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Closure Problem
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❖ In practical simulations, it’s usually impossible to resolve 
all the scales.

❖ To describe unresolved physics at certain scales, closure 
models are needed.

@u

@t
= f(u)
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Figure source: Palmer, Nature Reviews Physics (2019)
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❖ In practical simulations, it’s usually impossible to resolve 
all the scales.

❖ To describe unresolved physics at certain scales, closure 
models are needed.

U = F(u)
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❖ In practical simulations, it’s usually impossible to resolve 
all the scales.

❖ To describe the impact of unresolved physics, closure 
models are needed.

U = F(u)
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<latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit>
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Figure source: Palmer, Nature Reviews Physics (2019)
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U = F(u)
<latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit>

@u

@t
= f(u)

<latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit>

@U

@t
= f(U ;u)

<latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit>

@U

@t
= f̃(U)

<latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit>

❖ In practical simulations, it’s usually impossible to resolve 
all the scales.

❖ To describe the impact of unresolved physics, closure 
models are needed.

Filter

f(U ;u) ⇡ f̃(U) +M(U ;↵) +
p
�(U ; �)Ẇ

<latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit>

Closure Problem
Figure source: Palmer, Nature Reviews Physics (2019)



f(U ;u) ⇡ f̃(U) +M(U ;↵) +
p
�(U ; �)Ẇ

<latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit>

3

U = F(u)
<latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit>

@u

@t
= f(u)

<latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit>

@U

@t
= f(U ;u)

<latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit>

@U

@t
= f̃(U)

<latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit>

❖ In practical simulations, it’s usually impossible to resolve 
all the scales.

❖ To describe the impact of unresolved physics, closure 
models are needed.

Filter
Closure Problem

Figure source: Palmer, Nature Reviews Physics (2019)



3

U = F(u)
<latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit>

@u

@t
= f(u)

<latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit>

@U

@t
= f(U ;u)

<latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit>

@U

@t
= f̃(U)

<latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit>

Filter

f(U ;u) ⇡ f̃(U) +M(U ;↵) +
p
�(U ; �)Ẇ

<latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit>

Closure Problem
Figure source: Palmer, Nature Reviews Physics (2019)
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U = F(u)
<latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit>

@u

@t
= f(u)

<latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit>

@U

@t
= f(U ;u)

<latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit>

@U

@t
= f̃(U)

<latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit>

Filter

f(U ;u) ⇡ f̃(U) +M(U ;↵) +
p
�(U ; �)Ẇ

<latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit>

Closure Problem
Figure source: Palmer, Nature Reviews Physics (2019)

Dictionary learning
RKHS
Neural network
…
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U = F(u)
<latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit><latexit sha1_base64="JdRH+7J92OFAFddHkYllp+aqfNM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZREBL0IRUE8VjBtoQ1ls920SzebsLsplNB/4sWDIl79J978N27aHLR1YGGYeY83O0HCmdKO822V1tY3NrfK25Wd3b39A/vwqKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GN/lfntCpWKxeNLThPoRHgoWMoK1kfq27d30IqxHBPPsflZLz/t21ak7c6BV4hakCgWaffurN4hJGlGhCcdKdV0n0X6GpWaE01mllyqaYDLGQ9o1VOCIKj+bJ5+hM6MMUBhL84RGc/X3RoYjpaZRYCbzlGrZy8X/vG6qw2s/YyJJNRVkcShMOdIxymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/nLq6R1UXeduvt4WW3cFnWU4QROoQYuXEEDHqAJHhCYwDO8wpuVWS/Wu/WxGC1Zxc4x/IH1+QPIppMX</latexit>

❖ We estimate the unknown parameters  from some data  
using ensemble Kalman inversion.

