Hopf Algebras and Combinatorics

Arjit Seth and M. Vinay
Manipal Institute of Technology, Manipal University

Context

These are notes created based on the lectures by Prof. Federico Ardila at San
Francisco State University. Hopf algebras seem to be a difficult topic to introduce
as a simple definition. They apparently have applications in quantum field theory,
pertinent to Feynman diagrams and renormalisation.
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1 Introduction

A Hopf algebra is a complicated mathematical structure with a definition involving lots
of properties and scary commutative diagrams. It fundamentally invokes the tensor
product and develops coalgebras with their respective properties, which merits thor-
ough investigation. Some interesting examples allow for good practice in combina-
torics as well so far. It is difficult to construct as a complete definition in one sitting, so
we must start with smaller definitions and build up the structure progressively.

Definition 1 (Hopf algebra). A Hopf algebra H is a K-vector space with five operations:

Multiplication: m: H® H - H
Unit: u:K—>H

Comultiplication: A:H —>H®H
Counit: €:H — K
Antipode: S:H — H

These definitions invoke lots of commutative diagrams that are difficult to TgX, so they’ll
be shown later once a better understanding is developed. Now we must preliminarily
define the tensor product.

Definition 2 (Tensor product). Let K be a field, and let V and W be vector spaces over
K. The tensor product V ® W is a vector space over K generated by vectors v ® w,
v €V, w e W, and satisfying the following properties:

Distributivity over addition: (v+v)®(w+w)=v@w+v@wW +v QW +0v' @ w’
Scalar multiplication independent of two arguments: A(v@w)=Av@w =0vQ Aw

The combination of these is a property called bilinearity. Note that this vector space is
much larger than the product space V x W:

dimU XV =dimU +dimV
dimU®V =dimUdimV

This is intuitively obvious because the tensor product defines an actual product be-
tween elements of V and W, instead of a restricted component structure induced by a
Cartesian product, which constrains manipulations to V and W independently.

Example (Tensor product of bases). If {v;};; and {w j}]. o are bases of V and W, then

{vi uwjliel, je ]} is a basis for V. ® W. Let {v;} and {w]} be the standard bases



in two and three dimensions, represented as column and row vectors respectively. One
element of the basis for the tensor product is:

vl®w3=[(1)]®[0 0 1]:[8 8 (1)]

It is clear that this construction develops the standard basis for Vo @ W3.

Example (Polynomial ring and matrices). Let V = R[x] and W = Matox2(R). A formal
1

expression of an element in V ® W is, for example, (2 + 2x) ® 1 ol

Example (Dirac matrices). The following anticommutation relations have a corre-
sponding matrix representation called the Pauli matrices:

01.2 =I,, o0ioj+0jo;i=0,i#]

0 1 o —i 10

1ol 27 oo -1

To develop the relativistic theory of the electron, Dirac constructed 4 x 4 matrices

y#, u =0,1,2,3, out of the Pauli matrices using tensor products. The details are
not relevant, so we will just display the results:

01 =

_lo 1]

V=11 0
10 0 0
L o] _fo1 0 o

O_ « = 2 =
v =08k [0 —12} 00 -1 0
00 0 -1

yi=y®oi= [_‘2 fj}, i=1,2,3
1

The Pauli and Dirac matrices form Clifford algebras respectively.

1.1 Motivating Examples for Hopf Algebras

Example 1 (Groups). Let G be a finite group and K a field. To allow multiplication of
scalars into the group, define the group ring:

HZKGZ{iAig,‘

i=1

neN, A; €K, gieG}



with the ring multiplication g-h = gh, the group multiplication. Extending this linearly:
m n m n

bh&)Zw%=ZZhM®W

i=1 j=1

i=1 j=1

Comultiplication: A(g) = ¢ ® g. Extending this linearly:

A(Zn: /\igi) = Zn: Ai(gi ® gi)
i1 i1

These definitions do give a Hopf algebra according to the lecturer.

Remark. The comultiplication A(g) =1® g+ ¢ ® 1+ ¢ ® ¢ should also be valid, as the
mapping should point to all possible information of where g can come from. As we will
see later, this idea will be partially evident in future definitions of different structures.

Example 2 (Polynomial rings). Let H = K[X], the polynomial ring.

Multiplication: m (X' ® X/) = X'*/. Extending this linearly:
n . p . n p . .
m ZaiXIIX)Z‘BjX] ZZZaiﬁjXH], V(Xi,ﬁjEK,Vn,pEN
i=0 =0 i=0 j=0

Remark. This is a commutative multiplication because X'*/ = X/*/,

Comultiplication: Extending the logic from groups:

AX)=(18X)+(X®1)

Remark. The combination (X ® X) is not included here probably because the addition
of ring elements is analogous to multiplication of group elements, justifying ¢ ® g in
the definition for groups.

