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Chapter 1

Course Introduction

1.1 Overview

This course will take us quite deep into modern approaches to graph algorithms using convex
optimization techniques. By studying convex optimization through the lens of graph algo-
rithms, we’ll try to develop an understanding of fundamental phenomena in optimization.
Much of our time will be devoted to flow problems on graphs. We will not only be studying
these problems for their own sake, but also because they often provide a useful setting for
thinking more broadly about optimization.

The course will cover some traditional discrete approaches to various graph problems, espe-
cially flow problems, and then contrast these approaches with modern, asymptotically faster
methods based on combining convex optimization with spectral and combinatorial graph
theory.

1.2 Electrical Flows and Voltages - a Graph Problem
from Middle School?

We will dive right into graph problems by considering how electrical current moves through
a network of resistors.

First, let us recall some middle school physics. If some of these things don’t make sense to
you, don’t worry, in less than a paragraph from here, we’ll be back to safely doing math.

Recall that a typical battery that one buys from Migros has two endpoints, and produces
what is called a voltage difference between these endpoints.
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One end of the battery will have a positive charge (I think that means an excess of positronsﬂ),
and the other a negative charge. If we connect the two endpoints with a wire, then a current
will flow from one end of the battery to the other in an attempt to even out this imbalance

of charge.
9 votts differsrce

T

+

U
S
Current

Figure 1.1: A 9 volts battery with a wire attached.

We can also imagine a kind of battery that tries to send a certain amount of current through
the wires between its endpoints, e.g. 1 unit of charge per unit of time. This will be a little
more convenient to work with, so let us focus on that case.

I wpee Corrent

Figure 1.2: A 1 ampere battery with a wire attached.

A resistor is a piece of wire that connects two points v and v, and is completely described
by a single number r called its resistance.

I'm joking, of course! Try Wikipedia if you want to know more. However, you will not need it for this

class.

10



If the voltage difference between the endpoints of the resistor is x, and the resistance is r
then this will create a flow of charge per unit of time of f = x/r. This is called Ohm’s Law.

Figure 1.3: Ohm’s Law for a resistor with resistance r = 1.

Suppose we set up a bunch of wires that route electricity from our current source s to our
current sink ¢ in some pattern:

Ys\ua L C’t 1

§ ¢

§

Figure 1.4: A path of two resistors.

We have one unit of charge flowing out of s per unit of time, and one unit coming into
t. Because charge is conserved, the current flowing into any other point u must equal the
amount flowing out of it. This is called Kirchhoft’s Current Law.

To send one unit of current from s to ¢, we must be sending it first from s to u and then
from u to t. So the current on edge (s,u) is 1 and the current on (u,t) is 1. By Ohm’s Law,
the voltage difference must also be 1 across each of the two wires. Thus, if the voltage is x
at s, it must be x + 1 at v and z + 2 at t. What is 27 It turns out it doesn’t matter: We
only care about the differences. So let us set x = 0.

11



Figure 1.5: A path of two resistors.

Let us try one more example:

)

¥ =1 r.=1

V=t

Figure 1.6: A network with three resistors.

How much flow will go directly from s to ¢ and how much via u?

Well, we know what the net current flowing into and out of each vertex must be, and we can
use that to set up some equations. Let us say the voltage at s is xg, at u is z, and at t is x;.

e Net current at s: —1 = (2, — ¢) + (25 — x,)

e Net current at u: 0= (x, — x,) + (v, — x¢)

e Net current at t: 1= (z; — z5) + (v — z,)
The following is a solution: =y = 0, x, = %, Ty = % And as before, we can shift all the
voltages by some constant x and get another solution z3 =+ + 0, z, = x + %, Ty =T+ %
You might want to convince yourself that these are the only solutions.

Electrical flows in general graphs. Do we know enough to calculate the electrical flow
in some other network of resistors? To answer this, let us think about the network as a
graph. Consider an undirected graph G = (V, E) with |V| = n vertices and |E| = m edges,
and let us assume G is connected. Let’s associate a resistance r(e) > 0 with every edge

ec k.
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To keep track of the direction of the flow on each edge, it will be useful to assign an arbitrary
direction to every edge. So let’s do that, but remember that this is just a bookkeeping tool
that helps us track where flow is going.

A flow in the graph is a vector f : RE. The net flow of f at a vertex u € V is defined as
ZU—)uf(/U7 u) - Zu—)v f(u7 U)'

We say a flow routes the demands d € RY if the net flow at every vertex v is d(v).

We can assign a voltage to every vertex £ € RY. Ohm’s Law says that the electrical flow
induced by these voltages will be f(u,v) = T(#(a:(v) —z(u)).

w,v)
Say we want to route one unit of current from vertex s € V' to vertex t € V. As before, we

can write an equation for every vertex saying that the voltage differences must produce the
desired net current:

e Net current at s: —1=3%. T(Slv)(:lz(v) —x(s))
o Net current at u € V'\ {s,t}: 0=73 r(; 5 (@) —z(u))
e Net current at t: 1=>. r(tlv)(a:(v) —x(t))

This gives us n constraints, exactly as many as we have voltage variables. However we have
to be a little careful when trying to conclude that a solution exists, yielding voltages x that
gives induce an electrical flow routing the desired demand.

You will prove in the exercises (Week 1, Exercise 2) that a solution @ exists. The proof
requires two important observations: Firstly that the graph is connected, and secondly that
summed over all vertices, the net demand is zero, i.e. as much flow is coming into the network
as is leaving it.

The incidence matrix and the Laplacian matrix. To have a more compact notation
for net flow constraints, we also introduce the edge-verter incidence matriz of the graph,
B c RV*E,
1 if e = (u,v)
B(v,e)=4¢ -1 ife=(v,u)
0 0.W.

Now we can express the net flow constraint that f routes d by
Bf =d.

This is also called a conservation constraint. In our examples so far, we have d(s) = —1,
d(t)=1and d(u) =0 for all u € V'\ {s,t}.

If we let R = diag,.r(e) then Ohm’s law tells us that f = R'B'z. Putting these
observations together, we have BR™'B"xz = d. The voltages z that induce f must solve
this system of linear equations, and we can use that to compute both & and f. It is exactly

13



the same linear equation as the one we considered earlier. We can show that for a connected
graph, a solution x exists if and only if the flow into the graph equals the net flow out, which
we can express as y_, d(v) =0 or 17d = 0. You will show this as part of Exercise 2. This
also implies that an electrical flow routing d exists if and only if the net flow into the graph
equals the net flow out, which we can express as 1'd = 0.

The matrix BR™ B is called the Laplacian of the graph and is usually denoted by L.

An optimization problem in disguise. So far, we have looked at electrical voltages
and flows as arising from a set of linear equations — and it might not be apparent that this
has anything to do with optimization. But transporting current through a resistor requires
energy, which will be dissipated as heat by the resistor (i.e. it will get hot!). If we send a
current of f across a resistor with a potential drop of x, then the amount of energy spent
per unit of time by the resistor will be f - 2. This is called Joule’s Law. Applying Ohm’s
law to a resistor with resistance r, we can also express this energy per unit of time as
f-x=2a%/r =r- f2 Since we aren’t bothering with units, we will even forget about time,
and refer to these quantities as “energy”, even though a physicist would call them “power”.

<) A

Figure 1.7: Energy as a function of flow in a resistor with resistance r = 1.

Now, another interesting question would seem to be: If we want to find a flow routing a

certain demand d, how should the flow behave in order to minimize the electrical energy

spent routing the flow? The electrical energy of a flow vector f is E(f) o Yo r(e)f(e)?. We

can phrase this as an optimization problem:

min E(f)

fERE

s.t. Bf =d.

14



We call this problem electrical energy-minimizing flow. As we will prove later, the flow f*
that minimizes the electrical energy among all flows that satisfy Bf = d is precisely the
electrical flow.

A pair of problems. What about our voltages, can we also get them from some opti-
mization problem? Well, we can work backwards from the fact that our voltages solve the
equation Lz = d. Consider the function c¢(xz) = %mTLm —x'd. We should ask ourselves
some questions about this function ¢ : RV — R. Is it continuous and continuously differ-
entiable? The answer to this is yes, and that is not hard to see. Does the function have a

minimum? This is maybe not immediately clear, but the minimum does indeed exist.

When this is minimized, the derivative of ¢(x) with respect to each coordinate of & must be
zero. This condition yields exactly the system of linear equations Lx = d. You will confirm
this in Exercise 4 of the first exercise sheet.

Based on our derivative condition for the optimum, we can also express the electrical voltages
as the solution to an optimization problem, namely

rele)

As you are probably aware, having the derivative of each coordinate equal zero is not a
sufficient condition for being at the optimum of a function?

It is also interesting to know whether all solutions to Lx = d are in fact minimizers of c.
The answer is yes, and we will see some very general tools for proving statements like this

in Chapter

Altogether, we can see that routing electrical current through a network of resistors leads to
a pair of optimization problems, let’s call them f* and x*, and that the solutions to the two
problems are related, in our case through the equation f* = R™'B'2* (Ohm’s Law). But
why and how are these two optimization problems related?

Instead of minimizing ¢(x), we can equivalently think about maximizing —c(x), which gives
the following optimization problem: max,cgv —c(x). In fact, as you will show in the exercises
for Week 1, we have E(f*) = —c(z*), so the minimum electrical energy is exactly the
maximum value of —e(x). More generally for any flow that routes d and any voltages x,
we have E(f) > —c(x). So, for any x, the value of —c(x) is a lower bound on the minimum

energy E(f).

This turns out to be an instance of a much broader phenomenon, known as Lagrangian
duality, which allows us to learn a lot about many optimization problems by studying two
related pairs of problems, a minimization problem, and a related maximization problem that
gives lower bounds on the optimal value of the minimization problem.

2Consider the function in one variable ¢(z) = 3.
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Solving Lx = d. Given a graph G with resistances for the edges, and some net flow vector
d, how quickly can we compute 7 Broadly speaking, there are two very different families
of algorithms we could use to try to solve this problem.

We could solve the linear equation using something like Gaussian Elimination to compute
an exact solution.

Alternatively, we could start with a guess at a solution, e.g. o = 0, and then we could try
to make a change to &, to reach a new point ; with a lower value of ¢(x) = %azTLw —z'd,
i.e. ¢(xy) < e(xg). If we repeat a process like that for enough steps, say ¢, hopefully we
eventually reach x; with ¢(x;) close to c(x*), where &* is a minimizer of ¢(x) and hence
Lz* = d. Now, we also need to make sure that c(x;) ~ c(x*) implies that Lz, ~ d in some

useful sense.

One of the most basic algorithms in this framework of “guess and adjust” is called Gradient
Descent, which we will study in Week 2. The rough idea is the following: if we make
a very small step from « to & + §, then a multivariate Taylor expansion suggests that

el +8) — cx) = 3,0y 8(0) 522

If we are dealing with smooth convex function, this quantity is negative if we let §(v) =
—€- % for some small enough € so the approximation holds well. So we should be able to

make progress by taking a small step in this direction. That’s Gradient Descent! The name
comes from the vector of partial derivatives, which is called the gradient.

As we will see later in this course, understanding electrical problems from an optimization
perspective is crucial to develop fast algorithms for computing electrical flows and voltages,
but to do very well, we also need to borrow some ideas from Gaussian Elimination.

What running times do different approaches get?

1. Using Gaussian Elimination, we can find & s.t. Lz = d in O(n?) time and with
asymptotically faster algorithms based on matrix multiplication, we can bring this
down to roughly O(n?3").

2. Meanwhile Gradient Descent will get a running time of O(n*m) or so — at least this is
a what a simple analysis suggests.

3. However, we can do much better: By combining ideas from both algorithms, and a bit

more, we can get & up to very high accuracy in time O(mlog®n) where ¢ is some small
constant.

1.3 Convex Optimization

Recall our plot in Figure of the energy required to route a flow f across a resistor with
resistance r, which was £(f) = r - f2. We see that the function has a special structure: the
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graph of the function sits below the line joining any two points (f,£(f)) and (g,£(g)). A
function £ : R — R that has this property is said to be convex.

Figure shows the energy as a function of flow, along with two points (f,E(f)) and
(9,€(g)). We see the function sits below the line segment between these points.

0N

Figure 1.8: Energy as a function of flow in a resistor with resistance r» = 1. The function is
convex.

We can also interpret this condition as saying that for all 6 € [0, 1]
EOf +(1—=0)g) <OE(f) + (1= 0)E(g).

This immediately generalizes to functions £ : R™ — R.

A convex set is asubset of S C R™ s.t. if f, g € S then for all @ € [0, 1] we have 0f +(1—0)g €
S.

Figure [1.9 shows some examples of sets that are and aren’t convex.

Convex functions and convex sets are central to optimization, because for most problems of
minimization of a convex function over a convex set, we can develop fast algorithms ﬂ

So why convex functions and convex sets? One important reason is that for a convex function
defined over a convex feasible set, any local minimum is also a global minimum, and this
fact makes searching for an optimal solution computationally easier. In fact, this is closely
related to why Gradient Descent works well on many convex functions.

Notice that the set {f : Bf = d} is convex, i.e. the set of all flows that route a fixed demand

3There are some convex optimization problems that are NP-hard. That said, polynomial time algorithms
exist for almost any convex problem you can come up with. The most general polynomial time algorithm
for convex optimization is probably the [Ellipsoid Method.
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Figure 1.9: A depiction of convex and non-convex sets. The sets A and B are convex since
the straight line between any two points inside them is also in the set. The set C' is not
CONVEX.

d is convex. It is also easy to verify that E(f) = >._7(e)f(e)? is a convex function, and
hence finding an electrical flow is an instance of convex minmization:

1.4 More Graph Optimization Problems

Maximum flow. Again, let G = (V| E') be an undirected, connected graph with n vertices
and m edges. Suppose we want to find a flow f € RE that routes d, but instead of trying
to minimize electrical energy, we try to pick an f that minimizes the largest amount of flow
on any edge, i.e. max, |f.| — which we also denote by || f||... We can write this problem as

min
min (£l

st. Bf =d

This problem is known as the Minimum Congested Flow Problemﬂ It is equivalent to the
more famous Maximum Flow Problem.

The behavior of this kind of flow is very different than electrical flow. Consider the question
of whether a certain demand can be routed ||f||, < 1. Imagine sending goods from a source
s to a destination ¢ using a network of train lines that all have the same capacity and asking
whether the network is able to route the goods at the rate you want: This boils down to
whether routing exists with ||f]| < 1, if we set it up right.

We have a very fast, convex optimization-based algorithm for Minimum Congested Flow: In
me'1og”Y n time, we can find a flow f s.t. Bf = d and H}'H < (1+4€)|lf*] ., where f*

4This version is called undirected, because the graph is undirected, and uncapacitated because we are
aiming for the same bound on the flow on all edges.
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is an optimal solution, i.e. an actual minimum congestion flow routing d.

But what if we want € to be very small, e.g. 1/m? Then this running time isn’t so good any-
more. But, in this case, we can use other algorithms that find flow f* ezactly. Unfortunately,
these algorithms take time roughly m*/3+°(1).

Just as the electrical flow problem had a dual voltage problem, so maximum flow has a dual
voltage problem, which is know as the s-f minimum cut problem.

Maximum flow, with directions and capacities. We can make the maximum flow
problem harder by introducing directed edges: To do so, we allow edges to exist in both
directions between vertices, and we require that the flow on a directed edge is always non-
negative. So now G = (V, E) is a directed graph. We can also make the problem harder
by introducing capacities. We define a capacity vector ¢ € R” > 0 and try to minimize
I C_lfHOO, where C = diag,. ¢(e). Then our problem becomes

min [|[C7'f |,

fERE
st. Bf =d
f=>o.

For this capacitated, directed maximum flow problem, our best algorithms run in about
O(m+/n) time in sparse graphs and O(m!*®?) in dense graph{’| even if we are willing to
accept fairly low accuracy solution. If the capacities are allowed to be exponentially large,
the best running time we can get is O(mn). For this problem, we do not yet know how to
improve over classical combinatorial algorithms using convex optimization.

Multi-commodity flow. We can make the problem even harder still, by simultaneously

trying to route two types of flow (imagine pipes with Coke and Pepsi). Our problem now
looks like

min ||CH(F1 + 5|

f1.f2€RE >
st. Bf, =d;
Bf,=4d,
f1,f220.

Solving this problem to high accuracy is essentially as hard as solving a general linear pro-
gram! We should see later in the course how to make this statement precise.

If we in the above problem additionally require that our flows must be integer valued, i.e.
f1,f5 € Ny, then the problem becomes NP-complete.

SProvided the capacities are integers satisfying a condition like ¢ < n!%°1.
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Random walks in a graph. Google famously uses’|the PageRank problem to help decide
how to rank their search results. This problem essentially boils down to computing the stable
distribution of a random walk on a graph. Suppose G = (V, E) is a directed graph where each
outgoing edge (v, u), which we will define as going from u to v, has a transition probability
Pvu) > 0 8.t Y e Pz = 1. We can take a step of a random walk on the vertex set by
starting at some vertex ug = u, and then randomly pick one of the outgoing edges (v, u) with
probability p(, ) and move to the chosen vertex u; = v. Repeating this procedure, to take
a step from the next vertex uq, gives us a random walk in the graph, a sequence of vertices
U, U, U« -y Up-

We let P € RV*V be the matrix of transition probabilities given by

p, — {p(w) for (u,v) € £

0 0.W.

Any probability distribution over the vertices can be specified by a vector p € RY where
p >0and ) p(v) =1. We say that probability distribution 7 on the vertices is a stable
distribution of the random walk if T = Pw. A strongly connected graph always has exactly
one stable distribution.

How quickly can we compute the stable distribution of a general random walk? Under some
mild conditions on the stable distributionﬂ we can find a high accuracy approximation of 7
in time O(mlog®n) for some constant c.

This problem does not easily fit in a framework of convex optimization, but nonetheless, our
fastest algorithms for it use ideas from convex optimization.

Topics in this Course

In this course, we will try to address the following questions.

1. What are the fundamental tools of fast convex optimization?
2. What are some problems we can solve quickly on graphs using optimization?
3. What can graphs teach us about convex optimization?

4. What algorithm design techniques are good for getting algorithms that quickly find
a crude approximate solution? And what techniques are best when we need to get a
highly accurate answer?

5. What is special about flow problems?

6 At least they did at some point.

"Roughly something like max, 1/ (v) < nt00.
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Part 1

Introduction to Convex Optimization
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Chapter 2

Some Basic Optimization, Convex
Geometry, and Linear Algebra

2.1 Overview

In this chapter, we will

1. Start with an overview (i.e. this list).
2. Learn some basic terminology and facts about optimization.

3. Recall our definition of convex functions and see how convex functions can also be
understood in terms of a characterization based on first derivatives.

4. See how the first derivatives of a convex function can certify that we are at a global
minimum.

2.2 Optimization Problems
Focusing for now on optimization over & € R", we usually write optimization problems as:

iIEIIiRITlL (or max) f(x)

s.t. gl(w) S b1

gm(x) < by,
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where {g;(x)}", encode the constraints. For example, in the following optimization problem
from the previous chapter

: 2
min r(e)f(e
prin 3 r(7 (0
st. Bf =d
we have the constraint Bf = d. Notice that we can rewrite this constraint as Bf < d and

—Bf < —d to match the above setting. The set of points which respect the constraints is
called the feasible set.

Definition 2.2.1. For a given optimization problem the set F = {x € R" : g;(x) <
b;, Vi € [m]} is called the feasible set. A point € F is called a feasible point, and
a point ' ¢ F is called an infeasible point.

Ideally, we would like to find optimal solutions for the optimization problems we consider.
Let’s define what we mean exactly.

Definition 2.2.2. For a maximization problem x* is called an optimal solution if
f(x*) > f(x), Y& € F. Similarly, for a minimization problem x* is an optimal solution

if f(z*) < f(x), Ve € F.

What happens if there are no feasible points? In this case, an optimal solution cannot exist,
and we say the problem is infeasible.

Definition 2.2.3. If 7 = () we say that the optimization problem is infeasible. If
F # () we say the optimization problem is feasible.

fx) f(x) (&)
1 1 1

l 1

| |

1 1
1 S -~
!

l
|
I
1 1
! !

E }
l‘l/pl A l‘ % x I‘l/’/ A7 l‘ _>x ,‘:/’/ A 7 WL}K
F :[&) éj F r[a' é) F :[«'M)
Figure 2.1

Consider three examples depicted in Figure 2.1:
(i) F=la,b]
(ii) F = [a,d)
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(iii) F = [a, o)

In the first example, the minimum of the function is attained at b. In the second case the
region is open and therefore there is no minimum function value, since for every point we
will choose, there will always be another point with a smaller function value. Lastly, in the
third example, the region is unbounded and the function decreasing, thus again there will
always be another point with a smaller function value.

Sufficient Condition for Optimality. The following theorem, which is a fundamental
theorem in real analysis, gives us a sufficient (though not necessary) condition for optimality.

Theorem (Extreme Value Theorem). Let f : R® — R be a continuous function and 7 C R"
be nonempty, bounded, and closed. Then, the optimization problem min f(x) : & € F has
an optimal solution.

2.3 A Characterization of Convex Functions

Recall the definitions of convex sets and convex functions that we introduced in Chapter

Definition 2.3.1. A set S C R" is called a convex set if any two points in S contain
their line, i.e. for any x,y € S we have that fz + (1 — )y € S for any 6 € [0, 1].

Definition 2.3.2. For a convex set S C R", we say that a function f : S — R is
convex on S if for any two points ¢,y € S and any 0 € [0, 1] we have that:

f (0 +(1-0)y) <0f(2) + (1-6) f(v).

Plot3D[xwy, {x, -1, 1}, {y, -1, 1}]

Figure 2.2: This plot shows the function f(z,y) = zy. For any fixed yo, the function
h(z) = f(x,y0) = xyo is linear in x, and so is a convex function in z. But is f convex?

We will first give an important characterization of convex function. To do so, we need to
characterize multivariate functions via their Taylor expansion.
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Notation for this section. In the rest of this section, we frequently consider a multivari-
ate function f whose domain is a set S C R", which we will require to be open. When we
additionally require that S is convex, we will specify this. Note that S = R™ is both open and
convex and it suffices to keep this case in mind. Things sometimes get more complicated if
S is not open, e.g. when the domain of f has a boundary. We will leave those complications
for another time.

2.3.1 First-order Taylor Approximation

Definition 2.3.3. The gradient of a function f : S — R at point € S is denoted
V f(x) and is defined as

First-order Taylor expansion. For a function f : R — R of a single variable, differen-
tiable at z € R
flx+0) = f(x) + f'(x)d + o(]0])

where by definition:

tim 20D _

6—0 ’(5|
Similarly, a multivariate function f : S — R is said to be (Fréchet) differentiable at © € S
when there exists V f(z) € R” s.t.

i@+ 8)  fl@) - V)78,

=0.
6—0 161/,

Note that this is equivalent to saying that f(z + 6) = f(x) + V f(x)"d + o|d],)-

We say that f is continuously differentiable on a set S C R™ if it is differentiable and in
addition the gradient is continuous on S. A differentiable convex function whose domain is
an open convex set S C R" is always continuously differentiableﬂ

Remark. In this course, we will generally err on the side of being informal about functional
analysis when we can afford to, and we will not worry too much about the details of different
notions of differentiability (e.g. Fréchet and Gateaux differentiability), except when it turns
out to be important.

Theorem 2.3.4 (Taylor’s Theorem, multivariate first-order remainder form). If f : S — R
is continuously differentiable over [x,y|, then for some z € [z, y],

T
fly)=f@)+Vf(z) (y—z)
1See p. 248, Corollary 25.5.1 in Convex Analysis by Rockafellar (my version is the Second print,

1972). Rockefellar’s corollary concerns finite convex functions, because he otherwise allows convex func-
tions that may take on the values £oo.
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This theorem is useful for showing that the function f can be approximated by the affine
function y — f(z) + Vf(z)"(y — =) when y is “close to” z in some sense.

fe) +Vf(z) (y— =)= f(y)

f(@)+ Vi) (y - =)

S

Figure 2.3: The function f(y) equals its linear approximation based at z, with gradient
coming from an intermediate point z, i.e. f(y) = f(x)+ Vf(2) (y — z).

2.3.2 Directional Derivatives

Definition 2.3.5. Let f : S — R be a function differentiable at € S and let us
consider d € R". We define the derivative of f at x in direction d as:

Df(x)[d] = lim 224 ~ /(@)

A—0 A

Proposition 2.3.6. Df(z)[d] =V f(z)'d.

Proof. Using the first order expansion of f at :
flz+Ad) = f(z) + Vf(z) (A\d) + o(||Ad]|,)

hence, dividing by A (and noticing that ||[Ad|]2 = A ||d]|,):

— d
fot0d) = @) ooy, o2 ldl)
A A
letting A go to 0 concludes the proof. O

2.3.3 Lower Bounding Convex Functions with Affine Functions

In order to prove the characterization of convex functions in the next section we will need
the following lemma. This lemma says that any differentiable convex function can be lower
bounded by an affine function.

Theorem 2.3.7. Let S be an open convex subset of R™, and let f : S — R be a differentiable
function. Then, f is convex if and only if for any x,y € S we have that f(y) > f(x) +

Vi) (y— =)
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Figure 2.4: The convex function f(y) sits above the linear function in y given by

flz)+Vf(x) (y—=x).

Proof. | = ] Assume f is convex, then for all x,y € S and 6 € [0,1], if we let z =
0y + (1 — 0)x, we have that

f(z) = f(1 -0z +0y) < (1-0)f(x)+0f(y)

and therefore by subtracting f(x) from both sides we get:

f@+0(y—z)— f(z) <0f(y)+(1-0)f(z)— f(z)
=0f(y) —0f(z).

Thus we get that (for 6 > 0):

f(2+0(y—x))— f()
0

< fly) - f(z)

Applying Proposition [2.3.6| with d = y — & we have that:
f®+0(y—=)) — flx)

0—0+t 0

< fly) — f(=z).

| <= | Assume that f(y)

1A%

f(x) + Vf(x) (y — z) for all x,y € S and show that f is
0

convex. Let x,y € S and z = 0y + (1 — 0)x. By our assumption we have that:
fly) = f(2) + V(z) (y —2) (2.1)
f(®)> f(2) + V[(2) (z —2) (2.2)

Observe that y — 2z = (1 — 0)(y — «) and * — z = f(x — y). Thus adding 6 times (2.1)) to
(1 —0) times (2.2)) gives cancellation of the vectors multiplying the gradient, yielding

0f(y) + (1= 0)f(x) > f(z) + Vf(2)'0
= f(0y + (1 —-0)z)

This is exactly the definition of convexity. O
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2.4 Conditions for Optimality

We now want to find necessary and sufficient conditions for local optimality.

Definition 2.4.1. Consider a differentiable function f : S — R. A point & € S at
which V f(x) = 0 is called a stationary point.

Proposition 2.4.2. If x is a local extremum of a differentiable function f : S — R then
Vf(z)=0.

Proof. Let us assume that « is a local minimum for f. Then for all d € R, f(z) < f(z+Ad)
for A small enough. Hence:

0< f(@+Ad) — f(x) = AV f(z)"d + o(||Ad]])

dividing by A > 0 and letting A\ — 0T, we obtain 0 < V f(z)"d. But, taking d = —V f(z),
we get 0 < — ||V f(z)||5. This implies that V f(z) = 0.

The case where x is a local maximum can be dealt with similarly. O

Remark 2.4.3. For this proposition to hold, it is important that S is open.

For convex functions however it turns out that a stationary point necessarily implies that
the function is at its minimum. Together with the proposition above, this says that for a
convex function on R™ a point is optimal if and only if it is stationary.

Proposition 2.4.4. Let S C R" be an open convex set and let f : S — R be a differentiable
and convex function. If x is a stationary point then x is a global minimum.

Proof. From Theorem we know that for all xz,y € S: f(y) > f(z) + Vf(z)(y — x).
Since V f(x) = 0 this implies that f(y) > f(x). As this holds for any y € S, x is a global

minimum.

]

28



Chapter 3

Convexity, Second Derivatives and
Gradient Descent

Notation for this chapter. In this chapter, we sometimes consider a multivariate func-
tion f whose domain is a set S C R", which we will require to be open. When we additionally
require that S is convex, we will specify this. Note that S = R" is both open and convex
and it suffices to keep this case in mind. Things sometimes get more complicated if S is
not open, e.g. when the domain of f has a boundary. We will leave those complications for
another time.

3.1 A Review of Linear Algebra

Semi-definiteness of a matrix. The following classification of symmetric matrices will
be useful.

Definition 3.1.1. Let A by a symmetric matrix in R"*”. We say that A is:
1. positive definite iff x" Az > 0 for all x € R™\ {0};

2. positive semidefinite iff &7 Az > 0 for all z € R™;

3. If neither A nor — A is positive semi-definite, we say that A is indefinite.

Example: indefinite matrix. Consider the following matrix A:

| +4 -1
NEE

For x = é), we have €' Ax = 4 > 0. For & = (
therefore indefinite.

?) we have T Az = -2 < 0. A is
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The following theorem gives a useful characterization of (semi)definite matrices.

Theorem 3.1.2. Let A be a symmetric matriz in R™*™.

1. A s positive definite iff all its eigenvalues are positive;

2. A s positive semidefinite iff all its eigenvalues are non-negative;

In order to prove this theorem, let us first recall the Spectral Theorem for symmetric matrices.

Theorem 3.1.3 (The Spectral Theorem for Symmetric Matrices). For all symmetric A €
R"*"™ there exist V. € R™"™ and a diagonal matric A € R™™" s.t.

1. A=VAV'.

2. V'V =1 (the n x n identity matriz). Le. the columns of V' form an orthonormal
basis. Furthermore, v; is an eigenvector of \;(A), the ith eigenvalue of A.

Using the Spectral Theorem, we can show the following result:

Theorem 3.1.4 (The Courant-Fischer Theorem). Let A be a symmetric matriz in R ",
with eigenvalues A\ < Ao < ... < \,. Then

1.
_ x Ax
A = min max -
subspace WCR™ xeW,z#0 X' I
dim(W)=1
2. .
. T Ax
N = max min

subspace WCR™ zeW,x#0 .'IITiD
dim(W)=n+1—:

Theorem|(3.1.2]is an immediate corollary of Theorem|3.1.4] since we can see that the minimum
value of the quadratic form 27 Az over & € W = R" is A (4) ||z|[3.

Proof of Theorem[3.1.4. We start by showing Part [I]

Consider letting W = span{wi,...,v;}, and normalize € W so that ||x|, = 1. Then
x =), c(j)v, for some vector ¢ € R* with [|c], = 1.

Using the decomposition from Theorem A = VAV where A is a diagonal ma-
trix of eigenvalues of A, which we take to be sorted in increasing order. Then x Az =
e VIAVe = (Va) A(Vae) =3 Nc(j)* <\ llell2 = Ai. So this choice of W ensures

the maximizer cannot achieve a value above ;.
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But is it possible that the “minimizer” can do better by choosing a different W7 Let
T =span{v;,...,v,}. Asdim(7T") = n+1—i and dim(W) = i, we must have dim(WnN7T') > 1,
by a standard property of subspaces. Hence for any W of this dimension,

' Az ' Az
max > max
zEW,z£0 !X zEWNT,2£0 T X
. A
> min max =\,
subspace VCT zeV,xz#0 .’BT:IZ
dim(V)=1

where the last equality follows from a similar calculation to our first one. Thus, \; can always
be achieved by the “maximizer” for all W of this dimension.

Part [2 can be dealt with similarly.

m
Example: a positive semidefinite matrix. Consider the following matrix A:
1 -1
A= [_1 : }
1 . . 1
For « = 1) we have Az = 0, so A\ = 0 is an eigenvalue of A. For x = 1) we have
Ax = _22 = 2x, so A = 2 is the other eigenvalue of A. As both are non-negative, by the

theorem above, A is positive semidefinite.

Since we are learning about symmetric matrices, there is one more fact that everyone should
know about them. We'll use A\yac(A) denote maximum eigenvalue of a matrix A, and
Amin(A) the minimum.

Claim 3.1.5. For a symmetric matric A € R™", || A]| = max(|Amax(A)] , [ Amin(4)]).

3.2 Characterizations of Convexity and Optimality via
Second Derivatives

We will now use the second derivatives of a function to obtain characterizations of convexity
and optimality. We will begin by introducing the Hessian, the matrix of pairwise second
derivatives of a function. We will see that it plays a role in approximating a function via a
second-order Taylor expansion. We will then use semi-definiteness of the Hessian matrix to
characterize both conditions of optimality as well as the convexity of a function.
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Definition 3.2.1. Given a function f : S — R its Hessian matrix at point * € S
denoted H ;(x) (also sometimes denoted V2 f(x)) is:
0*f(x) 9 f(x) 9 f(z)
oz (1)?2 0z(1)0xz(2) 0z (1)0xz(n)
0*f () 9 f(z) 9 f(x)
Hf(.’l}) — 0z(2)0z (1) 0z(2)? 0z(2)0x(n)
Pi@) @) 0 f(x)
dz(n)oz(l) dz(n)ox(2) =~ dz(n)?

Second-order Taylor expansion. When f is twice differentiable it is possible to obtain
an approximation of f by quadratic functions. Our definition of f : S — R being twice
(Fréchet) differentiable at € S is that there exists V f(x) € R™ and H;(x) € R™" s.t.

o @+ 0) = f(@) — (Vf(@)6+ 36 H(@)d),

= 0.
60 1115

This is equivalent to saying that for all d
1
f(z+8)=f(z)+ Vf(z)'d+ §5THf($)5 +o([18]15)-

where by definition:
of[|6]1°)

2
=0 |[]];

We say that f is twice continuously differentiable on a set S C R™ if it is twice differentiable
and in addition the gradient and Hessian are continuous on S.

As for first order expansions, we have a Taylor’s Theorem, which we state in the so-called
remainder form.

Theorem 3.2.2 (Taylor’s Theorem, multivariate second-order remainder form). If f: S —
R is twice continuously differentiable over [x,y|, then for some z € [z, y],

fly) = F(@) + V(@) (y— @) + 5y~ =) Hy =)y - )

3.2.1 A Necessary Condition for Local Extrema

Recall that in the previous chapter, we show the following proposition.

Proposition 3.2.3. If  is a local extremum of a differentiable function f : S — R then
Vf(z)=0.

We can now give the second-order necessary conditions for local extrema via the Hessian.

32



Theorem 3.2.4. Let f: S — R be a function twice differentiable at € € S. If  is a local
minimum, then H ¢(x) is positive semidefinite.

Proof. Let us assume that x is a local minimum. We know from Proposition that
V f(x) = 0, hence the second-order expansion at x takes the form:

1
2

Because x is a local minimum, we can then derive

fle+Ad)— f(z) 1

f(@+2d) = f(x) + XS d Hy(z)d +o(\ || d];)

: _ LT
o<ty (01 s
This is true for any d, hence H s(x) is positive semidefinite. O

Remark 3.2.5. Again, for this proposition to hold, it is important that S is open.

3.2.2 A sufficient condition for local extrema

A local minimum thus is a stationary point and has a positive semi-definite Hessian. The
converse is almost true, but we need to strengthen the Hessian condition slightly.

Theorem 3.2.6. Let f : S — R be a function twice differentiable at a stationary point
x € S. If Hy(x) is positive definite then x is a local minimum.

Proof. Let us assume that H ¢(x) is positive definite. We know that x is a stationary point.
We can write the second-order expansion at x:

flw+8) = f(2) + 567 H ()3 +o(]13])

Because the Hessian is positive definite, it has a strictly positive minimum eigenvalue A,
we can conclude that & H ()8 > A |82 From this, we conclude that when ||8]3 is
small enough, f(z+0)— f(2) > 1A ||6][; > 0. This proves that # is a local minimum. [

Remark 3.2.7. When H ;(z) is indefinite at a stationary point «, we have what is known
as a saddle point: = will be a minimum along the eigenvectors of H j(x) for which the
eigenvalues are positive and a maximum along the eigenvectors of H f(x) for which the
eigenvalues are negative.

3.2.3 Characterization of convexity

Definition 3.2.8. For a convex set S C R", we say that a function f : S — R is
strictly convex on S if for any two points @1, z2 € S and any 6 € (0, 1) we have that:

FOz) + (1 - 0)zs) < Of(z,) + (1 . 9>f(zc2).
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Theorem 3.2.9. Let S C R" be open and convez, and let f : S — R be twice continuously
differentiable.

1. If Hy(z) is positive semi-definite for any € S then f is conver on S.
2. If Hy(x) is positive definite for any & € S then f is strictly conver on S.

3. If f is convex, then Hy(x) is positive semi-definite Vo € S.

Proof.

1. By applying Theorem [3.2.2] we find that for some z € [z, y]:

Fly) = fl@) + V@) (y - o) + 5 (v - 2) By =)y - )

If Hy(z) is positive semi-definite, this necessarily implies that:
fy) = f(z) +Vf(z) (y — @)
and from Theorem [2.3.7] we get that f is convex.
2. if Hy(x) is positive definite, we have that:
fly) > f(z) + V(@) (y - ).

Applying the same idea as in Theorem [2.3.7| we can show that in this case f is strictly
convex.

3. Let f be a convex function. For & € S, and some small A > 0, for any d € R"™ we have
that  + Ad € S. From the Taylor expansion of f we get:

flx+2d) = f(x) + AV f(z)'d+ /\;dTHf(m)d + o(\? ||d||§)

From Lemma [2.3.7| we get that if f is convex then:
f(z+2d) > f(z) + AV f(z)'d.

Therefore, we have that for any d € R™:
AT 2
?d H;(z)d + o(||Ad]|?) > 0
Dividing by A? and taking A — 0" gives us that for any d € R": d"H(z)d > 0. O

Remark 3.2.10. It is important to note that if S is open and f is strictly convex, then
H(x) may still (only) be positive semi-definite V& € S. Consider f(z) = z* which is
strictly convex, then the Hessian is H ;(z) = 122* which equals 0 at z = 0.
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3.3 Gradient Descent - An Approach to Optimization?

We have begun to develop an understanding of convex functions, and what we have learned
already suggests a way for us to try to find an approximate minimizer of a given convex
function.

Suppose f: R"™ — R is convex and differentiable, and we want to solve

min f(z)

We would like to find x*, a global minimizer of f. Suppose we start with some initial guess
xo, and we want to update it to &; with f(x;) < f(xo). If we can repeatedly make updates
like this, maybe we eventually find a point with nearly minimum function value, i.e. some

Z with f(2) =~ f(x*)?

Recall that f(zo + ) = f(zo) + Vf(zo)"d + o(||d]|,). This means that if we choose
x1 = xo — AV f(z0), we get

f(@o = AV f(0)) = f(z0) = M|V f(o) 5+ 0o(A ]|V f(20)l,)

And because f is convex, we know that V f(x;) # 0 unless we are already at a global
minimum. So, for some small enough A > 0, we should get f(z1) < f(x) unless we're
already at a global minimizer. This idea of taking a step in the direction of —V f(xq) is
what is called Gradient Descent. But how do we choose A each time? And does this lead
to an algorithm that quickly reaches a point with close to minimal function value? To get
good answers to these questions, we need to assume more about the function f that we are
trying to minimize.

In the following subsection, we will see some conditions that suffice. But there are also many
other settings where one can show that some form of gradient descent converges.

3.3.1 A Quantitative Bound on Changes in the Gradient

Definition 3.3.1. Let f : S — R be a differentiable function, where S C R" is convex
and open. We say that f is f-gradient Lipschitz iff for all &,y € S

IV f(z) = VY, <Blle—yl,.

We also refer to this as f being #-smooth.

Proposition 3.3.2. Consider a twice continuously differentiable f : S — R. Then f 1is
B-gradient Lipschitz if and only if for all x € S, ||H f(z)| < B.

You will prove this in Exercise 3 (Week 2) of the second exercise set.
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Proposition 3.3.3. Let f : S — R be a B-gradient Lipschitz function. Then for allx,y € S,
T g 2
fy) = flz) + Vi) (y —2)+ 5z -y,

To prove this proposition, we need the following result from multi-variate calculus. This is
a restricted form of the fundamental theorem of calculus for line integrals.

Proposition 3.3.4. Let f : S — R be a differentiable function, and consider x,y such that
x,y]€S. Let xy =x +0(y —x). Then

1

fy)=f®)+ | V(o) (y—x)df

0=0

Now, we're in a position to show Proposition [3.3.3]

Proof of Proposition[3.3.3. Let f : S — R be a f-gradient Lipschitz function. Consider
arbitrary &,y € S such that [z, y] € S

o) = @)+ [ Vsl Ty - )i

— flz)+ / V@) (- )+ / (Vf(w0) — V(@) (y — @)db

=0
Next we use Cauchy-Schwarz pointwise.

We also evaluate the first integral.
1

Sf(w)+Vf(w)T(y—w)+/ IV f(zo) = V()| ly — [ db

=0
Then we apply S-gradient Lipschitz and note gy — x = 0(y — x).
1

<f@)+ Vi@ -2+ | 50y -z db.

— J@) + V@) () + 2y -l

3.3.2 Analyzing Gradient Descent

It turns out that just knowing a function f : R” — R is convex and g-gradient Lipschitz is
enough to let us figure out a reasonable step size for Gradient Descent and let us analyze its
convergence.
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We start at a point ¢, € R", and we try to find a point &; = xg + § with lower function
value. We will let our upper bound from Proposition guide us, in fact, we could ask,
what is the best update for minimizing this upper bound, i.e. a d solving

min f(w0) +Vf(z0) 6+ 2 [0

We can compute the best according to this upper bound by noting first that function is
convex and continuously differentiable, and hence will be minimized at any point where the
gradient is zero. Thus we want 0 = Vs (f(zo) + Vf(z0) 6 + 2 ||8]*) = Vf(z0) + 59,
which occurs at § = —5V f(o).

Plugging in this value into the upper bound, we get that f(x1) < f(zo) — IVF(z0)l3/25.

Now, as our algorithm, we will start with some guess x(, and then at every step we will
update our guess using the best step based on our Proposition [3.3.3| upper bound on f at
x;, and so we get

1

AZiEDI
; IV IAZ);

Vf(z;) and f(@i1) < f(®i) 23

(3.1)

Lit1 = Li —

Let us try to prove that our algorithm converges toward an x with low function value.