θ y

@u

@t
= f(u)

<latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit><latexit sha1_base64="dAkM93AKERaAttMeh8mGd8tfb8A=">AAACC3icbVBLS8NAGNzUV62vqEcvS4tQLyURQS9C0YvHCvYBTSib7aZdutmEfQgl5O7Fv+LFgyJe/QPe/Ddu2oDaOrAwzHzf7s4ECaNSOc6XVVpZXVvfKG9WtrZ3dvfs/YOOjLXApI1jFotegCRhlJO2ooqRXiIIigJGusHkOve790RIGvM7NU2IH6ERpyHFSBlpYFe9UCCcegkSiiIGdfbDVXYZ1vXJwK45DWcGuEzcgtRAgdbA/vSGMdYR4QozJGXfdRLlp/mtmJGs4mlJEoQnaET6hnIUEemnsywZPDbKEIaxMIcrOFN/b6QoknIaBWYyQmosF71c/M/raxVe+CnliVaE4/lDoTYpY5gXA4dUEKzY1BCEBTV/hXiMTDnK1FcxJbiLkZdJ57ThOg339qzWvCrqKIMjUAV14IJz0AQ3oAXaAIMH8ARewKv1aD1bb9b7fLRkFTuH4A+sj28YT5sL</latexit>

@U

@t
= f(U ;u)

<latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit><latexit sha1_base64="DIm/DYEAVzcp3BK1IHHzy84Wmok=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYl9mKoCDC0IvHCdYN1jHSLN3C0qQkqTBKf4YX/4oXD4p43c1/Y7oV1M0HAg/P837kfYKYUaUd58sqLS2vrK6V1ysbm1vbO/bu3oMSicTEw4IJ2Q6QIoxy4mmqGWnHkqAoYKQVjG5yv/VIpKKC3+txTLoRGnAaUoy0kXr2iR9KhFM/RlJTxKCX/XCdXfnCNOez0zCreZfJcc+uOnVnCrhI3IJUQYFmz574fYGTiHCNGVKq4zqx7qb5CsxIVvETRWKER2hAOoZyFBHVTaeHZfDIKH0YCmke13Cq/u5IUaTUOApMZYT0UM17ufif10l0eNFNKY8TTTieLQoTc7KAeUqwTyXBmo0NQVhS81eIh8gkpU2WFROCO3/yInk4rbtO3b07qzauizjK4AAcghpwwTlogFvQBB7A4Am8gDfwbj1br9aH9TkrLVlFzz74A2vyDZrZoLU=</latexit>

@U

@t
= f̃(U)

<latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit><latexit sha1_base64="Jn01tJruDKoka759juj5kisobJw=">AAACE3icbVBPS8MwHE3nvzn/VT16CQ5hehitCHoRhl48TrDbYC0jTdMtLE1Lkgqj9Dt48at48aCIVy/e/DamW0HdfBB4vPf7JXnPTxiVyrK+jMrS8srqWnW9trG5tb1j7u51ZJwKTBwcs1j0fCQJo5w4iipGeokgKPIZ6frj68Lv3hMhaczv1CQhXoSGnIYUI6WlgXnihgLhzE2QUBQx6OQ/XOWXrqIsIFmYN5zjgVm3mtYUcJHYJamDEu2B+ekGMU4jwhVmSMq+bSXKy4rbMSN5zU0lSRAeoyHpa8pRRKSXTTPl8EgrAQxjoQ9XcKr+3shQJOUk8vVkhNRIznuF+J/XT1V44WWUJ6kiHM8eClOdNoZFQTCggmDFJpogLKj+K8QjpEtSusaaLsGej7xIOqdN22rat2f11lVZRxUcgEPQADY4By1wA9rAARg8gCfwAl6NR+PZeDPeZ6MVo9zZB39gfHwDfSyegQ==</latexit>

Filter

f(U ;u) ⇡ f̃(U) +M(U ;↵) +
p
�(U ; �)Ẇ

<latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit><latexit sha1_base64="KipaggXqk/WDmNKz+B5aI2y01Y4="></latexit>

θ = {α, γ}

Closure Problem
Figure source: Palmer, Nature Reviews Physics (2019)



