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Chapter 1

11.

13.

S={([R,R),(R,G),(R,B),(G,R),(G,G),(G,B),
(B,R),(B,G),(B,B)}

The probability of each pointin S is 1/9.

S={(e1,e,...,en), n > 2} where ¢; € (heads, tails}.

In addition, e, =¢,_1 = heads and for i=1,...,
n — 2 if e; = heads, then e; 1 = tails.

P{4 tosses} = P{(t,t,h,h)} + P{(h,t,h,h)}
1* 1
=2H =3

Z. If he wins, he only wins $1, while if he loses, he

loses $3.

If (E U F)° occurs, then E U F does not occur, and so
E does not occur (and so E° does); F does not occur
(and so F¢ does) and thus E° and F° both occur.
Hence,

(EUF)* C E°F°

If E°F° occurs, then E€ occurs (and so E does not),
and F¢ occurs (and so F does not). Hence, neither E
or F occurs and thus (E U F) does. Thus,

E°F° ¢ (EUF)

and the result follows.

F = EUFES, implying since E and FE are disjoint
that P(F) = P(E) + P(FE).

i—1

e =R
P{sumisi} = 13—
2l i=8,..,12
36

Condition an initial toss

12
P{win} = )’ P{win | throw i}P{throw i}
i=2

17.

19.

Now,

P{win| throw i} = P{i before 7}

0 i=212
i—1
571 1=3,...,6
1 i=711
13—
19-1 =8§,...,10

where above is obtained by using Problems 11
and 12.

P{win} ~ .49.

Prob{end} =1 — Prob{continue}
—1-P({H,H,H}U{T,T,T})
=1—[Prob(H,H, H) + Prob(T, T, T)].

o 111 111
Fan‘com:Prob{end}:l—{2-2~2+2-2-2]
3
T4
. . 111 333
Biased coin: P{end} =1 — [4 11 + 11 4}
9
~ 16

E = event at least 1 six P(E)

_ number of waystogetE 11
"~ number of sample pts 36

D = event two faces are different P(D)

=1 — Prob(two faces the same)

., 6 5 _P(ED) 10/36 1
=1 36_6P(E|D)_ P(D) 5/6 3



Answers and Solutions 5

21. Let C = event person is color blind.
P(Male|C)

. P(C|Male) P(Male)

~ P(C|Male P(Male) + P(C|Female) P(Female)
~ 05 % 5

.05 x.5+.0025 % .5

2500 20
T 2625 21

23. P(Ey)P(Ey|E1)P(Es|ErEy) - P(E,|Eq -+~ Ey1)

. P(E,Ep) P(E{E3E3)
=PEBE) PEE)

P(El "'En)
P(E; - Ey 1)

= P(E; - En)

25. (a) P{pair} = P{second card is same
denomination as first}
=3/51
(b) P{pair|different suits}
_ P{pair, different suits}
- P{different suits}
= P{pair}/P{different suits}
_3/51

27. P(E)) =1
P(E;|E1) = 39/51, since 12 cards are in the ace of
spades pile and 39 are not.

P(E;|E1E;) = 26/50, since 24 cards are in the piles
of the two aces and 26 are in the other two piles.
P(E4|E1E2E3) = 13/49

So
P{each pile has an ace} = (39/51)(26,/50)(13/49)

29. (a) P(E|F) =0
(b) P(E|F) = P(EF)/P(F) = P(E)/P(F) >
P(E) = .6
(c) P(E|F) = P(EF)/P(F) = P(F)/P(F) =1

31. LetS = event sum of dice is 7; F = event first
die is 6.
1 1 P(F|S)
P =—_P = — = —
(5)= gP(FS) = 36PFIS) = s

136 1

~1/6 6

33. Let S= event student is sophomore; F = event
student is freshman; B= event student is boy;
G=event student is girl. Let x= number of
sophomore girls; total number of students =

16 + x.
10 10
P(F4) ~ 16 + »PB) = 1¢ + xP(Hi)O: 16 + x
o1 x -~ [EB)=PEPE) = -
10
16 + x —x=9
35. (a) 1/16
®) 1/16

(c) 15/16, since the only way in which the
pattern H, H, H, H can appear before the pat-
tern T,H, H, H is if the first four flips all land
heads.

37. Let W = event marble is white.
P(W|B1)P(By)

PEIW) = 5TBP(Br) + POV BP(BY)
1 1 1
_ 33 _ 3.3
1 1 1 1 5 5
22732 12

39. Let W = event woman resigns; A, B,C are events
the person resigning works in store A, B, C, respec-

tively.
P(C|W)
_ P(W|C)P(C)
~ P(W|C)P(C) 4+ P(W|B)P(B) + P(W|A)P(A)
100
_ .70 x 5
100 75 50
70 w0 1
T 225/ 225 2

41. Note first that since the rat has black parents and
a brown sibling, we know that both its parents are
hybrids with one black and one brown gene (for
if either were a pure black then all their offspring
would be black). Hence, both of their offspring’s
genes are equally likely to be either black or brown.

(a) P(2black genes | at least one black gene)

_ P(2 black genes)
" P(at least one black gene)
_1/4

=53 =1/3
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(b) Using the result from part (a) yields the — _n
following: b+ (r + c)r
b
P(2 black genes | 5 black offspring) “bhrrtc
__ P(2black genes) 7 1 0<PAIB) <1
~ P(5 black offspring) T < P(AIB) <
_ 1/3 2. P(S|B) = I;LBB) = % =
10/3) + (1/2F2/3) ® - r®
3. For disjoint events A and D
=16/17
__ P((AUuD)B)
where P(5 black offspring) was computed by con- PAUDIB) = P(B)
ditioning on whether the rat had 2 black g(?nes. _ P(ABUDB)
43. Leti= event coin was selected; P(H|i) = 11—0 P(B)
5 1 _ P(4B) + P(DB)
pei) = PHBPE) _ 10 1 o
R I = P(AJB) + P(DIB)
ZP(H|1)P(1) 10 10
i=1 i=1 Direct verification is as follows:
5 1 P(A[BC)P(C|B) + P(A|BC)P(C*|B)
. i _ P(ABC) P(BC) n P(ABC®) P(BC®)
i=1 ~ P(BC) P(B) ' P(BCY) P(B)
45. Let B;= ™ ball is black; R; = ™ ball
5 isertedl event i ball is black; R; = event i"" ba _ P(ABC)  P(ABCY)
' ~ P(B) P(B)
P(By|Ry) = P(R,|B1)P(B1)
T P(RolB1)P(B) + P(Ro[R1)P(R1) _ P
r b P(B)
b b
_ - +br+c r—:_rc - — P(A|B)

btrtc bir birtc bir



Chapter 2

- x=o=[] /2]

3 P{X =2} = % _ P{X =2}
1
11 .
5. P{max =6} = %= P{min =1}
1 .
P{max =5} = 1= P{min = 2}
7 .
P{max =4} = 36 = P{min = 3}
5 .
P{max =3} = %= P{min = 4}
1 .
P{max =2} = 7= P{min =5}
1 .
P{max =1} = %= P{min = 6}

7. p(0) = (3)° = .027
p(1) = 3(.3)%(.7) = .189
p(2) = 3(.3)(.7)% = 441
p(3) = (7)° = .343

1 1 1
9. PO =5 pM=15 PR=2%,
1 1
3
11. 3

10 10
13, (1.0) H
S\ 2

14

15.

17.

19.

21.

23.

25.

P{X =k}
P{X=k—1}
|

n —nk)! ar =t

n! k—1 n—k41
n—krng—nr 4P "

_n—k+1 p

B k  1-p

Hence,

P{X =k}
- - > _ _
PIX = k—1} >1lem—k+1Dp >k —p)

sm+p>k
The result follows.

. n!

Follows since there are
x1!- - xp!
objects of which x; are alike, x; are alike, ..., x, are

alike.

; permutations of n

P{X1+ -+ Xy = m}

= m] 1+ )" P + - )T

S EA A A B DA R A
10 10 10 2] |10 10
In order for X to equal n, the first n — 1 flips must

have r — 1 heads, and then the n flip must land
heads. By independence the desired probability is
thus

n—1 r— n—r
Ll]p " —p)"

A total of 7 games will be played if the first 6 result
in 3 wins and 3 losses. Thus,

P{7 games} = (2) p’(1—p)’

Differentiation yields



27.

29.

33.

35.

Answers and Solutions

d
gy 71 =20 32— p)* — 31 - p)]
= 60p* (L —p)* [1 = 2]

Thus, the derivative is zero when p = 1/2. Taking
the second derivative shows that the maximum is
attained at this value.

P{same number of heads} = ZP{A =i,B=i}
=3 (F)anr (") 0y
ORI
=3 () ("o
- (Z) (1/2)"

Another argument is as follows:

P{# heads of A = # heads of B}
= P{# tails of A = # heads of B}

since coin is fair

= P{k — # heads of A = # heads of B}
= P{k = total # heads}

Each flip after the first will, independently, result
in a changeover with probability 1/2. Therefore,

P{k changeovers}= (n ; 1) (1/2+1

c/l (1—x2)dx:1
1

1
Fo)= [ -

3 v o2
_4{y_3+3], -1<y<l1
10 1

37. P{M < x} = P{max(Xy, ..

39.

41.

43.

45.

S X)) < x}

:P{Xl < x,...,Xn < X}
n

=[] P{xi < x}

i=1
= le

fu) = S p(M < 2} = !

E[XJZ%

Let X; equal 1 if a changeover results from the i
flip and let it be 0 otherwise. Then

n
number of changeovers = Y X;

i=2
As,
E[X;]=P{X; =1} =P{flipi — 1 # flip i}
=2p(1—p)
we see that

n
E[number of changeovers] = 2 E[Xi]
=2

=2(n—1p(1 -p)

@@ X=Y X

i=1
(b) E[X]=P{X;=1}
= P{red ball i is chosen before all n
black balls}
=1/(n + 1) since each of these n + 1
balls is equally likely to be the
one chosen earliest
Therefore,

E[X]= iE[Xi] =n/(n+1)
i=1

Let N; denote the number of keys in box i,
i = 1,...,k. Then, with X equal to the number

k
of collisions we have that X = Y (N; - 1)* =
i=1

k

Y (N; —1 + I{N; = 0}) where I{N; = 0} is equal
i=1

to 1if N; = 0 and is equal to 0 otherwise. Hence,
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k
E[X] = Z(rpi—l—i-(l—pi)r):r—k

z=lk
+ Y1 -p)
i=1

Another way to solve this problem is to let Y denote
the number of boxes having at least one key, and
then use the identity X = r — Y, which is true since

only the first key put in each box does not result in
k
a collision. Writing Y = Y I{N; > 0} and taking
i=1
expectations yields

k
EX]=r—E[Yl=7r—- Y [1-(1-p)]
i=1

k
=r—k+>0-p)
=

47. Let X; be 1 if trial i is a success and 0 otherwise.

(a) The largest value is .6. If X; = X; = X3, then
1.8 = E[X] = 3E[X;] =3P{X; =1}
and so
P{X=3}=P{X;=1}=6

Thatthisis thelargest value is seen by Markov’s
inequality, which yields

P{X >3} < E[X]/3 =6
(b) The smallest value is 0. To construct a probabil-

ity scenario for which P{X =3} =0let U be a
uniform random variable on (0, 1), and define

y 1 ifU<6
1= 0 otherwise
y, 1 ifU>4
270 otherwise
1 ifeither <3 or U>.7
X3 =

0 otherwise

It is easy to see that
P{X1 =X, =X3=1}=0
49. E[X?] — (E[X])? = Var(X) = E(X — E[X])* > 0.

Equality when Var(X) = 0, that is, when X is
constant.

r
5. N=Y X;j where X; is the number of flips between
i=1
the (i — 1)* and i" head. Hence, X; is geometric
with mean 1/p. Thus,

EIN] = Y E[X/] = ;

i=1

1 1 1 72
I U Fans [n+l] '
i ,
5. (@) PY =)= C,)e*w /j!
i=0
_ o N & i
=e ]720 . 11
_en @Y
j!

(b) P(X =1i) = f (Dew /j!

j=i
1 e 1 ;
= € z —=N
i! = (j—=1)!

)\i 00
= T'e*” > Ak
: k=0
i
= e_>\>\'—
1!

() PX=i,Y-X=k=PX=iY=k+i)

_ (k+ 1,2 Nt

S\ (k + i)!
AL

_ A -

B

showing that X and Y — X are independent

Poisson random variables with mean ). Hence,

k
P(Y =X =k) =e*A%

57. Itis the number of successes in n + m independent
p-trials.

59. (a) Use the fact that F(X;) is a uniform (0, 1) ran-
dom variable to obtain

p=P{F(X1) < F(X2) > F(X3) < F(X4)}
ZP{Ul <U;>U;z< U4}

where the U;,i = 1,2,3,4, are independent
uniform (0, 1) random variables.
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1 r1 pxo pl
(b) p= / / / / dxgdxzdxrdxq
0 Jx; JO X3
1 1 X2
:/ / / (1 —x3)dx3dx2dx1
0 X1 0

1 1
_ / / (2 — 32 /2)dxpds
0 X1

= /1 (1/3 —x3/2 + 23 /6)dx;
0

=1/3-1/6 +1/24=5/24

(c) There are 5 (of the 24 possible) orderings such
that X < Xp > X3 < X4. They are as follows:

Xo > Xy > X35> Xq
Xo > Xy > X1 > X3
Xp>X1>X4> X3
Xy >Xp > X3 > Xq
Xy >Xp>X1> X3

61. (a) fx(x)= / - A2e=Ndy

— )\e—)\x

Yy
(b) fr(y)= / e My
0
= \2ye= N

(c) Because the Jacobian of the transformation
x=x,w=y—xis1, wehave

Fxw(x,w) = fxy(x, x + w) = N2 A+
— )\e—)\x )\e—)\w

(d) It follows from the preceding that X and
W are independent exponential random vari-
ables with rate .

63. o= e"(1—p)"Ip
n=1

=pe' Y, (A—pe)!
n=1

__»
11— (1—p)et

n n
65. Cov(X;, X)) = Cov(ui + Y auZi, pi + Y. ajtZt)
k=1 t=1

1
M=
M:

Cov(ayZy, ajZy)

N
I
—
-
Il
—

I
M=
M:

aixajtCov(Zy, Zt)

N
Il
—
o
Il
—

I
M=

AikAjk

»
Il
—_

where the last equality follows since

1 ifk=t

CoolZi, 20 = ifg 24

67. P{5 <X <15} >

a1l N

69. (1) — @ m = 1498

71. (@) P{X=i}= m {kifi]/{n;m}

i=0,1,...,min(k, n)

k
b) X=X
i=1
K kn
EIX] = 3L EX] =

since the i ball is equally likely to be

either of the n + m balls, and so
EIX]=P{X; =1} =

n+m

EIX]=Y E[Y,]
i=1

n
=Y P{i" white ball is selected}
i=1

k . nk
n+m n+m

"
=2
i=1

73. As N; is a binomial random variable with para-
meters (1, P;), we have (a) E[N;] =nPj; (b) Var(X;) =
nP; = (1 — P;); (c) for i # j, the covariance of N; and
Nj can be computed as

% Xy, % Ykl

Cov (N;,Nj) = Cov
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where X;(Yy) is 1 or 0, depending upon whether or
not outcome k is type i(j). Hence,

Cov(N;,Nj) = 3. Cov(Xy, Yy)
kK ¢

Now for k # ¢, Cov(X, Y¢) = 0 by independence of
trials and so

Cov (N;, Nj) =Y’ Cov(Xy, Yi)
k
= > (E[X; Y] — E[X(]E[Y])
k
= — Y E[X;]E[Y] (since XYy = 0)
k
k
= —nPin

(d) Letting

1,
-

we have that the rnumber of outcomes that never

if no type i’s occur
otherwise

occur is equal to Z Y; and thus,
1

=Y E[Y|]

P{outcomes i does not occur}

E [é Y;

M=~~~

(1-Py)"

(a) Knowing the values of Ny, ..., N is equivalent
to knowing the relative ordering of the ele-
ments ay, ..., 4;. For instance, if Ny =0, N, =1,
N3 = 1 then in the random permutation a;
is before a3, which is before a;. The indepen-
dence result follows for clearly the number
of aj,...,a; that follow a;; does not proba-
bilistically depend on the relative ordering of
ai, ..., qa;.

1 .

(b) P{N; =k} = = k=0,1,..,i—-1
which follows since of the elements ay, ..., ;11
the element a;,1 is equally likely to be first or
second or ... or (i + 1)*%.