We will measure this by looking at

gap; = f(z:) — f(z")

where x* is a global minimizer of f (note that there may not be a unique minimizer of f).
We will try to show that this function value gap grows small. Using f(x;11) — f(x;) =

gap;,; — gap;, we get

Vf(z; ;
gap; 1 — gap; < _—H 2( it (3.2)
g
If the gap, value is never too much bigger than HVJ;(—%)”%, then this should help us show we

are making progress. But how much can they differ? We will now try to show a limit on
this.

Recall that in the previous chapter we showed the following theorem.

Theorem 3.3.5. Let S be an open convex subset of R™, and let f : S — R be a differentiable
function. Then, f is convex if and only if for any x,y € S we have that f(y) > f(x) +

Vi)' (y— =)

Using the convexity of f and the lower bound on convex functions given by Theorem |3.3.5]
we have that

flz*) = f@) + Vf(z)' (z" — z)) (3.3)
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Rearranging gets us

gap; < Vf(z)' (zi — a*) (3.4)
< ||V f(z:)ll, |l — =], by Cauchy-Schwarz.

At this point, we are essentially ready to connect Equation (3.2) with Equation (3.4) and
analyze the convergence rate of our algorithm.

However, at the moment, we see that the change gap,,; — gap; in how close we are to
the optimum function value is governed by the norm of the gradient ||V f(z;)||,, while the
size of the gap is related to both this quantity and the distance ||x; — x*||, between the
current solution x; and an optimum x*. Do we need both or can we get rid of, say, the
distance? Unfortunately, with this algorithm and for this class of functions, a dependence
on the distance is necessary. However, we can simplify things considerably using the following
observation, which you will prove in the exercises (Week 2, Exercise 2):

Claim 3.3.6. When running Gradient Descent as given by the step in Equation (3.1), for
all i |z — 2|y < [lzo — 27|,

Combining this Claim with Equation (3.2]) and Equation (3.4,

1 gap; )2
gap;y; —gap; < —- - (— 3.5
g 25 \Jzo — 1, (3:5)

At this point, a simple induction will complete the proof of following result.

Theorem 3.3.7. Let f : R" — R be a B-gradient Lipschitz, convex function. Let xy be
a giwen starting point, and let ** € argming pn f(x) be a minimizer of f. The Gradient
Descent algorithm given by

Tiy1 = T; — %Vf(mi>

ensures that the kth iterate satisfies

%2

Carrying out this induction is Exercise 4 (Week 2).

3.4 Accelerated Gradient Descent

It turns out that we can get an algorithm that converges substantially faster than Gradient
Descent, using an approach known as Accelerated Gradient Descent, which was developed
by Nesterov [Nes83]. This algorithm in turn improved on some earlier results by Nemirovski
and Yudin [NY83]. The phenomenon of acceleration was perhaps first understood in the
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context of quadratic functions, minimizing £ Az — ' b when A is positive definite — for
this case, the Conjugate Gradient algorithm was developed independently by Hestenes and
Stiefel [HST52] (here at ETH!), and by Lanczos [Lan52]. In the past few years, providing more
intuitive explanations of acceleration has been a popular research topic. This presentation is
based on an analysis of Nesterov’s algorithm developed by Diakonikolas and Orecchia [DO19].

We will adopt a slightly different approach to analyzing this algorithm than what we used
in the previous section for Gradient Descent.

We will use g to denote the starting point of our algorithm, and we will produce a sequence
of iterates xg, 1, xa,...,xx. At each iterate x;, we will compute the gradient V f(z;).
However, the way we choose x;,; based on what we know so far will now be a little more
involved than what we did for Gradient Descent.

To help us understand the algorithm, we are going to introduce two more sequences of
iterates yo, Y1, Yo, - - -, Y € R" and vy, v1,vsy,..., v, € R".

The sequence of y,’s will be constructed to help us get as low a function value as possible at
f(y,), which we will consider our current solution and the last iterate y, will be the output
solution of our algorithm.

The sequence of v;’s will be constructed to help us get a lower bound on f(x*).

By combining the upper bound on the function value of our current solution f(y;) with a
lower bound on the function value at an optimal solution f(x*), we get an upper bound on
the gap f(y,;) — f(*) between the value of our solution and the optimal one. Finally, each
iterate x;, which will be where we evaluate gradient V f(x;), is chosen through a trade-off
between wanting to reduce the upper bound and wanting to increase the lower bound.

The upper bound sequence: y,;’s. The point y,; will be chosen from ; to minimize an
upper bound on f based at ;. This is similar to what we did in the previous section. We let
y, = x;+0; and choose §; to minimize the upper bound f(y,) < f(z;)+V f(z;) 6+ 11657,
which gives us

1 Vf(z; :
g 23
We will introduce a notation for this upper bound
Vi@l

Ui = f(y,) < f(=:) (3.6)

2p

Philosophizing about lower boundsﬂ A crucial ingredient to establishing an upper
bound on gap, was a lower bound on f(x*).

'YMMYV. People have a lot of different opionions about how to understand acceleration, and you should
take my thoughts with a grain of salt.
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In our analysis of Gradient Descent, in Equation (3.4), we used the lower bound
f(x*) > f(x;) = [V f(xi)|ly ||xi — 2*||,- We can think of the Gradient Descent analysis as
being based on a tension between two statements: Firstly that “a large gradient implies we
quickly approach the optimum” and secondly “the function value gap to optimum cannot
exceed the magnitude of the current gradient (scaled by distance to opt)”.

This analysis does not use that we have seen many different function values and gradients,
and each of these can be used to construct a lower bound on the optimum value f(z*), and,
in particular, it is not clear that the last gradient provides the best bound. To do better, we
will try to use lower bounds that take advantage of all the gradients we have seen.

Definition 3.4.1. We will adopt a new notation for inner products that sometimes is

more convenient when dealing with large expressions: (a, b) = T,

The lower bound sequence: v;’s. We can introduce weights a; > 0 for each step and
combine the gradients we have observed into one lower bound based on a weighted average.
Let us use A; = ) _;; a; to denote the sum of the weights. Now a general lower bound on
the function value at any v € R" is

S0 (@) + (Vi) 0~ 7))
z 1<t
However, to use Cauchy-Schwarz on each individual term here to instantiate this bound at
x* does not give us anything useful. Instead, we will employ a somewhat magical trick: we

introduce a regularization term

def

¢(v) =

||"’_5’30||2

b1

We will choose the value o > 0 later. Now we derive our lower bound L;

flz*) > — ( ) + Zaj :B] a]Vf(a:]) - :1:]>> - Cb(AiBZ*)
> ggg;{ . ( +Zajf 2;) + {4,V f(2,), v f”a‘>>} - 42

_

We will let v; be the v obtaining the minimum in the optimization problem appearing in
the definition of L;, so that

L; = T ( v;) + Zajf (z;) + (a; V f(z;), v $J>> o gb(:*)

z 1<t
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How we will measure convergence. We have designed the upper bound U; and the
lower bound L; such that gap, = f(y,) — f(z*) < U; — L;.

As you will show in the exercises for Week 2, we can prove the convergence of Gradient De-
scent directly by an induction that establishes 1/gap, < C'-i for some constant C' depending
on the Lipschitz gradient parameter 5 and the distance ||zo — *||,.

To analyze Accelerated Gradient Descent, we will adopt a similar, but slightly different
strategy, namely trying to show that (U; — L;)r (i) is non-increasing for some positive “rate
function” r(7). Ideally r(7) should grow quickly, which would imply that gap, quickly gets
small. We will also need to show that (Uy— Lo)r(0) < C for some constant C' again depending
on f and ||xg — z*||,. Then, we’ll be able to conclude that

and hence gap, < C/r(i).

This framework is fairly general. We could have also used it to analyze Gradient Descent,
and it works for many other optimization algorithms too.

We are going to choose our rate function (i) to be exactly A;, which of course is no accident!
As we will see, this interacts nicely with our lower bound L;. Hence, our goals are to

1. provide an upper bound on Ay (Uy — Ly),
2. and show that Ai+1(Ui+1 - Li+1) S Az(Uz - Lz),

Establishing the convergence rate. Let’s start by looking at the change in the upper
bound scaled by our rate function:

AU — AU =Aip (f(yzﬂ) - f($i+1)) — A (f(y;) = f(@ir1)) + (Air — A) f(@it1)

(3.7)

2
<A1 (—W) First term controlled by Equation (3.6)).
— A (Vf(xis1),y; — 1)  Second term bounded by Theorem [3.3.5
+ a1 f(Tigr) Third term uses a;11 = A1 — A;.

The solution v; to the minimization in the lower bound L; turns out to be relatively simple
to characterize. By using derivatives to find the optimum, we first analyze the initial value
of the lower bound L.
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Claim 3.4.2.

1. Vo = Ty — %Vf(fllo)

2. Lo = f(zo) = 52 IV f(2o)ll; — 555 llz* — zoll5-

2a0

You will prove Claim [3.4.2] in Exercise 1 of the Week 3 exercise sheet. Noting Ay = ag, we

see from Equation (3.6 and Part [2 of Claim [3.4.2| that

azi  a o,
Aalt ~ L) < (52 = 58 ) IV (@03 + 5 lo* — ol 39)

It will be convenient to introduce notation for the rescaled lower bound A;L; without opti-
mizing over v.

mi(v) = ¢(v) — d(z”) + Zajf(ﬂcj) +(a;Vf(z;), v —xj)

Thus A;L; — Aiv1Liv1 = mi(v;) —mip1(vi41). Now, it is not too hard to show the following
relationships.

Claim 3.4.3.

1. mz('v) = TTLZ(’UZ) -+ % H'U — ’Ulug
2. mi+1(”) = mi(v) + i1 f(®ig1) + <ai+1Vf(a:i+1), v = mi+1>

3 v =v; — LV f(xi41)

And again, you will prove Claim in Exercise 2 (Week 3 sheet). Hint for Part[l: note

that m;(v) is a quadratic function, miminimized at v; and its Hessian equals ol at all v.

Given Claim [3.4.3] we see that

AiLi — Aip1 L
= mi(vi) = mi1(vis1) (3.9)
o
= —Gi+1f(513i+1) - <Gi+1vf(il3i+1), Viy1 — $i+1> - 5 H'Ui+1 - Uz”% (3-10)
2

a;
2;1 IV f(zi)| (3.11)

= =iy f(®iy1) — (@i 1V f(®i1), vi — Tig1) +
This means that by combining Equation (3.7) and (3.11]) we get

—A; a;
Ai1(Uipy — Liy) — AUs — L) < [ —22 4 ) 1O f(zi)]])
20 20

F(Vf(xig1), Aii®ips — aipv; — Ajy;)
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NOW, this means that Ai+1(Ui+1 - Li+1) - 141((]Z - Lz) S 0 if

AZ‘+1CL'Z‘+1 — ai+1'vi — Azyl =0 and Ai—i—l/ﬁ Z a22+1/0'

We can get this by letting ;. = A”’%’fjm, and 0 = § and a; = “5*, which implies that
Ai = —(Z+1¥2+2) > a?.

By Equation ({3.8)), these parameter choices also imply that
6 * 2
Ao(Uo = Lo) < 5 [|l2" = o5 -
Finally, by induction, we get A;(U; — L;) < g |z* — a:0||§. Dividing through by A; and using
gap; < U; — L; results in the following theorem.

Theorem 3.4.4. Let f : R™ — R be a B-gradient Lipschitz, convex function. Let xq be a
given starting point, and let * € argming pn f(x) be a minimizer of f.

The Accelerated Gradient Descent algorithm given by

po it (4 D+2)
2 4
1
Vo = To — %Vf(fﬂo)
1
] 5 f(x:)
o Ay, + aip1v;
T A
a;
Viy1 = V; — gl Vf(mi-H)

ensures that the kth iterate satisfies

28 ||zo — z*|5
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Part 11

Spectral Graph Theory
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Chapter 4

Introduction to Spectral Graph
Theory

In this chapter, we will study graphs through linear algebra. This approach is known as
Spectral Graph Theory and turns out to be surprisingly powerful. An in-depth treatment of
many topics in this area can be found in [Spil9).

4.1 Recap: Incidence and Adjacency Matrices, the
Laplacian Matrix and Electrical Energy

To exploit tools from linear algebra, we first have to introduce some interesting matrices
that capture important properties of the graph G. In Chapter [I} we have already seen some
of these matrices. Let us recall them and also revisit some additional material from the
lectures before. For the rest of the lecture, we let G = (V, E, w) be an undirected graph,
with n = |V| vertices and m = |E| edges, where w € R¥ assigns a positive weight for every
edge. We also assume that G is connected!

Fundamental Matrices. We start by re-introducing the edge-vertex incidence matriz B
of the graph G. Therefore, we first have to associate an arbitrary direction to every edge.
We then let B € RV*E,
1 if e = (u,v)
B(v,e) =<4 -1 ife=(v,u)
0 0.W.

The edge directions are only there to help us track the meaning of signs of quantities defined
on edges: The math we do should not depend on the choice of sign.

We define the weight matriz W € REXE be the diagonal matrix given by W = diag(w),
e W(e,e) = w(e). The weighted degree of a vertex is defined as d(v) = >_, cp w(u,v).
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Again we treat the edges as undirected. Let D = diag(d) be the degree matriz that is a
diagonal matrix in RV*Y with weighted degrees on the diagonal.

We define the weighted adjacency matric A € RV*V of a graph by

Al v) = w(u,v) if {u,v} € F
0 otherwise.

Note that we treat the edges as undirected here, so AT = A.

Finally, we define the Laplacian of the graph as L = BW B'. Note that in the first chapter,
we defined the Laplacian as BR™'B", where R is the diagonal matrix with edge resistances
on the diagonal. We want to think of high weight on an edge as expressing that two vertices
are highly connected, whereas we think of high resistance on an edge as expressing that the

two vertices are poorly connected, so we let w(e) = 1/R(e,e). In Problem Set 1, you showed
that L = D — A, and that for z € RV,

' Le= Y  wlab)(z(a)—z(b)”

{a,b}€E

Flows and Voltages. Let us next briefly review flows and voltages. Given the edge-vertex
incidence matrix B, we can now express the net flow constraint that f routes a demand d
by

Bf =d.
This is also called a conservation constraint. In our examples so far, we have d(s) = —1,
d(t) =1 and d(u) =0 for all u € V'\ {s,t}. Note that, unfortunately, the demand vector

is typically denoted by d, but so is the degree vector. Since it should always be clear from
context which is which, we will also overload d in this way!

We then define for any flow f € R” the electrical energy by

E(f) = _r(e)f(e)*=fRf

€

and for any electrical voltages € R¥
Ef)=f"Rf =x"Lx.

While the former definition is standard, the second definition is motivated by the fact that
by Ohm’s law, where we use R = diag,.. r(e), we have that electrical voltages & will induce
an electrical flow f = R™'B"x. And for such a pair f and «, we then have that the energy
associated with x is equal to the energy consumed by the flow f induced by «:

Ef)=Ff"Rf =z Lz = E(x).
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The Courant-Fisher Theorem. Let us also recall the Courant-Fischer theorem, which
we proved in Chapter 3 (Theorem . Here we add an additional characterization of \;.
Note that the second equality for both versions to obtain \; can be extracted from our proof
of the Courant-Fischer theorem in Chapter 3.

Theorem 4.1.1 (The Courant-Fischer Theorem, eigenbasis version). Let A be a symmetric

matrix in R™™, with eigenvalues Ay < Ao < ... < A\, and corresponding eigenvectors
Ty, To,..., T, which form an othernormal basis. Then
1.
. ' Az , ' Az
A= min max —— = min =
subspace WCR" zeW,z#0 @I ' X rzlzi,.ci1 X'
dim(W)=1 #0
2. T T
. x' Az T Ax
A= max min —— = max =
subspace WCR" xeW,x#0 @I ' zlziy1,.tn T T
dim(W)=n+1—: z#0
z] Az;
Of course, we also have \;(4) = =i+
i Li

4.2 Understanding Eigenvalues of the Laplacian

We would like to understand the eigenvalues of the Laplacian matrix of a graph.

But first, why should we care? It turns out that Laplacian eigenvalues can help us understand
many properties of a graph. But we are going to start with a simple motivating observation:
Electrical voltages £ € RV consume electrical energy £(x) = ' Lz. This means that by
the Courant-Fischer Theorem

Elz)=z Lz <\, (L)xz'z
And, for any voltages 1 1,
E(x)=z Lz > \(L)x"x.

Thus, we can use the eigenvalues to give upper and lower bounds on how much electrical
energy will be consumed by the flow induced by @, in terms compared to ' = ||:1:||§

In a couple of chapters, we will also prove the following claim, which shows that the Laplacian
eigenvalues can directly tell us about the electrical energy that is required to route a given
demand.

Claim 4.2.1. Given a demand vector d € RV such that d L 1, the electrical voltages x that
route d satisfy Lx = d and the electrical energy of these voltages satisfies

K1
A2

2
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While the techniques in this section can be used to analyze various Laplacian matrices,
we focus on understanding the eigenvalues of certain graph families that are particularly
instructive. In this section, we obtain the following results.

Graph Family Ao lower bound | A\g upper bound | A, lower bound | A, upper bound
Complete Graph K, n n n n
Path Graph P, n—lg % 1 4
. 1 2
Blnary'TTee j% 551%;65 n_1 1 6

4.3 The Complete Graph

To get a sense of how Laplacian eigenvalues behave, let us start by considering the n-vertex
complete graph with unit weights, which we denote by K,. The adjacency matrix of K, is
A = 11" — I, since it has ones everywhere, except for the diagonal, where entries are zero.
The degree matrix D = (n — 1)I. Thus the Laplacian is L=D — A =nI —11".

Thus for any y L 1, we have y' Ly =ny'y — (1Ty)?2 = ny " y.

From this, we can conclude that any y L 1 is an eigenvector of eigenvalue n, and that all

)\2:/\3:...:)\n:n.

4.4 The Path Graph

Next, let us try to understand Ay and A, for P,, the n vertex path graph with unit weight
edges. Le. the graph has edges E = {{i,i+ 1} for i =1 to (n — 1)}. This is in a sense the
least well-connected unit weight graph on n vertices, whereas K, is the most well-connected.

4.4.1 Upper Bounding )\»(P,) via Test Vectors

We can use the eigenbasis version of the Courant-Fisher theorem to observe that the second-
smallest eigenvalue of the Laplacian is given by

' Lz
Ao(L) = mi . .
(D)= ol S 4
zT1=0

We can get a better understanding of this particular case through a couple of simple observa-
tions. Suppose ¢ = y+al, where y 1 1. Then 2" Lz = y' Ly, and ||z = ||y||*+a?||1]*.

48



z ' Lz
zlx

So for any given vector, you can increase the value of
orthogonal to 1, which we denoted by y.

, by replacing @ with its component

We can conclude from Equation (4.1)) that for any vector y L 1,

y' Ly
y'y

Ag <

When we use a vector y in this way to prove a bound on an eigenvalue, we call it a test
vector.

Now, we'll use a test vector to give an upper bound on \o(Lp, ). Let £ € RV be given by
x(i) = (n+1) —2i, for i € [n]. This vector satisfies & L1. We picked this because we wanted
a sequence of values growing linearly along the path, while also making sure that the vector
is orthogonal to 1. Now

Dici-n(®() —z(i+1))?
> x(i)?
S 22
> i (n+1—20)?
B 4(n—1)
- (n+1Dnn—-1)/3
12 < B
n(n+1) = n?

Ao(Lp,) <

Later, we will prove a lower bound that shows this value is right up to a constant factor. But
the test vector approach based on the Courant-Fischer theorem doesn’t immediately work
when we want to prove lower bounds on Ay(L).

4.4.2 Lower Bounding \,(P,) via Test Vectors

We can see from either version of the Courant-Fischer theorem that

v' Lo
i 2
Thus for any vector y # 0,
-
Anzyfy
Yy

This means we can get a test vector-based lower bound on A,. Let us apply this to the
Laplacian of P,. We'll try the vector € RY given by z(1) = —1, and z(n) = 1 and
x(i) =0 for i # 1,n.
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Here we get

x' Lr 2
M (L > = — =1. 4.
(L) > 222 2 (43)

Again, it’s not clear how to use the Courant-Fischer theorem to prove an upper bound on
An(L). But, later we'll see how to prove an upper that shows that for P,, the lower bound
we obtained is right up to constant factors.

4.4.3 Upper bounding \,(F,) via the Loewner Order

In the previous sections, we first saw a complete characterization of the eigenvalues and
eigenvectors of the unit weight complete graph on n vertices, K,,. Namely, Lx, =nl —11T,
and this means that every vector y L 1 is an eigenvector of eigenvalue n. Ideally, we would
like to prove an almost matching lower bound on Ay(P,) and an almost matching upper
bound on A, (P,), but it is not clear how to get that from the Courant-Fischer theorem.

To get there, we need to introduce some more tools. We now introduce an ordering on
symmetric matrices called the Loewner order, which I also like to just call the positive semi-
definite order. As we will see in a moment, it is a partial order on symmetric matrices, we

denote it by “<X”. For convenience, we allow ourselves to both write A < B and equivalently
B> A.

The Loewner Order, aka. the Positive Semi-Definite Order. For a symmetric
matrix A € R™" we define that
A>-0

if and only if A is positive semi-definite.

More generally, when we have two symmetric matrices A, B € R™"  we will write

A =< B if and only if for all z € R" we have z' Az < z' Bz (4.4)
This is a partial order, because it satisfies the three requirements of
1. Reflexivity: A < A.
2. Anti-symmetry: A <= B and B < A implies A = B
3. Transitivity: A < B and B < C implies A < C
Check for yourself that these properties hold!
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The PSD order has other very useful properties: A < B implies A + C < B + C for any
symmetric matrix C. Convince yourself of this too!

And, combining this observation with transitivity, we can see that A < B and C < D
implies A+ C < B+ D.

Here is another useful property: If 0 < A then for all a > 1
1
—A<A=<aA.
a

Here is another one:

Claim 4.4.1. If A < B, then for all i
Ai(A) < \i(B).

Proof. We can prove this Claim by applying the subspace version of the Courant-Fischer
theorem.

. x' Az , x' Bx
Ni(A) = min max < min max = \(B).
subspace WCR"™ xeW,z#£0 :ETCL' subspace WCR"™ zeW,z#0 :BTCL'
dim(W)=1 dim(W)=1

O

Note that the converse of Clam is very much false, for example the matrices A =

(g (1)> and B = ((1) g) have equal eigenvalues, but both A 2 B and B £ A.

Remark 4.4.2. It’s useful to get used to and remember some of the properties of the
Loewner order, but all the things we have established so far are almost immediate from the
basic characterization in Equation . So, ideally, don’t memorize all these facts, instead,
try to see that they are simple consequences of the definition.

Upper bounding \,(Lg) Using Degrees. In an earlier chapter, we observed that for
any graph G = (V,E,w), L = D — A = 0. We can see this from z" (D — A)z =
> (uwyer W, v)(x(w) — z(v))? > 0. Similarly D + A = 0. because ¢ (D + A)x =
> uwyer W, v)(z(u) +2(v))* > 0. But this means that —A < D and hence L= D — A =

So, for the path graph P,, we have Lp, < D — A < 2D < 4I. So by Claim {.4.]
M(Lp,) < 4. (4.5)

We can see that our test vector-based lower bound on A\, (Lp,) from Equation (4.3)) is tight
up to a factor 4.

Since this type of argument works for any unit weight graph, it proves the following claim.

Claim 4.4.3. For any unit weight graph G, \,(Lg) < 2max,cy d(v).

This is tight on a graph consisting of a single edge.
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4.4.4 Lower bounding )\o(F,) via the Loewner Order

We will now conclude our analysis of the eigenvalues A\ and A, of the path graph P, by
finally deriving a lower bound on Ay(P,). Again, this requires us to use new tools. As in the
last section, we first introduce the new tool for general graphs and then exploit the tool to
derive the lower bound.

The Loewner Order for Graphs. It’s sometimes convenient to overload the PSD order
to also apply to graphs. We will write

GH
if Lo < Ly.

For example, given two unit weight graphs G = (V, E) and H = (V, F), if H is a subgraph
of G, then

Ly < Lg.

We can see this from the Laplacian quadratic form:
' Lox = Z w(u,v)(z(u) — z(v))?.
(u)EE

Dropping edges will only decrease the value of the quadratic form. The same is for decreasing
the weights of edges. The graph order notation is especially useful when we allow for scaling
a graph by a constant, say ¢ > 0,

c-H=<XG

What is ¢- H? It is the same graph as H, but the weight of every edge is multiplied by c.
Now we can make statements like %H < G = 2H, which turn out to be useful notion of the
two graphs approximating each other.

The Path Inequality. Now, we’ll see a general tool for comparing two graphs G and H
to prove inequalities like cH =< G for some constant c. Our tools won’t necessarily work well
for all cases, but we’ll see some examples where they do.

In the rest of the chapter, we will often need to compare two graphs defined on the same
vertex set V = {1,...,n} = [n].

We use G;; to denote the unit weight graph on vertex set [n] consisting of a single edge
between vertices 7 and j.

Lemma 4.4.4 (The Path Inequality).

(n_l)'PntGl,na
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Proof. We want to show that for every € R,
n—1
(n=1)-Y (2(i+1) - 2(i))* > (z(n) - 2(1))*
i=1
For i € [n — 1], set
A(l) =x(i+1) — x(i).
The inequality we want to prove then becomes
n—1 n—1 2
(n—1) Y (A(0)? > (Z A(z‘)) .
i=1 '

But, this is immediate from the Cauchy-Schwarz inequality a' b < ||a||, ||b]],:

(n—1) Z(AW = |1l (AP
= ([ 1n-all - [|AI?
> (1, ,4)°

= (AW

]

Lower Bounding )\, of a Path Graph. We will now use Lemma to prove a lower
bound on Ay(Lp,). Our strategy will be to prove that the path P, is at least some multiple
of the complete graph K, measured by the Loewner order, i.e. K, =< f(n)P, for some
function f: N — R. We can combine this with our observation earlier that A\o(Lg, ) = n to
show that

f(n)Aa(Lp,) > Xo(Lg,) = n, (4.6)

and this will give our lower bound on Ay(Lp, ). When establishing the inequality between P,
and K, we can treat each edge of the complete graph separately, by first noting that

Ly, =) Lg,

1<J

For every edge (i,) in the complete graph, we apply the Path Inequality, Lemma [4.4.4}
j—1
Gij =2 (j —1) ZGk,kJrl
=i
= -9k
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This inequality says that G;; is at most (j —¢) times the part of the path connecting i to j,
and that this part of the path is less than the whole.

Summing inequality (4.3) over all edges (i,7) € K,, gives
i<j i<j

To finish the proof, we compute

So

Plugging this into Equation (4.6) we obtain

1

n2
This only differs from our test vector-based upper bound in Equation (4.3)) by a factor 12.

We could make this considerably tighter by being more careful about the sums.

4.5 The Complete Binary Tree

To consolidate our new expertise, let us finally consider the complete binary tree T,, with
unit weight edges on n vertices. Note that in order to have T,, be a complete binary tree, we
require that n is such that there is an integer d for which n = 291 — 1.

T,, is the balanced binary tree on this many vertices, i.e. it consists of a root node, which has
two children, each of those children have two children and so on until we reach a depth of d
from the root, at which point the child vertices have no more children. A simple induction
shows that indeed n = 29! — 1.

We can also describe the edge set by saying that each node ¢ has edges to its children 2¢ and
2i + 1 whenever the node labels do not exceed n. We emphasize that we still think of the
graph as undirected.

4.5.1 Deriving Bounds on \,(7},)
We'll start by above bounding A, (L7, ) using a test vector.
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We let (i) = 0 for all nodes that have a child node, and (i) = —1 for even-numbered leaf
nodes and (i) = +1 for odd-numbered leaf nodes. Note that there are (n+ 1)/2 leaf nodes,
and every leaf node has a single edge, connecting it to a parent with value 0. Thus
L L 1)/2
)\n(L):maXv v > x Lz (n+1)/ _
vA0 vV x'x (n+1)/2
Meanwhile, every vertex has degree at most 3, so by Claim [4.4.3) A\,(L) < 6. So we can
bound the largest eigenvalue above and below by a constant.

1. (4.7)

4.5.2 Upper Bounding )\; via Test Vectors

Let us give an upper bound on Ay of the tree using a test vector. Let & € R” have (1) =0
and x(i) = —1 for 7 in the left subtree and x(i) = +1 in the right subtree. Then

T T
v Lv x' Lz 2
A2(Lr,) = min < = )
(L, ) w20 viv T z'x n—1
vT1=0
So, we have shown m < \o(L7p,) < %, and unlike the previous examples, the gap is

more than a constant.

4.5.3 Lower Bounding )\,

The following lemma gives a simple lower bound on Ay for any graph.

Lemma 4.5.1. For any unit weight graph G with diameter D,

1
Xo(Lg) > —.
2(La) =
Proof. We will again prove a lower bound comparing G to the complete graph. For each

edge (i,7) € K, let G*7 denote a shortest path in G from 7 to j. This path will have length
at most D. So, we have
Kn= 3 Gij

1<j

<) _ DGY

1<j

< ZDG

i<j
< n?’DG.
So, we obtain the bound

nQD)\Q(G) >n,

which implies our desired statement. O
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Since the complete binary tree T, has diameter 2d < 2log,(n), by Lemma [4.5.1) X\o(L7,) >
1
2nlogy(n)”

In the exercises for Week 4, I will ask you to improve the lower bound to 1/(cn) for some
constant c.
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Chapter 5

Pseudo-inverses and Effective
Resistance

5.1 What is a (Moore-Penrose) Pseudoinverse?

Recall that for a connected graph G with Laplacian L, we have ker(L) = span{1}, which
means L is not invertible. However, we still want some matrix which behaves like a real
inverse. To be more specific, given a Laplacian L € RV*Y | we want some matrix LT € RV*V
s.t.

1) (L))" = LT (symmetric)

2) L™1 = 0, or more generally, L"v = 0 for v € ker(L)

3) LYLv = LL"v = v for v L 1, or more generally, for v € ker(L)*:
Under the above conditions, L' is uniquely defined and we call it the pseudoinverse of L.

Note that there are many other equivalent definitions of the pseudoinverse of some matrix
A, and we can also generalize the concept to matrices that aren’t symmetric or even square.

Let \;, v; be the i-th pair of eigenvalue and eigenvector of L, with {v;}"; forming a orthog-
onal basis. Then by the spectral theorem,

L = VA VT = Z)\Z”UZ"U;-F,

where V = [vl e vn] and A = diag{\, ..., \,}. And we can show that its pseudoinverse
is exactly
L= Z Nlow)]
i X0

Checking conditions 1), 2), 3) is immediate. We can also prove uniqueness, but this takes
slightly more work.
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5.2 Electrical Flows Again

Recall the incidence matrix B € RV*® of a graph G = (V, E).

Figure 5.1: An example of a graph and its incidence matrix B.

In Chapter 1, we introduced the electrical flow routing demand d € RY. Let’s call the
electrical flow f € R¥. The net flow constraint requires Bf = d. By Ohm’s Law, f =
R™'B"x for some voltage € RV where R = diag(r) and r(e) = resistance of edge e. We
showed (in the exercises) that when d L 1, there exists an voltage & L 1 s.t. f=R'B'z
and Bj~" = d. This Z solves Lz = d where L= BR™'B".

And we also made the following claim.

Claim 5.2.1.
f =argminf' Rf where f' Rf = Z r(e)f(e)? (5.1)

Bf=d

You proved this in the exercises for Week 1. Let’s recap the proof briefly, just to get back
into thinking about electrical flows.

Proof. Consider any f € RF s.t. Bf = d. For any £ € RY, we have

L.t _lT T .
FTRf = Sf ' Rf 2 (Bf —d)
0

1
>min -f ' Rf —x"'Bf +d 'z
fERE 2

. J/

9?1:)
1
—d'z— §mTL:c

since V;g(f) = 0 gives us f = R™'BTz. Thus, for all f € RF s.t. Bf = d and all z € R,
L.+ T L
Qf Rf>d = — 5T Lzx. (5.2)
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But for the electrical flow f and electrical voltage x, we have f — R 'B'Z and Lz = d.
So
7 R} = (R‘IBT&':)T R(R'B'z)=2"BR'B'a=%"Lz =3%"d.

Therefore,
]_ “T - T"’ 1 "'T ~
§f Rf=d & - 5% Lz. (5.3)
By combining Equation (5.2) and Equation (j5.3]), we see that for all f s.t. Bf = d,
1 1 1~ ~
F Rf>d's -3 La - 5fTRf.

Thus f is the minimum electrical energy flow among all flows that route demand d, proving

Equation (5.1)) holds.

The drawing below shows how the quantities line up:

o
 fotndle 1otiey Az- vz s
| .
% Ay - Ll

5.3 Effective Resistance

Given a graph G = (V, E), for any pair of vertices (a,b) € V, we want to compute the cost
(or energy) of routing 1 unit of current from a to b. We call such cost the effective resistance
between a and b, denoted by Reg(a,b). Recall for a single resistor r(a, b),

energy = r(a,b) f*(a,b) = r(a,b).

So when we have a graph consisting of just one edge (a,b), the effective resistance is just
Reg(a,b) = r(a,b).

In a general graph, we can also consider the energy required to route one unit of current
between two vertices. For any pair a,b € V', we have

Reg(a,b) = min f'Rf,

Bf=e,—e,
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where e, € RY is the indicator vector of v. Note that the cost of routing F units of flow
from a to b will be Reg(a,b) - F?.

Since (e, — €,)"1 = 0, we know from the previous section that Reg(a,b) = fTRf where f
is the electrical flow. Now we can write LE = e, — e, and £ = L (e, — e,) for the electrical
voltages routing 1 unit of current from a to b. Now the energy of routing 1 unit of current
from a to b is

Ra(a,b)=F Rf =% Li = (e — ea) LY LL (e — €4) = (&5 — €a) L (e, — ea),
where the last equality is due to LT LL" = L*.
Remark 5.3.1. We have now seen several different expressions that all take on the same
value: the energy of the electrical flow. It’s useful to remind yourself what these are. Consider
an electrical flow f routes demand d, and associated electrical voltages . We know that

Bf =d,and f = R"'B'%, and L& = d, where L= BR 'B". And we have seen how to
express the electrical energy using many different quantities:

F'RfF—3Li-d L'd—d z-F B'&

Claim 5.3.2. Any PSD matriz A has a PSD square root AY? s.t. AY?AY? = A,

Proof. By the spectral theorem, A = Y, \;v;v; where {v;} are orthonormal. Let A2 =
> )\il/QviviT. Then

2
A1/2A1/2 _ (Z )\1/2U1UT>
= Z \iviv] viv] + Z )\i'vivjvjv;

i#]
T
= E )\i’l)i’l)i
i

where the last equality is due to v, v; = §;;. It’s easy to see that AY? is also PSD. O]

Let L2 be the square root of L*. So

Reg(a,b) = (ey — eq) LT (e, — es) = ||[LT*(ey — €4)||%
Example: Effective resistance in a path. Consider a path graph on vertices V' =
{1,2,3, ...,k + 1}, with with resistances (1), 7(2), ..., r(k) on the edges of the path.
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O, )

OO D————— e s —— T
Figure 5.2: A path graph with &k edges.

The effective resistance between the endpoints is

k
Reg(1,k+1) :Zr
=1

To see this, observe that to have 1 unit of flow going from vertex 1 to vertex k + 1, we must
have one unit flowing across each edge i. Let A(i) be the voltage difference across edge 1,

and f(z) the flow on the edge. Then 1 = f(i) = f((;) , so that A(i) = r(i). The electrical

voltages are then £ € RY where Z(i) = Z(1) + > i<i A(J). Hence the effective resistance is

k
Rg(Lk+1)=d 2= (e —e) & =2(k+1)—2(1)=> r(i
=1

This behavior is sometimes known as the fact that the resistance of resistors adds up when
they are connected in series.

Example: Effective resistance of parallel edges. So far, we have only considered
graphs with at most one edge between any two vertices. But that math also works if we
allow a pair of vertices to have multiple distinct edges connecting them. We refer to this
as multi-edges. Suppose we have a graph on just two vertices, V = {1,2}, and these are
connected by k parallel multi-edges with resistances r(1), 7(2),..., r(k).

r(0
t(2)

r(k)

Figure 5.3: A graph on just two vertices with k parallel multiedges.

The effective resistance between the endpoints is
b
> /(i)
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Let’s see why. Our electrical voltages £ € RY can be described by just the voltage difference
A € R between vertex 1 and vertex 2, i.e. (2) — Z(1) = A. which creates a flow on edge
i of f(i) = A/r(i). Thus the total flow from vertex 1 to vertex 2is 1 =), A/r(i), so that

A = ——L2——. Meanwhile, the effective resistance is also
Zi:1 1/7(i)

1
Reﬁla2=62—€1Ti=A:T
2= ) > i 1/7(i)

5.3.1 Effective Resistance is a Distance

Definition 5.3.3. Consider a weighted undirected graph G with vertex set V. We say
function d : V x V' — R, which takes a pair of vertices and returns a real number, is a
distance if it satisfies

1. d(a,a) =0for alla e V

(
2. d(a,b) > 0 for all a,b € V.
3. d(a,b) =d(b,a) for all a,b € V.
4. d(a,b) < d(a,c)+ d(c,b) for all a,b,c € V.

Lemma 5.3.4. R4 is a distance.

Before proving this lemma, let’s see a claim that will help us finish the proof.

Claim 5.3.5. Let Lx = e, — e,. Then for all ¢ € V, we have (b) > &(c) > Z(a).
We only sketch a proof of this claim:

Proof sketch. Consider any ¢ € V', where ¢ # a,b. Now (LZ)(c) =0, i.e.

> wlue) | 2(e)— [ D wu,0)E(u) | =0
(u,c) (u,c)
Rearranging Z(c) = % This tells us that Z(c) is a weighted average of the

voltages of its neighbors. From this, we can show that Z(a) and Z(b) are the extreme
values. O

Proof. Tt is easy to check that conditions [I} 2} and [3| of Definition are satisfied by Reg.
Let us confirm condition Ml

For any u,v, let &,, = L"(—e, + e,). Then
Zop=L ' (—e,+e)=L"(—e,+e.—e.+ e)=Toc+ Ty
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Thus,

Reff(ay b) - <_ea + eb)Tfiza,b = (_ea + eb>T(£a,c + ic,b)
- _:Za,c(a) + i0L,C<b> - ';i'c,b<a) + 530,b<b>
< —Zoe(a) + Zoo(c) — Zep(c) + Zep(h).

where in the last line we applied Claim to show that Z,.(b) < &,.(c) and
—53071)(&) S —:i'c,b(c). ]
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Chapter 6

Different Perspectives on Gaussian
Elimination

6.1 An Optimization View of Gaussian Elimination for
Laplacians

In this section, we will explore how to exactly minimize a Laplacian quadratic form by
minimizing over one variable at a time. It turns out that this is in fact Gaussian Elimination
in disguise — or, more precisely, the variant of Gaussian elimination that we tend to use on
symmetric matrices, which is called Cholesky factorization.

Consider a Laplacian L of a connected graph G = (V, E, w), where w € R is a vector of
positive edge weights. Let W € RE*¥ be the diagonal matrix with the edge weights on the
diagonal, i.e. W = diag(w) and L= BW B'. Let d € R be a demand vector s.t. d L 1.

Let us define an energy
1
Elx)=—d =+ §mTLm

Note that this function is convex and is minimized at x s.t. Lz = d.

We will now explore an approach to solving the minimization problem

in £
)

Let = (z) where y € R and z € RV\{1},

We will now explore how to minimize over y, given any z. Once we find an expression for y
in terms of z, we will be able to reduce it to a new quadratic minimization problem in z,

1
Ez)=—-d"z+ ézTL'z
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where d’ is a demand vector on the remaining vertices, with d L 1 and L’ is a Laplacian
of a graph on the remaining vertices V/ = V' \ {1}. We can then repeat the procedure to
eliminate another variable and so on. Eventually, we can then find all the solution to our
original minimization problem.

To help us understand how to minimize over the first variable, we introduce some notation
for the first row and column of the Laplacian:

(% a0

Note that W is the weighted degree of vertex 1, and that

(™) ) (62)

is the Laplacian of the subgraph of G containing only the edges incident on vertex 1, while
L_, is the Laplacian of the subgraph of G containing all edges not incident on vertex 1.

Let us also write d = (ﬁ) where b € R and ¢ € RV\1},

Now,

Elx)=—d 'z + %wTLzzz = — (i)T (Z) +% @)T ( Z diag(;;zjr L, ) (Z)

1
=—by—c'z+ 5 (y2W —2ya' z + 2" diag(a)z + zTL_lz) )
Now, to minimize over y, we set 8%8 (z) =0 and get
—b+yW —a'z=0.

Solving for y, we get that the minimizing y is

y = %(b +a2). (6.3)

Observe that

1
E(x)=—by—c'z+ 3 (y*W —2ya" z + 2" diag(a)z + 2" L_,2)

1 1 1
= —by—c'z+ 3 W(yW —a'z)? —WzTaaTz + 2z " diag(a)z + 2" L_ 2

N J/

—~
Let S=diag(a)—-aaT+L_;

(i(yW —a'2)* + zTSz) :

1
=—by—c'z+ =

2\W
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where we simplified the expression by defining S = diag(a) — %aaT + L_;. Plugging in
y=(b+a’z), we get

T 2
A 1 oY s
mymé’(z) = (c—iera) z 2W+2z Sz.

Now, we define d’' = ¢ +ba and £'(z) = —d’' 2z + 127 S2. And, we can see that

arg min min £ <Z) = argmin &'(2),

z Y z

since dropping the constant term —% does not change what the minimizing z values are.

Claim 6.1.1.

1.d L1

2. S = diag(a) — spaa’ + L_y is a Laplacian of a graph on the vertex set V' \ {1}.

We will prove Claim in a moment. From the Claim, we see that the problem of finding
argmin, £'(z), is exactly of the same form as finding argmin, £(x), but with one fewer
variables.