Ensemble Kalman Inversion (EKI)
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❖ Inverse problem to be solved:

❖ EKI formula (j: index of ensemble, m:  index of EKI step):

❖ Advantage of EKI:

❖ Derivative-free optimization;

❖ Robust to noisy evaluations of the forward map G;

❖ The core task is equivalent to a convex optimization problem.
Iglesias, Law, Stuart, Inverse Problems 29 045001 (2013)

Data



Learning Stochastic Closures

Schneider, Stuart, Wu, arXiv:2004.08376 (2020)



Case I: Noisy Lorenz 63 System

True System: ẋ = f̃(x) +
p
�Ẇ

<latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit><latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit><latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit><latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit>

dx1

dt
= ↵(x2 � x1)

dx2

dt
= x1(⇢� x3)� x2

dx3

dt
= x1x2 � �x3

<latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit><latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit><latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit><latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit>

Where  is the standard Lorenz 63 system : f̃(x)
<latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit><latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit><latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit><latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit>
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Modeled System: ẋ = f̃(x) +
p
�Ẇ

<latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit><latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit><latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit><latexit sha1_base64="yYFIIPqQws2vKgsw75Xg5Fd+J4Q=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiVQklE0I1QdOOygn1AE8pkMmmHTh7O3EhLyEe48VfcuFDErQt3/o3TtAttPTBwOOdc7tzjxoIrMM1vY2l5ZXVtvbBR3Nza3tkt7e23VJRIypo0EpHsuEQxwUPWBA6CdWLJSOAK1naH1xO//cCk4lF4B+OYOQHph9znlICWeqWq7UWQjjJ8iW3gwmOpn1VGJ1Vb3UtIbcX7AcnyTDvrlcpmzcyBF4k1I2U0Q6NX+tKTNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiEJmHLS/KgMH2vFw34k9QsB5+rviZQESo0DVycDAgM1703E/7xuAv6Fk/IwToCFdLrITwSGCE8awh6XjIIYa0Ko5PqvmA6IJBR0j0VdgjV/8iJpndYss2bdnpXrV7M6CugQHaEKstA5qqMb1EBNRNEjekav6M14Ml6Md+NjGl0yZjMH6A+Mzx+PDJ8m</latexit>

dx1

dt
= ↵(x2 � x1)

dx2

dt
= x1(⇢� x3)� x2

dx3

dt
= x1x2 � �x3

<latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit><latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit><latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit><latexit sha1_base64="HZCPTaVSNf3a+YnS3gMV3ZN9jjw="></latexit>

Where  is the standard Lorenz 63 system : f̃(x)
<latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit><latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit><latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit><latexit sha1_base64="pMXyBT584wlT2dP3AKASExFbQIM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQtlsJu3SzSbsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v5B9fCoo5JMUmzThCeyFxCFnAlsa6Y59lKJJA44doPx7czvPqJULBEPepKiH5OhYBGjRBvJ8zTjIebRtP50PqjWnIYzh71K3ILUoEBrUP3ywoRmMQpNOVGq7zqp9nMiNaMcpxUvU5gSOiZD7BsqSIzKz+c3T+0zo4R2lEhTQttz9fdETmKlJnFgOmOiR2rZm4n/ef1MR9d+zkSaaRR0sSjKuK0TexaAHTKJVPOJIYRKZm616YhIQrWJqWJCcJdfXiWdi4brNNz7y1rzpoijDCdwCnVw4QqacActaAOFFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx/TxJGH</latexit>