1 l 1 :
(c) EIN;]1 = Z k=——
2 o _(=DEi-1)
and so
(—-1DQi—-1) (-1
Var(N;) = 6 i
-1
T2

77. fg1(x,y) =x +y, $2(x,y) = x —y, then

8g1 3g1

Dx Dy
8g2 8g2
Ox dy

]:

Hence, if U=X+Y, V=X-Y, then

fu,v(u,0) = fX Y [u—i-v u;v}

_ 2 -1
" 4702 P 202

4752 o2 402
2
exp { ~ 1.2 }
7. K= LX)
. K'(t) = E[eX]
" B E [etX] E [XZetX] _ EZ [XetX}
K (t) - E2 [etX]
Hence,
K'(0) = E[X]
K"(0) = E[X?] — E?[X] = Var(X)

11
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2Py prg) 9. E[X|Y =yl=Y xP{X = x|Y = y}

L. ZPX|Y<x\y) == = v 1 <

g » ® =Y xP{X =x} by independence

X

3. E[X|]Y =1]=2 = E[X]

E[X|]Y =2]= g

Y
1. E[X|]Y = =c/ x(y? — x*)dx = 0
EIXIY =3]= = Y =yl=C | =)

5. (a) P{X =ilY =3}=P{i white balls selected 13. The conditional density of X given that X > 1is
when choosing 3 balls from 3 white and 6 red }

o f )\exp_M
{3] [ 6 ] fxjx 1) = PIX>T) ~ exp

whenx > 1

o0
E[X|X>1]=exp)‘/ xhexp Mdr=1+1/A
1

by integration by parts.
(b) By same reasoning as in (a), if Y =1, then

X has the same distribution as the number
of white balls chosen when 5 balls are chosen 1 _

— Yy - Y
from 3 white and 6 red. Hence, y xp yexp
Y / —exp ¥ dx
3 5 oY
EX|Y=1]=5- == 1
9 3 =—, O<x<y
y
7. Given Y =2, the conditional distribution of X
i 2 17, yz
and Z is E[X |Y=y]=f/xdx=—
v Jo 3

P{(X,2)= (1, 1)|Y =2} = %

P{L2)Y =2} =0 17. With K = 1/P{X = i}, we have that

P{2 1Y =2} =0 fox Wli) =KP{X =i|Y = y}fy ()
— Kle—yyie—ayya—l
P2y =2} = |
— Kle—(1+a)yyu+l—l
So,
1 8 9 where K; does not depend on y. But as the pre-
EX|Y=2]==+4 - == ceding is the density function of a gamma random
55 5 variable with parameters (s + i,1 + «) the result
EX|Y=2,Z=1]=1 follows.

12
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19(/HXW=yUHW@
= [ [ s vy

_ fx,y)
‘/ hGy) oMy

= [« [ £y

= / xf (x)dx
= E[X]

N
2. (@) X=>T;
i=1
(b) Clearly N is geometric with parameter 1/3;
thus, E[N] = 3.

(c) Since Ty is the travel time corresponding to
the choice leading to freedom it follows that
Ty =2,and so E[Tn] = 2.

(d) Given that N =un, the travel times T;i=1,...,
n — 1 are each equally likely to be either 3 or
5 (since we know thata doorleading back to the
nine is selected), whereas T}, is equal to 2 (since
that choice led to safety). Hence,

N n—1
ElZTAN:n] =El2 Ti|N=n]
i=1 i=1
+ E[Ty|N =n]
=4n—-1)+2

(e) Since part (d) is equivalent to the equation

N
E[z TAN] = 4N -2
i=1

we see from parts (a) and (b) that
E[X]=4E[N] -2
=10

23. Let X denote the first time a head appears. Let us

obtain an equation for E[N|X] by conditioning on
the next two flips after X. This gives

E[N|X]=E[N|X,h,hlp*> + E[N|X, h, tlpq
+ EIN|X,t, hlpq + E[N|X, t,t14?
where g =1 —p. Now
E[N|X,hh]=X + 1E[N|X,h,t]=X + 1
E[N|X,t,h] =X + 2, E[N|X,t,t] = X + 2 + E[N]

25.

27.

Substituting back gives
EIN|X]= (X + 1)(* + pg) + (X + 2)pq
+ (X +2 + EINf?

Taking expectations, and using the fact that X is
geometric with mean 1/p, we obtain

EINI=1+p+q+2pq+4*/p + 24* + F°E[N]
Solving for E[N] yields

2429 +4%/p

E[N] = 7

(a) Let F be the initial outcome.
3 3

EIN) = 3 EINIF =il = 3 (14 2 )pi=1+ 67

i=1 i=1 i
(b) Let Nj, be the number of trials until both out-
come 1 and outcome 2 have occurred. Then

E[N12] = E[N1|F = 1]p1 + E[N12|F =2]p,
+ E[N12|F = 3]p3

1 1
=1+ — +(14+ —
( Pz) & ( Pl) P2
+ (1 4+ E[N1,2])p3

1, P2
=1+ 1 P24 pEN
m p3E[N1,]

Hence,
Py P2
1+ 72 + o1

E[N15] =
[N1,2] P

Condition on the outcome of the first flip to obtain
E[X]= E[X[H]p + E[X|T](1 - p)
= (1 + E[X])p + EIX|T](1 —p)
Conditioning on the next flip gives
E[X|T]=E[X|TH]p + E[X|TT](1 —p)
=@+ EXDp+2+1/p)A-p)

where the final equality follows since given that
the first two flips are tails the number of additional
flips is just the number of flips needed to obtain a
head. Putting the preceding together yields

E[X]=(1 + E[X])p + (2 + E[X])p(1 —p)
+ 2+ 1/p)A —p)?

or

E[X] !

~pd—pp
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Letgq; =1—p;, i = 1.2. Also, let h stand for hit and
m for miss.

(@) w1 =E[N|hlp1 + E[N[m]q
= p1(E[N|h, hlp2 + E[N |k, m]q2)
+ (1 + p2)
=2p1p2 + 2+ p)p192 + (1 + p2)q
The preceding equation simplifies to

(1 —=p1g2) =1+ p1 + poq

Similarly, we have that

p2(1 =paq1) =1+ p2 + g2
Solving these equations gives the solution.
hy = E[H|hlpy + E[H|m]q
=p1(E[H|h, hlp> + E[H|h, m]92) + hog1
=2p1p2 + (L + h) p192 + hagn

Similarly, we have that

hy =2p1p2 + (1 + hp)paq1 + Mqe

and we solve these equations to find Iy
and hy.

Let L; denote the length of run i. Conditioning on
X, the initial value gives

E[L1]=E[L1|X = 1]p + E[L1|X = 0](1 — p)

1
1_
p( p)

Llop
p

T/
__r
-p
and

E[La] = E[Ly|X = 1]p + E[Lo|X = 0](1 - p)

1 1
=—p+—~0-p
PP 1-p P

=2

LetI(A) equal 1 if the event A occurs and let it equal
0 otherwise.

2

[ZI(T>1

§ E[I(T > i)R;]

35.

37.

39.

(e8]

2 [I(T > i)]E[R;]
= § P{T > i}E[R;]
i=1

=Y BIE[R]

i=1

= E[i BilRi]

i=1

np1 = E[Xq]
=E[X1]|X, = 0](1 — pp)"
+ E[X1|X2 > 0][1— (1 —p2)"]

=n

P1
1
1—p2(

+ E[Xq|Xo > 0][1 — (1 —p2)"]

—p2)"

yielding the result

npi(1—(1—p)" Y
1-(1—=p)"

E[X4|X, > 0] =

(@) E[X]=

(b) E[X?]=
=12.1067, and Var(X)

(2.6 +3+34)/3=3

[2.6 +2.6%+3+9+34+34%/3
= 3.1067

Let N denote the number of cycles, and let X be the
position of card 1.
1« 1«
(@) my=" Y EINX=i]= " ¥ (1+m,_1)
iz niz

17‘[1

Zm]

=14

(b) my =1
1
+ 5 =3/2
1
my=1+3(1+3/2)=1+1/2+1/3
=11/6
my=1+ %(1 +3/2 4+ 11/6) = 25/12

© mp=1+1/2+1/3+ - +1/n
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(d) Using recursion and the induction hypothesis
gives

mn=1+1”i1(1+-~-+1/j)
n 5
=1+%(n71+(n72)/2+(n73)/3
+---+1/(n-1))
=1+%[n+n/2+~-+n/(n—1)
—(n—1)]

=141/2+---+1/n

n
(e) N = ZXi
i=1
n n
f) my=) E[X;]= z P{iislastof 1,...,i}
i=1 i=1
n
=>1/i
i=1

(g) Yes, knowing for instance that i 4 1 is the last
of all the cards 1,...,i 4+ 1 to be seen tells us
nothing about whether i is the last of 1, ..., 1.

n

(h) Var(N) = i Var(X;) = Y, (1/)(1 —1/i)
i=1

i=1

Let N denote the number of minutes in the maze.
If L is the event the rat chooses its left, and R the
event it chooses its right, we have by conditioning
on the first direction chosen:

E(N) = %E(NlL) + %E(N|R)

11 2 1

=5 5(2) + 5(5 + EN))| + 5[3 + E(N)]
5 21

= ZEN) +

=21

EITIE] = ———E[Z]\3] = ———E[Z] = 0
VXE/n VXa/n
BTG = B2 = B2 =

Hence, E[T] = 0, and

Var(T) = E[T?] = E {;]
_ 1 %(3_"/2(95/2)3_l
= |

45.

47.

49.

n o 1 n—2
_ L —x/2 s 1
= 2rm)2) /O ¢ Tx/2) T dx

_nl(n/2-1)
o 2I(n/2)
. n
~2(n/2-1)
n
n—2

Now
E[Xu|Xy1]1=0, Var(X|X,—1) = X2 4
(a) From the above we see that
E[X,]=0
(b) From (a) we have that Var(x,) = E[X2]. Now
E[X7] = E{E[X}|Xn—11}
=E[8X2_,]
= BEIX; 4]
= B2E[X; _,]

= 3"X3

E[X?Y?|X] = XE[Y?|X]
> X*(E[Y|X])* = X*

The inequality following since for any random
variable U, E[U?] > (E [l,l])2 and this remains true
when conditioning on some other random variable
X. Taking expectations of the above shows that

E[(XY)’] > E[X?]

As

E[XY] = E[E[XY|X]] = E[XE[Y|X]] = E[X]

the result follows.

Let A be the event that A is the overall winner, and

let X be the number of games played. Let Y equal
the number of wins for A in the first two games.

P(A) = P(A]Y = 0)P(Y = 0)
+ PA]Y = P(Y = 1)
+ P(A]Y = 2)P(Y = 2)
=0+ P(A)2p(1 —p) + p*

Thus,

2

_ p
PA =1z 2p(1=p)
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E[X]=E[X|Y = 0]P(Y = 0)
+ E[X|Y =1]P(Y = 1)
+ E[X|Y =2]P(Y =2)
=2(1-p)® + (2 + E[X])2p(1 — p) + 2p*
=2+ E[X]2p(1 —p)
Thus,

2
=50

Let o be the probability that X is even. Condition-
ing on the first trial gives

a=P(even|X = 1)p + P(even|X > 1)(1 —p)
=1-a)(1-p)
Thus,
1-p
T 2- p
More computationally

a= Z P(X =2n) =

n=1
o p 1-p?
C1-p1-(1-p?

o
P{X =n} =/ P{X = n|A\}e A dA
0
_/oo e—A/\n
o 0 n!
:/OO —2/\)\ﬂd)\
0 n!

_/°° tndt{ r“
= e 't
0 n! |2

The result follows since

e~

oo
/ e At =T(n + 1) = n!
0

Let X be the number of storms.

P{X >3}=1-P{X <2}

5
:1—/ P{X §2|/\=x}%dx
0

5
=1- / [e™ 4+ xe™ + "2 /Z]édx
0

59. (@) P(AiA)= iP(AZ-AﬂNi =) Jpha—pot

61.

= ZlP(A JIN; = k) < )p’f(l _pyk

S ()|

=21
< pr(L—p)"*
n—1 n—1
) pra—p) -3
=1 k=1

( ) ()

< pi(L—p)"*
n—1
=1-(1-p)" —pl— 3, (Z)
k I
xpi(1—pi —pj)"
=1-(1—-p)' —p! - [A—-pp)"
A =pi—p)" —pl
=1+0-pi—p)" —A—-p)"
—(1-p)"

where the preceding used that conditional on
N; = k, each of the other n — k trials indepen-

dently results in outcome j with probability
Pi
1—pi’

(b) P(AA)—ZP(AA|F = k) pi(1 —pi)?
+P(AA\F > n) (1 —p;)"

= 2 P(Aj|F; = k) pi(1 — pi)* !

k=1
B n pi )k—l ik
= 1- 1-—
]Zl [ ( 1-p; ( P]) ‘|
x pi(1 —p)F
(c) P(AiAj) =P(A) + P(A]‘) — P(A; UA]‘)
=1-(1-p)'+1-(1-p)"
1= =pi—p)"]
=1+ A=pi—p)' —Q—p)"
—(1-p)"

= E[X|h]py + E[H|m]q: =
g1 =1+ maq.

(@) m p1+ (1 + mp)
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Similarly, my = 1 4 mj4,. Solving these equa-
tions gives

. 1+q1 _ 14+ qg2
1—qq2’ 1-q492
(b) Py =p1 +q1P2
Py = g2
implying that
__Pm p,— P12
1—qiq2” 1—-q192

(c) Let f; denote the probability that the final hit
was by 1 when i shoots first. Conditioning on
the outcome of the first shot gives

fi=piPr+qfo

Solving these equations gives

and f =p2P1 + 2 fi

fi= p1P2 + q1p2P1
1—q1q2
(d) and (e) Let B; denote the event that both hits

were by i. Condition on the outcome of the first
two shots to obtain

P(B1) =p192P1 + q192P(B1) — P(B1)

_ p192P1
1-q192
Also,
P(B2) = q1p2(1 — P1) + q192P(B2) — P(B)
111272(1 Py)
—q192
(f) E[N]=2pi1p2 + p192(2 + my)
+ q1p2(2 + m1) + q192(2 + E[N])
implying that
E[N] = 2 + mp1g> + mig1p2

1-q92

63. Let S; be the event there is only one type i in the

final set.
n—1
P{S;=1}= Y P{S; = 1|T = }P{T = j}
j=0
1 n—1
3 ZPS=UT =)
=0
1
nign— j

The final equality follows because given that there
are still n — j — 1 uncollected types when the first
type i is obtained, the probability starting at that
point that it will be the last of the set of n — j types
consisting of type i along with the n —j — 1 yet
uncollected types to be obtained is, by symmetry,
1/(n —j). Hence,

n
E [2 Si
i=1

to1
—nE[S]= Y, ¢
k=1

65. (a) P{Y,=j}=1/(n+1), j=0,..n
(b) Forj=0,..., n—1

P{Yy—1=j}= Z ——=P{Yp 1 =jYu=1}

n+1
71(P{Yn71 =j|Yn =]}
+ P{Y1=jlYn=j+1})
1 . .
= m(P(last is nonred| j red)
+ P(lastis red|j + 1 red)
1 n—j j+1\ _
_n—i-l( n + n >_l/n
() P{Yy=jt=1/(k+1), j=0,...k
(d) Forj=0,...,k—1

k
P{Yi_1 =]} =Y P{Yi1 =Yk =1}
20
P{Yk — i)
=T 1(P{Yk 1=JYx=j}

+ P{Yi1 =jlYe=j+1})

1 (k—j 1\
_k+1( KTk )‘Uk

where the second equality follows from the
induction hypothesis.

67. A run of j successive heads can occur in the fol-
lowing mutually exclusive ways: (i) either there is
a run of j in the first n — 1 flips, or (ii) there is no
j-run in the first n —j — 1 flips, flip n —j is a tail,
and the next j flips are all heads. Consequently, (a)
follows. Condition on the time of the first tail:

j )
Pim)= Y Pin—kp 1 (1-p)+p/, j<n
k=1
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69. (a) Let I(7,j) equal 1 if i and j are a pair and 0

otherwise. Then

. "1 1
E[%I(z,])l = (2);7;1_1:1/2

Let X be the size of the cycle containing person

1. Then

S . . 1
Qn= 2 P{no pairs|X =i}1/n = - S Quei

i=1 i#2

73. Condition on the value of the sum prior to going
over 100. In all cases the most likely value is 101.
(For instance, if this sum is 98 then the final sum
is equally likely to be either 101, 102, 103, or 104. If
the sum prior to going over is 95 then the final sum

is 101 with certainty.)

75. (a) Since A receives more votes than B (sincea > a)
it follows that if A is not always leading then

they will be tied at some point.

(b) Consider any outcome in which A receives
the first vote and they are eventually tied,
say a,a,b,a,b,a,b,b.... We can correspond this
sequence to one that takes the part of the
sequence until they are tied in the reverse
order. That is, we correspond the above to the
sequence b,b,a,b,a,b,a,a... where the remain-
der of the sequence is exactly as in the original.
Note that this latter sequence is one in which
B is initially ahead and then they are tied. As
it is easy to see that this correspondence is one

to one, part (b) follows.

(c) Now,
P{B receives first vote and they are
eventually tied}
= P{B receives first vote}= n/(n + m)
Therefore, by part (b) we see that
P{eventually tied}=2n/(n + m)
and the result follows from part (a).

77. We will prove it when X and Y are discrete.

(a) This part follows from (b) by taking
80, y) = xy.
b) EQX Y =71=3 > gy
Ig{}gzx,Y =y|Y =y}
Now,
P{X=x,Y =y|Y =7}

0, ity #y
T\P{X=x,Y=7}, ify=7

79.

