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The baok has been written according to the latest revised syllabus of the Council of Higher
Secondary Education, Odisha and gives a complete coverage of the subject mattar.
| have avery hope that the teachers and the students of Statistics will find this book
useful and fruithul. Constructive suggestions for the improvement of this book shall be

highly appreciated.

Director

Odisha State Bureau of Textbook Preparation and Production,
Pustak Bhavan, Bhubaneswar




ool for research in applied sciences. As such, for the academic interest of the students
the subject is baing taught at the +2 level by the Council of Higher Secondary Education
(CHSE), Odisha. The Prescribed Syllabus has undergone several revisions and has been
updated to meet the neads of the students intending to persue higher studies.

The present textbook viz, Statistics Part -1 has been written by a group of
experignoed teachers of the subject selected by the Bureau of Texibook Freparation and
Production, Odisha according o the latest revised syllabus. The material of the book has
heen presented in simple language with hecid style along with a good number of lllustrations
and examples. Solved examples have been included in each chaptar for easy understanding.
A number of quastions covering all topics have been included for solution. The effons of
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In this chapter we develop some techniques for counting the number of possible
out comes of a particular experiment or the number of elements in a particular set. Such
techniques are sometimes referred to as combinatorial analysis.

11. INTRODUCTION

Permutations refer to different amangements of things from a given lot taken one or more
at a time whereas combinations refer to different sets or groups made out of a given lot.
without repeating an element, taking one or mare of them at a time.

The distinction will be clear from the following illustration of combinations and
permutations made out of a set of three elements {a, b, c.

Combinations Permutations
Oneatatime:{a}, {b}, {c} {a}, {b}. {c}
(i) Two at a time: {a,b}, {b,c}. {a.c} {a.b}, {b.c}. {ac}
{b.a}, {c.b}, {c.a}
(i) Three at atime: {a b.c) {a,bc}{a, c b}
{b.c.a} {b, a, c}

{c.a,b} {c, b.a}

It may be noticed that on the left above, every set has different combination whereas
on the right above, there are sets with different arangements, wherever possible, of the
same group. However, no element appears twice or more in any set, e.g., {a, a}, {b, b}, {c.
c}. {a. b, b}, {c, ¢, c} etc.

1.2. FUNDAMENTAL PRINCIPLES OF COUNTING:

There are two fundamental rules of counting or selection based on the simple

principles of addition and multiplication, the latter, when events occur independent of one




only one operation can be done at a time.

This is known as addition principle of counting. Thus, since a king can be drawn
from a pack of cards in 4 different ways (it may be a king of spade, club, heart or diamond)
and a queen can also be drawn in 4 different ways, then either a king or a queen can be
drawn in (4 +4) = 8 ways. This can be extended to several operations provided, only one
operation can be done at a time.

{ii) Multiplication Principle:

If one operation can be done in ‘'m’ different ways and when it has been done in
anyone of the 'm’ ways, a second operation can be done in 'n’ different ways, then both the
first and the second operations together can be done in (mxn) different ways. Further, ifa
third eperation can be done in ‘p’ different ways, after completing the first and the second
operations, the first, namndandﬂm‘dnpumihmtugumﬂ-mhednnum[mxnxp}
different ways.

Einﬂarm:anbawhriwmmhafufm“dun&mgmmnrm
after another. :

Proof: Leta, a,. ....... a, bethe 'm' ways of doing the first thingand b, b,. .......b, bethe
'n' ways of doing the second thing independent of the  first. Then, the two things can be

done simultaneously in the following ways: ' £
ab.ab.ab’.......3&B0,
"Ib'l-; aihl: alhx" ':bn
gbiaboab. ... ab,

Thus, thesa are (m x n) number of ways of doing both the things simultanecusly.



1 g iy . 4 el
1,1 1.2] 1,3] 14 |15]18
21| 22| 23| 24|25 |28
31| 32| 33| 3435|386
41| 42| 43| 4445|458
51] 52| 53] 5468|568
61| 6.2 63| 64|65 |68

M| enj &) | By | ==

Therefore, from the fundamental principle of counting, If repetitions are allowed,
from N elements N elements can be taken in N" ways. If , however, only 'r' of the N
elements are taken at a time, the possible ways would be N ', (6 In the above example)
if repetitions are not allowed, the leading diagonal comprising {1,1}, {2.2] elc. is avoided
and the total choices is 8 x5 = 30 or n x {n - 1), only for two dice each with n faces.
Example:

Let a student has three different pants, say, P, P, P, four different shirts say
$,, 8, §,, S, and five different ties, say, T, T., T, T,, T.. Then he can go to the coliege
with one pant, one shirt and one tie at a time in 3 x 4 x 5 = 80 different combinations as
follows:

P1E1Tl b F..3'511-1 1 F‘!5!1‘.! ¥ Fisth " FislTT ] I:=!E:I-|r.1 " FrE':l-Tr } I:,.'|EI-|II.1 . FIE!Tr J PFE-lTP
P.ls-tT! 1 F!IEITI = 'Bl:-

Note: Here addition principle can not be applied as it would mean, the student will be
allowed to wear either a pant or a shirt or a tie, which he can do in 3+4+5 = 12 ways. This
will lead to absurdity. One can nmmmamﬂentgnlnginummﬂmhfmm a fie




(i)  the same route is not taken.
Solution:
{Il The man can go from Ato B in 5 different ways, for he may take any one of the five
routes. When he has done so in any of the 5 ways, he may return in any of the 5 different
lll'l'l‘ﬂ. i.e., there are 5 different ways of returning. So, the total number of different ways is
Sx5=25
(i  While going, he chooses any one of the five routes in 5 ways. But while returning,
he takes the same route in which he came. This can be done in 1 way. So, the total
numberof waysis5x1=5.
(i) He can go from Ato B in 5 different ways and retum in 4 differant ways. So the total
number of ways is 5 x4 = 20.
Exampile: 1.2

How many telephone connections can be allotted with 5 digits and 6 digits using
the natural numbers 1108 7
Solution:

As per the rules of counting, the total number of telephone connections with five
digits would be 8% = 53, 049 and with six digits would be 9% = 5, 31, 441
Example: 1.3

In how many ways can two persons A and B occupy their seats in a row of six seats 7

Solution:

Whoever comes first, he would be seated in 6 ways and after he ocoupies a sea,
the other can be seated in 5 ways bacause one person can occupy only one seat. Therefore,
both the persons A and B can be seated in 8 x 5 = 30 ways.



second person can choose his seat in 7 ways. The first and sacond persons can choose
their seats in 8 x 7 different ways. The third parson can choose a seat from the remaining
gix seats in 5 ways. Thus, the first, second and the third persons can choose their seats
in 8 x 7 x 6 ways. Hence, the number of ways in which the three persons can choose their
sealsis Bx 7 x 8 =336

1.3. FACTORIAL NOTATION:
The product of the positive integers from 1 to n oc surs very often in mathematics
and hence is denoted by the special symbol nl (read as "n factorial”)

g [ . ERCOSEASE {n-2)}n-1)n
=n{n-1}{n-2}.......3.2.1
= nf{n-1)I]

=n(n-1) [(n-2)1]
=n{n=-1n-2)....... (r=r+1}{(n -r)f}

o =T
Hence -0
Thus, 21=12=2, 3l=123=6 4I=1234=24
5l=54/=5 24=120, 6!=86.5/=6.120=720 stc.
101
Example: 1.5 Show thatl -éri—=9l:|
10! 10.9.81
ution : —=—=00
o 8! B!
{n+1}|!_n3

. =n"-n
Example : 1.6 Show that n-2)!




1.4. FERMUIATIUNS.
(il  Each of the ordered arrangement which can be made by taking some or all of a
number of distinct objects is calied a permutation. For example, the permutations of the
lstters A, B, C. D taken two at a time are: AB, BA, AC, CA, AD, DA, BC, CB, BD, DB, CD
and DC.

Thus, there are 12 permutations or different arrangements when two objects are
taken at a time out of 4 objects.

We can obtain six numbers by arranging three digits, 5.6 and 7. The six
unmmafnanbsnrpa'rr;u.nnﬁmsam,
567, 576, 657, 675, 756 and 786.

(i) Anarrangement of a set of 'n’ objects in a given order is called a permutation of the
objstts (taken all at a time). An arrangement of any r<n of these objects in a given order
is called an r-permutation of n objects or a permutation of 'n' objects taken 't at a ime.

The number of permutations of 'n’ objects taken v’ at a time, where r<n is denoted
by "P,orPin, 1)
Example: 1.7
Find the number of parmutations of 6 objects, say a, b, ¢, d, e, T taken three at a time.
Solution:
Let the selected three letters form a word and be represented by three boxes.

MNow the first letter can be chosen in 6 different ways, following thig, the second letter can
be chosen in 5 different ways; and , following this, the last letter can be chosen in 4
differant ways.



given in the preceding exampie, The first element in an r-permutation of n-objects can be
chasen in 'n’' different ways; following this, the second element in the permutation can be
chosen in n-1 ways; and, following this, the third element in the permutation can ba chosen
in n- 2 ways. Continuing in this manner , we have that the rth (last) element in the r-

parmutation can be chosen inn-(r-1) = n-r+1 ways
Thus, P(n, 1) = "pr=m:n-1] (n-2) ...tor factors
=nn-1) (n-2) ....(n=r+1) {(1.1)
Note:
1 The number of permutations of 'n’ different things taken all at a time is

"B =nn-1){n-2)..321=nl

2 fs  =pn-1)n-2)...321="F,

=1
3 %p, =n(-1)n-2) ._(n-r+1)

_nin- Hin-2)..fn-r+Yin-r)l}  nl
{n—r)l “fn-=1)l

4. WEI'M"FH'HI

I . N
Also R.= im0l
n!

—x ! ﬂ!‘-‘--'u—!'

|
Hence, 0= =1
!




OGARITHMS. (The words may not have any meaning).
Solution:
There are 10 different letters. Therefore, 'n' Is equal to 10 and since we have to find
fourdstter words, ' is 4, Hence, the required number of words is

g 101 10! 10x8x8x7x8!

““Ho-an 8 8l
Example: 1.9
How many four digit numbers, each greater than 7,000, can be formed from the
digits 3,5,7.8 and 8 using each digit once?
Solution:
As the numbers are to be greater than 7000, the digit of the thousand place can be
any cne of the digits 7,8 and 9. Now the thousand place digit can be chosen in 3 ways.

(since *p, =3) and the remining three digits of the hundred, ten and unity places can be

=10x8 =8 =7 = 5040.

any of the four digits left, which can be chosen in ‘p, ways. Therefore, the total number
of waysis 3x ‘P, =3 w2 =72

Exampile: 1.10
In how many ways can 5 English, 3 Odiya and 3 Hindi books be arranged so that the
books of the same language are kept together?
Solution:
Each language book amongst themselves can be arranged in the following ways.
English : 5 books in ®p, ie., 5! ways.
Odiya : 3 books in JP, Le., 3! ways.
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(b) Circular Permutations:

(i Circular permutations are similar 1o the arrangements of objects along the
circumference of a circle. Here, there is neither a beginning nor an end. We fix the position
of one object and then armange the remaining {n - 1) objects in all possible ways. This can
be done in (n- 1)! ways.

(i) In the above arrangements, clockwise and anticlockwise order of amangements have
been distinguished. If this distinction is not made, the number of arrangements would be

%{n-1}1.%dﬂmﬂhmﬂmminﬂumm“mﬂu,

Example: 1.11

In how many ways can 5 boys and 5 girls be seated around a table so that no twe
boys are adjacent 7
Solution :

Let the girls be seated first. They can sit in 4! ways. Now, since the places for the
boys between girls are fixed, the boys will occupy the remaining 5 piaces, There are 5!
ways for the boys to fill up the 5 places in between 5 girls already seated around a tabile.
Thus, the total number of ways in which both the girls and the boys can be seated is
4 x 5! = 2680 ways.
Example: 1.12

If 7 persons are seated around a table so that in all of the arrangements the same
neighbours are not present, then the required number of ways will be %{nJ}H-u. %.E!

1
= 2 654321 =360




Proof: Let the ‘n’ things be such that p of them are of one kind denoted by a, q of them are
of second kind dencted by b, r of them are of third kind denoted by c and ail the rest are
different.

Let ¥’ be the required number of permutations. If the p a's be replaced by p new
letters, a,, a,, ..., which are different from each other and different from the rest, then
without changing the position of any other letter , they would produce pl permutations, If
this change be made in each of the x permutations, this would produce x . p! permutations
i, & the total number of parmutations would become x . pl. Again, if the 'q' b's be replaced
by q new jefters, hf.b,...hqmmmmmmmmmuu rest, then the
total number of permutations would become x . p! . q!

Again, if the 'r' ¢'s be replaced by r new letters ¢, c,, ...c, different from each other
and different from the rest, the total number of permulations would become x . pt. gl . rl.

But now the n things are all different and the permutations of n different things
taken all at a time is n'.

. Al | n!
v wplglrl=nl = I:p!.q”l
The above principle can easily be generalized..

Exampie:
(@) The letters of the word 'ALLAHABAL' can be arranged in
L2 ] =ﬂxﬂr?zﬁn5
41 21 2
Here n =8, p = 4 (since there are four A's), =2 (as.L appears twice) and the rest of the

=7960 ways

latters H, B and D appear once each



Solution:
The ward ACCOUNTANT has 10 letters of which 2 are'A's, 2are'C's , 2are 'N's
and 2 are T's, the rest are different . Therefore the number of permutations is
10! 10887654321
21212121 2222
Example: 1.14
How many numbers greater than a million can te formed with the digits
45504537
Solution:
Each number must consist of 7 or more digits. There nru-'.r digits in all, of which
there are 2 fours, 3 fives and the rest different.

80, e Mot nuber i 1 =430,

31 2!
Of these numbers, some begin with zero and are less than one million which must be
6!

mwm?fmmm‘hagmmmm:mh 3
Hence the required number is 420 - 80 = 360.
(d) Permutations with Repetitions:

The number of permutations of 'n' different objects taken 'r' at a time when aach
object may be repaated any number of times in any permutation is 'n" ',

Suppose we have four digits 2 4 6 8 and we have to form four digit numbers when
each digit may be repeated any number of times. This can be done in 4° = 256 ways
Thus there can be 256 such numbers . These numbers will include those numbers where,

226,800



BBE2, 4666 6668, 2444 elc.
() one digit is repeated four times, such as
' 2222, 4444 G666, BBEB

Further, four books can be given to five students in 5' = 625 ways, when no
restriction is placed on the distribution of the books. The first book can be given to any of
the 5 students in 5 ways. The second book can also be given to any of the 5 students in 5
ways. Similarly, the third and fourth bocks can be disposed of in 5 ways each. Hence all
the four books can be distributed in 5x 5 x 5x 5=5'= 825 ways. Here all possible types
of distributions are included. Similarly, 6 ball pens can be placed in three packets in 3*=

T8 ways.
(@) Restricted permutations:
{i) The number of permutations of 'n’ different things taken ' at a time in which 'p’ particular
things do not occuris "~ PR,
Keep aside the p particular things not to occur and then arrange the remaining n - p things
in r places. This can be done in " ~Pp, ways.
(i} The number of permutations of 'n’ different things taken ' at a time in which 'p’ particular
things are always presentis " °p_. R,
Hmmm'p'pnﬂmhrhkusrﬂfumhprﬁmaﬁmwdﬁuminﬂn—pw
taken r - p at a tima. The number of such permutations is "-lr.tl_p

In each of these permulations introduce the 'p’ particular things kept aside, ona by
one, The first thing can be introduced in r—p +1 ways. After introducing the first, the second
thing can be introduced in r-p +2 ways and the pth thing in r—p +por 'r ways.



i 51
8-3p, = %P, imziﬂﬂm

In case, digits 2 4 and 6 are always included, then the required numbser of 4 -digit numbers
will be
5-3p,. *P, = P« *Py =120
Note: Here we have assumed that no digit is allowed to repeat itself.
Example: 1.156
In how many ways can the letters of the word 'STRANGE' be arranged so that
(i the vowels are never separated.
{il  the vowels never come together, and
{ii)  the vowels occupy only the odd places.
Solution:

M There are 7 letters. Since the vowais are not to be separated we may regard them
as forming one letter. So there are six lstiers 5, T, R, N, G and (A E). They can be ammanged
among themselves in 6] ways. The wo vowels can again ba arranged in 2| ways. So, the
total number of arrangemeants =6l x 21 = 1440,

{ii} The number of arrangements in which the vowels do not come together can be
obtained by sublracting from the total number of amangements the number of arrangements
in which the vowels come together. Since the total number of arrangements is 7! and the
number of arrangements in which the vowels come together is 8! x 2!, the number of
arrangements in which the vowels do not come togethar is

T-Blx21=61x5=3600




arranging the vowels can be associated with sach of the "FI5 ways of arranging the

consonants,
So, the total number of arrangements =*p, x 5PI-1211EE=14-'I{}
Example; 1.16

How many integers of six digits can be formed from the digits 4,5,6,7 6.9, no digit
being repeated? How many of them are not divisible by 57
Solution:

The six digits all being different, can be ammanged among themselves in 6! ways,
Let us find the number of integers divisibie by 5. The integers in which 5 occurs in the unit
place are divisible by 5. Fix 5 at the unit place. The remaining five digits can be arranged
among themselves in 5! ways. So, the number of integers divisibie by 5 is 51, Hencea, the
number of integers which are not divisible by 5 is 6! - 5! = B00.
1.5. COMBINATIONS:
(a} Each of the group or salection which can be made by taking some or all of a
number of objects without reference to order of the cbjects in each group s called a
combination.

For exampile , the combinations of the letters A, B, C, D taken two at a time are AB,
AC, AD, BC, BD and CD. Thus, there are 6 combinations or groups or selections which
can be made when two objects are taken at a time out of four cbjects.

In combination, order does not matter. Thus AB and BA mean the same combination.
A change in any one object will constitute a new combination. Thus AB and AC are two
different combinations.

To denote the number of combinations of 'n’ different objects taken 'v' at a time we

use the symbol "c_ or C{n, r) or {p]




P n!
" =)l

Hence we can write “C,:%

Theorem:
The number of combinations of 'n’ different things taken 'r' at a time is given by

im0
" tn-n)t"

whare (r =n) (1.2)
Proof:

Let "C_ denote the required number of combinations of 'n’ different things taken 'r'
at a time. Each of these combinations has v’ different things.
So, if the ' different things be amranged among themssives in all possible ways, each
combination would produce r! permutations. Hence, "C_combinations would produce
ﬂcr:ﬂpumm.mmimmhmhmmmmmmmﬂw

different things taken 'r' at a time. Hence "C, xri = "p,

- e, - % B n{n-‘n{n—zrli.....{n—H‘H

=|1n-u[n-2}.....m-{+1}{n—r}|: n
rt {n=r)! ri{n-r)l




m} "c'n"T

f n! n! nl

= = = |
Proof: Ce niin-n)! nfol nlx1

(i) "Cii=n

(v "B =rix "C,
(vi)  "c,is also called the ' combination of 'n’ different objects.
n

(vl "Cy=—

r:-:""‘llr_‘:,,.r

Proof: Let us find the number of 'r' combinations of 'n’ different objects in which a particular

object say a, would always occur. The number of such combinationsis "-'c . Similarly

hmd?‘mdh‘mmmn‘ﬂ“'hh, , the numbsear

of 'r' combinations of 'n’ different objects containing a, is also "~ 'c_, and so on. The

total number of such objects is n . Therefore the total number of letters written in these

combinations would be ("~'C_, +"~'C _, +...nilimes)=nx""'C

But the number of objects in 'r' combinations of 'n’ different objects isr. "C, .

rx"C,=nx™'C,, = "C, = L g,

mmummmmmmmwn.r

Note - This can be proved by using factorial notations.

Complementary Theorem:

' The number of combinations of 'n' different things taken 'r' at a time, is same as

the number of combinations of 'n’ different things taken (n-r) at a time, i.e,,
"C,="C,_ . where O=r=n



(i)  If "C,="C, theneitherr=p or r+p = n. This is because "C, = "C,,,, and so
n-r=por r+p=n

() Wintheformula "C,, ="C, ,weput r=nthen "C, ="C =1.

Euwnmrmi:lmt?mwlmnf“:n equalto 1.