This ring already has a multiplicative structure, which the coproduct should obey nat-
urally:

AX?)=[10X+X®1] - [18X+X®1]
=1X?’+2X®X)+X’®1



This suggests the following extension:

n

AX") =Y (’:)(Xl ® X”—i)

i=1

Notice the following, which shows the information about the coefficient of a comulti-
plication:

n

mAX") =Y (’:)X" = 9n X"

i=1

Example 3 (Graphs). Let [G] be the isomorphism class of the graph G = (V,E). The
collection of all isomorphic graphs is denoted by L = {[G] | G € G }, where G is the
class of all graphs. Define the vector space H = KL, in which the elements are linear
combinations of graphs:

i=1

HZ{Zki[Gi]‘kiEK, Gieg, nENO}

Multiplication: Defined most naturally as a disjoint union of the arguments as compo-
nents of the graph, which is commutative:

(A A X

Comultiplication: Not entirely obvious, but a satisfactory definition can be deduced
from the previous examples and observations. The comultiplication of an element is
essentially the sum of all of its possible decompositions into two complementary subele-
ments.

This idea can be implemented in this algebra as well by selecting a subset S of the ver-
tex set of the graph V(G) and taking the tensor product of the graphs induced by S and
its complement V(G) — S (a graph induced by a subset of the vertex set consists of ver-
tices in that subset and all of the edges between these vertices that occur in the original
graph). This is shown by (dropping the isomorphism class notation for brevity):

AG) = Z G’S®G’V(G)—S
SCV(G)




This is illustrated using the following example:

() )- 0o (e )

The number of tensor products is easily countable as the number of subsets of V(G),
which is 2", where n is the number of vertices of the graph G. For the above example,
there are 5 vertices, so there are 32 tensor products to be summed over.

Remark. The product of the coproduct of a graph is:
m(A(G)) # G

This indicates that the product of the coproduct of a graph does not bring back the
original argument, so m and A are not inverse operations. (Note: This is also evident
from the group and the polynomial ring examples.)

Example 4 (Permutations). Let P, denote the set of all permutations of N (mod n) :=
{1,2,...,n}, for a given non-negative integer n. Let P denote the set of all permuta-

(o]
tions of N (mod n), for all non-negative integers n — i.e., P := |J P,. Here are two

n=0
(1 23 45 (1 2
P=l2 1 3 4 5”97 \2 1

Remark. Although they might have the ‘same’ action, they are fundamentally different
elements of P, as p is an element of P5 and g that of Ps.

permutations in P:

The vector space is defined as:

n
H:KP::{Zkipi‘kiEK, piGP,TlENO}

i=1

Note that the coefficients do not denote the number of times of application of their
corresponding permutations; they just depict a formal linear extension in the vector
space.

Multiplication: An example is 12 ® 321 using one-line notation:

m(12 ® 321) =12543 + 15243 + 15423 + 15432 + 51243 +
51423 4+ 51432 4+ 54123 + 54132 + 54312



This shows that it respects the relative order of the elements within each argument as in
ariffle shuffle of cards and generates only some permutations in P5 as a result. Also note
how the elements 1,2, 3 in the second argument were relabelled 3, 4, 5 respectively, to
ensure that we get an element of P5 after shuffling. This might be represented as given
below, with u; denoting the i element in the permutation U:

:Zwl"’wn+p

Where w; - - - wy4, stands for every possible permutation of the resultant set with the
values of v; right-shifted by n, under the rule that the relative orders of the elements
of U and V respectively are not lost — i.e., for any two w;, w;, 1 <i <j < n+p, one
of the following holds:

1. wi=uyand w; = v, +n

2. wi =v, +n and w; = uy

3. w; = ur and w; = u;, with k <[

4. wi=v, +nand w; = vs + n, withr <s
where1 <k,I<n,1<r,s<p.

Comultiplication: Similar to graphs, the coproduct of permutations is obtained by cut-
ting a line between the numbers (in one-line notation, e.g. 12 | 345), and writing the
outer product with each piece as a component, then summing over all complementary
combinations.

n

A(uluz...un):Zul...ui®vl...vn_i
i=0

where vy, ...,v,-; are obtained by relabelling u;.1, ..., u, respectively in such a way
that the resulting set {vy,...,v,-i} = N (mod (n —i)), but preserving the relative order
of elements. An example using a permutation of Ps:

A(42531) = (2 ® 42531) + (1 ® 2431) + (21 ® 321) + - - -

Remark. Nothing so far.



2 Algebras Over a Field/Ring

An algebra over a field is a structure that is simultaneously a vector space and a ring. The
setup will be a field K and a ring A with a multiplicative identity 1, called a K-algebra.
Three definitions are introduced that will be shown to be equivalent.

Definition 3 (K-algebra). A forms a K-algebra if K C Z(A) and 1g = 14, where Z(A)
is the centre of the ring.

Example (Polynomial rings). Let A = K[x]. This forms a K-algebra because the ring
is commutative and the elements of the field in the ring are the constant polynomials,
and 1k is the same as 14. This directly generalises to the multivariate polynomial ring
B=K[x1,...,x,],n € N.

An example of a ring that is a vector space, but does not form a K-algebra as per
Definition 3 is A = Mat,x, (K). This is because K ¢ A. However, a “copy” of K exists as
the subfield of matrices of the form AI, where [ is the identity matrix of corresponding
dimensions, and A € K. This structure should form a K-algebra, which motivates the
second definition.

Definition 4 (K-algebra). A is a K-algebra if there is an embedding u: K — A such
that u(K) € Z(A) and u(1g) = 14.