81.

So,
Eg(X, V)Y =7] =Y g, PP{X =x|Y =7}
k
=Elglx, PIY =¥

(c) E[XY]=E[E[XY]|Y]]
—E[YEIX|Y]] by (@)

Let us suppose we take a picture of the urn before
each removal of a ball. If at the end of the exper-
iment we look at these pictures in reverse order
(i.e., look at the last taken picture first), we will
see a set of balls increasing at each picture. The
set of balls seen in this fashion always will have
more white balls than black balls if and only if in
the original experiment there were always more
white than black balls left in the urn. Therefore,
these two events must have same probability, i.e.,
n —m/n + m by the ballot problem.

1
(a) f(x) = E[N] = /0 EIN[X; = yldy

1 ify <x

ify >x

Hence,

1
f@) =1+ / F)dy

(b) f'(x) = —f(x)
(c) f(x) = ce™™. Since f(1) = 1, we obtain that

c=e,and so f(x) =e! 7%

(d) PIN >n} =P{x < X1 < Xp < --- < Xy} =
(1 — x)"* /n! since in order for the above event to
occur all of the n random variables must exceed
x (and the probability of this is (1 — x)"), and
then among all of the n! equally likely order-
ings of this variables the one in which they are

increasing must occur.
o0

(e) EIN] = Y P{N >n}
n=0

=Y (1—x)"/nl ="

n

83. Let [; equal 1 if ball j is drawn before ball i and

let it equal 0 otherwise. Then the random variable
of interest is ) I;. Now, by considering the first
j#i
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time that either i or j is withdrawn we see that
P{j before i} = w;/(w; + wj). Hence,

3|2

J# J#

Consider the following ordering:
e1,€,...,61-1,1,j,€41, ..., ex Where P; < Pj
We will show that we can do better by inter-
changing the order of i and j, ie., by taking
1,€,...,1-1,j,i,€142,...,ey. For the first ordering,
the expected position of the element requested is
Ejj=Pe + 2P, + -+ (= 1)P_,

+ Ipi + I+ 1P+ (I +2)Pe, + -+
Therefore,
Ei,j — Ej,i =I1(P; — P]) + (I + 1)(P]' —P)

= Pj —P;>0

and so the second ordering is better. This shows
that every ordering for which the probabilities are
not in decreasing order is not optimal in the sense
that we can do better. Since there are only a finite

number of possible orderings, the ordering for
which p; > pp > p3 > -+ > py is optimum.

87. (a) This can be proved by induction on m. It is

obvious when m=1 and then by fixing the
value of x1 and using the induction hypothe-

n .
sis, we see that there are ) {” —i+m— 2]
= m—2
such solutions. As [n - ;n"'_rg - 2} equals the

number of ways of choosing m — 1 items from
a set of size n + m — 1 under the constraint
that the lowest numbered item selected is
number i + 1 (that is, none of 1,...,i are
selected where i + 1 is), we see that

i [n—i+m—2} _ {n—l—m—l}

= m—2 m—1

It also can be proven by noting that each solu-
tion corresponds in a one-to-one fashion with
a permutation of n ones and (m — 1) zeros.

The correspondence being that x; equals the
number of ones to the left of the first zero, x»

the number of ones between the first and sec-
ond zeros, and so on. As there are (n + m —
1)!/n!(m — 1)! such permutations, the result
follows.

(b) The number of positive solutions of x; + --- +
Xu = n is equal to the number of nonnegative
solutions of y; + -+ + Yy, = n —m, and thus

there are [n -1 ] such solutions.
m—1

(c) If we fix a set of k of the x; and require them
to be the only zeros, then there are by (b)

n—1
(with m replaced by m — k) k-1 such
m n—1
solutions. Hence, there are K m—k—1

outcomes such that exactly k of the X; are
equal to zero, and so the desired probability

<P o] /0]

89. Condition on the value of I;. This gives

n

P, (K) =P{2j1j <K|I, = 1} 1/2

Jj=1

n
+ P{Z]’Ij <K|I, = 0} 1/2
j=1

n—1
:p{2j1j+n§1<}1/2

j=1

n—1
+P{ >l < K} 1/2
j=1

=[Py_1(k —n) + Pn—l(K)]/z

U S
pPA-p? pX1-p p

95. With o = P(S,, < 0 for all n > 0), we have

—EX]=a=p_1p



Chapter 4

1 4
1. Py=1, Piy==, Pryy=-, Pyp=1
01 10 9 21 9 32
4 4
Pi1 ==, Pyp=-
11 9 22 9
4 1
Pip=—, Py3=—
12 9 23 9
3.
(RRR) (RRD) (RDR) (RDD) (DRR) (DRD) (DDR) (DDD)
(RRR)|| .8
(RRD) 4 6
(RDR) 6 4
(RDD) 4 6
= (DRR)|| 6 4
(DRD) 4 6
(DDR) 6 4
(DDD) 2 8

where D = dry and R = rain. For instance, (DDR)
means that it is raining today, was dry yesterday,
and was dry the day before yesterday.

5. Cubing the transition probability matrix, we obtain
p3:
13/36 11/54 47/108

4/9  4/27 11/27
5/12  2/9 13/36
Thus,

E[X3]=P(X3 =1) + 2P(X3 = 2)
1 1 1
=ZP81 + Zp%l'i'ipgl
1 1 1
+2 Zpgz + ZPi’z - §P32

7. P3y + P = P31Pyg + P33Py + P33Py
=(.2)(.5) + (.:8)(0) + (-2)(0) + (.8)(.2)
=.26

9. ItisnotaMarkov chain because information about
previous color selections would affect probabili-
ties about the current makeup of the urn, which
would affect the probability that the next selection
is red.

20

P4
11. The answer is 21’31 for the Markov chain with
— 20
transition probability matrix
1 00
343
235

13. Pjj=> Py "Pj; >0

k

15. Consider any path of states ig = 7,iy,ip,...,iy =
such that Pj;, > 0. Call this a path from i to j.
If j can be reached from i, then there must be a
path from i to j. Let iy, ..., i; be such a path. If all
of the values iy, ..., i, are not distinct, then there
is a subpath from i to j having fewer elements (for
instance,if,1,2,4,1,3,jisapath, thensoisi,1,3,j).
Hence, if a path exists, there must be one with all
distinct states.

n
17. Y, Yj/n — E[Y] by the strong law of large num-
=1

1=
bers. Now E[Y] = 2p — 1. Hence, if p > 1/2, then
E[Y] > 0, and so the average of the Y;s converges

in this case to a positive number, which implies
n

that ) Y; — oo as n — oo. Hence, state 0 can be

1
visited only a finite number of times and so must
be transient. Similarly, if p < 1/2, then E[Y] <0,
n

and so lim ZYZ- = —oo, and the argument is
1
similar.

19. The limiting probabilities are obtained from

ro =.7rg + .51
r=.4ry + 2r3
1y =.3rg + .5y
ro+r+mrn+r=1

and the solution is
1 i 3 9
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The desired result is thus

2
7’0+1’1=g

The transition probabilities are

P 1-3a, ifj=i
YT ey ifj#i
By symmetry,
1 S
P;‘}Zg(l—PZ’)r j# i
So, let us prove by induction that
1 3 " e
- Z+Z(lf4a), ifj=i
AR | n e
171(17404), lf]#l

As the preceding is true for n = 1, assume it for n.
To complete the induction proof, we need to show
that

1 3
S+ (-4, ifj=i
o Jatao st =
N |
1—4(1—404)"“, ifj#i
Now,
nglngipi,i+ngjjpj,i
j#
1 3
1 1
+3 <4 - 4(1—404)") a
=i+2(1—4a)”(1—3a—a)
_1 3 n+1
—4+4(1 4q)

By symmetry, for j # i

Pz{lj+1 — %(1 7PZ'+1) — % .

and the induction is complete.

i(l _ 4a)n+l

By letting n — oo in the preceding, or by using that
the transition probability matrix is doubly stochas-
tic, or by just using a symmetry argument, we
obtain that m; = 1/4.

(a) Letting 0 stand for a good year and 1 for a bad
year, the successive states follow a Markov chain
with transition probability matrix P:

(V3 2)

25.

Squaring this matrix gives P2:

(7 1i1s)

Hence, if S; is the number of storms in year i then

E[S1] = E[S1]X1 = 0]Pgo + E[S1]X1 = 1]Ppy
=1/2+3/2=2

E[S;] = E[S2| X, = 0]P%, + E[S,|X> = 1]P%,
=5/12 +21/12 = 26/12

Hence, E[S1 + S»] = 25/6.

(b) Multiplying the first row of P by the first column
of P? gives

P3y =5/24 +7/36 = 29/72

Hence, conditioning on the state at time 3 yields

29
P(S3=0) = P(S53=0|X3=0) 7 +P(53=0|X3=1)

X 8 _ ge_l + ge_3
72 72 72
(c) The stationary probabilities are the solution of
11
T = 7T02 ™ 3
m+m =1
giving
T = 2/5, ™ = 3/5.

Hence, the long-run average number of storms is
2/5+3(3/5) = 11/5.

Letting X,, denote the number of pairs of shoes
at the door the runner departs from at the begin-
ning of day n, then {X,} is a Markov chain with
transition probabilities

Pi,i=1/4r O<i<k
Pii1=1/4, 0<i<k
Pir_i=1/4, 0<i<k

Pir—iv1=1/4, 0<i<k

The first equation refers to the situation where the
runner returns to the same door she left from and
then chooses that door the next day; the second to
the situation where the runner returns to the oppo-
site door from which she left from and then chooses
the original door the next day; and so on. (When
some of the four cases above refer to the same tran-
sition probability, they should be added together.
For instance, if i = 4, k = 8, then the preceding



22

27.

29.

31.

Answers and Solutions

states that P; ; = 1/4 = P; y_;. Thus, in this case,
P4,4 = 1/2) AISO,

Poo=1/2
Pox=1/2
Ppy=1/4
Pro= 1/4
P 1 =1/4
Prx1=1/4

It is now easy to check that this Markov chain is
doubly stochastic—that is, the column sums of the
transition probability matrix are all 1—and so the
long-run proportions are equal. Hence, the propor-
tion of time the runner runs barefooted is 1/(k + 1).

The limiting probabilities are obtained from

1

ro = §1’1
4 4

n=r+ 9" + 92

4 4
Iy = 571 + §r2 + 13
rot+r+rtrs=1
and the solution is rg = r3 = i, rn=r= 2

20 20

Each employee moves according to a Markov chain
whose limiting probabilities are the solution of

IT, =711, + 2IL, + 111,
H2 =.2H1 + .6H2 +.4H3
IL+1L+1L=1

Solving yields Hl =6/17, Hz =7/17, H3 =

4/17. Hence, if N is large, it follows from the law
of large numbers that approximately 6, 7, and 4 of
each 17 employees are in categories 1, 2, and 3.

Let the state on day n be 0 if sunny, 1 if cloudy, and 2
if rainy. This gives a three-state Markov chain with
transition probability matrix

|0 1 2

0 0 /2 1/2
P=1 | 1/4 1/2 1/4
2 | 174 1/4 172

33.

35.

The equations for the long-run proportions are

1 1
ro=-1r-+-"mn

4 4
r—lr —i—lr +1r
1—20 21 42
r—lr —|—lr +1r
2—20 41 22

ro+nrn+mn=1

By symmetry it is easy to see that r; = rp. This
makes it easy to solve and we obtain the result

1 2 2

Consider the Markov chain whose state at time n is
the type of exam number 7. The transition proba-
bilities of this Markov chain are obtained by condi-
tioning on the performance of the class. This gives
the following:

Py =3(1/3)+.7(1)= 8
Py =Pi3 =.3(1/3) = .1
6(1/3) + 4(1) = 6
=Py = .6(1/3) = .2
P31 = 9(1/3) + .1(1) = 4
Py = P33 = 9(1/3) = .3

SR
N N
| I

Let r; denote the proportion of exams that are type
i,i = 1,2,3. Ther; are the solutions of the following
set of linear equations:

rn=.8r+.6rmn+.4r
rn=.1r+2rn+3r
rnm+rn+ry=1

Since P, =DP;3 for all states i, it follows that
ry = r3. Solving the equations gives the solution

r1=5/7, rn=r3=1/7
The equations are

1 1 1
ro=r+sr+t5r3+ 14

2 3 4
1 1 1
7’12572'}‘5734‘11’4
r2=1r3+1r4
3 4
1
1’3=11’4

ry =19
ro+ri+ rmn+ r3+ rg=1
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The solution is

ro =714 = 12/37, r = 6/37, rp = 4/37,
r3 = 3/37
Must show that
= ZWinf]-
i

The preceding follows because the right-hand side
is equal to the probability that the Markov chain
with transition probabilities P; ; will be in state j
at time k when its initial state is chosen according
to its stationary probabilities, which is equal to its
stationary probability of being in state j.

Because recurrence is a class property it follows
that state j, which communicates with the recur-
rent state i, is recurrent. But if j were positive recur-
rent, then by the previous exercise i would be as
well. Because i is not, we can conclude that j is null
recurrent.

(a) The number of transitions into state 7 by time
n, the number of transitions originating from
state i by time #, and the number of time peri-
ods the chain is in state i by time n all differ
by at most 1. Thus, their long-run proportions
must be equal.

(b) r;Pj; is the long-run proportion of transitions
that go from state i to state j.

(0) 2]. riP;j is the long-run proportion of transi-
tions that are into state j.

(d) Sincer;is also the long-run proportion of tran-
sitions that are into state j, it follows that

7’]' = z TiP ij
]
Consider a typical state—say, 1 2 3. We must show

H123 = H123 P123,123 + H213 Pr13,123

P
+ H231 231,123

Now P123,123 = P213,123 = P231,123 = P and thus,

les =P [les + H213 + stJ

We must show that

123 1-p;/4d213 1-p,’ld2z1 ™ 1-p,

45.

47.

49.

53.

satisfies the above, which is equivalent to

P,P;  P,Ps

PrPa =Py 1-P, 1-P,

Py
—ﬁpz(Pl +P3)

=PP, since P1+P3=1-P,

By symmetry all of the other stationary equations
also follow.

(a) 1, since all states communicate and thus all are
recurrent since state space is finite.

(b) Condition on the first state visited from i.
N-1
xi= Y Pixj+Pn, i=1,..,N-1
=1
xO = 0/ xN == 1
(c) Must show
N:]; N i P

3 J

=y Lp.

N

and follows by hypothesis.

{Yy,n > 1} is a Markov chain with states (i, j).
0, ifj#£k

Pii.jw 0 = { Py, ifj=k

where Py, is the transition probability for {X, }.

nli)moop{yn =(@,))} = liznP{Xn =1, Xn41 =]}

= 1iPj
(a) No.
lim P{X, = i} = pr(i) + (1 — p)r*(i)
(b) Yes.
1 2
With 7;(1/4) equal to the proportion of time

a policyholder whose yearly number of acci-
dents is Poisson distributed with mean 1/4 is in
Bonus-Malus state 7, we have that the average pre-
mium is

%(326.375) + %[200771(1 /4) + 250m,(1/4)
+ 40073(1/4) + 600m4(1/4)]
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55. S11 = P{offspring is aa | both parents dominant}

_ P{aa, both dominant}
~ P{both dominant}

1
7"2 Z _ r
1-9?% 4(1—9)?

S P{aa, 1 dominant and 1 recessive parent}
10 =

2

P{1 dominant and 1 recessive parent}

_ P{aa, 1 parent aA and 1 parent aa}
291 —q)

57. Let A be the event that all states have been visited
by time T. Then, conditioning on the direction of
the first step gives

P(A) = P(A|clockwise)p
+ P(A|counterclockwise)q

. 1—q/p 1-p/q
“P1 @y +q1—(p/q)”

The conditional probabilities in the preceding
follow by noting that they are equal to the proba-
bility in the gambler’s ruin problem that a gambler
that starts with 1 will reach n before going broke
when the gambler’s win probabilities are p and 4.

59. Condition on the outcome of the initial play.

61. WithPy =0, Py =1

Pi=oiPign +(1—-oy)Piq, i=1,...,N—-1
These latter equations can be rewritten as
Piy1 = Pi = [3i(Pi — Pi—1)

where 3; = (1 — «;)/«;. These equations can now
be solved exactly as in the original gambler’s ruin
problem. They give the solution

i—1
p; = 1HZI]V=_11C] =1,..,N-1
1+ Z]’:l C]'
where
j
G =15
i=1
(¢) PNy—i, whereaq; = (N —i)/N

65. r >0 = P{Xp = 0}. Assume that
7> P{X,_1 =0}

P{X, =0=Y P{X, = 0]X; = j}P,
= i [P{X,_, = }]'P;
Sj > P,
. ]

67. (a) Yes, the next state depends only on the present
and not on the past.

(b) One class, period is 1, recurrent.