We can get a minimizing « that solves arg min, £(x) by repeating the variable elimination
procedure until we get down to a single variable and finding its value. We then have to work
back up to getting a solution for z, and then substitute that into Equation (6.3]) to get the
value for y.

Remark 6.1.2. In fact, this perspective on Gaussian elimination also makes sense for any
positive definite matrix. In this setting, minimizing over one variable will leave us with
another positive definite quadratic minimization problem.

] i T/ _ 1T 1'a _ 1T
Proof of Claim |[6.1.1. To establish the first part, we note that 1'd' =1 ¢+ 05" =1 ¢+
b=1"d = 0. To establish the second part, we notice that L_; is a graph Laplacian by
definition. Since the sum of two graph Laplacians is another graph Laplacian, it now suffices
to show that S is a graph Laplacian.

Claim 6.1.3. A matriz M is a graph Laplacian if and only it satisfies the following condi-
tions:

e M =M.

o The diagonal entries of M are non-negative, and the off-diagonal entries of M are
non-positive.

e M1=0.
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Let’s see that Claim [6.1.3]is true. Firstly, when the conditions hold we can write M = D— A
where D is diagonal and non-negative, and A is non-negative, symmetric, and zero on the
diagonal, and from the last condition D(i,i) = >_,_; A(i, j). Thus we can view A as a graph
adjacency matrix and D as the corresponding diagonal matrix of weighted degrees. Secondly,
it is easy to check that the conditions hold for any graph Laplacian, so the conditions indeed
hold if and only if. Now we have to check that the claim applies to §. We leave this as an
exercise for the reader.

Finally, we want to argue that the graph corresponding to S is connected. Consider any
i,7 € V\{1}. Since G, the graph of L, is connected, there exists a simple path in G
connecting ¢ and j. If this path does not use vertex 1, it is a path in the graph of L_; and
hence in the graph of S. If the path does use vertex 1, it must do so by reaching the vertex
on some edge (v,1) and leaving on a different edge (1,u). Replace this pair of edges with
edge (u,v), which appears in the graph of S because S(u,v) < 0. Now we have a path in
the graph of S. |

6.2 An Additive View of Gaussian Elimination

Cholesky decomposition basics. Again we consider a graph Laplacian L € R™*" of a
connected graph G = (V, E, w), where as usual |V| =n and |E| = m.
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In this Section, we’ll study how to decompose a graph Laplacian as L = LL', where
L € R™" is a lower triangular matrix, i.e. £(i,7) = 0 for ¢ < j. Such a factorization is
called a Cholesky decomposition. It is essentially the result of Gaussian elimination with a
slight twist to ensure the matrices maintained at intermediate steps of the algorithm remain
symmetric.

We use nnz(A) to denote the number of non-zero entries of matrix A.

Lemma 6.2.1. Given an invertible square lower triangular matriz £, we can solve the linear
equation Ly = b in time O(nnz(L)). Similarly, given an upper triangular matriz U, we can
solve linear equations Uz = ¢ in time O(nnz(U)).

We omit the proof, which is a straight-forward exercise. The algorithms for solving linear
equations in upper and lower triangular matrices are known as forward and back substitution
respectively.

Remark 6.2.2. Strictly speaking, the lemma requires us to have access an adjacency list
representation of £ so that we can quickly tell where the non-zero entries are.

Using forward and back substitution, if we have a decomposition of an invertible matrix M
into M = LL", we can now solve linear equations in M in time O(nnz(L)).

Remark 6.2.3. We have learned about decompositions using a lower triangular matrix,
and later we will see an algorithm for computing these. In fact, we can have more flexibility
than that. From an algorithmic perspective, it is sufficient that there exists a permutation
matrix P s.t. PLP' is lower triangular. If we know the ordering under which the matrix
becomes lower triangular, we can perform substitution according to that order to solve linear
equations in the matrix without having to explicitly apply a permutation to the matrix.

Dealing with pseudoinverses. But how can we solve a linear equation in L = LL",
where L is not invertible? For graph Laplacians we have a simple characterization of the
kernel, and because of this, dealing with the lack of invertibility turns out to be fairly easy.

We can use the following lemma which you will prove in an exercise next week.

Lemma 6.2.4. Consider a real symmetric matric M = XY X", where X is real and

wnvertible and 'Y is real symmetric. Let I1p; denote the orthogonal projection to the image
of M. Then Mt =TIp(X )" 'Y T X 'y,

The factorizations I = £LL£" that we produce will have the property that all diagonal entries

of L are strictly non-zero, except that £(n,n) = 0. Let £ be the matrix whose entries

agree with L, except that L£(n,n) = 1. Let D be the diagonal matrix with D(i,i) = 1
~ AT ~

for i < n and D(n,n) = 0. Then LLT = LDL , and L is invertible, and D+ = D.

Finally, I, = I — %11T, because this matrix is acts like identity on vectors orthogonal to

1 and ensures IT;1 = 0, and this matrix can be applied to a vector in O(n) time. Thus
~T ~1
LT =TI;(L )"*DL Tz, and this matrix can be applied in time O(nnz(L)).

68



An additive view of Gaussian Elimination. The following theorem describes Gaussian
Elimination / Cholesky decompostion of a graph Laplacian.

Theorem 6.2.5 (Cholesky Decomposition on graph Laplacians). Let L € R™*™ be a graph
Laplacian of a connected graph G = (V, E, w), where |V| = n. Using Gaussian Elimination,
we can compute in O(n®) time a factorization L = LL" where L is lower triangular, and
has positive diagonal entries except L(n,n) = 0.

Proof. Let L' = L. We will use A(:,4) to denote the the ith column of a matrix A. Now,
for i =1to 7 =mn— 1 we define

1 . . .
li= ———LV(; i) and LV = LY — ;1]

LUV (G, 4)
Finally, we let ,, = 0,,x1. We will show later that
LY = 0,,,. (6.4)

It follows that L =), 1;1], provided this procedure is well-defined, i.e. LV (,4) # 0 for
all i < n. We will sketch a proof of this later, while also establishing several other properties
of the procedure.

Given a matrix A € R and U C [n], we will use A(U, U) to denote the principal submatrix
of A obtained by restricting to the rows and columns with index in U, i.e. all entries A(i, j)
where 7,7 € U.

Claim 6.2.6. Fiz some i < n. Let U = {i+1,...,n}. Then L(i)(i,j) =0ifi & U or
7€ U. And L(Z)(U, U) is a graph Laplacian of a connected graph on the vertex set U.

From this claim, it follows that L(i_l)(z’, i) # 0 for i < n, since a connected graph Laplacian
on a graph with |U] > 1 vertices cannot have a zero on the diagonal, and it follows that
L(”*l)(i, i) = 0, because the only graph we allow on one vertex is the empty graph. This
shows Equation holds. O]

Sketch of proof of Claim[6.2.6. We will focus on the first elimination, as the remaining are

similar. Adopting the same notation as in Equation (6.1]), we write

-
(0) _ _ w —a
L L ( —a diag(a)+ L, )

l lT _ W —(ZT
h —a aa’

W _ g0 _ 747 _ (0 0
L L by (0 diag(a) — -aa’ + L_1> '

and, noting that

we see that
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Thus the first row and column of LW are zero claimed. It also follows by Claim [6.1.1] that

LY({2,...,n},{2,...,n}) is the Laplacian of a connected graph. This proves Claim

6.2.6

for the case ¢ = 1. An induction following the same pattern can be used to prove the claim

for all 1 < n.
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Chapter 7

Conductance, Expanders and
Cheeger’s Inequality

A common algorithmic problem that arises is the problem of partitioning the vertex set V'
of a graph G into clusters X7, Xo, ..., Xj such that

e for each i, the induced graph G[X;] = (X;, BN (X; x X;)) is "well-connected”, and

e only an e-fraction of edges e are not contained in any induced graph G|[X;] (where € is
a very small constant).

Figure 7.1: After removing the red edges (of which there are few in relation to the total
number of edges), each connected component in G is ”well-connected”.
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In this lecture, we make precise what ”well-connected” means by introducing the notions of
conductance and expanders.

Building on the chapter, we show that the second eigenvalue of the Laplacian L associated
with graph G can be used to certify that a graph is ”well-connected” (more precisely the
second eigenvalue of a normalized version of the Laplacian). This result, called Cheeger’s
inequality, is one of the key tools in Spectral Graph Theory. Moreover, it can be turned into
an algorithm that computes the partition efficiently!

7.1 Conductance and Expanders

Graph Definitions. In this lecture, we let G = (V| E) be unweightedE] and always be
connected, and let d(v) be the degree of a vertex v in G. We define the volume vol(S) for
any vertex subset S C V', to be the sum of degrees, i.e. vol(S) =" _od(v).

For any A, B C V, we define E(A, B) to be the set of edges in E N (A x B), i.e. with one
endpoint in A and one endpoint in B. We let G[A] be the induced graph G by A C V| which
is the graph G restricted to the vertices A, i.e. an edge e in G is in G[A] iff both endpoints
are in A.

vES

Conductance. Given set ) C .S C V, then we define the conductance ¢(S) of S by

|E(S,V\S)|
min{vol(S), vol(V \ S)}

¢(5) =

It can be seen that ¢(-) is symmetric in the sense that ¢(S) = ¢(V \ S). We define the
conductance of the graph G denoted ¢(G) by

¢(G) = min ¢(S).

pcScv

We note that finding the conductance of a graph GG is NP-hard. However, good approxima-
tions can be found as we will see today (and in a later lecture).

Expander and Expander Decomposition. For any ¢ € (0, 1], we say that a graph G
is a ¢-expander if ¢(G) > ¢. We say that the partition X, Xo, ..., Xy of the vertex set V is
a ¢-expander decomposition of quality ¢ if

e cach induced graph G[X;] is a ¢-expander, and

e the number of edges not contained in any G[X;] is at most ¢ - ¢ - m.

!Everything we present here also works for weighted graphs, however, we focus on unweighted graphs for
simplicity.
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Today, we obtain a ¢-expander decomposition of quality ¢ = O(¢~"/? -logn). In a few
lectures, we revisit the problem and obtain quality ¢ = O(log®n) for some small constant c.
In practice, we mostly care about values ¢ ~ 1.

An Algorithm to Compute Conductance and Expander Decomposition. In this
lecture, the main focus is not to obtain an algorithm to compute conductance but rather
only to show that the conductance of a graph can be approximated using the eigenvalues of
the "normalized” Laplacian.

However, this proof gives then rise to an algorithm CERTIFYORCUT(G, ¢) that given a
graph GG and a parameter ¢ either:

e (ertifies that G is a ¢-expander, or
e Presents a cut S such that ¢(S) < /2¢.

Careful but rather straight-forward recursive application of this procedure then yields an
algorithm to compute a ¢-expander decomposition.

To implement this algorithm above, we are required to find the second eigenvalue of the
'normalized’ Laplacian N that we introduce in this lecture. We can find the eigenvalues
using the power methodE] which multiplies a random vector with the matrix multiple times
to find the largest eigenvalue. In our case, we want to use the inverse of N and pick a
random vector orthogonal to the trivial first eigenvector which yields the 2nd eigenvalue of
N. The inverse-matrix vector multiplications can be done extremely fast given a solver for
Laplacian systems Lx = d which we learn about in the next chapters.

7.2 A Lower Bound for Conductance via Eigenvalues

An Alternative Characterization of Conductance. Let us now take a closer look at
the definition of conductance and observe that if a set S has vol(S) < vol(V')/2 then

|E(S,V\9)| _|E(S,V\S)|  1iL1g

M) el vV Y S)F © wel(s)  1iD1y

To see this, observe that we can rewrite the numerator above using the Laplacian of G as

B(S,VAS) = > (Ls(u) = 1s(v))* = 1§ L1

(u,v)EE
where 1g is the characteristic vector of S. Further, we can rewrite the denominator as

vol(S) =1id = 1. D1y

2See https://en.wikipedia.org/wiki/Power_iteration.
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where D = diag(d) is the degree-matrix. We can now alternatively define the graph con-
ductance of G' by
1.L1
o(G) = min 525

5
vol(g)%iiﬁ'V) /2 13 D1s

(7.1)

where we use that ¢(S) = ¢(V '\ S) such that the objective value is unchanged as long as for
each set ) C S C V either S or V'\ S is in the set that we minimize over.

The Normalized Laplacian. Let us next define the normalized Laplacian
N=D'’LD'*=1-D'?AD'/2

To learn a bit about this new matrix, let us first look at the first eigenvalue where we use
the test vector y = D'/ ?1, to get by Courant-Fischer (see Theorem D that

z'Ne _y'D'?LD'?y 1711 _

A1(N) = min =0 (7.2)

220 x'x® y'y 'y

because D~Y2DY? = T and L1 = 0 (for the former we use the assumption that G is
connected). Since N is PSD (as you will show in the exercises), we also know A;(IN) > 0,

so A (V) =0.

Let us use Courant-Fischer again to reason a bit about the second eigenvalue of N:

. z'Nzx . Zz'D'?’NDY?*2 . 2z"Lz
M= e M opep Hiepe (Y
z£0 z#0 z#0

Relating Conductance to the Normalized Laplacian. At this point, it might become
clearer why N is a natural matrix to consider when arguing about conductance: if we could
argue that for every ) € S C V,vol(S) < vol(V)/2, we have 15 L d, then it would be
easy to see that taking the second eigenvalue of IN in equation is a relaxation of the
minimization problem [7.1| defining ¢(G).

While this is clearly not true, we can still argue along these lines.

Theorem 7.2.1 (Cheeger’s Inequality, Lower Bound). We have @ < 9(G).

Proof. Instead of using 1g directly, we shift 1¢ by 1 such that it is orthogonal to d: we
define zg = 1g — a1 where « is the scalar that solves
0=d zg
— 0=d'(1s—al)
= 0=d'lg—ad'l
~d'1g  vol(S)

T T vy
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11 L1g

. . 1 zlLz X
To conclude the proof, it remains to argue that 17D, > 52 5

T .
zgDzg

e Numerator: since 1T L1 = 0, we have that 1gL15 = szzs.

e Denominator: observe by straight-forward calculations that

_Q)Q

2iDzg=vol(S) - (1 —a)* +vol(V\ S)-(
= vol(S) — 2vol(S) - a+ vol(V) - o

= vol($) - Vﬁ(@)
= vol(S) — vol(S) - ngii
> % vol(S) = %1§D15

where we use the assumption that vol(S) < vol(V')/2.

7.3 An Upper Bound for Conductance via Eigenvalues

Slightly more surprisingly, we can also show that the second eigenvalue Ay(IN') can be used
to upper bound the conductance.

Theorem 7.3.1 (Cheeger’s Inequality, Upper Bound). We have ¢(G) < /2 - Ao(IN).

Proof. To prove the theorem, we want to show that for any z L d, we can find a set
) C S CV with vol(S) < vol(V)/2, such that

1L L1g - z Lz

. ) 7.4
1.D1g — z'Dz (74)

As a first step, we would like to change z slightly to make it more convenient to work with:
e we renumber the vertices in V' such that we have
z(1) < z(2) <--- < z(n).

e we center z, that is we let 2z, = z — al where « is chosen such that

> d(i) <vol(V)/2and > d(i) > vol(V)/2

zc(i)<0 2(2)<0
Le. D0, (=0 d(1) < vol(V)/2.
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e we scale, let z,. = Sz, for some scalar 8 such that z,.(1)% + z.(n)* = 1.

In the exercises, you will show that changing z to z,. can only make the ratio we are

interested in smaller, i.e. that ZZTT Lz > ZZTTCII;ZZ . Thus, if we can show that equation |7.4] holds

for z,. in place of z, then it also follows for z itself.

We now arrive at the main idea of the proof: we define the set S, = {i € V' | z,.(i) < 7} for
some random variable 7 with probability density function

s H &

So, we have probability Pla < 7 < ] = Lﬁzap(t) dt.

p(t)

A

2z (n)=—

2|z (1)l 1

—> ¢

z (1) «a B z_(n)
Figure 7.2: The probability density function p(t). The area between o and § for « < 0 < f3
is a? + 2. This is the probability of the event Pla < 7 < 3]. Note in particular that the
total area is z,.(1)% + z4.(n)? which is equal to 1 by assumption and thus p(t) is a valid pdf.

Since the volume incident to S, might be quite large, let us define S for convenience by

o Sy vol(S;) < vol(V)/2,
|V \ S, otherwise.

) E-[1]L1] [ 2zl Lz,
Claim 7.3.2. We have W <4/2- z).Dzse

Proof. Recall 15 L1g = |E(S;,V '\ S;)|, and by choice of 7, we have for any edge e = {i,j} €
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E where z4.(i) < z4.(j),
P.le € E(S:,V\ S;)] = Pr[zs(i) < T < 2())]

J
:/ 2] dt
t=1

_ {zsc<) +2e()? 2() <0 < 2(5),

|250(1)? — z5.(j)?| otherwise.

The last equality can be seen from Figure [7.2] We can further upper bound either case by
12se(1) = 25 (J)| - (|2se()| + |2se(7)]) (we leave this as an exercise).

Using our new upper bound, we can sum over all edges e € E to conclude that

EIE(S:, V\ S7)] <Z|zsc — Zse()] - (Zse(D)] + [25c(4)])

< 2o (Faeld) = 2l Do (e} 22

where the last line follows from (z, y)? < (z,z) - (y, y) (i.e. Cauchy-Schwarz).

The first sum should look familiar by now: it is simply the Quadratic Laplacian Form

Zi~j<zsc<i) - zsc(j))2 = Z;;Lzsc.

It is not hard to reason about the second term either

S (Zael)] + 2P <27 2eel)? + 20c()* = 2 d(i)240(i)? = 22], D2,

i~j in~j eV
Putting everything together, we obtain

2T Lz
< T .94T — L Osemmse T ]
E,[|E(S,, V\ S| < V2l Lz, -22] Dz, 2 - Dz, 2z, Dz, (7.6)

While this almost looks like what we want, we still have to argue that z]. Dz, = E,[1J D1g]
to finish the proof.

To this end, when unrolling the expectation, we use a simple trick that splits by cases:

E,[1.D1g] = Zd Pli € S]

eV

= Y d(i)-PieSAS=8]+ > d(i)-PieSAS#S]
i€V, z5c(1)<0 i€V, 25c(4) >0

= Y d(i) Pl <TAT<O0+ D d(i) - Plzy(i) =T AT > 0]
1€V,25c(1)<0 1€V,25c(1)>0
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where we use the centering of z,. the definition of S and that the event {i € SA S = S;}
can be rewritten as the event {i < 7 A7 < 0} (the other case is analogous).

Let i be a vertex with z,.(7) < 0, then the probability P[i € SA S = S,] is exactly z..(i)* by
choice of the density function of 7 (again the case for ¢ with z,.(7) non-negative is analgous).
Thus, summing over all vertices, we obtain

E[13D1s]= > d(i) Pla. () <TAT<0+ Y Plze(i) > 7 AT >0]
1€V, 25¢(1)<0 1€V, 25¢(1)>0
=" d(i) - 2.0(i)’ = 2L Dz,
eV

Therefore, we can plug in our result directly into Equation [7.6| and the proof is completed
by dividing both sides by E,[1; D1g]. O

While Theorem [7.3.2| only ensures our claim in expectation, this is already sufficient to
conclude that there exists some set S that satisfies the same guarantees deterministically, as
you will prove in Problem Set 4. This is often called the probabilistic method of expectation
and can be seen from the definition of expectation. We have thus proven the upper bound
of Cheeger’s inequality. O

7.4 Conclusion

Today, we have introduced the concepts of conductance and formalized expanders and ex-
pander decompositions. These are crucial concepts that you will encounter often in literature
and also again in this course. They are a key tool in many recent breakthroughs in Theo-
retical Computer Science.

In the second part of the lecture (the main part), we discussed Cheeger’s inequality which
allows to relate the second eigenvalue of the normalized Laplacian to a graphs conductance.
We summarize the full statement here.

Theorem 7.4.1 (Cheeger’s Inequality). We have 28 < ¢(G) < /2 Ao(N).

2

We point out that this Theorem is tight as you will show in the exercises. The proof for
Cheeger’s inequality is probably the most advanced proof, we have seen so far in the course.
The many tricks that make the proof work might sometimes seem a bit magical but it is
important to remember that they are a result of many people polishing this proof over and
over. The proof techniques used are extremely useful and can be re-used in various contexts.
We therefore strongly encourage you to really understand the proof yourself!
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Chapter 8

Random Walks

Today, we talk about random walks on graphs and how the spectrum of the Laplacian
guides convergence of random walks. We start by giving the definition of a random walk on
a weighted graph G = (V, E, w).

8.1 A Primer on Random Walks

Random Walk Basics. We call a random sequence of vertices vy, vq,... a random walk
on G, if vy is a vertex in G chosen according to some probability distribution p, € RY; and
for any ¢ > 0, we have

w(u,v)/d(u) if {u,v} € E,
0 otherwise.

Plogy = v vy = u| = {

To gain some intuition for the definition, assume first that the graph G is undirected. Con-
sider a particle that is placed at a random vertex v, initially. Then at each step the particle
is moved to a neighbor of the current vertex it is resting at, where the neighbor is chosen
uniformly at random.

If the graph is weighted, then instead of choosing a neighbor v, of a vertex v; at each step
uniformly at random, one chooses a neighbor v of v; with probability w(v, v;) divided by the
degree d(v;).

The Random Walk Matrix. We now define the random walk matrix W by
W =AD"!

and observe that for all vertices u,v € V' (and any t), we have that

—_— {w(u,v)/d(u) if {u,v} € B,

0 otherwise.
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Figure 8.1: A (possibly random) walk where the red edges indicate the edges that the particle
moves along. Here the walk visits the vertices vg = 1,v; = 2,v, = 3,v3 = 2,04 = 3,v5 = 4.

Thus, W, = Plvgy = v vy = u] (for any ).

Therefore, W1, is the distribution over the vertices that the random walk visits them at
the next time step, given that it currently is at u. More generally, we can now compute the
distribution p; over the vertices that they are visited at time 1 by W p,, the distribution
p, by Wp, = W(Wp,) and so on. Another way of writing this is p, = W'p,.

8.2 Convergence Results for Random Walks

In this first part of the chapter, we are interested mostly in convergence of random walks
that is the two questions:

e How does a random walk behave after a large number of steps are taken?

e How many steps does it take asymptotically until the random walk behaves as if an
infinite number of steps were taken?

To start shedding some light on these questions, we introduce stationary distributions.

Stationary Distribution. We call a distribution @ € RY, a stationary distribution if
Wr = m. That is 7 is an eigenvector of W associated with eigenvalue 1. It turns out such
a stationary distribution always exists.

Lemma 8.2.1. Fvery graph G has a stationary distribution.

Proof. Let w = $%. Clearly, we have that |||y = >, o, d(v)/17d = 45 3,y d(v) = 1,
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so 7 is indeed a distribution. Further note that

d Al d

— AD!. — —
Wn 1d 1'd 17d

= Tr.

For many graphs one can show that for ¢ — oo, we have that p, — =, i.e. that independent
of the starting distribution p,, the random walk always converges to distribution 7r.

Unfortunately, this is not true for all graphs: take the graph of two vertices connected by a
single edge with p, being 1 at one vertex and 0 at the other.

8.2.1 Making Random Walks Lazy

Lazy Random Walks. Luckily, we can overcome this issue by using a lazy random walk.
A lazy random walk behaves just like a random walk, however, at each time step, with
probability % instead of transitioning to a neighbor, it simply stays put. We give the lazy
random walk matrix by

W:%I+%W: (I+AD™).

It is not hard to see that the stationary distribution 7 for W, is also a stationary distribution
for W.

Figure 8.2: A lazy random walk where the red edges indicate the edges that the particle moves
along. Here the lazy walk visits the vertices vy = 1,v; = 2,09 = 2,v3 = 3,04 = 3,v5 = 2.
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Lazy Random Walks and the Normalized Laplacian. Recall that we defined N =
D'V?LD?=1-D'?AD"? «— D '?AD'/?* =TI~ N. We can therefore derive
~ 1 1

W=_-I+-AD"
2" 2

= 1[ + 1D1/2D—1/2AD—1/2D—1/2
2 2
1 1

=71 + _Dl/Q(I . N)D_l/2
2 2

= 1[ + 1D1/2ID—1/2 _ lDl/QND_Uz
2 2 2

=1I— lDl/QND*W

2

We will now start to reason about the eigenvalues and eigenvectors of W in terms of the
normalized laplacian IN that we are already familiar with.

For the rest of the lecture, we let v; < vy < --- < v, be the eigenvalues of N associated
with the orthogonal eigenvectors 1), ,, ..., 1, where we know that such eigenvectors exist
by the Spectral Theorem. We note in particular that from the last lecture, we have that
P, = % (see Equation where we added a normalization such that 1| ), = 1).

Lemma 8.2.2. For the i'" eigenvalue v; of N associated with eigenvector 1b;, we have that

W has an eigenvalue of (1— %I/Z) associated with eigenvector D1/21,bl-.

Proof. The proof is by straight-forward calculations
1

WDI/Q,ljji — (I - §D1/2ND—1/2)D1/21/)i
= DY, — lDl/QN'gb-
[ 2 A
1 1

= DI/Z’Ipi — §D1/2¢il/i — D1/2¢’L(1 - EVZ)

Corollary 8.2.3. Every eigenvalue of W is in [0,1].

Proof. Recall that L < 2D which implies that N < 2I. But this implies that every
eigenvalue of N is in [0, 2]. Thus, using Lemma the corollary follows. O

8.2.2 Convergence of Lazy Random Walks

We have now done enough work to obtain an interesting result. We can derive an alternative
characterization of p, by expanding p, along an orthogonal eigenvectors basis and then we
can repeatedly apply W by taking powers of the eigenvalues.
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Unfortunately, W is not symmetric so its eigenvectors are not necessarily orthogonal. In-
stead, we use a simple trick that allows to expand along the eigenvectors of N

Vi, D Ppy=a; <= D '\Ppy =) aih, <= py=» aD'*ep,. (8.1)
=1 i=1

The above equivalences are best understood if you start from the middle. To get to the
left side, you need to observe that multiplying both sides by d)ZT cancels all terms ), with
j # i in the sum by orthogonality. To get the right hand side expression, one can simply
left-multiply by D'/, Technically, we have to show that D~1/? P, lives in the eigenspace of
N but we leave this as an exercise.

This allows us to express a right multiplication by W as
Wpy= YWD, = e (1) Dy,
b, Py ; P ZZ:; 9 P

And as promised, if we apply W, the lazy random walk operator, ¢ times, we now obtain

n

N\t n N\t
po=Y ai(1=3) DV =DV, + > ai(1-5) Dy (82)
=2

=1

where we use in the last equality that 1y = 0. Using this simple characterization, we
immediately get that p, — m if v; > 0 for all i« > 2 (which is exactly when the graph is
connected as you will prove in an exercise). To see this, observe that as ¢ grows sum vanishes.
We have that

tlgloqo p; =DV, = .
where we used in the equality that D¢, = W and the value of oy (from .

Theorem 8.2.4. For any connected graph G, we have that the lazy random walk converges
to the stationary distribution of G.

8.2.3 The Rate of Convergence

Let us now come to the main result that we want to prove in this lecture.

Theorem 8.2.5. In any unweighted (a.k.a. unit weight) connected graph G, for any p,, at
any time step t, we have for p, = W'p, that

Ip, = oo < e2V/n

Instead of proving the theorem above, we prove the lemma below which gives point-wise
convergence. This makes it more convenient to derive a proof and it is not hard to deduce
the theorem above as a corollary.
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Lemma 8.2.6. In any weighted connected graph G, for all a,b € V', and any time step t,
we have for p, =1, and p, = W'p,, that

1py(b) — w(b)| < e *"2\/d,/d,

From Equation we obtain that

p,(b) —w(b) =1, (p, —7) =1, (Z Q; <1 _ %)t D1/2¢i> (8.3)

=2
- Zaz (1 - —’> 1, DV, < (1 - —> ZQ,QDW (8.4)

Taking the absolute value on both sides, we obtain that

[=0-2)\ () (S (o))

=2

t
p®) -~ 7 )| < (1= 5) 3 |ast) D

=2

where we use Cauchy-Schwarz in the last inequality, i.e. [(u,v)|* < (u,u) - (v,v). Let us
finally bound the two sums:

2
* By ’ Si,a2 =S, (WD py) < [D7pgll3 = 1DV 1,3 = 1/d.
2 2
e Finally, we show that >, <1JD1/2’¢1-> <3 <1JD1/2’¢)1-> = |DY*1,|2 = d,

(we only show the first equality, the other inequalities are straight-forward). We first
expand the vector D21, along the eigenvectors using some values f; defined

D1, =3 fp, <= %] D'*1, =5, <= 1] D"y, =5,

We used orthogonality to get the first equivalence, and then just take the transpose to
get the second. We can now write

| D15 = (DY*1,)" (D1, (Z Bip ) (Z @wi) =) 6
i=1 =2
where we again used orthogonality of @,. The equality then follows by definition of j;.

Putting everything together (and using 1 + z < e*,Vz € R), we obtain

p) ~ w0 < (1-2) Va]d, < 4 ]d,
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8.3 Properties of Random Walks

We now shift our focus away from convergence of random walks and consider some interest-
ing properties of random walkd{] Here, we are no longer interested in lazy random walks,
although all proofs can be straight-forwardly adapted. While in the previous section, we
relied on computing the second eigenvalue of the Normalized Laplacian efficiently, here, we
will discover that solving Laplacian systems, that is finding an & such that L& = b can solve
a host of problems in random walks.

8.3.1 Hitting Times

One of the most natural questions one can ask about a random walk starting in a vertex a
(i.e. py = 1,) is how many steps it takes to get to a special vertex s. This quantity is called
the hitting time from a to s and we denote it by H, s = inf{t | v; = s}. For the rest of this
section, we are concerned with computing the expected hitting time, i.e. E[H, 4.

It turns out, that it is more convenient to compute all expected hitting times H, , for vertices
a € V to a fixed s. We denote by h € RV, the vector with h(a) = E[H, ). We now show
that we can compute h by solving a Laplacian system Lh = b. We will see later in the
course that such systems (spoiler alert!) can be solved in time O(m), so this will imply a
near-linear time algorithm to compute the hitting times.

Hitting Time and the Random Walk Matrix. Let us first observe that if s = a, then
the answer becomes trivially 0, i.e. h(s) = 0.

We compute the rest of the vector by writing down a system of equations that recursively
characterizes h. Observe therefore first that for any a # s, we have that the random walks
starting at a will next visit a neighbor b of a. If the selected neighbor b = s, the random
walks stops; otherwise, the random walks needs in expectation E[H, | time to move to s.

We can express this algebraically by

ho =14 Pl =blo, =a]-h(b) =1+ w;?;)b) h(b) =14+ (W1,) " h=1+1] W'h.

a~b a~b

Using that h(a) = 1] h = 1] T h, we can rewrite this as
1=1)(I - Whh.
This gives a system of (linear) equations, that can be neatly summarized by

1-a-1,=(I—-W'")h

!Note that this part of the script is in large part inspired by Aaron Sidford’s lecture notes on the same
subject, in his really interesting course Discrete Mathematics and Algorithms|
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where we have an extra degree of freedom in choosing « in formulating a constraint 1 —a =
1/ (I — WT)h. This extra degree of freedom stems from the fact that n— 1 equations suffice
for us to enforce that the returned vector & from the system is indeed the hitting times
(possibly shifted by the value assigned to coordinate t).

Finding Hitting Times via Laplacian System Solve. Since we assume G connected,
we have that multiplying with D = D" preserves equality. Further since W = AD ™!, we
obtain

d—a-d(s)-15=(D — A)h.
Defining b = d — « - d(s) - 1,, and observing L = D — A, we have Lh = b.

Finally, we observe that we only have a solution to the above system if and only if b €
ker(L)* = span(1)*. We thus have to set a such that

1'(d—a-d(s) 1) = |d]i —a-d(s) <= a=|d]./d(s).

We have now formalized L and b completely. A last detail that we should not forget about
is that any solution x to such system Lz = b is not necessarily equal h but has the property
that it is shifted from h by the all-ones vector. Since we require h(s) = 0, we can reconstruct
h from x straight-forwardly by subtracting z(s)1.

Theorem 8.3.1. Given a connected graph G, a special vertex s € V. Then, we can formalize
a Laplacian system Lz = b (where L is the Laplacian of G) such that the expected hitting
times to s are given by h = © — x(s)1. We can reconstruct h from x in time O(n).

Hitting Times and Electrical Networks. Seeing that hitting times can be computed
by formulating a Laplacian system Lz = b. You might remember that in the first lecture,
we argued that a system Lz = b also solves the problem of routing a demand b via an
electrical flow with voltages .

Indeed, we can interpret computing expected hitting times h to a special vertex s as the
problem of computing the electrical voltages & where we insert (or more technically correct
apply) d(a) units of current at every vertex a # s and where we remove 1'd — d(s) units
of current at the vertex s. Then, we can express expected hitting time to some vertex a as
the voltage difference to s: E[H,s] = h(a) = x(a) — x(s).

8.3.2 Commute Time

A topic very related to hitting times are commute times. That is for two vertices a, b, the
commute time is the time in a random walk starting in a to visit b and then to return to a
again. Thus, it can be defined C,p = Hyp + Hpq.
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Commute Times via Electric Flows. Recall that expected hitting times have an electric
flow interpretation.

Now, let us denote by x a solution to the Laplacian system Lx = b, where the demand is
by =d—d'1-1, € ker(1)*. Recall that we have E[H. ;] = & (2) —z(b) for all z. Similarly, we
can compute voltages y to the Laplacian system Ly = b, where b, = d—d'1-1, € ker(1)*.
Again, E[H, ,] = y(2) — y(a) for all 2.

But observe that this allows us to argue by linearity that E[C, ;] = E[Hap+ Hp o) = E[Hap) +
E[Hy.) = z(a) — z(b) + y(b) — y(a) = (1, — 1) (x — y). But using linearity again, we
can also argue at the same time that we obtain the vector z = (x — y) as a solution to the
problem Lz = b, — b, = d"1(1, — 1,). That is the flow that routes ||d||; units of flow from
b to a.

Theorem 8.3.2. Given a graph G = (V, E), for any two fixed vertices a,b € V', the expected
commute time Cqy 1s given by the voltage difference between a and b for any solution z to
the Laplacian system Lz = ||d||; - (1, — 1,).

We note that the voltage difference between a and b in an electrical flow routing demand
1, — 1, is also called the effective resistance Reg(a,b). This quantity will play a crucial role
in the next roles. In the next lecture, we introduce Rqg(a,b) slightly differently as the energy
required by the electrical flow that routes 1, — 1,, however, it is not hard to show that these
two definitions are equivalent.

Our theorem can now be restated as saying that the expected commute time E[C, ;] =
| d||1 - Rer(a,b) which is a classic result.
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Chapter 9

Random Matrix Concentration and
Spectral Graph Sparsification

9.1 Matrix Sampling and Approximation

We want to begin understanding how sums of random matrices behave, in particular, whether
they exhibit a tendency to concentrate in the same way that sum of scalar random variables
do under various conditions.

First, let’s recall a scalar Chernoff bound, which shows that a sum of bounded, non-negative
random variables tend to concentrate around their mean.

Theorem 9.1.1 (A Chernoff Concentration Bound). Suppose X7,..., Xy € R are indepen-
dent, non-negative, random variables with X; < R always. Let X =Y. X;, and p = E[X],
then for 0 <e <1

2

Pr[X > (14 ¢€)u] < exp ( 4€Ru

) and Pr[X < (1 - e)y] < exp (‘i“) .

The Chernoff bound should be familiar to most of you, but you may not have seen the
following very similar bound. The Bernstein bound, which we will state in terms of zero-
mean variables, is much like the Chernoff bound. It also requires bounded variables. But,
when the variables have small variance, the Bernstein bound is sometimes stronger.

Theorem 9.1.2 (A Bernstein Concentration Bound). Suppose Xi,..., X, € R are in-
dependent, zero-mean, random wvariables with |X;| < R always. Let X = ) . X;, and
o? =Var|X] =Y, E[X?], then fort >0

—¢2
Prl| X| > t] <2 — .

We will now prove the Bernstein concentration bound for scalar random variables, as a warm-
up to the next section, where we will prove a version of it for matrix-valued random variables.
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To help us prove Bernstein’s bound, first let’s recall Markov’s inequality. This is a very weak
concentration inequality, but also very versatile, because it requires few assumptions.

Lemma 9.1.3 (Markov’s Inequality). Suppose X € R is a non-negative random variable,
with a finite expectation. Then for any t > 0,

E
Pr[X > ] < %
Proof.
E[X]=Pr[X >¢t{|{E[X | X >t|+Pr[X <{|E[X | X < {]
>Pr[X >t|E[X | X > {]
> Pr[X >t -t.
We can rearrange this to get the desired statement. O]

Now, we are ready to prove Bernstein’s bound.

Proof of Theorem[9.1.4 We will focus on bounding the probability that Pr[X > t]. The
proof that Pr[—X > ¢] is small proceeds in the same way.

First we observe that

Pr[X > t] = Prlexp(0X) > exp(0t)]
for any 6 > 0, because = — exp(fx) is strictly increasing.

< exp(—0t) E [exp(6X)] by Lemma [9.1.3] (Markov’s Inequality).
Now, let’s require that # < 1/R This will allow us to use the following bound: For all |z| < 1,
exp(z) < 1+ 2+ 22 (9.1)

We omit a proof of this, but the plots in Figure [9.1| suggest that this upper bound holds.
The reader should consider how to prove this. With this in mind, we see that

)

= E[IT; exp(0X;)]

=1L E[exp (0X;)] because E[YZ] =E[Y]E[Z] for independent Y and Z.
<ILE[146X; + (0X;)°]

=1L(1+¢0°E [X7]) because X; are zero-mean.
< ILexp(8°E [X7]) because 1+ z < exp(z) for all z € R.

(2

= exp (Z 0*E [Xﬂ) = exp(6*0?).

Elexp(0X)] =E
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Series[Exp[z], {z, 8, 3}]

22

Ptot[{Exp[z], lezs

], (z, -2, 2}]

(e

-2 -1 1

Plot[{Exp[z], L+z+z*2}, {z, -2, 2}]

[y

-2 -1 1

Plot[{Exp[z], L+z+2"2}, {z, -1, 1}]

L L L L
-1.0 -0.5 05 1.0

Figure 9.1: Plotting exp(z) compared to 1 + z + 2°.

Thus Pr[X > t] < exp(—6t) E [exp(6X)] < exp(—0t + 6?c?). Now, to get the best possible
bound, we’d like to minimize —6t + 6?02 subject to the constraint 0 < # < 1/R. Setting

0
e (—Qt + «9202) = —t+ 200>
Setting this derivative to zero gives 6 = #, and plugging that in gives
2 2 t?
—0t+ 00" = ——
+oe 402

This choice only satisfies our constraints on 6 if ;5 < 1/R. Otherwise, we let § = 1/R and
note that in this case
t  o° t ot t

Ot 4P = —— b < p =
* R B> "R2R 2R
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where we got the inequality from ¢ > 202/R. Altogether, we can conclude that there always
is a choice of 0 s.t.

—0t + 6%0% < —min L i < —L.
- 2R’ 402 ) — 2Rt + 402

In fact, with the benefit of hindsight, and a little algebra, we arrive at the same conclusion
in another way: One can check that the following choice of € is always valid and achives the

Lo — 1 (4 VR
same bound: 6 = 55 (t m). O
We use ||-|| to denote the spectral norm on matrices. Let’s take a look at a version of

Bernstein’s bound that applies to sums of random matrices.

Theorem 9.1.4 (A Bernstein Matrix Concentration Bound (Tropp 2011)). Suppose
Xq,..., X € R are independent, symmetric matriz-valued random variables. Assume
each X; is zero-mean, i.e. E[X;] = 0,4y, and that || X;|| < R always. Let X = . X,
and 0* = Var [X] =, E [X7], then fort >0

—¢2
Pri|| X || > t| <2 — .
102 6 < 2w (s )

This basically says that probability of X being large in spectral norm behaves like the scalar
case, except the bound is larger by a factor n, where the matrices are n x n. We can get a
feeling for why this might be a reasonable bound by considering the case of random diagonal
matrices. Now || X || = max; | X (J, /)| = max; |>, Xi(J,j)|- In this case, we need to bound
the largest of the n diagonal entries: We can do this by a union bound over n instances of
the scalar problem — and this also turns out to be essentially tight in some cases, meaning
we can’t expect a better bound in general.

9.2 Matrix Concentration

In this section we will prove the Bernstein matrix concentration bound (Tropp 2011) that
we saw in the previous section (Theorem [9.1.4)).

Theorem 9.2.1. Suppose X1,..., X € R™™ are independent, symmetric matriz-valued
random variables. Assume each X; is zero-mean, i.e. E[X;] = Onxyn, and that | X;|| < R
always. Let X =%, X;, and 0® = | Var [ X]| = || X, E [X?] ||, then fort >0

—$2
>t < _— .
Pr[|| X || > t] < 2nexp (2Rt+402)

But let’s collect some useful tools for the proof first.
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Definition 9.2.2 (trace). The trace of a square matrix A is defined as
Tr(A) = Z A(i, 1)
Claim 9.2.3 (cyclic property of trace). Tr (AB) = Tr (B A)

Let S™ denote the set of all n x n real symmetric matrices, S the set of all n x n positive
semidefinite matrices, and S% | the set of all n x n positive definite matrices. Their relation is
clear, ST, C S7 C S™. For any A € S™ with eigenvalues \;(A) < --- < A\,(A), by spectral
decomposition theorem, A = VAV where A = diag;{{\;(4)} and V'V = VV' =1,
we’ll use this property without specifying in the sequel.

Claim 9.2.4. Given a symmetric and real matriz A, Tr (A) =Y. \;, where {\;} are eigen-
values of A.

Proof.
Tr(A)=Tr(VAVT) =Tr <A VTV> =Tr(4)=) A

9.2.1 Matrix Functions

Definition 9.2.5 (Matrix function). Given a real-valued function f : R — R, we extend it
to a matrix function f : S™ — S™. For A € S™ with spectral decomposition A = VAV,
let

f(A) = Vdiag {f(\)} V.
Example. Recall that every PSD matrix A has a square root AY% If f(z) = z'/? for
z € Ry, then f(A) = AY? for A € St

Example. If f(z) = exp(z) for z € R, then f(A) = exp(A) = Vexp(A) V' for A € S™.
Note that exp(A) is positive definite for any A € S™.