Remark. This allows A = Mat,x,(K) to form a K-algebra if we define u(A) = AI, VA €
K. An observation is that any A now forms a K-vector space because scalar multiplica-
tion is implemented as A-a = u(A)a, A € K, a € A. The construction of the polynomial
ring K[x] as a K-algebra also follows directly from this definition.

An algebra over a ring, by analogy, is a module and a ring with a multiplicative identity
defined similarly:

Definition 5 (R-algebra). M is an R-algebra if there is a ring homomorphism u: R —
M such that u(R) € Z(A) and u(1r) = 14 with a left or right multiplication specified.

Example (Z-algebra). A quaternion a + bi + cj + dk is a Hurwitz quaternion if a, b, c,
and d are either all integers, or all half-integers — i.e., halves of odd integers. Let

H:={a+bi+c]’+dk

1
a,b,c,deZora,b,c,deZ+§}

be the set of all Hurwitz quaternions. Then H is a Z-algebra, since its centre consists
of all Hurwitz quaternions with imaginary parts zero, which contains a copy of Z as a
subring.



2.1 Algebra Homomorphism

Definition 6. Let A;, A; be K-algebras. An algebra homomorphism is ¢: A1 — As
which is a ring homomorphism and linear map simultaneously.

Remark. Observations:
e B C A is a subalgebra if B is both a subspace and subring.

e A structure that quotients the algebra must quotient the vector space and the ring
simultaneously. A subspace quotients the vector space, and an ideal quotients the
ring. All ideals form subspaces, therefore ideals quotient the algebra.

o If p: A — B is a K-algebra homomorphism, then Im ¢p = A/ker ¢, where ker ¢
forms an ideal I. This is analogous to the first isomorphism theorem for groups,
rings, vector spaces, etc.

e The direct product of two K-algebras is also a K-algebra, as the vector space
and ring structures are independently inherited. The tensor product also forms a
K-algebra.

Definition 7 (K-algebra). A K-algebra is a vector space A over a field K equipped with
linear maps

Multiplication: m: A®A — A
Unit: u:K— A
such that the following diagrams commute:
u®id

m®id id®u

ARARA——ARA K®A A®A A®K
id®ml Jm \ml/
f 8
AQA—— A A

where f and g are the natural isomorphisms K® A - A, A®@x +— Axand AQK — A,
x ® A — Ax respectively.

Remark. For vectors x and y, we write m(x, y) as xy.

For the first diagram: (m @ id)(x ® y ® z) = xy ® z, m(xy ® z) = (xy)z and (id ®
m(x®y®z)=x®yz, m(x® yz) = x(yz), which shows that the multiplication m is
associative:

mm(x®y)®z)=mx@m(y z))



For the second diagram: (¢ ® id)(A ® x) = u(A) ® x, and m(u(A) ® x) = u(A)x; also,
f(A ® x) = Ax. Since the diagram commutes, u(A)x = Ax. This shows that left-
multiplying a vector x by the vector u(A) is equivalent to multiplying it by the scalar
A. The same holds for right multiplication. If 14 = u(lx), then 14x = 1gx = x and
x14 = x1g = x, which shows that the multiplication m is unitary, with unity 14.

This definition is equivalent to the previous one, which can be verified by checking if
the structure shares the remaining property of a ring, distributivity, which is satisfied
because of the linearity of m:

mu®@+w)=mu®v)+mu®w)=uv+uw

Remark. To show that the previous definition implies the current one, the only non-
trivial construction required is m, which is defined as a multiplication under the previ-
ous definition: m: A® A — A such that m(a ® b) := ab; this remark is a little troubling
because we do not have a clear definition of the tensor product and its relations with
other algebraic structures, which will be investigated now.

3 Tensor Products

Definition 8 (Free vector space). Let F(V x W) = K-span{(v,w) |veV,we W},
called the free vector space on V- x W.

Definition 9 (Tensor product). The tensor product space is the quotient:
VW =FV xW)/I
where [ is generated by linear relations of v and w:

(v1 + 02, w) ~ (v1, w) + (v2, W)
(v, w1 + w2) ~ (v, w1) + (v, wa)
(cv,w) ~ (v, cw) ~ c(v, w)

Remark. The tensor a ® b = (a, b), an equivalence class, and 4’ ® b’ can be equal to
a®b,a" #a,b #0.

To define a linear m: V ® W — W, we would have to define an n: F(V X W) » W
such that n(I) = 0, which implies that # is a bilinear map.

10



3.1 Universal Property

Theorem 1 (Universal property of tensor products). Let ¢: VX W — V ® W be a
bilinear map. If f: V X W — L is a bilinear map, then there exists a unique linear map

f:V®W — Lsuch that f = f o ¢, which satisfied the commutative diagram:

VxWLV@W

S

Proof. Let ¢p(v,w) = (v, w) +I = v ® w. The following are evident from their respec-
tive properties:

f(Av,w) = Af(v, w) (bilinearity)
o(Av,w) = dp(v, Aw) = A(v, w) +1 = A(v @ w) (bilinearity)
f(/\(v ®w)) = /\f(v Qw) = Af(v, w) (linearity)

Extending f linearly:

f(i Aivi ® wi) = Zn: Aif(vi, w;)

If 30, Ai(vi, wi) = 27:1 wj(x;j, y;), then for the map to be well-defined, we must have:

f(Z Ai(vi, wi)) = f(z wj(xj, yf))
i1 =)
Because 2:11 Ai(v;, w;i) — 27:1 pixj, yj) €l m|

So the definitions f and f determine each other. We can choose bases {v; | i € I} and
{v ilje] } of U, V. The procedure is defining the mappings of the basis elements and
extending bilinearly.