N—i
P;..1=P
(o) i,i+1 N’

i=01..,,N-1

i
Pii1=101-P)—, i=12,...,.N
i,i—1 ( )N L

i (N —1i)
Pi,i:PN+(1_P) N
(d) See (e).

i=01,...,N

(€) ri= [ﬂpiu—p)f“—t i=0,1,..,N
(f) Direct substitution or use Example 7a.
N-1
(g) Time = 2 Tj, where Tj is the number of
flips to g]o Zfrom jtoj + 1 heads. T; is geo-
metric with E[Tj]zN /j- Thus, E[time] =

N-1
2 NJj.
j=i

69. r(ny,...,ny) = P

We must now show that

nj + 1 1
M M-1
i 1

MM-1

nj+1 n;

= —' which follows.
(n; — 1)!(nj + D! ning!

r(ny,..., nj — 1,...,nj +1,...)

=r(ny,..., nj,..., nj,...)

or

71. If rp=c—=, then

Pj;

PyiPy

Py =c————
Tk P;i

P; Py

kK

I’kPk' =C——=
/ Py

and are thus equal by hypothesis.
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73. It is straightforward to check that r;P;; = r;P};. For
instance, consider states 0 and 1. Then

ropor = (1/5)(1/2) = 1/10
whereas

rip1o = (2/5)(1/4) = 1/10

75. The number of transitions from i toj in any interval
must equal (to within 1) the number from j to i since
each time the process goes from i to j in order to get
back to 7, it must enter from j.

77. (a) ;yjaZ;E,@[;anl{xn—]}ﬂn—ﬂ}]
=E5[§,a"§1{xn=]‘,an=a}]
=Eg [; lix, :]‘}]

(b) ;;y]‘a =Eg lEﬂ ;I{Xn =j}]
=Ep| Ta"| = !

1—«

2 Yja
a

[ oo
= b] =+ Eﬁ Z ZanI{Xn—j}‘|

|n=1

[ oo
1
=bj+Ep ZO A", :,-}1
L=

o0
:b]+Eﬁ 2 =”n+lzl{xn=i,un=a}
| n=0 ia

I(Xn+1 = ]}]

(0

(d)

25

=b+ X a" Y Eg [I{Xn:f,afaﬂ Pij(@

n=0 ia

= b] ta Z ZanEﬁ [I(Xn =i,a, =’1}:| Pl](a)

i,a n

= bj + a ), yiPi(a)

i,a

Let d; , denote the expected discounted time
the process is in j, and a is chosen when policy
B is employed. Then by the same argument as

in (b):
T

= b] +a zzanEﬁ[I{X” = i’ I :a}] Pl](a)

ian

=b+a A"Ealli~ _ yip..a
] %; ﬁ[{Xn—z}} zyia 1]()
a
Yia
=b +a di; =< Pji(a
i %; m,zym 1]()

a

and we see from Equation (9.1) that the above

is satisfied upon substitution of d;; = y;,. As
1

it is easy to see that Zi . dig = T the result

follows since it can be shown that these linear
equations have a unique solution.

Follows immediately from previous parts.
It is a well-know result in analysis (and
easily proven) that if lim, -, a,/n = a then
lim,;, —s oo Z? a;/n also equals a. The result fol-
lows from this since

EIR(X,)] = ¥ R()P{X, = j}
]

= Z R(f)”]'



Chapter 5

11.

@@ e ! (b) e !

The conditional distribution of X, given that
X > 1, is the same as the unconditional distribution
of 1 + X. Hence, (a) is correct.

e~ ! by lack of memory.

P{X1 < Xp| min(Xy, Xp) = t}

_ P{X; < Xp, min(Xy, X3) = t}
a P{min(Xy, Xp) =t}

_ P{X;=tXp,> t}
CP{Xi=tXp >t} +P{Xo=t,X; >t}

_ AR
HOF2t) + f2(O)F1(F)
Dividing though by Fi(t)F,(t) yields the result.
(For a more rigorous argument, replace ”/ = t”
by ” € (t,t + €)” throughout, and then let e — 0.)

Condition on whether machine 1 is still working at
time ¢, to obtain the answer,

_ _ A1
T—e Mgt 21
A1+ A

(a) Using Equation (5.5), the lack of memory prop-
erty of the exponential, as well as the fact that
the minimum of independent exponentials is
exponential with a rate equal to the sum of
their individual rates, it follows that

nu
P(Ay) = py—

and, forj > 1,

(n—j+Dpu

Pl A = o

Hence,

(n—j+Dp
P= H)\+(n i+ Du

26

(b) Whenn =2,
P{maxY; < X}

o
= / P{max Y; < X|X = x}xe Ndx
OOO
= / P{max Y; < x}\e Mdx
OOO
:/ (1 —e M2 xe™Mdx
0

o0
= / (1 — 2% 4 o= 2H5)2 \ o= Ay

0

_1,A L

- A+ 2u+ A
Z,uz

T+ O+ 20)

13. Let T, denote the time until the n'" person in line

departs the line. Also, let D be the time until the first
departure from the line, and let X be the additional
time after D until T},. Then,

E[T,]=E[D] + E[X]

1 nm—10+pu
T nf+p nd + p

E[Tnfl]

where E[X] was computed by conditioning on
whether the first departure was the person in line.
Hence,

E[Tn] = An + BnE[Tnfl]
where

1 =10+
A”_n0+u' Bn = nd + p

Solving gives the solution

E[Tq]=An + ZA;“ H B;

i=1 j=n—it+1

n—1
=A, + 2 1/(n0 + p)
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Another way to solve the preceding is to let /; equal
1 if customer # is still in line at the time of the (j —
1)t departure from the line, and let X; denote the

time between the (j — 1)* and j departure from
line. (Of course, these departures only refer to the
first n people in line.) Then

n
Tw =Y LX;
=1

The independence of I; and X; gives

E[T,] = Y, E[HIE[X]]
j=1

But,
E[L] = (n—1)9+u_._(n—j+1)9+u
7 nl+p m—j+2)0+u
_m—j+ Do+
N nd + p
and
1
E[Xf]z(n—j+1)e+u

which gives the result.

Let T; denote the time between the (i — 1)”’ and
the i failure. Then the T; are independent with T;
being exponential with rate (101 — i)/200. Thus,

2 2, 200
E[T]= ) E[Ti] = 3
2710 = 2 57—
5 5 2
_ N (200)
Var(T) = 2 Var(T;) = ,:21 o _ip

Let C; denote the cost of the i link to be
constructed, i=1,...,n—1. Note that the first

link can be any of the possible links.

n
(2)
Given the first one, the second link must connect
one of the 2 cities joined by the first link with one of
the n — 2 cities without any links. Thus, given the
first constructed link, the next link constructed will
be one of 2(1 — 2) possible links. Similarly, given the
first two links that are constructed, the next one to
be constructed will be one of 3(n — 3) possible links,
and so on. Since the cost of the first link to be built

is the minimum of exponentials with rate 1,

n
2
it follows that

E[Cy] =1/(;>

19.

By the lack of memory property of the exponential
it follows that the amounts by which the costs of
the other links exceed C; are independent exponen-
tials with rate 1. Therefore, C; is equal to C; plus
the minimum of 2(n — 2) independent exponentials
with rate 1, and so

BIC, = EICH + 50—

Similar reasoning then gives

FICsl = FIC:] + 50—

and so on.

(c) Letting A = X(o) — X(1) we have
E[X@2)]
= E[X@] + E[A]
1 1 1
_ + = H1 + = M2
L R T R O R 1 W i R U T e V)

The formula for E[A] being obtained by condi-
tioning on which X; is largest.

(d) LetlequallifX; < X;andletitbe 2 otherwise.
Since the conditional distribution of A (either
exponential with rate i1 or pp) is determined
by I, which is independent of X(y), it follows
that A is independent of X ).

Therefore,
Var(X ) = Var(X(y) + Var(A)

With p = p1 /(111 + 112) we obtain, upon condi-
tioning on I,

E[Al=p/u + 1 —p)/ 1,
E[A?]=2p/u3 +2(1 — p)/ 11}

Therefore,
Var(A) = 2p/13 + 2(1 — p)/1i2

—(p/12 + A —p)/m)?

Thus,
Var(X )
=1/(u1 + m2)* + 2lp/p3 + A —p)/13]
—(p/pa + L —p)/m)*

21. E[time] = E[time waiting at 1] + 1/

+ E[time waiting at 2] + 1/

Now,
E[time waiting at 1] =1/,
M1

E[time waiting at 2] = (1
g / uz)u1 T
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The last equation follows by conditioning on
whether or not the customer waits for server 2.
Therefore,

E[time] = 2/p1 + (1/p2)[1 4 p1 /(1 + p12)]

(@ 1/2.

b) (1 /2)”’1: whenever battery 1 is in use and a
failure occurs the probability is 1/2 that it is
not battery 1 that has failed.

(@ (1/2" 1, i>1.

(d) Tisthesum ofn —1independent exponentials
with rate 24 (since each time a failure occurs
the time until the next failure is exponential
with rate 2y).

(e) Gamma with parameters n — 1 and 2.

Parts (a) and (b) follow upon integration. For part
(c), condition on which of X or Y is larger and use
the lack of memory property to conclude that the
amount by which it is larger is exponential rate A.
For instance, for x < 0,

fx —y(x)dx
=P{X <YIP{-x<Y-X< —x+dx|Y > X}

1
= -\eMd
5 e X
For (d) and (e), condition on I.
M1
(a)
H1 + p3
H1 M2
(b
M1+ p3 o po + p3
1 M p2 1
© > —+ —
T oM p1 3 2+ p3 p3
1 1 1
I e
ToMi p o [p2 g2 3 3
Lo H1 p2 1
M1t p2 p1 M3 H2 M3 M3
@) fx|x+ vl =X x+Y(x,0)

= leXy(x,cfx)
=fx () fy(c —x)

=Cope Me M gy <o

=Cae A MY 0<x<oc

where none of the C; depend on x. Hence, we
can conclude that the conditional distribution
is that of an exponential random variable con-
ditioned to be less than c.

31.

33.

37.

39.

1—e~ P11 4+ (X — p)e)
M1 — e—(A—M)C)
(@ c=E[X+YX+Y=c]=E[X|X+Y=]

(b) EIX|X+Y =c]=

+E[YX+Y =]
implying that
E[YIX+Y =]

1—e Q=M1 4+ (A = p))
B A1 — e*(A*u)C)

Condition on whether the 1 PM appointment is still
with the doctor at 1:30, and use the fact that if she or
he is then the remaining time spent is exponential
with mean 30. This gives

E[time spent in office]
= 30(1 — e=30/30) 4 (30 + 30)e—30/%0
=30+ 30e!

(a) By the lack of memory property, no matter
when Y fails the remaining life of X is expo-
nential with rate \.

(b) E[min(X,Y)|X >Y + (]
=Emin(X,Y)|X>Y,X-Y > ]
= E[min (X,Y)|X > Y]

where the final equality follows from (a).

> =

+

==

(a) 196/25=784

(b) 196/(2.5)*> = 31.36

We use the central limit theorem to justify approx-
imating the life distribution by a normal distri-
bution with mean 78.4 and standard deviation

Vv31.36 = 5.6. In the following, Z is a standard nor-
mal random variable.

56
=P{Z < —2} = .0227
90 — 78.4 }

() P{L <672} ~P {z < 672‘784}

5.6
=P{Z > 2.07} = .0192
100 — 78.4
5.6 }
= P{Z > 3.857} = .00006

(d) P{L >90}~P {Z >

(e) P{L > 100} =P {Z >
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At/(M + A2)

Let S; denote the service time atserveri,i = 1,2 and
let X denote the time until the next arrival. Then,
with p denoting the proportion of customers that
are served by both servers, we have

p=P{X > S51 + Sy}
=P{X > 51}PX > 51 + 5|X > 51}

o 112
oA A
E[N(T)] = E[E[N(T)|T]] = E[AT] = AE[T]
E[TN(T)] = E[E[TN(T)|T1] = E[TAT] = AE[T?]
EIN2(T)] =E [E[Nz(:r)m} = EAT + (\T)4]
= AE[T] + N2E[T?]
Hence,

Cov(T,N(T)) = AE[T?] — E[T]\E[T] = \o>

and

Var(N(T)) = AE[T] + NE[T?] — (\E[T])?
=+ N2o?

(@) 1/u)+1/A

(b) Let T; denote the time until both servers are
busy when you start with i busy servers i =
0,1. Then,

E[Tol =1/X + E[T4]

Now, starting with 1 server busy, let T be the
time until the first event (arrival or departure);
let X = 1if the first event is an arrival and let it
be 0 if it is a departure; let Y be the additional
time after the first event until both servers are
busy.
E[T1] =E[T] + E[Y]
1 A
=—+ E[Y|X=1]——
A+ Y] ]/\ +

I
E[Y|X = 0]——
+ EYIX=0l3"—

1 7

= —— + E[T,

A+ [0])\+u
Thus,

1 1 o
E[Tg] — = = —— + E[T
[Tol X /\+u+[0])\+u
or

2\ +
E[To] = Az“

49. (a)

51.

53.

55.

Also,

A+ p
\2

E[T1] =

(c) Let L; denote the time until a customer is lost
when you start with i busy servers. Then,
reasoning as in part (b) gives that

1 L
E[L,]= —— + E[L
[L2] )\+M+[1])\+,u
1 7
=—— + (E[T1] + E[L
g (E[T4] [2])A+u
1 Iz Iz
=——— + 5 +E[L
)\+’u—|—)\2+ [2]>\+/~L
Thus,
1 A+
Ello] = + 1 K 1)

P{N(T) = N(s) = 1} = A(T — s)e 19
(b) Differentiating the expression in part (a) and
then setting it equal to 0 gives

e M=) = \(T = 5)e=MT—9)
implying that the maximizing value is
s=T—-1/A

(¢) Fors=T—-1/\ wehavethat \(T —s) =1and
thus,
P{N(T)—N(s) =1} =¢!

Condition on X, the time of the first accident, to
obtain

EIN(t = /0 ~ E[N(t)|X = s]Be Pds

= /t (1 + ot —s))Be ds
0

@ e
(b) e ! +e71(8)!

As long as customers are present to be served,
every event (arrival or departure) will, inde-
pendently of other events, be a departure with
probability p = p/(A + ). Thus P{X=m} is the
probability that there have been a total of m tails at
the moment that the " head occurs, when indepen-
dent flips of a coin having probability p of coming
up heads are made: that is, it is the probability that
the n'" head occurs on trial number 1 + m. Hence,

p{X=m} = (nZTll) P —p)"
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(a) e
(b) 2p.m.
The unconditional probability that the claim is type
1is 10/11. Therefore,
P(4000|1)P(1)
P(4000[1)P(1) + P(4000|2)P(2)
3 e *10/11
~e710/11 + 2781/

P(1]4000) =

(a) Poisson with mean cG(t).
(b) Poisson with mean c[1 — G(¢)].
(c) Independent.

Let X and Y be respectively the number of cus-
tomers in the system at time ¢ 4- s that were present
at time s, and the number in the system at t + s
that were not in the system at time s. Since there
are an infinite number of servers, it follows that
X and Y are independent (even if given the num-
ber is the system at time s). Since the service dis-
tribution is exponential with rate y, it follows that
given that X(s) = n, X will be binomial with param-
eters n and p = e #. Also Y, which is indepen-
dent of X(s), will have the same distribution as X(#).
t
Therefore, Y is Poisson with mean A / e Mdy

0
=X1—-e ")/
(a) EIX(t +9)|X(s) = n]
= E[X|X(s) = n] + E[Y|X(s) = n].
=ne M £ N1 —eH/p
(b) Var(X(t + s)|X(s) = n)
= Var(X + Y|X(s) = n)
= Var(X|X(s) = n) + Var(Y)
=ne M1 —e M)y £ N1 —e P/
The above equation uses the formulas for the

variances of a binomial and a Poisson random
variable.

69.

(c) Consider an infinite server queuing system in
which customers arrive according to a Poisson

process with rate A\, and where the service

times are all exponential random variables 71.

with rate . If there is currently a single cus-
tomer in the system, find the probability that

65.

67.

the system becomes empty when that cus-
tomer departs.

Condition on R, the remaining service time:
P{empty}

[e.e]
=/ P{empty|R = t}ue Hdt
0

o0 t

:/ exp{)\/ e“ydy} pe M dt
0 0
& A

= / exp{—(l — e_“t)} pe Mt
0 K

1
= / e~/ By
0

- %(1 ey

where the preceding used that P{empty]|
R =t} is equal to the probability that an
M/M /oo queue is empty at time .

This is an application of the infinite server Pois-
son queue model. An arrival corresponds to a new
lawyer passing the bar exam, the service time is
the time the lawyer practices law. The number in
the system at time t is, for large ¢, approximately a
Poisson random variable with mean Ay where \ is
the arrival rate and p the mean service time. This
latter statement follows from

/0 "I Gy =

where p is the mean of the distribution G. Thus, we
would expect 500 - 30 = 15,000 lawyers.