(i)  Ifin (i) above, we pul r=n-1 then "C,="C, , = netc

: ... . = e L
Ifin the formuta ~C: = 77— we putr=n,wefind "C, = T Butas "c, =1, o =1

is vaiid only if 0! is equivalent to 1. Thus the value of 0! in combinatonial analysis is considered
equivalent to 1, though strictly speaking, it has no meaning,

F
(W) G B Y i i because,
Hcr-‘ I'

“C, _nl {r=NKn-r+1!
"c, T rin—r)l’ n!

= (r-Din-r+MN.n=-r)! n-r+1
Lir=on=n1 " ' 't

{c) Total number of combinations: ;
mmwmamﬁmwﬁ*mwmmmu at a time is 2" -1.
Let the ‘n’ different things be dencted by a, .a,, ....,a,. While making a selection of some
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been taken. Rejecting this case, the total number of combinations would be 2" —1.
Note: The total number of combinations of ‘n’ different things taken some or all at a time is

°C,* "C, * ...+ "C, . So, we have

"G+ MG, 4G, =2 -
Thus, we can select some or all of the 6 players at a time in 2° -1 =84-1 =83 ways.

() The total number of combinations of (p+q+r+....) things, where 'p’ are alike of one kind,
'q are alike of second kind, '’ are alike of tha third kind and so on, taken any number at a
time'is (p+1 g+ )(r+1) ..... =

Consider the ‘p’ things which are alike. The 'p’ things can be dealt with in (p+1) ways,
for we may take 1 or 2 or 3... or "p" or none in any selection. Similarly the ‘g’ alike things
can be dealt with in (g+1) ways, 'r' alike things in {r+1) ways elc. Since each way of
assigning one can be associated with each way of the others the total number of dealing
with them is (p+1)dg+1)(r+1).........

Jthis number includes ane case where all things are left out. Therefore, the total number
fways is (prIdg+1)r+1)......... -1
Exampie: 1.17

In order to pass in C. A. Intermediate Examination, a student has o secure
minimum pass marks in each of the 7 subjects. In how many ways can a student fail?
Solution:

Each subject can be dealt with in two ways; the student may pass or fail in it So
the 7 subjects can be dealt in 27 ways. But this includes the case in which the student
passes in all the 7 subjects. Rejecting this case, the number of ways in which the student
can failis 27-1 = 127.



contain all different letters, some may not contain all different letters. Following cases anse.
(a) All the four letters are differant.

(B)  Two letters are alike, two others are differant.

(c) Two latters are alike of one kind, two are alike of other kind,

(8)  There are 8 different letters. The required number of combinations = C,

(b)  There are three pairs of alike letters, L.e., (0,0), (I, I), (N, N). One pair can be
chosen in *C, ways. Remaining two different latters can be selected from remaining seven
different letters in " ways. Hence the number of combinations of this type is *C. x "C..
(¢)  Two pairs of similar letters can be chosen in *C, ways.
Hence the total number of required combinations is

8C, H'Cyx"C;y)+ C, =136
Example: 1.19

Out of 10 consonants and 4 vowels, how many words can be formed each
containing & consonants and 3 vowels?
Solution:

6 consonants can be chosen out of 10in "'C, ways and 3 vowels can be chosen
out of 4 In 4c, ways. So, the number of selections is "’ Cy x *C,

Each of these selection contains 9 letters which can be arranged amang themselves

in 9! ways.
So, the total number of words is '°C, = “C, = 91 = 304815200,
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hmanﬂwu&mrmdn%mbudumm v ur:!-wa_urs Again, 4 men on each side can
be arranged among themselves in 4! ways. Hence the required number of ways is

*C, x4lx4l=3x24x24 = 1728,
Example: 1.21 Findn, if "C,:"“Cy=91: 4

e T
Solution: "Ce =girTay 29 G =5 TRTS

“CI - 3ln-6)

m-‘.'-l:-._:|l BY{n-6)! (n-3)

znin-1(n-2)
654
nin-1n-2) 91
5, 654 4

nn-1}{n-2)=5691=567.13=1514.13

Expressing the R.H.5 as the product of three consecutive integers in descending order,
wegetn=15
Exampleo: 1.22

A party of 6 is to be formed from 10 boys and 7 girls consisting of 3 boys and 3
girls, In how many different ways can the party be formed, if two particular girls refuse to
join the same party together ?
Solution:

If the two particular girls do not refuse to join the same party, then wa can select 3

girls from 7 in TC, ways and 3 boys from 10in "°C, ways. Hence a party of & including



*c, x "¢, =5x 120 = 600 ways e}

We notice that in the arrangements (2), those two particutar girls who refuse to
join are included, Hence the required number of arrangements can be obtained by
subtracting (2) from (1) Le., 4200-8600 = 3600
(d) Some results:

(i} Combination of objects where some are alike and - ome are different:
The total number of combinations of (p+g+r) objects of which 'p’ are alike and of one kind,
‘g’ are alike and of another kind and the remaining 'r* are all different is given by
(p+1) (q+1) 2 -1 B
(H) Divigion into groups:
The number of ways in which {m+n+p) objects can be divided into 3 groups of m, nand p
objects respeactively is given by (m+n+p)! / m! nl p!
Thus 22 objects can be divided into 4 groups of 4,56 and 7 objects in 4]52:;!?! ways.
(iil) Division into equal groups :

The number of ways in which "3n' objects can be divided into 3 equal but distinct
groups of 'n’ objects each i= given by  (3n)! / (n!).
If no distinction is made between the 3 groups of 'n’ objects each, then the number of
ways in which (3n) objects can be divided into 3 equal groups of 'n’ cbjects each is given
by (3n)l / 3l{nt)>.
{e) Restricted Combinations:
(i} The number of combinations of 'n’ things taken '’ at a time in which 'p' particular thinzs
always occur is " °C,__




never occuris "FC. .

Let the 'p’' particular things which never occur be set aside. Then there will remain
(n - p} things out of which '’ things may be selected in "PC_ ways.
In none of these selections the "p' particular things will occur. Hence the required number
of combinations is "PC .
Example: 1,23 Provethat ™'C,="C, +"C,,

= nf
rifn=r)

- n! " n!
rtin-r)l {r=Nn-r+1!

Solution: We know that " Cy

RHS: JI.!::r + nct.f

n! nl

= lin-1)  T-Dn-r+n-ri

B M [j+ 1 ]_ n! n+1
r—0n—m) [r n-r+1] (r=0n=mt{rin-r+1)

N | S

ei{in-r+H "

Example: 1.24 Find the value of rif "¢, = "c_,
Solution: We knowthat "C, = "C__
Bo, MC,="EC,,

Hence, "Cyy = "C,;
= 18-r=r+2
= r=16

= r=8.



queshons’y
Solution:

10.9
0] B8 questions out of 10 can be selected in [1;'] = ['rzﬂJ ¥ o = 45 ways.

(i) If he answers the first 3 questions , then he can choose the other 5 questions
76
ﬁmmmmmg?qmﬂmh[;] = [;] = 35 521wy
(i) If he answars all the first 5 questions, then he can choose the other 3 quastions

from the last ﬁin(g] = 10 ways. On the other hand, if he answers only 4 of the first §
mﬂm,ﬂmmﬂndmﬂmih[ﬂ‘*(ﬁ%ﬁmyt,ﬂh&mﬂm&he

other 4 questions from the last 5 in [EJ=[§J = 5 ways,

Hence, ha can choose the 8 questions in 5.5 = 25 ways. Thus, he has a total of 10 + 25
= 35 choices.
Example: 1.26
In how many ways can 7 toys be divided among 3 children if the youngest gsts 3
toys and each of the other gets 27
Solution:
Here we have to distribute 7 different objects in three distinct categories containing

3,2.2 objects. This can be done in = 210 ways.

Jl212




1

An automobile dealer provides motor cycles and scooters in two body pattemns

and five different colours each. Indicate the number of choices open to a customer visiting

him.

2.

3

4

5.

Show that 30! =2 1561. (1 .3, 5........28)

in+2)!
n!

nl
simpify: () =g

=] Tl
Compute: () 75 @ 55

In how many ways can 4 Indians and 4 Pakistanis be seated al a round table so

that no two Indians sit together?

The Chief Ministers of 18 States in India meet to discuss the problems of

unemployment. In how many ways can they seat themselves at a round table if the Cdisha
and Andhra Pradesh chief ministers choose to sit together?

T,
(
(i)
(lif)
()
{v)

(]

If repetitions are not parmitted.

how many 3 digit numbers can be formed from the six digits 2,3,5,6,7 and 87
how many of these are less than 4007

how many are even?

how many are odd?

how many are multiples of 57

In how many ways can a party of 7 persons ammange themselves

in a row of 7 chairs?

around a circular table?



so that those of the same nationality sit together?

(i) Sclve the problem (i) if they sit at a round tabie?

11.  Find'n'if

i Pin. 2)y=72 (i) P(n4)=42P(n2) (iiiy 2P(n,2) + 50 = P(2n, 2)

12.  Find the number of parmutations of letters in the word 'ENGINEERING'.

13.0) mmmmmmmmﬂuﬁmnmm*w
(i} In how many of those will the vowels occupy the even places 7

4. I, =12 "7, findn.

15.  Find the value of 'n' If four times the number of permutations of 'n’ things taken 3

together is aqual to five times the number of permutations of (n - 1) things taken 3 together.

6. Provethat"p, =nx" 'P.,

17.  How many numbers less than 1000 and divisible by 5 can be formed with digits
0.1.2,3.4.5,6,7,8,9 such that a digil does nat occur more than once ina number 7

18. InhwmanydﬁmntmwcanﬂmmﬁnnmmbnmmnedInnllnnmﬁlﬂ
the best and the worst papers are never together?

18.  In how many ways can 3 boys and 5 girls be arranged in a row so that all the 3
boys are together 7

20. A number of four different digits is formed by using the digits 1,2,3,4,5,6,7 in al
possible ways. Find

(i) how many such numbers can be formed 7 and

(i)  how many of them are greater than 34007




repeltions o ne igits 1,2,0,0.97
(i) How many even numbers each lying between 100 and 1000 can be formed without
repetiions of the digits 34,5677

24, Fill in the blanks:

@n+0 (-7 3
W Wiz En-9"5

{ii) There are 10 true -false questions in an examination. The questions can be

A7 T T S

(i)  Thenumber of ways in which the letters of the word "TRIANGLE" can be arranged
such that the thres vowels are together, Is ......................

(iv) By using the digits 1,2.5.54 we can form... ......... even five digit numbers.

{vi  The number of diagonals that can be drawn by joining the vertices of a hexagon is

{vij Rakesh has five friends. He can invite one or more of them to a dinner party in

25  Some statements are given balow If the statement is correct, write True otherwise
write False

2!
m Lﬁ}..,z*113.5.....{zh-ﬂ]

(i} There are six muiltiple choice questions in an examination. If the first three questions

have 4 choices each and the next three have 5 choices each, the questions can be answerad

in 8000 ways ( all the answers may not bé corract).

(i) 1440 words can be formed each of 3 vowels and 2 consonants from the letlers of
the word 'INVOLUTE".



{1

(i)

(v)

(v}

H %P5 : P, ; =30800:1 thenr=__ ..

(a)31 (b)41  (c)51 (d) None of these
From 6 boys and 7 girls a commities of 5 is to be formed so as to include at least
one girl. The number of ways in which this can be done is

@ "¢, (b) ®cy+7Cy, (&) 7x%C, (d)Noneofthese

The number of ways in which 18 different books can be divided equally among 3
students, is

181 . 318!
@) —— (b) 3613 (c) 813 (d) None of these

(81)°

' There are three prizes to be distributed among five students. If no student gets

maore than one prize, then this can ba done in
(a) 10 ways (b)30ways (c) 60ways (d) None ofthese

+ A professor has 8 scholars working under him. He takes them 3 al a time fo

conferances as often as he can without taking the same 3 scholars more than once. How
many times can the professor go 7

27.

(a) 21 times {b) 56 times (c)45tmes  (d) None of these
For an examination, a candidate has to select 7 subjects from three different groups

A, B and C, The three groups contain 4,5,6 subjects respectively . In how many different
ways can a candidate make his selaction if he has to select at least 2 subjects from each

group ?




31.  Inhow many ways can 12 students ba partitionad mﬂmmﬁﬁﬂﬂma, 50
that each team contains 4 students?

2. Find the number of ways in which
(i} aselection. (i) anarrangement
of 4 letters can be made from the letters of the word 'MATHEMATICS'

.33 Qut of 5 males and 6 females, a committee of 5 is to be formed. Find the number
- .. of ways in which it can be done so that among the persons chosen in the committes,

there are

(i 3 malas and 2 females
(i) 2 males

(i)  nofemale

{iv]  atleast one female
(v)  not more than 3 males.

34.  Ten couples attended a party from whom six persons were chosen for a game. In
how many ways can this be done so as to include exactly one couple?

35.. Pmmﬂ#?lq.ﬂ..‘. ______ =S ..lezn_'l
n 21 3 n!

* ik



two terms, viz. (a +b), (x - a), (4<° + 3y), elc
From elementary algebra, we know
{a +b)® = (a + b)(a +b) = a* + 2ab + b*
{a +b)? = (a + b)(a +b)® = {a+b)(a’ + 2ab + b") = @’ + 3a'h + Jab’ + b*
These are quite simple 1o compute, but if the expansion contains a power (called
index) which is of higher order or is negative or fractional, the expansion of such an

expression by way of multiplication becomes tedious and complicated. Such expansions
can be made by using an algebraic formula called Binomial Thaorem.

1.6.1. Binomial Theorem for a Positive Integral Index :
Statement :
If {x +a) is a binomial expression, the expansion of (x +a)" is given by

{Iﬂ}”:xﬁ* nct’.nﬂ a+ nci “n-.?“.‘l* qc! Il-l‘al i 1o & |‘I|:r b LELE L S hc'n'-

whare ‘n’ is a positive integer. '
Proof : We give below the proof of the theorem by the method of induction.
Step- : By actual multiplication, we hau 3,

(xtaf =i+ 2ax+ al=x+ 31:1: a+ 1::2 al

(xeaP=x'+3x'a + Ia* +a' = + I, ¥a+ g, @'+, @
Thus the theorem is true when n has the values 2 and 3.

Step-ll : To prove this theorem by the principle of mathematical induction we shall assume
that the theorem is true for some particutar value, say, m of n and we shall show that it is
true for the value m +1 of n also.
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+7C, ¥ 2ate 4+ "C T 4t PO

= (™4 "Cxm @+ "Cax @4 4G X+ "Cpxa™) H X
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s (eraf™i= ™4 (14 MG ™ a+(TC, +C,) XA+ HMC_ + "C,)
Xmrigrs 4 TG a™

Using the relation ™¢_,+ "C,= ™1g and "C, =1=""'C_, we have,

Mg+ 1=m+1= "G, Mg, + C, = ™IC,, ete

So, (x+a)* mymi 4 ML ym g g MG migla L+ ™G, 8™

" Thus, the expansion of (x+a)™ ' is exactly of the same form as that of (x+a)™, Hence if the
theorem is frue for the index m, it is also true for the index m+1.

Step-il: But we have seen that the theorem s true for the value n = 3. Therefore it should
be true for the value 3+1 =4. Hence the theorem is true for all positive integral values of n,

Remarks:
1. (x-a)"=x"+ g, (-a™ +7C; (-afx"? +"C, ([P X+ A iC. (~a)

= ¥ — g, (™" + °C, (@) x* 2 - "Cy(aP w4 4 (- 1) "Cr (@)

Thus, the various terms ir the expansion of (x - a)" are numerically same as those
of (x + a)" with the difference that here the terms are altemnatively posilive and negative
and the last term is positive or negative depending on whether 'n' is even or odd respectively,
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(e =&+ "Ca" x+ "G @+ L+ "Cox"
Futtinga = 1 we gat,
(e =1+ "Cix+ "G, a¥+..4 G, o
a formula convenient to remembser.

1.6.2, General term; In the expansion of (x+a)", we find that the
coefficient of the istterm=1= "¢ = "g, ,

coafficient of the 2nd term = T =,
coefficient of the 3rd term = "C, = "C, ,

So, the coefficient of the (r+1)th term = "C, 4= "C,
Denoting the (r+1)th term by L. we have

tr+1 = nﬂf gl =r“:n'_‘n{ﬂ_'f,:lu..{n—.':-.".ﬂf|—l'{

., iscalled the general term because, any required term can be abtained from it by giving
a suitable value to r. For example, to obtain the 5th term from the beginning, putting r = 4

int,, wegett, = ", x"*a* The (r+1)th tlerm is aiso denoted by T .

Note that in the general term the index of x is (n - r) and that of 'a’ is 'r’. So the
general term in the expansion of (x—a)"is "C, x** (~a) = (-1)" "C,x""a'
a) The simplest form of the binomial expansion is,




nn[n—1}{n-—2]-.-.[n-r+ ﬂ',{

red rl

b) {1+F}"=[HE1+‘EIT=f[1+ﬂ". where :=%

=x (147, 2+ "Cyzt+ ..+ "C.z+ ...+ "C2

¥ ¥ y' y'
g "’-3:!"-,—:*--"* “c,r.F+....+“cn:".?

=yt AE e AR Coy o x"Cy
Thus, the expansion of (x+y)" can be obtained from that of (1+z)*
¢) The binomial expansion of (1 - x)" is obtainad by writing ( —x) in place of xin {1.4). Thus,

e apx 4 MA=0 2 An-Tin-2) 5
(1-x)"=1-mx + o " = g LTI
e.g. (1-x)"=1-5x+ 10" 10" + 5x* —x*

The general term in the above expansion is given by

r in=Nin=2)..(n-r+1) o
rl

t,, ="

r+1

d) The cosfficient of the first term in the expansion of (x+a)"is 1 or "C,, . The coefficients

of second, third, fourth ..... and (n+1)th terms are "¢, , "C, ,"C;, ....and "C, respectively.
These coefficients are called binomial coefficients. Binomial coefficients are some times
denoted by C,. C,,C,...C,, =
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e) The coefficient of (r+1)th term in the expansion of (x+a)" is the sum of the coefficients
of rth and {r+1)th terms in the expansion of (x+a)" . For example, as the coefficients of
{x+a)* are 1,2 and 1, the coefficients of (x+a)’would be 1, (1#2=3), (2 +1 =3), 1. The
coefficients of (x +a)* would be 1, (1+3 =4}, (3+3=6), (3+1=4), 1. etc. So, when the
coefficients in the expansion of (x +a)* are known, the coefficients in the expansion of
{(x+a)*"' can be obtained without doing the actual expansion,

Example: 1.27 How many terms are there in the expansion of [(2x +3y)]* 7
Solution: [(2x +3y)]* = (2x +3y)"

Hencs, the index, n = 10 is a positive integer.

So, the number of terms in the expansion =n +1 =10 +1 = 11.

&
m:i.ﬂ%mumuhnﬂ[h—%r] by the Binomial Theorem, By
giving suitable values to x and y, obtain the value of (29.5)* correct to five significant figures.
Solution:

e .t a 4 3, ¥ 4 2i_Yy2 4 ¥ L Y
(3 2v) =@0te'e - Prica@xr- L7 ves@nc- 20 (- )

- —
- @0 - 430°( % ]+Hm”z i)

= §* -w§+%ﬁ1ugxy3 —1-,r

16




i R o g
(V2 +1) +(V2-1'
Solution:
(Z2+1)" =(v2) +5C,(V2) woC,(v2) £etCy(v2) #
45C,(v2) 1450 [2) 5 C, st
(V2-1)" =(+2) -*ey(V2) 1oc,(+2) #-5Cy(2)
<5C,(V2) 1*-5C5(V2) F+5C,
Adding, we have, (Y2 +1)' +(v2-1)' =z{{&}'+ﬁcz{ﬁ}‘ +5C,(V3) “cﬁ}
(terms with odd powers of {+2) cancel out)
=2{2" ,Bx5 0 Bx 5:4:32”}

12 4321
=2(8 + B0 + 30 +1) = 188

1 2
Example: 1.30 Find the 10th term of [2:"+;J
Solution: Heren =12:':‘_—.2xﬂlra1!%

X

T, = "G al= 2 {zgl}u-r[T]'



Example: 1.31 mﬂmwﬂﬂhhmﬂmﬂlf HE'J 7 Also find its coefficient.

