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Chapter 1

Mathematical Introduction

Exercise 1. The null vector is (0,0,0). The inverse under addition is (—a, —b, —c). A vector of the form
(a,b,1) does not form a vector space because it fails to satisfy the closure property under addition and
multiplication:

(a,b,1) + (d,e,1) = (a+ d,b+e,2) ¢ (a,b,1)
a(a,b,1) = (aa,ab,a) ¢ (a,b,1)

Exercise 2.
Exercise 3. The set of kets is not linearly independent, as |3) = |1) — 2|2).

Exercise 4. Arrange the row vectors into a matrix and find the determinant:

=0

W = =
N O =
= O

Since the determinant is zero, one of the row vectors is expressible as a linear combination of the others. This
is seen in (3,2,1) =2(1,1,0) + (1,0, 1).

For the second set of vectors, we perform the same procedure:

1 10
1 0 1]=2
01 1

So there is no vector in this set that is expressible as a linear combination of the other vectors.

Exercise 5. Let |[I) = A and [II) = B. Following Gram-Schmidt orthonormalisation:

. 3. 4.
A=Zi+Zj=n
Pt 1)

2) = 11) — 1) a1y = =



Exercise 6.

Exercise 7.



Chapter 2

Review of Classical Mechanics

Exercise 1. The Lagrangian of the system is:

1 1
L= §m$2 — §kl'2

Solving the Euler-Lagrange equation gives the equation of motion:

doL oL

—————=mi+kr=0
dor oz M
Exercise 2. The Lagrangian of the system is:
1 1 1 1
L= §mx% + §mx§ - 51@(3@% +a3) — 5145(331 — 19)?

Solving the Euler-Lagrange equations gives the equations of motion:

d oL oL .
aaixl — 87:171 :Wlx1+2kl'1 7](71'2 =0
d oL oL ..
Aoy Day 22k R =0

Rearranging, we get the same equations of motion:

. 2k k
Ty =——T1+ —T2
m m
. k 2k
Ty = —T1 — —T2
m m

Exercise 3. The Lagrangian in polar coordinates is:

L= %m\i‘|2 —-V(r)= %m {7‘2 + 7262 + (% sin? 0)&52} —-V(r)



Solving the Euler-Lagrange equations gives the equations of motion:

doL oL ov

&E—E—mr—mrﬂ — (mrsin® 0)¢? —l—E 0

doL oL - U U 9

a5 90 = mr°0 + 2mrr0 2(mr sin20)¢* =0
doL oL

T 8¢ ~ 9 = (mr?sin® )¢ + 2me(risin® 0 + 120 sin 20) = 0

Exercise 4. Substituting 1 and ©'s with oy and 1

2 2

. Mot . mar
L=-m|tecm+ ———| +-ma|fecm— ———| = V(r
le oM my + mo 2m2 M mi + me (r)
Expanding the squares:
. 2
1 . 5 1 2moTrom 1 Mo .2
E = — — _— - E——
2(m1—|—m2)|rCM| + 2m1 my + mao + le my + mo 1
2m1i'rCM

2
1 m .12
_Z z _ . 4
mQ’ 2m2<m1 +m2> o (x)

mi + Mo
Which gives the final expression:

1 . 2, 1 mmo o
L==-(m mao) T - r
3 o) o + 5 T

- V(r)
Exercise 5.

Exercise 6. The conservation of energy in the harmonic oscillator states that:

2
p 1 2 _
om Tk =E
Dividing both sides by E:
2
P ka? (x>2 (p>2 5 2F
—=1— =1 = — =2mFE
omE | 2B o) T L= =

Exercise 7. The Lagrangian of the system is:

1 . 1 1 1
L= §mx% + imxg - ik(x% +a2) — §k(x1 — x9)?
Finding the generalised momenta:
8/.: Di
pi = —m1$2—>$1—7



The Hamiltonian is found by:
2
f§ : ; _ _ P DP3 1 2 2 1 2
H= : pixi—E—TJrV— %+%+§k($l +$2)+§k($1*$2)