If we count a satellite if it is launched before time
s but remains in operation at time ¢, then the num-
ber of items counted is Poisson with mean m(t) =

S
/ G(t — y)dy. The answer is e ~"(®),
0

(@) 1—e M9

(b) e e Mt —5)1P/3!
() 4+ Xt—>5)

(d) 4s/t

Let Uy, ... be independent uniform (0, f) random
variables that are independent of N(t), and let U; ,,

be the i smallest of the first 1 of them.
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/—/H

N(t)
3(5) < x}
=1

N@)
=P {Zgﬁkwwm— }HNmzm

n

286)<ﬂNw—n}HNm=n}

§Uim) < x} P{N(t) = n}

(Theorem 5.2)

x}P{Na)zrq
<Z gWUim) =, 8(Ui)>
=1 =1

g(Ui) < x|N(t) = ﬂ} P{N(t) = n}

N(H
2P {Zg@m<mezn

=

N()
=P{Zg(ui)<x}

i=1

} P{N{#t)=n}

73. (a) Itis the gamma distribution with parameters

nand .
(b) Forn>1,
P{N =n|T =t}
_ P{T =N = n}p( —p)""
fr(®)
n—1
A= py?

M1 -pp*?
= S

A—p AL =py* !
(1)

=C

where the last equality follows since the
probabilities must sum to 1.

(c) ThePoisson events are broken into two classes,
those that cause failure and those that do not.
By Proposition 5.2, this results in two indepen-
dent Poisson processes with respective rates
Ap and A(1 — p). By independence it follows

75.

77.

79.

that given that the first event of the first pro-
cess occurred at time t the number of events of
the second process by this time is Poisson with
mean A(1 — p)t.

(@) {Yn}is a Markov chain with transition proba-
bilities given by

Poj=aj, Pji-1+j=a;, j=0

where

— At
aj = / ﬂdG(t)
/!
(b) {X,} is a Markov chain with transition proba-
bilities

oo
i,Pio= Y B

k=i+1

Pi,i+1—j = /8]1 ] = 0/ 1/'“/

where

ut
ﬁj:/e ](ut)’dF(t)

@)Xéﬁ

A 21
/\—}-,u)\—i-Zu

(b)

(©) H/\+zu)\+]u 7=

(d) Conditioning on N yields the solution; namely

Z;HN=ﬂ

=

ZP(N_])Z )\—l—lu

Consider a Poisson process with rate A in which an
event at time f is counted with probability A(t)/A
independently of the past. Clearly such a process
will have independent increments. In addition,

P{2 or more counted events in(t, f + h)}
< P{2 or more events in(t, t + h)}
=o(h)

and

P{1 counted eventin (¢t + h)}

= P{1 counted | 1 event}P(1 event)
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+ P{1 counted | > 2 events}P{> 2}

h
- / A S (o) + o)
t

Ak
_ B
T
= A(t)h + o(h)

A+ o(h)

81. (a) Let S; denote the time of the ith event, i > 1.
Lett; + hj < tiz1, th +hy <t
P{ti<Si<ti+h;,i=1,...,n|N{E) =n}
P{leventin (t;,t; + h;), i=1,...,n,

__no events elsewhere in (0, t)
P{N(t) = n}

n
H e*(m(f#hz’)*m(ti))[m(ti + ) — m(t)]
i=1

e—[m(t)—z[ m(ti+hi)—m(t;)]
e "OLm(b)]" /n!

n ] [lmt + hi) = m(t;)]

[m(6)]"
Dividing both sides by k - - - h; and using the

t,‘+h
fact that m(t; + h;) — m(t;) = /
£
A(ti)h + o(h) yields upon letting the h; — 0:

fSl '”Sz(tll /tl’l|N(t) = i’l)

n
= n! JJIM) /m(D)]

i:1
and the right-hand side is seen to be the joint
density function of the order statistics from a
set of n independent random variables from
the distribution with density function f(x) =
m(x)/m(t), x < t.

(b) Let N(t) denote the number of injuries by time
t. Now given N(t) = n, it follows from part (b)
that the n injury instances are independent and
identically distributed. The probability (den-
sity) that an arbitrary one of those injuries was
at s is A(s)/m(t), and so the probability that
the injured party will still be out of work at
time ¢ is

t
p =/ P{outof work at t|injured at s}&dg
! m(®)

e 26
_ /0 (1= F(t =105 dC

83.

85.

87.

89.

Hence, as each of the N(t) injured parties have
the same probability p of being out of work at
t, we see that

E[X(OIN(H] = N(t)p

and thus,
E[X(t)] = pEIN(#)]

— pm(t)
_ / 1= F(t — $)IAG) ds
0

Since m(t) is increasing it follows that nonover-
lapping time intervals of the {N(f)} process will
correspond to nonoverlapping intervals of the
{No(f)} process. As a result, the independent
increment property will also hold for the {N(t)}
process. For the remainder we will use the identity

m(t + h) = m(t) + A(t)h + o(h)
P{N(t + h) — N(t) > 2}
= P{No[m(t + h)] — No[m(t)] > 2}
= P{No[m(t) + A(Hh + o(h)] — No[m(t)] > 2}
= o[ A(t)h + o(h)] = o(h)
P{N(t + h) — N(t) = 1}
= P{No[m(t) + A(h + o(h)] — No[m(t)] = 1}

= P{1 event of Poisson process in interval
of length A(t)h + o(h)]}

= At)h + o(h)
$ 40,000 and $1.6 x 10%.
Cov[X(t), X(t + s)]
= Cov[X(t), X(t) + X(t + s) — X()]
= Cou[X(t), X(1)] + Cov[X(t), X(t +5) — X(#)]
= Cov[X(t), X(t)] by independent increments

= Var[X(H)] = ME[Y?]

Let T; denote the arrival time of the first type i
shock,i=1,2,3.

P{X1>s,X; >t}
=P{T1 >5,Ty3 >5,T) >t,Tz > t}
= P{T1 >s,Ty > t, T3 > max(s,t)}

— e_>\15 e_>\2f e_A3max(s, t)
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91. To begin, note that

n
P|X;>Y X
2
= P{Xl > X2}P{Xl —Xp > X3‘X1 > Xz}
= P{Xl — X — X3 > X4|Xl > X5 4+ Xs}...
+ oot X}
= (1/2""!
Hence,
n n n
P{M>Y Xi—Mp=Y PSX;>Y X
i=1 i—1 i

— n/znfl
93. (a) max(Xy, X5) + min(X;, Xp) = X; + Xo.
(b) This can be done by induction:
max{(Xy, ..., Xy)

= max(X;, max(X,, ..., X;))

= X1+ max(X,, ..., X,)
—min(X;, max(X5, ..., X;))
= X1+ max(X,, ..., Xy,)

—max(min(Xy, Xp), ..., min (X, Xy)).

Now use the induction hypothesis.
A second method is as follows:

Suppose X1 < Xp < -+ < Xj,. Then the coeffi-
cient of X; on the right side is

1_ {nl—z} 4 [nz—z} 3 [n;z} .
=(1-1)""

[0, i#n
=31

i=n

95.

97.

and so both sides equal Xj,. By symmetry the
result follows for all other possible orderings
of the X's.

(c) Taking expectations of (b) where X; is the time
of the first event of the i process yields

AT IN AT

i <j

DI ID Y TPV P SRy

i <j <k

+ (_1)Vl+1 liA1‘|
1

-1

/ xg(x)e ™ (xt)"dx
- / g(x)e ™ (xt)dx

E[LIN(t) = n]

Conditioning on L yields
EING)IN() = 1]
— E[EING)IN() = n, LIN(t) = n]
= E[n + L(s — H)|N(t) = 1]
=n + (s— HE[LIN(t) = n]

For (c), use that for any value of L, given that there
havebeenn events by time t, the set of n event times
are distributed as the set of n independent uniform
(0,t) random variables. Thus, for s < ¢

E[N(s)|N(t) = n] = ns/t

With C = 1/P(N(t) = n), we have

T (N
n! (m — 1)

frng (M) =Ce

— Ke—(p+t))\ N1

where K does not depend on A. But we recognize
the preceding as the gamma density with param-
eters n + m,p + t, which is thus the conditional
density.
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1. Let us assume that the state is (1, m). Male i mates
at a rate A with female j, and therefore it mates at a
rate Am. Since there are n males, matings occur at
a rate \nm. Therefore,

U(n, my = Anm
Since any mating is equally likely to result in a
female as in a male, we have

1
P, my; n41, m) = P, myon, m41) = 5

3. Thisis not a birth and death process since we need
more information than just the number working.
We also must know which machine is working. We
can analyze it by letting the states be

b : both machines are working

1:1is working, 2 is down

2:2is working, 1 is down

01: both are down, 1 is being serviced
0,: both are down, 2 is being serviced

Up= p1 + M2, 01 =1 + [, U2 = o + U,

vo, = Vo, = H

— H2 —1_ — M
Por= s =1~ Pz Pro= s
=1-Pqp,
Py p= u-ﬁuz =1-"Py0, Po,1="Po2=1
5. (a) Yes.

(b) Itis a pure birth process.

(c) If there are i infected individuals then
since a contact will involve an infected and
an uninfected individual with probability
i(n—i)/(3), it follows that the birth rates are
Ai=Ai(n—1i)/(3), i=1,...,n. Hence,

E[time all infected] =

nn—1) & o
3 Zi 1/[i(n—i)]

34

7.

11.

(a) Yes!
(b) For n=(nq, ..., nj, njxq, ..., np_1) let
Si(n) = (n1, ..., ni—1, niy1 + 1, ..., ngq),
i=1,..k=-2
Sk—1(n) = (n1, ..., ni, Niyq, ..mg—1 — 1),
Som)y=my +1, ..., nj, njxq, ..., Ng_1)
Then
Gn, S1(n) =n;p, i=1,...,k-1
n, So(n) = A
Since the death rate is constant, it follows that as

long as the system is nonempty, the number of
deaths in any interval of length ¢ will be a Poisson
random variable with mean ut. Hence,

Pi(t)y=e M (ut) /-, 0<j<i

P o(f) = § e M (ub)k k!
k=i

(b) Follows from the hint upon using the lack of
memory property and the fact that ¢;, the min-
imum of j — (i — 1) independent exponentials
withrate ), is exponential withrate (j —7 + 1)A.

(c) From (a) and (b)
P{Tl + -+ T]‘ < t} =P {l??é]xz < i’}
= (1 — ei)‘t)]'
(d) With all probabilities conditional on X(0) = 1
Pyj(t) = P{X(t) = j}
=P{X(H) > j} — P{X(t) = j + 1)
=P{T1 +---+T; <t}
—P{T1+---+ Tj+1 <t}

(e) The sum of independent geometrics, each
having parameter p = e~ ', is negative bino-
mial with parameters i,p. The result follows
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since starting with an initial population of i is
equivalent to having i independent Yule pro-
cesses, each starting with a single individual.

13. With the number of customers in the shop as the

15.

state, we get a birth and death process with

M=M=3 m=mp=4

Therefore

3 3 312
Py=2>Py, Pp==, Py=|=| P
1= 7% 2= 1 [} 0

2
And since Y\ P; =1, we get
0

2_1
4 4 37

(@) The average number of customers in the

Py =

shop is
3 312
P 2P == 4+2|= P
1+ 2P 4+ {4] 0
s -1
16 4 4 T 37

(b) The proportion of customers that enter the
shop is
A1=Py) _ 9 16_28

16 37 37

(¢) Now i =8, and so

2 _1
8 8 S 97
So the proportion of customers who now enter
the shop is

Py =

372 264 9 88
=P =1~ [s] o7 1Ty T
The rate of added customers is therefore
88 28 88 28
A {97] a M _3[97_37} — 045
The business he does would improve by 0.45
customers per hour.

With the number of customers in the system as the
state, we get a birth and death process with
AM=M=X=3 X=0,
m=2pp=p3=4

i>4

17.

19.

Therefore, the balance equations reduce to

3 3 9 3 27
Py= 2Py, Py =P1= 2Py, Py =Py = 5P
And therefore,

3 9 2717 32
Po=1+3+8 3| “13

(a) The fraction of potential customers that enter
the system is

M1—P3) . 27 32 116
R VE R v e

(b) With a server working twice as fast we would
get

3 3 312 37°

-1
3 312 [37° 64
and Py= 1+4+|:4:| +|:4:|] _ﬁ
So that now
1—P3:1—27 1 64 _148

64 175 175

Say the state is 0 if the machine is up, say it is i
when itis down due to a type i failure, i = 1, 2. The
balance equations for the limiting probabilities are
as follows.

APy = pu1P1 + poPs

pP1=ApPy

p2Pr = A1 —p)Po

Pp +P; +Pr=1

These equations are easily solved to give the results
Po =1+ Ap/m + A1 —p)/p2)~"!

Py = ApPo/p1,  Pa=M1—p)Po/p2

There are 4 states. Let state 0 mean that no
machines are down, state 1 that machine 1 is down
and 2 is up, state 2 that machine 1 is up and 2 is
down, and 3 that both machines are down. The bal-
ance equations are as follows:

(M1 + A2)Po = 1Py + poP?
(11 + A2)P1=MPo + 111 P3
(A1 + p2)P2 = AP
p1P3 = pupP1 + 1 Po
Po+Py+Py+Ps=1

These equations are easily solved and the
proportion of time machine 2 is down is P, + Ps.



36

21.

23.

25.
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How we have a birth and death process with
parameters

A=) i=1,2
wi=1ip, 1i=1,2
Therefore,

14+ A
PQ =+ Pl = /,U,

T+ M p+(\/w?/2

and so the probability that at least one machine is
up is higher in this case.

Let the state denote the number of machines that
are down. This yields a birth and death process
with

3 2 1 .
=2 =2 = = >
M=q15M=qg =15 Ai=0 123
L o222
/1’1_8/”2_8/”3_8
The balance equations reduce to
3/10 12
Pi=——-Py=—=P
1=37g o= 3P0
2/10, 4 48
2=/ 175170500
1/10 4 192
37 72/8"27 1027250 °
3
Hence, using Y P; = 1 yields
0
poo 112,48 192770 250
0= 5 725 250 1522
(a) Average number not in use
2136 1068

(b) Proportion of time both repairmen are busy

672 336

=P Pr= — = —
253 = 1500 = 761

If N;(t) is the number of customers in the ith
system (i =1,2), then let us take {Ni(t), N,(t)}
as the state. The balance equation are with
n>1m>1.

(@) APg, 0 = p2Po, 1
() Py, o\ + p1) = APy—1,0 + 2Py 1
(©) Po, (N + p2) = p1P1, -1 + p2Po, ms1

27.

29.

(d) Py, (N + p1 + p2) = APy—1, m + p1Ppy1, m—1
+ 2Py, i1

We will try a solution of the form Ca' ™ = Py, .
From (a), we get

A
MC=pCl=03=—
2
From (b),
O\ + p1) Ca = XCa™™ ! + 11pCa" B

or
A
(>\+u1)a=>\+uzaﬁ=A+uza; = A+ A

A
and ,uloz:)\:>a:7
H1

To get C, we observe that Z Pypm=1

but
. - 1 1
S Pun=CEa 3 =C |1 | [

11—«
and C = [1/\] [1)\}
" 12

Therefore a solution of the form Ca3" must be
given by

n m
ren= ) [ Bl
H1l L1 H2] LH2
It is easy to verify that this also satisfies (c) and

(d) and is therefore the solution of the balance
equations.

It is a Poisson process by time reversibility. If
A > 0p, the departure process will (in the limit) be
a Poisson process with rate 61 since the servers will
always be busy and thus the time between depar-
tures will be independent random variables each
with rate Jpu.

(a) Let the state be S, the set of failed machines.
(b) ForieS,je S,

qs,s—i = 1i/|S], 95, 54 = Aj

where S —iis the set S with i deleted and S + j
is similarly S with j added. In addition, ||
denotes the number of elements in S.

(c) Psqs,s—i =Ps_iqs—i,s
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(d) The equation in (c) is equivalent to
Pspi/|S| = Ps _;Ai
or
Pg = Ps_i|S|Ai/ i
Iterating this recursion gives
Ps = Po(IS)! [T (\i/mi)
i€S
where 0 is the empty set. Summing over all S
gives
1=Po Y (1SN T /)
s i€S
and so
(ST N/
i€s

Pc =
ST TS /e
S

i€S

As this solution satisfies the time reversibility
equations, it follows that, in the steady state,
the chain is time reversible with these limiting
probabilities.

31. (a) This follows because of the fact that all of the

service times are exponentially distributed and
thus memoryless.

(b) Let n:(nl,...,ni,...,n]-,...,n,), where
;>0 and let n'= (ny,..,m—1,..,
nj—1,...,ny). Thengq, v = p;/(r — 1).

(c) The process is time reversible if we can find
probabilities P(r) that satisfy the equations

P(m)pi/(r — 1) = P(')p;/(r — 1)

where n and n’ are as given in part (b). The
above equations are equivalent to

piP(n) = pj /P(n)

Since n; = n'; + 1 and n’; = nj + 1 (where 1
refers to the k' component of the vector 1), the
above equation suggests the solution

P(n)=C [ (1/m)"k

k=1

where C is chosen to make the probabili-
ties sum to 1. As P(n) satisfies all the time
reversibility equations it follows that the chain
is time reversible and the P(n) given above are
the limiting probabilities.

33.

35.

37.