g(x2)
<latexit sha1_base64="ebG+IyKuva9br++h+UF8pSrRLck=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1B5Vnwb180G54tbcDGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k+za2fozCpDFEplSxiUqb8nUhxpPY0C2xlhM9bL3lz8z+slJrzyUybixFBBFovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEra9Zrn1ry7i0rjOo+jCCdwClXw4BIacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+WjY53</latexit><latexit sha1_base64="ebG+IyKuva9br++h+UF8pSrRLck=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1B5Vnwb180G54tbcDGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k+za2fozCpDFEplSxiUqb8nUhxpPY0C2xlhM9bL3lz8z+slJrzyUybixFBBFovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEra9Zrn1ry7i0rjOo+jCCdwClXw4BIacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+WjY53</latexit><latexit sha1_base64="ebG+IyKuva9br++h+UF8pSrRLck=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1B5Vnwb180G54tbcDGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k+za2fozCpDFEplSxiUqb8nUhxpPY0C2xlhM9bL3lz8z+slJrzyUybixFBBFovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEra9Zrn1ry7i0rjOo+jCCdwClXw4BIacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+WjY53</latexit><latexit sha1_base64="ebG+IyKuva9br++h+UF8pSrRLck=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1B5Vnwb180G54tbcDGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k+za2fozCpDFEplSxiUqb8nUhxpPY0C2xlhM9bL3lz8z+slJrzyUybixFBBFovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEra9Zrn1ry7i0rjOo+jCCdwClXw4BIacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+WjY53</latexit>

{x1, x2, x3, x1x1, x2x2, x3x3, x1x2, x1x3, x2x3}
<latexit sha1_base64="CdUXtkrfZ7CthCpV6MUNAPqtUs4=">AAAChXicbVHJTsMwEHXC0lK2AEcuERVSD1DFaQXcqODCsUh0kZooclyntXAW2Q6iivInfBU3/ganzaFtOpKlN2/eG9szfsKokJb1p+l7+weHtfpR4/jk9OzcuLgcijjlmAxwzGI+9pEgjEZkIKlkZJxwgkKfkZH/+VrUR1+ECxpHH3KREDdEs4gGFCOpKM/4cTInVoLCn317ML9bT+3NtLOZwqq+atnlsitMp9Knkzu5ZzSttrUMswpgCZqgjL5n/DrTGKchiSRmSIgJtBLpZohLihnJG04qSILwJ5qRiYIRColws+UUc/NWMVMziLk6kTSX7LojQ6EQi9BXyhDJudiuFeSu2iSVwZOb0ShJJYnw6qIgZaaMzWIl5pRygiVbKIAwp+qtJp4jjrBUi2uoIcDtL1fB0G5Dqw3fu83eSzmOOrgGN6AFIHgEPfAG+mAAsKZrLQ1qtl7T7/Wu/rCS6lrpuQIboT//A1qnxts=</latexit><latexit