to x”. Note that to a classical ear, this sounds like
a definition of connectedness rather than contractibility. The point is that the meaning of “there ex-
ists” in this sentence is a continuous/natural one. A more correct way to express connectedness
would be Â(a:A) ’(x:A)ka = xk; see Lemma 7.5.11.

Lemma 3.11.3. For a type A, the following are logically equivalent.

(i) A is contractible in the sense of Definition 3.11.1.
(ii) A is a mere proposition, and there is a point a : A.

(iii) A is equivalent to 1.

Proof. If A is contractible, then it certainly has a point a : A (the center of contraction), while for
any x, y : A we have x = a = y; thus A is a mere proposition. Conversely, if we have a : A
and A is a mere proposition, then for any x : A we have x = a; thus A is contractible. And we
showed (ii))(iii) in Lemma 3.3.2, while the converse follows since 1 easily has property (ii).

Lemma 3.11.4. For any type A, the type isContr(A) is a mere proposition.

Proof. Suppose given c, c0 : isContr(A). We may assume c ⌘ (a, p) and c0 ⌘ (a0, p0) for a, a0 : A
and p : ’(x:A)(a = x) and p0 : ’(x:A)(a0 = x). By the characterization of paths in S-types, to
show c = c0 it suffices to exhibit q : a = a0 such that q⇤(p) = p0.

We choose q :⌘ p(a0). For the other equality, by function extensionality we must show that
(q⇤(p))(x) = p0(x) for any x : A. For this, it will suffice to show that for any x, y : A and u : x = y
we have u = p(x)�1 ⇧ p(y), since then we would have (q⇤(p))(x) = p(a0)�1 ⇧ p(x) = p0(x). But
now we can invoke path induction to assume that x ⌘ y and u ⌘ reflx. In this case our goal is to
show that reflx = p(x)�1 ⇧ p(x), which is just the inversion law for paths.

Corollary 3.11.5. If A is contractible, then so is isContr(A).

Proof. By Lemma 3.11.4 and Lemma 3.11.3(ii).

Like mere propositions, contractible types are preserved by many type constructors. For
instance, we have:

Simplest (singleton) types are called contractible:

A Hierarchy of Types
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Proposition have a contractible equality:
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Note that since we are still doing mathematics in type theory, this is a definition in type
theory, which means it is a type — or, rather, a type family. Specifically, for any P : U , the type
isProp(P) is defined to be

isProp(P) :⌘ ’
x,y:P

(x = y).

Thus, to assert that “P is a mere proposition” means to exhibit an inhabitant of isProp(P), which
is a dependent function connecting any two elements of P by a path. The continuity/naturality
of this function implies that not only are any two elements of P equal, but P contains no higher
homotopy either.

Lemma 3.3.2. If P is a mere proposition and x0 : P, then P ' 1.

Proof. Define f : P ! 1 by f (x) :⌘ ?, and g : 1 ! P by g(u) :⌘ x0. The claim follows from the
next lemma, and the observation that 1 is a mere proposition by Theorem 2.8.1.

Lemma 3.3.3. If P and Q are mere propositions such that P ! Q and Q ! P, then P ' Q.

Proof. Suppose given f : P ! Q and g : Q ! P. Then for any x : P, we have g( f (x)) = x since P
is a mere proposition. Similarly, for any y : Q we have f (g(y)) = y since Q is a mere proposition;
thus f and g are quasi-inverses.

That is, as promised in §1.11, if two mere propositions are logically equivalent, then they are
equivalent.

In homotopy theory, a space that is homotopy equivalent to 1 is said to be contractible. Thus,
any mere proposition which is inhabited is contractible (see also §3.11). On the other hand, the
uninhabited type 0 is also (vacuously) a mere proposition. In classical mathematics, at least,
these are the only two possibilities.

Mere propositions are also called subterminal objects (if thinking categorically), subsingletons
(if thinking set-theoretically), or h-propositions. The discussion in §3.1 suggests we should also
call them (�1)-types; we will return to this in Chapter 7. The adjective “mere” emphasizes that
although any type may be regarded as a proposition (which we prove by giving an inhabitant of
it), a type that is a mere proposition cannot usefully be regarded as any more than a proposition:
there is no additional information contained in a witness of its truth.

Note that a type A is a set if and only if for all x, y : A, the identity type x =A y is a mere
proposition. On the other hand, by copying and simplifying the proof of Lemma 3.1.8, we have:

Lemma 3.3.4. Every mere proposition is a set.