Solution: Here n =10, 'x' = x* and'a = -:

Let the (r+1)th term contains x*.
e

, 2 [ o
Trl-'| IHEI {ﬂﬂl [._;J = '“]Gr HH ar T

= (=1L te )
To find the term containing »* , we take x®°¥ = y*
le.20-3r=8 or, -3r=-12 or, r=4
Putting r =4 in (1), we gt

M=9=8x7T
g Pt lecicke 8
R E

50, the 5th term contains x* and its coefficient is 210,

T =(-9*."c,. «x* =210%"

L

Example: 1,32 Write and simplify the term involving x** in [nﬁ: -h:’J a

1

s ki
Solution: In the axpansicn of [wi —hr’]  the (r+1)th term is:

’ {17 =1)
T4="C, [-ﬁ] (by



TE-H =T1'=1TCH_ .I”Filf—h_}'x“

=12376 a" B y" ™
Example: 1.33 Write the ganeral term in the expansion of (x* - y)"
Solution: Let T_, be the general term in the expansion of (x* - y)*

T., =%, (O™ (-yy =(-1) ¢ x"2y'

" 0
x 2
Example: 1.34 Find the 5th term from the end hﬂmmshﬂnf[?'?]

Solution: Here the index n=9

Total number of terms in the expansion is & +1 =10

The 5th term from the end has (10-5) = 5 terms before it and is the 6th term from the
beginning.

= T -F - ih 2 |
Hence T ="C x"'a'= C,[z} x[—F]
Puttingr=35,

' g -] 2 ]
T _l]hﬂ_i__l_
n'c4z}"[f 541 27 x°

_E:Bx?xﬂt
C 4x3x2x1

1.6.3. Middle Terms:
In the binomial expansion of (x+a)" or [ 1+x)" there would be either one middle term
ar two middle terms depending on the value of 'n' as even or odd.

X3y (D) =-3xTxBx2xx> =252/



n n
ie, "C, x2 a? and is equal to
i' 3
2
Case Il : When 'n' is odd.

If ‘n’is odd and is equal to (2m+1), the total numbe- of terms being (2m+2) is even.
In this case there are two middle terms viz. the (m+1)th and the (m+2)th terms. Since

=4 . n-1 n+1
2m+i=n, man_ So, the middie tarms are [T+1]&|m[-+—+1}h terms and

nel -y o el
are"C,,x2a? and"C,,x? a? .Onsimplification, these become
2 2

¥ w1 ol ol L=
x2 .a?and x? gt
[n_—*'], [w} [M], [n_—1]r
2 2 2 2
Thus, the numerical values of the coefficients of the two middle terms are agual.
If n=8, the numberofterms is 8 +1 =9,

So the 5th term s the middie term
If n = 8, the number of terms is 9+1 = 10

So there are two middle ferms, viz. the fifth and the sixth terms e,

[9_2_‘11}1:1 nd[%ﬂ}hmihuﬁmmmuﬁmt&m




ey T e TFN Lk e TR Nl i’ bl -

n-r+1
Now s+t . "G @
i “Er—1 4 §

¥

—

n—r+1_531
X

t
bzt —'t—'la"i le,

F
le,ffn-r+N)a = =
i.g., if {an—ar +a} = rx
ie. if (n*=1)a = r{a +x)
n+1a = k.S8y
a4 K

e, 1 =
Thus the terms continue fo increase as long as r < k. When 'k’ is an integer, 1, =1, and
these are the two greatest terms.

1 : n+1
Lo, is a fraction, let its integral part be dencted by m, ie., l:“:a

= {m +f},

where 'm' is the integral part and 'f' is the fractional part.

The terms continue to increase till r=m. Thus t__, is the greatest term in the expansion of
(x+a)"

1.6.5. Equidistant Terms:

In the expansion of (a+x)" or (1+x)", the coefficients of terms equidistant from the
beginning and the end are equal.




is equal to tha coefficient of the (r+1}th term from the end.
It can be verified that, "c, ="C, ,"C, ="C,,."C; ="C,; etc

1
Example: f x= E.ﬁﬂﬂumminhmhnﬂﬂﬂ:}'wmmu‘mw

the formula. Also compute its value.
Snluﬂm:LatTmbungmnhﬂtuminhuannﬂx}'.

Now, T,.,="C,(4x)'and T ="C,_,(4x' "’

T.. B-r+1
—— _4:‘
T r

r

mmﬂmwwunt%.mm.

T _8-r+1,1 8-r4 3684
¥ ¥ Uy FTE ar

r

— 4 o tor Tr<36

s
T, is the greatest term, then T, > T or, l_;:-l:-i. or,

Hm:ertﬁ% ie, r=25

Hence, T, =T, is the greatest term.

Now, Te = *Cy(4x)* = 'c,,[ ;T H‘TE[ ] 55(3]

= 573441243




]
Thus, Tg="" Cs(x)'" 5[ l] [Srm Tu="Cax"a in(x + n}"]

]
=|:1u|: x![__.!_J
el
_10x8x8x7x6 (=1 __ [ - |_ 63x°
Sxd4x3x2x1 2y 2y') 8y

3 T
X
Example: 1.37 Find the middle terms in the axpansion of [EI_F]

Solution: Here n =7. 5o, the number of terms in the expansion =7 +1=8

Thare are two middle terms u[—n]mmd[mn]mumm which are the 4th
and tha Sth tarms.
3
7 raf X) _7x6x5 ., L
So. Ta='C4(3%) [ EJ EEPEFTL }[ zm]

. 35 = 81 105
=353 54 -2 _|=c o LT
[ zm} 216 8




b T

L]

Example: 1.38 Find the term independent of x in the expansion of [:-%}
1 o

Solution: Let t , bethe term mﬂxhwmﬂ{:—ﬂ

]
Now ms"&:ﬂ‘“[—i] ="0C " (1) x

5[_1}1’ 1Ec :‘FH-F
F
If this term is independent of x, then the index of x should be zero.
50,16 -2r=0 or r=8
Hence t, is the term independent of x.
S0, tl.:“cai"“l x -8

=%=12&?u
Example: 1.39 Use Binomial Thecrem to evaluate (988)*
Solution: (899)* = (1000 - 1)*
= 4c, (1000)*- *c, (1000P*+ 4c, (1000)*~ “C, (1000) +*c, (-1)*
= (1000)* — 4 (1000)* + 6(1000) - 4(1000) +1



ol o g s o e L"' Ak . rj ol iy T L] rj

(b) Find: (Vx + ,{;}' ¢ (V- \.G}}'

() Find: (vZ+1) +(vZ-1)
3. Use the Binomial Theoram o evaluate
(i) (89)* (i) (102

4x 5%

4, (a) Write mmﬂhmmmmmm{?—ﬁ]

(b) Write the 10th term in the expansion of (x - y)*.

1 a
{c) Find the term containing x° , if any. in u'maxpamiunuf[-'ﬁHEJ

(d) Find the coefficient of x'® in the expansion of (x* - 2)".
12
5. (a) Find the middle term in mmwmuf[z—h:]

T
2%*
{b) Find the two middie terms in the axpansion of [3!—T]

§. Show that the middle term in the expansion of (1+x)™is 135..(20 1) o .0
n!

m
7. Provethat the middie term of [:H%] _'1.3. 5"';;:2“_1].
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FEER THINER. o T e
10. Find the value of (1.0005)* to four decimal places by Binomial Theoram.

11, In the binomial expansion of (1+a)™", prove that the coefficients of a™ and a” are equal,
12. (a) Prove that the coefficient of x" in (1+x)™ is twice the coefficient of x" in (1+x}> "
(b} Find the coefficient of x in ( 1-2x +3¢)(1-x)".

n
1
13. If ¥* occurs in the expansion of (f +;] ., prove that its coefficient is

{zn}!:[""a‘p]! [E"; "’]l

14, Prove that the coefficient of the {r+1)th term in the expansion of {1+x)™’ is equal to
the sum of the coafficients of the rth and (r+1)th terms of {1+x)",

15. Show that the coefficient of the middie term in the expansion of (1+x)*" is equal to the
sum of the coefficients of the two middle terms in the expansion of (1+x)*"" ',

16. (a) In the expansion of (1+x)®, if the coefficients cf (2r +1)th and (r+2)th terms are
equal, find r.

(b} In the binomial axpansion of (a+b)", the coefficients of the fourth and the thirteenth
terms are equal. Find n. |

17. The coefficients of (r — 1)th, rth and (r+1)th terms in the expansion of (x+1)" are in the
ratio 1:3°5. Find, bothnandr.

18. f T is the rth term in the expansion of (1+a)" in ascending powers of a, prove that
Ar+)T, = (n-r+1) (n-r} a* T,




expression s gvenby 1 +ax +a x'+ ... +a . x¥ showihat, a +a +a, + .. +a =31

22. Inthe expansion of (1+x)'"", the coefficient of (2r+1)th term is equal to the coefficient of
{4r +5)th term. Find r.

m
23. If x’ ocours in the expansion of [:H%] , prove that iis coefficient is

(2n)!

[%{h-r}li{%m +r]}!

]
K
24, (a) If the coefficient of x in the expansion of [:’ +;] is 270, find k.

1]
K
(b) If the absolute term mruamiunuf[ﬁu ?J is 405, find the value of K.

25. (a) If the 21st and 22nd terms in the expansion of (1+x)* are equal , find the value of x.
{b) In the expansion of (1+x)", the fifih term is 24 times the third term. Find the value of x.
26.1fa,, a,.a, a, are the coefficients of the second, third, fourth and fifth terms respectively
n the binomial expansion {1+x}", prove that

a, 8y 2a,

a,+a:+a,+n‘ a, +a,




Proof: Let(1+x)"=C,+C x+ C,x¥+ .. +C ¥ {1.5)
Putting x = 1 on both sides of (1.5), we have

(1+1)*=C,+C, + C, +...+C

ie i::ﬂ+l:::1 * c= .40 =2 {1.6)
Corollary 1:

Total number of combinations of 'n’ different objects taken some or all at a time
can be found by using the aquation (1.6).
Thus, we have, 1+C, + C, + . +C =2"

This shows that the total number of combinations of 'n’ different cbjects taken 1 or 2 or
.orn atatimeis 20-1,

Corollary 2: The number of all subsets of a finite set of 'n’ elements s 2°.

Proof: We know that an empty set is a set containing no element and is a subsel of every
set. There is only 1 = C(n,0) = C, such set with no element. We also know that the
number of combinations of 'n’ distinct objects taken 1 at afime is C(n.1). Thus the number
of 1 element subsets of 'n’ distinct objects = C(n,1) = C,. Similarly , the number of 2
element subsets is C(n.2) = C_; that of 3 element subsets is C(n,3) = C, and so on.
Finally, the number of 'n' element subsets i C{n, n} = C .

The total number of subsets, therefore, is

C,+C, + C,+...+C_=2" (by property I)
Hence, the number of ali subsets of a finita sat with 'n’ elements is 2°.




=» =um of the odd coeincients = Sum of the even Coalficianis
SinceC,+C, +C,+... . +C =27

C.+C+C+...=C +C +Co+ . -%.2‘“=2”.

Property llI: In the expansion of (1+x)*, where 'n’ is a positive integer, coefficients of
terms equidistant from the beginning and the end are equal.

For the proof, see 1.6.5
Example: 1.40 The sum of the squares of the coefficients In the expansion of (1+x)" is (2n}Y

(nf)y
Solution: We know that (1+x)"=C +Cx+ G+ . +C ™+ C " (1)
Also, (x+1)"=C, ¥+ Cx"' + Cx"? + . +C x+C {2}

Muitiplying (1) and (2), we get '
(143" =(C, +C x+ Cp + ... 4C;, ¥+ C, ¥} x

(GG S G4 A0 X C) (3)
Equating the coefficients of x" on both sides, we get

g =CI+CI+CH4 ... +C [+ Ct

S0, the sum of the squares of the binomial coafficients is

g () _(20)
" nl@2n-n)t  {ni)?

Remarks: Equating coefficients of x™' on both sides of (3), we get

|G, =0 G +C G+ G, B +C, .G,



Ll hord Ry - TS L B s = e -
Solution:
(i) We know that, "C,+"C,+"Cy+...+"Cp = 2° e (1)
Putting n = 11 in (I}, we get.

e+ G . T IC =2
(in) W A0 B0 G

=(15C475C,+ 50+ "5 C 4. +¥C) (PCp+'%Cy)

2% _(1+15)=2"" -18 = 2*(2"" -9 =232768

Example: 1.42
Using Binomial Theorem, prove that 6 - 5n always leaves the remainder 1 when
divided by 25.

Solution:
By Binomial Theorem, we have
B = (145" =1+ "Gy 5+"C; 5%4"Cy 5%+ 4G, 5"
=1+5n+5" "C;+5" "C3+..+ 5"
R - 5n=5=[“i3= +5.“G=+....+E““=]+ 1

= 25 ( a positive integer) +1

o (8" —5n) + 25 = a positive number (quotient) + 1 (remainder).
Hence, 8" - 5n always leaves the remainder 1 when divided by 25.
Example: 1.43

fc,.GC,.Cy. .....C, are binomial coefficients in the expansion of (1+x)",




Solution:
(LHS=Cy+2C; +3.Cy+..+nC,

nin-1 . nin-"T{n-2)
2 T +3 397 +....4n1

02, ]

=T+

=n[1+{n~‘l]+

=n[™1Ce+™ 10+ 0+ 4™ C, | =01+ 17 = n2™ =RHS
(since Cy+Cy+Cy+.4C,=2")
fil) LHS= Cy +2C; + 3C,+.. +{n+1) C,
=Cy +(C,+C,}+(C; +2C, +...+(C, +nC,)
={Cy +Cy +Cy+...4Cy) #(Cy # 2C3+...4n C,)
=2"n 2" =2"n+2),
(il) LHS=Cy+3C,+5C,+. +2@n+1)C,
=Cy +(Cy +2C, )+ (C; +4C, 1+.. 4(Cy + 21C,)
=(Cy +Cy+Cy+..+C,) +2(C, +2C, + 2C,...+n C,)
=2"+ 2 n2™*
=2+n.2"= (n+1)2"=RHS.

Example:1.44
Prove that

() C,+2C, +2iC, + .. 42°C, =3"



el 'Hn = R 'H: LI LR H'“ -

(i) C,-2C, 43C,+ ...+ (-1F (n+1)C,
=[C,-C,+C,-C,+ ..+ (-1)'C,] - [C,- 2C, +3C, + ....- (-1)*' nC ]
=(1-1)" - (C,— 2C,+3C, - +... +(-1)*' nC,)

n-zMA-1) . Hn-Nn-5

-o-| 21 32 1

3 _+{-1}“"‘.u1]
(n-Nin-2)

= 1=-{n=1
= {(n-1)+ 51

=-n["1Cq - "Cy + VCo -1 T,

H_,}m]

=-n{l-1""=-n 0=0

1. Find the value of

(I s R e

M  PC+C+C .40

2. Write down the binomial expansion of (1+x)™" when x = 8. Deduce that 9*'-8n -9is
divisible by 64, whenever 'n' is a positive integer.

3. H (1+x)"=C, +C, x +C, ¥* + ... +C_x", prove that

c C c '3,. n{r: 1
(@ Li2-2.32
T S T TR e




9] U din) (b vl (kg Fadeqtna o)==

n!“ I
4. IfC, C,, C,. ....C, are the coefficients of successive terms in the expansion of (1+x)",
where 'n' is a positive integer, prove that
E c" Gﬂ 2!1-1 -1
M,

O c°+_i_+ 3 et el
| 1 2"
{H} c‘ +Eci +§G¢+....= n+1
GG nCn _ 1
LR T e R e oo

5 If C, C,, C,, ....C, be the coefficients in the expansion of (1+x)" where 'n"is a
positive integer, prove that

CC, +CL,+CLC,+...+C, C = 2.1 3 6..(2n-1)]

{n+ 1)
8. HC,C,.C, .. _G_dunuhthumuﬁidm in the expansion of (1+x)", prove that
(2n)!
CE +C G, *C L, * -t C, '*E" = m

7. The coefficients of the 5th, 6th and 7th terms in the expansion of (1+x)" are in A.P. Find

',

8 The coefficients of three consecutive terms in the expansion of (1+x)" are in the ratio
1:7:42 Find‘'n'.

L

9. A particular three consecutive coefficients in the expansion of (1+x)" are in the ratio
1:35.Find 'n'.
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12. Fill in the blanks.
1

(i) The middle tarm in the expansion [§+_ﬂf] is
2% s

(i) Let (1+X)"=C, +C, x+ C, ¥ + . +C_x"

W -&-h—z&*— +E§-=1+....+—é%:- =%.rl{|1+‘l}l then k =
(i)  The largerof (99% + 100%) and 101™is ____

{i¥)  Thesum of the coefficients of the polynomial (1+x+x7)"" is
13.  Some statements are given below. If the statement is correct, write True otherwise
write False.

12

(i) The term independent of x in the expansion of [2:’ -%] is 6820,

(i) If P be the sum of the odd terms and 'Q)' that of the even terms in the expansion of
(x+a)", then (x*-a%)" = PA-OF
(i) CreCT+Cr+..4C ="C

14 Choose the correct atternative
15
1

0] mmuf:“inﬂummuf_{!‘—;;] is

{a) 1185 (b) 1265 (c) 1365 (d) None of these




) PCy+"Cy47C,+"Cy+"C,y B equalto
(a) 255  (b)256 () 257  (d) None of these

1.6.7.Binomial Theorem for any index:-

We have shown that (1+x)" can be expanded in ascending powers of x as
(1#x)" = C(n.0) +Cin, 1)x + ... +C{n.rx' + ...+ C{nn)x"

This expansion is valid for all values of x only if n, the index, is a positive integer.
But when ‘'’ is negative or a fractional, the symbals C(n,0). C(n.1), C(n.2), etc are
meaningless and so cannol be computed. However, the same can be done by writing
{(1+x)" in the following form

(142" = 14 ¢ + r‘—:-ﬂx?h...ﬁi"- 25 Ll £ 2 (1.7}

rl

We make the following cbservations:
For a negative or fractional value of 'n’.

(i} equation (1.7) s vaiid only if the value of x is numerically lessthan 1ie, [d<1 or ~1<x<1.
(i) the number of terms on the RHS of (1.7) is infinite.

\We have aiready given a proof of (1.7) for positive integral values of ', For negative or
fractional values of ‘n’, the proof is complicated and is beyond the scope of the present text.
We simply assume that (1.7} is valid for negative or fractional values of 'n’ provided |x[<1.
Note
(1): The expansicn of (a+b)" for negative or fractional values of 'n' canbe found as follows:



=a"+na" " 'b+

(1.8)

{2): We consider the following exampile to illustrate that for negative value of the index 'n’,
the expansion

n:"z a2, +I'EI'F T."rf“ F"‘T-'an .

(+xf =tsmee M0-Dy2,  mA-B.0-rv9 .,
21 rl

Is not valid when |x] = 1.

letn=-1,andx=-2

Putting these values in equation (1.7) above, we have,

(1=27" =14 (=0.(-2) D=0 o2 EWCA-DEI-D) o
21 1
SN2 (D)

T

B P L 12,1
=1+2+ 2!.2 e ol ST 2 2'

=1+2+22+ 04+ +#2% .

Butthe LHSof (1.7)is (1-2)"=(-1)"= —l'l P |

Such an absurd resull is obtained by taking x = -2 in the expansion of (1+x)"

Students are advised to remember the following facts:

1. For negative or fractional values of the index, the number of terms in the expansion of
{1+x)" is infinite because (n—r+1) will never vanish and as such, there is no last term. In
other words, the expansion continues without end.




that, Iilﬂ

1.6.8: General Term:

The (r+1)th term , t _ is called the general term and is given by
¢ L Pn=Tn-2) (n-r+f).,

r=1 rl
Cor 1: Expansion of (1+x)™", |x| <1
We know that

(1+%)" =1+ nx+ MHTT"'JE-#.--A m:n_mn_Er:;""tn_r+1}f+_.__tnm

Changing nto-nin (1.9), we gat

[1+!}'"=1+[-ﬂ]x+{jﬂ:—q_—ﬂf+ﬂ Jeen =0t Cacrel g o
o =

r!