sha1_base64="CdUXtkrfZ7CthCpV6MUNAPqtUs4=">AAAChXicbVHJTsMwEHXC0lK2AEcuERVSD1DFaQXcqODCsUh0kZooclyntXAW2Q6iivInfBU3/ganzaFtOpKlN2/eG9szfsKokJb1p+l7+weHtfpR4/jk9OzcuLgcijjlmAxwzGI+9pEgjEZkIKlkZJxwgkKfkZH/+VrUR1+ECxpHH3KREDdEs4gGFCOpKM/4cTInVoLCn317ML9bT+3NtLOZwqq+atnlsitMp9Knkzu5ZzSttrUMswpgCZqgjL5n/DrTGKchiSRmSIgJtBLpZohLihnJG04qSILwJ5qRiYIRColws+UUc/NWMVMziLk6kTSX7LojQ6EQi9BXyhDJudiuFeSu2iSVwZOb0ShJJYnw6qIgZaaMzWIl5pRygiVbKIAwp+qtJp4jjrBUi2uoIcDtL1fB0G5Dqw3fu83eSzmOOrgGN6AFIHgEPfAG+mAAsKZrLQ1qtl7T7/Wu/rCS6lrpuQIboT//A1qnxts=</latexit><latexit sha1_base64="CdUXtkrfZ7CthCpV6MUNAPqtUs4=">AAAChXicbVHJTsMwEHXC0lK2AEcuERVSD1DFaQXcqODCsUh0kZooclyntXAW2Q6iivInfBU3/ganzaFtOpKlN2/eG9szfsKokJb1p+l7+weHtfpR4/jk9OzcuLgcijjlmAxwzGI+9pEgjEZkIKlkZJxwgkKfkZH/+VrUR1+ECxpHH3KREDdEs4gGFCOpKM/4cTInVoLCn317ML9bT+3NtLOZwqq+atnlsitMp9Knkzu5ZzSttrUMswpgCZqgjL5n/DrTGKchiSRmSIgJtBLpZohLihnJG04qSILwJ5qRiYIRColws+UUc/NWMVMziLk6kTSX7LojQ6EQi9BXyhDJudiuFeSu2iSVwZOb0ShJJYnw6qIgZaaMzWIl5pRygiVbKIAwp+qtJp4jjrBUi2uoIcDtL1fB0G5Dqw3fu83eSzmOOrgGN6AFIHgEPfAG+mAAsKZrLQ1qtl7T7/Wu/rCS6lrpuQIboT//A1qnxts=</latexit><latexit sha1_base64="CdUXtkrfZ7CthCpV6MUNAPqtUs4=">AAAChXicbVHJTsMwEHXC0lK2AEcuERVSD1DFaQXcqODCsUh0kZooclyntXAW2Q6iivInfBU3/ganzaFtOpKlN2/eG9szfsKokJb1p+l7+weHtfpR4/jk9OzcuLgcijjlmAxwzGI+9pEgjEZkIKlkZJxwgkKfkZH/+VrUR1+ECxpHH3KREDdEs4gGFCOpKM/4cTInVoLCn317ML9bT+3NtLOZwqq+atnlsitMp9Knkzu5ZzSttrUMswpgCZqgjL5n/DrTGKchiSRmSIgJtBLpZohLihnJG04qSILwJ5qRiYIRColws+UUc/NWMVMziLk6kTSX7LojQ6EQi9BXyhDJudiuFeSu2iSVwZOb0ShJJYnw6qIgZaaMzWIl5pRygiVbKIAwp+qtJp4jjrBUi2uoIcDtL1fB0G5Dqw3fu83eSzmOOrgGN6AFIHgEPfAG+mAAsKZrLQ1qtl7T7/Wu/rCS6lrpuQIboT//A1qnxts=</latexit>