9.2.2 Monotonicity and Operator Monotonicity

Cosider a function f : D — C. If we have a partial order <p defined on D and a partial order
<¢ defined on C, then we say that the function is monotone increasing (resp. decreasing)
w.r.t. this pair of orderings if for all dy,dy € D s.t. dy <p dy we have f(dy) <¢ f(d3) (resp.
decreasing if f(dy) <¢ f(dy)).

Let’s introduce some terminonology for important special cases of this idea. We say that a
function f: S — R, where S C S", is monotone increasing if A < B implies f(A) < f(B).
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Meanwhile, a function f : & — T where §,7 C S™ is said to be operator monotone
increasing if A < B implies f(A) < f(B).

Lemma 9.2.6. Let T' C R. If the scalar function f : T — R is monotone increasing, the
matriz function X — Tr (f(X)) is monotone increasing.

Proof. From previous chapters, we know if A < B then \;(A) < \;(B) foralli. Asz — f(x)
is monotone, then \;(f(A)) < X\i(f(B)) for all<. By Claim[9.2.4] Tr (f(A)) < Tr (f(B)). O

From this, and the fact that = — exp(x) is a monotone function on the reals, we get the
following corollary.

Corollary 9.2.7. If A < B, then Tr(exp(A)) < Tr(exp(B)), i.e. X +— Tr(exp(X)) is
monotone Increasing.

Lemma 9.2.8. If0 < A < B, then B~ < A™!, ie. X — X! is operator monotone
decreasing on ST .

You will prove the above lemma in this week’s exercises.

Lemma 9.2.9. If0 < A < B, then log(A) < log(B).

To prove this lemma, we first recall an integral representation of the logarithm.

Lemma 9.2.10.
o 1 1
loga = / — — dt
0 1+t a—+t

VA | 1 71 1
/ - dtzlim/ - dt
0 1+t a+t T—=oo o \1+t a+t

= lim [log(1 4 t) — log(a +t)]&
T—o0

. 1+T
= log(a) + Th_I}go log <a—|——T)

Proof.

= log(a)
O

Proof sketch of Lemma[9.2.9. Because all the matrices involved are diagonalized by the same
orthogonal transformation, we can conclude from Lemma [9.2.10| that for a matrix A > 0,

log(A) = /Ooo (%HI I+ A)1> dt

This integration can be expressesd as the limit of a sum with positive coefficients, and from
this we can show that is the integrand (the term inside the integration symbol) is operator
monotone increasing in A by Lemma , the result of the integral, i.e. log(A) must also
be operator monotone increasing. 0
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The following is a more general version of Lemma 1.6.

Lemma 9.2.11. Let T C R. If the scalar function f : T — R is monotone, the matriz
function X +— Tr (f(X)) is monotone.

Remark 9.2.12. It is not always true that when f : R — R is monotone, f : S™ — S™ is
operator monotone. For example, X + X? and X > exp(X) are not operator monotone.

9.2.3 Some Useful Facts
Lemma 9.2.13. exp(A4) < I + A+ A? for ||[A|| < 1.

Proof.

I+ A+ A —exp(A)= VIV + VAV + VA’V — Vexp(A) V'
=V(I+A+A —exp(4) V'
= Vdiag{1+ \; + A —exp(\) VT

Recall exp(z) < 1+ 2 + 22 for all |z| < 1. Since [|A|| < 1 ie. |N| < 1 for all 4, thus
1+ X + 22 —exp(\;) > 0 for all 4, meaning T + A + A® — exp(A) = 0. O
Lemma 9.2.14. log(I + A) < A for A > —1I.

Proof.

A—log(I+A)=VAV' — Vieg(A+ 1)V’
= V(A-log(A+I) V'
= Vdiag{\ —log(1+ )} V'

Recall z > log(l + z) for all > —1. Since ||A|| > —TI ie. A; > —1 for all 4, thus
Ai —log(14 \;) > 0 for all 4, meaning A — log(I + A) = 0. O
Theorem 9.2.15 (Lieb). Let f:S?, — R be a matriz function given by

f(A) =Tr (exp (H + log(A)))

for some H € S™. Then —f is convex (i.e. f is concave).

The Lieb’s theorem will be crucial in our proof of Theorem but it is also highly non-
trivial and we will omit its proof here. The interested reader can find a proof in Chapter 8
of [TT15].

Lemma 9.2.16 (Jensen’s inequality). E[f(X)] > f(E[X]) when f is convex; E[f(X)] <
f(E[X]) when f is concave.
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9.2.4 Proof of Matrix Bernstein Concentration Bound

Now, we are ready to prove the Bernstein matrix concentration bound.

Proof of Theorem[9.1.4 For any A € S", its spectral norm || A|| = max{|\,(A4)], |\ (A4)|} =
max{A,(A4), —A1(A)}. Let A\; <--- <\, be the eigenvalues of X. Then,

Pr[| X || > #] = Pr [(An > 1) \/(~\ > t)] < Pr\, > ] + Pr[=)\ > 1],

Let Y := ), —X,. It’s easy to see that —\,, < --- < —)\; are eigenvalues of Y, implying
M(Y) = =X\(X). Since E[-X;] =E[X;] =0and || — X;|| = || X:|| < R for all ¢, if we
can bound Pr[\,(X) > ¢], then applying to Y, we can bound Pr[\,(Y) > t|. As

Pr{=Au(X) = f] = Pra(Y) = 1],

it suffices to bound Pr[\, > t].

For any § > 0, A\, >t <= exp(6A,) > exp(6t) and Tr (exp(6 X)) = >, exp(f);) by Claim
9.2.4] thus A\, >t = Tr(exp(6X)) > exp(ft). Then, using Markov’s inequality,

Pr[\, > t] < Pr[Tr (exp(A X)) > exp(6t)]
< exp(—0t) E[Tr (exp(6.X))]

For two independent random variables U and V', we have

U,v
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Define X o;=3_,_; X;. Let 0 <0 <1/R,

T X)) = T X X X, ind dent
E Tr (exp(0 X)) Xl:-~]~:7EXk—1 )I(Ek T exp <kt k . {X,} are independen
H =logexp(0 X )
< E  Trexp (9X<k + log Eexp(@XQ) , by [9.2.15] and [9.2.16]
X1, X1
< E Trexp(0X < +1logE[I+60X,+6°X;]), byP-2.13 0.2.7 and
X1, X g1
< E Trexp (8X<k + 92Exi> . byP.2.14 and [0.2.7]
X1, XK1

= IEX XIE Trexp | PE X 4+0X 1 +0X oy |,
Lyoees k—2 Xk—1 o _

H

< Trexp (QQZE [Xﬂ) ,
< Trexp (0°0°I), by@27and > E[X]] <0°T
=n - exp(6?c?).

Then,
Pr[\, > t] < n-exp(—6t + 0*c?),

and
Pr[|| X || > t] < 2n - exp(—0t + 6%c?).

Similar to the proof of Bernstein concentration bound for one-dimension random variable,
minimize the RHS over 0 < § < 1/R yields

—¢2
Pr||| X || > t| <2n - _—
102 6 < 20w ()

9.3 Spectral Graph Sparsification

In this section, we will see that for any dense graph, we can find another sparser graph whose
graph Laplacian is approximately the same as measured by their quadratic forms. This turns
out to be a very useful tool for designing algorithms.
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Definition 9.3.1. Given A, B € S and € > 0, we say

1
1+e¢

A =, B if and only if A=<B =< (1+¢A.

Suppose we start with a connected graph G = (V, E, w), where as usual we say that |[V| =n
and |E| = m. We want to produce another graph G = (V, E, @) s.t ‘E < |E| and at

the same time Lg =~ Lg. We call G a spectral sparsifier of G. Our construction will also
ensure that £/ C F, although this is not important in most applications. Figure shows
an example of a graph GG and spectral sparsifier G.

%

| 2
r
| 1
Figure 9.2: A graph G and a spectral sparsifier G , satisfisying L¢ =, L for e = 2.42.

We are going to construct G by sampling some of the edges of G according to a suitable
probability distribution and scaling up their weight to make up for the fact that we pick
fewer of them.

To get a better understanding for the notion of approximation given in (9.3.1] means, let’s
observe a simple consequence of it.

Given a vertex subset T'C V', we say that (T,V \ T) is a cut in G and that the value of the

cut is
M) =Y wle).

e€EN(TXV\T)

Figure 9.3| shows the ¢ (7T) in a graph G.
Theorem 9.3.2. If Lg = Lz, then for allT CV,

1
1+e

ca(T) < cg(T) < (1 + €)eg(T).

Proof. Let 17 € RV be the indicator of the set T, i.e. 1p(u) =1 for u € V and 1¢(u) = 0
otherwise. We can see that 1. Lglr = cg(T), and hence the theorem follows by comparing
the quadratic forms. O
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Figure 9.3: The cut ¢¢(T) in G.

But how well can we spectrally approximate a graph with a sparse graph? The next theorem
gives us a nearly optimal answer to this question.

Theorem 9.3.3 (Spectral Graph Approximation by Sampling, (Spielman-Srivastava 2008)).
Consider a connected graph G = (V, E, w), withn = |V|. For any0 <e <1 and 0 < < 1,
there exist sampling probabilities p. for each edge e € E s.t. if we include each edge e in E
independently with probabilty p. and set its weight w(e) = piew(e), then with probability at

least 1 — & the graph G = (V, E, ) satisfies

L ~. Lg and ‘E) < O(ne ?log(n/9)).

The original proof can be found in [SS11].

Remark 9.3.4. For convenience, we will abbreviate Ly as L and Lg as L in the rest of this
section.

We are going to analyze a sampling procedure by turning our goal into a problem of matrix
concentration. Recall that

Fact 9.3.5. A < B implies CAC" < CBC'" for any C € R™",

By letting C = L*/?, we can see that
L ~, L implies I ~, L*/?LL*/?, (9.2)
where IT;, = LY/?LL*/? is the orthogonal projection to the complement of the kernel of L.

Definition 9.3.6. Given a matrix A, we define I 4 to be the orthogonal projection to the
complement of the kernel of A, i.e. ITyv = 0 for v € ker(A) and Il4v = v for v € ker(A)*.
Recall that ker(A)* =im(A").

Claim 9.3.7. For a matriz A € S™ with spectral decomposition A = VAV =3 Nvv]
st. VIV =TI, wehave Iy =Y, ,vv], and Iy = AT?AAT? = AA" = ATA.
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From the definition, we can see that Il = I — %llT.

Now that we understand the projection Ily, it is not hard to show the following claim.

Claim 9.3.8.

1. Iy ~, LY?LL*? implies L ~, L.

2. For e <1, we have that HHL — L+/2I~/L+/2H < ¢/2 implies T ~, LT/?LL*/2.

Really, the only idea needed here is that when comparing quadratic forms in matrices with
the same kernel, we necessarily can’t have the quadratic forms disagree on vectors in the
kernel. Simple! But we are going to write it out carefully, since we're still getting used to
these types of calculations.

Proof of Claim[9.3.8 To prove Part [I} we assume ITj = LT?LLY?. Recall that G is a
connected graph, so ker(L) = span {1}, while L is the Laplacian of a graph which may or

may not be connected, so ker(L) D ker(L), and equivalently im(L) C im(L). Now, for any
v € ker(L) we have v' Lv = 0 = v Lv. For any v € ker(L)* we have v = L*/*2 for some

z, as ker(L)* = im(L) = im(L"/?). Hence

v iv— 2 LPEL 2 > -  TLPLL s —
lL+e 1+e

v Lo
and similarly

v Lv=2"LT?LL"?2 < (1+¢€)z LY?LLT?2 = (1+¢€)v' L.

Thus we have established L ~, L.
To prove Part we assume HH . — LY?LL/ 2H < €/2. This is equivalent to
€ +/2F T+/2 €
—§IjL LL —HLj§I

But since .
1" (LY?LLT? —TI)1 =0,

we can in fact sharpen this to
—gnL < LYPLLY? T < gn,;.
Rearranging, we then conclude
(1- %)HL < LYPLLY? < (1+ %)HL.
Finally, we note that 1/(1+¢) < (1 — £) to reach our conclusion, Iy ~ L/2LL"/2. O
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We now have most of the tools to prove Theorem [9.3.3] but to help us, we are going to
establish one small piece of helpful notation: We define a matrix function ® : R™*" — R™*"
by

®(A)=L*AL?

We sometimes call this a “normalizing map”, because it transforms a matrix to the space
where spectral norm bounds can be translated into relative error guarantees compare to the
L quadratic form.

Proof of Theorem[9.3.3 By Claim [0.3.8] it suffices to show
HHL - L+/21§L+/2H < e/2. (9.3)

We introduce a set of independent random variables, one for each edge e, with a probability
pe associated with the edge which we will fix later. We then let

Pe

v w(e) b.b,  with probability p.
‘o otherwise.

This way, L= 3", Y.. Note that E[Y ] = p.““b.b. = w(e)b.b,, and so

p

E [E} -y E[Y.]=L

By linearity of ®,
E [@(L)] — O(E [L]) — 11,
Let us also define

X.=®(Y,)-E[®(Y,)] and X =) X,

Note that this ensures E [X ] = 0. We are now going to fix the edge sampling probabilities,
in a way that depends on some overall scaling parameter a > 0. We let

pe = min (@ [|® (w(e)b.b, )|, 1)

then we see from the definition of Y. that whenever p, < 1

1
(¥ < -
from this, we can conclude, with a bit of work, that for all e
1l < = (9.4)
Q@
We can also show that
‘ SE[XY|| < (9.5)
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In the exercises for this chapter, we will ask you to show that Equations ((9.4)) and (9.5)) hold.

This means that we can apply Theorem m toour X =) X., with R = i and o2 = é,
to get

|

‘HL — L"°LL H > 6/2} < 2nexp 1 d/a
€ a

Since 0 < € < 1, this means that if o = 40e?log(n/J), then

2nd?
2

Pr[ < 4/2.

‘HL _ L+/21-IL+/2

>¢/2] <

In the last step, we assumed n > 4.

Lastly, we’'d like to know that the graph G is sparse. The number of edges in G is equal to
the number of Y, that come out nonzero. Thus, the expected value of ‘E‘ is

SEIS VI AR

We can bound the sum of the norms with a neat trick relating it to the trace of II;. Note
that in general for a vector @ € R™, we have ||aaTH —a'a="Tr (aaT). And hence

=Y w(e)Tr (L+/2bebjL+/2)

=Tr <L+/2 <Z w(e)bebj> L+/2>

=Tr(Ilg) =n— 1.

S w(e) HL+/2bebj1;+/2

Thus with our choice of «,
E HEH < 40e 2 log(n/d)n.

With a scalar Chernoff bound, can show that ‘E~ ) < O(e%log(n/d)n) with probability at

least 1—43/2. Thus by a union bound, the this condition and Equation (9.3)) are both satisfied
with probability at least 1 — §. O

Remark 9.3.9. Note that
® (w(e)b.b, )| = w(e) ||LT*b.b] L1/ < w(e) || LT/?b, 2.
e e 2

Recall that in Chapter [, we saw that the effective resistance between vertex v and vertex

2
, and for an edge e connecting vertex u and v, we have
2

u is given by HLJF/Q(eu —e,)

b. = e, — e,. That means the norm of the “baby Laplacian” 'w(e)bebeT of a single edge
with weight w(e) is exactly w(e) times the effective resistance between the two endpoints
of the edge.
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We haven’t shown how to compute the sampling probabilities efficiently, so right now, it isn’t
clear whether we can efficiently find G. It turns out that if we have access to a fast algorithm
for solving Laplacian linear equations, then we can find sufficiently good approximations to
the effective resistances quickly, and use these to compute G. An algorithm for this is
described in [SS11].
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Chapter 10

Solving Laplacian Linear Equations

10.1 Solving Linear Equations Approximately

Given a Laplacian L of a connected graph and a demand vector d L 1, we want to find x*
solving the linear equation Lx* = d. We are going to focus on fast algorithms for finding
approximate (but highly accurate) solutions.

This means we need a notion of an approximate solution. Since our definition is not special
to Laplacians, we state it more generally for positive semi-definite matrices.

Definition 10.1.1. Given PSD matrix M and d € ker(M)*, let Mz* = d. We say that
I is an e-approximate solution to the linear equation Mx = d if

12 — |3 < ellz" [y -

Remark 10.1.2. The requirement d € ker(M )+ can be removed, but this is not important
for us.

Theorem 10.1.3 (Spielman and Teng (2004) [ST04]). Given a Laplacian L of a weighted
undirected graph G = (V, E,w) with |E| = m and |V| = n and a demand vector d € RY, we
can find T that is an e-approximate solution to Lx = d, using an algorithm that takes time
O(mlognlog(1/e)) for some fized constant ¢ and succeeds with probability 1 — 1/n'?.

In the original algorithm of Spielman and Teng, the exponent on the log in the running time
was ¢ ~ 70.

Today, we are going to see a simpler algorithm. But first, we’ll look at one of the key tools
behind all algorithms for solving Laplacian linear equations quickly.
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10.2 Preconditioning and Approximate Gaussian
Elimination

Recall our definition of two positive semi-definite matrices being approximately equal.
Definition 10.2.1 (Spectral approximation). Given A, B € S7, we say that

1

A ~ B if and only if
x B if and only i T K

A=< B=(1+K)A.

Suppose we have a positive definite matrix M € S7, and want to solve a linear equation
Mzx = d. We can do this using gradient descent or accelerated gradient descent, as we
covered in Graded Homework 1. But if we have access to an easy-to-invert matrix that
happens to also be a good spectral approximation of M, then we can use this to speed up
the (accelerated) gradient descent algorithm. An example of this would be that we have
a factorization LLT ~; M, where L is lower triangular and sparse, which means we can
invert it quickly.

The following lemma, which you will prove in Problem Set 6, makes this preconditioning
precise.

Lemma 10.2.2. Given a matriz M € S, a vector d and a decomposition M ~ LLT, we
can find & that e-approzimately solves Mx = d, using O((14+ K) log(K/€)(Tmatvec+ Tsor+m))
time.

o Tuwee denotes the time required to compute M z given a vector z, i.e. a “matriz-vector
multiplication”.

e T, denotes the time required to compute L 'z or (E,T)_lz given a vector z.

Dealing with pseudo-inverses. When our matrices have a null space, preconditioning
becomes slightly more complicated, but as long as it is easy to project to the complement
of the null space, there’s no real issue. The following describes precisely what we need (but
you can ignore the null-space issue when first reading these notes without losing anything
significant).

Lemma 10.2.3. Given a matric M € S%, a vector d € ker(M)* and a decomposition
M ~yx LDL", where L is invertible, we can find & that e-approzimately solves Mz = d,
using O((1 4+ K)log(K/€)(Timatvec + Tsor + Lproj + 1)) time.

o T uvee denotes the time required to compute M z given a vector z, i.e. a “matriz-vector
multiplication”.

o T, denotes the time required to compute £ 'z and (L7)"'z and DTz given a vector
z.
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o T, denotes the time required to compute Ilprz given a vector z.

Theorem 10.2.4 (Kyng and Sachdeva (2015) [KS16]). Given a Laplacian L of a weighted
undirected graph G = (V, E,w) with |E| = M and |V| = n, we can find a decomposition
LL" =5 L, such that £ has number of non-zeroes nnz(L) = O(mlog®n), with probability
at least 1 — 3/n°. in time O(mlog®n).

We can combine Theorem [10.2.4] with Lemma [10.2.3| to get a fast algorithm for solving

Laplacian linear equations.

Corollary 10.2.5. Given a Laplacian L of a weighted undirected graph G = (V, E, w) with
|E| =m and |V| =n and a demand vector d € RV, we can find T that is an e-approximate
solution to Lz = d, using an algorithm that takes time O(mlog®nlog(1/€)) and succeeds
with probability 1 — 1/n'°.

Proof sketch. First we need to get a factorization that confirms to Lemma [10.2.3] The
decomposition LLT provided by Theoremcan be rewritten as LLT = LD(L)" where
Lis equal to £ except L(n,n) = 1 and we let D be the identity matrix, except D(n,n) = 0.
This ensures D™ = D and that £ is invertible and lower triagular with O(mlog®n) non-
zeros. We note that the inverse of an invertible lower or upper triangular matrix with N
non-zeros can be applied in time O(N) given an adjacency list representation of the matrix.
Finally, as ker(LL") = span {1}, we have Mipar=1- %llT7 and this projection matrix
can be applied in O(n) time. Altogether, this means that Tiatvec + Lsol + Tpro; = O(n), which
suffices to complete the proof. O

10.3 Approximate Gaussian Elimination Algorithm

Recall Gaussian Elimination / Cholesky decomposition of a graph Laplacian L. We will use
A(:,7) to denote the the ith column of a matrix A. We can write the algorithm as

Algorithm 1: Gaussian Elimination / Cholesky Decomposition

Input: Graph Laplacian L

Output: Lower triangular £ s.t. LL = L
Let So =L ;

fortr=1toi=n—1do

l, = \/ﬁsi—l(5»i);

ln = On><1;
return £ = [ll e ln];

We want to introduce some notation that will help us describe and analyze a faster version
of Gaussian elimination — one that uses sampling to create a sparse approximation of the
decomposition.
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Consider a Laplacian S of a graph H and a vertex v of H. We define STAR(v, S) to be the
Laplacian of the subgraph of H consisting of edges incident on v. We define

CLIQUE(y, §) = STAR(r, ) — (37 86086
For example, suppose
(W —a’
-\ —a diag(a)+ L,
Then
W —a' 0 0
STAR(1, L) = ( “a diag(a) ) and CLIQUE(1, L) = ( 0 diag(a) — Laa’ >

which is illustrated in Figure [10.1]

l
¢ i ; " A
“ﬂ "L(;L‘J//{ é@rg C\\\ /
9f vofey f >

Figure 10.1: Gaussian Elimination: CLIQUE(1, L) = STAR(1, L) — ﬁL(:, DL(:,1)7.

In Chapter 6 we proved that CLIQUE(v, S) is a graph Laplacian — it follows from the proof
of Claim in that chapter. Thus we have that following.

Claim 10.3.1. If S is the Laplacian of a connected graph, then CLIQUE(v, S) is a graph
Laplacian.

Note that in Algorithm , we have liliT = STAR(v;, S;_1) — CLIQUE(v;, S;_1). The update
rule can be rewritten as

Si = Si—l — STAR(’UZ', Si—l) + CLIQUE(UZ', Si—l) ,
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This also provides way to understand why Gaussian Elimination is slow in some cases. At
each step, one vertex is eliminated, but a clique is added to the subgraph on the remaining
vertices, making the graph denser. And at the ith step, computing STAR(v;, S;_1) takes
around deg(v;) time, but computing CLIQUE(v;, S;_1) requires around deg(v;)? time. In
order to speed up Gaussian Elimination, the algorithmic idea of [KS16] is to plug in a
sparser appproximate of the intended clique instead of the entire one.

The following procedure CLIQUESAMPLE(v,S) produces a sparse approximation of
CLIQUE(v, S). Let V be the vertex set of the graph associated with S and E the edge
set. We define b; ; € RY to be the vector with

bZJ(Z) =1 and bz,j(]) = -1 and b%](k’) =0 fOI‘ ]C 7é ’l,j

Given weights w € R¥ and a vertex v € V, we let

w, = Z w(u,v).

(u,v)EE

Algorithm 2: CLIQUESAMPLE(v, S)

Input: Graph Laplacian § € RV*V of a graph with edge weights w, and vertex v € V
Output: Y, € RV*V sparse approximation of CLIQUE(v, S)

1 Y, < 0,xn;

foreach Multiedge e = (v, 1) from v to a neighbor i do

L Randomly pick a neighbor j of v with probability “’(3 ”)

Ifi#j let Y, <Y, + %bwb:ﬂ"

return Y ,;

Remark 10.3.2. We can implement each sampling of a neighbor j in O(1) time using a
classical algorithm known as Walker’s method (also known as the Alias method or Vose’s
method). This algorithm requires an additional O(degg(v)) time to initialize a data struc-
ture used for sampling. Overall, this means the total time for O(degg(v)) samples is still

O(degg(v)).
Lemma 10.3.3. E[Y,] = CLIQUE(v, S).

Proof. Let C = CLIQUE( S). Observe that both E[Y,] and C are Laplacians. Thus it
suffices to verify Ey, ;) = C(4,7) for i # j.

Clij) = _w(i,v)w(j,v)j

w,

w (i, v)w(j, ) (w(j,v) N w(l'?v)) __w(,v)w(j,v)

Yo (irj) - _w(i,v) + w(j,v) w, w,
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AW N =

Remark 10.3.4. Lemma [10.3.3| shows that CLIQUESAMPLE(v, L) produces the original
CLIQUE(v, L) in expectation.

Now, we define Approximate Gaussian Elimination.

Algorithm 3: Approximate Gaussian Elimination / Cholesky Decomposition

Input: Graph Laplacian L

Output: Lower triangulai’] £ as given in Theorem
Let So = L;

Generate a random permutation 7 on [n];
fori=1toi=n—1do

N D TN
b Si—1(m(i),m(4)) Sl*l(" 71-(2»7
S; = 8,1 — STAR(7 (i), S;—1) + CLIQUESAMPLE(7(7), S;_1)

6 ln - On><1;

return £ = [ll oy ln} and T,

2L is not actually lower triangular. However, if we let P, be the permutation matrix corresponding to
m, then P, L is lower triangular. Knowing the ordering that achieves this is enough to let us implement
forward and backward substitution for solving linear equations in £ and £ .

Note that if we replace CLIQUESAMPLE(7 (i), S;—1) by CLIQUE(7 (i), S;-1) at each step, then
we can recover Gaussian Elimination, but with a random elimination order.

10.4 Analyzing Approximate Gaussian Elimination

In this Section, we're going to analyze Approximate Gaussian Elimination, and see why it
works.

Ultimately, the main challenge in proving Theorem [10.2.4] will be to prove for the output £
of Algorithm [3| that with high probability

0.5L=<LL" <15L. (10.1)

We can reduce this to proving that with high probability
HL+/2(££T - L)L+/2H <05 (10.2)

Ultimately, the proof is going to have a lot in common with our proof of Matrix Bernstein
in Chapter [0l Overall, the lesson there was that when we have a sum of independent, zero-
mean random matrices, we can show that the sum is likely to have small spectral norm if the
spectral norm of each random matrix is small, and the matrix-valued variance is also small.

Thus, to replicate the proof, we need control over
1. The sample norms.
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2. The sample variance.

But, there is seemlingly another major obstacle: We are trying to analyze a process where
the samples are far from independent. Each time we sample edges, we add new edges to the
remaining graph, which we will the later sample again. This creates a lot of dependencies
between the samples, which we have to handle.

However, it turns out that independence is more than what is needed to prove concentration.
Instead, it suffices to have a sequence of random variables such that each is mean-zero in
expectation, conditional on the previous ones. This is called a martingale difference sequence.
We’ll now learn about those.

10.4.1 Normalization, a.k.a. Isotropic Position

Since our analysis requires frequently measuring matrices after right and left-multiplication
by L*/%, we reintroduce the “normalizing map” ® : R™" — R™" defined by

d(A) = L*ALY?

We previously saw this in Chapter [9

10.4.2 Martingales

A scalar martingale is a sequence of random variables Zj, ..., Z, such that
E [Zz | Z(), ey Zi—l] = Zz'—l- (103)

That is, conditional on the outcome of all the previous random variables, the expectation of
Z; equals Z;_1. If we unravel the sequence of conditional expectations, we get that without
conditioning E [Zy] = E [Z).

Typically, we use martingales to show a statement along like “Z; is concentrated around

E[Z]".

We can also think of a martingale in terms of the sequence of changes in the Z; variables.
Let X; = Z; — Z;_1. The sequence of X;s is called a martingale difference sequence. We can
now state the martingale condition as

E[XZ'|Z0,...,ZZ'_1]:0.

And because Zp and Xj,..., X; 1 completely determine Zi,...,7Z; 1, we could also write
the martingale condition equivalently as

E[XZ | 207X17---aXi—1] - 0
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Crucially, we can write
k k
Zk:ZO+ZZi_Zi—1 ZZo+ZXi
i=1 i=1

and when we are trying to prove concentration, the martingale difference property of the
X,’s is often “as good as” independence, meaning that Zle X, concentrates similarly to a
sum of independent random variables.

Matrix-valued martingales. We can also define matrix-valued martingales. In this case,
we replace the martingalue condition of Equation ((10.3)), with the condition that the whole
matrix stays the same in expectation. For example, we could have a sequence of random
matrices Zo, ..., Z; € R™" such that

ElZ;| Zoy,....,Z; 1| =Z; 1. (10.4)
Lemma 10.4.1. Let L; = S, + Z;Zl ljle fori=1,...,mn and Ly = Sy = L. Then

E [L;|all random variables before CLIQUESAMPLE(7 (%), S;—1)] = L;_1.

Proof. Let’s only consider ¢ = 1 here as other cases are similar.

Ly= L =1l +CLQUE(v, L) + L_,

L, = Il + CLIQUESAMPLE(v, L) + L_4
E[Li|x(1)] = 1,1} + E[CLIQUESAMPLE(v, L) |r(1)] + L_,
= 1,1} + CLIQUE(v, L) + L_,

where we used Lemma [10.3.3| to get E [CLIQUESAMPLE(v, L) |7(1)] = CLIQUE(v, L). O

Remark 10.4.2. 23:1 l; le can be treated as what has already been eliminated by (Ap-
proximate) Gaussian Elimination, while S; is what still left or going to be eliminated. In
Approximate Gaussian Elimination, L, =Y, l,-liT and our goal is to show that L, ~x L.
Note that L; is always equal to the original Laplacian L for all 2 in Gaussian Elimination.

Lemma [10.4.1| demonstrates that Ly, Ly, ..., L, forms a matrix martingale.

Ultimately, our plan is to use this matrix martingale structure to show that “L,, is concen-
trated around L” in some appropriate sense. More precisely, the spectral approximation we
would like to show can be established by showing that “®(L,,) is concentrated around ®(L)”
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10.4.3 Martingale Difference Sequence as Edge-Samples

We start by taking a slightly different VleW of the observations we used to prove
Lemma [10.4.1] Recall that L; = §;+ > _, and L;_y = S;_1+ 31— ;1] and

Jj?

S;=S,-1 — STAR(7(7), S;—1) + CLIQUESAMPLE(7(7), S;_1) .
Putting these together, we get
L, — L, = ;1] + CLiQuESAMPLE(7(3), S;_1) — STAR(7(i), S;_1)

= CLIQUESAMPLE(7 (i), S;-1) — CLIQUE(7 (i), S;—1) (10.5)

= CLIQUESAMPLE(7 (i), S;—1) — E [CLIQUESAMPLE(7(7), S;_1) | preceding samples]
by Lemma [10.3.3]

In particular, recall that by Lemma [10.3.3] conditional on the randomness before the call to
CLIQUESAMPLE(7 (i), S;_1), we have

E [CLIQUESAMPLE(7 (%), S;-1) | preceding samples] = CLIQUE(7 (i), S;_1)
Adopting the notation of Lemma [10.3.3] we write
Y ;) = CLIQUESAMPLE(7 (%), S;_1)

and we further introduce notation each multi-edge sample for e € STAR(w(7),S; 1), as
Y 7(i),e, denoting the random edge Laplacian sampled when the algorithm is processing
multi-edge e. Thus, conditional on preceding samples, we have

Yo=Y, Yo (10.6)

eESTAR(Tr(Z‘),Si_l)

Note that even the number of multi-edges in STAR(7 (i), S;—1) depends on the preceding
samples. We also want to associate zero-mean variables with each edge. Conditional on
preceding samples, we also define

Xie=®(Yape—E[YVipe)) and Xi= > X,
eE€STAR(7(7),8i—-1)
and combining this with Equations ((10.5)) and -

Altogether, we can write

n n

@(Ln—L):Zn:d)L L) ZXZ o) X
i=1

i=1 eeSTAR(T(i),8_1)

Note that the X; . variables form a martingale difference sequence, because the linearity of
® ensures they are zero-mean conditional on preceding randomness.
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10.4.4 Stopped Martingales

Unfortunately, directly analyzing the concentration properties of the L; martingale that we
just introduced turns out to be difficult. The reason is that we’re trying to prove some very
delicate multiplicative error guarantees. And, if we analyze L;, we find that the multiplicative
error is not easy to control, after it’s already gotten big. But that’s not really what we care
about anyway: We want to say it never gets big in the first place, with high probability. So
we need to introduce another martingale, that lets us ignore the bad case when the error has
already gotten too big. At the same time, we also need to make sure that statements about
our new martingale can help us prove guarantees about L;. Fortunately, we can achieve both
at once. The technique we use is related to the much broader topic of martingale stopping
times, which we only scratch the surface of here. We’re also going to be quite informal about
it, in the interest of brevity. Lecture notes by Tropp [Trol9] give a more formal introduction
for those who are interested.

We define the stopped martingale sequence L by

(10.7)

i

= L; if for all j < ¢ we have L; < 1.5L
L;. for j* being the least j such that L; A 1.5L

J

Figure shows the L; martingale getting stuck at the first time L;- A 1.5L.

o 'Ii Ly
_\—\_—‘3—_
@

/? .
[/ R
L T)—r -
.
-

Figure 10.2: Gaussian Elimination : CLIQUE(1, L) = STAR(1, L) — ﬁL(:, DL, 1.

L

We state the following without proof:

Claim 10.4.3.
1. The sequence {IZ} fori=20,...,n is a martingale.

2. HLHQ(L - L)L+/2H < 0.5 implies

LH(L, - L)L+/2H <05
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The martingale property also implies that the unconditional expectation satisfies |E [f}n} =

L. The proof of the claim is easy to sketch: For Part 1, each difference is zero-mean if the
condition has not been violated, and is identically zero (and hence zero-mean) if it has been

violated. For Part 2, if the martingale {El} has stopped, then HL+/2(I~/i - L)L+/2H <0.5

is false, and the implication is vacuosly true. If, on the other hand, the martingale has not
stopped, the quantities are equal, because L; = L;, and again it’s easy to see the implication

holds.

Thus, ultimately, our strategy is goin to be to show that "L+/2(I~li — L)L+/2H < 0.5 with

high probability. Expressed using the normalizing map ®(-), our goal is to show that with
high probability
|e(Z, - 1) <05

Stopped martingale difference sequence. In order to prove the spectral norm bound,
we want to express the {f}z} martingale in terms of a sequence of martingale differences.

To this end, we define X; = <I>(l~}Z — IN}i_l). This ensures that

i =

(10.8)

% X, ifforall j <i we have L; < 1.5L
0 otherwise

Whenever the modified martingale X has not yet stopped, we also introduce individual
modified edge samples X, . = X, .. If the martingale has stopped, i.e. X; = 0, then we can
take these edge samples X, . to be zero. We can now write

@(En—L) :i@(ii—im):i&:i Y X

=1 e€STAR(7(),5;-1)

Thus, we can see that Equation ((10.2)) is implied by

i=1

<0.5. (10.9)

10.4.5 Sample Norm Control

In this Subsection, we’re going to see that the norms of each multi-edge sample is controlled
throughout the algorithm.

Lemma 10.4.4. Given two Laplacians L and S on the same vertex setll] If each multiedge
e of STAR(v, S) has bounded norm in the following sense,

HL+/2ws(e)bebjLH2 <R,

LL can be regarded as the original Laplacian we care about, while S can be regarded as some intermediate
Laplacian appearing during Approximate Gaussian Elimination.
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then each possible sampled multiedge ¢’ of CLIQUESAMPLE(v, S) also satisfies

HLszneW(e’)be,b;L”?H <R

Proof. Let w = wg for simplicity. Consider a sampled edge between ¢ and j with weight

Whew(i,7) = w(i,v)w(j,v)/(w(i,v) + w(j,v)).

| £ 200,318,655 | = w0 i.5) [ £+72B1,b ] 2777

1jYij 1§ Yij

2
= wnew<i7 .]) H L+/2bz’j

2
<mW@ﬁOﬁWm

)

Ju

_ WO g 0)bibl L7+
w(z’,v)—l—'w(j, v) ’ *
’LU(Z U HLJr/Q ]’ b bT L+/2”
w(i,v) +w(j,v
w(iv) g w(i, v)
S w0 +wio) T wi o)+ w0

=R

The first inequality uses the triangle inequality of effective resistance in L, in that effective
resistance is a distance as we proved in Chapter [5] The second inequality just uses the
conditions of this lemma. O]

Remark 10.4.5. Lemma [10.4.4] only requires that each single multiedge has small norm
instead of that the sum of all edges between a pair of vertices have small norm. And this
lemma tells us, after sampling, each multiedge in the new graph still satisfies the bounded
norm condition.

From the Lemma, we can conclude that each edge sample Y ;. satisfies Hq)( Yﬂ(i),e)H <R
provided the assumptions of the Lemma hold. Let’s record this observation as a Lemma.

Lemma 10.4.6. If for all e € STAR(v, S;),
|®(ws,(e)bed))|| < R
then all e € STAR(7(7), S;),
[2(Y re)|| < R

Preprocessing by multi-edge splitting. In the original graph of Laplacian L of graph
G = (V, E, w), we have for each edge é that

bbT<Z e)b.b! =
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This also implies that
HLH?w(é)bébéTLWH <1.

Now, that means that if we split every original edge e of the graph into K multi-edges
e1,...ex, with a fraction 1/K of the weight, we get a new graph G’ = (V, E’, w’) such that

Claim 10.4.7.

1. G' and G have the same graph Laplacian.
2. |[F'| = K|E|
3. For every multi-edge in G’

HL”zw’(e)bebeTL*/QH <1/K.

Before we run Approximate Gaussian Elimination, we are going to do this multi-edge splitting
to ensure we have control over multi-edge sample norms. Combined with Lemma
immediately establishes the next lemma, because we start off with all multi-edges having
bounded norm and only produce multi-edges with bounded norm.

Lemma 10.4.8. When Algorithm |3 is run on the (multi-edge) Laplacian of G', arising from
splitting edges of G into K multi-edges, the every edge sample Y ;). satisfies

||(I)< Yﬂ(i),e)” < 1/K

As we will see later K = 200log® n suffices.

10.4.6 Random Matrix Concentration from Trace Exponentials

Let us recall how matrix-valued variances come into the picture when proving concentration
following the strategy from Matrix Bernstein in Chapter [9]

For some matrix-valued random variable X € S™, we’d like to show Pr[|| X || < 0.5]. Using
Markov’s inequality, and some observations about matrix exponentials and traces, we saw
that for all 8 > 0,

Pr[|| X || > 0.5] < exp(—0.50) (E [Tt (exp (0X))] + E[Tr (exp (—0X))]) . (10.10)

We then want to bound E[Tr(exp(#X))] using Lieb’s theorem. We can handle
E [Tr (exp (—0X))] similarly.

Theorem 10.4.9 (Lieb). Let f:S?, — R be a matriz function given by
f(A) = Tr(exp (H + log(A)))

for some H € S™. Then —f is convex (i.e. f is concave).

115



As observed by Tropp, this is useful for proving matrix concentration statements. Combined
with Jensen’s inequality, it gives that for a random matrix X € S™ and a fixed H € S"

E[Tr (exp (H + X))] < Tr (exp (H + log(E [exp(X)]))) .

The next crucial step was to show that it suffices to obtain an upper bound on the matrix
E [exp(X)] w.r.t the Loewner order. Using the following three lemmas, this conclusion is an
immediate corollary.

Lemma 10.4.10. If A < B, then Tr (exp(A)) < Tr (exp(B)).
Lemma 10.4.11. If0 < A < B, then log(A) =< log(B).
Lemma 10.4.12. log(I + A) < A for A = —1.

Corollary 10.4.13. For a random matriz X € S™ and a fized H € S", if E[exp(X)] =
I+ U where U = —1, then

E [Tr (exp (H + X))] < Tr(exp(H + U)).

10.4.7 Mean-Exponential Bounds from Variance Bounds

To use Corollary [10.4.13] we need to construct useful upper bounds on E [exp(X)]. This can
be done, starting from the following lemma.

Lemma 10.4.14. exp(A) < I + A + A® for ||A]| < 1.

If X is zero-mean and || X || < 1, this means that E[exp(X )] < I +E [X?], which is how
we end up wanting to bound the matrix-valued variance E [X 2]. In the rest of this Sub-
section, we're going to see the matrix-valued variance of the stopped martingale is bounded
throughout the algorithm.

Firstly, we note that for a single edge sample X'm, by Lemma |10.4.8 we have that

HXi,e

< |2 (Yree —E[Yrpe])| < 1/EK,

using that ||A — B|| < max(||A4],||B]|), for A, B = 0, and ||E[A]|| < E[||A]]] by Jensen’s

inequality.

Thus, if 0 < 6 < K, we have that
E [exp(@XLJ | preceding samples} <I+E [(95(@',@)2 | preceding samples] (10.11)
1
< I+ E02 ‘B [(D( Y 1)) | preceding samples]
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10.4.8 The Overall Mean-Trace-Exponential Bound

We will use E(<;) to denote expectation over variables preceding the ith elimination step. We
are going to refrain from explicitly writing out conditioning in our expectations, but any inner
expectation that appears inside another outer expectation should be taken as conditional on
the outer expectation. We are going to use d; to denote the multi-edge degree of vertex (i)
in §;_1. This is exactly the number of edge samples in the ith elimination. Note that there
is no elimination at step n (the algorithm is already finished). As a notational convenience,
let’s write n = n — 1. With all that in mind, we bound the mean-trace-exponential for some
parameter 0 < 6 < 0.5/vK

Tr <exp(9 Zn: Xi)) (10.12)

n—1 dp—1
= E E E --- E E Trexp QX + QXne—i—QXnd
(<h) m(R) X4, Xid,-1 Xnd, Z ;
5 B H
Xiq..., X4, are independent conditional on (< n), (1)
n—1 dp—1
< E E FE - E Trexp GX + (9Xne+—t92 E (I)(Ywﬁ,dﬁ>
(<ﬁ) W(ﬁ) Xﬁ’l Xnd —1 (Zzl: ; Xnd ( )

By Equation (10.11]) and Corollary [10.4.13].