Suppose first that the waiting room is of
infinite size. Let X;(t) denote the number of cus-
tomers at server i,i = 1, 2. Then since each of
the M/M/1 processes {X;(t)} is time-reversible,
it follows by Problem 28 that the vector process
{(X;(t), X,(t)),t > 0} is a time-reversible Markov
chain. Now the process of interest is just the trun-
cation of this vector process to the set of states A
where

A={0,m:m<4}U{(n, 0):n <4}
U{(n, m) :nm>0,n+m <5}

Hence, the probability that there are n with server 1
and n with server 2 is

P, m =k(A1/p)" (1 = M /pa)(Aa/ 12)" (1 = Ao/ pi2),
= C/m)" (N2/p2)",  (n,m) € A

The constant C is determined from

NPy =1

where the sum is over all (n, m) in A.

We must find probabilities P! such that

Pigi = Pidi

or

cPiqi="Piaj, ificdj¢A
Pigij=cPqs, ifi¢AjeA
Pigij=Pigji,  otherwise

Now, Pigij = P;q;; and so if we let

ificA

kP;/c
n 1
P ifidA

17 kP;

then we have a solution to the above equations. By
choosing k to make the sum of the P;? equaltol, we
have the desired result. That is,

k= <2 P;/c— Zpi>_l

i€A i¢A

The state of any time is the set of down
components at that time. For S C {1,2,...,n},
i¢S,jes

q(S,S+1) =X\
4(5,S — j) = pjal®!

where S +i=SU{i},S —j=Sn{j},|S| = number
of elements in S.
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39.

41.
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The time reversible equations are

PS)uia® =P(S—i)\;, i€S

The above is satisfied when, for S = {i, i, ..., ix }
Aip Aiy A

P
i iy -+ i ak(k+1 7 P@)

P(S) =

where P(¢) is determined so that

Y P(©S)=1

where the sum is over all the 2" subsets of
{1,2,...,n}.

E[0(t)|x(0) = 1] = t — E[time in 1|X(0) = 1]

At -
At ()\‘f‘ﬂ)z

The final equality is obtained from Example 7b (or
Problem 38) by interchanging A and .

=f—

—(A+w)t ]

(a) Letting T; denote the time until a transition out
of i occurs, we have

Pj=P{X(Y)=j} = P{X(X) =] | T; < Y}

+ PIX(Y) =Y < T x4
5)\

v—l—/\

=X PuPy iyt 3t

The first term on the right follows upon con-
ditioning on the state visited from i (which is k
with probability P;) and then using the lack of
memory property of the exponential to assert
that given a transition into k occurs before time
Y then the state at Y is probabilistically the
same as if the process had started in state k
and we were interested in the state after an

(b)

(©)

(d)

exponential time with rate A\. As g = v;Py,
the result follows.

From (a)

(A + 0)Pij = D qiPrj + A
K

or

—Adjj = z rikPj — APjj
or, in matrlx terminology,
—A =RP — \IP

=(R - A)P
implying that
P =—-M(R—-X)
=(1I—-R/N!
Consider, for instance,

P{X(Y; + Y2) = j|X(0) = i}

=—®R/A-D7!

=Y P{X(Y; + Y2) = jIX(Y;) =k, X(0) = i)
k
P{X(Y;) = k|X(0) = i}

=Y P{X(Y; + Y2) = jIX(Y,) = k}Py
k

=Y P{X(Y,) = jIX(0) = k} Py
k

= > PyPi
k

and thus the state at time Y; + Y3 is just the
2-stage transition probabilities of P;;. The gen-
eral case can be established by induction.

The above results in exactly the same approx-
imation as Approximation 2 in Section 6.8.
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. (@) Yes, (b) no, (c) no.
. By the one-to-one correspondence of m(t) and F, it
follows that {N(t), t > 0} is a Poisson process with

rate 1/2. Hence,
P{N(5) = 0) = ¢5/2

. The random variable N is equal to N(I) + 1 where
{N(t)} is the renewal process whose interarrival
distribution is uniform on (0, 1). By the results of
Example 2c,

E[N]=a(l)+1=e

. Once every five months.

. Ajob completion constitutesareneval. Let T denote
the time between renewals. To compute E[T] start
by conditioning on W, the time it takes to finish the
next job:

E[T] = E[E[T|W]]
Now, to determine E[T|W = w] condition on S, the
time of the next shock. This gives
(o]
E[T|W = w] = /E[T|W =w,S = x]Ae Mdx
0

Now, if the time to finish is less than the time of the
shock then the job is completed at the finish time;
otherwise everything starts over when the shock
occurs. This gives

E[TIW =w,S = x] = {z}+ E[T], iﬁ vew
Hence,
E[T|W = w]
v .
= [+ BTN b0 [ 20
0 w

1
=E[T][1-¢ ]+ 1/A— we N — Xe’”"—we*)‘w
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11.

13.

Thus,

E[T|W] = (E[T] + 1/0)(1 — e W)
Taking expectations gives

E[T] = (E[T] + 1/3)(1 — E[e*"])
and so

_ 1—E[e ]
ElTI = AE[e= W]

In the above, W is a random variable having distri-
bution F and so

o0

E[e ] = / e~ Nf (w)dw
0
N() 1 number of renewals in (X1, f)
bt t

Since X; < oo, Proposition 3.1 implies that

number of renewals in (Xy,¢) 1
; — —ast— oo.

(@) Niand N; are stopping times. N3 is not.

(b) Follows immediately from the definition of ;.

(c) The value of I; is completely determined
from Xi,...,X;—1 (e.g., I; = 0 or 1 depend-
ing upon whether or not we have stopped
after observing Xj, ..., X;_1). Hence, I; is inde-

pendent of X;.

(d) Y E[L]=Y P{N >i} = E[N]
i=1 i=1

(e) E[Xy+ -+ Xn,| = EIN{]E[X]

But X; + --- + Xy, =5,E[X] =pand so
E[N{]=5/p

E[X1 + -+ + XN, | = EIN,JE[X]
E[X]=p,E[N,] =5p+3(1—-p)=3+2p
E[Xi1+ -+ Xn,| =B+ 2p)p
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(a) X; =amountoftime he hasto travel after hisith
choice (we will assume that he keeps on mak-
ing choices even after becoming free). N is the
number of choices he makes until becoming
free.

N

2 Xi
1

N is a geometric random variable with
P=1/3,s0

(b) E[T]=E — E[N]E[X]

E[N]=3,E[X] = %(2 +4+6)=4
Hence, E[T] = 12.

(c) E

N
;XiNzn] :(n—l)%(4+6)+2=5n—

3, since given N = n,Xj, ..., X;,_1 are equally
likely to be either 4 or 6, X, = 2, E (Z’; X,-) —
4n.

(d) From (c),

N
E|Y X;|=E[BN-3]=15-3=12
1

(i) Yes. (ii) No—Yes, if F exponential.

Since, from Example 2c, m(t) = ef—1,0<t< 1,
we obtain upon using the identity ¢t + E[Y ()] =
ulm(t) + 1] that E[Y(1)] = e/2 — 1.

HG
w1/

where (g is the mean of G.

Using that E[X] = 2p — 1, we obtain from Wald’s
equation when p # 1/2 that

E[TI2p —1) = E é X;
yielding the result:
S
E[T] = 12;"/’71)N p£1/2

When p = 1/2, we can easily show by a condition-
ing argument that E[T] = i(N — i)

25.

27.

29.

Say that a new cycle begins each time a train is
dispatched. Then, with C being the cost of a cycle,
we obtain, upon conditioning on N(t), the number
of arrivals during a cycle, that
E[C]=E[E|C|N(H)]] = E[K + N(t)ct/2]

=k + Act?/2
Hence,

E K

average cost per unit time = g =7 + Act/2
Calculus shows that the preceding is minimized
when t = 1/2K/(\c), with the average cost equal to
V2MKe.

On the other hand, the average cost for the N
policy of Example 7.12is ¢(N — 1)/2 + AK/N. Treat-
ing N as a continuous variable yields that its
minimum occurs at N = \/2AK/c, with a resulting
minimal average cost of V2AKc — ¢/2.

Say that a new cycle begins when a machine fails;
let C be the cost per cycle; let T be the time of a
cycle.

(o)) A C1 A2 1

E[C] = K c o

S Ak N VIS W VNI W W v v
1 N1 N 1
E[T] = S S
L Vi LS VIS W WL I S

T the long-run average cost per unit time is
E[C]/E[T].

(a) Imagine that you are paid a reward equal to
W; on day i. Since everything starts over when
a busy period ends, it follows that the reward
process constitutes a renewal reward process
with cycle time equal to N and with the reward
during a cycle equal to Wy + --- + Wy. Thus
E[W], the average reward per unit time, is
E[W; +---+ WyI/E[N].

(b) The sum of the times in the system of all
customers and the total amount of work that
has been processed both start equal to 0 and
both increase at the same rate. Hence, they are
always equal.

(c) This follows from (b) by looking at the value
of the two totals at the end of the first busy
period.

(d) It is easy to see that N is a stopping time
for the L;,i>1, and so, by Wald’s Equation,

N
E lz Li] = E[L]E[N]. Thus, from (a) and (c),
welz}btain that E[W] = E[L].
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P{E(t) > x|A(t) = s}
= P{Orenewals in (f,t + x]|A(t) = s}
= P{interarrival > x + s|A(t) = s}
= P{interarrival > x + s|interarrival > s}
1—F(x +5s)
T 1-F@)

Let B be the amount of time the server is busy in
a cycle; let X be the remaining service time of the
person in service at the beginning of a cycle.

A L E[B|X > tle™ M

1
=E[X|X < t](1 —e M fp —— | e M
XX <tl(1—e )+(+A+ >e

1
= E[X] — E[X|X > tle= M b4 —— e M
[X] — E[X|X > t]e +<+)\+)e

1 1
—1_ ) At I Y
=4 <t+u>e +(t+/\ M)e

1 A
== |1—- M
u{ At }

More intuitively, writing X = B 4+ (X — B), and not-
ing that X — B is the additional amount of service
time remaining when the cycle ends, gives

E[B] = E[X] — E[X — B]
1 lP(X > B)
[
1 1 5 A
= — — —¢ _—
[ At p
The long-run proportion of time that the server is
busy is ELB]
YR

(a) We can view this as an M/G/co system where
a satellite launching corresponds to an arrival
and F is the service distribution. Hence,

P{X(t) = k} = e AOAD]F k!

t
where \(f) = )\/ (1 — F(s))ds.
0

(b) By viewing the system as an alternating
renewal process that is on when there is at least
one satellite orbiting, we obtain

1/A

1/X+ E[T]

where T, the on time in a cycle, is the quantity

of interest. From part (a)

lim P{X(t) = 0} = ¢~ M

lim P{X(t) = 0} =

37.

39.

o)

where 1 = (1 — F(s))ds is the mean time

0
that a satellite orbits. Hence,

e—)\,u, — 1//\
1/X+ E[T]
and so
1—e M
E[T]= BYEVE

(a) This is an alternating renewal process, with
the mean off time obtained by conditioning on
which machine fails to cause the off period.

3
E[off] = Z E[off|i fails]P{i fails}
i=1

A2
5 +(2
/))\ +/\2+)\3 ())\1+)\2+)\3
A3
3/2)———
+(/))\1+/\2+>\3

As the on time in a cycle is exponential with
rate equal to Ay + A + A3, we obtain that p,
the proportion of time that the system is
working is

1/ A+ N3)
- E[C]

where
E[C] = E[cycle time]
=1/(\ + X2 + A3) + E[off]

(b) Think of the system as a renewal reward pro-
cess by supposing that we earn 1 per unit time
that machine 1 is being repaired. Then, 1, the
proportion of time that machine 1 is being
repaired is

M

A+ A+ A3

E[C]

(1/5)

r =

(c) Byassuming that we earn 1 per unit time when
machine 2 is in a state of suspended anima-
tion, shows that, with s, being the propor-
tion of time that 2 is in a state of suspended
animation,

A X
. S Y W v vy
o E[C]

Let B be the length of a busy period. With S equal
to the service time of the machine whose failure
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initiated the busy period, and T equal to the
remaining life of the other machine at that moment,
we obtain

E[B] = /E[B|S =s]g(s)ds

Now,

E[B|S=s]=E[B|S=s, T <s](1—e)

+E[B|S=5,T >sle ™

=(s + E[B])(1 — ™) + se™
=s+ E[B](1 —e™)

Substituting back gives

E[B] = E[S] + E[BIE[1 — e~ ]

or
_ E[S]

E[B] = E[e_)‘s]

Hence,

Elidle] = 1/

1/@2)) + E[B]

/10P@mx
0 7

/12—x
0 2

1
/ e dx=1-e¢ lin part (ii)
0

dx = Z in part (i)

Since half the interarrival times will be exponential
with mean 1 and half will be exponential with mean
2,itwould seem that because the exponentials with
mean 2 will last, on average, twice as long, that

- 2 1
F.(x)= gefx/z + ge*x

With p=(1)1/2 + (2)1/2=3/2 equal to the mean
interarrival time

P [T EW
Fe(x)—/x 1 dy

and the earlier formula is seen to be valid.

The limiting probabilities for the Markov chain are
given as the solution of

1
4 =1’2§ + 13

rp =1

rn+mn+rn=1

or
r=r 2 r E
1=n=z K=z
2
(@) 7’125
(b) P; = i and so,
Ziriui
2 4 3
Pi==,P,=—-, P3=—.
1 9’ 2 9/ 3 9

47. (a) By conditioning on the next state, we obtain

the following:

pj = E[time in {]
= Y E[time in i[next state is j]P;;

= ;P
1

(b) Use the hint. Then,
E[reward per cycle]

= E[reward per cyclenext state is j]P;;
= tjPij
Also,

E[time of cycle] = E[time between visits to i]
Now, if we had supposed areward of 1 per unit
time whenever the process was in state i and
0 otherwise then using the same cycle times as
above we have that

P — E[reward is cycle] i
"7 E[time of cycle] ~ E[time of cycle]
Hence,

E[time of cycle] = p;/P;
and so
average reward per unit time = #;P;P; / i

The above establishes the result since the aver-
age reward per unit time is equal to the pro-
portion of time the process is in i and will next
enter j.

49. Think of each interarrival time as consisting of n

independent phases—each of which is exponen-
tially distributed with rate A—and consider the
semi-Markov process whose state at any time is
the phase of the present interarrival time. Hence,
this semi-Markov process goes from state 1 to 2 to
3...tonto1, and so on. Also the time spent in each
state has the same distribution. Thus, clearly the
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limiting probabilities of this semi-Markov chain are
P;=1/n,i=1,...,n To compute lim P{Y(t) < x},
we condition on the phase at time ¢ and note that if
itisn—i + 1, which will be the case with probability
1/n, then the time until a renewal occurs will be the
sum of i exponential phases, which will thus have
a gamma distribution with parameters i and .

It is an example of the inspection paradox. Because
every tourist spends the same time in departing
the country, those questioned at departure consti-
tute a random sample of all visiting tourists. On
the other hand, if the questioning is of randomly
chosen hotel guests then, because longer staying
guests are more likely to be selected, it follows that
the average time of the ones selected will be larger
than the average of all tourists. The data that the
average of those selected from hotels was approx-
imately twice as large as from those selected at
departure are consistent with the possibility that
the time spent in the country by a tourist is expo-
nential with a mean approximately equal to 9.

E[T(1)] = (24)72 + (4)~! =19.8611,

E[T(2)] = 24.375, E[T,] = 21.875,

E[T, 1] = 17.3611. The solution of the equations
19.861 = E[M] + 17.361P(2)

24.375 = E[M] + 21.875P(1)
1="P(1) + P(2)

gives the results

P(2) ~ 4425, E[M] ~ 12.18

T T
57. P{Y X;i>x} =P{Y, X; > x|T =0}(1 - p)

i=1 i=1

T
+ P{}, X; > x|T > 0}p
i=1

T
=P{> X;>x|T > 0}p
i=1

[e'S) T T
=p/ P{ZXi>x|T>O,X1=y}F§Ly)dy
0 i=1

X T
= g/ P{Y X; > x|T > 0,X; = y}F(y)dy
0 i=1

-
4 M/ E(y)dy

X

-2 /O B~ Ry + - / E(y)dy

. B "X B _ B B X _
= h0) + 2 /0 B~ DEGMy - /O F(y)dy

where the final equality used that

mo=p="2 [ Fy

43



Chapter 8

. (a) E[number of arrivals]

= E[E{number of arrivals|service
period is S}]

= E[\S]
=\ p
(b) P{0 arrivals}
= E[P{0 arrivals|service period is S}]
= E[P{N(S) = 0}]
— E[e ]

X
— / e—)\slue—usds
0
"

3. Let Cpy= Mary’s average cost/hour and C4 =

Alice’s average cost/hour.

Then, Cp=%$3 + $1x (Average number of cus-
tomers in queue when Mary works),

and Cy=%$C+$%1x (Average number of cus-
tomers in queue when Alice works).

The arrival stream has parameter A = 10, and there
are two service parameters—one for Mary and one
for Alice:

pm =20,  pa = 30.