Data:
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<latexit sha1_base64="urGOBXFm09Dc4IyE3Ldg2X4/hh0=">AAACCHicbVC9TsMwGHTKXyl/AUYGIiokpipBSDBWsDAWibZITVQ5jttatZ1gf0GqoowsvAoLAwix8ghsvA1umgFaTrJ0uvvO/nxhwpkG1/22KkvLK6tr1fXaxubW9o69u9fRcaoIbZOYx+ouxJpyJmkbGHB6lyiKRchpNxxfTf3uA1WaxfIWJgkNBB5KNmAEg5H69qFf3JEpGuW+vleQ+ZoNBc79KIasm/ftuttwCziLxCtJHZVo9e0vkySpoBIIx1r3PDeBIMMKGOE0r/mppgkmYzykPUMlFlQHWbFE7hwbJXIGsTJHglOovxMZFlpPRGgmBYaRnvem4n9eL4XBRZAxmaRAJZk9NEi5A7EzbcWJmKIE+MQQTBQzuzpkhBUmYLqrmRK8+S8vks5pw3Mb3s1ZvXlZ1lFFB+gInSAPnaMmukYt1EYEPaJn9IrerCfrxXq3PmajFavM7KM/sD5/ALuNmww=</latexit><latexit sha1_base64="urGOBXFm09Dc4IyE3Ldg2X4/hh0=">AAACCHicbVC9TsMwGHTKXyl/AUYGIiokpipBSDBWsDAWibZITVQ5jttatZ1gf0GqoowsvAoLAwix8ghsvA1umgFaTrJ0uvvO/nxhwpkG1/22KkvLK6tr1fXaxubW9o69u9fRcaoIbZOYx+ouxJpyJmkbGHB6lyiKRchpNxxfTf3uA1WaxfIWJgkNBB5KNmAEg5H69qFf3JEpGuW+vleQ+ZoNBc79KIasm/ftuttwCziLxCtJHZVo9e0vkySpoBIIx1r3PDeBIMMKGOE0r/mppgkmYzykPUMlFlQHWbFE7hwbJXIGsTJHglOovxMZFlpPRGgmBYaRnvem4n9eL4XBRZAxmaRAJZk9NEi5A7EzbcWJmKIE+MQQTBQzuzpkhBUmYLqrmRK8+S8vks5pw3Mb3s1ZvXlZ1lFFB+gInSAPnaMmukYt1EYEPaJn9IrerCfrxXq3PmajFavM7KM/sD5/ALuNmww=</latexit><latexit sha1_base64="urGOBXFm09Dc4IyE3Ldg2X4/hh0=">AAACCHicbVC9TsMwGHTKXyl/AUYGIiokpipBSDBWsDAWibZITVQ5jttatZ1gf0GqoowsvAoLAwix8ghsvA1umgFaTrJ0uvvO/nxhwpkG1/22KkvLK6tr1fXaxubW9o69u9fRcaoIbZOYx+ouxJpyJmkbGHB6lyiKRchpNxxfTf3uA1WaxfIWJgkNBB5KNmAEg5H69qFf3JEpGuW+vleQ+ZoNBc79KIasm/ftuttwCziLxCtJHZVo9e0vkySpoBIIx1r3PDeBIMMKGOE0r/mppgkmYzykPUMlFlQHWbFE7hwbJXIGsTJHglOovxMZFlpPRGgmBYaRnvem4n9eL4XBRZAxmaRAJZk9NEi5A7EzbcWJmKIE+MQQTBQzuzpkhBUmYLqrmRK8+S8vks5pw3Mb3s1ZvXlZ1lFFB+gInSAPnaMmukYt1EYEPaJn9IrerCfrxXq3PmajFavM7KM/sD5/ALuNmww=</latexit><latexit sha1_base64="urGOBXFm09Dc4IyE3Ldg2X4/hh0=">AAACCHicbVC9TsMwGHTKXyl/AUYGIiokpipBSDBWsDAWibZITVQ5jttatZ1gf0GqoowsvAoLAwix8ghsvA1umgFaTrJ0uvvO/nxhwpkG1/22KkvLK6tr1fXaxubW9o69u9fRcaoIbZOYx+ouxJpyJmkbGHB6lyiKRchpNxxfTf3uA1WaxfIWJgkNBB5KNmAEg5H69qFf3JEpGuW+vleQ+ZoNBc79KIasm/ftuttwCziLxCtJHZVo9e0vkySpoBIIx1r3PDeBIMMKGOE0r/mppgkmYzykPUMlFlQHWbFE7hwbJXIGsTJHglOovxMZFlpPRGgmBYaRnvem4n9eL4XBRZAxmaRAJZk9NEi5A7EzbcWJmKIE+MQQTBQzuzpkhBUmYLqrmRK8+S8vks5pw3Mb3s1ZvXlZ1lFFB+gInSAPnaMmukYt1EYEPaJn9IrerCfrxXq3PmajFavM7KM/sD5/ALuNmww=</latexit>