= ‘T-r'|.'|||:+—-m'r';‘|]I .+ n{n+1}{n+f}:...{n+r-1}f+m_hﬂ

[_14- x}_l'l 5 {"1}, nn+ mn+2r:""{“+r-1]f

Thus the genaral tarm in

Cor 2: Expansion of (1-x)", |x| <1
Changing x to-xin (1.10), we get

=(1-%)"" =1nm—u1+"["'rr1}-:-x}=+....
Wt {n+Hn+2)....(n+r-1)

rl

B . T

(1.8)

(1.10)



LIFXTE =g F ol =% Tl = ..
(14 %= 1—3x + 6x?— 100 + 15x¢* — .
Simitarly, putting n =1,2 and 3 successively in (1.11), wa have,
(1-x'=1+x++x+x* +
(1-x)? =1+ 2x+3+d* + 5" + ..
(1-xy?=1+3x fﬂ::?-\r 100 + 15x* + ..
Remark: In the valid expansion of (1+x)" , the terms are alternatively positive and negative
while all the terms are positive in (1 -x} ". But in the expansion of (1+x)", when 'n’is a
positive fractional value, no such general rule can be stated. For, in the expansion of
(14x7*2, |x|<1, we have,

= 3 %[%'] _["11“]

—T+EH+—}¢= —lr]

while in the expansion of (1+x)*, |4 <1, we have

(1+x)° " = Ha"_'rzuﬁ

1.6.8: Sum of a series:

In some specific cases, Binomial Theorem can be used to determine the value of
an infinite series provided, the series conforms to the binomial expansion. We explain the
method with the heip of the following example.




We know that, for any index n,
nin-1 2 nin-1{n-2)
I T @
if'lhunriﬂinqumﬁmcﬂﬂhﬁﬂﬂotimﬂiﬂiexpamiun.ﬂmuﬂnhtmnf{i}
nmmlmﬂltﬂmWﬂMMnmﬂmﬁHEuim.
Equaﬁngﬂuhenmuf{ﬂﬂﬂttmmmpumﬁngmﬂmuhau.

(1+x)" =1+nx+

(3)

6,78 )




" _1+13 1.3.5 1357
¥=3%38 '369 380812

Provethat y* + 2y-2=0

Solution:
The given series may be written as
y=l1ad 13 185 } .
3 36 389 |

Comparing the series in the brackets with

1+n:+ﬂﬂ1;—ﬁ:1 4+ ..., we have

G nn-9._1
m.: E.md T f-a_
i

2
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Example: 1.47
Using Binomial Theorem, find the value of 3126 to four decimal places.
Solution:

ﬂﬁi={1zﬁ}i =(125+ 1].5 .{125}'5[1+% -

i 2
- 5{1+0.008]5 =851+  x (0008} + 5[_5J
3 21

» (0.008)" | [neglecting the other terms]

S0, {126 =51 +0.002666 - 0. 0DO00T11] = 5 [1.002659]
=5.013295 =5.0133 (correct to four places of decimal)

Example: 1.48
1+2x 1
Find the coefficient of x* in the expansion of Rl
(1-2x) 2
Solution:
1+ 2%

m = (1+2%) (1-2x )2

= (1+26) [ 1+ 2(2x) +3(2x)* + ... +10(2x)"+ 1{20)"+ . L[ 14 < %i
= (142%) [ 1 +dx #7126+ . +10, 2% % 11. 2% x"% . ]



that the Binomial expansicn is valid.

Solution:
) 1 2 i
The given expression —— —— = {14+ x] ™1+ 4x
(14%)° 1+ dx Rk £

1 1y _1
(2% (-2)(-2-1 (”'z' R (‘il'i'q
|:1,|- e T 11+....]: 1+ z— S (4x) +....

={1-2x+3nt+.......... V{1 -2x 480 +.......... } (ignoring higher powers of x)
=1 —dx +13x7

Example: 1.50

1

Unhgﬂmhlﬁmm,mﬂm in ascending powers of x.

Solution;

?E-_:'-E -{5+4xj'% .[5 [h%]]’; '3 E—%{h%:]“i

e S -k




Example: 1.51
Prove that (14 x+3x% + 30 -2+ —x?e ) =1+t + 58+

Solution:

2 2 3 )

Bax+xt+x0  J1-x+x® =x+....

= (1= 1+ 07 = [(1= (1420 = (1= %)

=1+x2+ 032+ (xEP+ ..,
=1+ et e+t .



2. (a) Find the value of (830)"'* comect to five places of decimals.
(b) Find the 5th root of 244 cormect to three places of decimals.

1
3. (a) Find the coefficient of x* in the expansion of (1-2x)y** <>
(b) Expand [1+4:+E]”Emtmannmvmmf. For what value of “x' is the expansion
valid?

24X
(3-2x)"
Also state the condition under which the result is valid.

() Write the first three terms in the expansion of in ascanding powers of x.

&)

2(r))*
1 ax:, mantioning the conditions under which the result

4. Show that the general term in the expansion of (1-2x) 2 : . Sl

5. Find the coefficient of x'“in
holds. f' }

6. Assuming '’ to be small, 5o that x and higher powers of x are neglected, find the value
|
of (1-2)3 (4 +5%)2 /T-x

7. Show that

() f’n1+r{1—;] "{“;]'[ ﬂ s..tom

. 1-x) nin+1) 1-x“+ =
(i) (1+x) -2{1—{1+!]+ T [14_“) w10 ]




a{a}mmsmmmmmmmuf[q_f]?

1+ 2%
(1-3x)°

{b) Find the coefficient of x* in the expansion of

(c) Show that the coefficient of y" mmwﬁg—*—:}: is dn.

(d) Find the coefficient of x® in (1 +x+x%)2,

1-x

Hh'rt1+x+:1=1_f]
! _ 1 (2
8. Show that the coefficient of x' in the expansion of (1-4x)2 is W
r
10. When ‘x' is so small that its square and higher powers may be neglected, and if

{1-3::}; +(1- :r.];
i -x

is approximately equal to a+bx, find a and b.

1
11. I n> 4 and cubes and higher powers of = are neglected, show that

T
nF+16-yn"+8=—
e +18 -7 + o
12, Huubinumhaimmmnf[a+u:}*hI‘—Er+...,ﬁndﬂuvﬂmsnfamdh.

13. Use the binomial thearem to evaluate



1 :
(V) gig comect o four decimal piaces.

14. With the help of the Binomial Theorem, show that

1

1+ 13 - 135 1357

i e s T
4 38 apiz 481216 V2
15. Identify the following series as binomial expansion and hence find its sum

1+l+ 78 7811 .
18 1836 1836854
16. Sum tha series

5 &T G678
S iy e il S
213 3 43°

3
Hint : Write 2 = 141 = 1+%.§.
3 35 387
So the series becomes 1+ %‘%*%ﬁl%*m'z

30 "3']-1'....

17.-1f a and b are values of the second and third terms respectively in the expansion of
{1+ x)", prove thal

31

a*-2h

Nn=

a’-2b

:':

18. When x is so small that its square and higher powers can be neglected, show that
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(iii) fy =2x + 3+ do* + . thenx =
{iv) The value of ;l'gm . correct to four places of decimals is
20. Choose the correct alternative :

1
mmmmwhaumdingmd:hymingﬂmmmn
2 2 2 2 :_E
(a) H:r:'!-" Ih}x}ﬁ. {ﬂ'ﬁufﬁ. (d) Ixd 3
{ii} The coefficient of x* in the expansion of (1 + 4x + x*)" is
(a)-3, (b) -2, ()2, (d)none of these

(if) g.;—ﬂumm

(a)0.1984 (b)0.1983 (c)0.2001  (d) none of these
{iv) The sum of the series.
e
4 4
(@) v2 (B)2v2  (©2"  (d) none of these

E

1 e
12

5 35
CAril .
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series denoted by ‘e’ is infinite, its value is finite and lies between 2 and 3.

. 1Y
(i) Prove that l"_'!'l- [1 ‘-H] =e
Proof : Expanding (‘H%] by the Binomial Theorem when n >1, we have

n 2 3
[1+§] =,+n_1+£n_—11[1] w[l]

n 21 \n 3! n
1 1 1 1(, 1Y, 2
sfitir It el i St
TR [1 n]+3I[ nI n
123
M‘“n-ﬂrm —.;,Fﬁhﬂﬂmtﬂm

i
1
!_I.I."I- [1+£] =1+1+§1E+§+""='

L]

{ii) Show that, the value of @ lies between 2 and 3.
Proof : From definition, we know that

L o
Hence I|1_h‘”rr";u‘[n-—] =@

1 1
= T+ —+—+ ...
e=1+ +2'+31+




Hence, E=1+1+—+ e 1-t~1+-ll-+—'|~+lI

1
21" 3 2 AT

=14+2=3

90, 2<e<3
{HI}IEI'H:‘HHMﬂ!ﬂmﬂmvﬁHﬂ'ﬂ'mmfwrMﬂmhlﬂﬂﬂ.
Proof : By definition, we have,

I IR [ |

=1 P IE0 CT T
bl i
111
setalile ®
M TRE TR T ”

Now 2= M_._.usmum, —uﬁf-sinﬁm} 0166667
1.1 _io1esse7)=0041867, i-L._mmmmnnmusaa
443 4 51 54l
1.1 _ 1(0008333) = 0001388, = =7~ 7(0001389) - 0.000128
8 851 6 71°781
e 1[u.um193] - 0000025, — ==} (0,000025) = 0.000003
Bl 871 9 98 @9 -

e = 2.000000 + 0.500000 + 0.166667+ 0.041667 + 0.008333 + 0.001389 +
0.000198 + 0.000025 + 0.000003 = 2.7183



Multiplying both sides by n!, we get

(n-fimentente D By et L

20 3 T N e e tined)

Since 'n' is a positive integer, (n -1)! is also a positive integer and therefore (n-1)Im
is also a positive integer.
So, the RHS must be a positive integer.

nl 1 1
But, the RHS = nl+n!+r2-|+ii+ 1ﬂ+1+{ﬂ+ﬁfﬂ+2}+"“

1

B oy s s n+1 ey
1 1
(%~ Qo & Bobiue e 4 n+1 meline2) s Dn+2)n+3)
= 3 positive integer + s (1.12)
. | 1 :
where, Bt N D) el DRy
1
Htis evident that > —— (1.13)
1
Now the first term of ‘s'ls ——
. 1 1

The 2ndlem = fnsdn+2) (s Dn+1) (na 1y

& 1 1 . Y
(n+n+2}{n+3) {{n+1}t’n+1}{n+1}_[ﬂ*1}3

The 3rd term = et



= (1.14)

From (1.13) and (1.14), we get, *L.:a.:l

i.e. ‘'8’ is a positive fraction. et
But this is impossible because the RHS of (1.12) must be a positive integer.
Thus the assumption that ‘e’ is commensurabie does not hold.
Hence, ‘e’ is incommensurable -
MNote : This method is also known as the method of reduction and absurdum.
1.71. Exponential Theorem :
If x is any real quantity and a >0, then

¥
(i &* _1+“+F+E =

i (i) ‘1=i+xmn+{mnl]l (m.)ﬂ

= + - +....1o0 = where the basa of log is e.

Proof : (i) By Binomial Theorem we know that,

(145 =1+ nxs 20 1}:2 .. <L gi" Ay o




Expanding by Binomial Theorem, when n’ is greater than 1, we have,

0 1 nxinx—1) 1 nxinx-Tnx-2) 1
[1'*';] —'|+|TH.FI'+ T .;i-'-l- T g Tt

ﬁ1+x+—m~{m_1}_~1—+mtm-mm-2}, . ki
n n 21 n n n 3

=1+ X+ :—1 —Li- r.-l][x-—i-}lqr
- n) 2! n nf3
1
Now taking limit n— =« mmmmmummﬁ‘

we have,

=20 @8 N,

ﬂ_lh.’l
3| ea

(ii) Let y = @, then log,y = x log a
Hence by the definition of logarithm, we have

oga
y=a *(forife™=n, thenm=logn)

x loga
;, =8 @



Bute e=3"

xloga xloga)®
So, a‘.—_1+:lugg+t W‘FJ hﬂ‘

21 31
Some particular Cases :
The exponential series ls &' -"|+1—I;-r §+

1. Whenx=0, e"becomes e =1+0+0+_. =1

2. When x = 1, " becomes a"=1+~1+-1+....=u

12
3. When 1, " becomes e T S e
: el T T
1 1 ik { it A

T-i"—' — .1--'-" ———
Th""[ a2t ] TRETIE T
4. Changing x to —x in &" we get,
i v x
& =1_:+ﬁ_?ﬁ.+""hm

The terms have alternately positive and negative signs in this serles.
Students are advised to remember the following useful expansions
X X x"

X
Ba el . F—F
Qe =gt al

L x X EI.. st
{il) @ =1-:I-F+-2-i-- 30 + e ¥ =11 FI-I-"-



(vi) 8" -8"=2 [1—3ﬁ+§+%—! +]

Example ; 1.52 Find the value of &* rounded off to one place of decimais,

Solution : Putting x = 2 in the expansion of *, we have,
O T o o - il

et —t b — —
e i e R TR

4 5 & 4
_1+2+2+§+E+ 5---“‘5 .....

> 7.355; the sum of the first seven terms of &*
2 z
2 2% 2 2‘] 2 [1+—2~+2—+i+..-.]

1+"_+_+_u.+._.—. m—

Also, 'i‘:[ 1 21 31 4

: 4 2 zl q 12 [i]=
= [1+2+2+E+—3—]+—5~i—[1+5+[5] + 3 Fenas

o R
='?+'5'—I[1—ij|.

4 3
=T +E.EHT+E-4

ie ef<74
Thus, 7.355 <e®<7.4




Hence, the coefficient of X" in e™*™ is n'-%

Example : 1.54 Write the series for (6™ ~e™*)/ 2

Soniton s Wetnowthet @ =ta S S0 Xy

7121031
Changing x to 3x we get,

3 (3% {3!}
LS N B

Again changing x to - 3x, we get

L300 (=307 (-3
1 21 3

e =1+

o

B RE .

On subtraction, we get

3 (3, (x° 6%
Lo {1: T +}

&h = E—-ﬂl Ix {3!13 2 ':3:}5 ,

" = 1 3 Sl

Example : 1.56 Find the sum of 1+—+l+—1-

B!
:‘

% 13
s P el ———
Solution : We know that @ +“+2r+3!




21" 41 Bl 7 e
. 2
Example : 1.58 Emhmérﬁ
n a2
BORAI0N ; NS B N N & = =0 =
= o - E . - 1
Lot :n-m'EE. n—1!

= + L - L + 1 +
(1-11 @2-1) (3-1) {4-1)1

=2[1+l+l+l+..,]=zl

12t 3
22 32 ‘2
Example : 1.57 Sum the Series 1*F+E+H+""
. ‘"-ﬁ'- .
Solution : Here Al (n=1)

Puttingn=1, 2, 3, 4,.._., successively, we have,
1 2 3 4

TR T AN ST PETTRN qa-m'\t* (4-1))

Adding, we get,
o o = n
1-51,, E‘I (n-1)1




[ 1 91 9 ][1 2 3
=1 —t—t—t |t =t =24
i1 21 3l 1M1 21 3

=B+[1+~1-

T +~2—i-+3-|-+.-..J= g+a=28

e _nn-f+n_ 1 1

At I, =

M- @  In- z;u TR
5-211:. '.’P- z}r E 1]!
= - 1 - 1_
& {n=2}!+-§1 -1
=g+g=28

Example : 1.58 Show that 1+2! + ﬁ: +% +..=e

 Solution : Let t be the n th term of the given series.

135...(2n-3)
Thent, = 2l

_123456...(20-3)(2n-2)
“Gn-2)1246 (-3 o n=2

tl1 = {31 — 2}! = [1]&” 1
(2n-2)12"" (n-1 \2 (n-=1)!

Clearly t, the 1st term of the series = 1

]

o A1)



1

4.

1+ i-l- Lz—g—i-Lz—‘.J—.--‘.

1 2 3

.g%.ﬁ

EXERCISES - 1.5

&
(a) Show that the coefficient of x'® in the expansion of e™is 14175 -

(b) Find the coefficient of x'? in the expansion of e™,

Write the series for.
B = =1
) e () exve> (i) S5> {m“' -
2.4 8
{a) Prove that :ﬁ+§i+§~1+....=u
= bx
{b}%hmmﬂhhmﬂ‘ .
(c) Prove that the coefficient of x" in
1+x+{1+xj2+{1+ﬂ31 hi
1l 21 o
n i
(a)Showthat == -1 3 x.+....1udmu-.|"-_1nl

A '2r



.4 .5 T
{h} [1+E+a+] _[1+E+ﬁ+m-] =
(a) Find the coefficient of 2" in the series

1+a (1+a)? (1+a)

1l 21 al
{b) Find the sum of the infinite series
23 33 4!
T+ —+—4—+..
21 31 41
1+3 1+3+5 1+3+5+?
1 =28
(c) Show thet, 1455 3l Py

Sum the series from n = 1 to =, whose n th term is

2

1 n
{n+1}l ® {n+2}l ¢ 1] (2Zn+l’ e

{Enﬂ ?j Cin, 2)
[H“ '!:I'E'r {HE:I T I“ﬂ " m ‘I‘!+1]I
) Cin.0) +C{n1)+.. +G[I'I.n:r

P{n.n)

(0
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2 4 6 8

Hi} §+ﬁ+.ﬂ+ -'E_|+
1.8 LOGARITHMIC SERIES
o
mm.im{1+ﬂ=:‘—2'+?—T+ ..... Wlﬁq":".

Proof ; By the previous section 1.7.1 (i) we know that

(xioga)”_(xioga]

*=1+x| : akee -
SR 3l

3
T =8

o ='rbﬂ= 2 3
y'(loga) y*(loga)
2 T3

Writing ag 1+x in this series, we have,

a
(1+x)" =1+1_.rIvug,,,l,'1-r-:n:}+£[1|:|-;[,,{‘l-l-:n:‘,i]J +1;~!—{Im.{1+x]]’+.,-,.- {1.15)

g

“eyiongs

But by the binomial theorem, when x<1, we have

(1+x)" =1+yx+ mz;ﬂ:h“!'r_g";*i'mx“t... (1.18)

Since the LHS of (1,15) and (1.16) are equal, their RHS must be equal

W=D YO-Wy-2) . (117
21

ie 1+jrbu,,{1+x}+!;!—{bg,{1+::‘j]'+._._=1+'_|rx+ 3l

Equating the coefficient of y on both sides of (1.17), we have,



x5 L4 L o

This is called logarithmic series
Note : Expansion of log,(1+x), is also valid if x = 1. The proof is not given here as it is
beyond the scope of the present text. It is taken for granted that the expansion of log,(1+x)
ssapowersenes of xisvalid for —1<-x<1
Cor.1. Changing x to - x in the logarithmic series (1.18), we have

o
h:vg.{1—x}=—x-—2---ﬂ——7—--~-
=-[:¢+-§-—+§+§+-..-] {(1.18)

Deductions :
(i) Subtracting (1.18) from (1.18), we have

x

3 L1
loge(1+ X) —loge(1-X) = z[x+-3—+fﬁ—+.-..]

(i} Putting x = 1 in logarithmic series,
r 1.0 A% A
|%2=T~E+E-I+'§"Et...
Remarks :
l:a]mm“ﬂpamhnhhﬁ.ﬁﬂt}mfﬂmmﬂﬂdﬂfnﬂ.
(b) There are three major differences between the exponential series and the logarithmic

smThmaaruimmdbdmz

(i} Inthe senes a'=1+%+52-|+ ..... all terms carmy positive signs, while in the series



.

1
Pultingx= -,
LHS= :—%:ﬂ -n--;-x"‘ -%x‘h—....

~log(+ :}-lu{n%]:lung:i:ms

Example : 1.60

Using the logarithmic series, prove that the value of log 2 lies between 0.61 and 0.76

Solution :

111 11
= 1 e B R Tt O
log2=log(t+ ) =1-J+z-2+z-3*

= 1_1 1-.1. [1-.1]4. p1+—+—+
I ot ) AT B R el BT OY Thie

= (0.5+0.083+0.033) + positive terms = 0.616 + {sum of positive terms)

log2 = 0.616




Hy=x-—-—+&———+_., and il |x|<1 , prove that

By definition of logarthm,
y=log, (19 = 14x= e
x=g"-1

3
=[1+r+_2f?+%+'--r}-1

T

TR T



L2 TN 2 R 58

St 33

=%hgz =mgz% =log¥2 =LHS.