Solving Hamilton's equations gives the equations of motion:
OH
Op;

pi

:.i‘i—>i‘i=
m;

gﬂ :p7 — pl = 72]{5.%1 + k’IQ, pg = kl‘l — 2]{31‘2
z;

But p; = mi;, so we get the same equations of motion as befroe:
mi, = —2kx + kxo, miy = kx1 — 2kxs

Exercise 8. The Lagrangian is:
1
,Mm? —V(r)

1 2
L::— I
2(m1 +ma) |tem|” + SRE—

The generalised momenta are:
oL . oL mims .
_(m1 +m2)|rCM|, pP= or = <m1+m2>|r|

PcMm = ot

Writing my +me = M and myms/M = p, and finding the Hamiltonian:

2

2
r
+V(r) i o

. 1 |pem|? 1
= igi — Z*M'i‘ =
M zi:pq L=3M|5F| T34,

Exercise 9.

Ow O\ Ow O\
{w,)\} B 21: (5% Op; a Op; 3%‘)
O\ Ow O\ Ow
dq; Opi O 5%) = —lwA)

e =% (

%

B 0w OdA+0) OwdA+0o)\
{w, At a} B ZZ: (8%‘ Op; Op; 0q; N
Ow o (w2} + {w,0)

3w8)\_8wa)\ "‘Z &u@cr_i
0q; Op; Op; 0¢; s 0q; Op; Op; 0g;

{w, Ao} = Z

i

>

%

dq; Op;  Opi O
Ow Oo B Oow Oo
0q; Op; Op; 0¢;

{w,A\}o + Mw, o}

)
(o )~
)

Ow 0N Ow O
ZU<5% op:  Opi 3(11') +zi:)\<

i



Exercise 10. (i)

dq; 0q;  Oqg; 3%‘) 9q; 9q; -

i Qi = —= — :0’ o :51 , = =0k, VZ, ,kEN
{a:,05} ; (3% Opr  Opy Oqi Iqx © og, " ’
Op; Op;  Op; 3pj) Op; Op; .

i, Di} = —L — :0’ o :61 , = = 04k, \V/Z7 ,kEN
{r p]} Xk: <an Opr Opi Ogu, Opk F Opi i J

(i) The Hamiltonian with a = b is:
H=p; +p, +a(@®+y°)

The angular momentum about the z-axis [, = zp, — yp, is conserved because the potential V(x,y) is
expressible as V(22 +2) and the z-coordinate is not present in the Hamiltonian. Explicit computation yields:

(my— Y (20 0L oY (DL oM DL oY (0L OH _ ol 0%
o 4 \¢; Opi Opi9qi)  \ Ox Ip,  Ops Ox dy dp,  Opy Oy

= (py 2Pz — Yy 22) + (=pz - 2py — (=pz) - 24) =0

Exercise 11.
Exercise 12.
_ or 0y 0% Oy >
Z,y) = — 2 _ =)oy
.9} ,C:Z;y (3% Opr  Opx, Oqy
_ oz dp, O 8@,)
z, Py} = — v =) g
{0y} k;y (3% Opr  Opr Oqx
Exercise 13.

2 2
dp Op,  Op app) x Yy
7]) = _— — — — = —_— —|— —_— = 1
{p, o} k;y (5% Opr  Opr Oqu /22 + 42 /22 + 32
dp dpy  Op 3p¢> z y
yDps = A A, A o | T Y T Y— + 2| —F/——— =0
{p,po }kgy <a% opr Opr Oqk /72 + 42 /12 + y2
_ %%_%%»«—y> z
{0:p0} = Z (an Ope  OprOqr)  \2?+y2 )\ /22 + 42

k=z,y

(i) () -
re = 5 (G- o) o) o)

o, \Oa Opi - Opi. Og. z? 4y a? +y?

{p.0} = > (%%_‘%%):O

v, \0ak O Opr Oai

Op, Opy  Op, 8p¢)
po} = e S e
{po:po} kzxy (8% Opr  Opr Oqi,



Exercise 14.
Exercise 15.
Exercise 16.