Repeat for each multi-edge sample X, Al - X fod—1

< E E Trexp (Z 0X, + Z —92 ~E Yw(ﬁ),e))

(<n) 7r(n

n,

- F IE Tr exp (nE:QX +§02 (CLIQUE(m(R), Sﬁ—l)))

(<) i—1

To further bound the this quantity, we now need to deal with the random choice of m(n).
We'll be able to use this to bound the trace-exponential in a very strong way. From a random
matrix perspective, it’s the following few steps that give the analysis it’s surprising strength.

We can treat 0?®(CLIQUE(m(7), S;7-1)) as a random matrix. It is not zero-mean, but we
can still bound the trace-exponential using Corollary [10.4.13]

We can also bound the expected matrix exponential in that case, using a simple corollary of

Lemma [10.4.74

Corollary 10.4.15. exp(A) 2 I + (1 4+ R)A for 0 < A with ||A|| < R<1.

Proof. The conclusion follows after observing that for 0 < A with ||A| < R, we have
A? < RA. We can see this by considering the spectral decomposition of A and dealing with

each eigenvalue separately. O

117



Next, we need a simple structural observation about the cliques created by elimination:

Claim 10.4.16.
CLIQUE(7(7), S;) =< STAR(7 (i), S;) = S;

Proof. The first inequality is immediate from CLIQUE(7 (i), 8;) = CLIQUE(n (i), S;)+ 1,1 =
STAR(7(7), S;) . The latter inequality STAR(7 (i), S;) < S; follows from the star being a
subgraph of the whole Laplacian S;. m

Next we make use of the fact that X is from the difference sequence of the stopped martin-
gale. This means we can assume

S, < 1.5L,

since otherwise X; = 0 and we get an even better bound on the trace-exponential. To make
this formal, in Equation (10.12)), we ought to do a case analysis that also includes the case
X ; = 0 when the martingale has stopped, but we omit this.

Thus we can conclude by Claim [10.4.16| that
|®(CLIQUE( (i), S;))|| < 1.5.

By our assumption 0 < # < 0.5/vK, we have | £62®(CLIQUE(T (i), Si—1))|| < 1, so that by
Corollary [10.4.15],
2

E exp ( %HQQ(CLIQUE(W(Z'), Sil))) < I+ —0*E ®CriQue(r(i), S;i_1))  (10.13)
(i) (%)

< I+ —0*E ®(STaR(7(4), Si_1))
(%)
by Claim [T0.4.10|

Next we observe that, because every multi-edge appears in exactly two stars, and 7 () is
chosen uniformly at random among the n+ 1 — ¢ vertices that S;_; is supported on, we have

1
STA 1), 8;.1) =2———8,_1.
E St R(m(2), Si-1) = 2= 81

S

=

And, since we assume S; < 1.5L, we further get

1, , 66>
_ ) < -
WI%) exp ( K@ O (CLIQUE(7(7), Sl_l))) <I+ Kl z’)I

We can combine this with Equation (10.12]) and Corollary |10.4.13[to get
ETr (exp(@ Z X’J)
i=1

A1
~ 1
< E E Trexp (Z 0X; + ?HQ(I)(CLIQUE(W(M, Sﬁ_1)>>
) i=1

(<n) m(n

n—1

~ 662
< T 0X;, + ———1I
- (E&) FOexp (Z Kn+1-—1) )

i=1
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And by repeating this analysis for each term X, we get

ETr (exp(@ZXQ) < Trexp (Z %I)

2
< Trexp (M[;g(n)I>

B 76% log(n)
=nexp | ——=—

Then, by choosing K = 2001log®n and 6 = 0.5V K, we get
L. 76°1
exp(—0.50) E Tr (exp(ez X1)> < exp(—0.50)n exp (+g(n)) <1/n°.
i=1
E Tr (exp(—@ Z?:1 X’l)) can be bounded by an identical argument, so that Equation ((10.10)

gives
Pr [

Thus we have established HZ?ZI X 1” < 0.5 with high probability (Equation (10.9))), and
this in turn implies Equation ((10.2)), and finally Equation ((10.1)):

i=1

> 0.5] < 2/n’.

05L<LL" <1.5L.

Now, all that’s left to note is that the running time is linear in the multi-edge degree of
the vertex being eliminated in each iteration (and this also bounds the number of non-zero
entries being created in £). The total number of multi-edges left in the remaining graph
stays constant at Km = O(mlog?n). Thus the expected degree in the ith elimination is
Km/(n +1i — 1), because the remaining number of vertices is n + i — 1. Hence the total
running time and total number of non-zero entries created can both be bounded as

Kle/(n—i—z’— 1) = O(mlog®n).

We can further prove that the bound O(mlog®n) on running time and number of non-zeros
in L holds with high probability (e.g. 1 — 1/n%). To show this, we essentially need a scalar
Chernoff bound, in except the degrees are in fact not independent, and so we need a scalar
martingale concentration result, e.g. Azuma’s Inequality. This way, we complete the proof

of Theorem [10.2.4]
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Chapter 11

Classical Algorithms for Maximum
Flow I

11.1 Maximum Flow

In this chapter, we will study the Mazimum Flow Problem and discuss some classical algo-
rithms for finding solutions to it.

Setup. Consider a directed graph G = (V, E, ¢), where V' denotes vertices, E' denotes edges
and ¢ € R¥, ¢ > 0 denotes edge capacities. In contrast to earlier chapters, the direction of
each edge will be important, and not just as a book keeping tool (which is how we previously
used it in undirected graphs). We consider an edge (u,v) € E to be from u and to v. Edge
capacities are associated with directed edges, and we allow both edge (u,v) and (v,u) to
exist, and they may have different capacities.

A flow is any vector f € R”.

We say that a flow is feasible when 0 < f < ¢. The constraint 0 < f ensures that the flow
respects edge directions, while the constraint f < ¢ ensures that the flow does not exceed
capacity on any edge.

We still define the edge-vertex incidence matrix B € RV*¥ of G by

1 if e = (u,v)
B(v,e) =< -1 ife=(v,u)

0 0.W.

As in the undirected case, a demand vector is a vector d € RY. And as in the undirected
case, we can express the net flow constraint that f routes the demand d by

Bf =d.
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We will focus on the case:
Bf = F(—es + et) = Fbst'

Flows that satisfy the above equation for some scalar F' are called s-t flows where s,t € V.
The vertex s is called the source, t is called the sink and e, e; are indicator vectors for
source and sink nodes respectively. The vector by has -1 at source and 1 at sink. The
maximum flow can be expressed as a linear program as follows

max F
fEREF
st. Bf = Fby (11.1)
0<f<ec

We use val(f) to denote F' when Bf = Fbg.

11.2 Flow Decomposition

We now look at a way of simplifying flows

Definition 11.2.1. A s-t path flow is a flow f > 0 that can be written as

f:azee

eecp

where p is a simple path from s to t.

Definition 11.2.2. A cycle flow is a flow f > 0 that can be written as a cycle i.e.
f=aY e

where c is a simple cycle.
Lemma 11.2.3 (The path-cycle decomposition lemma). Any s-t flow f can be decomposed

into a sum of s-t path flows and cycle flows such that the sum contains at most nnz(f) terms.
Note nnz(f) < |E|.

Proof. We perform induction on the number of edges with non-zero flow, which we denote
by nnz(f). Note that by “the support of f”, we mean the set {e € E : f(e) # 0}.

Base case: f = 0: nothing to do.
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Inductive step: Try to find a path from s to t OR a cycle in the support of f.
“Path” case. If there exists such a s-t path, let @ be the minimum flow value along the edges
of the path, i.e.

a = min f(a,b)

(a,b)ep
f/ = Z €c

Update the flow f by

f<rf-f
The value of the flow will still be non-negative after this update as we subtracted the min-
imum entry along any positive edge on the path. The number of non-zeros, nnz(f), went

down by at least one. Note that the updated f must again be an s-t flow, as it is the
difference of two s-t flows.

“Cycle” case. Suppose we find a cycle ¢ in the support of f. Let o be the minimum flow
value along the edges of the cycle, i.e.

a = min f(a,b)

(a,b)ec

f/:azee

ecc
Update the flow f by
f<r-f
As in the path case, f stays non-negative, and number of non-zeros, nnz(f), goes down by

at least one. Note that the updated f must again be an s-t flow, as it is the difference of
two s-t flows.

“No path or cycle” case. Suppose we can find neither a path nor a cycle, and f # 0. Then
there must be an edge (u,v) with non-zero flow leading into a vertex v # s,¢ and with no
outgoing edge from v in the support of f. In that case, we must have (Bf)(v) > 0. But
since v # t, this contradicts Bf = Fbg. So this case cannot occur. O

Lemma 11.2.4. In any s-t max flow problem instance, there is an optimal flow f* with a
path-cycle decomposition that has only paths and no cycles.

Proof. Let ]E be an optimal flow. Let f* be the sum of path flows in the path cycle decom-
position of f. They route the same flow (as cycles contribute to no net flow from s to t).
Thus

Bf* = Bf
and hence val(f*) = val(f). Furthermore
0<f <f<e
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The first inequality follows from f* being a sum of positive path flow. The second inequality
holds as f* is upper bounded in every single entry by f, because we reduced it by positive
entry cycles. The third inequality holds because f is a feasible flow, so it is upper bounded
by the capacities. O

An optimal flow solving the maximum flow problem may not be unique. For example,
consider the graph below with source s and sink t:

[

There are two optimal paths in this example. Maximum flow is a convex optimization
problem but not a strongly convex problem as the solutions are not unique, and this is part
of what makes it hard to solve.

11.3 Cuts and Minimum Cuts

The decomposition shown earlier provides a way to show that the maximum flow in a graph
is upper bounded by constructing graph cuts.

Given a vertex subset S C V', we say that (S,V \ S) is a cut in G and that the value of the

cut is
ca(S)= > cle)

c€EN(SxV\S)

Note that in a directed graph, only edges crossing the cut going from S and to V' \ S count
toward the cut.

LRGN

\/

Figure 11.1: Example of a cut: No edges go from S to (S,V \ S), and so the value of this
cut is zero.

Definition. (s-t cuts). We define an s-t cut to be a subset S C V', where s € Sandt € V'\S.
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A decision problem: “Given an instance of the Mazimum Flow problem, is there a flow
from s to t such that f # 0?2

If YES: We can decompose this flow into s-t path flows and cycle flows.

If NO: There is no flow path from s to t. Let S be the set of vertices reachable from source
s. Then (S,V \ S) is a cut in the graph, with no edges crossing from S to V' '\ S.
Figure [11.1] gives an example.

Upper bounding the maximum possible flow value. How can we recognize a maxi-
mum flow? Is there a way to confirm that a flow is of maximum value?

We can now introduce the Minimum Cut problem.

min ca(9) (11.2)

st.seVandtgV

The Minimum Cut problem can also be phrased as a linear program, although we won'’t see
that today.

We’d like to obtain a tight connection between flows and cuts in the graph. As a first step,
we won’t get that, but we can at least observe that the value of any s-t cut provides an
upper bound to the maximum possible s-t flow value.

Theorem 11.3.1 (Max Flow < Min Cut). The mazimum s-t flow value in a directed graph

G (Program (11.1))) is upper bounded by the minimum value of any s-t cut (Program (11.2)) ).
Le.if S is an s-t cut, and f a feasible s-t flow then

val(f) < cq(9)

And in particular this holds for any minimum cut S* and mazximum flow f*, i.e. val(f*) <
Cg(S*).

Proof. Consider any feasible flow 0 < f < ¢ and a cut S,7 =V \ S. Consider a path-cycle
decomposition of f, where each s-t path must cross the cut going forward from S to T at
least once. We pick a cut S,T" with source on one side and sink on the other side as shown
in the Figure . Every time the path flow passes through the cut, it has to use one of
the edges that connect S and T. Total amount of flow crossing the cut is bounded above
by total amount of capacity of the cut, otherwise the capacities would be violated, thus

Val(f) < CG’(S7 T) = ZeeEﬁSxT C(e)'
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Figure 11.2: s-t Cut

Note that the edges from T to S do not count towards the cut. The above equation holds
for all flows with all s-t cuts. This implies that max flow < min cut. O

This theorem is an instance of a general pattern, known as weak duality. Weak duality is a
relationship between two optimization programs, a maximization problem and a minimiza-
tion problem, where any solution to the former has its value upper bounded by the value of
any solution to the latter.

11.4 Algorithms for Max flow

How can we find a good flow?

Algorithm 4: A first attempt — bad idea?
J <0
repeat
Find an s-t path flow f that is feasible with respect to ¢ — f.

fef+f

Does Algorithm 1 work? Consider the graph below with directed edges with capacities
1 at every edge. If we make a single path update as shown by the orange lines in Figure|11.3],
then afterwards, using the remaining capacity, there’s no path flow we can route, as shown
in Figure [11.3] But the max flow is 2, as shown by the flow on orange edges in Figure [11.5]
So, the above algorithm does not always find a maximum flow: It can get stuck at a point
where it cannot make progress despite not having reached the maximum value.
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Figure 11.3: Sending a unit s-¢ path flow through the graph.

Figure 11.4: Remaining edge capacities after sending a path flow through the graph as
depicted in Figure [11.3,

J 0.
pN

O RN

)

)

0
N,

(

Figure 11.5: The flow depicted routes two units from s to ¢.

A better approach. It turns out we can fix the problem with the previous algorithm
using a simple fix. This idea is known as residual graphs.

Algorithm 5: Better Idea (Residual Graph)
1 f <+ 0;
2 repeat
3 Find an s-t path flow f that is feasible with respect to —f < f < ¢ — f.

1 | fef+f
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The —f(e) can be treated as an edge going in the other direction with capacity f(e). By
convention, an edge in G with f(e) = ¢(e) is called saturated, and we do not include the
edge in Gy. The graph defined above with such capacities is called the residual graph
of f, Gy. Gy is only defined for feasible f, since otherwise the constraint f < c — f gives
trouble.

Suppose we start with a graph having a single edge with capacity 2 and we introduce a flow
of 1 unit.

The residual graph Gy has an edge with capacity 1 going forward and —1 capacity going
forward, but we can treat the latter as +1 capacity going backwards. So it is an edge that
allows you to undo the choice made to send flow along that direction.

&é\ 2— ]_

Let us consider the same example with its residual graph. The original graph is shown in

Figure [T1.6]

Figure 11.6: Original graph GG and an s-t path flow in G shown in orange.

The residual graph for the same is shown in [Figure 11.7
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Figure 11.7: The residual graph w.r.t. the flow from Figure[11.6| and new s-¢ path flow which
is feasible in the residual graph.

Adding both flows together, we get the paths as shown in Figure [I1.8 with value 2, which is

the optimum.
A Vo
N,

/\ W] = 2
e

Figure 11.8: Maximum flow in the graph.

Let’s prove some important properties of residual graphs.

Lemma 11.4.1. Suppose f, f are feasible in G. Then this implies that}’—f (where negative
entries count as flow in opposite direction) is feasible in Gy.

Proof. 0 < f <cand0< j~" < ¢, this implies —f < f — f < ¢ — f. Hence, proved. O]

Lemma 11.4.2. Suppose that f is feasible in G and f is feasible in Gy¢. Then, f +fis
feasible in G.

Proof.0§f§cand—fgfgc—f,thisimpliesogf—i—fgc. m

Lemma 11.4.3. A feasible f is optimal if and only if t is not reachable from s in Gy.

Proof. Let f be optimal, and suppose t is reachable from s in GGy then, we can find a s-t path

flow f that is feasible in Gy, and val(f —I—f') > val(f). f +f is feasible in G by Lemmal11.4.2|
This is a contradiction, as we assumed f was supposed to be optimal.
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Suppose t is not reachable from s in Gy, and f is feasible, but not optimal. Let f* be
optimal, then by Lemma the flow f* — f is feasible in Gy and val(f* — f) > 0. So
there exists a s-t path flow from s to ¢ in G (as we can do a path decomposition of f* — f).
But, this is a contradiction as ¢ is not reachable from s in Gy. O

Theorem 11.4.4 (Max Flow = Min Cut theorem). The mazimum flow in a directed graph
G equals the minimum cut.

Proof. Consider the set S = {vertices reachable from s in G¢}. Note that f saturates the
edge capacities in cut S,V \ S in G: Consider any edge from S to 7 := V \ S in G. Since
this edge does not exist in the residual graph, we must have f(e) = c(e).

Figure 11.9: The cut between vertices reachable from S and everything else in Gy must have
all outgoing edges saturated by f.

This means that

val(f) > cq(S,V'\ 9).

Since we already know the opposite inequality by weak duality, we have shown that
val(f) = ca(S,V'\ 9)
which proves the Max Flow = Min Cut theorem; also called strong duality. O

Remark 11.4.5. Note that this proof also gives an algorithm to compute an s, t-min cut
given an s,t maximum flow f*: Take one side of the cut to be the set S of nodes reachable
from s in the residual graph w.r.t. f*.

Ford-Fulkerson Algorithm.
Algorithm 6: Ford-Fulkerson Algorithm

repeat
‘ Add update by arbitrary s-t path flow in Gy (augment the flow f by the path flow)

Convergence properties and analysis of runtime of Ford-Fulkerson algorithm

e Does this algorithm terminate?
The algorithm terminates if the capacities are integers. However for irrational capaci-
ties the algorithm may not terminate.
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e Does it converge towards the max flow value?
No, it does not converge to max flow value if the updates are poor and the capacities
are irrational.

Lemma 11.4.6. Consider Ford-Fulkerson algorithm with integer capacities. The algorithm
terminates in val(f*) augmentations i.e. O(mval(f*)) time.

Proof. Each iteration increases the flow by at least one unit as the capacities in Gy are
integral and each iteration can be computed in O(m) time. [

Can we do better than this? Suppose we pick the maximum bottleneck capacity (min-
imum capacity along path) augmenting path. This gives an algorithm that is better in some
regimes.

How to pick the maximum bottleneck capacity augmenting path? We are going to perform
a binary search on the capacities in Gy, to find a path with maximum bottleneck capacity.
Each time our binary search has picked a threshold capacity, we then try to find an s-t path
flow in G4 using only edges with capacity above that threshold. If we find a path, the binary
search tries a higher capacity next. If we don’t find a path, the binary search tries a lower
capacity next.

Using this approach, the time to find a single path is O(mlog(n)) where m is number of
edges in the graph. This path must carry at least a % fraction of the total amount of flow

left in G¢. For instance, if F'is the amount of flow left in Gy, then the path must carry %
flow (from the path decomposition lemma, we know that there exists a decomposition into at
most m paths, and the one carrying the most flow must carry at least the average amount).

So if the flow is integral, the algorithms completes when
1\T
(1 - —) val(f*) <1
m
where T is the number of augmentations.
This means

T =mlogF

Total time = O(mlognT)
= O(m?*lognlog F)

< O(m*lognlogmU) as F < mU where U is the maximum capacity

Current state-of-the-art approaches for Max Flow. For the interested reader, we’ll
briefly mention the current state-of-the-art for Maximum Flow algorithms, which is a very
active area of research.
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e Strongly polynomial time algorithm:
— has to work with real valued capacities, then the best time O(mn) by Orlin.

e General integer capacities: For a long time, the state-of-the-art was a result by Gold-
berg and Rao achieving a runtime of O(m min(y/m,n??)log(n)log(U)) where U is
the maximum capacity. Very recently, an algorithm that runs in almost-linear time
m!*T°M log(U) was given (see https://arxiv.org/abs/2203.00671). There are many
other recent results prior to this work that we don’t have time to cover here.
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Chapter 12

Classical Algorithms for Maximum
Flow 11

12.1 Overview

In this chapter we continue looking at classical max flow algorithms. We derive Dinic’s
algorithm which (unlike Ford-Fulkerson) converges in a polynomial number of iterations.
We will also show faster convergence on unit capacity graphs. The setting is the same as
last chapter: we have a directed graph G = (V, E, ¢) with positive capacities on the edges.
Our goal is to solve the maximum flow problem on this graph for a given source s and sink

t#s:

max F st. Bf =Fbg,
F>0.f (12.1)
0<f<ec

12.2 Blocking Flows

Let f be any feasible flow in G and let Gy be its residual graph. Observe that we can
partition the vertices of Gy into ‘layers’: first s itself, then all vertices reachable from s in
one hop, then all vertices reachable in two hops, etc. For each vertex v € V' define its level
in Gy as the length of the shortest path in Gy from s to v, denoted by (g, (v) (or just £(v)
if the graph is clear from context). An edge (u,v) € E can only take you up ‘one level’: if
{(v) > 2+ {(u) this would imply we can find a shorter s-v path by appending (u,v) to the
shortest s-u path. However, edges can ‘drop down’ multiple levels (or be contained in the
same level).

A key strategy in Dinic’s algorithm will be to focus on ‘short” augmenting paths. We can
use the levels we defined above to isolate a subgraph of Gy containing all information we
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Figure 12.1: A blocking flow is not a maximum flow.

need to find shortest paths.

Definition 12.2.1. Call an edge (u,v) admissible if ¢(u) + 1 = ¢(v). Let L be the set of
admissible edges in Gy and define the level graph of Gf to be the subgraph induced by
these edges.

Definition 12.2.2. Define a blocking flow in a residual graph Gy to be a flow f feasible
in Gy, such that f only uses admissible edges. Furthermore we require that for any s-t path
in the level graph of Gy, f saturates at least one edge on this path.

The last condition makes a blocking flow ‘blocking’: it blocks any shortest augmenting path
in Gy by saturating one of its edges. Note however that a blocking flow is not necessarily a
maximum flow in the level graph.

12.3 Dinic’s Algorithm

We can now formulate Dinids algorithm: start with f = 0, and then repeatedly add to f
a blocking flow f in G, until no more s-t paths exist in GYy.

Note that by doing a path decomposition on f' and adding these paths to f one by one, we
see that our algorithm is a ‘special case’ of Ford-Fulkerson (with a particular augmenting
path strategy) and hence inherits all the behaviors/bounds we proved in the last chapter.

Lemma 12.3.1. Let f be a feasible flow, f a blocking flow in Gy and define f' = f —|—f
(think of f and f' to be the flows at some steps k and k + 1 in the algorithm). Then
fo, (t) > fo(t> + 1.

Proof. Let L, L' be the edge sets of the level graphs of G, G respectively. We would now
like to show that dj/(s,t) > 1+ dp(s,t). Let’s first assume that in fact dy/(s,t) < dp(s,t).
Now take a shortest s-t path in the level graph of Gy, say s = vo,v1,...,v4,,(s5) = t. Let
v; be the first vertex along the path such that d/(s,v;) < dp(s,v;). As dp/(s,t) < dp(s,t),
such a v; must exist.

ISometimes also transliterated as Dinitz.
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We'd like to understand the edges in the level graph L'. Let E(Gy) denote the edges of the
Gy, and let rev(L) denote the set of reversed edges of L. The level graph edges of G must
satisfy L' C LUrev(L) U (E(Gf) \ L).

In our s-t path in L', the vertex v; is reached by an edge from v;_;, and the level of v;_; in
Gy is at most the level it receives in Gy so the edge (v;_1,v;) € L skips at least one level
forward in G¢. But, edges in L do not skip a level in Gy, and edges in rev(L) or E(Gy) \ L
do not move from a lower level to higher level in G¢. So this edge cannot exist and we have
reached a contradiction.

Now suppose that dp/(s,t) = dp(s,t). This means there is an s-t path in L' using edges in
L — but such a path must contain an edge saturated by the blocking flow f.

(Note: the reason this path must use only edges in L is similar to the previous case: the
other possible types of edges do not move to higher levels in G at all, making the path too
long if we use any of them.)

So we must have dp/(s,t) > 1+ dp(s,t). O

An immediate corollary of this lemma is the convergence of Dinic’s algorithm:

Theorem 12.3.2. Dinic’s algorithm terminates in O(n) iterations.

Proof. By the previous lemma, the level of ¢ increases by at least one each iteration. A
shortest path can only contain each vertex once (otherwise it would contain a cycle) so the
level of any vertex is never more than n. O]

For graphs with unit capacities (¢ = 1) we can prove even better bounds on the number of
iterations.

Theorem 12.3.3. On unit capacity graphs, Dinic’s algorithm terminates in
@) (min{ml/Q, n2/3})

iteralions.
Proof. We prove the two bounds separately.

1. Suppose we run Dinic’s algorithm for k iterations, obtaining a flow f that is feasible
but not necessarily yet optimal. Let f be an optimal flow in Gy (ie. f + f is a
maximum flow for the whole graph), and consider a path decomposition of f Since
after k iterations any s-t path has length k£ or more, we use up a total capacity of at
least Val(]~c )k across all edges. But the edges in Gy are either edges from the original
graph G or their reversals (but never both) meaning the total capacity of G is at most

m, hence val(f) < m/k.

Recalling our earlier observation that our algorithm is a special case of Ford-Fulkerson,
this implies that our algorithm will terminate after at most another m/k iterations.
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Hence the number of iterations is bounded by k + m/k for any & > 0. Substituting
k = \/m gives the first desired bound.

. Suppose again that we run Dinic’s algorithm for k iterations obtaining a flow f. The
level graph of Gy partitions the vertices into sets D; = {u | (u) = i} for i > 0. As
shown before, the sink ¢ must be at a level of at least k, meaning we have at least this
many non-empty levels starting from Dy = {s}. To simplify, discard all vertices and
levels beyond Dy.

Now, consider choosing a level I uniformly at random from {1,...,k}. Since there are
at most n— 1 vertices in total across these levels, E[|D;|] < (n—1)/k, and by Markov’s
inequality

(n—1)/k 1

Thus strictly more than k/2 of the levels i € {1,...,k} have |D;| < 2n/k and so there
must be two adjacent levels j, 7 + 1 for which this upper bound on the size holds.
There can be at most |D;| - |Dj41| < 4n*/k* edges between these levels, and by the
min-cut max-flow theorem we saw in the previous chapter, this is an upper bound on
the flow in G¢, and hence on the number of iterations still needed for our algorithm to
terminate.

This means the number of iterations is bounded by k + 4n?/k? for any k > 0, which is
O(n?/?) at k = 2n?/3.

12.4 Finding Blocking Flows

What has been missing from our discussion so far is the process of actually finding a blocking
flow. We can achieve this using repeated depth-first search. We repeatedly do a search in the
level graph (so only using edges L) for s-t paths and augment these. We erase edges whose
subtrees have been exhausted and do not contain any augmenting paths to t. Pseudocode
for the algorithm is given below.
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Algorithm 7: FINDBLOCKINGFLOW

f <0

H+ L;

repeat

P« Drs(s, H,t);

if P # () then
Let f be a flow that saturates path P.
fefif A
Remove from H all edges saturated by f.

else
‘ return f;
end

Algorithm 8: Drs(u, H, t)

if u =1t then
‘ return the path P on the dfs-stack.
end
for (u,v) € H do
P« Drs(v, H, t);
if P # () then
‘ return P;
else
| Erase (u,v) from H.
end
end
return (;

Lemma 12.4.1. For general graphs, FINDBLOCKINGFLOW returns a blocking flow in
O(nm) time. Hence Dinic’s algorithm runs in O(n*m) time on general capacity graphs.

Proof. First, consider the amount of work spent pushing edges onto the stack which even-
tually results in augmentation along an s-t path consisting of those edges (i.e. adding flow
along that path). Since each augmenting path saturates at least one edge, we do at most m
augmentations. Each path has length at most n. Thus the total amount of work pushing
these edges to the stack, and removing them from the stack upon augmentation, and deleting
saturated edges, can be bounded by O(mn). Now consider the work spent pushing edges
onto the stack which are later deleted because we “retreat” after not finding an s-t. An edge
can only be pushed onto the stack once in this way, since it is then deleted. So the total
amount spent pushing edges to the stack and deleting them this way is O(m). O

Lemma 12.4.2. For unit capacity graphs, FINDBLOCKINGFLOW returns a blocking flow in
O(m) time. Hence Dinic’s algorithm runs in O (min{mS/Q,an/B‘}) time on unit capacity
graphs.
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Proof. When our depth-first search traverses some edge (u, v), one of two things will happen:
either we find no augmenting path in the subtree of v, leading to the erasure of this edge,
or we find an augmenting path which will necessarily saturate (u,v), again leading to its
erasure. This means each edge will be traversed at most once by the depth-first search. [J

Another interesting bound on the runtime, which we will not prove here, is that Dinic’s
algorithm will run in O (\E\ \/ |V\) time on bipartite matching graphs.

12.5 Minimum Cut as a Linear Program

Finally we show that minimum cut may be formulated as a linear program. For a subset
S C V write cg(S) for the sum of ¢(e) over all edges e = (u,v) that cross the cut, i.e.
u e S,v ¢ S. Note that ‘reverse’ edges are not counted in this cut. The minimum cut
problem asks us to find some S C V such that s € S and ¢t ¢ S such that c¢(S) is minimal.

min ca(S)
st. s€8S (12.2)
t¢ S

We claim this is equivalent to the following minimization problem:

min Z c(e) max {bzm, 0}

zeRY o
sit. z(s) =0 (12.3)
x(t)=1
0<x<1

Recall b, & = z(v) — x(u) for e = (u,v). We can rewrite this as a proper linear program by
introducing extra variables for the maximum:

min c'u
z€RY  ucRE
s.t. b;m =1
0<z<1 (12.4)
u>0
u>B'zx

And, in fact, we’ll also see that we don’t need the constraint 0 < x < 1, leading to the
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following simpler program:

min c'u
z€RV ucRE
T
s.t. bs’ta} =1 (125)
u>0
u> Bz

This last linear program is the dual program to the maximum flow linear program.

Lemma 12.5.1. Programs (12.2), (12.4), and (12.5) have equal optimal values.

Proof. We start by considering equality between optimal values of Program ([12.2]) and Pro-
gram ([12.4)) Let S be an optimal solution to Program ([12.2)) and take = 1y\g. Then x is
a feasible solution to Program ((12.4)) with cost equal to cg(.S).

Conversely, suppose  is an optimal solution to Program (12.4]). Let « be uniform in [0, 1]
and define S = {v € V' | (v) < a}. This is called a threshold cut. We can verify that

Pr e is cut by S] = max{b, z,0}.

and hence E;[cs(5)] is exactly the optimization function of (and hence [12.4). Since at
least one outcome must do as well as the average, there is a subset S C V achieving this
value (or less).

We can use the same threshold cut to show that we can round a solution to Program ((12.5))
to an equal or smaller value cut feasible for Program ([12.2). The only difference is that in
this case, we get

Pr[e is cut by S] < max{b,/ z,0}

which is still sufficient. O
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Chapter 13

The Cut-Matching (Game: Expanders
via Max Flow

In this chapter, we learn about a new algorithm to compute expanders that employs max
flow as a subroutine.

13.1 Introduction

We start with a review of expanders where make a subtle change the notion of an expander
in comparison to chapter 7| to ease the exposition.

Definitions. We let G = (V| E) be an unweighted, connected graph in this chapter, and
let d be the degree vector, E(S,V \ S) denote the set of edges crossing the cut A, B

Given set ) € S C V, then we define the sparsity ¢ (S5) of S by

[E(S,V\ S
min{|SY, [V\ 5[}

¥(5) =

Note that sparsity ¢ (S) differs from conductance ¢(S5) = min{V'OElg’)VV\cf()“/\S)}, as defined in

[7 in the denominator. It is straight-forward to see that in a connected graph 1(S) > ¢(9)
for all S.

Clearly, we again have ¥(S) = (V' \ S). We define the sparsity of a graph G by ¥(G) =
mingcscy ¥(S). For any ¢ € (0,n], we say a graph G is a ¢-expander with regard to sparsity,
if 1)(G) > 1. When the context is clear, we simply say that G is a -expander.

The Main Result. The main result of this chapter is the following theorem.
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Theorem 13.1.1. There is an algorithm SPARSITYCERTIFYORCUT(G,)) that given a
graph G and a parameter 0 < ¢ <1 either:

e Certifies that G is a Q(1p/ log® n)-expander with regard to sparsity, or

e Presents a cut S such that ¥(S) < O(v).

The algorithm runs in time O(log®n) - Trnaz_fiow(G) + é(m) where Trnaz_fiow(G) is the time
it takes to solve a Max Flow problem on Gff]

The bounds above can further be extended to compute ¢-expanders (with regard to conduc-
tance). Using current state-of-the-art Max Flow results, the above problem can be solved in
m!°M) time (see [7]).

13.2 Embedding Graphs into Expanders

Let us start by exploring the first key idea behind the algorithm. We therefore need a
definition of what it means to embed one graph into another.

Definition of Embedding. Given graphs H and G that are defined over the same vertex
set, then we say that a function EMBED y—s¢ is an embedding if it maps each edge (u,v) € H
to a u-to-v path P,, = EMBEDy—¢(u,v) in G.

H

Figure 13.1: In this example the red edge (u,v) in H is mapped to the red u-to-v path in G.

!Technically, we will solve problems with two additional vertices and n additional edges but this will not
change the run-time of any known max-flow algorithm asymptotically.
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10

We say that the congestion of EMBED 3¢ is the maximum number of times that any edge
e € F(G) appears on any embedding path:

cong(EMBEDy—q) = max, |{e' € E(H) | e € EMBEDy—¢(€e')}|.

Certifying Expander Graphs via Embeddings. Let us next prove the following lemma
that is often consider Folklore.

Lemma 13.2.1. Given a %—expander graph H and an embedding of H into G with congestion
C, then G must be an ) (%)—expander.

Proof. Consider any cut (S, V'\S) with |S| < |V'\S|. Since H is a i-expander, we have that
|Eg(S,V\S)| > |5]|/2. We also know by the embedding of H into G, that for each edge
(u,v) € Eg(S,V '\ S), we can find path a P,, in G that also has to cross the cut (5, V '\ )
at least once. But since each edge in G is on at most C' such paths, we can conclude that at
least |Ey(S,V'\ S)|/C >|S|/2C edges in G cross the cut (S,V \ S). O

Unfortunately, the reverse of the above lemma is not true, i.e. even if there exists no
embedding from 1/2-expander H into G of congestion C, then G might still be an 2 (%)—
expander.

13.3 The Cut-Matching Algorithm

Although there are still some missing pieces, let us next discuss the algorithm [9 The
algorithm runs for 7" iterations where we will later find that the right value to set T" to is in

O(log” n).

Algorithm 9: SPARSITYCERTIFYORCUT(G, 1))

fori=1,2,...,T do
(S, S;) + FINDBIPARTITION(G, { My, My, ..., M;}); // Assume |S| =S| =n/2
Solve the flow problem on G where each vertex e € E receives capacity c(e) = 1/
and the demand at each edge v € S is +1 and for each v € S is —1, by introducing
a super-source s and super-sink t;
if flow procedure returns a flow f with val(f) =n/2 then
Remove s,t to derive S-S flow; then decompose flow f into flow paths
P, Py, ..., Pys;
Create a matching M; where for each s-to-s flow path P;, we add (s,s) to M;.
else

Let (X U{s}, (V' \ X)U{t}) be the st-minimum cut in the above flow problem.
| return (X,V\ X)

return H = J, M;
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a % O
b
/ 7 00
Figure 13.2: Illustration of the steps of the Algorithm. In a), a bi-partition of V' is found.
In b), the bi-partition is used to obtain a flow problem where we inject one unit of flow to
each vertex in S via super-source s and extract one unit via super-sink t. ¢) A path flow

decomposition. For each path, the first vertex is in S and the last vertex in S. d) We find
M; to be the one-to-one matching between endpoints in .S and S defined by the path flows.

Beginning of an Iteration. In each iteration of the algorithm, we first invoke a sub-
procedure FINDBIPARTITION(:) that returns a cut (S, S) (where S = V' \ S) that partitions
the vertex set into two equal-sized sides. Here, we implicitly assume that the number of
vertices n is even which is w.l.o.g.

Next, the algorithm creates a flow problem where each vertex s € S has to send exactly one
unit of flow and each vertex s € S has to receive exactly one unit of low. We therefore
introduce dummy nodes s and ¢, add for each vertex v € S an edge of capacity 1 between
s and v; and for each vertex v € S and edge between ¢ and v of capacity 1. We set the
capacity of edges in the original graph G to 1/ (which we assume wlog to be integer).

The If Statement. If the flow problem can be solved exactly, then we can find a path
decomposition of the flow f in O(m) time (for example using a DFS) where each path starts
in S ends in S and carries one unit of ﬂo This defines a one-to-one correspondence
between the vertices in S and the vertices in S. We capture this correspondences in the
matching M;. We will later prove the following lemma.

Lemma 13.3.1. If the algorithm returns after constructing T matchings, for an appropri-
ately chosen T = O(log®n), then the graph H returned by the algorithm is a %—eajpander and
H can be embedded into G with congestion O(log®n/1).

2For simplicity, assume that the returned flow is integral.
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The Else Statement. On the other hand, if the flow problem on G could not be solved,
then we return the min-cut of the flow problem. Such a cut can be found in O(m) time by
using the above reduction to an s-t flow problem on which one can compute maximum flow
f from which the s-t min-cut can be constructed by following the construction in the proof

of Theorem [M1.4.41

It turns out that this min-cut already is a sparse cut by the way our flow problem is defined.

Lemma 13.3.2. If the algorithm terminates with a cut (X,V \ X), then (X) = O(¥).

Proof. Let Xy = X' U {5}, X, = (V\ X)U{t}. First observe that since the flow was not
routed, and (X;, X) is an st-min cut for this flow problem, we have that ¢(Eq(X X;) < n/2
(otherwise we could have routed the demands).

Let ng be the number of edges incident to the super-source s that cross the cut (Xs,ys).
Let n; be the number of edges incident to ¢ that cross the cut (X, X5).

Figure 13.3: Set X, is enclosed by the orange circle. The thick orange edges are in the cut
and incident to super-source s. Thus they count towards ns. Here ng = 2,n, = 0. Note that
all remaining edges in the cut are black, i.e. were originally in G' and therefore have capacity

1/9.

Observe that after taking away the vertices s and ¢, the cut (X, V' \ X) has less than n/2 —
ns — n; capacity. But each remaining edge has capacity 1/1, so the total number of edges
in the cut can be at most ¢ - (n/2 —ns —n,). Since X = X\ {s} is of size at least n/2 —ny,
and V \ X = X, \ {t} is of size at least n/2 — n;, we have that the induced cut in G has

V- (n/2 —ng—ny)

V(&) < min{n/2 —ng,n/2 —n}

< 1.
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13.4 Constructing an Expander via Random Walks

Next, we give the implementation and analysis for the procedure FINDBIPARTITION(+). We
start however by giving some more preliminaries.

Random Walk on Matchings. Let {M;, Ms,..., My} be the set of matchings we com-
pute (if we never find a cut). In the i?*-step of the lazy random walk, we let the mass at
each vertex j stay put with probability 1/2, and otherwise traverses the edge in matching
M; incident to j with probability 1/2.

We let Pz‘m denote the probability that a particle that started at vertex j is at vertex i
after a t-step lazy random walk. We let pt = [p!_,; p5_,, ... pl_,;]. Note that for each edge
(7,7) € Myy1, we have that
1 1
t+1 t+1
ptY :§P§+§P§:P§-+ )

We define the projection matrix TI' = [p}, p,...,pt]" that maps an initial probability
distribution d to the probability distribution over the vertices that the random walk visits
them at step t. You will prove in the exercises that IT* is doubly-stochastic.

We say that a lazy random walk is mizing at step ¢, if for each i, 7, p}_; > 1/(2n).

Lemma 13.4.1. If t-step lazy random walk is mixing, then H = Uz‘gt M; is a %—expander.

Proof. Consider any cut (S,S) with |S| < |S|. It is convenient to think about the random
walks in terms of probability mass that is moved around. Observe that each vertex j € S
has to push at least 1/(2n) units of mass from j to ¢ (by definition of mixing).

S

S

VJ‘

4
> =
Senese e

f-rDF“ b;eﬂ-g waSs

/
Epas o [ty [Ty

Figure 13.4: Each vertex j € S sends at least 1/(2n) probability mass to i (red arrow).
But in order to transport it, it does have to push the mass through edges in the matchings
My, M, ..., M, that cross the cut.

Clearly, to move the mass from S to S it has to use the matching edges that also cross the
cut.
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Now observe that since there are > n/2 vertices in S, and each of them has to push > 1/(2n)
mass to i, the total amount of probability mass pushed through the cut for 7 is > 1/4. Since
there are |S| such vertices 7, the total amount of mass that has to cross the cut is > |S|/4.
But note, that after each step of the random walk, the total probability mass at each vertex
is exactly 1. Thus, at each step ¢ < ¢, each edge in M; crossing the cut can push at most
1/2 units of probability mass over the cut (and thereafter the edge is gone).

It follows that there must be at least |S|/2 edges in the matchings M;, My, ... M,;. But this
implies that H = U; M, is a %—expander. O]

Implementing FindBiPartition(-). We can now give away the implementation of
FINDBIPARTITION(-) which you can find below.

Algorithm 10: FINDBIPARTITION(G, { M1, My, ..., M;})

Choose random n-dimensional vector r orthogonal to 1.;

Compute vector u = IT'r, i.e. each u(i) = p! - r;

Let S be the n/2 smallest vertices w.r.t. u; and S be the n/2 largest w.r.t u (ties
broken arbitrarily but consistently).;

return (S, S)

The central claim, we want to prove is the following: given a potential function for the
random walk at step ¢

o' =>(pl ., —1/n)*=>_|p!—1/n3

]

Claim 13.4.2. In the algorithm SPARSITYCERTIFYORCUT(-), we have E[®* — d(t+D)] =
Q(®!/logn) — O(1/n°). Further, we have that ® — @+ is always non-negative. The
expectation is over the random vector r chosen in the current round.

Corollary 13.4.3. For  appropriate T = O(log? n), the  algorithm
SPARSITYCERTIFYORCUT(-) has @7V < 4/n? w.h.p. (i.e. with probability > 1 —1/n).