Proof. Suppose f : isProp(A); thus for all x, y : A we have f (x, y) : x = y. Fix x : A and define
g(y) :⌘ f (x, y). Then for any y, z : A and p : y = z we have apdg(p) : p⇤(g(y)) = g(z). Hence
by Lemma 2.11.2, we have g(y) ⇧ p = g(z), which is to say that p = g(y)�1 ⇧ g(z). Thus, for any
p, q : x = y, we have p = g(x)�1 ⇧ g(y) = q.

In particular, this implies:

Lemma 3.3.5. For any type A, the types isProp(A) and isSet(A) are mere propositions.

Types are classified by the complexity of their 
equality/identity type.

A Hierarchy of Types
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Chapter 7

Homotopy n-types

One of the basic notions of homotopy theory is that of a homotopy n-type: a space containing no
interesting homotopy above dimension n. For instance, a homotopy 0-type is essentially a set,
containing no nontrivial paths, while a homotopy 1-type may contain nontrivial paths, but no
nontrivial paths between paths. Homotopy n-types are also called n-truncated spaces. We have
mentioned this notion already in §3.1; our first goal in this chapter is to give it a precise definition
in homotopy type theory.

A dual notion to truncatedness is connectedness: a space is n-connected if it has no interest-
ing homotopy in dimensions n and below. For instance, a space is 0-connected (also called just
“connected”) if it has only one connected component, and 1-connected (also called “simply con-
nected”) if it also has no nontrivial loops (though it may have nontrivial higher loops between
loops).

The duality between truncatedness and connectedness is most easily seen by extending both
notions to maps. We call a map n-truncated or n-connected if all its fibers are so. Then n-connected
and n-truncated maps form the two classes of maps in an orthogonal factorization system, i.e. every
map factors uniquely as an n-connected map followed by an n-truncated one.

In the case n = �1, the n-truncated maps are the embeddings and the n-connected maps
are the surjections, as defined in §4.6. Thus, the n-connected factorization system is a massive
generalization of the standard image factorization of a function between sets into a surjection
followed by an injection. At the end of this chapter, we sketch briefly an even more general
theory: any type-theoretic modality gives rise to an analogous factorization system.

7.1 Definition of n-types

As mentioned in §§3.1 and 3.11, it turns out to be convenient to define n-types starting two levels
below zero, with the (�1)-types being the mere propositions and the (�2)-types the contractible
ones.

Definition 7.1.1. Define the predicate is-n-type : U ! U for n � �2 by recursion as follows:

is-n-type(X) :⌘

(
isContr(X) if n = �2,

’(x,y:X) is-n0-type(x =X y) if n = n0 + 1.

Then, n-Types are defined inductively:

Types are classified by the complexity of their 
equality/identity type.

A Hierarchy of Types
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This defines the following hierarchy:

Level of Type Homotopy Type Theory

(-2)-Type unit / contactible type

(-1)-Type h-propositions

0-Type h-sets

1-Type h-groupoids

… …

Type ∞-groupoids

A Hierarchy of Types
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So with this point of view, UIP is not a property 
of the system but a property of a type: IsHset.

A Hierarchy of Types
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A Hierarchy of Types
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Equivalences
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Equivalences
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Univalence

In the Coq/HoTT library, univalence is stated as 
an axiom, but there has been a huge effort to make
it a property of type theory.

Cubical Type Theory (and Cubical Agda).
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Equivalences

An important fact is that being an equivalence
is a mere proposition



A Fresh Look at the Impredicative Sort of CIC 39

Equivalences

An important fact is that being an equivalence
is a mere proposition



A Fresh Look at the Impredicative Sort of CIC 40

Isomorphisms and 
Equivalences

Every isomorphism can be turned 
into an equivalence by changing slightly the section

This is a well known fact in homotopy theory. 
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Equivalences

The notion of equivalences behaves well with 
respect to type constructors and homotopy levels
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Hedberg Theorem

Coming back on UIP and HSet, we can actually 
prove that every type with a decidable equality 
is an HSet.

We will see to quite different proofs:
- one using HoTT reasoning
- one using hardcore pattern matching. 
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Higher Inductive Types

HoTT is not only about equivalences and univalence.

An other very important ingredient to do synthetic 
homotopy theory is the introduction of HITs.
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Higher Inductive Types

We will see them in Coq/HoTT, where they can 
be axiomatized.

But the system in which they live more naturally 
is cubical type theory. 
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Higher Inductive Types

Examples:

- Interval 

- Propositional Truncation

- Circle (more generally n-Sphere)

- Cylinder
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Conclusion 

Homotopy Type Theory is an important for both

- Understanding equality in type theory

- Synthetic Homotopy Theory 