Exercise 17. All we have to do is check the infinitesimal changes for p = p; + po:

0
(5m1:e—p:e, 5%2:e—p:e

Op1 dp
__ 9 _ __ 9 _
6p1 = 6871'1 = O, 6p2 = EaxQ =0

Therefore, the generator ¢g(q,p) = p.
Exercise 18. The infinitesimal transformations are:

dg _ Jg
, Dj=Dj— €5
op;” T g

Gi =¢q;i t¢€

Checking the Poisson brackets:

_ 0q; 0g;  0q; Op;
@)=Y (GE00 S0

— \Oqr. Opr. Opi Oy,

3 (0o <) (5= <) = () (- )|
— [\ opiog ) \7F " 0q;0m OpiOpi 94;0qx

9% 9%g 2?9 0%
— Oik0jk + €0 m——— — €0 ’
; { KOk T Ok opoge ™ dq,0pk | Opiop 8%‘3%}

0%g 0%g ) 0%g 0%g
:(5¢<+€( — +O(2) =6;;, = , O(e
! Opi0q;  0q;0p; (<) ! Opi0q;  0q;0p; (<)

Exercise 19. The Hamiltonian under rotated coordinates is:

2 2 —
+p2 1 + =H
Pz TPy + —mw?[(x cos§ — ysin0)® + (zsin 6 + y cos )]

Hr om 2

For the transformation to be noncanonical, the Poisson bracket {Z,p,} # 1:

o ox 0p, Ox (‘3pw)
yPxy = a. 9. a. 9. = 9
(&P} kgy (3% Opr  Opr Oqx o8

To show that no conservation law follows:

_ 0 _
QiZQi+€ag =q;+0q;, Di=pi = 0p; =0
Di

N9 ([ Oy
oH = Z 7. (e api> # e{H, g}

Exercise 20. A rotation in phase space can be shown via the following diagram:



hs]
R

The infinitesimal transformation is as follows:

T =2XCOSE—PSINeE X T — €p

p=axsine+ pcose~ ex+p
We must verify if this transformation is canonical:
_ ox Op 0T 0p
=Y (g pr ) =

- dqy, Opr. Opy Dy,
=x,p

To find the generator, we must solve the following partial differential equations:

dg _ _ 7
o pP—9= 5"‘]”(@
dg x2

e g =T+ h(p)

2 2
Sog=— (p + ) = —H, so the generator is the negative of the Hamiltonian!

Exercise 21.



Chapter 3

The Postulates - A General Discussion

Exercise 1. (1) The possible values are the eigenvalues of L.. Since L, is already diagonal, its eigenvalues
are the diagonal elements 1, 0 and -1.

)
1 0 1 0] |1
(Ly) = (L) =[1 0 0] 1 0 1] |0o] =0
V2o 1 o] |o
1 0 1|1 1
(L?)=(|L2)1)=[1 0 0]= (0 2 0] [0 =5
1 0 1|10
1
AL, = LI =
V2
(3) We must solve the eigenvalue problem for L,:
1 -2 1 0 1
— 1 = = —[- AN =1)—(=N)]=0—A=1,0,-1
e R ) |

The eigenstates are found by substituting the eigenvalues and solving:

1 1 1 1/v/2 1 1/v/2
|Ly =0) = — |L =1)= ) ‘Lz:_1>:7 -1
V2 [1] V2 L/ﬂ V2 ll/ﬂ

(4) The eigenstate |¢)) for the eigenvalue L, = —1 is:
0
0
1

|



10

The probabilities are found by dotting the ket with the eigenbras corresponding to the eigenstates of L,:

2 1 X 2 L

P(Le = 0) = [{Le = 0) P = | =1 0 1] ] ~3
0
0
1

0
1
P(Ly=1)=|(L,=1]¢)* = %[% 1 %] {

_—
_1
~ 1
5 d ]
P(Ly=-1)={L.=-1)P=|—= |75 -1 5||0]| =+
V2 1 4

(5) L? is a degenerate matrix with eigenvalues 0, 1, 1, so when the state is measured to be L2 = 1, the state
after the measurement is an eigenspace in V2. The linearly independent eigenkets describing this eigenspace
corresponding to the eigenvalue L2 = 1 are:

1 0
lw, 1) = [0, |w,2)=]0
0 1

Constructing the projection operator for these eigenkets to find the normalised state and its probability after

measurement:
Py = |w,ifw,dl
i

1/2
oo Bl 2 é
[(Puy|Put)l V3
1 0 1/2
P(L2=1)= <w|Pw|w>:<[; 3 %} of [t 0o o]+ ]|o][0 0 1]|| 1/2 >
0 1 1/v/2
L1 1 00 1/2 3
=[555}000 12 | =3
0 0 1| |1/vV2
The outcomes of measuring L, are its eigenvalues, which are w; = 0,ws = 1,ws = —1. Their respective
probabilities are found by dotting the current state with their eigenvectors:
, o [ 1/2 2
P(L, =0) =|(w|¢)]" = [O 1 O]\7 0 =0
S lyve
2
2 2 1/2 1
P(L,=1)=[(wo)|"=[[1 0 0] 7 0 =3
1/v2
127\°

P(L,=-1)=|[{wsg")*=[[0 0 1]



11

(6) The probabilities for each of the eigenvalues of L, is:

P(L. = 0) = [wil) P = 5 = |of?
P(L. = 1) = (w9} = 7 = |8°
P(L. = 1) = lwsht) = § = P

The normalised state is thus:
O"Lz :O>+6|Lz = 1>+7‘Lz :_1>
VIal + 1812 + o2

However, the most general state is:

) =

=a|L,=0)+F|L,=1)+~v]|L,=-1)

7;(52 ei53

S =1)+

2

9) = = |L. = 0) +

7,51
This is because when performing measurements of other variables, interference terms come into play. For
example, if we measure L, = 0 in the given state:

61 2
1 1] & 1. ,(d3—6
P(Lx:0)2|<Lz:0|¢>|2: %[1 0 —1]5 \/2?“52 :251n2(32 1>
eros

Evidently the state will depend on the phase difference (5 — d1). Clearly the exponential phase factors are
relevant in measuring probabilities.

Exercise 2. The expectation value is given by:

(P) = (| Ply) = / " IRy (K| Pl) dk = / e (k) di

0 = 00) = [ k) el = [ eua)a

* 1kr _ ..*x: T
v m/ G () de = B(—k), " (x) = ()

(P) = [ Ik (—k)y(k)dk =0, - the integral is odd

Exercise 3.

Exercise 4.



Chapter 4

Simple Problems in One Dimension

Exercise 1. This can be solved by substitution:

m
=+v2mE — dp=+—dF
P P V2mE

Since there are two values that p can take, we must expand the integral to include the values with respect to
E:

U(t) = YE, —|e "B/ AE + / n |E, +)E, +|e "PV/hdE

/0 g
o V2mE o V2mE
[e%e] m )
U(t) = / ——— |E,aXE,a|e PV 4E
(t) Q;E | J%TE' NE, af

Exercise 2. Using |z) as a trial solution:

The solution to this differential equation is readily found by substituting D = % and solving the algebraic

equation, giving:

p B ip ¥ ip
D=+— — = xp| — + xp| ——=x =V2mFE
W Vg () 5 he p<hx> 5 he p< hz), p=V2m

If E <0, then the function consists of real exponentials that blow up at large values of x, and are thus not
in the Hilbert space.

12



13

Exercise 3. We have the propagator and initial state:

n2t d2 1 /iRt \™ A2 e 7/2
u) = eXp{h(Qm dx2>} - Tgon'(%n) dz2n’ v(x,0) = e

1 = (-1
Expanding the initial state as a power series: (x,0) = Z ('()2)
n!(2)m

.1 [iht dzk > —1)"g2n
- (kz_ok'<2m> dx2k><z_: o nl(2)” )
2n)! ok

)

1 |=  [ift nH"
t):\%lzz( >n'kv 2))"+k(2n—2k!m

n=0 k=0

The coefficients of the 2™ terms are:

0. (—1)0 1zht 3 (iht iht tht z2x0
o T35 +128 |20

.7;‘2X1

21

[1—2(’21) ) ae) )

ORI
o= L[S E L (D) () (o D) (e D) (1)

Exercise 4.
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