Set Lj; = average number of customers in
queue when Mary works and
L4 = average number of customers in
queue when Alice works.

Then using Equation (3.2), Ly = ﬁ =1
10 1
L = — = —
A= (20-10) 2
So  Cp=9%3 + $1/customer x Ly, customers
—$3 4+ $1
= $4/hour

44

Also, C4 = $C + $1/customer x Ly customers
1
=$C + % / hour

(b) We can restate the problem this way: If C4 =
Cy, solve for C.

4=C+ % = C = $3.50/hour

ie, $3.50/hour is the most the employer
should be willing to pay Alice to work. At a
higher wage his average cost is lower with
Mary working.

. LetIequal 0if W5 = 0 and let it equal 1 otherwise.

Then,
E[W5|I=0]1=0
EWSIT=1] = (u— 3"
Var(W5|I =0)=0
Var(Wh|I=1) = (p — 1) 2
Hence,
E[Var(WH Il = (1 = A) 72\
Var(EIWSIIT) = (1 — ) 72A /(1 = A/ )
Consequently, by the conditional variance formula,

A n A
plp— N P (n— )

Var(Wg) =

. To compute W for the M /M /2, set up balance equa-

tions as

Apo = pp1 (each server has rate )
(A + wpr = Apo + 2pup2

A+ 2)pn = Apu—1 + 2ppni1, n>2

These have solutions P, = p" /2" ~!py where
p=Ap
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o0
The boundary condition Y, P, = 1 implies
n=0

_1-p/2 _(2-p)
T 14+p/2 24

Now we have P;;, so we can compute L, and hence
W fromL = \W:
:| n—1

]n
n=0

_,2=p) (p/2)
2+p)@1-p/2)7°

_ 4p
T 2+p2-p

_ 4u
T e+ N2p—A)

From L = AW we have

)

[ee] oo

L= Z”Pn:PPO Z]’l|:
n=0 n=0
[e.e]

=2P027’l{

N

N

4u
2p 4+ N2p—A)
The M/M/1 queue with service rate 2y has
1

Wi 1= ——
m/m/ T

W= Wm/m/Z =

from Equation (3.3). We assume that in the

M/M/1 queue, 21 > A so that the queue is stable.
4
But then 4y > 2u + A, or 0 _lr_ \ > 1, which

implies Wm/m/2 > Wm/m/1.

The intuitive explanation is that if one finds the
queue empty in the M/M/2 case, it would do no
good to have two servers. One would be better off
with one faster server.

Now let W}2 =Wo(M/M/1)
W§ = Wq(M/M/2)

Then,

Wé =Wm/m/1—-1/2p

WE =Wm/m/2—1/p

So,
A
Wh=-—2>—_  (33)
Q7 2u@u—N)
and
2 A2

o= NN

11.

Then,
1 2 o1 A
Wo>Wo< 3> mus N
A<2u
Since we assume A < 2y for stability in the

M/M/1, Wé < Wé whenever this comparison is
possible, i.e., whenever A < 2.

Take the state to be the number of customers at
server 1. The balance equations are

pPy = pP1

2puPj = pPjpq + pPjq, 1<j<n

pPn = pPy_q

It is easy to check that the solution to these equa-
tions is that all the P;s are equal, so P; = 1/(n + 1),
j=0,..,n

(@) APy = auPq

A+ ap)Pn = APy—1 + apPpyy, n>1

These are exactly the same equations as in the
M/M/1 with ap replacing ;. Hence,

A" A
e AT ) e
ap o

and we need the condition A < apu.
(b) If T is the waiting time until the customer first

enters service, then conditioning on the num-
ber present when he arrives yields

E[T]= 2 E[T|n present]P,
n

n
_y"p
;u"

L

I
Since L = Z nP,, and the P,, are the same as

in the M/M/1 with X and ay, we have that
L = )\/(ap— X) and so
A

= =0

(c) P{enters service exactly n times}

=1-o)"la

(d) This is expected number of services X mean
services time = 1/au
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(e) The distribution is easily seen to be memory-
less. Hence, it is exponential with rate au.

Let the state be the idle server. The balance equa-
tions are

Rate Leave = Rate Enter,

—_ M H1
(2 + p3)Pr = P + g P2

—_ M2 K2
(11 + p3)P2 = 755 P+ 3oy Pa,

pm + p2 + pz=1.

These are to be solved and the quantity P; repre-
sents the proportion of time that server i is idle.

There are four states=0,14,1p,2. Balance equa-
tions are

2P =2Py,
4P;, =2P) + 2P,
4P), =4P;, + 4P,
6P, =2Py,

3
P0+P1A+P1B+P2=1:>P0:§

2 3

P1A2§1P13=§IP2:

1
9

2
(a) PO+PlB=§

(b) By conditioning upon whether the state was 0
or 13 when he entered we get that the desired
probability is given by

1 12 4

2 t367 %
7
(c) P1A+P18+2P2=§

(d) Again, condition on the state when he enters

to obtain
1L 1), 1, 217
214 2 214 " 62| 12

This could also have been obtained from (a)
and (c) by the formula W _L

M’
7
. _ .9 _7
That is, W_zg =15
3

The state space can be taken to consist of states
(0,0),(0,1),(1,0),(1,1), where the ith component of

19.

21.

23.

the state refers to the number of customers at server
i,i =1,2. The balance equations are

2Py, 0 =6Py, 1
8Py, 1 =4P1,0 + 4P1,1
6P1,0=2P,0 + 6P1,1
10Py,1=2Po,1 + 2P1,0
1="Po,0 + Po,1 + P10+ P1,1

Solving these equations gives Py o = 1/2,
Pg,1=1/6,P1,0=1/4,P1,1 =1/12.

(a) Pl,l = 1/12
L_P0,1+P1/0+2P1,1 7

W:—_ = —

®) M 21— Py 1) 2
© Poo+Po1 _ 8
1-pP,, 11

(a) Say that the state is (1, 1) whenever it is a good
period and there are n in the system, and say
that it is (1, 2) whenever it is a bad period and
there are 7 in the system, n =0, 1.

(b) (M + a1)Py, 1 =pP1,1 + azPo, 2
(A2 + a2)Pg, 2 = Py, 2 + a1Pp, 1
(e + a1)P1,1=MPg, 1 + P12

(1t + a2)Pr,2=X2Po,2 + a1 Py, 1
Po,1+Po,2+P1,1+P12=1
(¢) Po,1+ Po,2
(d) AMPo, 1+ AP, 2

(@) MPro
(b) Xa(Py + P1o)
() AMP1o/[MP1o + A2(Py + P1o)]

(d) This is equal to the fraction of server 2’s cus-
tomers that are type 1 multiplied by the pro-
portion of time server 2 is busy. (This is true
since the amount of time server 2 spends with
a customer does not depend on which type of
customer it is.) By (c) the answer is thus

(Pg1 + P11)M1P1o/[MP1o + Xa2(Py + Pio)]
(a) The states are n,n > 0, and b. State n means

there are 7 in the system and state b means
that a breakdown is in progress.
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BPy = a(1 — Po)
APy = uP1 + 8Py

A+ p+a)Py =Py + pPpy, n>1

o0
W =L/ = Y, nPa/[AN1—Pyp)]

n=1
Since rate at which services are completed =
(1 — Py — Pp) it follows that the proportion of
customers that complete service is

(1 =Py — Pp)/ X
= (1 = Po — Py)/[A(1 — Pp)]
An equivalent answer is obtained by condi-

tioning on the state as seen by an arrival. This
gives the solution

o

Pulp/(p + a)]n+l
n=0
where the above uses that the probability that
n + 1 services of present customers occur
before a breakdown is [11/(ix + a)]" .

Py

APo = paPa + 1P
(A + pa)Pa =aXPy + ppP>
A+ pB)Pg = (1 —a)APy + paPs
(A + pa+up)Pn = APy 1 + (pa + uB)Py, 1/
n>2 where Py=Pjs+ Pg.

&8}
L=Py+Pg+ Y nP,

n=2
Average number of idle servers=2Pj+
Py + Pp.

HA <
Py+Pp+ —— P
MA+,UB,1§2 !

The special customer’s arrival rate is act ¢
because we must take into account his ser-
vice time. In fact, the mean time between his
arrivals will be 1/6 + 1/u1. Hence, the arrival
rateis (1/0 4 1/p1) ™%

Clearly we need to keep track of whether the

special customer is in service. For n > 1,

set

P, =Pr{n customers in system regular cus-
tomer in service},

29.

31.

(©

(b)

(©
(d)

47

P5 =Pr{n customers in system, special cus-
tomer in service}, and
Py = Pr{0 customers in system}.

(A + )Py = pPy + p1 P}
(A + 0 4+ WP, = APy_q + piPyy1 + mP5 4
A+ WP = 0P, 1 + \P5_,,

n>1[P§ =Py

Since service is memoryless, once a customer
resumes service it is as if his service has
started anew. Once he begins a particular ser-
vice, he will complete it if and only if the next
arrival of the special customer is after his ser-
vice. The probability of this is Pr {Service <
Arrival of special customer} = p /(1 + 6), since
service and special arrivals are independent
exponential random variables. So,

Pr{bumped exactly n times}
= (L= p/(u + 0))"(1/ (1 + 0))

= (0/(u + 0)"(u/(u + 0))

In essence, the number of times a customer is
bumped in service is a geometric random vari-
able with parameter p/(u + 6).

Let state 0 mean that the server is free; let state
1 mean thata type 1 customer is having a wash;
let state 2 mean that the server is cutting hair;
and let state 3 mean that a type 3 is getting a
wash.

APy = 11 P1 + poPr
pPr = Ap1Py

P2 = ApaPo + p1P3
pP3 = ApsPy
Po+P1+P,+P3;=1
Py

APy
Direct substitution now verifies the equation.

The total arrival rates satisfy

A =5

1 1
=10+ 54+ A3

3 2

1
)\3:154-55-{—/\2
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Solving yields that A3 =5, Ay =40, A\3=170/3.

Hence,
3 )
L= 2 A = 82
Sui—No 13
L 4

(a)

(b)

=1’1+1’2+1’3_ﬁ

Use the Gibbs sampler to simulate a Markov
chain whose stationary distribution is that of
the queuing network system with m — 1 cus-
tomers. Use this simulated chain to estimate
P; ;—1, the steady state probability that there
are i customers at server j for this system.
Since, by the arrival theorem, the distribu-
tion function of the time spent at server j in
the m customer system is Z:gl Pi m—1Git1(x),
where Gi(x) is the probability that a gamma
(k, r) random variable is less than or equal to
x, this enables us to estimate the distribution
function.

This quantity is equal to the average number
of customers at server j divided by m.

Let S and U denote, respectively, the service time
and value of a customer. Then U is uniform on

(O/

1) and

E[S|U] =3+44U, Var(S|U)=5
Hence,

E[S] = E{E[S|U]} =3 + 4E[U] =5
Var(S) = E[Var(S|U)] + Var(E[S|U])

=5+ 16Var(U) = 19/3

Therefore,

E[S?] =19/3 + 25 = 94/3

(a)
(b)

94\/3
W_WQ—l—E[S]—meS
94)/3
37. (a) The proportion of departures leaving behind
0 work
= proportion of departures leaving an
empty system
= proportion of arrivals finding an empty
system

= proportion of time the system is empty
(by Poisson arrivals)

39.

41.

(b)

()

The average amount of work as seen by a
departure is equal to the average number it
sees multiplied by the mean service time (since
no customers seen by a departure have yet
started service). Hence,

Average work as seen by a departure
= average number it sees x E[S]
= average number an arrival sees x E[S]
= LE[S] by Poisson arrivals

= MW, + E[SDE[S]

_ A2E[S]E[S?]

= 3 AE[s] T MELS))?

ay = Py due to Poisson arrivals. Assuming
that each customer pays 1 per unit time
while in service the cost identity (2.1) states
that

Average number in service = AE[S]
or

1— Py = AE[S]

Since ay is the proportion of arrivals that have
service distribution G; and 1 — ag the propor-
tion having service distribution Gy, the result
follows.

We have
_ E[]
0= E[I] + E[B]
and E[[]=1/X and thus,
1-P
E[B] = 0
[B] P,

_ __E[S]
= T AE[S]

Now from (a) and (b) we have

E[S] = (1 — AE[S]DE[S;] + AE[S]E[S,]

or
E[S4]
1+ AE[S{] + ME[S,]

Substitution into E[B] = E[S]/(1 — AE[S]) now
yields the result.

E[S] =

E[N]=2,E[N?] = 9/2,E[S?] = 2E?[S] = 1/200

15
——/4+4 . 2/400
wo202/ it 20w
1-8/20 480
41 1 17

Q7480 20 ~ 480
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43. Problem 42 shows that if y; > pp, then serving 1’s
first minimizes average wait. But the same argu-
ment works if ¢111 > copip, ie.,

ES) _ ES)
€1 1

45. By regarding any breakdowns that occur during a
service as being part of that service, we see that
this is an M/G/1 model. We need to calculate the
first two moments of a service time. Now the time
of a service is the time T until something happens
(either a service completion or a breakdown) plus
any additional time A. Thus,

E[S]=E[T + A]
=E[T] + E[A]

To compute E[A] we condition upon whether the
happening is a service or a breakdown. This gives

E[A] = E[A|service]

pta

+ E[A|breakdown] a

u+«
@

o+«
e

JO et
Since, E[T] = 1/(a + p)

= E[A|breakdown]

=(1/8 + EIS])

we obtain

EISI = —— + (/3 + EIS)

or

E[S]=1/p+ a/(uB)

We also need E[S?], which is obtained as follows.
E[S?]=E[(T + A)*]

= E[T?] + 2E[AT] + E[A?]

= E[T?] + 2E[A]E[T] + E[A?]

The independence of A and T follows because
the time of the first happening is independent of
whether the happening was a service or a break-
down. Now,
E[A%] = E[A2|breakdown] Q
un+
= —% E[(down time + S
un+«
a

:M+Oé

ST R

{E[down2] + 2E[down]E[S] + E[Sz]}

47.

Hence,

(67

2
(1 + B)? +2[ﬂ(u + )
(o)

pt+a\p  pp

Lo 2 271 a 2
+u+a{62+6[u+uﬁ]+ﬂs]}

Now solve for E[S%]. The desired answer is

E[S?] =

AE[S?]

Wo = 2(1— AE[S])

In the above, S¢ is the additional service needed
after the breakdown is over. S“ has the same dis-
tribution as S. The above also uses the fact that
the expected square of an exponential is twice the
square of its mean.

Another way of calculating the moments of S is to
use the representation

N
S=Y(T;+ Bj) + Tn41
i-1

where N is the number of breakdowns while a cus-
tomer is in service, T; is the time starting when ser-
vice commences for the i time until a happening
occurs, and B; is the length of the i breakdown.
We now use the fact that, given N, all of the ran-
dom variables in the representation are indepen-
dent exponentials with the T; having rate u + «
and the B; having rate . This yields

E[SIN]=(N +1)/(p+ ) + N/B
Var(SIN) = (N + 1)/(u + a)?> + N /3>

Therefore, since 1 + N is geometric with mean
(1 + @)/p (and variance a(a + 1)/ %) we obtain

E[S] = 1/p + /(u6)

and, using the conditional variance formula,
Var(S)=[1/(n + ) + 1/8Pala + p)/p?

+ /[l + )] + a/pB?)

For k = 1, Equation (8.1) gives

1 A AES
=13 =™ g—)E(S) Py=1 +(/\7E)(S)
_ _E©S)
=31 EQ®)
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One can think of the process as an alteracting
renewal process. Since arrivals are Poisson, the time
until the next arrival is still exponential with
parameter \.

end of end of
service arrival service
i 0. 0 0 o
—_— A S — states
A S

The basic result of alternating renewal processes is
that the limiting probabilities are given by

P{being in “state S”} = % and
. L7 ”mo_ E(A)
P{being in “state A"} = E@) + EQ)

49.

51.

53.

These are exactly the Erlang probabilities given
above since E[A]=1/). Note this uses Poisson
arrivals in an essential way, viz., to know the distri-
bution of time until the next arrival after a service
is still exponential with parameter .

(\E[S])°
Pa=—3 A =2ES]=1
NV ]
2

j=0
8

~ 38

Note that when all servers are busy, the depar-
tures are exponential with rate ku. Now see
Problem 26.

1/pr < k/pG, where pp and g are the respective
means of F and G.



Chapter 9

1.

5.

7.

If xi =0, d)(X) = ¢(Oi/ X).
Ifx; =1, ¢(x) = ¢(1;, x).

(@) If ¢ is series, then ¢(x) = min;x; and so ¢ (x) =
1 — min; (1 — x;) = maxx;, and vice versa.

(b) ¢PPx)=1-¢P(1—x)
=1-[1-9¢(1—(1-x)]
= P(x)

(c) Ann—k+1ofn.

(d) Say{1,2,...,r}is a minimal path set. Then

¢(1,1,...,1,0,0,...0) = 1, and so
——
r

#P(, 0,...,0,1,1,...,1) =1 — ¢(1,1,...,
N——

M
1,0,0,...,0) =0, implying that {1,2,...,r} is a
cut set. We can easily show it to be minimal.
For instance,

#P(0,0,...,0,1,1,...,1)
N——
r—1
=1-¢@1,1,...,1,0,0,..
N——
r—1

L0) =1,

since ¢(1,1,...,1,0,0,...,0) = 0 since
——

r—1
{1,2,...,r — 1} is not a path set.