3.2 Useful Examples

Example (A-ring). The problem of the tensor product on the A-ring can be solved
now using the universal property. Since A X A filters through A ® A, the multiplication
m(a ® b) = ab directly.

11



Therefore definitions 4 and 7 are equivalent.

Example (Isomorphisms of K-algebras). Let A be a K-algebra, then K® A = A as
K-algebras. From the universal property, we construct a bilinear map f: Kx A — A;
the most natural definition for this is f(A,4) = Aa. Note that this is a valid algebra
homomorphism. Tm f = Im f and ker f is trivial from the bilinearity of ¢. This can be
observed by taking a sum of tensor products:

Zn:)\i(@ai:ilﬂg@)\iai
i i

which is zero when either A; or a; is zero. Another way is by constructing the inverse
map g: A — K ® A, which should be g(a) = 1g ® a. This is clearly an inverse since
g(Aa) = 1g ® Aa = A ® a from bilinearity of the tensor product.

Example (Tensor product of two R-algebras). Let C be the complex vector space over
R, which forms a ring as well, and is therefore an R-algebra. Then C ® R[x] = C[x],
which is also an R-algebra. Note that only reals can be transferred over the tensor prod-
uct. Using the universal property, construct the bilinear map f(z,p(x)) = zp(x), z €
C, p(x) € R[x], then f (z ® p(x)) = zp(x). This is a valid algebra homomorphism as the
multiplication is preserved. To show that the kernel is trivial, take the sum of tensor
products:

n

Zzz' ® pi(x)

i
One requires bases of C and R[x] to decompose the terms into sums of their respective
components, each summing to zero. Surjectivity is immediate, as every zp(x) comes

from f(z ® p(x)).
Example. Does there exist a natural (linear!) map between vector spaces VW — V?
Try the map f: VX W — V, where (v, w) — v; however, this map is not bilinear. Try
the mapping (v, w) — [a*(w)]v, where a* is any linear functional that lives in the dual
space W*. The motivation for this selection is preservation of bilinearity while deleting
information of w. This is indeed bilinear by observing:

fo, w1 +w2) = [a"(w1) + a’(w2)]v

Using the universal property, take the sum of tensor products:

f(mez) Z[a (w)]o

12



As an example, one can select a* as projections of a basis {w;: i € I}.

n
Lemma 1. If{wjljej} is a basis for W, and ), v; ® wj, = 0 thenv; =0,Vi € L.
i=1

Proof. Let f : V® W — W, using the linear map from the previous example with the
following linear functional:

forany k = 1,...,n. Therefore:

Some instructive exercises are:

VeaW=WeV
Uev)yeW=Ue(VeW)
U V)oeW=(UQW)+ (VW)
If A is a K-algebra and K c L, then A ®x L is an L-algebra.
Example. R[x] ®r C is a C-algebra.

Exercise 1. Let V and W be F-vector spaces. If {v; |i €I} is a basis for V and
{wj |j € ]} is a basis for W, prove that {v,- @w;jli€l,je ]} is a basis for V@ W.
Conclude that, if dim V and dim W are finite, then dim V ® W = dim V dim W.

Solution. Suppose that

Z Aiﬂ)i ®w; = 0.
i

13



Rewriting this,
’ —_—
Z v; Qwj =0,
i

where v} = 2.i Aijvi. Then, since the w; form a basis of W, each v’ = 0 by Lemma 1.
That is, Z Aijo; = 0 for each j. Since the v; form a basis of V, this implies that each

1
Aij = 0. Therefore {vi Qwjliel,je] } is linearly independent.
To see that the set is spanning, every element of V ® W can be written as:

Z v, ® W, = Z (Z akivi) ® Zﬁkjwj
% r \ 7 7
= hileiew), A=) aupy
i %
ThedimensionofV@Wis|{vi®wj|ieI,j€]}|:|{vi|ieI}|-|{wj|je]}’:
dim V dim W.

Exercise 2. (a) Prove that F[x] ® F[x] = F[x, y] as F-algebras.

(b) If A is an F-algebra, let M, x,(A) be the F-algebra of 1 x n matrices with entries in
A. Explain briefly why M,,x,, (A) is an F-algebra. Prove that M;x;(A) = Myx;(F)®
A as F-algebras.

(c) Prove that M;xm (F) ® Myxu(F) = Mynxmn(F) as F-algebras.

Solution. (a) Since F[x]®F[x] has a basis { x' ® x/ | i, j € Ny }, and F[x, y] has a ba-
sis {x'y/ | i,j € Ny }, the mapping x' ®x/ — x'y/ defines a linear transformation
(by linear extension). This transformation is an algebra homomorphism, for

(xi ® xj)(xk ® .Xl) — xi+k ® xj+l — xi+kyj+l — (xiyj)(xkyl).

The map x'y/ — x’ ® x/ (linearly extended) is clearly the inverse of the above
homomorphism, which shows that F[x] ® F[x] = F[x, y].