Example : 1.63
Find the sum of
Solution :
an+3

Thentniem. b=z fanizn 7 _
The RHS of (1) can be reduced in to partial fractions as follows :
n+3 A B _C
Let R qZn@En+® 201 2n 2n+1 - (2)
where A, B and C are constants. Multiplying both sides by (2n—1) 2n (2n+1), we gel

A(2n) (2n+1)4B (2n-1) (2n +1)+C (2n - 1) 2n =2n +3

Comparing the coefficients of n?, 'n’ and the constant terms successively on both the
sides aof (2) we get,

4A+4B+4C=0, 2A-2C=2, -B=3

Solving, we get, A=2, B=—3and C=1

Substituting these values in (2} we have,
n+3 2 3 1

@n-92n(@n+) 2n-1 2n 2n+1
f B

3 .
123 "345 sBT

5 7 9
+ + e
123 345 bB&7

1)

Thus the given senes




two {erms in each of the bracksts together and adding, we have,

5+T+B+
123 345 5687

=2log,2+log,2-1
= 3log,2-1
=lr_ulu._1

EXERCISES 1.6

1. Find the sum of the following Infinite series.
&4~
(sla-

N G S

¢ k3
ill 5+2'

3 that log10 = . 1]:1[1}.—
Show og :ug‘.‘.*#!‘ 3zl

1 1 1
4, thnthq{m‘l}—hnn-?[h+1*m*1},+ﬂm+ﬂ,+ﬂu]

5 Prove the following :




L L,
(© 53 *325 T5e7 T 923

{d) log{1+x)" (1-%)"" =2 — 4 —+ —+..

1 I g O
10} tagali =13 [2 3)4*[44*5]-& [ﬁ*F]F*'”"*mm

it 4 =1 ae=]
O 20 3 ey

=logx, x0

(g} -:+3f +%x'+%:‘+....-é-hg{1-l}, |d<1

12,280 3 S % o
{h];f 3”3+4f 5 X 4 1_!+Iug{1 x), [4<1

Mo e ., prove that x* =1-¢'

1 1 1
3 -+ -+ L T,
Frmruﬂuttl'umnﬂ 2{n+1f 3{n+‘t}‘ has the same sum as the

1 1 1

n o

ify =2x" -1, then prove that, under certain conditions (to be stated),
" 1 2 2 2

— ettt bt ——
e 2 30 y 3y 5y



L1 ! i f
: * —1— *
St gt

Henca show that jogd =1+
L

2.1
Show that the coefficient of x" in the axpansion of log{1+x+x") is —EWE according

12.

as 'n' is a mu'tiple of 3 or is not a multipla of 3
13. if o and i be the roots of the equation ax!+bx+c=0, show that,

a 3 | 3’

iﬂﬂ.{a—hx+|:x",|:hg|_a= {ﬁ+ﬂ.}x—{u ;ﬁ ]{4{%];‘#._,
14.  Provethal if

-2 ) il

1 3l Slyew®)

st bm 1y 2 n
and 9=x-3X +5x’+T:E’ Ex“+ ..... thenf = g.
5 8 17

15, Frumthatin-g{‘I+3:+2:’}=3x—ix‘45:‘—Tx'+._..
16. If log - is expanded in ascending powers of x, show that the coefficient

ef_x—xT+x

of x"is g it 'n’ is even and % if 'n'sodd, (|nl<1)

1T

18.

Show that the coefficient of x" in the expansion of
1 1
log, (1- 5%+ 6y} is —E[E" +3“} ifix =< 3

) x _H x XN 1 x Y
FW |I-It1. mA = W*‘g{ﬁ] 'I'E[HJ .
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2 3
in ascending powers of y.
20.  Prove that

1+3 1+ 31 s 1+3 N
Bt | by . S
3 Vead)t —oi—{ogd)" + —o gAY 2

21.  Expand log, (1+#x+x*+x’} in ascending powers of x and find the coefficients of x™
and x*™', (|q<1)

i i

ANSWERS
EXERCISES 1.1

1. 20 3.(0)n, (i) n*+3n+2, 4 () 156, (i) 1720, 5. 144. 6.16Ix21, 7. (i) 120,
(i) 40, (i) 40, (v)80, (v)20, B. ()7, ()8!, 9. ()120, (i)24, (W) 48,

10. () 1728, (i)576, 11. ()9, (@9, ()5  12.277200, 13. () 7560, (i) €O,
14.6, 15.15, 17. 154, 18.730,240, 19.4320, 20 ()840, (i) 560, 21. 1024,
22 12, 23.(}h8, ()24, 24 ()4, (i) 1024, (ii) 4320, (v)24, (v}9, (w) 31,
25. (i) True (i) False 4°.5° (iii) False, 2880, (iv) False, 81, (v) True.

26, (ijb, (i)d, 1281, (i) a (W (Vb 27 2700, 28.83, 20.2°, 30 34650,

31,5775, 32 (i) 136, (§) 2454, 33. () cy»%C, () °C.=®Cy (i) Bc, (W) 481,

(vi401, 34. °c.x"C, =24



L' . T R L, R s R s S

2. (a) 2(32x +48x" +18x% +1)

(b) 2+ 30y + Ay + 2y (c) 5842
3. (i}96053801 (i) 1126162410264
4. (a) 10500/  (b) - 5005x* y** (c) =1701¢ (d) 29568
5 (a) '“Cga"* (b) - 340x" % i
B (a)7920 (b)2268, ©.+3, 10 1.0020, 12.(b)- 16, 144
16. (a)1or14 (B)15, 17. n=T7,r=3, 19.5 20 x=2.a=3,n=5

21, -45, 22.1, 24.(a)3, (b) 3 25 m% (b) +2

EXERCISES 1.3
1. ()27, ()2®-1, 7.7.14, B.55 13, 6.8, 10. x=1, a=2,n=7,

11.{:]12.&-}:-%,:1:3 12 (D252, (W2 G)101%, (v) 3™ 13 ()F
_@T Gi)T 14.()e (W) d 2268, ()b, (W)b,

EXERCISES 1.4
1 (@ tv§u+~—x’+—~x"+
(b) :5[1 E*.H—xzu— ]

(r+ THr +2)
(€) _:::i'_f



5. B6 0O<x'<i E.E+%x

8. (a) %x“. B 72, (@ 3,

10. a=1, (b) =~35/24 12 8=2, (b) =12
13.(1)9.997, (i) 0.991, (i) 20025, (iv) 0.994012, (v)0.4967.

-Tr

5, [1-%] . 1.50188, 16. 33

. |
19, () 18, m}% ap L3

2 8 16
(iv) 9.9933,
20. (e ()b, (W)a, (V)b

EXERCISES 1.5
4 ax (4x)° (4x)’
1. (b) 2,0) 14+ g
(2x°  (@0° s X
ﬂﬂ {1+ 21 3l s . Ijl'_i.'[-lf 3 +E+.-..
1.1 1. 1 1
{hl} 1*E+m+..-. {'I'} i'l'i-l""&'l'"'....

R o o

E.[i]% b)5e 7. ()e -2 ma--ﬁi. (i) %{u—a"}



1. mm[%] (ii) log 3

9 ) 138=14 18. A=B

=



{iil} Mumber of arrangements o N 0jacis, not all amercnt, la<en rat a time.
(iv) Number of selection of n objects, not all different, taken all at a time.
{b) Which of the following is not correct 7

) ncr - nc‘n-r
@M " e,

(iii) Total number of combinations of n different objects taken some or all al a time
s 2"-1.

(iv)Number of selection of four players including the captain out of a team of
eleven players is same as the number of sslection of three players out of ten
players.

(c) Which of the following is the general term in the binomial expansicn (a+ x)"?
(i) The middle term
(if) The greatest term
(iif) The r th term
(iv) The ( r+1 ) th term

(d) Which of the following is true for the valid expansion of (2+3%) 7

>
ﬁHxle
Iiillrll'%

i) | x| < =
2

3
i s
[,‘p|x;=-2




(f

(g}

(h)

(1)

V)] =85 &
Which of the following is not comect.

(i Tannbd"P'dammﬂmmnhﬂufmmumﬂn different object
takenr at a ime.

(i) ncn=ncn

(iii) Number of ways in which five persons can sit in a row is equal 1o the number
of ways in which they can sit around a round table.

M "C, +"C,. =" C;

Which of the following is comect 7

The number of ways in which the letters of the word THREE can be arranged in a

ling is

(s! (iy51/31 (ys1r2! (walizl

Which of the following is correct ?

Number of five digits numbers that can be formed with thedigits 1, 2,3. 4, 5in
which 3 and 4 come logether is

M5l (ii) 4 | (iif) 2 ! (W) 2x41
Which of the following ks comect 7

The number of ways in which five prizes to be distributed among ten students (with
repetition) is

M 5! (i) 101 (i) 10° fiv) 5




il e wObd numbed o1 efms N e expensoan oy (i) B .

{ii) The total number of even numbers which mhufnmudhyuz;inu all the digit 0,
1,34, and B is

{iif) The number of ways in which a student can answer five questions out of seven
questions is

{iv)In the expansion of (¥ -2y)® . the general term is J

{v) * —e™™ when axpanded in ascending powers of x is

(b} Indicate True (T) or False (F) in the following.

(i} The number of ways in which 3 boys and 4 gilscan sitinarowis 3 1x 4!

i) "C; ="Crs

() °p, = (n-1)"P,

{iv) The number of ways in which the letters of the word TRIANGLE can be
arranged such that the three vowels are fogether is 8 |

(v) The coefficient of x® is the expansion of (1+%)'%is '°C,.
3. Give short answers to the following questions :

(a) Distinguish between parmulation and combination.

(b) By using factorial notations, show that '°C, ='° C,.

(c) How many two digits numbers can be formed by using the digits 0, 5, 7
and87?

@i °c, =" C,,,, determine k.
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Sclentific enquiries have always aimed to probe into the mysteries of nature. These
enquiries assumed that the behaviour of nature cannot be intricate or complex since our
mather ‘nature’ is benavolent. Thus, the principle of cause and effect dominated the earfier
scientific knowledge. This principle is based on laying down sufficient conditions under
which a predicted consequence must follow. These were called laws of nature. A stray
case of exception was sufficient to invalidiate a law. All laws were rigorous and infalliable.
Mathematics as a language, was very suitable to describe.these laws. Some examples of
such laws are - () At a constant temperature T, the volume V of a mass of gas is inversely
proportional to its pressure P, i.e. PV=C, a constant. (ji) The distance travelled by a rigid

body moving with initial velocity u and acceleration f is given by u=u1+%ﬂ1 (i) I &

population of size P grows at the rate of r% at the end of every unit of time, its size at the

t

and of t units of time, say F,.hsg]uenhypl =P[1+ﬁ] .

These are examples of a few situations where the consequence is predictable

through mathematical formulae obtaine. as le ws of prediction. Such phenomena are called
‘deterministic’ and only these were studied in the earlier scientific investigations, thus
severely limiting their scope and use.
2.2 PROBABILISTIC PHENOMENA

But there are phenomena which are not predictable even undar conditions that
seam identical Some examples are - {iv) A die or a coin tossed under identical situations

can rest on the ground with any one of the faces upwards. It seems meaningless to
isolate conditions under which a tossed coin will always show the head side or tail side




litthe is yet known In this regard, inspite of the considerable attention the problem has
drawn,

The category of phenomena from which the above examples are samples are
‘Probabilistic’. Probabilistic phenomena are not predictable = But for many of them, the
degree of unpredictability can ba measured under very general assumplions. A precise
knowledge of this degree of unpredictability can be of considerable practical use. For
axample. in the 1oss of a coin, assuming the coin as fair, we may describa the outcome
of any fulure {oss as a head or a tail with 50% chance or probability of each. Obviously,
this is precisely the best answer one can give about any future toss. In the language of
probability we say that head and tail are equally likely or probabie and the probability of
each is 0.5 or 50%.

23 HISTORICAL BACKGROUND

The idea of measuring probability or the chance of occurrence of an uncertain
@vant is as old as gambling with dice. Pascal and Fermat, two French mathamaticians of
the seventesnth century formalisad the concapt of probability in some problems of gambling.
The earliest publications on probabilty theory are "Treatise on Probability” by Jacob Bemoulli
{(1654-1705), posthumously published in 1713 and “Daoctrine of Chanca” of De Moivre
(1667-1754) published in 1718. Notable among other important workers in the subject in
the ninateenth century were P.S. Laplace and T. Bayes. The Russian School of
Mathematicians have made very important contributions to the theary of probability. Notable
among them were Chebyshev (1821-1884), Markov (1856-1922), Liapounov, and
Khintchine. The foundations of modermn probability theory were laid down by Von Mises,
A N, Kolmogorov, Paul Levy and William Feller. Presently, almost all branches of applied

sciences use probability as an impartant tool to create knowledge.



scores. The probability (1/8) may be assigned to each outcome. Also, while drawing a
card from a well-shuffled full deck, the outcome set has 52 elements, each element
representing one card. A probability (1/52) may be associated with each element, since
the deck is well-shuffled. These situations may- be generalised as a model which is
described below-

(1)

(2)

3)

(4)

Trial : A trial (or an experiment) is the creation of identical situations. Tossing of a
die, or drawing of a card from a full deck are examples of trials. Wé consider tnals,
the outcomes of which are uncertain.

Elementary Event : Every possible m.ﬁmn‘tgnfatriﬂl is called an elementary
avent. In tossing a die, appearance of any score like 5 or § is an elementary event.
In drawing a card, draw of a spade ace or three of diamond is an elementary
event. There are 6 elementary events. in the loss of a die, and 52 elementary
events in the draw of a card from a full deck.

Evant : Any defining property may specify an event. For example, in tossing a die,
appearance of an even number is an event This event occursif 2, or4, or 6
appears in a toss. Thus, it consists of three eiementary events. Similarly, in draw
ofa card from a full deck, appearance of a spade or a picture card is an event. The
former consists of 13 elementary events as there are 13 cards of spades in the
deck. The defining property dichotomises the elementary events into two non-
overlapping categories - some favourable to the event and others unfavourable.

Exclusive Events : Two events are said to be exclusive if both of them cannot
happen simultaneously. For example, in drawing a card from a full deck, appearance
of a heart and a spade are exclusive events, Appearance of a picture card and




(&)

(6)

il

Exhaustive svents : A set of events Is exhaustive, if every elementary event is

included in one or more of these events. This means, every possible outcome wiil
resuft in the happening of at least one of these events. For example, in the
selaction of a number from the set {1, 2, 3, 4,....,17, 18, 19, 20}, the events (i)
selection of an even number (E, ), (i) selection of a single digit number (E; ), (i)
selection of a prime number{ E, ), and (iv) selection of a multiple of 5 (E,); are
mutually exhaustive.

Mutually exclusive and exhaustive events : A set of events are mutually
exclusive and exhaustive if (i) they are exclusive events and (i) they are exhaustive
events. For example, in selecting a number from {1, 2, 3,4, 5,6, 7, 8, 8, 10}, the
events E, ={1,4,7,10}, E; ={2, 5 8}, and E; ={3, 6, 9} are mutually axclusive
and exhaustive events.

Equally Likely events : A set of events are equally likely if the conditions of the
trial do not favour any one of them in preference to any other event of the set. For
example, in tossing a homogeneous die, having the shape of a cube, any one of
the six faces is as likely to show up as any other. Similarly, in choosing a card from
a well-shuffied deck, any card is as likely o appear as any other card. But the
appearance of a spade and a king are not equally likely as there are more spades
than kings. Hence, & spade is mare likely to be selected than a king.

Classical Probability : If the outcome of a trial is any one of n equally likely events, then
a total probability of 1 {or unity) is distnbuted equally among these events. Hence, the
probability of any elementary event is {1/n). Here, 1 represents the certain event that one
of these elementary events must happen in each trial. We associate ‘0’ (Zero) probability



P(E)= m_ number of favourable cases
n  number of possible cases

Byﬂuaanmd&ﬁﬂtiun.ﬁmpmbnhﬂtrufEnuthapp:mm{E}iﬁa

n—m _

P(E)= -1—-E=1—F{E]

Thus, P{E}+F{E}=%+1-E=1

The above definition cannot be used to compute probability of an event, unless the
outcomes are equally likely cases. For purposes of lllustration, we solve some problems
of computing probabiities of events, where the trial is designed or manipulated to make
the outcomes equally likely. Such trials are called random trias or random experiments

2.5 ILLUSTRATIVE EXAMPLES

Example 2.1 : Two dice are simultaneously tossed. What is the probability of getting a
total score which exceeds 10 7

Solution - Let the dice be numbered as 1 and 2. Let x be the score obtained in die
1 and y the score on die 2. The possible values of (x, y) such that (x +y) > 10 are x=5,
yﬂ;ﬁ.wﬁ;amﬁﬁ.ﬁ.QOahmmmmn.Thepmﬂ:lanmnharn!pah-s
(x, y) are 6 x 6=36, since x and y can take 6 values each. Hence

o P
Required probability = 36 12

Eaxmple 2.2 : Three numbers are randomly drawn from the sat{1,2.3. 4, ... 12, 13,14,
15}, What is the probability that their sum will be an odd number ?-




Mumber of ways of selecling £ even and one odd number = L, «0 =21x8=168

S6+168 _224 32
455 455 65

. Required Probability =

Exampile 2.3 : What is the probability that the days of the week on which three persons
selacted at random will be born will be (i) all different (i) not all same 7

Solution : Let the 3 persons be named A, B, C and their birthdays of the week be recordad
that order.

Hence, the total number of possible orderings = 7x T« 7=7°
i) Number of possible orderings where the week days are all different = 7xgx 5,
since the days already recorded have to be excluded in the next recording.

i o TX8x5_30
-, Required probabiliy =——3— = 72

(i) Number of possible orderings where all days are same = 7, since the same days
have to be repeated.
So, number of orderings where not all days will be same = (73 _7)
: anuimdpmhahﬂl‘tr=?aT"T=1-i=ﬂ
= Fj 45 49
Example 2.4 : A pack of 4n cards containing 2n red and 2n black cards is randomly

divided into two halves. Find the probability that there will be n red and n black cards in
sach half,



Exampie 2.5 The numbears (1,2, 3.4 5 6, 7, 8} are randomly arranged in a saquance
What s the probabibity that 1 and 3 do not occupy conseculive places 7

Solution : Total number of possible arrangements = 8!

If 1 and 3 are considerad one unit, number of arrangements i which 1 and 3
oecupy consecutive place =2 X7 since 1 and 3 can occur together as 13" or ‘31

27! 1
So, Probability that 1 and 3 occur together =—— =1

1 3
. Probabiity that 1 and 3 dnnntmpfmmmfudams=1—1=;

Example 2.6 : Three numbers are randomly selecled fromtheset 11 2 3 22 23 74,
25) . What is the probability that there will be (i) exactly 2 odd numbers (i) at least ane oad
number, in the choice 7

Solution : Number of possible ways of selecting 3 numbers out of the 25 numbers in the
set=*"C,

(i) Number of ways of selecting 2 odd numbers from the 13 odd numbers in the sel =
!Hc_z
-, Number of ways of selecling 2 odd and one even number from the 12 even

numbars in (he set = 12!”‘32



1l

So, probabiity that there will be no odd number in the choice = -BE?-:m

3

. Required probability of at least one odd number being included in the choice
11 _104

—_ L TR R e

115 115

Example 2.7 : Five numbers are randomly selected from the set {1, 2, 3.4, ... 27, 28, 28,
30}, Find tha probability that the third smallest selected number is 10.

Solution : Number of ways of selecting 5 numbers from 30 = *'C, . The third smallest
number is 10, when 2 of the numbers are from the set {1, 2, 3, ..., 7, 8, 9} and 2 from the
set (11, 12, 13, ..., 28, 29, 30} and the fifth number is 10.

So, number of favourable ways = gﬂa * mﬂz

B‘EEI Eﬂﬂl B aﬂu
., Required probability = fl.:ﬁ 7917

Exampie 2.8 : Five ‘a’ s and eight b’ s are written in a sequence of 13 letters. Find the
probability that no two 'a’ s occupy consecutive places.
Solution : Total number of possible sequences in which five ‘2’ s and eight ‘b’ s can be

written = 8*91c_ =R ¢,



So. ruffgber of favourable sequences = C.