M(x2)
<latexit sha1_base64="x8rzKc+REmjDRFsbTvh9wX6pru8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRF0GXRjRuhgn1AG8JkctMOnTyYmagl9lPcuFDErV/izr9xmmahrQcuHM65d+7c4yWcSWVZ38bK6tr6xmZpq7y9s7u3b1YOOjJOBYU2jXkseh6RwFkEbcUUh14igIQeh643vpr53XsQksXRnZok4IRkGLGAUaK05JqVQf5GJsCf3tQe3capa1atupUDLxO7IFVUoOWaXwM/pmkIkaKcSNm3rUQ5GRGKUQ7T8iCVkBA6JkPoaxqREKST5Wun+EQrPg5ioStSOFd/T2QklHISerozJGokF72Z+J/XT1Vw4WQsSlIFEZ0vClKOVYxnOWCfCaCKTzQhVDD9V0xHRBCqdFplHYK9ePIy6TTqtlW3b8+qzcsijhI6Qseohmx0jproGrVQG1H0gJ7RK3oznowX4934mLeuGMXMIfoD4/MHyFSTqg==</latexit><latexit sha1_base64="x8rzKc+REmjDRFsbTvh9wX6pru8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRF0GXRjRuhgn1AG8JkctMOnTyYmagl9lPcuFDErV/izr9xmmahrQcuHM65d+7c4yWcSWVZ38bK6tr6xmZpq7y9s7u3b1YOOjJOBYU2jXkseh6RwFkEbcUUh14igIQeh643vpr53XsQksXRnZok4IRkGLGAUaK05JqVQf5GJsCf3tQe3capa1atupUDLxO7IFVUoOWaXwM/pmkIkaKcSNm3rUQ5GRGKUQ7T8iCVkBA6JkPoaxqREKST5Wun+EQrPg5ioStSOFd/T2QklHISerozJGokF72Z+J/XT1Vw4WQsSlIFEZ0vClKOVYxnOWCfCaCKTzQhVDD9V0xHRBCqdFplHYK9ePIy6TTqtlW3b8+qzcsijhI6Qseohmx0jproGrVQG1H0gJ7RK3oznowX4934mLeuGMXMIfoD4/MHyFSTqg==</latexit><latexit sha1_base64="x8rzKc+REmjDRFsbTvh9wX6pru8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRF0GXRjRuhgn1AG8JkctMOnTyYmagl9lPcuFDErV/izr9xmmahrQcuHM65d+7c4yWcSWVZ38bK6tr6xmZpq7y9s7u3b1YOOjJOBYU2jXkseh6RwFkEbcUUh14igIQeh643vpr53XsQksXRnZok4IRkGLGAUaK05JqVQf5GJsCf3tQe3capa1atupUDLxO7IFVUoOWaXwM/pmkIkaKcSNm3rUQ5GRGKUQ7T8iCVkBA6JkPoaxqREKST5Wun+EQrPg5ioStSOFd/T2QklHISerozJGokF72Z+J/XT1Vw4WQsSlIFEZ0vClKOVYxnOWCfCaCKTzQhVDD9V0xHRBCqdFplHYK9ePIy6TTqtlW3b8+qzcsijhI6Qseohmx0jproGrVQG1H0gJ7RK3oznowX4934mLeuGMXMIfoD4/MHyFSTqg==</latexit><latexit sha1_base64="x8rzKc+REmjDRFsbTvh9wX6pru8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRF0GXRjRuhgn1AG8JkctMOnTyYmagl9lPcuFDErV/izr9xmmahrQcuHM65d+7c4yWcSWVZ38bK6tr6xmZpq7y9s7u3b1YOOjJOBYU2jXkseh6RwFkEbcUUh14igIQeh643vpr53XsQksXRnZok4IRkGLGAUaK05JqVQf5GJsCf3tQe3capa1atupUDLxO7IFVUoOWaXwM/pmkIkaKcSNm3rUQ5GRGKUQ7T8iCVkBA6JkPoaxqREKST5Wun+EQrPg5ioStSOFd/T2QklHISerozJGokF72Z+J/XT1Vw4WQsSlIFEZ0vClKOVYxnOWCfCaCKTzQhVDD9V0xHRBCqdFplHYK9ePIy6TTqtlW3b8+qzcsijhI6Qseohmx0jproGrVQG1H0gJ7RK3oznowX4934mLeuGMXMIfoD4/MHyFSTqg==</latexit>