(b) Matrices form a vector space, the multiplication is given by matrix multiplication,
and the identity matrix is the 1 of the ring, so the copy of the field is the set of
scalar multiples of the identity matrix.

14



Define a map M x, (F) ® A — Myuxn(A), > Ax ® ag — Y, Arax, where Ay = [/\Z{)]
k k
is a matrix in M,x,(F) and a; € A for each k. This map is obviously a linear
transformation, and since (Z Ar ® uk) (Z e bl) Z AT ®ayb; — Z AiTaiby,
k

it is an algebra homomorphism as well. If the kernel is trivial, then this is an
isomorphism. Therefore, consider ), Ay ® ax +— >, Arar = 0. Then, for each i,
k k

j, we have }; Agﬁ)ak = 0. Let E;; be the n x n F-matrix with (i, j)-entry 1 and all
k

other entries 0. Then,

ZAk ®ay = Z Z/\E?Ei]’ ® ay
k k \

-Tre (Z Ag.]mk)
= Z Eij ®0

ij
=0.

Thus, the kernel is trivial and the mapping is an isomorphism of algebras.

(c) Since each one forms an F-algebra, the previous definition can be used.

3.3 Graded Algebras

Definition 10 (Graded algebras). An algebra A is graded if there exists a decomposition
A=A DAL DA D ---
such that A;A; C A;yj, Vi, j, where A; stands for homogeneous elements of degree i.

Example (Polynomial ring). The polynomial ring has a decomposition:

K[x] = é Kx'
i=0

15



Example (Multivariate polynomial ring). The multivariate polynomial ring has the
following decomposition:

Klx1,...,x,] = @Ad
d=0

where Ay = K{x‘fl, X ar+ . tay=d,a; > O}. The dimension d is found by
solving the problem of partitioning d into n multisets ignoring the relative positioning,
which is ("+g _1). This combinatorial problem’s answer is explained later in the exercise
of the symmetric algebra.

Example (Permutation algebra). The permutation algebra, denoted earlier as KP, has
the following decomposition:

KP = é KP,
n=0

where P,, is from the same investigation of the permutation algebra.

Note. An ideal I is called homogeneous if it is generated by homogeneous elements. If
A is a graded algebra, then A/I is also a graded algebra if I is homogeneous.

Definition 11 (Hilbert series). The Hilbert series of a graded algebra A is a generating
function:

Hilb(A; ) = ) dim (Ag)g"
d=0

which generates the d™ dimension of the decomposition of a graded algebra as the 4™
coefficient of a power series.

Example. The multivariate polynomial ring has the Hilbert series:

Hilb (K[x1,...,x,];9) = Z (n td - 1)q"

n=0 n

Exercise 3. Let V be a given d-dimensional F-vector space for some d € N and let
Ve =V ®.--®V (where there are k copies of V) be the kth tensor power of V.

(a) Find the Hilbert series of the tensor algebra, defined as:

[se]

T(V):@V@f=F@V@V®2@V®3ea-~
k=0

16



(b)

(9

Find the Hilbert series of the symmetric algebra of V, defined as:

SWV)=T(V)/[{u®v—-—v®u|u,veV)
Find the Hilbert series of the exterior algebra of V, defined as:

/\(V) =T(V)/{v®0 | u,veV)

Solution. (a) The dimension of V®* is d¥, so the Hilbert series is:

(b)

(@]

1
1-dg

Hilb(T(V);q) = > d*q* =
k=0

The quotient introduces commutativity of the tensor product as another condition
into the free vector space. Extending this using the associativity of the tensor
product, the cross terms are reduced by their symmetries in the k™ dimension.
This analysis is done most easily by borrowing index notation of tensors, which
is extensively used in general relativity.

Let a tensor T of k™ dimension be denoted by using k indices: Tag,.., Where
a,B,y ... each range from 1 to d, so the dimension of the tensor is d* when
there are no symmetries. Symmetry between indices is denoted as equality upon
interchange of the relative index placements. For example, Tapyy = Tapuyp de-
notes symmetry of the tensor in § and u. Take a tensor with k indices that is
symmetric in all of them. The symmetric part is completely specified by the mul-
tisets of length k with the entries ranging from 1 to d. So the problem reduces
to partitioning k objects into d sets ignoring the relative positioning. Since there
ared — 1 sEaces and k dividers, the number of ways of choosing k places for the
objects is ( +Z_1). These are the number of independent components of the sym-
metric tensor T € V®, and hence its dimension. Therefore, the Hilbert series
is:

Hilb(S(V); q) = Z (k T Z ) 1)‘7k " a —1q)d

k=0

In the quotient algebra, v ® v = 0. This also implies that # ® v = —v ® u, which
is easily seen by using bilinearity to expand (¢ + v) ® (1 + v) = 0 and rearranging
the non-zero terms. Therefore, in the quotient of the k™ tensor power V&, any
product v; ® v ® -+ ® vk is zero if any two of its terms are equal (v; = vj,

17



i # j). Two products u#; ® --- ® uy and v; ® - - - ® vy are equal up to a difference
in sign if one is obtained from the other by any permutation of terms. Thus, if
{v1,vs, -+ ,v4} is a basis of V, then a basis for V® consists of elements of the
form v, ® v, ®---® v;., where each v} is some basis vector vj, and all the v] are
distinct, with no two elements being equivalent under rearrangement of terms.
In other words, every basis element of V® corresponds to a selection of d distinct
basis vectors from the k basis vectors of V. Thus, the dimension is (Z) Therefore,
the Hilbert series is:

Hilb ( \(V):q) = i (Z)q" = (1+q)’
k=0
4 Coalgebras

Definition 12 (Coalgebra). A coalgebra is a K-vector space C with linear maps

Comultiplication: A:C—->C®C
Counit: €: C—K

such that the following diagrams commute:
e®id

id®A idee

CeCC+—CoC KoC cC®cC CoK
A@idT TA \AT/'
(1®-) (-®1)
C®C<TC C

Remark. These diagrams encode properties called coassociativity and counitarity.