»
14

g
c
Required Probability = HEﬁfTE

Example 2.9 : Three numbers are randomly selected from the (2n+ 1) natural numbers
(1,2, 3, ... (2n 1), 2n, {(2n + 1)}. What is the probability that they will be in arthmebc
progression (A P} 7

Solution : Number of ways in which 3 numbers can be selectad from the (2n + 1) numbers

- e, _n(4n? -1)
3

] Number of triplets in A P. with common difference d=1 are (1, 2, 3), (2, 3, 4), (3, 4,
5),.... (2n=1, Zn, 2n + 1) which total to (2n - 1) triplets.

Number of triplets with d=2 are (1, 3, 5), (2, 4, 8), ..., (2n-3, 2n-1, 2n+1) which total to
{2n-3) triplets. Similarly, there are (2n-5) triplets with d=3, (2n-7) triplets with d=4, and so
on untill the last one triplet with d=n which is (1, n+1, 2n+1)
Hence, the total number of possible tnplets INAP. = (2n=1)+ (Z2n-3) +(2n-5) +
2
R

an® _3n
Required probabilly = T @n? 1) 4n’ 1
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Consider the product{ X+ x2 + 37 +x* + 37 +x7) (x+x¥+x +xt + x5 4%
[xﬂ-fuhx*uf‘ﬂ’;Wmmﬂﬁmmmdﬂmﬁdmgmnnmmf
the type x“ = x" < x|, where x* is selected from the fiust factor This means a score of o
in the first toss " and x" have similar meanings The number of favourable cases
zorrespond to possible numper of (. [}, ¥ ) tnplets with @ + i+ ¥ =12. Hence. out of a total
of GxBx 6= 216 terms of the type X" xx" = x”, the favourable cases are given by the
coefficient of X'~ in the above product This coefficent counts the number of triplets

afoyhwan atfey =12
Maw ket et A T (e ne it HC + 0 05
A=a -y
“ence, the product (X+ 22+ 7 +x +x” e %) - (1-V 11—
Expanding the R H 3 oy binomial thearem, we get,
LHS = x3(1-3x°% + 3™ -x'")

f A - n :
';.:'|'|+3x+-?;f1(2+ ;51"1- + -{_n:_l_‘:ll_zix .. |

Coefficientof x'* intha R H S



Alternative Method

Let x. y, z be the scores obtained in the 3 tosses. Each of the three numbers x, y,

z can take the possible values 1, 2, 3, 4, 5, 6, So,

Total number of possible triplets (x, y, z) = 6x6x6= 216
Te count the number of favourable cases where x+ y + z = 12, we can use direct

enumeration as follows :

(i)

(i)

(1if)

All the numbers x, y, 2 are equal to 4.
MNo of such cases = 1
Two of the numbers are equal and the third is different. This can occur if the such

of values are :- 3, 3, 6; 5, 5, 2. Each of the set of values can be permuted to give
{x, ¥, 2)

3 3

Henc, the number of such cases = .E_f+§i

All the 3 numbers are different. This can happen if the sat of numbers are -1, 5, 6;
2.4 6, and 3, 4, 5. Each one of these sels can be parmuted in 3! ways.

Hence the number of such cases = Ax31=18
Thus the total number of favourable cases=1+6+ 18=25

25
. Hence, tha required prooability = 216



10.

1.

12,

13.

In onie toss of a die, give axamples of (i) two exclusive events (i) two exhaustive
evenis and (i) three events which are mutually exclusive and exhaustiive.

Twe rards are randomly drawn from a well-shuffled pack. Find the probability that
(1) they are of the same denomination (i) they are of the same suit.

Two dice are thrown. Find the probability that the difference between the two scores
obtained is an even number, which includes zero.

In & single throw of two dice, which total score has the least probability 7

Both Ram and Sam throw a die each. Find the probability that (i} they throw the
same scores (i) Ram throws the same score as Sam, when Sam is known to
have thrown a 3 score.

What is the probability that a randomly selected leap year has (1) 53 Sundays (i)

53 Saturdays and 53 Sundays.

The letters of the word AUTOMOBILE are arranged in a random sequence. What
is the probability that the two O's are separated by a single letter ?

Thedigits 0, 1, 2, 3, 4, 5, 8, 7. 8 are arranged at random. Find the probability that
the number obtained is (i) divisible by 5 (ii) an even number exceeding 0.

An urn contains 4 red_ 5 black, and 1 blue ball. Three balls are chosen at random.
Find the probability that the biue ball will be included in the choice.

Four numbers are randomly selected from the set {1, 2, 3, 4 .., 15, 16, 17}. Find
the probability that at ieast one multiple of 3 will be included in the choice.

Two numbers are randomly selected from the sst {1, 2, 3, ., 18, 18, 20} Find the
probability that the sum is divisibile by 5. :

S



17. 20 chairs have been arranged in a row to accommeodate 12 boys and B girls. If they
occupy the seats at random, whal is the probability that no two girls cccupy
consaculive chairs 7

18.  Four numbers are successively drawn from the set {1, 2, 3, 4, 5} replacing the
number drawn in every draw before the next draw. Find the probability that the
sum of the numbers is 15.

26  LIMITATIONS OF CLASSICAL PROBABILITY

(1) The definition of classical probability cannot be applied to probabilistic situations,
where the outcomes are known but nol equally likely. For example, an agriculturist or a
meteorologist will not be able to associale probabilities with good or moderate or poor
rainfall in the next monsoon season due to armive shortly, using the classical definition.
These probabilities are not equally likely and thus the classical definition is not applicable.
Similarly, the probability that Ram, who is aged 45 years as on to-day, will be alive after 10
years cannot be asseried as 50%. since the two possibllities thal he may or may not be
alive are not equally likely. (2) In some probabilistic situations, a variable may take an
infinite number of values. For example, the haight or life of a person can take any value
betwean two possible limits. The interval has infinite number of values of the variable
height. So, the classical definition breaks down. This led to the concept of empirical or
statistical probability which is defined balow.

Statistical or Empirical Probability - Definition (Due to Von Mises) - Suppose a trial is
re 7eated n times under similar or identical siteations. If an event E happens in m out of
thesa n trials and does nol happen in the rest, then (mM) is called the cbserved relative
frequency of E. Vion Mises defined the probability of E, P(E). a= the limiting value of (m/n)
as n tends to infinity. Thus,




science Hence, both 8 sound theorelical base as well as precise computation were
imporiant requirements This culminated in the modern axiomatic approach {o probability
which unihed the classical and empirical approaches and generalised it to a broader field
of application. Before describing the axiomatic approach, we describe its mathematical
pre-requisites.

27 MATHEMATICAL PRELIMINARIES

Set- A set is a well-defined apgregate or collection of objects. Examples of sels are - (i)
All students of a class (i) All positive inlegers = 1000 (i) All points on = fer sagimsnl o Lay
(iv) All equitateral triangles (v) The 26 letiers of ihe Engish alphabel (i) Al volers of an
slectorate (vii) All animals of a zoo ete.

Elements : The smallest individual units which build a set are cafled its elements. For
example, a student identified by his roll number, an equilateral tiangle with each side of
length 6 cms, a particular fish in the zoo aguarium are elements of the cormesponding
gals.

Universal Set : In all our discussions, there is a maximal set which limits the scope of
our discourse. This is called the Universal Set. All our statements apply within the premises
of this Universal sat or Universe; usually denoted by the symbols U, S or W. In tossing of
acoin U={H, T}, & set with two elements Head (H), and Tail (T}. In tessing a die LU={1, 2, 3,
4, 5, 6} is a small part of the much bigger U={1, 2, 3, .88, 88, 100}, which is the universal
set of all positive integers upto 100. Obviously, In tossing a coin possibilities like the coin
standing on an edge or rolling away are not within the universe of our discourse. While
describing a finite set, we may write all the elements inside curly brackets like {1, 2, 3, 4}
or write a generic symbol and then indicale a property defining the set. For example (x:
%* < 1} includes ail numbers x, such that 2 <1.



ASBandBE Ao A=B

Operations on sal

Union  Tle cmon of Aand B, witen as A || B and read as A union B' is a set that
cartans all elemsr < oluded A or B or both these sets.

Thus,

Al B =i xbeiongs to at least one of the two sets and A and B}. Similary, we
detrie o unien of nsets Aj, A, Ap a8

Il
HA, = {x | x belongs 1o at least one of the sets A, A, Ag)

intersection : The intersection of A and B, written as A [ B and read as ‘Aintersection B’
is a sal that contains all elements included in both these sets. Thus,

ANB ={x:x EAandx =B}

If no element is common to A and B, we say A and B are disjoint or exclusive and
write A (] B= @, where ¢ called the ‘empty set’ or ‘null set' is a set with no elements.

Similarly, the intersection of nsets A,, A, ..., A, isthe set containing all elements
which are included in each of the A,'si=1,2 3, ..., n. Thus,

n
DA, ={x:x €A fori=1,23 .0}

Complement- The complement of a set A, dencted by A or AT is thasal whir 1mlumes
all glements not included inA. Thus,

AR =ly:w g s



(i) AUAF=U ANA"=pU-A=A" AlIU=U,
Alg=A ANg=g ANU=A (A =A
The above operalions also satisfy the following laws.
Commutativelaws : ALIB=BUA AMNB=BMA
Asscciativelaws: (AUB)UC=ALI{BLIC)
(ANB)C=AN(BMNC)
Nistributive laws :  AT(BLUC)=(AB JU(ATNC)
AUBANC)=AUB)NHAUC)
weonotency Laws: ALJA=A A[A=A

Me % srpan's Laws : [Qﬁ.]ﬂ -Ln] Af

Remark : De Morgan's laws also hold for a countable number of events A, Aj, Ay le.
when n tends to infindty,

venn Diagrams - A geometrical representation of an event in the form of the interior of a
closed curve is often helpful in understanding these operations discussed above. In Venn
craciams, the universal se. may be reprasentad by a larger closed area in a plane. The

| L inay be represemed by smaller closed curves entirely inside the universal set n
ttie Venn diagram shown here, the large rectangle is the Universal set L. A and B are
represented by two circular regions i e. the areas inside the circles. Region 1 reprasents



solving any problem.

Sequence of sets : Limits

Consider a sequence of sets A, A- A,,...from U, which is usually written as

{A,)}. We define,

0]

(i)

(i)

Limit superior of { A }- It is 2 set which includes all elements which are present
in infinitely many of the sels in the sequence. In symbols-
Lim sup A, ={x:x = A, for an infinite number of values of n}

Limit inferior of { A, }- It is a set which includes all elements which are present in
all except a finite number of sets in the sequence. In symbols-

Lim inf A, ={x:x € A, forall but a finite number of values of n}
Obwviously Lim Inf A, is a subsat of Lim sup A, If,
Lim sup A, =Liminf A, =A(Say)
we say the sequence A, has a limit equai to A, written as,
Lim A, =A
in the following cases, the sequence A, has a limit -

ifan A, & A.-rq foralin=1,2, 3 .. ;we saysuchasequence of sets is monotonic
increasing. Such sequences have a limit.

WA, . SA,foralln=12 3, .. wesaysuch a sequence of sets is monotonic
decreasing. Such sequences have a limit.
A monotonic increasing or monotonic decreasing sequence is commonly called a

monotone seq S
Examples : -

(i)

Suppose U={1,2 3)and A, ={a,,.3_,} where a_, and a_, represent two



sequance in A, Wi SONINUE (o remam i 3l stlsequsnt &, § 1.8 8l al Bibsequelll
stages

W) SupposeU=(x:0=x=< 1}and A“=[D.%-l .

-

This seaugnce i monotonic decreasing and Lim A, ={0}i.e. a set which includes

1

only ‘0" But f B, -[D.H] then Lim B, =¢.

28. CLASS OF SETS

A class of sat= is an aggregate of several =#ts which is well-defined. The following
two classes of sets are used to buila a probability structure which assigns a probability to
each set of the class.

Algebra of Sets - A class of sets F is called an algebra i

(1) AcF BeF = AlUUBeFand(i)AeF=>A"eF
n
Corollary-1f A, A, ... A, =F, then | JA eF.
=1
Orapl . T Can be proved by induction on n. Suppose, the statement holds for (n-1) Le.

iy
. .'4. Ll *’ — L-IIJEHEF

fi -1
Then = {"___Jﬁ"i:| Qﬁ] LA, €F by property (i) given above. Hence, the coroliary is true.

for n, i it is true for (n-1). We know it is true for n = 2, Hence, by the principte of induction
tistrueforalin=2,3, 4, ...
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The above properties stale that countable union and complements of elements
aiready in F gve elements which are already in F. We thus, say that a - algebra is
ciosed under countable union and complemantation . - algebra s also calied o - filed.
Some Properties - An sigebra s also closed under most of the other operations described
above. We describe some of these properties balow and indicate their proofs
{a)  Analgebrais cliosed under finite intersection,

n €
Proof :- By De Morgan's laws, [Qﬂ] =U*'u"r=
=1

{b) AeFB=F=>A-B)ecF
Proof : (A — B) =, A[|B" which belong to F by {a)
ic) Uand ¢ belong to every algebra.
Proof: AcF=A-A=geF

AcF= A®eF.Hence, AlJA®=UeF
(d) Every o - algebra is also an algebra.

mn o

sront:t ) A =L 1A whers A, A s By, . aresllequs to @ the emply set which

Jlongs o 7 | lenee the statement of {d) follows :
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Exercise - 2 (B)
11U Ba the s of all non-negative integers, write down all the elements of the
ipilowwing sets-
(@) All prime numbers = 20
(b} All perfact squares = 50
fe}  Alimultipies of 5 in the closed interval [20, 40].
(d}  All numbers in the interval [20, 50] which are diviscible by 7.
{e) All numbers =< 21 which are the products of exactly three prime factors.
SetU =[0, 1]. fA=[D, 0.4], B={0.8, 0.8], C={x: x = 0.5}, write down tha following
sets () BUC (i) C -B (iii) (AUBUCY
U Consists of all numbers of the form (m/n) where m and n are non-negative
integers such thal m+n =20 Write down the following subsets of U. (i) All
positive integars (i) All numbers which can be represented as a terminating
decimal. (i) All numbers which exceed 1.5,
U={a b,cdefahlijIfA={abcd,B=(ael]),C={ce h iland
D ={f, g, h, i, }; write down the following sets. (i) AUD (i) ANBNC (i)
(ALBYND (w)B-C.
Prove that if F, and F, are two algebras in U, thenF, [F, is also an algebra in U.
AXIOMATIC DEFINITION OF PROBABILITY
fa have indicatad eardlar that the definition of probability needs to be extendad to
ligtic ettushons I the frmitad Yow whers thare am‘aq.unll'g.r likely outcomes
ahere repeatec inals under similar conditions can be conceived. This led to the



conditions. The experiment is random when its -outcome s uncertain. Apart from
tossing a die or a coin, selecting a unit from a list by lottery, observing the response of a
patient under specific medication, or measuring the yield of a plant under a fertilizer
treatment are also exampies of random expesiments,

Trial - A single experiement is a trial

QOutcome - Each possible consequence of a trial is an outcome. We have some
possible outcomes out of which one outcome malerialises In an agricultural
experiment an outcome may mean the yield of a single plantora piol. In a lotery, an
outcome is chance selection of a single unit

We denote a random experiment as E and the possible oulcomes as S=
{e,.e,.€,.....8,} m being the number of possible culcomes A trial results in a single
outcome, say €. Each € is also called an elementary evenl In some tnals, the
possible cutcomes may not be finite but a countable sequence.

Sample Space- The st of all possible outcomes S is called the sample space. The
number of alaments in S need not always be finite. For example, an outcome may be a
measurament on a continuous scale. But, we will mostly confine our discussions to
sample spaces with a finite number of outcomes.

Event- An event is characlerised by its description or by a defining property. A, B, C elc.
are the commaon notations for an event.

Some elementary events are favourable to Aie. A happens only if one of these
elementary events happens. Others are unfavourable to A ie if any one of them
happens, A does not happen. For example, in throwing of a die, getting an even scora is
an event which happens if the score is 2, or 4, or 6. Birth of a male child is an event in
recording the sex of a new bomn baby.




Zxample 1- A coin is tossed three times and the outcome noted for eacn loss as
HiHaad) or T (Taill). The sample space is -
S={HHH, HHT, HTH, HTT, THH, THT, TTH. TTT)

There are gight elements or elementary events of 5. Examples of 1oma avenin
are (i1 &, tha evant that there are more heads than tails A = [HHT HTH, THH, HHH} (1) 8
“‘re wvent thal there are exactly two tails. B= {TTH, THT. HTT). (i} C the avent that only
are sioe show upin all 3 tosses, C={HHH, TTT}
Example 2- Adie 15 tossed twice and the scores recorded for both the tosses The
sample space S is -

Sa{{1, )02 (0,300, 4), (1.5, (1,8). (2. M. (2 3) 2.9, (2.4), (2 5),
(2,8). (3. 1.03.2), (3.3), (2 4), (3.5} (3.6), (4, 1). (4, 2). (4, 3), (4.4). (4, 5), (4.8)
8. 1). (5 2). (5, 3). (5 4), (5, 5).(5,6), {8, 1). {6, 2}, 16 3), (6 4}, (6 3), (6. 6%}
3 consists of 6 x 6 = 36 elementary svents. Exampies of events are -
i} A. the sum of the scores is 8 = {(2, B), {3, 5). (4, 4), (5. 3). (8. 2})
(il B the sum of the scores is less than 4= {(1, 1), (1, 2}, (2,1)}
{iii) C the difference batwean the two scores is zero

={{1, 1), {2..2), (3. 3), (4. 4). (5, 5), (6, 6))
Example 3 - Two numbers are randomly drawn from the set {1, 2, 3, 4, 5} and the
numbers recorded in ascending order, disregarding the observation sequence. The
sampie space s

S0, 2, 01, 3001 4000, 8), (2, 3). (2. 4),(2, 5), (3. 4), (3, 3), {4, 3}

Both the numbers can be drawn simultaneously or in successon, where the
number drawn st s not renisced before the nent draw. S has 10 elementary events



F stand for a male child and a female child respectively. Here, the families having both
boys and giris are the subset A = {MF, FM} and A® stands for families with only boys or
only giris.
Remark - The events described above have their defining properties. But any collection
of elementary events is an ‘event’,
Analogy between subsets and events - In cur earlier discussion. We have described
an algebra and a ¢ -algebra of a class of sets from a universal set. The concepts given
there can be directly extended to events of a sample space. We briefly describe this
extension below -
Exclusive events - Events A and B are exclusive if they cannot happen together i.e. if
one event excludes the other Hence, ec A=es 08 A set of evenls are mutually
gxclusive if they are exclusive pairwise Le. no two of them can happen logether.
Exclusive events are also called disjoint events.
Exhaustive events - A set of evenis are (mutually) exhaustive if every elementary
event @ belongs to one or more of these events.
Mutually exclusive and exhaustive events - Events A, A A, are mutually
exclusive and exhaustive if they are pairwise exclusive and if every elemantary event
belongs to one of these events. Obviously no elementary event can occur in two of
them. These concepts have already been discussed earlier,

The operations defined for a class of sets can also be extended to a class of
events. This is described below -
Union | ] - if Aand B are two events, C = A [ B defines as event C which happens if at
least one of the two events A and B happens. It means the happening of A or B or both.

4



included in more than one A, 's are included in this countable union.
Intersection [}- If A and B are any two events, C= A[E defines an event C which
happens if both A and B happen. If A and B are exclusive, the Iintersection is the

n
impossible event ¢ . Similarly, [Qﬁ“t] is an event which happens if each one of then

o
events A, A,...., A, happens. A similar definition holds for the intersection [g ﬁq] of

a countable sequence of events A, A,, A,... . Sometimes, we drop the symbol [ and
write A B and AB synonymously. ABC has a similar meaning of the happening of A, B
and C.

Complement - Complement of an evenl A is an event which includes all elementary
events not inA. Denoted by ASor A it happens when A does not happen,

Hence, A ={e: ez A}

If A happens, A does not happen, The converse is also true.

Difference - For any two events A and B, C = (A - B) is an event which happens if (i) A
happens but (i) B does not happen.
A implies B - If all elementary events favourable to Aare also favourabie to B, we say A
implies B. Thus B happens whenever A happens. Symbolically we write A cB l.e. Als
a subset of B. If Aimplies B and B implies A, then A and B are the same events. AcB
is also written as B o A which may be read as "B is implied by A"

The usual laws of sets like the commutative laws, associative and distributive
laws, Do Morgan's laws etc. also hold for a set of events.