To obtain the Corollary, one needs to be slightly careful. We set up a sequence of random
variables X', X2,..., XT+D where each X(+) = (&' — d**+1)/dt ie. each such variable
measure the multiplicative decrease in potential. Note that X' € [0,1] for each variable
and E[X'] = Q(1/logn) + O(1/n®). Assume first (incorrectly) that the variables X' are
independent. Then, we could use a Chernoff bound for T' = ©(log?n) with a large hidden
constant to obtain that >, X* > 5logn whp. But note that this implies that ®7+! =
(TLA—XY) @ < ([, e") - @° = e~ 2¢X" . @° < n~°¢°. Finally, since the expectation
is only over the current r in each round and we choose these independently at random, one
has that while the variables X' are not independent that one can observe a Martingale and
apply Azuma’s Inequality to recover the same guarantees as via a Chernoff bound (up to
constant factors which can be compensated by increasing 7" slightly).
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We further observe that this implies that {M;, My, ..., My} is mixing (otherwise, the con-
tribution of the violating coordinate p? ,; would contribute > 1/(2n)? to the potential, but
all terms are non-negative), and thereby we conclude the proof of our main theorem.

Let us now give the prove of Claim [13.4.2

Interpreting the Potential Drop. Let us start by writing out the amount by which the
potential decreases

(t+1)
i+ Z\Ipz—l/nﬂz ZH W 1/nll3

Considering now matching M, 1, and an edge (i,j) € M;,1. We can re-write the former sum
as 3, Pt —1/nll3 = X2 syem,, IPE = 1/nl3 + [[pf — 1/n|13 as each vertex occurs as exactly
one endpoint of a matching edge. We can do the same for the ¢t + 1- step walk probabilities.
Further, recall that for (i,j) € M1, we have pgtﬂ) = p§t+1) pﬁp] . Thus,

t+1 t+1
o' — ot = N |pl—1/n|3 + ||p5 — 1/nl3 — [pY — 1/n3 - Hp§- U _1/n2

(,5)EMi41

= S gt = 1/t g} — 1/nl 2\

(4,5) €My 41

pﬂrpj

Finally, we can use the formula ||z||3 + [|y|3 — 2/|(z + y)/2[3 = 3]z — y||3 term-wise to
derive

. 1
o -2 =2 S (el -1/~ (ph-YmlE=5 Y el - Pl

(4,5)€EMi41 (1,5)EMi41

The potential thus drops by a lot if vertices i and j are matched where p! and pt differ
starkly. Note that this equality implies directly the remark in our claim that ®f — qD(tH) is
non-negative.

Understanding the Random Projection. Next, we want to further lower bound the
potential drop using the random vector w. This intuitively helps a lot in our analysis since
we are matching vertices 7,7 with high value (i) and low value w(j) (or vice versa). We
will show that (w.p. > 1—n"3)

1 n—1 . .
o' — UHY = 5 Z Ip; — P;Hg = m Z | (i) — u(5)]*. (13.1)

(i»j)eMi+1 (Z7j)€Mt+1

We prove this claim again term-wise, showing that for each pair of vertices 7,7 € V', we have
||p§ —pEH% > & logn|u( i) — w(j)|* w.h.p. It will then suffice to talk a union bound over all
pairs i, j.
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To this end, let us make the following observations: since w(i) = p!- r, we have that
u(i) — u(j) = (p; — pj) - v by linearity. Also note that since y_; p’, ,; = 1 for all i (since IT*
is doubly-stochastic), we further have that the projection (pj — p%) is orthogonal to 1.

We can now use the following statement about random vector r to argue about the effect of
projecting (p; — pj}) onto 7. Below, we note that we have d = n — 1 since r is chosen from
the (n — 1)-dimensional space orthogonal to 1.

Theorem 13.4.4 (sce for example [?] or any lecture notes on Johnson-Lindenstrauss). If y
is a vector of length ¢ in R, and r a unit random vector in R%, then

« E[(y"r)Y] =5, and

o for x < d/16, then P[(y r)? > xf?/d] < e~/
This allows us to pick x = 32 - logn, and we then we obtain that

P |((p; —p}) - r)* >

—pil3| <etEr =n"" (13.2)

3210gn|| ;
1P

Multiplying both sides of the event by (n — 1)/(64logn), we derive the claimed Inequality
(13.1). We can further union bound over the n/2 matching pairs to all satisfy this bound
with probability > 1 —n~7, as desired.

Relating to the Lengths of the Projections. Let i = maxes u(i), then we have by
definition that u(i) < p < wu(j) foralli e S,j € S.

Now we can write

n—1 ) .
o' — U > 64 logn Z lu(i) — u(j))?
(4,)EMi41

> (uli) = p)? + (ulj) — p)?

(,5)EMy 11

n—1 .
= 51 Toam > (i) — p)?
&N ey

n—1
:64-10gn (; el Z +n,u>

eV

n—1
~ 64-logn

by standard calculations. We then observe that Y . u(i) = >, pl-r =1-r = 0 by the
fact that IT! is doubly-stochastic and since 7 is orthogonal to the all-ones vector. We can
therefore conclude

n—1 n—1
2_2 _— 2. 13.
64 - logn (;u s Zu +nu> 64 lognzu(z) (13.3)
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Taking the Expectation. Then, from the second fact of Theorem [13.4.4] we obtain that

E Y u(i ] > E[u(i)’] =) E[(p}-r)’] =D E[(pl—1/n)-r)’] (13.4)
eV eV eV eV
el —1/n|3 2

where we used again that r is orthogonal to 1.

Unfortunately, we cannot directly use this expectation since we already conditioned on the
high probability events in Equation (13.2). But a simple trick allows us to recover: Let &
denote the union of all of these events. We have by the law of total expectation

Zu(z'f] - E > u(i) Zu(z’)2|8]

eV eV eV

E PiE] - E

But note that E [>°,,, w(i)?|€] has to be smaller than n because Y, u(i)? = >, (p! -
r)? < n with probability 1 (because each p! is a unit vector). Recall that we calculated
P[€] < n~ 7. Thus, we can conclude that E [>°,., u(i)?=€] > 25 —nS.

It remains to combine our insights to conclude

n—1 P! _ _
E[®! — dUHD|-¢g] > 61 Togn (n— 7" 6) = Q(®"/logn) — O(1/n~?).

Since again the event £ occurs with very low probability, and since ®* — ®'*! is non-negative
always, we can then conclude that in unconditionally, in expectation, the potential decreases
by Q(®'/logn) — O(1/n?).
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Part 1V

Further Topics in Convex
Optimization
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Chapter 14

Separating Hyperplanes, Lagrange
Multipliers, KKT Conditions, and
Convex Duality

14.1 Overview

First part of this chapter introduces the concept of a separating hyperplane of two sets
followed by a proof that for two closed, convex and disjoint sets a separating hyperplane
always exists. This is a variant of the more general separating hyperplane theoremE] due to
Minkowski. Then Lagrange multipliers x, s of a convex optimization problem

min £(y)
Yy
st. Ay=2>
(y) <0

are introduced and with that, the Lagrangian
L(y,z,s)=E(y) + ' (b— Ay) + s c(y)
is defined. Finally, we deal with the dual problem

3%, M9

where L(z,s) = min, L(y,x,s). We show weak duality, i.e. L(y,x,s) < £(y) and that
assuming Slater’s condition the values of both the primal and dual is equal, which is referred
to as strong duality.

"Wikipedia is good on this: https://en.wikipedia.org/wiki/Hyperplane_separation_theorem
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14.2 Separating Hyperplane Theorem

Suppose we have two convex subsets A, B C R" that are disjoint (AU B = )). We wish to
show that there will always be a (hyper-)plane H that separates these two sets, i.e. A lies
on one side, and B on the other side of H.

So what exactly do we mean by Hyperplane? Let’s define it.

Definition 14.2.1 (Hyperplane). A hyperplane H of dimension n is the subset H := {x €
R": (n,x) = p}. We say H has normal n € R" and threshold p. It is required that n # 0.

Every hyperplane divides R™ into two halfspaces {x : (v,z) > u} and {x : (v,z) <
w}. It separates two sets, if they lie in different halfspaces. We formally define separating
hyperplane as follows.

Definition 14.2.2 (Separating Hyperplane). We say a hyperplane H separates two sets
A, B iff

Vac A:(n,a) > p
Vbe B:(n,b)<u
If we replace > with > and < with < we say H strictly separates A and B.

It is easy to see that there exists disjoint non-convex sets that can not be separated by a
hyperplane (e.g. a point cannot be separated from a ring around it). But can two disjoint
convex sets always be strictly separated by a hyperplane? The answer is no: consider the
two-dimensional case depicted in with A = {(z,y) : * < 0} and B = {(z,y) :
x> 0andy > %} Clearly they are disjoint; however the only separating hyperplane is
H = {(z,y) : « = 0} but it intersects A.

One can prove that there exists a non-strictly separating hyperplane for any two disjoint
convex sets. We will prove that if we further require A,B to be closed and bounded, then a
strictly separating hyperplane always exists. (Note in the example above how our choice of
B is not bounded.)

Theorem 14.2.3 (Separating Hyperplane Theorem; closed, bounded sets). For two closed,
bounded, and disjoint convexr sets A, B € R" there exists a strictly separating hyperplane H .
One such hyperplane is given by normal n = d — ¢ and threshold p = %(HdH; - ||c||§),
where ¢ € A, d € B are the minimizers of the distance between A and B

dist(A, B) = rEian la —b|, > 0.
acAbe

Proof. We omit the proof that dist(A, B) = mingeapep @ — bl|, > 0, which follows from
A, B being disjoint, closed, and bounded. Now, we want to show that (n,b) > p for all
b € B; then (n,a) < p for all a € A follows by symmetry. Observe that

152



< r'; r__ﬂf E/jg_

D2 ls). o]

Figure 14.1: The sets A = {(z,y) : 2 <0} and B = {(z,y) : > 0 and y > =} only permit
a non-strictly separating hyperplane.

(n,d) —p=(d—cd)—(ldll; ~llc[)

1 1
2 T 2 2
=l —d e — S dl3+ 5 el

N | —

1
=5 lld—ecl;>0.

So suppose there exists uw € B such that (n,u) —pu < 0. We now look at the line defined by
the distance minimizer d and the point on the “wrong side” w. Define b(\) = d + \(u — d),
and take the derivative of the distance between b(\) and e. Evaluated at A = 0 (which is
when b(\) = d), this yields

d
aﬂum—q@ =2(d—-Md+ u—cu—d)|,_,=2(d—c,u—d).
A=0

However, this would imply that the gradient is strictly negative since
(n,u) —p=(d—c,u)y—(d—c,d)+(d—c,d)—p
= (d—cu—d)+ |d]}~ (e d) — 5 dI+ el
~(d—cou—d)+d—cl} <0

This contradicts the minimality of d and thus concludes this proof. O

153



A more general separating hyperplane theorem holds even when the sets are not closed and

bounded:

Theorem 14.2.4 (Separating Hyperplane Theorem). Given two disjoint convex sets A, B €
R™ there exists a hyperplane H separating them.

14.3 Lagrange Multipliers and Duality of Convex
Problems

In this Section, we’ll learn about Langrange Multipliers and how they lead to convex duality.
But first, let’s see an example to help illustrate where these ideas come from.

Imagine you were to prove that for all z € R"™ we have [|z||, < n? e |||, for some 1 < p < 2;.
We can look at this as optimizing max, [|z||, subject to [z[|, being constant, e.g. simply
|z|l, = 1. Similarly, we could also compute max,2_, [[z[}. Then the statement above
follows from a scaling argument.

x(2)

Figure 14.2: Looking at fixed |z|[, = o and |||, = 1. (Here, p = 1.5.)

If we move from z to £+ with & | V, ||z||; and § £ V, |||} means that for infinitesimally
small & the 2-norm stays constant but the p-norm changes. That means for either & — § or
x + 6 the p-norm increases while the 2-norm stays constant. Hence at the maximum of ||z,
the gradients of both norms have to be parallel, i.e.

V. (el = Allzl3) = 0.

This insight is the core idea of Lagrange multipliers (in this case \). Note that once we know
this, we can conclude that there exists a maximizer where = alg, i.e. « is the indicator
of some set S, because otherwise the gradients cannot be parallel. Finally, we can argue
that among such vectors, the maximum gap between ||, and [|z||, arises when = = 1.
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We caution that the whole argument is rather informal and it takes some work to make it
formal.

Note that here the problem is not convex, because {z : ||#||> = 1} is not convex and because
we are asking to mazimize a norm. In the following we will study Lagrange multipliers for
general convex problems.

14.3.1 Karush-Kuhn Tucker Optimality Conditions for Convex
Problems

A full formal treament of convex duality would require us to be more careful about using
inf and sup in place of min and max, as well as considering problems that have no feasible
solutions. Today, we’ll ignore these concerns.

Let us consider a general convex optimization problem with convex objective, linear equality
constraints and convex inequality constraints

min £(y) (14.1)
st. Ay=0>
c(y) <0,

where E(y) : S — R is defined on a convex subset S C R", A € R™" and ¢(y) is a
vector of constraints ¢(y) = (¢;(y));c- For every i € [k] the function ¢; : S — R should
be convex, which implies the sublevel set {y : ¢;(y) < 0} is convex. Given a solution y, we
say an inequality constraint is tight at y if ¢;(y) = 0. In the following we will denote by
a* = &(y*) the optimal value of this program where y* is a minimizer.

We will call this the primal program — and later we will see that we can associate another
related convex program with any such convex program — and we will call this second program
the dual program.

Definition 14.3.1 (Primal feasibility). We say that y € S is primal feasible if all constraints
are satisfied, i.e. Ay = b and ¢(y) < 0.

Now, as we did in our example with the 2- and p-norms, we will try to understand the
relationship between the gradient of the objective function and of the constraint functions
at an optimal solution y*.

An (not quite true!) intuition. Suppose y* is an optimal solution to the convex program
above. Let us additionally suppose that y* is not on the boundary of S. Then, generally
speaking, because we are at a constrained minimum of £(y*), we must have that for any
infinitesimal & s.t. y* + & is also feasible, ' VE(y*) > 0, i.e. the infinitesimal does not
decrease the objective. We can also view this as saying that if 6" VE(y*) < 0, the update
must be infeasible. But what kind of updates will make y* + § infeasible? This will be true
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if ajT(S # 0 for some linear constraint j or, roughly speaking, Ve;(y*)"d # 0 for some tight
inequality constraint. But, if this is true for all directions that have a negative inner product
with VE(y*), then we must have that —VE(y*) can be written as a linear combination of a;,
i.e. gradients of the linear constraint, and of gradients V¢;(y*) of tight inequality constraints,
and furthermore the cofficients of the gradients of these tight inequality constraints must be
positive, so that moving along this direction will increase the function value and violate the
constraint.

To recap, given cofficients z € R™ and s € R¥ with s(i) > 0 if ¢;(y*) = 0, and s(i) = 0
otherwise, we should be able to write

~V,E(y) =D x(j)a; + Z (i) Vei(y (14.2)

J

Note that since y* is feasible, and hence ¢(y*) < 0, we can write the condition that s(i) > 0
if ¢;(y*) = 0, and s(i) = 0 otherwise, in a very slick way: namely as s > 0 and s' ¢(y*) = 0.
Traditionally, the variables in s are called slack variables, because of this, i.e. they are
non-zero only if there is no slack in the constraint. This condition has a fancy name: when
s'c(y) = 0 for some feasible y and s > 0, we say that y and s satisfy complementary
slackness. We will think of the vectors s and « as variables that help us prove optimality of

a current solution y, and we call them dual variables.

Definition 14.3.2 (Dual feasibility). We say (x, s) is dual feasible if s > 0. If additionally
y is primal feasible, we say (y, x, s) is primal-dual feasible.

Now, we have essentially argued that at any optimal solution y*, we must have that com-
plementary slackness holds, and that Equation holds for some x and some s > 0.
However, while this intuitive explanation is largely correct, it turns out that it can fail for
technical reasons in some weird situationf]. Nonetheless, under some mild conditions, it
is indeed true that the conditions we argued for above must hold at any optimal solution.
These conditions have a name: The Karush-Kuhn-Tucker Conditions. For convenience, we
will state the conditions using Ve¢(y) to denote the matrix whose ith column is given by
Ve;(y). This is sometimes called the Jacobian of c.

Definition 14.3.3 (The Karush-Kuhn-Tucker (KKT) Conditions). Given a convex opti-
mization problem of form (14.1)) where the domain S is open. Suppose y, x, s satisfy the
following conditions:

2Consider the following single-variable optimization problem
min x
zER
st.z? =0.

This has only a single feasible point = 0, which must then be optimal. But at this point, the gradient of
the constraint function is zero, while the gradient of the objective is non-zero. Thus our informal reasoning
breaks down, because there exists an infeasible direction § we can move along where the constraint function
grows, but at a rate of O(5?).

156



e Ay="band ¢c(y) <0 (primal feasibility)
e s>0 (dual feasibility)
e V,E(y) + ATz +Ve(y)s=0 (KKT gradient condition, i.e. Eq. restated)
e s(i)-c;(y)=0forall: (complementary slackness)

Then we say that y,x, s satisfy the Karush-Kuhn-Tucker (KKT) conditions. Note that
because of primal-dual feasibility, we can also write complementary slackness as s” ¢(y) = 0.

Note that we tried to informally argued that the KKT conditions must hold at an op-
timality solution (i.e. KKT is necessary for optimality), but this is not quite true
without additional assumptions, as shown by our simple counter-example mingcp ,2< .
On the other hand, it turns out that KKT is always sufficient for optimality, i.e.
‘KKT at (y,z,s) = ‘y is optimal’ — as we will prove shortly (Theorem [14.3.12).

14.3.2 Slater’s Condition

There exists many different mild technical conditions under which the KKT conditions do
indeed hold at any optimal solution y. The simplest and most useful is probably Slater’s
condition.

Definition 14.3.4 (Slater’s condition with full domain). A (primal) problem as defined in
(14.1) with S = R™ fulfills Slater’s condition if there exists a strictly feasible point, i.e. there
exists ¥ s.t. Ay = b and ¢(y) < 0. This means that the strictly feasible point g lies strictly
inside the set {y : ¢(y) < 0} defined by the inequality constraints.

One way to think about Slater’s condition is that your inequality constraints should not
restrict the solution space to be lower-dimensional. This is a degenerate case as the sublevel
sets of the inequality constraints are generically full-dimensional and you want to avoid this
degenerate case.

We can also extend Slater’s condition to the case when the domain S is an open set. To
extend Slater’s condition to this case, we need the notion of a “relative interior”.

Definition 14.3.5 (Relative interior). Given a convex set S C R", the relative interior of

S is
relint(S) = {x € S : for all y € S there exists € > 0 such that * £ e(y —x) € S}.

In other words, x € relint(.S) if starting at € S we can move “away” from any y € S by a
little and still be in S. As an example, suppose S = {(s,t) € R? such that s > 0 and ¢ = 0}.
Then (0,0) € S but (0,0) & relint(S), while (1,0) € relint(S5).

Now, we can state a more general version of Slater’s condition.
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Definition 14.3.6 (Slater’s condition). A (primal) problem as defined in fulfills
Slater’s condition if there exists a strictly feasible point g € relint(S). We require Ay = b
and ¢(g) < 0. This means that the strictly feasible point ¢ lies strictly inside the set
{y : ¢(y) < 0} defined by the inequality constraints.

Finally, we end with a proposition that tells us that given Slater’s condition, the KKT are
indeed necessary for optimality of our convex programs.

Proposition 14.3.7 (Given Slater’s condition, KKT is necessary for optimality, i.e.
optimal solution = KKT. ). Consider a convex program in the form that satisfies
Slater’s condition and has an open set S as its domain. Suppose y is a primal optimal
(feasible) solution, then y, x, s satisfy the KKT conditions.

We will prove this proposition later, after developing some tools we will use in the proof. In
fact, we will also see later that assuming Slater’s condition, the KKT conditions are sufficient
for optimality.

14.3.3 The Lagrangian and The Dual Program

Notice that we can also rewrite the KK'T gradient condition as

Vy |[E(y)+zT(b—Ay)+s'c(y)| =0

(. /
'

Q)

That is, we can write this condition as the gradient of the quantity (x) is zero. But what is
this quantity (x)? We call it the Lagrangian of the program.

Definition 14.3.8. Given a convex program (|14.1)), we define the Lagrangian of the program
as
L(y,z,s) = E(y) +z' (b~ Ay) + s c(y).

We can think of x as assigning a price to violating the linear constraints, and of s as assigning
a price to violating the inequality constraints. The KK'T gradient condition tells us that at
the given prices, the there is no benefit gained from locally violating the constraints — i.e.
changing the primal solution y would not improve the cost.

Notice that if y, , s are primal-dual feasible, then

E(y) =E(y)+ =" (b— Ay) asb— Ay = 0.
>E(y)+z"(b— Ay) +s'c(y) as ¢(y) <0 and s > 0.
= L(y,x,s) (14.3)

Thus, for primal-dual feasible variables, the Lagrangian is always a lower bound on the
objective value.
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The primal problem can be written in terms of the Lagrangian.

" = min max L(y, z, s) (14.4)
y x;8>0
This is because for a minimizing y all constraints have to be satisfied and the Lagrangian
simplifies to L(y,z,s) = E(y). If Ax — b = 0 was violated, making x large sends
L(y,z,s) — oco. And if ¢(y) < 0 is violated, we can make L(y,x,s) — oo by choos-
ing large s.

Note that we require s > 0, as we only want to penalize the violation of the inequality
constraints in one direction, i.e. when ¢(y) > 0.

We also define a Lagrangian only in terms of the dual variables by minimizing over y as

L(xz,s) =min L(y, x, s).
Yy

When s > 0, we have that L(y, x, s) is a convex function of y. For each y, the Lagrangian
L(y,x,s) is linear in (x,s) and hence also concave in them. Hence L(x, s) is a concave
function, because it is the pointwise minimum (over ), of a collection of concave functions
in (x,s).

L(x, s) is defined by minimizing L(y,x,s) over y, i.e. what is the worst case value of
the lower bound L(y, x, s) across all y. We can think of this as computing how good the
given “prices” are at approximately enforcing the constraints. This naturally leads to a new
optimization problem: How can we choose our prices , s to get the best (highest) possible
lower bound?

Definition 14.3.9 (Dual problem). We define the dual problem as

H%,asxm;n L(y,xz,s) = max L(z,s) (14.5)
5>0 s>0

and denote the optimal dual value by 5*.

The dual problem is really a convex optimization problem in disguise, because we can flip the
sign of —L(x, 8) to get a convex function and minimizing this is equivalent to maximizing
L(z,s).

max L(x,s) = —min—L(z, s)

T,s T,s

s>0 s>0

When « and s are optimal for the dual program, we say they are dual optimal. And for
convenience, when we also have a primal optimal y, altogether, we will say that (y,x, s)
are primal-dual optimal.

For any primal-dual feasible y, x,s we have L(y,xz,s) < £(y) (see Equation (14.3))) and
hence also L(x, s) = min, L(y, z,s) < E(y).

In other words max,.s>0 L(x, s) = * < o*. This is referred to as weak duality.

Using the forms in Equations (14.5) and (14.4)), we can also state this as
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Theorem 14.3.10 (The Weak Duality Theorem). For any convex program (14.5) and its
dual, we have

o = min max L(y, z,s) > max min L(y, x, s) = 5"
y x;82>0 xz;s>0 y

14.3.4 Strong Duality and KKT

So now that we have proved weak duality /* < o, what is strong duality? * = o*? The

answer is yes, but strong duality only holds under some conditions. Again, a simple sufficient
condition is Slater’s condition (Definition (14.3.6]).

Theorem 14.3.11. For a program (14.1)) satisfying Slater’s condition, strong duality holds,
i.e. af = pB*. In other words, the optimal value of the primal problem o is equal to the
optimal value of the dual.

Note that at primal optimal y* and dual optimal x*, s*, we have
o =E&(y") > L(y*,x*,s%) > " =a".

Thus, we can conclude that L(y*, *, s*) = o* = §*.

KKT is sufficient for optimality. We introduced the KKT conditions by informally
thinking about conditions that should be true at a local extremum. In fact, for convex
problems (with sufficient differentiability), the KKT conditions are sufficient for optimality,
as the next theorem shows. As a bonus, we also get strong duality when they hold.

Theorem 14.3.12. Consider a convex program (14.1) with an open domain set S. Then if
the KK'T conditions hold at (y, &, 8), they must be primal-dual optimal, and strong duality
must hold.

Proof. g is global minimizer of y — L(y, &, §), since this function is convex with vanishing
gradient at y. Hence,

L(§.#,5) = inf L(y, 3,5) = L(#,5) < "
Y

On the other hand, due to primal feasibility and complementary slackness,
L(g.%3) =EF) +& (b-ATg) +5 c(y) =E(F) > a”.

Thus, 8* > «o*. But also * < o* by weak duality. Therefore, f* = o* and ¥y, x,s are
primal /dual optimal. O
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When strong duality holds, KKT is necessary for optimality. When strong duality
holds, the KKT conditions must necessarily hold at any optimal solution.

Consider a convex program ([14.1)) with an open set S as its domain. Suppose y* is an
optimizer of the primal problem and x*, s* for the dual, and suppose that strong duality
holds. We thus have

L(y*,x*,s") =a" = f".

Because L(y, z*, s*) is a convex function in y, it also follows that as £ : S — R and ¢ are
differentiable then we must have that the gradient w.r.t. y is zero, i.e.

V?/L(yvm*78*)’ =0 (146>

y=y*
This says exactly that the KKT gradient condition holds at (y*, *, s*) .

Next, we want to confirm that complementary slackness holds for our optimal pair
(y*, x*, s*). We can see that

Ey)=a"=Ey)+a'(b— Ay")+ s c(y*) =E(y") + s c(y”)

and hence when the i-th convex constraint is not active, i.e. ¢;(y*) < 0 the slack must be
zero, i.e. (i) = 0. Conversely if the slack is non-zero, that is s(i) # 0 implies that the
constraint is active, i.e. ¢;(y*) = 0. This says precisely that the complementary slackness
condition holds at primal-dual optimal (y*, z*, s*). Combined with our previous observation
Equation (14.6), we get the following result.

Theorem 14.3.13. Consider a convex program (14.1)) with an open domain set S and whose
dual satisfies strong duality. Then KKT conditions necessarily hold at primal-dual optimal

(y*, x*, s%).

Theorem [14.3.13| combined with Theorem [14.3.11] immediately imply Proposition [14.3.7]

A good reference for basic convex duality theory is Boyd’s free online book “Convex opti-
mization” (linked to on the course website). It provides a number of different interpretations
of duality. One particularly interesting one comes from economics: economists see the slack
variables s as prices for violating the constraints.

14.3.5 Proof that Slater’s Condition Implies Strong Duality

In this section, we’ll prove Theorem [14.3.11] But, before we prove the theorem, let’s make
a few observations to get us warmed up. If you get bored, skip ahead to the proof.

It is sufficient to prove that a* < 8*, as the statement then follows in conjunction with weak
duality. We define the set

G={(€(y), Ay —b,c(y)) : y € 5},

where S C R" is the domain of £.
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Immediately, we observe that we can write the optimal primal value as
o =min{t: (t,v,u) € G,v =0,u < 0}.
Similarly, we can write the Lagrangian (after minimizing over y)

L(@,s) = min (1,2 8)"(t,v,u)

This is equivalent to the inequality, for (¢, v, u) € G,
(Lo 8)T(t,v,u) > L(z, s).
which defines a hyperplane with n = (1, z, s) and p = L(x, s) such that G is on one side.

To establish strong duality, we would like to show the existence of a hyperplane such that
for (t,v,u) € G
n'(t,v,u) > o and n = (1,%,5) with s > 0.

Then we would immediately get

f*>L(Z,3)= min (1,z,s) (t,v,u)>a".
(t,v,u)eG

Perhaps not surprisingly, we will use the Separating Hyperplane Theorem. What are the
challenges we need to deal with?

e We need to replace G with a convex set (which we will call A) and separate A from
some other convex set (which we will call B).

e We need to make sure the hyperplane normal n has 1 in the first coordinate and s > 0,
and the hyperplane threshold is a*.

Proof of Theorem [14.5.11 For simplicity, our proof will assume that S = R", but only a
little extra work is required to handle the general case.

Let’s move to on finding two convex disjoints sets A, B to enable the use of the separating
hyperplane [Theorem 14.2.4]

First set we define A, roughly speaking, as a multi-dimensional epigraph of G. More precisely
A={(t,v,u):Jye St >E(y),v=Ay —b,u>c(y)}.

Note that A is a convex set. The proof is similar to the proof that the epigraph of a convex
function is a convex set. The optimal value of the primal program can be now written as

o= min t.
(¢,0,0)€A

And we define another set B of the same dimensionality as A by

B:={(reR,0cR™0cR":r<a}
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This set B is convex, as it is a ray. An example of two such sets A, B is illustrated in

Figure 113

We show that AN B = () by contradiction. Suppose A, B are not disjoint; then there exists
y such that

(E(y), Ay — b, c(y)) = (1,0, u)

with w < 0. But this means that y is feasible and £(y) = r < a*; contradicting the
optimality of a*.

To make things simpler, we assume that our linear constraint matrix A € R”™*", has full
row rank and m < n (but very little extra work is required to deal with the remaining cases,
which we omit).

As we just proved, A and B are convex and disjoint sets and hence the separating hyper-
plane theorem (Theorem 14.2.4)) we introduced earlier in this chapter implies the existence
a separating hyperplane. This means there exists a normal n = (p, &, 8) and threshold
and with A on one side, i.e.

(t,v,u) € A = (t,v,u) (p,Z,5) > pu (14.7)
and the set B on the other side:

(t,v,u) € B = (t,v,u) (p,%,3) < p. (14.8)

Now, we claim that § > 0. Suppose §(i) < 0, then for w(i) — oo the threshold would
grow unbounded, i.e. ;1 — —oo contradicting that the threshold p is finite by the separating
hyperplane theorem. Similarly we claim p > 0, as if this were not the case, having ¢ — oo
implies that ;4 — —oo again contradicting the finiteness of .

From Equation (14.8) it follows that tp < p for all £ < a* which implies that tp < p for
t = o by taking the limit. Hence we have o*p < p. From (t,v,u) € A we get from

Equation ((14.7))
(5, %,8) (t,v,u) > p > a*p
and thus
(5, %,3)" (E(y), Ay — b, c(y)) > a’p. (14.9)

Now we consider two cases; starting with the “good” case where p > 0. Dividing Equa-
tion (14.9)) by p gives
z' 3"
E(y) + 7(Ay —b) + 7c(y) > .

Noting that the left hand side above is L(y, %, %) and that the equation holds for arbitrary
y; therefore also for the minimum we get
T 3
min L (y, —, 7) > o
y pp
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and hence via definition of g* finally

5*2L< ,i>2a*.
p

Next consider the “bad” case p = 0. As a*p < pu, we have 0 < p. From Equation ((14.7) we
get

| &

c(y)'s+a’(b—Ay)>pu>0

As Slater’s condition holds, there is an interior point ¥, i.e. it satisfies b — Ay = 0 and
c(y) < 0. Together with the equation above this yields

c(y)'3+2'0>0

which implies ¢(9)"8 > 0 and as ¢(g) < 0 this means § = 0.

As the normal (p, 3, Z) of the hyperplane can not be all zeroes, this means the last “compo-
nent” # must contain a non-zero entry, i.e. & # 0. Furthermore ' (b — A§) =0, ¢(§) <0
and A has full row rank, hence there exists é such that

' (b— A(g+6)) <0and c(g +6)<0.
This, however, means that there is a point in A on the wrong side of the hyperplane, as
(. @,3) (E(G+8),b—A(G+0),c(y+6)) <0
but the threshold is p > 0. ]

Remark. Note that our reasoning about why s > 0 in the proof above is very similar to
our reasoning for why the primal program can be written as Problem ([14.4)).

Example. As an example of A and B as they appear in the above proof, consider

min 1>
y€(0,00)
1/y—1<0

This leads to o* = 1,y* =1, and A = {(t,u) : y € (0,00) and ¢ > y* and u > 1/y — 1}, and
B = {(t,0) : t < 1} and the separating hyperplane normal is n = (1,2). These two sets A, B
are illustrated in
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Figure 14.3: Example of the convex sets A and B we wish to separate by hyperplane.
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Chapter 15

Fenchel Conjugates and Newton’s
Method

15.1 Lagrange Multipliers and Convex Duality Recap

Recall the convex optimization program we studied last chapter,

min  &(y)
st. Ay=b (15.1)
c(y) <0,

where £(y) : S — R is defined on a subset S C R", A € R™™ and ¢(y) is a vector of
constraints ¢(y) = (¢;(y));cy- For every i € [k] the function ¢; : S — R is convex. We call
(15.1)) the primal (program) and denote its optimal value by a*.

The associated Lagrangian is defined by
L(y,z.s) = E(y) + " (b — Ay) + s c(y).
where £ € R™, s € R* are dual variables. The dual (program) is given by

max  L(x, s) (15.2)

3270

whose optimal value is denoted by g*. The dual is always a convex optimization program
even though the primal is non-convex. The optimal value of the primal can also be
written as

o =inf sup L(y,x,s), (15.3)

Y z;5>0

where no constraint is imposed on the primal variable y. The optimal value of the dual
(115.2) is
f* = sup inf L(y, x, s). (15.4)

z;s>0 Y
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Note the only difference between ((15.3)) and (15.4)) is that the positions of “inf” and “sup”
are swapped. The weak duality theorem states that the dual optimal value is a lower bound
of the primal optimal value, i.e. §* < o*.

The Slater’s condition for open domain S requires the existence of a strictly feasible
point, i.e. there exists § € S s.t. Ay = b and ¢(g) < 0. This means that the strictly feasible
point g lies inside the interior of the set {y : ¢(y) < 0} defined by the inequality constraints.
If the domain S is not open, Slater’s condition also requires that a strictly feasible point is
in the relative interior of S (NB: when S is open, S is equal to its relative interior). The
strong duality theorem says that Slater’s condition implies strong duality, 5* = o*.

We were also introduced to the KKT conditions, and we saw that for our convex programs
with continuously differentiable objective and constraints functions, when the domain is
open, the conditions are sufficient to imply strong duality and primal-dual optimality of
the points that satisfy them, KKT — ‘(y,«, s) primal-dual optimal and we have strong
duality’. Finally, we saw that when strong duality holds, KK'T must hold at the primal-dual
optimal solutions.

In summary: Slater’s condition = strong duality and strong duality <— KKT.

Example. In Chapter [12] we gave a combinatorial proof of the min-cut max-flow theorem,
and showed that the min-cut program can be expressed as a linear program. Now, we will
use the strong duality theorem to give an alternative proof, and directly find the min-cut
linear program is the dual program to our maximum flow linear program.

We will assume that Slater’s condition holds for our primal program. Since scaling the flow
down enough will always ensure that capacity constraints are strictly satisfied i.e. f < ¢, the
only concern is to make sure that non-negativity constraints are satisfied. This means that
there is an s-t flow that sends a non-zero flow on every edge. In fact, this may not always
be possible, but it is easy to detect such edges and remove them without changing the value
of the program: an edge (u,v) should be removed if there is no path s to u or no path v to
t. We can identify all such edges using a BFS from s along the directed edges and a BFS
along reversed directed edges from ¢.

min —F = min max —F +z ' (Fb,, — B —¢c)'
FeR F;f>0x;5>0 + ( 5t f) + <f C> s
Bf=Fb,,
0<f<c

(Slater’s condition = strong duality)

— max F=max min F(bl,.z —1)+f'(s—B'z)—c's

s,t

FeR z;5>0 F;f>0
Bf=Fb,;
0<f<c
= max —c's
xz;8>0
T .

b,,x=1
s>B'z
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Thus switching signs gives us

max F= min ¢'s (15.5)
Bf—Fbe., z;5>0
0<f<c b x=1
s>B'z

The LHS of is exactly the LP formulation of max-flow, while the RHS is exactly the
LP formulation of min-cut. Note that we treated the “constraint” 0 < f as a restriction on
the domain of f rather than a constraint with a dual variable associated with it. We always
have this kind of flexibility when deciding how to compute a dual, and some choices may
lead to a simpler dual program than others.

15.2 Fenchel Conjugates

In this section we will learn about Fenchel conjugates. This is a notion of dual function
that is closely related to duality of convex programs, and we will learn more about how dual
programs behave by studying these functions.

Definition 15.2.1 (Fenchel conjugate). Given a (convex) function £ : S C R" — R, its
Fenchel conjugate is a function £* : R" — R defined as

E"(z) =sup(z,y) — E(y).

yeS

Remark 15.2.2. £* is a convex function whether £ is convex or not, since £*(z) is pointwise
supremum of a family of convex (here, affine) functions of z.

In this course, we have only considered convex functions that are real-valued and continuous
and defined on a convex domain. For any such £, we have £** = £, i.e. the Fenchel conjugate
of the Fenchel conjugate is the original function. This is a consequence of the Fenchel-Moreau
theorem, which establishes this under slightly more general conditions. We will not prove
this generally, but as part of Theorem below, we sketch a proof under more restrictive
assumptions.

Example. Let £(y) = %||y||§ (p > 1). We want to evaluate its Fenchel conjugate £* at any
given point z € R™. Since & is convex and differentiable, the supremum must be achieved
at some y with vanishing gradient

Vylz,y") = VE(Y ) =2-VEY") =0 <= z=VE(y").
It’s not difficult to see, for all 7,
2(1) = sgn(y (1)) [y (D)~
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Then,

& (z) = (z,9) —£(y)
SO HOTS

1 1
(define ¢ s.t. — + - =1)
q p

— |2l

More generally, given a convex and differentiable function £ : S — R, if there exists y € S
st. z = VE(y), then £*(z) = (y*)"VE(y*) — E(y*). The Fenchel conjugate and Lagrange
duality are closely related, which is demonstrated in the following example.

Example. Consider a convex optimization program with only linear constraints,

min - £(y)
st. Ay=b>

where £ : R” — R is a convex function and A € R™*". Then the corresponding dual
program is

sup inf E(y)+z'(b— Ay)=sup b’z — sup (z' Ay — E(y))

zeRn YER zeR” yeRn
—sup b 'z —E(Ax)
rcR"

Theorem 15.2.3 (Properties of the Fenchel conjugate). Consider a strictly convex function
E:S — R where S C R" is an open convexr set. When & is differentiable with a Hessian
that is positive definite everywhere and its gradient VE is surjective onto R™, we have the
following three properties:

1. VE(VE (2z)) =2z and VE*(VE(y)) =y
2. (E*)" =&, i.e. the Fenchel conjugate of the Fenchel conjugate is the original function.

3. He.(VE(y)) = Hz '(y)

169



v,
primal point y —_ dual point z
gradient V,E(y) = 2 gradient V,E*(z) =y
Hessian Hg(y) = H;'(2) Hessian He-(y) = H; ' (y)
Figure 15.1: Properties of Fenchel conjugate

Proof sketch. Part . Because the gradient V,& is surjective onto R", given any z € R",
there exists a y such that VE(y) = z. Let y(z) be a y s.t. VE(y) = z. It can be shown
that because & is strictly convex, y(z) is unique.

The function y — (z,y) — E(y) is concave in y and has gradient z — VE(y) and is hence
maximized at y = y(z). This follows because we know a differentiable convex function is
minimized when its gradient is zero and so a differentiable concave function is maximized
when its gradient is zero.

Then, using the product rule and composition rule of derivatives,

VE(2) =V.((z,y(z)) — E(y(2)))
=y(z)+ (V.(y(2)") 2 — (V.(y(2)")) V,E(y(2))
—_————

=z

=y(2)

Thus we have V,E(y(2)) = z and V,E%*(z) = y(z). Combining the two, we have
VEVE (z)) = =z.

We can also see that for any y, there exists a z such that V,£%(z) = y, namely, this is
attained by z = V,E(y). Thus, VE(VE(y)) = y.

Part[d Observe that
E*(u) = sup (u, z) — E*(2)

z€R”™

and let z(w) denote the z obtaining the supremum, in the above program. We then have
u = VE*(z(u)). Letting y(2) be defined as in Part [I} we get y(z(u)) = V.E*(z(u)) = u

& u) = (u, z(u)) — ((z(uw), y(z(u))) — E(y(z(w)))) = E(u).
Part[3 Now we add two infinitesimals 7 and d to z and y respectively s.t.
V.E(z+T)=y+9d, V,E(y+d)=z+T.

Then,
V,E(y+90)—V,E(y)=7, V., (z+T)—-V,E(2)=46.
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Since H¢(y) measures the change of V,&(y) when y changes by an infinitesimal 8, then

yE(Yy +6) -V, E(y) ~ He(y)d
£ (y) (Vy€(y +8) - V,E(y) ~ 6
<:>H5 (Y)7=d=VE(z+T1)—VE(2)
— H '(y)T =~ VE (2 + 1) - VE(2) (15.6)

Similarly,
H: (2)T=V,E(z+T1)—V,E(2) (15.7)

Comparing (15.6) and (|15.7), it is easy to see
He.(z) = H;'(y) <= H(VE(y)) = Hg'(y).
[l

Remark 15.2.4. Theorem [15.2.3|can be generalized to show that the Fenchel conjugate has
similar nice properties under much more general conditions, e.g. see [BV04].

15.3 Newton’s Method

15.3.1 Warm-up: Quadratic Optimization
First, let us play with a toy example, minimizing a quadratic function

1
E(y) = §yTAy +b'y+ec

where A € R™" is positive definite. By setting the gradient w.r.t. y to zero,
VE(y)=Ay+b=0,
we obtain the global minimizer
y*=—A"'b.

To make it more like gradient descent, let us start at some “guess” point y and take a step
d to move to the new point y + 6. Then we try to minimize £(y + §) by setting the gradient
w.r.t. d to zero,

Vs€(y+0)=A(y+46)+b=0
d=—-y—A'b
y+6=—A"'b
This gives us exactly global minimizer in just one step. However, the situation changes when

the function is not quadratic anymore and thus we do not have a constant Hessian. But
taking a step which tries to set the gradient to zero might still be a good idea.
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15.3.2 K-stable Hessian

Next, consider a convex function £ : R" — R whose Hessian is “nearly constant”. Recall

the Hessian H¢(y) aka V?E(y) at a point y is just a matrix of pairwise 2nd order partial
0%£(y)

g0y, e say & has a k-stable Hessian if there exists a constant matrix A s.t.
iYY;

derivatives

for all y
1
H:(y)~x A — 1+—KA < Hg(y) < (1+ K)A.