Example 5 (Set coalgebra). Let KS be a vector space generated by the set S. Define
the following maps:

A(s)=s®s
e(s)=1

Checking coassociativity:

A®id)(s®s)=s®s®s
(d®A)(s®s)=5®s®s
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Checking counitarity:

(e®id)(s®s)=1®s=s
(d®e)(s®s)=s®1=s

Example 6 (Incidence coalgebra). Let P be a poset. For x < y, the interval is defined
as [x,y] = {x <z<yl|lzeP } Denote the set of all intervals in P as Int(P) :=

{ [x, y] |x<yeP } The incidence coalgebra is defined as C = KInt(P). Define the
following:

Alxyl= ). [xzle[zy]

z€[x,y]

1, x=
e[x,y]z{o y

x<y

Checking coassociativity:

(A®id)( Z [x,z]® [z, y) Z ( Z [x,z']®[z’,z])®[z,y]

z€e[x,y] €lx,y] €lx,z]
(1d®A)( Z [x,z] ®[z y) Z xz]®( Z [z,z’]®[z’,y])
z€[x,y] z€[x,y] z'€z,y]

Checking counitarity:

(e@id)( > [x,z]®[z,y1)= D, elxzlelzyl=18lxy]

z€[x,y] z€[x,y]

(id®e)( Z [x,z] ® [z,y]) = Z [x,z]®€lz,y]l =[x, yl®1

zelx,y] z€[x,y]

Exercise 4. In a coalgebra, we say the element x is grouplike if A(x) = x ® x. Prove
that in the group ring F[G], x is grouplike if and only if x € G.
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Solution. Let x = i Aigi € F[G] be grouplike. Then:
i=1
Alx) =x®x
n n n
i=1 i=1 i=1

Using linearity of the coproduct and bilinearity of the tensor product:

D Ailgi®gi) = (Z /\igz') ®( D A8
i=1 i=1 j=1

n n n

D (si@rig) =) (gi®Ai ) Ajg

i1 i=1 im1

n n n
Disi®Aig) - |gi®Ai Y Aigi|=0
=1 =1 j=1

gi®Ai gl_z/\jg]) =0
i=1 j=1

Since g; form the basis of the group ring, Lemma 1 implies that for each i, the second
argument of the tensor product is zero. Thus, foreachi =1,...,n:

n
Ai=0 or Z/\]’gj =gi
j=1

This implies that if A; # 0 for some i, then, since g; are basis elements, A; = 0 for all
j #iand A; = 1. Thatis, A; is non-zero for at most one 7, in which case A; = 1. Thus,

n
x= ) Aigi=giorx=0.
i=1

Exercise 5. Consider the F-algebra H, generated by indeterminates ¢ and x subject to
the relations ¢ = 1,x? =0 and xg = —gx.

(a) Show that 1, ¢, x and gx form a basis for Hy.
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(b) Express the product (a; + b1 g + c1x + d1gx)(as + bag + c2x + dagx) in terms of
this basis, where a;, b;,c;,d; € F,i =1, 2.

(c) Show that the coproduct Ag = ¢ ® g and Ax = x® 1 + g ® x and the counit given
by e(g) = 1 and e(x) = 0 turn H, into a bialgebra.

(d) Express the coproduct A(a + bg + cx + dgx) in terms of this basis.

Solution. (a) Any expression g™ reduces to either ¢ or 1 depending on m is odd or
even. Any expression x™ reduces to zero for m > 1. Therefore, any expression
containing more than one x will reduce to zero using the anticommutation re-
lation between ¢ and x. Thus, any non-zero expression is of the form g"xg",
which reduces to an expression of the form +g¢x or +x. Therefore, these four
elements form a basis for the algebra.

(b) The product is (ajas + b1bs) + (a1b2 + azby + bids + bad1)g + (aice + azcr)x +
(Llldg + ﬂgdl + bng + bgcl)gx.

(c) Since A and € are assumed to be algebra homomorphisms:

A(gx)=AgAx=(g®¢g)(x®1+g®x)=gx®g+1®gx
e(gx) = e(g)e(x) =0
A =181, e(l)=1

Coassociativity holds:

(([d®AAg=g®g®g=(A®id)Ag
([d®A)Ax = ([d®A)[x® 1+ g ® x|
=x®1®1+(g®r®1+g®g®X)
(A®id)Ax = (A®id)[x® 1+ g ® x|
=(x®1®1+9g®x®1)+g®g®x
(id® A)A(gx) = (([d®A)(gx ® g + 1 ® gx)
—gr®g®g+(1®gx®g+1®1® gx)
(A®id)A(gx) = (A®id)(gx ® ¢+ 1® gx)
=(gx®g®g+1®gx®¢g)+1®1®gx
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Similarly, counitarity holds:

(e®id)Ag=€e(g)®g=10®¢g
(d®e)Ag=g®e(g)=g®1
(e®id)Ax=€e(x)®1+e(g)®x=1Qx
([de®e)Ax=x®e(l)+g®e(x)=x®1
(e®id)A(gx) =e(gx)®g+e(1)®@gx =1® gx
(id®e)A(gx) =gx®e(g)1 ®e(gx) =gx®1
These form a bialgebra by assumption of A and ¢ as algebra homomorphisms.