(i)  Exactly one of the two events happens can be written as (A-B)L(B- A) or
AB® LIBA®

(i)  Neither A nor B happens can be written as (A UB)® = A®[B°.

Example 2 - Suppose we have A, B, C e, three events under consideration, Eachiae:

may or may nol happen.

Then

(i A and B only happen can be written as ABCE
(i)  Exactly two of the 3 events happen can be written as ABC® [JAB*CJA®BC .

(i Mone of the three events happens can be written as A®BC® . Similarly,
(i) (ABC |IA®BSC®)* means at least one but not all the three evenis A, B, C happen.
(i) (A LABIIA®BC)means at least one of the three events A, B and C happens.
This event is the same as (A LIBLIC).

210 ALGEBRA OF EVENTS
A class of events is called an algebra if the comesponding class of sels ks an

algebra. Similarly, a class of evenis is called a o — algebra (sigma algebra) if the

mﬂm.miﬂﬂhhidum.

An algebra or a o —algebra of events is logically complete with respect o some
operations defined earfier. If a given class of events (sets) is not an algebra or
o — algebra; thenit can be augmented by including the exira events that arise asa
result of these operations and construct a smallest algebra or o —algebra which
includes the given class of events {sets). 3

[ =



ciosed under these operations. WWe now proceed to define probability on the events of
an algabra of events,
Prabability - Most generally, probability is defined on the events of an algebra. The
definition is axiomatic Le. i follows cerlain axioms or assumptions which are
fundamental. These axioms cannot be questioned and help the construction of a
probability structure. This model of a probability distribution s not obtained from any
individual or group of problems. Bul one of these models can be used to describe any
real probabilistic problem. Probability is defined on the elements of an algebra of events,
which are events or sets. Hence it is a set function. For an algebra F, the probability of
an event A, denoted by P(A), is a non- negative, finitely additive set function such that
P{5) = 1, Thus, P{A) satisfies the conditions-

(i) 0<P(A)=1

(i) It A, A,,..., Ay are mutually exclusive events, then

il n
(0a)-ew
(ADDITIVITY)

(i)  If Sis the sample space, then P(S)=1.

Such a set function is called & probability measure. It may be noted that the
classical definition satisfies these properties. The following impartant results follow from
these conditions.

()  Since SMN¢=¢ and Sl ¢=5. P(SLI#)=P (S)+P{#}=P (5) which implies

P(¢)=0 7
()  Since, AUA®=S,and ANA® =¢, PIAUAS)=P{A)+P(A%)=P(8)=1.

- P(A%)=1-P(A)



A~ , 8}. A probability measure here is defined by P(A) = p, (O <p =1). The probabilities
of ather events are determined by the axioms. Thus, P(#)=0, P{S)= 1, and P{A%) =
1—p. For a particular siluation, p may be determined by the mechanism of the

expenment, ke pl% when a coin is fossed and A is the appearance of a head. It may

also be approximated by using Von Mises concept of relative fraquency, or by any
intelligent guess, or even obsarvation by experience.
Extension of Probability Measure - A probabifity measura P can also be defined on a
o -algebra of events. Here, the condition (ii) above is modified to a countable sequence
of disjoint (exclusive) events. Thus, P{A) satisfies

(i) D=P{A)=1

(@  If Ay A, A, bea countable sequence of disjoint events, then,

Qn)-gew

(i) IS is the sample space, then P(5) =1,

This concepl is necassary if probability has to be defined on each of a countable
sequence of disjoint events. For example, if a coin is tossed until the first head Is
obtained, the tosses will terminate with n tosses if (n-1) tails - are followed by the first
head. Here,

P (n tosses) = P{E,.}E%. n=1,23.

The number of outcomes here is infinity and all of them are elements of a
o — algebra, A o — algebra is the smallest closed class of sets which included
E, E; E;, ... as elements .




Mlsopand A®B are disjointand ALIA"B= AUB,
Hence, P (ALIB) =P({A) + P(A°B) {from 2.1)
= P(A) + P(B) - P(AB)
as required.
Corollary 2.1.1 - P(A LIB) s P(A)+ P(B)
This follows from thearem 2.1 as P(AB) = 0
Corollary 2.1.2 - For a set of events A, A,.... A,

e

Proof : The result easily follows by induction.
Suppose the result holds for (n - 1) events ia.

P{gn,]sim.}
(Gn)-e|(Eajom

5F[§A,J+Pfﬁnl

Then,
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Proof :- By corollary 2. 1. 2,
AR
o 1-P[QA,]&1_§P:A,¢

or Pr;}a,]ﬁza-g[vﬂnf )]

or Fiﬁﬁf]ﬂ—"*ip{ﬁﬂ (De Morgan's law)

B 2P(A,=}n{n-u

Theorem 2.2 - Forthree events A, B, C,

P(A LIB L C)=P (A)+P{B) + P(C) - P(AB) - P(AC) - P(BC) + P (ABC)
Proof : PIAUBUC)=P[(AUB)UC]

= P[(AUB)]+P(C)-P[(AUB)NC]  (By Thearem 2.1)

= P(A)+P(B)-P(AB)+P(C)-P[(AC)U(BC)] (Distributive law)

= P(A)+P(B) + P(C)-P(AB) - [P(AC) +P(BC)-P{ABC)]| (By Theorem 2.1)



Solution : Let the two dice be numbered as 1 and 2. Let the score on die 1 be x and the
score on die 2 be y. The sum of the scores S = (x + y). Now, the event S < 4 can occur
in the following exclusive ways - () 5=2 (i) S=3 (i) S=4
S0, P(S=4)=P(5=2)+P(§=3)+P(5=4)

Sipce both x and y can take any values from the set {1, 2, 3, 4, 5, 6} the pair (x,
y) has 6= 6 = 36 possibilities, all equally likely.
{1 S=2canoccuronlywhenx=1andy=1

1
Eﬂ.P[E=2}=ﬁ

(i) E=3cannunwurﬂ;rmﬁ|;{n=1,1r=2}ur{:-2.y=1}.

2
So,P(§=3)= 32

(i) S =4 canooccurwhen; (x=1,y=3),(x=2,y=2) or(x=3,y=1)

So, P(S=4)= —

. PS<4)s —+—+——me=—

Example 2.12 : A three member committee is constituted by selecting three persons at
random from a group of 10 men and 8 women. Find the probability that both men and
women are included in the commitiee.

Solution : The required event E can ocour in two exclusive ways viz. (i) E,, selection
of 1 man and 2 women (i) E;, selection of 2 men and 1 woman.
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Example 2.13 : Three numbers are randomly selected fromtheset (1,2 3.4, ..., 11,
12, 13}. Find the probability that the sum of the numbers is odd.

Solution : The desired event E can occur in the following exclusive ways-
i) E,, when all the three numbers is odd and other two are even.

(i} E,, when one of the numbers i odd and other two are even.
Number of ways of selecting 3 numbers from 13="" C, =286
Number of ways of selecting 3 odd numbers from the 7 odd numbers
of the set = 'C, =35
Number of ways of selecting one odd number from the 7 and two even numbars |

from the 6 inthe set = 7x °C, =7 x15=105

- 35+105 70
So, required probability = 288 143

Example 2.14 : Four balls are randomly selected from an umn containing & white, 4
black, and 5 red balls. What is the probability that balls of all colours are included in the
choice ?

Solution : The desired event can occur in the following exclusive ways -
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+
15':4 ‘51:4 1‘5{:‘
15x5x4+BxBx5=xBx4x10
= 15':‘
2xdxg 48
= 300 +1 - Bl
ISxiax 13212100 + 180+ 240] =

Example 2.15 : Find the probability that a number randomly drawn from the set {1, 2, 3,
4 88, 99, 100} is divisible by Sor 7.
Solution : Let A be the event that the number is divisible by 5 and B the event that the

number is divisible by 7. Since there are 20 multiples of 5 in the set, P(A) = %

o y : 14
Again, since there are 14 multiples of 7 in the sat, F{B}=ﬁ_ﬂmmbﬂwﬂllbﬂ

divisible by both 5 and 7 if it is divisible by 7 = 5 = 35 and there are two such number

viz. 35 and 70. in the set. So, P(AB) =

100"
-. Requried probability = P (A LI B)
= P(A) + P(B) - PAB)
20 14 2
=100 100 700 - %2

Example 2.16 : A die is tossed twice. Find the probability that at leas! one of the scores
is divisible by 3.
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Example 2.17 : A card is drawn from a well-shuffled deck_ Find the probability that it is a
red card or a picture card.
Solution :
Let A be the event that the card is a red card and B the event that it is a picture
s .
Since there are 26 red cards and 4 * 3 = 12 picture cards {Jack, Queen, and
King) in the deck,

P(A) =26/ 52, P(B) = 12/52
Again, since half of the picture cards are red, P(AB) = 6/52
So, required probability = P (A LIB) =P(A) + P(B) - P(AB)

26 12 6 8

*52752 52 13
Example 2.18 : If P(A) = 0.5, P(B) = 0.9, what are the possible limits of P(AB) ?
Solution :
Since ABC A AB c B, P(AB) < P{A) and P(AB) < P(B)
Thus, P(AB) < 0.5 and P(AB) < 0.9 = P(AB) < 0.5
Again, P(A LIB) = P(A) +P(B) - P(AB)
=0.8+0.5 - P(AB) < 1




bamtll SPARE R 0§ SRS TALTa A ITIELERT = availdidl Sl fi. YYD TRl Hile L Pl
through two simple examples - (i) Suppose two balls are successively drawn at random
from an um containing two balls, one red (R) and one black (B). Here, the sample
space is S = {RB, BR), which has two elements and the order in which the bails are
drawn is indicated in each. Suppose E is the event that the second ball is red. Then,
P(E) = 1/2. Now suppose we already see that the first ball is red. Then the slements of
the sample space for which the first ball is red is simply §'={RB}, since the other
element BR does not have the first ball red. Hence, the probability that the second ball
is red given the first Is red is zero; since lhe subset of elementary events in §' Tor
which the second ball is also red is ¢ . Thus, the extra information about the colour of
the first ball has changed the probability of E from 1/2 to '0° Le. it is now known for sura
that the event E cannot happen. (i) Suppose two numbers are randomly selected from
the set {1, 2, 3, 4, 5, 6, 7). The sample space consists of ' C,=21 squally likely cases.
Let E be the event that the sum of the numbers is even. Number of cases favourable to
E=*C, +°C, =8+ 3 =0; since the sum can be even only when both the numbers
ara aven or both the numbers are odd. This gives, P(E) = 8/21 = 3/7. Suppose, it is
given that one of the selected numbers is odd, Under this condition, there are only &
possibilities for the second number since one number is eliminated. Out of these 6, only
the choice of an odd number from the remaining 3 cdd numbers is favourable to E. So,

the probability of E in the changed samgple space is 3/6 = 1/2.

In both these examples, the information given reduces the sample space. The
probability of E, when this information is given or known, changes accordingly. This
gives rise to the concept of conditional probability of an event A given that the avent B
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In the special case where S has n equally likely cases and m of these are
favourabie to B, P(B) = m/n. Oul of these m cases, favourable to B, which are relavant
when B has happened, if m' are favourable to A, then -

a2 (2] (2)- 562

n n P(B)
as given above, Equation (2.2) can be rewritten as
F{AB) = P(B) P(A/B) (2.3)
Interchanging A and B, we gal,
P{AB) = P(A) P(BIA) (2.3a)
Formulae (2.3) and (2 3a) are useful to caiculate P(AB) if the computation of the
relevant conditional probabifity is easier.

Resuits (2 2) and (2 3) are called the MULTIPLICATION LAW OF PROBABILITY.
To distinguish between the two, P{A) and P(A/B), both probabilities of A; are
called unconditional and conditional probability of A respectively.
Independence - Events A and B are said to be independent, if P{A/B) = P{A). This
means, a knowledge of B doas not alter the probability of A. Substitution in {2.3) gives, if
A and B are independent,
P{A B) = P(A) P(B) (2.4)
The above relation is often used as the definition of independence. The concept
of independence of events can also be extended to more than two events. Thus three
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If only (2.5), (2.6) and (2.7) are satisfied, the three events are said Io be pairwise
independent.

None of the four conditions given in (2.5) to (2.8) is implied by the other
conditions. Three events may be pairwise independant but not mutually independent,
We illustrate this point with an example.

Example 2.18 : An umn contains four chits which bear the 3 - digit 0-1 sequences as
fnihn:

Chit | - 000 Chitll-011

Chit i -101 Chit IV - 110
One chit is selected at random. Let A be the event that the first digit of the selected chit
is 1, B the event that the second digit of the selected chit is 1, and C the event that the
third digit of the selected chit is 1. Since the chits are agually likely to be selected,

P(A) = P(B} =P(C) = = .

" IESHD

HW"PMBFP{#-EFF‘:BCI'%

This shows that conditions is (2.5), (2.6) and (2.7)-are satisfied in this case.

But as there is no chit with all three digits equalto 1,

P(ABC) =0 = P{A) P(B) FEGJ=‘;‘-

The concept of mutual independence of events can be extended to more than
three events. For example, four events A,, A, Ay, A, have to satisfy all the following
conditions to be mutually independent.
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Thus, (6+4 +1) =11 condiions on the associated probabilities have fo be

salisfied for the mutual independence of 4 events. This implies that a knowledge of ,

P(A,), P{A;),P(A,) and P{A,) will automatically determine the probabilities of the

simultaneous cccurence of any subset of these events by the conditions of

indapendanca,

Generalisation of the Multiplication Law of Probability .
The multiplication law of probability, P{AB) = P(A)P(BIA), can be extended {o lha'

cases of three or more events. For three events A, B, and C; '
P{ABC) = P{AB) P(C/AB) = P(A) P(B/A) P(C/AB) (2.9)
The two steps of the above equation follow from the multiplication law for two

events if we note that AB can be viewed as a single event. A direct extension of the

above result follows, which can be written as - '
PlAAzAL - An) =PAP(AL A PIALAAL ). PIAAAS. An ) ... (2.1,
Where P(A/AA 5. A, Jmeans the conditional probability of A given the A,

A, A, have already happened. Formulae (2.9) and (2.10) are particularly useful to

compute the simultaneous probability of three or more events which ocourin a

sequence, so that the conditional probabilities are easily computed.

Remarks :

(1) If A and B are independent events with P{(A) > 0, P(B) > 0; then A and B cannot
be disjoint.

Proof : Since P(AB)=P(A) P(B) > 0. AB = ¢ .

(2)  IfAand B are disjoint events with P(A) > 0, P(B) > 0; then A and B cannot be
independent.




Proof : Since AB and A° B are disjoint and AB [ A" B = B; we have -
P(B) =P(AB)+P(A"B)
= P(A) P(B) + P(A® B) (by independencs)
~. PLA®B)=P(B) - P(A) P(B)
= P(B) [1— P(A)] = P{B) P[A®)
Thus A® and B are also independent events.
Remark : If we repeat the above assertion to Band A i.e. A® and B, we get - If Aand
B are independent then A° and B® are also independent.
Example 2.20 : If A, B, C are mutually independent events, prove that (i) (A [B) and C
are independent (ii) (A |JB) and C are independant events.
Precf: (i) P[(ANB)NC]=P(ANBNC)

= P{A) P(B) P(C) (by independence)
= P{AB) P(C) (by independence)
which proves (i)
(i)  Simiady,  P[(AUB)NC]
=P[(ANC)UP(ENC) (Distributive law)

$P(ANC)+P(BNC)-PANBNC)  (Addition law)

= P(A) P(C) + P(B) P(C) — P(A) P(B) P(C) (Independence)

= [P(A)+P(B) -P(AB)]P(C)

= P(A UB)P(C) {Addition Law)
which prooves (i)




respectively. Thus, 2 R stands for (i) selectiog of, Um 2, and (i) selection of a red bail
from the selected Um 2.

So, required probability = P(1R) + P(ZR) (- 1R and 2 R are disjoint)
= P(1) P(RA) + P(2) PIR/Z)
1. 2 1.6 38
===t
2 5 27 70

Here, P(1) represents the probabilily of selection of Umn 1, and P{R/1) represents the
conditional probability of drawing a red ball when Um 1 has been selected
Example 2.22 : A problem is separately assigned to Ram, Sam and Hari for solution
The probabilities that Ram, Sam or Han will solve the problem are 172, 2/5 and 173
respectively. Whal is the probabiiity that the problem will be solved ?
Solution : Let A, B and C stand for the events that the problem will be solved by Ram,
Sam and Hari respectively. These events do not influence each other since the probiem
is separately assigned to them. Hence they are independent events.

Probability that the problem will not be solved by any one of them is

=P(ABC®)=P(A")P(B")P(C®)

(24

~. Probahility that the problem will be soved Ry at isagt one of them

= PIAUBUC)=1-P(AUBLC)

= 1-P{A‘ I"]H"'I"IG”} {De Morgan's Law)
1_4

§ 5



= P(AB® C*UA®BC® A" B°C)

= P(AB® C®)+P{A"BC")+P(A"B" C)

= P{A) P(B®) P(C") + P(A") P(B) P{C" )+ P{A% ) P(B®) P(C)

= 3p(1-p)*

Example 2.24 : Fi/e frends A, B, C, D and E buy the same kind of watch on the same
day. The probability that each walch will develop a defect within 6 years is p. What is
the probability that A's watch will develop a defect mmnﬂmmﬂﬂ'ml tiis watch will
be the first watch to develop a defect 7

Solution : The probability that a watch will not develop any defectinGyears=1-p

». The probability that none of the 5 watches will develop any defect in 8 years =
(1-p)°, since the events are indepandent.

- The probability that at least one watch will develop a defect in 6 years = 1-(1-p)°,
Since the probability of developing the first defect is the same for each watch, the

1
probability that it will be the watch of A = '5-[{1-{1—F'.'E:|. since thera are five watches.

Required probability = %[1—[1—;:]5]
EXERCISE - 2{C)

1. Box 1 contains 5 chits bearing the letters A, B, C, D, E written in capital letters.
Box 2 contains 4 chils bearing the lefiers a, b, ¢, d written in small letters. Two
chits are drawn, cne from each box, at random. Write down the sample space,

2 Adie and a coin are tossed logether. Write down the sample space.

3 Write down the sample space for four successive tosses of a coin.



10.

11.

12

13

14.

15

168

Let the events (1), (i) and (iif) of the above problem be denolfed as A B, and C.

Write down all the siements of () A —B  (i)(B-C)U(C-B) (i) ANBNC
If n{A) denctes the number of elements in any set A;

Prowve that :- (i) n(A -B)=n(A UB)-n(B)

(i) n{A)+n(B}=n{ALIB)+n(AB)

Write down E= (A UB U CUD) as the union of four disjoint events.

A coin is tossed three times. Write down all the possible outcomes and their
A coin is tossed untill the first head i= observed or untill three tocsses are
completed, whichever occurs earlier Write down the sample space with tha
associated probabilities.

Three balls are successively drawn from a bag containing a white and b red
balls. Write down the sample space and the associated probabilities (a, b =23),
Two letters are randomly selected from the 26 tetiers of theEnglish alphabet.
Find the probability that one vowel and one consonant will be included in the
choice.

Two cards are randomly drawn from a full deck. Find the probability that at least
one spade will be included in the choice.

Two numbers are randomly drawn from the set {1, 2, 3...... 2n-2. 2n-1, 2n}.
Find the probability that their sum is an even number,

Three numbers are randomly selected from the set (1.2,3,.... 14,15 16}. What is
the probability that their sum will be divisible by 3 7

Find the probability that at least 3 out of 4 persons selected at random will be
bomn on the same day of the week.
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If events A, B and C are pairwise independant.

If events A, B and C are mutually independent.

Three bags contain 3 red, 1 black: 2 red. 3 black; and 1 red, 3 black balls One
bag is selected al random and a ball drawn from it. Find the probability that it will
be ared ball

A coin i1s tossed, |f a head s seen, then two dice are lossad but if a tail is sean,
only one die is tossed Find the probabiiity that exactly one 6 score will be
observed..

A die is tossed until a 6 score is observed. Find the probability that more than 5

tosses will be required.