Case I: Noisy Lorenz 63 System



Without stochastic term With stochastic term

Red: True system Blue: Modeled system 
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Case I: Moments



Without stochastic term With stochastic term

Red: True system Blue: Modeled system 

❖ Does it mean the two models are equally good?
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Case I: Moments



Without stochastic term

With stochastic term

Red: True system Blue: Modeled system 

x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

x3
<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

x3
<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>
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Case I: Invariant Measures



Case II: Reduced Lorenz 63 System
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❖ Lorenz 63 system in transformed coordinates :·a = g(a)

❖ Reduced-order model:

Palmer, Quarterly Journal of the Royal Meteorological Society, 127(572), 279-304 (2001)



Case II: Reduced Lorenz 63 System
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❖ Comparison of trajectories:

True system

Reduced-order system
Reduced-order system with simple 
stochastic term (white noises)

Palmer, Quarterly Journal of the Royal Meteorological Society, 127(572), 279-304 (2001)



Case II: Reduced Lorenz 63 System
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❖ Lorenz 63 system in transformed coordinates :·a = g(a)

❖ Reduced-order model:

+M1(a1, a2) +
p

�1(a1, a2)Ẇ
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+M2(a1, a2) +
p

�2(a1, a2)Ẇ
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Case II: Reduced Lorenz 63 System

12

True system Reduced-order system with simple 
stochastic term (white noises)

Palmer, Quarterly Journal of the Royal Meteorological Society, 127(572), 279-304 (2001)

a1

a2



Sparsity-Promoting 
Ensemble Kalman Inversion

Schneider, Stuart, Wu, arXiv:2007.06175 (2020)



Ensemble Kalman Inversion (EKI)
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❖ Inverse problem to be solved:

❖ EKI formula (j: index of ensemble, m:  index of EKI step):

❖ Advantage of EKI:

❖ Derivative-free optimization;

❖ Robust to noisy evaluations of the forward map G;

❖ The core task is equivalent to a convex optimization problem.
Iglesias, Law, Stuart, Inverse Problems 29 045001 (2013)



Ensemble Kalman Inversion (EKI)
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❖ Introduce a new variable :w = G(θ)

❖ Formulating a noisy observed dynamical system ( ):Hv = w, H⊥v = θ



Ensemble Kalman Inversion (EKI)

13

❖ Introduce a new variable :w = G(θ)

❖ Formulating a noisy observed dynamical system ( ):Hv = w, H⊥v = θ

❖ Solving the optimization problem:

Albers et al, Inverse Problems 35 095007 (2019)



Sparse EKI
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❖ Objective function of standard EKI:

❖ Imposing sparsity within EKI (recall that ):H⊥v = θ



Sparse EKI
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❖ Objective function of standard EKI:

❖ Imposing sparsity within EKI (recall that ):H⊥v = θ

❖ Introduce variables  and :vi = v+
i − v−

i |vi | = v+
i + v−

i

Tibshirani, Journal of the Royal Statistical Society: Series B 58 (1996)



Case III: Noisy Lorenz 63 System
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True System: ẋ = f̃(x) +
p
�Ẇ
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dx1

dt
= ↵(x2 � x1)

dx2

dt
= x1(⇢� x3)� x2

dx3

dt
= x1x2 � �x3
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Where  is the standard Lorenz 63 system : f̃(x)
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Modeled system:

 contains all the first and second-order polynomial basis functions{ϕi}



Case III: Moments
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Case III: Redundant Coefficients
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Case III: Invariant Measures
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Summary
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❖ Many complex systems (e.g., earth system) involve multi-
scale dynamics, and there is usually no clear scale 
separation between resolved and unresolved scales, which 
justifies the use of stochastic closures.

❖ We demonstrated the learning of stochastic closures based on 
time-averaged statistics using ensemble Kalman 
inversion (EKI).

❖ With the assumption that simpler explanation is often better 
(Occam's razor), we imposed sparsity constraint into EKI 
and showed improved performance of learning stochastic 
closures.

Schneider, Stuart, Wu. Learning Stochastic Closures Using Ensemble Kalman Inversion. arXiv:2004.08376 (2020)

Schneider, Stuart, Wu. Ensemble Kalman Inversion for Sparse Learning of Dynamical Systems from Time-
Averaged Data.  arXiv:2007.06175 (2020)

More details can be found at:
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