(d Ala+bg+cx+dgx)=a®@1+b(g®g) +c(x®1+9g®@x)+d(gx®@g+1® gx)

4.1 Duality

Definition 13 (Duality of vector spaces). If V is a K-vector space, then the dual vector
space is V* := Homg/(V, K).

Remark. A finite-dimensional vector space V is isomorphic to its dual space V*, and
naturally isomorphic to its double dual V** := (V*)*. These definitions are extended to
algebras and coalgebras:

If C is a coalgebra, then C* is naturally an algebra. If A is a finite-dimensional algebra,
then A* is a coalgebra.

Dirac’s bra-ket notation, which is used in quantum physics, will be used to denote
elements of linear algebra. In this notation, vectors are denoted by ‘kets’ [v) € V, dual
vectors are denoted by ‘bras’ (v| € V*. The notation for tensors is denoted as follows:
[v)®@|lw)y=lvew)ec VOW.

The inner product of two vectors is defined as the bilinear map (—|-) : VxV — K, such
that (v |vs) = v](v2), (v1| € V*,|ve) € V. This is generalised to the tensor product of
vector spaces in the following manner:

Definition 14 (Inner product of tensors). The inner product of tensors is defined as
the map (-®—|-®-): (VW) x (V®W) — K, such that {v; ® wi|vs ® wy) =
(v1]v2) (wi|w2).

Remark. The definition of this map requires the construction of the following map
p: V*@W* — (V® W), such that (v| ® (w| — (v ® w|. This is an injective map, as
the following argument shows. Suppose that (v ® w| = (0| for some v and w. Then
in particular, (v ® w|v ® w) = (v|v) (w|w) = 0, which means that either (v| = 0 or
(w| = 0, and therefore, (v| ® (w| = 0. Thus, ker p is trivial, and p is injective. When V
and W are finite-dimensional, p is bijective.
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Remark (Important). For any linear map f: V — W, there exists a dual map f*: W* —
V*, such that (f*(w)|v) = (w|f(0)).

To extend this concept to algebras and coalgebras, we introduce duals of algebras. But
first, we discuss important tools that will be handy in the future.

Theorem 2 (Categorical imperative). Every proposition can be proved using commuta-
tive diagrams.

Proof. Ask Kant. O
Definition 15 (Dual of a coalgebra). Let C be a coalgebra with the comultiplication

A: C - C®C and counit €: C — K. Let C* be the dual of C with multiplication and
unit defined by the following diagrams:

CecC K—

S A N A

(CeC)

Similarly, the dual of a finite-dimensional algebra (A, m,u), denoted as A* forms a
coalgebra with the comultiplication A: A* — A* ® A* and counite: A* — K.

- . f 8
Compositions are “reversed" by duals. For linear maps V —— W —— X , we have

(x|g(f(@)) = (g"(®)|f(v)) = (f*(g"(x))|v), which shows that (g o f)* = f* o g". The

following lemma is immediate from this observation.
Lemma 2. The dual of a commutative diagram is also commutative.

Remark. The dual of a diagram is the one obtained by replacing every vector space by
its dual space and every linear map by its dual map, which naturally involves reversing
all arrows.

Example (Incidence algebra). The incidence algebra C*(P) is defined as the dual of
the incidence coalgebra C(P). The elements of this algebra are linear functionals
¢*: C(P) — K as functions of the form ¢*: Int(P) — K. The multiplication m: C* ®
C* — C* = A*p (from the commutative diagram) is defined as ¢*®d* +— c¢*d” such that:

(A'(c® d)|[x, y)=(c® d|A[x, yl) = Z c*([x, zDd" ([z, y])

z€[x,y]
The unit u: K — C* = [¢’o =] is defined accordingly:

(ullx, y1) = (e Wl 1) = (el v1) = {3’ <y
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Exercise 6. Prove that (C*, m, u) forms an algebra.