(a) Minimal path sets are

{1,8}, {1,7,9}, {1,3,4,7,8}, {1,3,4,9},
{1,3,5,6,9}, {1,3,5,6,7,8}, {2,5,6,9},
{2,5,6,7,8}, {2,4,9}, {2,4,7,8},
{2,3,7,9}, {2,3,8}.

Minimal cut sets are

(1,2}, {2,3,7,8}, {1,3,4,5}, {1,3,4,6},
{1,3,7,9}, {4,5,7,8}, {4,6,7,8}, {8,9}.

{1,4,5}, {3}, {2,5}.

51

11.

13.

15.

17.

(a) A component is irrelevant if its functioning or
not functioning can never make a difference as
to whether or not the system functions.

(b) Use the representation (2.1.1).
(c) Use the representation (2.1.2).
r(p) = P{either x1x3 = 1 or xpx4 = 1}

P{either of 5 or 6 work}

= (p1ps + paps — p1pspapa)

(p5 + P — p5ps)
Taking expectations of the identity
p(X) = Xip(1;, X) + (1 — Xi)¢(0;, X)

noting the independence of X; and ¢(1;, X) and of
$(0;, X).
5169

@ Ferfl) 1 - 12
The exact value is r(1/2) =7/32, which
agrees with the minimal cut lower bound since
the minimal cut sets {1}, {5}, {2,3,4} do not
overlap.

E[N?] = E[N?|N > 0]P{N > 0}
> (E[N|N > 0])*P{N > 0}
since E[X?] > (E[X])%.
Thus,
E[N?]P{N > 0} > (E[N|N > 0]P{N > 0})?
= (E[N])?

Let N denote the number of minimal path sets
having all of its components functioning. Then
r(p) = P{N > 0}.

Similarly, if we define N as the number of minimal
cut sets having all of its components failed, then
1—r(p) = P{N > 0}.
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19.

21.

23.

25.

Answers and Solutions

In both cases we can compute expressions for E[N]
and E[N?] by writing N as the sum of indicator (i.e.,
Bernoulli) random variables. Then we can use the
inequality to derive bounds on r(p).

X is the system life of an n —i + 1 of n system
each having thelife distribution F. Hence, the result
follows from Example 5e.

(@) (@), (i), (iv) — (iv) because it is two-of-three.

(b) (i) because it is series, (ii) because it can be
thought of as being a series arrangement of 1
and the parallel system of 2 and 3, which as
F, = F3isIFR.

(c) (i) because it is series.

(@) F(t)= 1_11 Fi()

E =
%F(t) ; ’(t)g- ()

(b) Fi(a) = P{additional life of t-year-old > a}

[[Fit +a
= Fm

where F; is the life distribution for component
i. The point being that as the system is series,
it follows that knowing that it is alive at time ¢
is equivalent to knowing that all components
are alive at t.

Forx > ¢,

1-p=1-F( =1-F@x(/x) > [1 - Fx)*
since IFRA.

Hence,

1—F(x) < (1—p)/e =e "

Forx <¢,

1—F(x) =1 - F(€(x/€)) > [1 — FEI*

27.

29.

31.

33.

35.

since IFRA.
Hence,

1—F(@) > (1 —pp/s =e7t

If p > po, then p = pp® for some a € (0,1). Hence,
(p) = r(po®) = [r(po)l® = po® =p

If p < po, then py = p® for some a € (0,1). Hence,
p* =po=rpo) = r(p®) = [r(p)*

Let X denote the time until the first failure and let
Y denote the time between the first and second fail-
ure. Hence, the desired result is

1
M1+ p2

EX+EY = +EY

Now,
— e i H1
E[Y]=E[Y|p component fails first] TS
. . 2
+ E[Y|uo component fails first] —'u—’ul T

—1_m 1 _
M2 p1 + o Top1 e+ 2

Use the remark following Equation (6.3).

The exact value can be obtained by conditioning
on the ordering of the random variables. Let M
denote the maximum, then with 4;;; being the
even that X; < X; < X}, we have that

E[M] = Y E[M|A; ; (IP(A; j )

where the preceding sum is over all 6 possible per-
mutations of 1,2, 3. This can now be evaluated by
using

_ i A
P@Aij) =37 /\; + A+ X
1= 1 1 1
EIMA i = X7 T T

(a) It follows when i=1 since 0=(1—1)"
=1-[] + [4] --- £ [}]. So assume it true for
i and consider i 4+ 1. We must show that

R SR A R

which, using the induction hypothesis, is
equivalent to

"=0-0

which is easily seen to be true.
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(b) Itis clearly true when i = n, so assume it for 7. which, using the induction hypothesis,
We must show that reduces to

=1

n—1 n n—1 n
(BN P
i—2 i—1 i—1 n which is true.



Chapter 10

1. X(s) + X(t) = 2X(s) + X(t) — X(s).

Now 2X(s) is normal with mean 0 and variance 4s
and X(¢) — X(s) is normal with mean 0 and variance
t —s. As X(s) and X(t) — X(s) are independent, it
follows that X(s) + X(t) is normal with mean 0 and
variance 4s + t —s = 3s + t.
. E[X(t1)X(t2)X(t3)]
= E[E[X(t1)X(t2)X(t3) | X(t1), X(t2)]]
E[X(t1)X(t2)E[X(t3) | X(t1), X(t2)]]
= E[X(t1)X(t2) X (t2)]
[E[X(t)E[X2(t2) | X(t1)]]
[X(t)E[X?(t2) | X(t)]]
[
[

(%)

X(t1){(t2 — 1) + X2(t1)}]
X3(t)] + (t2 — t1)E[X(h)]

E
E
E
E
0

where the equality (x) follows since given X(t),
X(tp) is normal with mean X(f;) and variance
ty — t1. Also, E[X3(H)] = 0 since X(¢) is normal with
mean 0.

. P{T1 < T_1 < Tp} = P{hit 1 before — 1 before 2}
= P{hit 1 before —1}

x P{hit —1 before 2 | hit 1 before —1}

= %P{down 2 before up 1}
11 1

2376
The next to last equality follows by looking at the
Brownian motion when it first hits 1.

. LetM = {maxy, <s<¢, X(s) > x}. Condition on X(t;)
to obtain

=

PM|X(t) = y) eV /Py

1
V21t

54

11.

Now, use that

PMIX(tt)=y) =1, y=x

and, fory < x

P(M\X(h) = y) = P{ max X(s) >x—y}

0<s<tr—
= 2P{X(t, — fl) >x =y}

Let X(t) denote the value of the process at time
t = nh. Let X; = 1 if the i" change results in the
state value becoming larger, and let X; = 0 other-

wise. Then, with u = eU\/E, d=e¢oVh

X(f) = X(O)uZics Xign=Xi Xi

—xu (%)=

Therefore,

X n
log (X((é))) =nlog(d) + ; X;log(u/d)
t/h

——faxf+2cr\/I;ZX

By the central limit theorem, the preceding
becomes a normal random variable ash — 0. More-
over, because the X; are independent, it is easy to
see that the process has independent increments.
Also,

“Jos (30

ot t1 W
= —EJ\/E—F 2(7\/EE 5(1 + ;\/E)
and
Var [log ( Xt )ﬂ = 402h£p(1 —p)
X(0) I

— g2t

where the preceding used thatp — 1/2 as h — 0.
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If the outcome is i then our total winnings are
o1 +0)7' =3 (1 +0)7"

j#
S TE

A+l +o0) =D A +0)7"
j

1—2(1 +Ok)7l
k
=1

The parameters of this problem are

c=.05 o=1, x,=100, t=10.
(a) If K =100 then from Equation (4.4)
b=[5-5—10g(100/100)]/v/10
=-45V10 = —1.423
and

¢ =100p(v/10 — 1.423) — 100e 2 p(—1.423)
=100¢(1.739) — 100e~>[1 — ¢(1.423)]

=912

The other parts follow similarly.

17. E[B®)|B(u), 0 < u <s]

19.

= E[B(s) + B(t) — B(s)|B(w), 0 < u < 5]
— E[B(s)|B(), 0 < u < s]
+ E[B(t) — B(s)[B(u),0 < u < s]
= B(s) + E[B(t) — B(s)] by independent
increments
= B(s)

Since knowing the value of Y(t) is equivalent to
knowing B(t) we have

E[Y®)|Y(u), 0 <u <s]
= e~t/2E[¢BO|B(1), 0 < u < 5]

— efczt/ZE[ecB(t) |B(S)]

Now, given B(s), the conditional distribution of
B(t) is normal with mean B(s) and variance t — s.

21.

23.

25.

Using the formula for the moment generating func-
tion of a normal random variable we see that

e—czt/ZE[ecB(t) ‘B(S)]
— efczt/ZecB(s)+(tfs)c2/2

— e—czs/ZecB(s)

= Y(s)
Thus, {Y(f)} is a Martingale.
E[y(] =E[Y(O)] =1

By the Martingale stopping theorem
E[B(T)] = E[B(0)] = 0

But, B(T) = (x — uT)/o and so

E[(x —puT)/o] =0

or

E[T]=x/p

By the Martingale stopping theorem we have
E[B(T)] = E[B(0)] =0

Since B(T) = [X(T) — nT]/o this gives the equality
E[X(T)—uT]=0

or

E[X(T)] = uE[T]

Now

EIX(T)] =pA—(1-p)B

where, from part (c) of Problem 22,

1— eZ,uB/crz
P= e—20A[0? _ g2uBJo?

Hence,

Al — eZuB/JZ) _ B(e—ZMA/UZ —-1)

E[T] = M(efzuA/az _ eZMB/UZ)

The means equal 0.

1 1 1

Vi x| = 24t = =
ar {/0 t (t)} /0 tedt

1 1 1

2d — 4d B

Var {/0 t X(t)} /0 t=dt =

W
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27. E[X(a*t)/a] = %E[X(azt)] =0

29.

31.

Fors < ¢,
Cou(Y(s), Y(t)) = alz Cov(X(a®s), X (at))

2
= —=a"s=S§
le

As {Y(t)} is clearly Gaussian, the result follows.

{Y(#)} is Gaussian with
E[Y(H)] = (t + DEZ[t/(t + 1)]) =0
and fors <t

Couv(Y(s), Y(1))

= (s + 1)(t + 1) Cov [ZLJSF

:(s+1)(t+1)s+i1 [1—t+1

=S

where (x) follows since Cov(Z(s), Z(t)) = s(1 — t).
Hence, {Y(t)} is Brownian motion since it is also
Gaussian and has the same mean and covariance
function (which uniquely determines the distribu-

tion of a Gaussian process).

(a) Starting at any time t the continuation of the
Poisson process remains a Poisson process

with rate .

(b) E[Y(H)Y(t+ s)]
= / - E[Y(H)Y(t +5) | Y(£) = y]he Vdy
0

= [T yEY 49| Y0 = e Ny
0
+ /OO yy — s))\e_Aydy

S 1 o0
= / y=e Ny + / y(y —s)re Vdy
0 A s
where the above used that

E[Y(OY(t + )| Y(H) = ]
B {yE(Y(t +5s)) = % ify <s
y(y —s), ify >s
Hence,
Cov(Y(t), Y(t + 5))

1

Ty > A
=/0 ye Y dy+/s yy —s)xe” de—p

33. Cou(X(t), X(t + s))

= Cov(Y7 coswt + Y, sinwt,

Y1 cosw(t + s) + Yo sinw(t 4 s))
= coswtcosw(t + s) + sinwt sinw(t + s)
= cos(w(t + s) — wt)

= COsWs
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i—1 i
1. (a) Letubearandomnumber.If Z Pi<u< z P;
j=1 =1
then simulate from F;.

i—1
(In the above 2 Pi=0 wheni = 1.)
j=1

(b) Note that
F@) = 2F(X) + 2Fa0)

where
Fix)=1—¢"%, 0<x<oo
Ey(0) x, O<x<l1
2X) =

1, 1<x

Hence, using (a), let Uj, Up, Us be random
numbers and set

—log U, .
x=d "5 if U; <1/3
Us, if U; > 1/3
The above uses the fact that w is expo-

nential with rate 2.

3. If arandom sample of size 1 is chosen from a set of
N + M items of which N are acceptable then X, the
number of acceptable items in the sample, is such
that

.+ _|IN M N+ M
roc=r =[] [ /M6
To simulate X note that if

; {1, if the j section is acceptable
]' =

0, otherwise

then

j—1
N-Y1I
1
N+M-(G-1)
can simulate Iy, ..., I, by generating random num-
bers Uy, ..., U, and then setting

P{If=1|11r---/1j71} = Hence, we

j—1
N-Y1
1
N+M-(G-1)
0, otherwise

i=q1, ifu <

X = z Ij has the desired distribution.

Another way is to let

X; =

1, thej™ acceptable item is in the sample
0, otherwise

and then simulate Xj, ..., Xy by generating random
numbers Uy, ..., Uy and then setting

j—1
N-Y1
Xi=<1, ifU =1
J YSN T Moo
0, otherwise

N
X = Z X then has the desired distribution.
j=1

The former method is preferable when n < N and
the latter when N < n.

. Use the rejection method with g(x) = 1. Differen-

tiating f(x)/g(x) and equating to 0 gives the two
roots 1/2 and 1. As f(.5) = 30/16 > f(1) = 0, we
see that ¢ = 30/16, and so the algorithm is

Step 1: Generate random numbers U; and Uy.

Step 2: If U, < 16(U? —2U3 + Uf), setX = U;.
Otherwise return to step 1.
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P{X =i} =P{Y =i|U < Py/CQy}

_ P{Y=i,U < Py/CQy}
o K

_ QP{U < Py/CQyY =i}
K

_ QiPi/CQ;
K

_Pi

T CK

where K = P{U < Py/CQy}. Since the above is a
probability mass function it follows that KC = 1.

Use 2; = X.

(a) Generate the X; sequentially using that given
Xay, -+, X(i—1) the conditional distribution of
X(;) will have failure rate function \;(t) given

by
0, b < X1y,
t> X(i—l)

Ai(t) =
(n—i+ DA,

(b) This follows since as F is an increasing function
the density of U; is

fo ) = W(F(O)l 1

x (F(B)"~f (t)

= =iy 00"

O<t<1
which shows that Uj; is beta.

(c) InterpretY;asthei " interarrival time of a Pois-
son process. Now given Y1 + -+ + Y, 41 =
t, the time of the (n + 1)* event, it fol-
lows that the first n event times are distri-
buted as the ordered values of n uniform (0, t)
random variables. Hence,

Yi+---4+Y;

Y+ ’

i=1,...,n
+Yn+i

will have the same distribution as Uy, ...,
Upy-

21.

25.

27.

(d) fU(l), W|U(,,) (yll . -/yn—1|]/n)

_ S, )

fU(,,)(yﬂ)

n!
= nynfl
Sy

where the above used that

<Yn—1<Y

Fu,,(y) = P{max U; <y} = y"
and so
Fu(n) (y) = nynil
(e) Follows from (d) and the fact that if
F(y) = y" then F~ (L) = U/
Pm+1{i1, .,.,ik_l,m + 1}
) 1
= 2 Pm{ll,.. lk 1,]} E
j<m
i i1
1 1 1
:(m—(k—l))[m} m+1[m+1
k k
See Problem 4.

First suppose n = 2.
Var(\Xq + (1 — )Xp) = M0? + (1 — \)?03.

The derivative of the aboveis 2Aa% — 2(1 — \)o3 and

equating to 0 yields
__ % _ Y
o3+ 0% 1/o? +1/03

Now suppose the result is true for n — 1. Then

ZAX

i=1

n

rIEAX

= Var + Var(uX,)

n—1
)\.
2 175, Xi

i=1

=(1—\p)? Var

+ A2 Var X,

Now by the inductive hypothesis for fixed A, the

above is minimized when

¢y /o 12
1- )\, n—1

2 l/cr




29.

31.
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Hence, we now need choose )\, so as to minimize

1
2
e

z 1/0]-2
j=1

+)\% 0’%

Calculus yields that this occurs when
1 _ 1/oh

/\n = n—1 —n ’
1—}—072121/0]»2 211/0]'
=1 j=

Substitution into (*) now gives the result.
Use Hint.
Since E[W,|Dy]=D, + u, it follows that to

estimate E[W,] we should use D, + u. Since
E[D,|W,] # W, — pu, the reverse is not true and

33.

35.

so we should use the simulated data to determine
D,, and then use this as an estimate of E[D,,].

(@) E[X?] < E[aX] = aE[X]

(b) Var(X) = E[X?] — E?[X] < aE[X] — E*[X]
(c) From (b) we have that

Var(X) < a® (E[X]>

a
E[X] ) )
_— < m — =
(1 a ) =4 o<;?i(1p(1 p)=a/4

k
Use the estimator » N;/ k* where N; = number

i=1
ofj=1,...,k:X; < Y.
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