Note that we just require the existence of A and do not assume we know A. Then a natural
question is to ask what convergence rate can be achieved if we take a gradient step “guided”
by the Hessian, which is called a “Newton step”. Such method is also known as the 2nd
order method. Note that this is very similar to preconditioning.

Now, let us make our setting precise. We want to minimize a convex function £ with k-stable
Hessian A > 0. And y* is a global minimizer of £. Start from some initial point y,. The
update rule is

Yisr1 =Y — Hgl(yi>vg<yi)a
where « is the step size and it will be decided later.
Theorem 15.3.1. £(y,) — E(y*) < e(E(yy) — E(y*)) when k > (K + 1)*log(1/e).

Proof. By Taylor’s theorem, there exists g € [y, y + §] s.t.

Ely+8) = E(y) + VE(y) 8 + 8" He(§)8

(K +1)?

5 0"He(y)é (15.8)

J/

<&(y)+VE(Y)'d+

-~

=:f(8)
where the inequality comes from the K-stability of the Hessian,

He(y) 2 (1+K)A = (1+ K)*He(y).

Observe that f(d) is a convex quadratic function in 4. By minimizing it, or equivalently
setting V5 f(8*) = 0, we get
1

* -1
0" = E+12 1)2H5 (y)V,E(y) (15.9)
Here, the step size a is equal to (K + 1)72. Then, plugging ((15.9) into (15.8)),
1
< v T AL

(subtract £(y*) on both sides)

£y +6)— ) < EW) ~ £0) - g VEW) AVLEW) (1500

-
=0
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where the second inequality is due to K-stability of the inverse Hessian,

1 —1 -1 —1
A< < .
1—|—KA <Hg(y) 2 (1+K)A

Meanwhile, by convexity, we also have

E(y) —E(y") < (y—y") VE(yY)

=y

Next, our task is reduced to comparing ¢ and ~.

We define z;, = VE(y*) + s(VE(y) — VE(y*)) and then dz;, = VE(y)ds. Using Theorem
[15.2.5, we have

1
y—y = / H¢ (z,)VE(y)ds.
0

Then,
VE(WY) (y—y") :/0 VE(y) He(2,)VE(y)ds
< (K +1) /1 VE(Y)TAT'VE(y)ds
< (K +1)o (15.11)
Combining and yields
ey +8) - £) <€)~ ) (1= 5077 )
O

Remark 15.3.2. The basic idea of relating ¢ and  in the above proof is writing the same
quantity, VE(y)" (y — y*), as two integrations along different lines. (K +1)* can be reduced
to (K+1)? and even to (K +1) with more care. In some settings, Newton’s method converges
in loglog(1/€) steps.

15.3.3 Linearly Constrained Newton’s Method

Let us apply Newton’s method to convex optimization programs with only linear constraints,

join - £(f)
st. Bf=d

where £ : R™ — R is a convex function and B € R"*™. Wlog, let d = 0, since otherwise
we can equivalently deal the following program with Bf, = d,

min - E(fo + p)

pER™

st. Bp=20
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It is useful to think of the variable f € R™ as a flow in a graph. Define C := {f : Bf = 0}
which is the kernel space of B. C'is also called the “cycle space” as it is the set of cycle
flows when treating f as flows.

Analyzing the convergence of Newton’s method with linear constraints. It is not
immediately obvious, but our analysis of Newton step’s and their convergence on objectives
with a K-stable Hessian carries over directly to linearly constrained convex optimization
problems. We will only sketch a proof of this. Firstly, we should notice that instead of
thinking of our objective function £ as defined on R™ and then constrained to inputs f € C,
we can think of a new function &€ : C'— R defined such that for f € C' we have (f) = E(f).
But, C' is a linear subspace and is isomorphi to R4 This means that our previous
analysis can be directly applied, if we can compute the gradient and Hessian of the function
viewed as an unconstrained function on C (or equivalently RY™©)), We now have two
important questions to answer:

1. What does the gradient and Hessian, and hence Newton steps, of £ (f) look like?
2. Does the K-stability of the Hessian of &€ carry over to the function £?

The gradient and Hessian of & should live in R4m(©) and RAim(C)xdim(C) respectively. Let Ilo
be the orthogonal projection matrix onto C, meaning Ilo is symmetric and IIcd = 6§ for
any 8 € C. Given any f € C, add to it an infinitesimal é € C, then

E(f +0) = E(f +0) = E(f) +(VE(S), )
=&(f) +(VE(S), )

E(f) + (LVE(F), 8)

From this, we can deduce that the gradient of £ at a point f € C is essentially equal (up
to a fixed linear transformation independent of f) to the projection of gradient of V& at f
onto the subspace C. Similarly,

E(F +8) = E(F +8) = E(F) + (TEVE(F),8) + 5{6. T HEe(f TTcd)

Again from this, we can deduce that the Hessian of £ ata point f € C is essentially equal
(again up to a fixed linear transformation independent of f) to the matrix o H¢(f)1lc.
Note that X < Y implies I[Io XIIo < Iz Y1lo, and from this we can see that the Hessian
of £ is K-stable if the Hessian of £ is. Also note that we were not terribly formal in the
discussion above. We can be more precise by replacing Il with a linear map from R4™(©)
to R™ which maps any vector in R1™(©) to a vector in C' and then going through a similar
chain of reasoning.

You don’t need to know the formal definition of isomorphism on vector spaces. In this context, it means
equivalent up to a transformation by an invertible matrix. In fact in our case, the isomorphism is given by
an orthonormal matrix.
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What is a Newton step 6* w.r.t. £? It turns out that for actually computing the Newton
step, it is easier to think again of & with a constraint that the Newton step must lie in the
subspace C. One can show that this is equivalent to the Newton step of £, but we omit this.

In the constrained view, 8* should be a minimizer of
. 1
min (VE(f),6) + (6, He(f) 6)
JER™ e 20—
Bs=0 =g =H

(Lagrange duality)
1
<= max min (g, 9d) + 5((5,H(5> —x'Bé (15.12)

zeR™ §cR™ <

Lagrang;a:l L(é,z)
Applying the KKT optimality conditions, one has

Bé =0,
VsL(6,z)=g+HSé—B'z=0,

from which we get

S+H 'g=H'B'z
Bd +BH 'g=BH 'B'x
=0

BH 'g=BH 'B'z

=:L
Finally, the solutions to (15.12)) are
z* =L 'BH g
o* — _Hflg + H*lBTm*

It is easy to verify that Bé* = 0. Thus, our update rule is f,,; = f; +*. And we have the
following convergence result.

Theorem 15.3.3. £(f,) — E(f*) < e- (é(fo) - é(f*)) when k > 2(K 4 1)*log(1/e).

Remark 15.3.4. Note if £(f) = Y.i", &(F(i)), then Hg(f) is diagonal. Thus, L =
BH 'B" is indeed a Laplacian provided that B is an incidence matrix. Therefore, the
linear equations we need to solve to apply Newton’s method in a network flow setting are
Laplacians, which means we can solve them very quickly.
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Chapter 16

Interior Point Methods for Maximum
Flow

Background and Notation

In this chapter, we’ll learn about interior point methods for solving maximum flow, which is
a rich and active area of research [DS08| Mad13], [LS20bl [LS20a].

We're going to frequently need to refer to vectors arising from elementwise operations com-
bining other vectors.

To that end, given two vector & € R™, and b € R™, we will use (a(i)b(i)) to denote the
vector z with z(i) = a(i)b(i) and so on.

Throughout this chapter, when we are working in the context of some given graph G with
vertices V' and edges F, we will let m = |E| and n = |V].

The plots in this chapter were made using Mathematica, which is available to ETH students
for download through the ETH IT Shop.

16.1 An Interior Point Method

The Maximum Flow problem in undirected graphs.

max F (16.1)
fERE

st. Bf = Fby “The Undirected Maximum Flow Problem”
—c<f<ec

We use val(f) to denote F' when Bf = Fby,.
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As we develop algorithms for this problem, we will assume that we know the maximum flow
value F*. Let f* denote some maximum flow, i.e. a flow with —¢ < f < ¢ can val(f*) = F*.

In general, an a lower bound F' < F* will allow us to find a flow with value F', and because
of this, we can use a binary search to approximate F™.

16.1.1 A Barrier Function and an Algorithm

V(f) =) —log(e(e) — f(e)) — log(e(e) + f(e))

e

We assume the optimal value of Program ([16.1]) is F"*. Then for a given 0 < o < 1 we define
a program

i %4 16.2
nin (f) (16.2)
st. Bf =aF*by “The Barrier Problem”

This problem makes sense for any 0 < a < 1. When o = 0, we are not routing any flow
yet. This will be our starting point. For any 0 < a < 1, the scaled-down maximum flow
af” strictly satisfies the capacities —¢ < af* < ¢, and Baf* = aF*b,,. Hence af™ is a
feasible flow for this value of @ and hence V (af*) < oo and so the optimal flow for the Barrier
Problem at this o must also have objective value strictly below oo, and hence in turn strictly
satisfy the capacity constraints. Thus, if we can find the optimal flow for Program ((16.2))
for &« = 1 — ¢, we will have a feasible flow with Program ([16.1)), the Undirected Maximum
Flow Problem, routing (1 — €)F*. This is how we will develop an algorithm for computing
the maximum flow.

Program (|16.2)) has the Lagrangian

L(f,x)=V(f)+z (aF*by — Bf)

And we have optimality when

Bf =aF*byand —ec< f<c¢ (16.3)
“Barrier feasibility”

and ViL(f,z) =0, i.e.

VV(f)=B'z (16.4)
"Barrier Lagrangian gradient optimality”

Let f denote the optimal solution to Problem for a given 0 < a < 1, and let x} be
optimal dual voltages such that VV (f%) = B .
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It turns out that, if we have a solution f;, to this problem for some o < 1, then we can find
a solution f,. . for some o/ <1 — . And, we can compute f,, . using a small number of
Newton steps, each of which will only require a Laplacian linear equation solve, and hence
is computable in O(m) time. Concretely, for any 0 < « < 1, given the optimal flow at this
a, we will be able to compute the optimal flow at ape, = a4 (1 — a)m. This means that

after T = 150/mlog(1/€) updates, we have a solution for o > 1 — e.

We can state the update problem as

i V(o 16.5
min V(d +f) (16.5)
st. Bd =d'F by “The Update Problem”

16.1.2 Updates using Divergence

It turns out that for the purposes of analysis, it will be useful to ensure that our “Update
Problem” uses an objective function that is minimized at § = 0.

This leads to a variant of the Update Problem, which we call the “Divergence Update
Problem”. We obtain our new problem by switching from V(§ + f) as our objective to
V(O+f)—(V(f)+(VV(f),d)) as our objective, and this is called the divergece of V w.r.t.
0 based at f.

min - V(3 +f) - (V(f) +{VV(f) 9) (16.6)
st. Bd =d'F*by “The Divergence Update Problem”

Now, for any flow § such that Bd = o/ F*by;, using the Lagrangian gradient condition (16.4)),
we have (VV(f),d) = (x},a'F*by). Hence, for such 8, we have

V(6 +1o) — (V(Fo) +(VVI(£2),0) = V(6 + fo) — (V(Fo) + (@5, ' F b))

We conclude that the objectives of the Update Problem ((16.5) and the Divergence Update
Problem (16.6) have the same minimizer, which we denote 9§}, although, to be precise, it is
also a function of a.

Thus f;, + 8}, is optimal for the optimization problem

min V' (f)
JERE (16.7)
st. Bf = (a+d)F by

Lemma 16.1.1. Suppose f7, is the minimizer of Problem (16.2)) (the Barrier Problem with
parameter ) and 67, is the minimizer of Problem (16.6) (the Update Problem with param-

eters f. and o), then £, + 87, is optimal for Problem (16.2)) with parameter o+ o/ (i.e. a
new instance of the Barrier problem).
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Algorithm 11: INTERIOR POINT METHOD

J <0

a <+ 0;

while o <1 — € do
Compute 6§, the minimizer of Problem ((16.6));
Let f < f+9d and a + a+ o;

end

return f

Pseudotheorem 16.1.1. Let f be the minimizer of Proflem (16.2). Then, when a’ < 2%)?/%7
the minimizer & of Problem (16.7) can be computed in O(m) time.

The key insight in this type of interior point method is that when the update o’ is small
enough,

Theorem 16.1.2. Algom'thm returns a flow f that is feasible for Problem (16.1)) in time

O(m*5log(1/e)).

Proof Sketch. First note that for & = 0, the minimizer of Problem is f = 0. The
proof now essentially follows by Lemma , and Pseudotheorem . Note that 1 —«
shrinks by a factor (1 — ﬁ) in each iteration of the while-loop, and so after 20y/m log(1/¢)
iterations, we have 1 — a < ¢, at which point the loop terminates. To turn this into a formal
proof, we need to take care of the fact the proper theorem corresponding to Pseudotheo-
rem only gives a highly accurate but not exact solution d to the “Update Problem”.
But it’s possible to show that this is good enough (even though both f and § end up not
being exactly optimal in each iteration). O]

Remark 16.1.3. For the maximum flow problem, when capacities are integral and polyno-
mially bounded, if we choose ¢ = m™¢ for some large enough constant ¢, given a feasible flow
with val(f) = 1 — ¢, is it possible to compute an exact maximum flow in nearly linear time.
Thus Theorem can also be used to compute an exact maximum flow in 6(m) time,
but we omit the proof. The idea is to first round to an almost optimal, feasible integral flow
(which requires a non-trivial combinatorial algorithm), and then to recover the exact flow
using Ford-Fulkerson. See [Madl13| for details.

Remark 16.1.4. It is possible to reduce an instance of directed maximum flow to an instance
of undirected maximum flow in nearly-linear time, in such a way that if we can ezactly solve
the undirected instance, then in nearly-linear time we can recover an exact solution to the

directed maximum flow problem. Thus Theorem ([16.1.2)) can also be used to solve directed
maximum flow. We will ask you to develop this reduction in Graded Homework 2.

Remark 16.1.5. For sparse graphs with m = 5(n) and large capacities, this running time
is the best known, and improving it is major open problem.
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16.1.3 Understanding the Divergence Objective

Note that if V(z) = —log(1l — ), then D(z) = V(z) — (V(0) + V'(0)z).

Plot[{Log[1/ (1-x)], %}, {%, -1, 1}]

Figure 16.1:  Plot showing V(z)= —log(l —z) and then linear approximation
V(0) + V'(0)z.

Plot[Log[l/ (1-x)] - %,
1.0

We let
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Note that we can express Problem ([16.6) as

i Dy (6 16.8
min Dy (9) (16.8)
st. Béd =d' F*by The Update Problem, restated

Note that Dy (d) is strictly convex of over the feasible set, so the argmin is unique.

16.1.4 Quadratically Smoothing Divergence and Local Agreement

—log(l—2z)—=x if x| <e
De(z) = { D(e) + D'(€)(z — €) + 29D (z — ¢)? if z> e

——\X
2
D(—€) + D'(—e)(z + &) + 2z +¢)? ifx < —¢

For brevity, we define

D(l’) = Do.l(l’)
Lemma 16.1.6.
1. 1/2< D'"(x) < 2.
2. For x>0, we have ©/2 < D'(x) < 2z and —2z < D'(—z) < —x/2.

3. 22/4 < D(zx) < 22

What’s happening here? We glue together D(x) for small  with its quadratic approximation
for |z| > €. For x > ¢, we “glue in” a Taylor series expansion based at = = e.
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NumberForm[Series[Log[l/ (1-x)] -x, {x, 8.1, 2}], 3]
nbarFonm=

0.00536 + 0.111 (x - 0.1) + 0.617 (x-0.1)% +0[x-0.1]°

Plot[{Log[1/ (1-x)] -, 0.00536 +0.111 (x - 0.1) + 0.617 (x-0.1)*}, {x, -1, 1}]

o.0z0 |
o.0is |
oMo b

0.005 [

0.05 0.10 015 0.20

Figure 16.3: Plot showing D(z) = —log(1 — x) and the quadratic approximation based at
r=0.1.

We also define

Dy(§)= 3D (%) 2 (-2%)

We can now introduce the smoothed optimization problem

in  Dy(d 16.
min  Dy(9) (16.9)
st. Béd =d'F*by “The Smoothed Update Problem”
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Note that DV(J) is strictly convex of over the feasible set, so the argmin is unique.

Pseudoclaim 16.1.7. We can compute the argmin 8* of Problem (16.9), the Smoothed
Update Problem, using the Newton-Steps for K-stable Hessian convex functions that we saw
in the previous chapter, in O(m) time.

Sketch of proof. Problem fits the class of problems for which we showed in the pre-
vious chapter that (appropriately scaled) Newton steps converge. This is true because the
Hessian is always a 2-spectral approximation of the Hessian at Dv(é*), as can be shown
from Lemma . Because the Hessian of Dy () is diagonal, and the constraints are flow
constraints, each Newton step boils down to solving a Laplacian linear system, which can be
done to high accuracy O(m) time. O

Remark 16.1.8. There are three things we need to modify to turn the pseudoclaim into a
true claim, addressing the errors arising from both Laplacian solvers and Newton steps:

1. We need to rephrase the claim to so that we only claim * has been computed to high
accuracy, rather than exactly.

2. We need to show that we can construct an initial guess to start off Newton’s method
do for which the value Dy (dp) is not too large. (This is easy).

3. We need show that Newton steps converge despite using a Laplacian solver that doesn’t
give exact solutions, only high accuracy solutions. (Takes a bit of work, but is ulti-
mately not too difficult).

Importantly, to ensure our overall interior point method still works, we also need to show
that it converges, even if we’re using approximate solutions everywhere. This also takes some
work to show, again is not too difficult.

Local Agreement Implies Same Optimum.

Lemma 16.1.9. Suppose S C R™ is a convex set, and let f,g: S — R be convexr functions.
Let ¢* = argmin, g f(x). Suppose f,g agree on a neighborhood of * in S (i.e. an open
set containing «*). Then x* = argmin, g g(x).

Proof Sketch. We sketch the proof in the case when both f, ¢ are differentiable: Observe
that 0 = V f(z*) = Vg(z*), and hence g(x) is also minimized at x*. O

We define
c(e) =min(c(e), c_(e)) (16.10)

Lemma 16.1.10. Suppose 8* is the argmin of Problem (16.9)), the Smoothed Update Prob-
lem, and H(J*(e)/ﬁ(e))H < 0.1. Then &* is the argmin of Problem (16.8)).
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Proof. We observe that if H(é*(e)/ﬁ(e))H < 0.1, then Dy (8*) = Dy(6*), and, for all

7 € R™ with norm
) t H(T(e)/z(e)ﬁﬂm <0.1— H(J*(@/ae)ﬁum

we have that Dy (8* +7) = Dy(6* + 7). Thus Dy and Dy agree on a neighborhood around
6* and hence by Lemma [16.1.9) we have that 6* is the argmin of Problem (16.8]). ]

16.1.5 Step size for divergence update

Definition 16.1.11 (s-t well-conditioned graph). An undirected, capacitated multi-graph
G = (V,E,c) with source s and sink t is s-t well-conditioned if, letting U denote the
maximum edge capacity U = ||¢]|_, we have at least %m multi-edges of capacity U going
directly from s to t.

Remark 16.1.12. It is straightforward to make a graph s-t well-conditioned. We just add
2m new edges of capacity U directly between s and t. Given an exact maximum flow in the
new graph, it is trivial to get one in the original graph: Just remove the flow on the new
edges.

Definition 16.1.13. Given a directed graph G = (V, E, ¢), the symmetrization of G is the
undirected G = (V, £, ¢) is the undirected graph given by

{a,b} € E if (a,b) € E AND (b,a) € E

and

c({a,b}) = min(c(a,b), c(b,a)).

Note that when éf is the symmetrization of the residual graph Gy (which we defined in
Chapter [11]), then ¢ matches exactly the definition of ¢ in Equation (16.10]).

Lemma 16.1.14. Let G be an undirected, capacitated multz graph G = (V, E, ¢) which is s-t
well-conditioned. Let f be the minimizer of Program (16.2). Let Gf be the symmetrlzatlon
of the residual graph Gy (in the sense of Lecture 10). Then there exists a flow & which
satisfies Bé = 1_TO‘F*bSt and s feasible in CAJf. Note that we can also state the feasibility in
CAJf as

Joree)] <

Proof. We recall since f is the minimizer of Program ((16.2)), there exists dual-optimal volt-
ages x such that

T, _ = ! - 1
B xz=VV(f)= (c(e)—f(e) c(e)+f(e))

From Lecture 10, we know that there is flow & that is feasible with respect to the residual
graph capacities of the graph Gy such that B = (1 — a)F*by. Note when treating ¢
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as an undirected flow, feasibility in the residual graph means that d(e) < c(e) — f(e) and
—d(e) < c(e) + f(e). Thus,

(-)Fbye =8BT2 =3 o 0 " w@+ @ ="

e

Now, because the graph is s-t well-conditioned, there are at %m edges directly from s to ¢t with
capacity U and each of these e satisfy by the Lagrangian gradient optimality condition (|16.4))

1
U=fle) U+fle)

bstw =

Note that %mU < F* < mU because the graph is s-t well-conditioned. To complete the
analysis, we consider three cases.

. 2 . . . .
Case 1: |f(e)| < 3U. Then the capacity on each of these edges in the symmetrized residual

graph @f is at least U/3. As there are %m of them, we get that there is a feasible flow in @f
of value at least 2mU > iF*.

Case 2: f(e) < ——U By the gradlent condition, we have the same flow on all of the 2 m
s-t edges, adding up to at least mU going from ¢ to s. This means that we must have at
least %mU flow going from s to t via the remaining edges. But, their combined capacity is
at most %mU , so that cannot happen. Thus we can rule out this case entirely.

Case 3: f(e) > 2U. Then

m o> L1 4/5
A—aF = 2T —f U+~ U-F@©
So
U—f(e) > Z_LM 1(1 —a)U

\]

5 m

In this case, the capacity on each of the %m s-t edges with capacity U in G will have

capacity (1 —a)U/2 in CAJf. This guarantees that there is feasible flow in G ¢ of value at least
(1 —a)ymU > (1 — ) F*. O

Lemma 16.1.15. Let 0 < o/ < \O‘ﬁ Then the minimizer 6 of Problem (16.9) satisfies

H(‘5*<6>/E<6>3Hm <0.1. v

~

l-a_ the flow § — o/%é satisfies

Proof By Lemma [16.1.14, there exists a flow & which satisfies Bé = 1_TO‘F*bst and
S Toym

H H < 1. Hence for any 0 < o/
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—
Bé = o/F*by, and (5(6)/2(6)) < ﬁ. This means that

< 8/900 < 1,100.

This then means that the minimizer §* of Problem (16.9) also satisfies Dy (8) < 1/100.

=X () (8
<Y D (5*(6)) +D —5*(6)) By Lemma [[6.1.6

cy(e)

= Dy(8) < 1/100.

Hence H((S*/E(e))HOO <0.1.

[CEe)
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Part V

Further Topics in Combinatorial
Graph Algorithms
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Chapter 17

Low-Diameter Decompositions

In this chapter, we learn about an algorithm that clusters vertices in graphs by their distance.
This clustering is often referred to as low-diameter decomposition. We define this concept
below and give one of the most versatile and robust algorithms.

Definition 17.0.1. Given an undirected graph G = (V, E,w) with non-negative weights
w € R>g. We say that a partition X of V and a set of edges Fg4 form a (D, av)-low-diameter
decomposition of G if

1. for every i € [1,k] and u,v € X € X, we have distqx)(u,v) < aD, and
2. Ve € E,Ple € Ego] <w(e)/D, and

3. E(G/X) C Eya.

Above we use G/X to denote the graph obtained from G by contracting all vertices in
the same set in X into a super-vertex and removing all self-loops. Thus the final property
expresses that Fg. contains all edges that cross clusters in {X7, Xo, ..., X;}.

Remark 17.0.2. The definition above is with respect to an implicit distribution D over
partition sets X. A more precise statement would be to say that for a distribution D over
partition sets of V| we say that D is an (D, «)-LDD-distribution if sampling a partition from
D yields the properties stated above. We will refrain from that here, however.

Remark 17.0.3. Instead of the second property, LDDs are often defined to have the weight
of edges in Fy4. to be a small fraction of the edges. For unweighted graphs, the best one can
hope for is essentially at most m/D intercluster edges Eg in total. The above definition
allows us to obtain this property in expectation. Defined this way, we also have already
seen a reasonable algorithm to obtain such a clustering: ¢-expander decompositions have
few intercluster edges and ¢-expanders have diameter O(log(n)/¢) as you have shown in an
exercise.
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However, for applications, the probabilistic guarantee is very useful and algorithms to find
LDDs are generally much simpler than computing expander decompositions. LDDs have
been used as a subroutine in many algorithms recently, we will see a truly exciting application
of LDDs in the next chapter. In the first half of this lecture, we analyze a simple algorithm
to obtain an LDD. In the second half of the lecture, we extend LDDs and our algorithm to
directed graphs.

17.1 Low-Diameter Decomposition in Undirected
Graphs

The main result of this half of the lecture is the following.

Theorem 17.1.1. Given an undirected graph G = (V, E,w) with w € Rsy and D > 0,
there is an algorithm COMPUTELDD(G, D) that computes an (D, 8log(n))-low-diameter-

decomposition in time O(mlogn) with probability at least 1 —n=3.

Exponential Distribution. We denote by ExpPDISTR(D) a function that samples a real
according to the exponential distribution with parameter D. Formally, we sample from a
distribution with cumulative distribution function

1 — —x/D >0
Fe.D)y=4 "% T="

0 otherwise
Note that we have the property that F(D - 4logn, D) = 1 — e 498" = 1 — 1/p*. A really
cool property of the exponential distribution is further that it is memoryless which means

that for any randomly sampled integer X ~ ExpDISTR(D) and fixed positive reals z, s, we
have P[X > x + s|X > s] = P[X > z].

A Simple LDD Algorithm. Below, we present a simple algorithm to compute a low-
diameter decomposition X. The algorithm simply selects an arbitrary vertex r in the graph,
then chooses a random radius D and adds the ball Bg(r, D) as a cluster to X. The process
is then repeated on the graph G[V \ X] (where we abuse notation and really mean G[V \
(UxexX)]), i.e. we repeat on the graph induced by all non-clustered vertices. Clearly, this
outputs a partition of the vertex set V' in the end.

Analysis. We now analyze the algorithm.

Claim 17.1.2. Given a clustering X returned by Algorithm [12. We have with probability
>1—n"?, that for any u,v € X € X, distgx)(u,v) < 8Dlog(n).
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Algorithm 12: CompUTELDD(G, D)
X ={}.

while X is not a full partition of V do
Let r be an arbitrary vertex in V'\ X.

D < ExpDiSTR(D).
X < X U{Bg(r, D)}.
return (X, Eg ={(u,v) e Elue X eX,veY e X, X #Y})

Proof. From our discussion of the exponential distribution, we have by a simple union bound
over at most n iterations of the algorithm, that none of the sampled radii D exceeds 4D log(n)
with probability 1 — n=3. Let us condition on this event.

Next, consider any iteration, where initially we have X and then we find a new vertex
r € GV \ X] and a ball X = Bg(r, D) that is added to X at the end of the iteration.
We clearly have that G[X] includes a path from each vertex u € X to r of length at most
4Dlog(n). But then by the triangle inequality, for every pair u,v € X, dist G[X](u,v) <
distgx)(u, ) + distgpx(r,v) < 8Dlog(n). O

Claim 17.1.3. Given a clustering X returned by Algorithm . Ve = (u,v) € E, Ple €
Edel] S w(e)/D

Detailed Proof Sketch. Consider the first iteration where either u or v is in a ball Bg(r, D).
By assumption, we have that in this iteration D > mingey,,,) diste(r, ), i.e. we condition
on the event £ that D satisfies this property.

Now, we have that e become§ intercluster and thus is in F, if and only if one of the endpoints
is not in the ball, i.e. that D < max,c(y} diste(r, ). We obtain the following inequalities

Ple is an intercluster edge | £]

=P[D < n%ax} distg(r,z) | €]
TELU,V

<P[D < n%in}distg(r, z) +w(e) | D > H{lin}distg(r, )]
TELU,V ze{u,v
=P[D < w(e)]
= F(w(e),D) = F(0,D) = (1 — e ™@/P) — (1 —¢’) =1 — ¢ @)/P
<1—(1—-w(e)/D)=wl(e)/D.

where we use the triangle inequality, that yields max,eqy) diste(r, z) <
Minge(y,p} distg(r,#) + w(e). Thus, the event that D < Minge () diste(r, ©) + w(e)
contains the event that e becomes intercluster, and it suffices to upper bound its probability.
We then exploit the memoryless property, the definition of the exponential distribution,
and then use 1 + z < e* to simplify.
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Note that we only analyzed the probability conditioned on £. A more rigorous proof has to
argue that in the event =&, the probability of e becoming intercluster is 0. This requires
some more careful set-up. O

It remains to bound the runtime to obtain Theorem [17.1.1. To this end, observe that every
iteration can be executed running Dijkstra’s algorithm from the vertex r on the induced
graph where vertices are only relaxed if their distance estimate drops below D. It is not
hard to show that each iteration then takes time O(|E(Bg(r, D))|log(n)) and since these
balls are vertex disjoint, we have that the total runtime is at most O(mlogn), as desired.

17.2 Generalizing LDDs to Directed Graphs

For our most exciting application, we need to generalize LDDs to directed graphs.We will
start out with a new definition, and then argue about why this is a reasonable generalization
(other generalizations exist but this one allows to obtain LDDs efficiently and turns out very
useful in applications).

Definition 17.2.1. Given a directed graph G = (V, E,w) with non-negative weights w €
R>g, we say that a partition X, X, ..., Xy of V and a set of edges E4 C E form a (D, «)-
low-diameter decomposition of G if

1. for every ¢ € [1, k] and u,v € X;, we have distq(u,v) < aD, and
2. Ve € E, Ple € Eygq] < O(w(e)logn/D).

3. the graph (G/{X1,Xs,..., Xk}) \ Fuae, that is the graph where each cluster X; is

contracted into a super-vertex, is a directed acyclic graph (DAG).

Note in particular the subtle difference in Property 1 that clusters have small distances in
G and not in the graph induced by the cluster. In Property 2, we gave the probability an
O(logn) slack. While this makes the definition slightly unclean, it makes it easier to state
our result.

The third property might initially look a bit strange. Let us briefly argue that it is a
reasonable property to have. Note first, that in directed graphs, we might have a highly
asymmetric relationship in distances, i.e. distg(u,v) >> distg(v,u) for some, or even all
the vertices. One example that really stresses this is the cycle graph. While it is very easy to
decompose the undirected cycle graph, the directed cycle graph only allows for decomposition
into singletons if one insists on having clusters of small diameter D. What the third property
expresses is that in this case, while our clusters are not very meaningful, we learn something
about the structure of G: removing a few edges (in this case a single one) makes the directed
graph acyclic.

In the next lecture, we will see an application of this subroutine in an algorithm that basically
does a case split for these two extreme cases: it exploits the small distances in clusters to

191



make progress on the clusters, and it exploits the structural closeness to a DAG on the
remainder of the graph.

The rest of this lecture is concerned with proving the following theorem.

Theorem 17.2.2. Given a directed graph G = (V,E, w) with w € Rsq, there is an
algorithm COMPUTEDIRECTEDLDD(G, D) that computes an (D,8log(n))-low-diameter-
decomposition in time O(m) with probability at least 1 — n=3.

We first give a slightly simpler algorithm that is not quite efficient but allows us to generalize
the ideas from the undirected setting cleanly. We then show how to adapt the algorithm to
make it efficient.

A Directed LDD Algorithm. Let us show how to implement the algorithm. Again, we
are simply carving out balls, one after another, until we know that all remaining distances
have small distance to each other. An important detail in this algorithm is that while the
ball-carving is executed on the graph G[V'\ X], which is the graph with all carved out vertices
removed, the eligibility criterion of the while-loop is with respect to the initial input graph
G. We also point out that |V(G)| here might be different from n, as n denotes the size
of the global input graph, while |V (G)| denotes the size of the input graph to the current
procedure. This is important for recursive calls.

Algorithm 13: CoMPUTEDIRECTEDLDD(G, D)

1 X ={}; Fu < 0.

o I o o«

©

10

while there is a vertex r € V' \ X with |B&"(r,4Dlogn)| <
|B(r, 4D logn)| < H[V(G)| do

D < EXpDiSTR(D).

# argmin#e{guum}|3§(r, D)|.

2 4

X <= Bl x (1, D).

Add all #-edges of X in G[V \ X] to Eg.

(X', El),,) < CoMPUTEDIRECTEDLDD(G[X], D); // Recurse.
B X+ XU {X} U X’, Edel — Edel U Etliel'
X —XU{V\X}; // Add new cluster.
return (X, Fy)

V(G| or

N |+

Analysis. Here, we thoroughly discuss the above algorithm but only sketch how to imple-
ment it efficiently. A rigorous exposition of these arguments can be found at herd']

!Lecture Notes by Danupon Nanongkai: https://hackmd.io/@UOnm1XUhREKPYLt1eUmE6g/Sycpovkig.
The notes only present the arguments for obtaining a weak diameter guarantee for each cluster, however,
this can be salvaged by slightly adapting the algorithm and analysis.
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Claim 17.2.3. Given a clustering X returned by Algorithm[13. We have for any u,v € X €
X, distg(u,v) < 8Dlog(n).

Proof. Note that a new cluster is only added to X in Line |11] (all other clusters stem from
recursive calls that themselves find clusters by adding them in this line). Consider any two
vertices u, v in this new cluster, we have that u reaches more than half the vertices in G in
its out-ball of radius 4D logn and v reaches more than half the vertices of G in its in-ball
of the same radius. Thus, these balls have an intersection and there is a path of weight at
most 8D logn. O

Claim 17.2.4. Given a clustering X returned by Algorithm [13. Ve = (u,v) € E, Ple €
Eael] = O(w(e)logn/D).

Proof Sketch. 1t is not hard to see that Algorithm [12] only calls itself recursively on disjoint
vertex subsets of at most half the size of the original graph (technically, this is only true when
conditioned on D never exceeding 4D logn, but we will be imprecise here). It is therefore
straightforward to see that each vertex u participates in at most O(logn) calls.

The remainder of the analysis is analogous to the undirected case. Here, we exploit that an
out-ball only adds the boundary edges leaving the out-ball to F,.,, and an in-ball only the
boundary edges entering the in-ball. O

Claim 17.2.5. Given a clustering X and edge set Egq. returned by Algorithm [13. We have
that (G/X) \ E4 is a DAG.

Proof. Let us first prove that the algorithm maintains the invariant that there is no cycle in
G \ Eg that visits more than one cluster in X.

We prove by induction on the size of V/(G). If |V(G)| < 1, the while loop is not entered and
the algorithm returns X = {V'}.

For larger sizes of V(G), whenever we remove a set X from V' \ X to recurse on G[X], we
add either all in- or out-edges of X to Ey,;. By the induction hypothesis, the recursive call
returns a partition X’ of X such that no cycle in G[X]\ £, visits any two clusters. But this
means that any such cycle that does, must use an in- and an out-edge of X, but we remove
either all in- or all out-edges of X. Similarly, no future subcluster of V'\ (XY U{X}UX") can
have a cycle with a cluster in {X} U X’ as again it requires an in- and an out-edge from X.

Finally, each cluster in X has small diameter by Theorem [17.2.3| and thus, when we contract
sets X', we do not create new cycles. Thus (G/X) \ Eq4 is DAG. O

This completes the proof of correctness.

An Efficient Implementation. Finally, we want to argue about runtime. The bottle-
neck in Algorithm is the computation of the information in the while-loop condition.
Unfortunately, it is not clear how to obtain this information in reasonable time.
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Algorithm 14: CoMPUTEDIRECTEDLDD(G, D)
X = {}, Edel < @
Sample each vertex v € V into set S with probability p =

324 1log(n)
V@l -

3 Compute in- and out-SSSP for all s € S.
4 while there is a vertez r € V '\ X with |B&" (r,4Dlogn) N S| < 2|V(G)|/p or

(S

© N O

10

11
12

\ng(r, 4Dlogn) N S| < 2|V(G)|/p do
D + ExpDisTR(D).
# <+ argmin#e{gut7m}|3§(r, 4Dlogn) N S|.
X = Bl x(r, D).
Add all #-edges of X in G[V \ X] to Eg.
(X', El.;) < CoMPUTEDIRECTEDLDD(G[X], D); // Recurse.
X+ XU {X} U X/; Edel — Edel U Ez/iel‘

X —XU{V\&}; // Add new cluster.
return (X, Fy)

Instead, we resort to weakening the while-loop condition slightly to obtain an efficient al-
gorithm: we initially sample a set S consisting of O(logn) vertices uniformly at random.
We then run Dijkstra from each vertex in S on the graph G and the reverse graph. This
allows us to obtain for each vertex v € V', the information how large the intersection of S
is with its out- and in-ball of radius 4D logn. This now gives an estimator that w.h.p. can
detect whether a vertex v has an out- and in-ball of size more than $|V(G)| or otherwise
guarantees that both balls are of size at most 2|V (G)|. We make this more precise with the
claim below.

Claim 17.2.6. For any call of Algom'thm with probability at least 1 —n~2, the sampling
of S is such that for every vertexr € V and # € {in,out}, we have that if |B§(T, 4D logn)N
S| < 2|V(G)|/p, then |BE (r,4Dlogn)| < 2\WV(G)|. And if |BE (r,4Dlogn) N S| >
2V(@)|/p, then | BE (r,4Dlogn)| > §|V(G)].

Proof. By Chernoff, we have that for independent random variables Y7,Ys,..., Y, € {0,1}

In our case, we choose § = % which yields a failure probability of our claim of at most
26— (1/6)*plV(G)I/3 — 9o—pIV(G)|/108 — 9,—3log(n) ~ =2 [

Thus, it now suffices to check whether a %-fraction of the vertices in S intersect which yields
a good estimator on these two values.

Since balls in graph G[V \ X] are subsets of balls in graph G (for the same center and
radius), we have that every recursive call is indeed on a graph that has the number of
vertices decreased by a constant fraction compared to the original graph. For the remaining
vertices that are added as a cluster V' \ X in the current call, we have that they reach
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half the vertices in GG in in- and out-ball w.h.p. and thus, we can use an argument as in
Theorem [17.2.3, we have that they are at distance at most 8D logn.

It is not hard to bound via the above guarantees the number of calls that every vertex
participates in by O(logn) which yields the two other properties of LDDs. And further,
since sampling is efficient, and SSSP computations take time near-linear in the number of
edges of the input graph, we can bound the runtime now by O(m) We leave it to the reader
to verify this bound.
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Chapter 18

Negative Single-Source Shortest Paths

In this lecture, we are interested in the following result. It says that even in graphs with
negative edge weights, we can find the single-source shortest paths in near-linear time! This
result has been obtained extremely recently and the algorithm is a beautiful combination of
some of the most useful modern graph algorithmic techniques.

Theorem 18.0.1. Given a directed graph G = (V, E, w) with w € RY such that there exists
no negative cycle in G, and a dedicated source vertex s € V', the distances distg(s,t) can be
computed in expected time O(mlog(W)) where W = ||w]|oo, i.e. W is the largest absolute
weight (and where we assume that the smallest absolute non-zero weight is at least 1).

Henceforth, we assume that any graph GG under consideration does not contain a negative
weight cycle.

18.1 A Not-So-Brief Recap: Classic Algorithms for
Handling Negative Weights

Bellman-Ford. The classic algorithm that should come to mind when computing single-
source shortest paths with negative weights is Bellman-Ford’s algorithm. The algorithm
works by initializing distance estimates d(s,u) with infinity and d(s,s) with 0. It then
proceeds for n rounds by relaxing the edge set in every round.

The following theorem summarizes the guarantees of the algorithm.

Theorem 18.1.1. Algorithm takes as input a directed, weighted graph G = (V, E, w)
where weights are allowed to be negative, but that contains no negative cycle; and a source
vertex s € V.. It runs in time O(mn) and outputs the correct distances from s to every vertex
velV.

Proof. The algorithm runs for n iterations and relaxes m edges in each iteration, each in
O(1) time. This establishes the runtime.
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Algorithm 15: BELLMANFORD(G, s)
Vu e V\ {s},d(s,u) < oo; d(s, s) < 0.
fori=1,2,...,ndo
foreach e = (u,v) € FE do
t d(s,v) + min{d(s,v),d(s,u) +w(e)}

return {d(s,v)},

We prove correctness by induction. We prove that after the h-th iteration of the algorithm,
for all vertices v that have a shortest path consisting of at most h edges have d(s,v) is equal
to the real s to v distance.

The base case h = 0 is trivial because CZ(S,S) is initialized to 0. For the inductive step
h — h + 1, we use the subpath property of shortest paths, that is, for any v that has
a shortest s to v shortest path consisting of exactly h + 1 edges, we have that for the
vertex u preceding v on this path, we have that the subpath from s to u is a shortest path
itself and has < h + 1 edges (it is easy to establish the subpath property via proof by
contradiction). Thus in the h + 1-th iteration, when the edge e = (u,v) is relaxed, we have
d(s,v) + d(s,u) + w(e) = distg(s, u) + w(e) = distg(s, v). O

A Heuristic for Speeding-Up Bellman-Ford. If you think a bit longer about Bellman-
Ford and why you cannot use Dijkstra, you might stumble upon the following idea that might
improve runtime in practice: consider that there is a shortest path from s to v that consists
of at most h negative edges. Then, we could try to relax negative edges by Bellman-Ford,
and relax all non-negative edges between two consecutive edges on the shortest path using
Dijkstra’s algorithm. We know that after h rounds of this algorithm, v’s distance estimate
becomes the distance and we therefore never need to relax after round h + 1 from v.

Let us make that intuition precise.

Definition 18.1.2. Given a directed, weighted graph G = (V, E, w) with negative weights
but no negative cycle and a source s € V. For any vertex v € V, we let n(s,v) be the
minimum number of negative edges over all shortest s to v paths.