Solution. The duals of the comultiplication and counit commutative diagrams are:

Cococy Y, cocy  &eco) @Y cocy L cory
(A®id)*l lA* %) lAIA
(COC)y ———C c

Using the multiplication commutative diagram for C* in the first diagram:

cCecC
y \
CoC)yecCt (CeC)
poid &)2) (W \
CeC'eC (C®CxC) C*
M % (M /

C*'®(C®C) (CeCy

/
\

id®A*
CreC*
4.2 Sweedler Notation

In a coalgebra, the map A: C — C ® C is defined in general as:

Alc) = Z c1; ® co

1

To avoid the double subscripts, the following notation for the coproduct introduced by
Sweedler is useful:

A(C) = Z C(1) ® C2), C1),C2) € C
(c)



The index (c) helps keep track of which ‘c’ the coproduct will be taken of in further
coproduct operations. This will be elucidated in the coassociativity property by com-
parison with the previous notation. Using the comultiplication commutative diagram:

(A®id)A(c) = (A®id) Z c1)®cp) | = Z Acy® c(g) = Z C(1) ® C(2) ® C(3)
(c) (c) (c)

(id® A)A(c) = id® A) Z c1)®cp) | = Z c(1) ® Ac(g) = Z C(1) ® C(2) ® C(3)
(c) (c) (c)

It is important to note that the double summation induced by the second coproduct is
reduced to a single summation by relabeling the indices, since all the elements belong
to C. Since A is coassociative, the following notation is used:

As(c) = (A ®id)A(c) = (id ® A)A(c) = Z c1) ® C2) ® C(3)
(c)

Using the multiple subscript notation, the following unreadable mess is obtained:
AQ(C) = Z Z C1[]_ ® Cgi]_ ® c3;
] 1

The operation of multiple coproducts is easily generalised:
Ap—1(c) = Z C(1) ® C2) ® B C(n)
(©
Using the universal property of the tensor product:
fAna(e) =D flerea . en)
(c)
Coassociativity in Sweedler notation is written as:
D Aey @y = ) ey ® Acy
(o) (0
Using the counitary commutative diagram:
(e ®id)A(c) = (e ®id) Z C(1) ®Cp) = Z €(C(1)) ® C(2)
(o) (©)

(id®e)Alc) = (id®e€) Z c1)®c) = Z c1) ® e(c(2))
(0) (©
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4.3 Homomorphisms

Like the reworking of Definition 3 into commutative diagrams, we will rework Defini-
tion 6, the algebra homomorphism, into a commutative diagram as well.

Definition 16. The linear map f: A — B, where A and B are algebras, is a K-algebra
homomorphism if and only if the following diagrams commute:

AoALY BeB

a—71 B
ua ug
f is a vector space homomorphism by definition; the diagrams encode the properties

of a ring. The first diagram encodes the property f(a1a2) = f(a1)f(az). This is easily
shown:

[f ° mA](a1 ® as) = [mb o(f ®f)](ﬂ1 ® as)
f(aras) = my(f(a1) ® f(az))
flaias) = f(a1)f(az)

The second diagram encodes unitarity f o us = ug.

Definition 17 (Subalgebras). Let B be a K-algebra and A C B. Then A is a subalgebra
if m(A®A) C Aand 15 C A.

More generally, A is a two-sided ideal if m(A ® B) c A and m(B ® A) C A.

Definition 18 (Coalgebra homomorphism). Using duality, a linear map g: C — D is a
coalgebra homomorphism if the following diagrams commute:

cec.peD c—=*% D

The diagrams encode [(§® §)oAc| = Ap o g and ep o § = ec. Using Sweedler
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notation:

[(g®g)oAc](c) =Apogl(c)

(g® 8)(2 €1 ® C(2)) = Z [8(c)]) ® [g(c)]2)

(c) (00)
sl @gle) = Y. [8@)]m @[3
(© (8(c))

ec(c) = ep[g(c)]

Definition 19 (Subcoalgebras). Let D be a coalgebra and C C D. Then C is a subcoal-
gebra if Ac(C) c C.

More generally, C is a two-sided coideal if Ac(C) cC®D +D ®C.

4.3.1 Duality of Homomorphisms

Theorem 3. If f: C — D is a coalgebra homomorphism, then the dual map f*: D* — C*
is an algebra homomorphism.

Proof. Dualising the coalgebra homomorphism diagrams and inserting the multiplica-
tion and unitary duality commutative diagrams:

D* & D" feof C'ecC
R (f f)* /
®
mp (D®D) —= (Ce®C) me




For the first diagram, the bottom, left and right diagrams commute as seen before. The
top diagram indicates (f ® f)* o pp = p. o f* ® f*, which can be checked using inner
product notation. The second diagram can also be checked similarly. O

Similarly, if the map f: A — B, where A and B are finite-dimensional algebras, is an
algebra homomorphism, then f*: B* — A" is a coalgebra homomorphism.

5 Quotients

Let V be a vector space and V* its dual space. Given S ¢ V and T* c V*, let their
orthogonal complements be defined as:

St={veV|{wS)=0}cV*
(TY ={veV|(Tlv)=0}cCcV

Theorem 4. Let C be a coalgebra and C* its dual algebra. Then D C C is a coalgebra of
C if and only if D+ c C* is an ideal of C*.

Theorem 5. Let C be a coalgebra and C* its dual algebra. Then D C C is a coideal of C
if and only if D+ c C* is a subalgebra.

Lemma 3. Let f: V — V' and g: W — W’ be linear. Then f ® g: VW —= V' @ W’
is linear and satisfies:

I. Im(feg)=Imf®Img
2. ker(f®@g)=ker fOW +V Qkerg.

28



	Introduction
	Motivating Examples for Hopf Algebras

	Algebras Over a Field/Ring
	Algebra Homomorphism

	Tensor Products
	Universal Property
	Useful Examples
	Graded Algebras

	Coalgebras
	Duality
	Sweedler Notation
	Homomorphisms
	Duality of Homomorphisms


	Quotients