The pseudo-code below now formalizes our intuitive approach. It reduces the runtime to
O((>2, n(s,v) - deg®*(v) + m)logn) which is always upper bounded by O(nmlogn).

We can now prove the following theorem which proves that the algorithm above is faster at
least for the special case when 7(G) is much smaller than n.

Theorem 18.1.3. Algorithm HEURISTICBELLMANFORD(G, s) runs in time O((>_, n(s,v) -
deg®"t(v) +m)logn) time and outputs the correct s to v distances.

Proof Sketch. The runtime is trivially analyzed. To avoid a tedious case analysis, let us
assume that all out-going edges of s are negative (this can be enforced w.l.o.g.).
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Algorithm 16: HEURISTICBELLMANFORD(G, s)

1 Vu e V\ {s},d(s,u) < oo; d(s, s) « 0.
2 for:=1,2,....,ndo

/* Relaxation via Bellman-Ford. */
3 foreach e = (u,v) € E where d(u) was decreased last iteration do
4 t d(s,v) < min{d(s,v), d(s,u) + w(e)}.

/* Relaxation via Dijkstra’s Algorithm. */
5 Let @ be the collection of all vertices u € V' where J(s, u) was decreased in the

current for-loop iteration.

6 while @ # () do

7 Extract the vertex u from @ that has smallest d(s, u).
8 foreach e = (u,v) € E,w(e) > 0 do

9 if d(s,v) < d(s,u) +w(e) then

10 L t d(s,v) « d(s,u) + w(e); add v to Q.

11 return {CZ(S, v) }o

Then correctness follows by induction on (s, v), i.e. after the h-th iteration of the algorithm,
we have for all vertices v € V with 7(s,v) < h, that d(s,v) = distg(s,v). The base case is
again trivial. For the inductive step h — h + 1, we have that for any v with n(s,v) = h+1,
by the subpath property, we have that the vertex u just before the last negative edge on the
shortest s to v path of h + 1 edges, that cf(u) is equal to the real distance after iteration h.
But then w is relaxed in the round after learning the real distance by Bellman-Ford which
then decreases the distance of the next vertex on the path. Dijkstra’s algorithm then relaxes
all non-negative edges in the correct order on the path which leaves v’s estimate decreased
to the real distance. O

All-Pairs Shortest Paths in Negative-Weight Graphs via Price Function. While
we are at reviewing classic algorithm, let us also briefly review Johnson’s algorithms. This
algorithm allows to compute APSP in directed graphs even when weights are negative (but
again no negative cycles).

The key idea used in Johnson’s algorithm is the concept of a price function.
Definition 18.1.4 (Price Function). For any vector ¢ € R, we say ¢ is a price function if

Wy = w + B¢ > 0, i.e. where for each edge e = (u,v) € E directed from u to v, we have
that w(e) + ¢(u) — ¢(v) > 0. We write G, to mean the graph (V, E, wy).

A price function is a nice tool since once one obtains a price function, one can run Dijkstra’s
algorithm on the graph G, and extract the real distances efficiently. Let us briefly prove
that.
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Claim 18.1.5. Given a directed graph G = (V, E, w) and any function ¢ over the vertices.
Then we have for any vertices s,t € V that distg(s,t) = distg, (s,t) + ¢(s) — ¢(t).

Proof. For any s to ¢ path P in G, we have that wy(P) = > . _ e, Wole) =

D e—(umyer W(E) + 0(u) — O(v) = w(T) + X0y penr O(u) — 0(v) = w(m) = o(s) — &(1).
But this means that all s to ¢ paths are additively increased by ¢(s) — ¢(t) thus the shortest
path in G w.r.t. w is still a shortest path in Gj. m

To see that price functions even exist consider the following algorithm which computes it
via Bellman-Ford.

Algorithm 17: COMPUTEPRICEFUNCTION(G)

Let G’ be the graph G with an additional dummy source d, and edges (d, v) of weight 0
for every v € V.

2 Run HEURISTICBELLMANFORD(G, d).

return ¢ = {diste/(d, v)},ev

Claim 18.1.6. Algorithm[17 returns a price function ¢ for G. It runs in time O((3, n(d,v)-
deg®"(v) + m)logn).

Proof. In fact, we can prove that ¢ extended by the value ¢(d) = 0 for the dummy source d
is a price function for G.

To see this, observe that the distance from d to any vertex v in G weighted by wg is 0 by
definition. Thus, the shortest path from d to any vertex v is of weight exactly 0 w.r.t. ¢.
But assume that there is an edge e = (z,v) with wg(e) < 0. Then, the path obtained from
the shortest path from d to = appended with edge (x,v) is of negative weight. But this
contradicts that v is at distance 0 from d. O]

Once a price function is found, one can obtain All-Pairs Shortest Paths by running Dijkstra’s
algorithm from each vertex on the graph Gy. The runtime of this algorithm is O(mn).

18.2 Scaling for the Negative-Weight SSSP Problem

Next, we use a technique that is often referred to as scaling. It appeared first in the context of
obtaining max-flow algorithms. The idea is that we can pre-condition/ normalize a problem
and then only try to improve the situation slightly instead of completely solving the problem.
To be precise, we want to prove the following statement.

Theorem 18.2.1. Given an algorithm PRICEFUNCTIONONNORMALIZEDGRAPH(G) that
may assume that the input graph G = (V, E,w) has w > —2 -1, and that then computes
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a function ¢ such that Gy has its most negative weight being at least —1 and runs in time

T(m,n).

Then, there exists an algorithm NEGATIVESSSP(G, s) for any graph G = (V, E,w) that
solves the negative SSSP problem in time O(T (m,n)log(Wiae/Winin)) where Wi, is the
largest absolute weight in G and W, is the smallest absolute non-zero weight.

Using scaling initially, we can and will assume henceforth that initially W,,;, > 1 (one simply
needs to scale by 1/W,,;, to make this true).

A Scaling Algorithm. Let us now present such an algorithm. The idea is that one can
initially scale the graph down to satisfy the condition that the smallest weight is at least —2,
and then using the produced "price” function, scale up by a factor 2 in the next round when
inputting the graph reweighted by this first price function. The algorithm below proposes
to keep going with this process until one is at a precision where one can round the ”price
function” into a real price function ¢ for G. It then remains to run Dijkstra’s algorithm.

Algorithm 18: NEGATIVESSSP(G, s)

1 Wiz < | w]|co-
(250 +— 0.
fori=1,2,...,n7 = [logy(Wynan?)] do

L ¢; < PRICEFUNCTIONONNORMALIZEDGRAPH <(G : 2i/[log2(me)1)¢iil>.

“O (Wmar)“
¢almost — flogf(QVVm ‘ Cbn-

Obtain a price function ¢ from ¢gmest by rounding.
7 return DIJKSTRA(G, s, ¢).

Here, we will not give proof that this algorithm indeed yields Theorem [18.2.1] but simply
use its result. For proof, also that ¢ can be computed efficiently in the second-to-last line of
the algorithm, we refer you to the original paper.

18.3 The (Normalized) Negative-Weight SSSP Prob-
lem

Recall, we can now assume that the most negative weight in G is —2, and we want to produce
a "price” function ¢ such that the most negative weight in G is —1. For the rest of this sec-
tion, we focus on giving an implementation of PRICEFUNCTIONONNORMALIZEDGRAPH()
with runtime O(m+/m).

Constant-Degree Assumption. It will be convenient to assume that GG has constant-
degree. This is w.l.o.g. since we can take an arbitrary graph G and transform it into a
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metric-preserving graph G’ with O(m) vertices and edges by replacing each vertex v with d
edges incident, by a zero-weight cycle with d vertices where each edge on the cycle receives
one of the edges originally incident to v.

Notation. We introduce the notation G to denote the graph (V, E,w +i - 1), i.e. the
graph G after adding ¢ to each edge weight. We will use

e ™Y which is the initial graph;
e G which is the graph for which ¢ will be a real price function; and

e "% which has the property that every edge weight is non-negative.

The Algorithm. To obtain Single-Source Shortest Paths from a dedicated source s, we
use the following algorithm. The algorithm first decomposes GG into LDDs where it ignores
edge weights and uses weights 1 instead. It then computes a price function for each cluster
X, in the LDD. Finally, combining these price functions in the most straight-forward into a
global function ¢ (that is not a price function but as we will see is close to a price function),
we can invoke our heuristic for Bellman-Ford on the graph G4, and then return the computed
distances after adjusting them for the price function.

Algorithm 19: PRICEFUNCTIONONNORMALIZEDGRAPH(G = (V, E, w))
(X ={X1,Xs,..., X}, Eqa) + COMPUTELDD(G2,\/n).
// Find "price" function ¢; on clusters.
fori=1,2,...,k do ¢! <+ COMPUTEPRICEFUNCTION(G"[X}]). ;
T
o1 [01,07,...,0F] .
// Adapt "price" function to ¢, which also works for DAG edges.
4 Let m be a topological order of X1, Xs,..., Xy in (G/X)\ Ege.
5 fori=1,2,...,kdo ¢+ ¢+ (2||d1]lec + 1) 7(Xy) - 1x,. ;
T
¢2 <~ [¢%7¢%77¢§} :
// Obtain "price" function ¢3; that works for all of G'!.
¢3 + COMPUTEPRICEFUNCTION(G} ).
return ¢, + ¢3.

Analysis. From the algorithm, it is immediately clear that ¢, + ¢3 is a price function for
G111 and thus satisfies our claim. It remains to bound the runtime.

Claim 18.3.1. For each cluster X; € X, we have that COMPUTEPRICEF UNCTION(G[X}])
runs in time O(n\/n).
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Proof. Recall that COMPUTEPRICEFUNCTION(G ! [X;]) internally adds a dummy source d
and edges of weight 0 from d to everyone in GTX;], and then computes the price function
in time O(>_, n(d,v)) (where we use that G is assumed constant-degree).

Let us now show that 7(d,v) = O(y/n) for all v which then establishes the claim. We
note that 7(-,-) is here defined w.r.t. G™'[X] (plus the vertex d). Assume for the sake of
contradiction that n(d,v) > 8y/nlogn + 1. Since there is an edge (d,v) of weight 0 for all
v € X; in this graph, we have that the weight of the shortest d to v path P must be of
non-positive weight in G™!. Let u be the first vertex on this shortest path after d. Then,
the shortest u to v path P’ is exactly the path P omitting the first vertex, and thus also of
weight at most 0. Note that P’ is contained in G[X;]| (without d) and consists of at least

8y/nlogn edges.

Finally, note that in G*° each edge carries weight one less than in G*!. So the path P’ is
of weight at most —8y/nlogn in G = G*°, thus distg(u,v) < —8y/nlogn. But at the same
time, we know from the LDD decomposition (see Theorem that since u and v are in
the same cluster w.r.t. G*? that distg (v, u) < distg+2(v,u) < 8y/nlogn.

But this implies a negative cycle in G which yields a contradiction. O

To analyze the runtime of the call to COMPUTEPRICEFUNCTION(G;f;) in Line , we establish
that ¢, indeed is a price function for G\ Eyq.

Claim 18.3.2. ¢y is a price function for GT\ Eyq.

Proof. Since price functions are invariant to shifts by 1, it is not hard to verify that for every
edge e in G[X;], we have that wy,(e) = wy, () > —1 and thus in G, the function is a
price function restricted to edges in clusters.

Let us now consider any edge e = (u,v) in G\ Ey that is not in a cluster. Let v € X; and
v € X; for i # j. We have by definition, that 7(X;) +1 < m(Xj;). But |¢1(v) — ¢1(u)] <
2||¢1]| and in G the smallest possible edge weight is —2 by assumption. Thus,

Wy, () = w(e) + dr(u) = ¢1(v) + (2] ¢1 o + V(7 (X;) — w(X5))
> w(e) + ¢1(u) = d1(v) +2[[d1]lo + 1
> w(e)+1
> —1.

Again, this confirms that ¢, is also a price function on the edges that are between clusters
(and not in Fg) with respect to G O

Claim 18.3.3. The runtime of the call to COMPUTEPRICEFUNCTION(G;;) in Line @ is
O(n+/n) in expectation.

Proof. Again recall that COMPUTEPRICEFUNCTION(GE) internally adds a dummy source
d and edges of weight 0 from d to everyone in G;;, and then computes the price function
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in time O(Y", 1(d,v)) here 7(-,-) is with respect to ¢y (where we use that G is assumed
constant-degree).

To finish the proof it remains to show that for every vertex v € V', E[n(d,v)] = O(y/nlogn).
To see this, fix any shortest path P from d to v in the graph G(;; (plus the vertex d). Let
P’ be again the shortest u to v path where u is the vertex that appears on P after d. Again,
we have that P’ has weight at most 0 in G*!, since P is of weight at most 0 since it is a
shortest d to v path and a zero-weight edge (d,v) exists.

Further note that P’ is also a shortest u to v path in G*!. Finally, note that every edge that
is negative in Gy, is in Egy. Let N be the set of negative edges on P’ in G*. We now want
to analyze E[|N N E4|] which yields an upper bound on E[n(d, v)].

But to this end, we need to use three different facts:

1. since every edge in N is a negative edge in G, its weight in G™ (where we computed
the LDDs) is at most 1, and

2. each edge e is added to Ey, with probability at most O(w'?(e)/y/n) by the LDD
decomposition theorem (see Theorem [17.2.2)), and

3. there are at most n — 1 edges on any shortest path, and thus also on P’ and thus
IN| <n-—1.

Combining these facts, we have that E[|N N Ez|] = O((n — 1)/y/n) = O(y/n). The claim
follows. 0

18.4 A Near-Linear-Time Algorithm

Using the same framework as above one can in fact obtain runtime O(m) for implementing
PRICEFUNCTIONONNORMALIZEDGRAPH(). The only missing trick is that one can also
scale of the maximum number of negative edges on any shortest path. To get an idea,
observe that if we would know beforehand that this number is at most /n, then invoking
the LDD algorithm with parameter n'/* in-place of \/n will yield an O(m5/ 1) algorithm. The
key claim to look at is Theorem where we then can use that any shortest path has at
most y/n negative edges and so its total weight in G*? is at most \/n, and therefore, we now
add at most n'/* edges to Fg4; in expectation.
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Chapter 19

Maximum Matching

In this chapter, we will learn about classical algorithms for computing maximum matching in
graphs. In this problem, the input is an undirected graph G = (V, E, w) on n vertices and m
edges with integer edge weights w : E'— {1,...,W}. A matching is a set of vertex-disjoint
edges, and our goal is to find a matching M in G whose total weight w(M) =>"__,, w(e)
is maximized.

19.1 Bipartite Matching

Let us first study maximum weight matching in bipartite graphs. Assume G = (V = L U
R, E,w) is bipartite with vertices in L and R having no edges in between them, respectively.
The basic strategy is augmenting paths.

19.1.1 Unit Edge Weights

To begin with, let us first consider unit edge weights (that is, w = 1), we could maintain
a matching M and repeatedly finding augmenting paths to increase its size until we reach
optimum. More specifically, given any matching M, we can apply breath-first search from
free vertices and maintain a tree of vertices reachable from free vertices in L via simple
alternating paths. In the end, if some free vertices in R are reachable via simple alternating
paths, then we can recover an augmenting path. Let us formalize this scheme with more
details.

Definition 19.1.1 (augmenting path). Given a matching M of G, a vertex v is called free
(with respect to M) if v ¢ V (M), and matched if v € V(M).

Any simple path (uy,us, ..., u;) is called an alternating path if it begins with an unmatched
vertex and whose edges belong alternately to the M and not to M, or more formally:

1. wuy is free.
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2. All edges (ug;—1,ug;) are unmatched ((ug;_1,ug) ¢ M), V1 < i <1[/2.

3. All edges (UQZ', u2i+1) are matched ((Ugl‘, UQZ'+1) € M), V1 ~ 1 S (l - 1)/2
An alternating path (uj,us, ..., u;) is an augmenting path if v, is free.

If we could find an augmenting path (uj, us, ..., u;) of M, then the edge set

M= M U {(u,u2), (ug,ug), -, (w1, u) b\ {(u2, uz), (ug,us), ..., (u_2,u—1)}

would be a matching of size | M|+ 1. We argue that augmenting paths always exist whenever
M is not maximum.

Lemma 19.1.2. If M is not a mazimum matching, then there exists an augmenting path
with respect to M.

Proof. Let M* be the maximum matching of G. Then, in the graph (V, M UM™*), all vertices
have degree at most 2, and hence this graph is a union of simple cycles and paths. In each
cycle C;, M N C and M* N C have equal size, and in each path P, the sizes of M N P and
M*n P differ by at most 1. Since |M*| > |M]|, there must exist a path P in (V, M U M*)
where |[M* N P| = |M N P| + 1 which would be an augmenting path. O

In bipartite graphs, any augmenting path starting at a free vertex in L should terminate at a
free vertex in R. To efficiently find an augmenting path, we reduce this task to a reachability
problem on a directed graph. More specifically, build a directed graph 8 as following.

1. Start with G, and for edges (u,v) ¢ M, assign a direction from L to R, and for edges
(u,v) € M, assign a direction from R to L.

2. Add an auxiliary source and terminal s,t to 8 For each free vertex u € L, add a
directed edge (s,u) to G; symmetrically, for each free vertex v € R, add a directed
edge (v,t) to G.

Lemma 19.1.3. Augmenting paths exist if s can reach t in 8

Proof. Let (s,uy,us,...,u,t) be a simple directed path from s to ¢ in 8, then by definition
(uy,ug, ..., u) is an augmenting path. H

The whole algorithm for unweighted bipartite matching can be summarized as the following

pseudo-code Algorithm [20
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Algorithm 20: maximum matching in bipartite graph G = (LU R, E)
initialize M < 0;
repeat

build directed graph G
if s can reach t in 8 then
let (s,uq,us,...,u;,t) be a simple directed path from s to ¢ in 8;
update
M M U {(u1,uz), (us, ua), - - ., (-1, w) b\ {(u2, us), (g, us), -, (w2, wi-1)};
else
L break;
return M,

Alternate description of augmenting path searching. As will be useful for future ex-
tensions to non-bipartite graphs, we present here an alternate explanation of how augmenting
paths are computed in bipartite graphs. For this task, we could grow trees of alternating
paths from free vertices in L a breath-first tree manner until we reach some free vertices in
R. More specifically, for any free vertex u € L, we maintain a rooted breath-first search
tree T, such that edges on the odd levels are unmatched, and edges on the even levels are
matched.

To grow the search trees {7, | v € L} in a breath-first search manner, we iterate over the
levels | = 1,2, .... In the [-th iteration, go over all free vertices © € L and all the leaf vertices
v € V(T,). For each edge (v,w) ¢ M such that w is not contained in any search trees T,
yet, add edge (v, w) to tree T,. Furthermore, if w is matched with another vertex z in M,
then add the matched edge (w, z) to T, as well.

During the growth of all the search trees {7}, upon the first time that a free vertex v appears

in some search tree T,,, we can retrieve an augmenting path and stop the breath-first search.
Check Figure for an illustration.

19.1.2 General Edge Weights

However, the above scheme does not work directly with edge weights. To handle general
edge weights, we use a technique called the primal-dual method. The bipartite maximum
weight matching problem can be formalized as an integer linear program:

max Z w(e) - z(e)

eclk
st. z(e) €{0,1} Vee E
Zx(e) <1 YueV

eou
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Figure 19.1: This picture shows an example of breath-first trees of alternating paths. The
vertices on the top level are free vertices in L. All solid edges are tree edges, and red edges
are matching edges in M, and the dashed edges are non-tree edges in '\ M. The orange
path highlights an augmenting path found by the search tree.

Relax the constraint z(e) € {0,1} to z(e) € [0,1] and write the dual program:

min Z y(u)

ucV
st. y(u)+yv) >wle) Ve=(u,v)€E
y(u) =2 0 Vu eV

The basic strategy is to repeatedly augment a feasible primal integral solution {z(e) | e € E'},
which is actually a matching M, as well as a feasible dual solution {y(u) | v € V} and in
the end reach the condition that:

Y owle)-a(e) = y(u)

By the weak duality of linear programs, we conclude that the our matching M should be
optimal at the end.

To describe the algorithm, we rely on the notation of tightness.

Definition 19.1.4. An edge e = (u,v) is tight if y(u) + y(v) = w(e).

At the beginning of the algorithm, set M = 0, y(u) = W,Vu € L and y(v) = 0,Vv € R, so
y would be a feasible solution for the dual program. During the augmentation steps, define

G, = (LU R, E,) to be the subgraph of G consisting of all tight edges. Throughout the
algorithm, we will maintain the following invariant.
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Invariant 19.1.5. During the algorithm, all edges in M are tight. Furthermore, for any
ue€ L\ V(M), we have y(u) = min,er{y(v)}.

In each round, the algorithm augment M in G, as long as it could, and then adjust the
vertex labels y so that more edges become tight. The algorithm terminates when y(v) = 0
for all free vertex v.

Algorithm 21: maximum weight matching in graph G = (LU R, E, w)

initialize M < 0, y(u) + W,y(v) + 0,Yu € L,v € R;
while y(u) > 0 for some u ¢ V(M) do
define G, = (LU R, E,) to be the subgraph of all tight edges;
repeatedly augment M in graph G, until there is no more augmenting paths in the
same way as Algorithm ;
/* adjust the dual variables y to make more tight edges */
assign directions to edges in G;
compute Z C V which is the set of vertices reachable from all free vertices in L in
. —
directed graph G;
define F' = {(u,v) e E\E,|ue LNZ,ve R\ Z} and
A = min {ming,er{y(u) + y(v) — w(u,v), minge {y(u)} };
update y(u) < y(u) — A, y(v) < y(v)+AVue LNZ,ve RN Z;
return M;

The advantage of finding augmenting paths in graph G, is that it preserves Invariant [19.1.5
because by definition all edges in G, are tight. The main question here is how to adjust the
dual variables to generate more tight edges.

To do this, we will implement dual adjustment through a reachability problem in graph G|,.
For any edge (u,v) € (L x R) N Ey, if (u,v) € M, assign an edge dlrectlon from v to u; 1f

(u,v) ¢ M, assign an edge direction from u to v. Call this directed graph G Compute a
vertex subset Z C V which is the set of vertices reachable from all free vertices in L. Define
an edge set F' C E'\ E, as well as a value A:

F={(uw,v)e E\E,|lueLNZ,ve R\ Z}
A = min {(un;;gF{m )+ y(0) — wiu,v), r%g{y(U)}}

Then, for each uw € L N Z decrease y(u) < y(u) — A, and for each v € RN Z increase
y(v) < y(v)+A. After this dual adjustment, more tight edges will appear. Check Figure[19.2]
for an illustration.

The pseudo-code Algorithm [21] summarizes this algorithm.

Observation 19.1.6. Invariant is preserved by dual adjustments, and E, is only
monotonically growing.
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Figure 19.2: In the example, solid edges are tight, and red edges are matched. Before the dual
adjustment, the dashed edge on the left-hand side is not tight. After the dual adjustment,
the orange edge is a new tight edge.

Lemma 19.1.7. The runtime of the algorithm is O(m?).

Proof. Each iteration can be implemented in O(m) which mainly computes reachability in
the directed version of G,. In each iteration of the while-loop, if A > min,er{y(u)}, then
A would be equal to some y(uy) + y(vi) — W(uy, vy), (us, v.) € F, after adjusting the dual
variables, G, would now include a new edge (us,v.). Otherwise, if A = min,er{y(u)}, all
free vertices may now have zero labels, so the algorithm terminates. Overall, there can be
at most m iterations, so the runtime is O(m?). Note that a tight edge (u,v) never becomes
non-tight again because the decrease of y(u) cancels out with the increase of y(v) due to the
way we adjust the vertex labels. O

Lemma 19.1.8. When the algorithm terminates, M s a maximum weight matching.

Proof. Let M* be the a maximum weight matching. Let us show that w(M) > w(M*). In
fact, since all edges in M are tight and free vertices have zero labels, we have:

w(M) = y(u)

ueV

= Y W Fye)+ Dyl
(u,w)eM* ugV (M*)

> w(u,v) =w(M*) O
(u,v)eM*

19.1.3 Faster Implementation
Next, we show how to optimize the runtime from O(m?) to O(mn). Notice that M could
be augmented by at most n times, while the graph G, may grow for at most m times. So

the bottleneck of the algorithm is growing G, and most of the m while-loop iterations are
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about growing G, not augmenting M. So, to improve the runtime, the idea is to compress
multiple consecutive while-loop iterations which only enlarge G, into a single iteration, such
that the next iteration can augment M.

To implement this idea, the main observation is that the concatenation of multiple while-loop
iterations is actually a shortest path computation from left free vertices to right free vertices.
More specifically, for each edge (u,v) € F, assign edge length p(u,v) = y(u)+y(v)—w(u,v) >
0, and orient all matching edges from R to L, and non-matching edges from L to R. Then,
add a terminal s which is connected to all free vertices in L (with zero weight edges). Call

%
this directed weig_>hted graph H, = (V, E, ). After that, compute the single-source shortest
paths from s in H,.

_)
Let t € RN V(M) be the free vertex which minimizes d(s,t, H,), and define:

A = min {d(s,t, ]—7;), y(u)}

ueL

Then, for each u € L such that d(s, u, ﬁ;) < A, update the vertex label:
y(u) < y(w) — A+ d(s,u, )

and for each v € R such that d(s,v, ]?y) < A, update the vertex label:
y(v) < (o) + A — d(s,v, 7))

This algorithm is summarized in Algorithm [22]

Algorithm 22: faster maximum weight matching in graph G = (LU R, E, w)

initialize M < 0, y(u) + W, y(v) < 0,Yu € L,v € R;
while y(u) > 0 for some u ¢ V(M) do

repeatedly augment M in graph G, until there is no more augmenting paths;
/* adjust the dual variables y to make more tight edges */
—
build directed weighted graph Hy;
_>
let t € RNV(M) be the free vertex which minimizes d(s,t, H,);
_>
compute A — min,ey, {d(s, t,Hy,), y(u)},
%
for uw € L such that d(s,u, H,) < A do
_)
t update the vertex label y(u) < y(u) — A +d(s,u, Hy);
_>
for v € R such that d(s,v, H,) < A do IR
L update the vertex label y(v) < y(v) + A — d(s,v, Hy);
return M;

First, let us verify that our dual adjustment scheme preserves feasibility of the dual solution

as well as Invariant
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Lemma 19.1.9. In each iteration of the while-loop, dual feasibility and Invariant are
both preserved by our dual adjustment scheme.

Proof. Let use y and 3’ to denote the dual variables before and after the adjustment, respec-
tively. E)lrst we verify that all 3/ values are non- negatlve In fact, for any v € R such that
d(s,v, H,) < A, we have y'(v) = y(v) + A — d(s, v, H y) > 0; for any u_>€ L, by definition of
A, we know that A < y(u), and therefore y'(u) = y(u) — A+ d(s,u, H,) > 0.

Now, consider any edge (u,v) € EN (L x R). Previously before the change, we had y(u) +

y(v) — w(u,v) = p(u,v) > 0. Since y'(v) does not decrease, we only need to worry about
the case when y/'(u) < y(u). There are two cases.

%
e (u,v) ¢ M. In this case, noticing that we always have y'(v) > y(v) + A — d(s,v, Hy),
therefore

— =
y'(u) +y'(v) = y(u) + y(v) + d(s,u, Hy) — d(s, v, Hy)
=w(u,v) + p(u,v) + d(s,u, PT;) —d(s,v, I?y)
> w(u,v)
e (u,v) € M. In this case, (u,v) is the only in-edge for u, and so d(s, u, H,) = d(s,v, Hy).
Therefore,
H
() + 9/ (v) = y(u) + y(v) +d(s,u, Hy) — d(s,v, H,)
=w(u,v) + d(s,u, [?) d(s,v, ﬁ;)

=w(u,v)

This equality also proves that all matching edges in M remain tight after the dual
adjustment.

%
Finally, for Invariant |19.1.5 notice that d(s,u, H,) = 0 for all free vertices u € L, the vertex
labels of free vertices on L have decreased by the same amount A. So Invariant [19.1.5] also
holds. O]

Next, let us argue that after the dual adjustment, a new augmenting path shows up in G,

Lemma 19.1.10. In each iteration of the while-loop, after the dual adjustment, either a new
augmenting path in G, shows up, or the algorithm terminates.

Proof. If A = miny,er{y(u)}, then after the dual adjustment, all the free vertices have zero
vertex labels, so the algorithm would terminate. Otherwise, A = d(s, t, H, y)-

Let P be the shortest path from s to ¢ in graph Hy. We claim that all edges on P become tight
after the dual adjustment, which would imply that G, may now contain a new augmenting
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path. In fact, for any edge (u,v) € P, if u € L,v € R, then
— o
Y (u) +y'(v) = y(u) + y(v) + d(s,u, Hy) — d(s,v, Hy)
= w(u,v) + p(u,v) + d(s, u, I—?y) —d(s,v, I?;)

= w(u,v)

The last inequality holds as P is the shortest path and thus p(u,v)+d(s, u, }?y) = d(s,v, }Ty)
Otherwise, if u € R,v € L, then (u,v) € M, and therefore

%
Y (u) +y'(v) = y(u) +y(v )+d(8 u, Hy) — d(s,v, H,)
= w(u,v) +d(s,u, Hy) d(s,v, [—7;)
=w(u,v)
This concludes the proof. O

By the above statement, we know that the while-loop contains at most n iterations, and so
the total runtime becomes O(mn) if we use Dijkstra’s algorithm to compute single-source
shortest path in each iteration.

19.2 General Graph Matching

19.2.1 Unit Edge Weights

Let us now turn to maximum matching in general graphs. The main technical difficulty
with general graphs is that we cannot formulate augmenting paths as a reachability problem
(even in unit-weight graphs) as we did in bipartite graphs due to odd cycles formed by
alternating paths. This technical issue was addressed by Edmonds [Edm65]. The key notion
of Edmonds’ algorithm is called blossom. Roughly speaking, given a matching M, a blossom
is an odd-length alternating cycle whose constituents are vertices or smaller blossoms. More
formally, a blossom is specified by a tuple (B, E, 5(B)), where B C V is a vertex subset,
Ep C E'is an edge subset, 5(B) € B is a special vertex called the base. Blossoms follow an
inductive definition below.

Definition 19.2.1 ([Edm65]). A single vertex v forms a trivial blossom as a tuple ({v}, 0, v).
Inductively, let By, Bs, ..., By be an odd sequence of blossoms. Suppose there exists
a sequence of edges eq,es,..., 6941 such that e; € B; X Biy1 (Byyo = Bj). The tuple

<U21+1 B;, UQZH Ep,, (B1)> is identified as a blossom if e; € M iff i is even. Check Fig-

=1
ure [19.3 for an illustration.

We can show that for any blossom (B, Eg, 5(B)), Eg N M matches all vertices in B but
B(B). The key property of blossoms is the following statement.
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BZ B7

By Bs

Figure 19.3: This picture shows an example of a blossom, where the red edges are matching
edges, and the black ones are non-matching edges. The two subgraphs in the dashed orange
cycles are two smaller blossoms.

Observation 19.2.2. If the base of a blossom is is free, then all vertices in the blossom are
also reachable from this free base vertex via simple alternating paths.

This property implies that we can shrink a blossom into a single node if this blossom is
reachable from free vertices. Informally speaking, to search for augmenting paths from free
vertices, we can apply the same breath-first search through alternating paths. If we encounter
some odd cycles during the process, then this odd cycle must form a blossom. In this case, we
can shrink the entire blossom into a single node, and then continue on with the breath-first
search procedure. As the graph cannot shrink indefinitely, we will find an augmenting path
at the end in polynomial time.

To formalize this idea, we will maintain a laminar family of blossoms €2 C 2V. For each free
vertex u € V', we will maintain a tree T, rooted at u in the contracted graph G = G /2 where
each the blossom is contracted into a single node.

Definition 19.2.3 (out/in labels). For each node in tree T, if its distance to the root is

even, label this node as out, and otherwise label it as in. All vertices contracted within
blossoms are labeled out or in accordingly.

The trees {T,, | u ¢ V(M)} will satisfy the following properties.

e All the rooted trees {7, | u ¢ V (M)} will be vertex-disjoint.

e Each root-to-leaf path in any such tree T, will be an alternating path in G, and each
leaf node in T, is labeled out.
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Figure 19.4: In this picture, all the red and black edges are tree edges of T, and blue edge
(v, w) connects two out vertices. In this example, we can contract the entire tree T, into a
single node.

To grow all the trees {T,, | u ¢ V (M)}, each time we select an arbitrary free vertex u as
well as an out vertex v € V' contracted in a leaf node in B, € V(T,). Enumerate all edges
(v,w) € E and consider the following possibilities.

e Blossom contraction. Vertex w is residing in a node B,, € V(T,). If w is an out
vertex, then all the nodes on the tree path between B,, B,, would make a blossom in
G call this blossom B, add B to €2, and contract B in G. Check Figure for an

illustration.

e Tree extension. Vertex w is currently not in any of the trees 7oy, v’ ¢ V/(M). In this
case, w cannot be free, and let (w, z) € M be its matched edge. We argue that z also
cannot be in any existing trees T,,,u’ ¢ V(M), since otherwise w would be added to
some trees already. Then, let us add edges both (v, w), (w, z) to tree T,.

e Augmentation. Vertex w is in another tree Toy,u' ¢ V(M) \ {u}. Suppose w is an
out vertex, then we have found an augmenting path between wu,«’. In this case, flip the
augmenting path to increase M and start over. Check Figure for an illustration.

The above algorithm is summarized as pseudo-code Algorithm [23]

Lemma 19.2.4. When M is not a mazimum matching, then the algorithm always finds an
augmenting path.

Proof sketch. Take the maximum matching M* and show that in any augmenting path in
M AM™ there should be an edge connecting two out vertices in two different trees T, T,,. [
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Figure 19.5: In this picture, all the red and black edges are tree edges of T,,T,/, and the
blue edge (v, w) connects two out vertices in T}, T,,. Then, we can find an augmenting path
between u, v’ which is highlighted as the orange path.

Algorithm 23: maximum matching in general graph G = (V| F)

initialize M <« 0;

repeat
initialize Q < 0, T,, « {u},Vu ¢ V(M);
repeat
for u ¢ V(M), out vertex v contracted in a leaf node B, € V(T,), and
(v,w) € E do
if w is an out verter then
L contract all the nodes on the tree path between B,, B,, as a blossom,;
else if w is not in any tree then
L let (w, z) € M be a matching edge, and add (v, w), (w, 2) to Ty;
else if w is in another tree node T,y and w is an out vertex then
flip the augmenting path between u, v’ to increase |M]|;
L break;
if M was not augmented in this iteration then
L break;

15 return M;
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19.2.2 General Edge Weights

To deal with edge weights, we will combine the previous primal-dual approach with the above
blossom approach. The primal linear program for maximum weight matching will have extra
constraints for every odd vertex set.

maXZ w(e) - z(e)

eckE
sit. x(e) €10,1] Vee E
Zm(e) <1 YueV

Bl—1
> W(u,v)g% VB C V,|B| is odd

u,wEB,(u,v)EE

As for the dual program, besides the vertex labels y : V' — R, we will introduce a new
set of variables z : 2V — R defined on all odd vertex subsets. The dual linear program is
formalized below:

minZy(u) + Z 2(B) - |B|2_ !

uev BCV,|B|>3 is odd
st. yz(u,v) = y(u) +y(v) + Z z(B) > w(e) Ve = (u,v) € E
BDO{u,v}
y(u) >0 VueV
z2(B) >0 VB C V,|B| is odd

The algorithm maintains a matching M as well as vertex labels y, and a laminar family
of blossoms Q C 2" as well as their dual values 2(B), B € Q; the dual values of all other
odd sets will be zero. Let G be the contracted graph where every maximal blossom in €2
is contracted into a single node, and then we only keep the tight edges of E under dual
variables y, z in G.

The following properties will be ensured during the algorithm.

Invariant 19.2.5. For any free vertex u, y(u) = min,ey{y(v)}. For each blossom edge
e € Eg for some B € Q, e is tight, namely yz(e) = w(e). Also, for any mazximal blossom
B € Q (a tree root in the laminar structure of ), we have z(B) > 0.

At the beginning of the algorithm, initialize M = 0,y = W,Q = (). More specifically, given
any M and duals y, z, begin with empty search trees at each free vertex, and initialize  + (.
For any free vertex u ¢ V(M), we will maintain a tree T, in G rooted at the contracted node
containing u such that each root-to-leaf path is an alternating path. As with the unit weight
setting, we also label the nodes and vertices as out or in.
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If there is currently no augmenting path in G, to generate an augmenting path consisting
of tight edges, we will repeatedly adjust the dual variables y, z and extend the search trees.
More specifically, given a value A > 0, we perform the following dual adjustments:

e y(v) + y(v) — A for all out-vertices, and y(v) < y(v) + A for all in-vertices;

e 2(B) < z(B) + 2A for all maximal out-blossoms, and z(B) <« z(B) — 2A for all
maximal in-blossoms.

Observation 19.2.6. The dual adjustments always preserve Invariant as well as dual
feasibility.

We will find the smallest value of A > 0 such that after the above dual adjustments, one of
the following events occur.

e Termination. All the free vertices have zero vertex labels. In this case, the algorithm
terminates and returns M as a maximum weight matching.

e Blossom dissolution. The dual value z(B) has reached 0 for some maximal in-
blossoms; this operation does not appear in the unit-weight setting. In this case,
remove B from (). Suppose blossom B was contained in search tree T, in G, the sub-
blossoms of B are connected as an odd alternating cycle By, Bo, ..., Bopi1. As B was
an in-blossom, its parent in B must be connected with B via a non-matching edge
with one endpoint residing in a sub-blossom B;. Without loss of generality, assume ¢
is an odd integer. Then, add the entire alternating path By, Bs, ..., B; to search tree
T,, and discard B; 1, Bi.a,... Bogyq from T),. After that, label By, By, ..., B; as in or
out-blossoms according to their distance parities to root of T;,. Check Figure for
an illustration.

e New tight edges. Some new tight edges show up. We argue that any new tight edge
must connect two out-blossoms in the contracted graph G, or extend some search trees
from an out-blossom to an unlabeled vertex, because in-vertices are only raising the
vertex labels. Here are three possibilities which are similar to the unit-weight setting.

— If a new tight edge connects to some unlabeled blossoms, then extend the search
tree via alternating path as much as possible, and label all the blossoms according
to their distance parities.

— If a new tight edge e connects two out-blossoms from two different search trees,
then we can find a new augmenting path.

— If these two out-blossoms By, By come from the same search tree, then the unique
path between Bi, By in the search tree together with e form an odd cycle of
alternating path, which creates a new blossom; in this case, we contract this new
blossom and add it to €.
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Figure 19.6: In this example, after dissolving blossom B which is drawn as the orange cycle,
we keep Bi, By, B3, By, Bs in the tree T),, and remove Bg, By from T,. Since Bg, B; are no
longer in any search trees rooted at free vertices, we would remove their in/out labels.

e Augmentation. After a sequence of blossom dissolution and new tight edges, there
will be a new augmentation at some point. This happens only when we find a tight
edge connecting two different search trees 77, T,. In this case, let us unlabel all vertices
contracted in T7, T, and flip the corresponding augmenting path.

To find the proper value of A such that one of the above events occur, we can set A to be
the minimum among the following terms:

min {y(t)}

s¢V (M)

1 :
5 . BGQ,gl}bIllossom{Z (B) }

1 . min {w(s,t) —y(s) —y(t)}

2 st are out and in different trees,(s,t) is not tight

min {w(s,t) —y(s) —y(t)}

s is out,t is unlabeled

The whole algorithm is summarized Algorithm

218



10

11

12

13
14

15

Algorithm 24: maximum weight matching in graph G = (V, E, w)

initialize M < 0, y(x) < W, z(x) < 0,Q « 0;

while min,gy{y(u)} > 0 do

repeat

set A to be the minimum among the four terms we discussed;

y(v) < y(v) — A for all out-vertices, and y(v) < y(v) + A for all in-vertices;

2(B) < z(B) + 2A for all maximal out-blossoms, and z(B) < z(B) — 2A for all
maximal in-blossoms;

if free vertices have zero vertex labels then
L break;

else if some in-blossoms B has zero dual then
L dissolve B and add sub-blossoms to the search tree;

else
/* new tight edges appear */
extend search trees, or find augmentations, or contract out-blossoms;

if there exists an augmentation then
suppose this is due to a new tight edge connecting search trees 71,75, then
unlabel all blossoms in 77,75, and flip the alternating path;

return M;

Lemma 19.2.7. Between every two consecutive matching augmentation, there are at most
O(n) events of blossom dissolution and new tight edges.

Proof. In general, since there are at most n in-blossoms, and blossom dissolution only de-
stroys in-blossoms, so there can be at most n such events; actually, in our algorithm described
above, we never create in-blossoms, so there is none of them.

When new tight edges emerge, either we extend a search tree by two more vertices, or
contract an out-blossom. Such events could also happen at most n times. This concludes
the proof. O

Corollary 19.2.8. The total runtime of the algorithm is O(mn?).

Proof. Between any two consecutive matching augmentations, there are O(n) events of new
tight edges or blossom dissolution. As each event takes O(m) time by scanning all edges,
the total time becomes O(mn?). O

Lemma 19.2.9. When the algorithm terminates, it returns a maximum weight matching.

Proof. Let M* be an arbitrary matching. Then, by dual feasibility and that all free vertices
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have zero duals, we have:

w(M*) = w(u,v)
(u,v)eM*
< S )
(u,w)eM*
Bl -1
< .
< > yw+ Z 2(B) -
ueV (M*) BCV,|B|>3 is odd
< Zy(u) + Z z(B) - 15| -1
> . >
ueV BCV,|B|>3 is odd

=Y v Y wm P o

ueV (M) BCV,|B|>3 is odd
The last equality uses the fact that there are \3\7—1 matched edges in every blossoms B € ().
This immediately concludes the proof. O

Remark 19.2.10. It is possible to compress every O(n) iterations into a single iteration in
O(m + nlogn), like what we did for bipartite graphs. This improvement is rather involved
and is detailed in [Gabl1§].
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