A and B alternataly throw a coin until a head is seen, A starting the process. Find
the probability that A will be the first parsan to throw the first head. Also find the
probability that the process will end with fewer than 8 throws.

If P(A) = 0.5, P(B) = 0.7 and P(AB) = 0.3, find P(A B).

A B.C are independent events with probabiliies Py Pz, P3 respectively. Find the

probability that (i) exactly two of these events will happen (i) fewer than two of
these events will happen.

A problem is given to Anil, Ram and Sam in that order for solution, The process
15 stopped as soon as a solufion 5 obtained. The probabiibes that Anil, Ram
and Sam will solve the problem are 0.8, 0.5 and 0.3 respectively. Find the
probability that the problem will be solved. Examine how this probability changes
if the probiem is given to all of them independently and simultanecusly

Three letters are randomly put into their addressed envelopes Find the
probability that at least one of them is sent to the correct addresses



back his umbrella
Hint: Use the method of the previous problem to find the probabilty of the

compleameantary event
212 SOME FURTHER TOPICS ON PROBABILITY
Inverse Probability

In our previous discussions, the conditional event A/B was defined as the
occurrence of event A from among the elementary events which are favourable to B.
While computing the probability P(A/B). the occurence of B was imposed as a pre-
condition This has a natural meaning i the svent A follows the event B. The
multiphcation law of probability is useful to compute the probability of simultaneous
occurrence of several events by placing them in a chronological order and computing
the conditional probability of the next event at each stage.

But Bayes used the same formula to compute the probability of a preceding event
when the event following i is observed This may be useful i the record of what
happenead in the precading stage is some how lost We explain below, the theoram of
Bayes, used to find such probabilities.

Bayes theorem - (i) Suppose an evenl B has been cbserved (e it has actually
happened. (i) Further suppose, A, A,......, A, are mutually exclusive and exhaustive
events which may precede B. That is, the event B has followed one of the A, events

P(A, ) respectively. Let the conditional probatbility of B, given that A, has happened be
denoted by P(B/ A, ). Then, Bayes theorem states that -
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P(A)P(B/A)
k
;Pm,} P(B/A,)

{by muitiplication law)

Remark :

The probabilities P{A), P(A;),....P(A, ) are called prior probabilites of these
events. These probabilities are modified as P{A/B), P(A,/B),....P(A,/B) after B has
been observed. The extra information that B has happened modifies the 'prior' or
'‘a priori’ probabilities. The modified probablities P(A /B), i=1,2, .. k are called
‘posterior’ of ‘a posterion’ probabilities. Having cbserved B, P(A, ) loses #is significance
and is substituted by P(A,/B)

The concept of finding the probability of an event on the basis of an event that
followed it did not find favour with many contemporary scientists, who believed, it
contradicts the basic principle of scientific engquiry. The posterior probabilities were
called inverse probabilities. After prolonged resistance from a group of scientists calied
the non-Baylsians, Bayes theorem is now being widely used to solve problems where
its application is appropriate. We give some illustrative example of its application,
Example 2.25 : Urns | and |l respectively contain 1 white, 3 red; and 3 white, 2 red balls
One urmn was selected at random and a ball drawn from it at random. If it is a white ball,

what is the probability that Um | was originally selected 7




Also P(BIA) = and F'{EMI}=§

Required probability = P(A,/B)

P(AB) I
y P(AB) {-+ A8 and AB are mutually exclusive and exhaustive)
PAB)+P(AB) ’

. P(APBIA,) ’
P(A,JP(BIA,)+P(A,)P(B/A,)

k1

S
17

P
—

+

Pd | ==

| <alpa |

P | o e | =
]

Cn |

5
Remark: Note that the original probability P(A, ) = .;. has been reduced toP(A/ 8) = ==
since observing the white ball reduces the probability of Urn 1 with a small proportion of

white bails. baing selected
Example 2.26 : Similar bolts are manufactured by 3 machines A, B, and C in a factory.

Machine A produces 45% of the bolts and 2% of thase are defective; Machine B
prodeces 30% of the bolts and 3% of these are defective, Machine C produces 25% of
the bolts and 5% of these are defective. The bolts are assembled in one lot. What is the
probability that a defective bolt found in the lot was produced by Machine A 7
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Required probability P(A,/B) = i
P(B)
B PlA.B) _
= PIAB) +P(A,B)* PIAE) (~ A8 and AB A.B are exclusive)
3 F{A_T:IP{B I Ay)
a P(AIP(B /A +P(A,JP(B/ A ) +P(A,P(B/ Aa:'
045 =0.02 18

“ 045 -002+030 ~0.03+025 <005 61
Example 2.27 : Um 1 contains 4 red, 2 biack and Um 2 contains 1 red, 1 black balls. A
bail is randomily transferred from Umn 1 to Umn 2. Then a ball randomly selected from
Urn 2 was found to be black. Find the probability that the transferred ball was also black
Solution :
Ldﬁmﬂmmmmmwmshmmﬁmammmmwm
red. Let B be the event of a black ball being selected from Um 2

21,72
mmumnm.mapg—g.?[ﬂ} 3
Ao P(B/A)= 5. P(BA) =
3’ 3
P{AB)
Flﬂqmm:in'uhuhﬂitr=P'{Hﬂi=_F{B} (Multiplication Law)

. P(A) PBIA)
PiAYP(B{ A)+P(A)P(B ! A)




unknown Such computalion is not computing an inverse probability, We illustrate with
an exampie below
Example 2.28 : Two umns contain balls of 3 colours as follows ©

Urm 1 - 2 white, 3 red, 4 black

Um 2 -3 white. 1 red, 2 black

Cne ball s randamly transferred from Umn 1 to Um 2. Than a ball randomly
drawn from Umn 2 is seen to be white. What is the probability that the next ball drawn
from Urn 2 will also be white ?
Solution : Lat Ay, A,. A, respectiviely denote the events of a white, red or black ball
being drawn fron Um 1. Let B be the event that a ball randomly drawn from Umn 2 is
white Let C be the event that the next ball drawn will be white, the probability of which is
required.

2 3 4
Now, P{"n"il':ﬁ- P{A:JEE- PlAy) = 3

(]

Also P{Bm..‘.l=-'_:';‘ P(B/A,) = P(BIA,) = =
P(CIAB)= g., P(CIA,B) =P(C/A,B) = %
. P(BC)
. Required probability = P(C/B) = I'-"'_[E} (Multiplication law)

Bl

- % {+» Ay A, of Ay can happen in first draw)

. alv A,B]
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213 MUTUAL INDEPENDENCE OF SEVERAL EVENTS
Definition : A set of events Ay, A, ..... A, are mutually independent if the simultaneous
pccurmence of any subset of r of these events does not depend upon the happening or
not happening of each of the remaining (k - r) events (r=1,2, 3. ., k). This means, the
probability of occurrence of any subset of these events depends only on the events
inciuded in the subset. It does not change with the happening or not happening of other
events oulside this subset For example, for four events A A, A4 Ay, mutual
indr pandence requires -

PAJA, Ay A J=PA A, Az A )=P(A, | A2 A3 A,)=P(A, | Az A As) etc.
We can simply write the above value as P(A, ),
Also.P{A, A, 1 A, A )=PA A, 1Az AL)=P(A A, I A Aa)=P(A; A, | Az As).
The above commom value may be simply writtan as F{A; A5 ).
This again may be obtained as P(A,) P(A,) . This is impied in the definition.

Thus, if Ay, Ay, .., Ay are mutually independent, then all conditional probabilities
ara equal to the corresponding unconditional probabilities. Also unconditional
probabilities of the simultaneous occurrence of a subset of eventsis egual to the
product of the probabilities of the individual events in the subset Thus, i
A, A Al .. A, are mutually independent, then -
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Remark 1:If A, A, ..., A, are mutually independent events, then eventsB,,B,..... B,
are also mutually independent, where each B, is either A or A (A°).

Remark 2: If Ay, A, ..., A, are mutually independent events, any subset of these
events are also mutually independent.

The above two resuits are useful to compute the probability of an event which
happens if some of the above avents happen and some others do not happen.
Example 2.29: A, A, A, A, are mutually independent events with probabilities
Ps: Pz | P3. P4 respectively. Find the probability of the following events -

(i} Exactly two of these events happen.

{il) At least three of these events happen.

(iii} At least one of the events A,, A, A, happens
Solution : (i) E, the event that exactly two of them happen can be written as the union
of six mutually exclusive events -

E= A, A, Az AslUA Az A  AsUA Az Az A UAIA, A, AsUALA, Ay
AU A Az Ay A,

So, required probability P(E)
= P(A, A, Az Ag)+P(A, Az A, Ag)+P(A, Az A3 AL )+P(A1A, A, Ag)+
P(A, A, A, A+PLA A AL A,)
=P Ps (1-p3 ) (1-py )+ Py Py '[1—1:':]"[1—94}"' Py Py ”_p}]“_pa}"'pzps
(1-py)(1=pg) + P, Py {1—F|1H1—P1:I+F|3 pq““ﬁ]“_pz}



= PyPs Py (1-04)+ Py Py Py (1-P3) + Py Py Pa (1-P2) + Py P5 Py (1-D5)
+P,P, Py P,
(i)  Bymutual independence of A, A, A,
P(A,A,A ) =PA A A H=(1-p) (1-py) (1-p3)
. Required probability = P(A, lJ A, U A,)
=1-P(A, A, Ay
= 1-{1-p ) (1-p3 ) (1-pa)
Example 2.30 : n persons take one chance each to hit a shooting target. The probability
that the ith. person hits the targetis p,, i=1, 2, ..., n. Find the probability that -
(i} no one hits the traget (i} somaona hits the target
Solution : Let A, be the event that ith. person hits the target. i=1,2, . n.
Then P(A,) = p, These evants are obviously mutually independent. So,
(i} P{no one hits the traget) = P(A | A ... A ) = P(A )P(A ,)..P(A )
= (1-py) (1-p5 ). (1-p,)
(ii) P{some one hits the target) = P(A, LI A, .. UA,)
=1-P(A A ,...A )= 1-P(A )P(A ;)..P(A )
=1-{1-p,) (1—py)... (1-Ps)




meeting at 4pm., the probability that he will reach home by Bpm. s 0.7, If he 8 al home
to-day by Bpm, what is the probability that he had a meeting at 4pm, to-day 7

Hint : Let A be the avent that Raj has a meeting at 4pm, and B the event that he is at
home by Bpm, Required probability is -

P{AB} P(AYP(B [ A) i D4xp2

P(B) - PIAIP(B/A)+P(AP(B/A) 0.4%02+0.6%0.7
3 Urn 1 contains a white, * black bafls and Um 2 contains c white, d black balls
One um is chosen &t random and a ball drawn from it If it is white, what is the
probability that originally um 1 was selected ?

4 Urn 1 contains 2 white, 4 biack balls and both ums 2 and 3 contain 4 white, 1
biack ball each. One urn is selected at random and a ball drawn from it. if it s black, find
the probability thal um 1 was originally selected

5. An um contains 3 white and 5 black balls. A ball is selected at random and two
hails of the selected colour put back in the um. Then a second bail is drawn from the
um. If this is black, what s the probability that originally a white ball was selected ?

8 Um 1 contains 2 red, 4 white and um 2 contains 3 red, 2 white balls. One
randomly selected ball is transferred from urn 1 to urn 2. Then a randomly selected ball
from urn 2 was seen as white, What is the probability that a white ball was transferred
toun 27

T In the previous problem, what is the probability that the next bail drawn from um
1 after a white ball has already been drawn, will also be white 7

B. A cutting machine cuts plywood 70% of the time it is used, and cuts log wood in
the ralance 30% of the time. The probability that the machine will need adjustment by.a
memanic is 1/50 when cutfing a plywood, and 1/20 when cutting a log wood. If a

=P{A/B)= =016




each guestion; find the probability that for a particular question, which has been
cormectly answered, the candidate knew the comect answer.
10. A, B, Care independent events with probabilities P, P, and P respectively. Find
expressions for (i) P(A LIBLIC) (il P(ABLIAC)
1. Ay Agi Ap are independent events with probabilities py.P,, ... P,
respectively. Find the probability that at least one of these events happens.
122 Ay A, A, are independent events with the same probability p of happening.
Find the probability that (i) exactly two of these events happen (i) More than (n -2) of
these events happan.
13.  Four boxes contain 3 red, 3 white; 2 red, 3 white; 3 red 2 white; and 1 red, 4
white balls respectively. One ball is randomly selected from each umn. Find the
probability that there will be 2 white and 2 red balls in the choice.
14. A B, C, D are independent events such that P(A)= P(B) =P, P{C)=P(D)= {1 -P).
Show that the probability that exactly two of them happen is -

[(1-2P +2P% 2 + 2P%(1-P))
15.  Inthe random selection of a card from a full deck, events A, B, C, D are defined
as follows -

(i} Ahappens if the selected card is an ace.

(i) B happens if the selected card is a spade.

(i) C happans if the selected card is red.

(W) D happens if the selected card is a picture card |.e a king oraqueeror a
jack. Compute the probabilities of A, B, C, D ; all pairs of events AB, AC, etc; all inplets
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MISCELLANEOUS EXERCISE - 2 (I)
In tossing of a die, give axamples of -
(a) Three mutually exclusive events
(b} Two mutually exhaustive events
(c) Two events which are not excluswve.
In tossing of two dice, give an example of three events which are mutually
exhaustive, but no two of which are exclusive.
Two numbers are randomly selected from theset{1, 2.3, .., 8, 8, 10} Give an
example of three mutually exclusive and exhaustive events.
In tossing of a die, give example of 3 equally ikely events A, B, Csuchthat A, C
and B, C are exclusive but A, B are not exclusive.
In tossing of two coins, give examples of three events that are mutually
exhaustive; but no two of which are equally likely,
In selection of a number from a set {1, 2, 3, ..., 18, 18 20}, give examplas of
four mutually exclusive, exhaustive, and equally likely events,
U represants the set of all integers n, such that 10 = n = 20. Write down the

following subsets of U (i) A the set of all prime numbers (i) B, the setof all odd
numbers, (i) C, the set of all multiples of 5.

&

8

In the above problem write down the sets (i) AUB (i) B° JC (i) (A -B)
{iv) (B-A)

U={x:0x<x<1}. Give example of three disjoint sets A, B, C

suchthat A /BLIC=U




12,

13

(1} Exactly one of the three events happens.

{il) At least two of the three events happen.

(i) All or none of the three events happen.

IfA, B, C are events, wrile down the following events in descriptive language -
(i) (AUBUCY (i ABCUUABCI|JABC (i) (ALIB)-C
Three letters are randomly sefected from the set {a, b, ¢, d, ). Write down the

sample space with the associated probabilibes.

14.

15
16
17

18

19.

21.

A letter and a number are randomly selected from the sels (A, B, C, D} and {1, 2.

3} respectively. Write down the sample space with the associated probabilities.
A coin is tossed twice. Find the probability that both head and tail are ocbserved.
A die is lossaed twice. Find the probability that the sum of the scores exceeds 10
Two persons are selected at random from a group of 6 men and 5 women. Find
the probability that both of them are of the same sex.

Two numbers are randomiy selected from the set {1. 2, 3, ... 10, 11} Find the

probability that their sum is even.

A coin is tossed 4 times Find the probability that the number of heads and tails
will be equal.

Thres numbers are randomly selected from the set {1, 2. 3, ..., 18. 18, 20). Find
the probability that the sum of the numbers when divided by 3 leaves a
remaindar 1.

Urn 1 contains 2 white, 4red balls and Urn 2 contains 5 white, 1 red balls. A coin

i5 tossed. If it falls with head side up, a ball is randomly selected from urn 1, otherwise a
wvarl s randomly selected from um 2. Find the probability that a white ball wil be
selected.
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25. A number is randomly selected from the set {1, 2, 3, ..., 88, 89, 100). Find the
probability that it is divisible by 4 or 7. (+2, 2008)
26.  Ina residential area of Bhubaneswar with 200 households, 110 houssholds buy
an English newspaper and 70 buy a newspaper in a regional language. 30 of the
househoids buy both the newspapers. What is the probability that a household selected
at random does not buy any newspaper 7
27.  Prove that for any evenisA, B, C -
P(ALUBLUIC) =z P{A)+ P(B) + P(C) - P(AB) —P{AC) —-P(BC)
28. A bag conteins 4 white, 3 red, and 2 black balls. Two balls are successively
drawn from the bag at random. If the first ball s white, find the probability that the
second ball is also white.
28, Two bag contain 3 red, 4 white and 4 red, 6 white balls. One ball is drawn from
each bag. What is the probability that exactly one while ball will be included in the
choice 7
30, Two urns 1 and 2 contain 1 red, 1 black and 2 red, 4 black balls respectevely. A
coin is tossed. If a head is seen, a ball is drawn from Um 1, if a taill is seen, aballis
drawn from Um 2. What is the probability that a red ball will be drawn 7
H WP{A)=P(B) =0.7, P(ALIB) =0.8; find P(B/ A)
32. IfP(A)=08, P(B)=(B/A)=03;find P(AUB)
33 A and B are independent events with P{A) = P(B) = p.
Obtain an expression for P(A | B)
34 A B, C are pairwisa independent events with P(A) = P(B) = P(C) = p.
FANBNC=¢.findP{ALIBLC).Also find its maximum value when05p=1.




37. An association has 14 men and 11 women members. One member was

selected at random to attend a conference. Meanwhile, 8 request was recelved for a

second name and a second person was selected at random. Find the probability that

the second sefected member s a8 woman.

38.  From an um containing 1 red, 2 white balls; a ball is transferred at random to urn

2 containing ‘a’ white, b’ red balis. Then a ball is selectad from urn 2. Find the probability

that it is red.

38 A, B, C are independent events, aach with probability p. Find an expression for
[P(ALBLIC)-P{ALIB)].

40 nmutually independent events A, A, ..., A, have probabilities Py, Pa,.....Py

respectively. Find the probability that exactly one of them happens.

41, Three balls are randomly selected from a box containing 4 red and 5 white balls.
Find the probability that a ball selected at random from the 3 salected balls is while,
42, A, B, C are mutually independeant events with P{A) = 0.6, P(B) = 0.5,

and P(C) = 0.8 Find P(ALIBLIC) (+2, 2007)
43, A, A,..... A, are pairwise indepandent eveniz and the probability of each event is

"
p. f no three of these events can happen together, obtain an expression for F[Uﬁ.l].
=1

44 Out of two similar envelopes, the first contains 1 red, 7 white; and the second 3
red, 3 white chits. One chit is randomly transferred from the first envelope to the
second. Then a chit drawn randomly from the second envelope was white. Find the
probability that the colour of the transferred chit was white.




bolt is drawn at rancom from the proauc! andfound 1o De gesective. Vvial 15 he
probability that it was manufactured by machine B 7 (+2, 2006)
214 RANDOM VARIABLE : MATHEMATICAL EXPECTATION :

In the previous sections, probability was defined as a set function e, it was
defined on subsets of a Universal set. Here, sets have a very general meaning of being
a coliection of any type of objects. the collection being well-defined. Our sets may be a
group of students or plants, animals or furnitures. Let tr.« elements of a finite set be
denoted as {8y, 8,....., €} . ;

Random variable : A random variable X associates a number {reﬁl numl:;éﬂ with avery
element of a set.

Let x{®e, ) be the number associated with €. Such association may be natural like the
height of a tree in case of trees in a plantation, or mark secured by an individual student
in case of a group of examineas, or number.of children for a group of families, Thus, the
random variable X transforms the eleinent of the sample space 5= {e,, &,. ....8;}ton
real numbers { X(&, ), X{e;)....., X{&,)}. These n values need notbe ail different. Let
the number of distinct values in this setofn values be denoted by (Z, Z;,.....Z}
where k = n. Each Z combines those values of X(e) which are equal to Z,
We can thus define a randem variable X as @ mapping from a set to the real line. We
define a variable Z which takes the values Z,,Z,...... Z, Let p(e;) be the probability
associated with € We define F,, the probability associated with Z, as follows -

R =F{E=Ii}=z pie,)
where the summation on the right extends over those ;'s for which X(& )= £ . Thus
the random variable X transforms the sample Space S=(&,, &,,...., 8, } with associated




where H and T represent the head side and tall side of the coin in the three
successive 10sses.
Let X{ &) denote the number of heads in the elementary event &, i=1,23, ...
7, 8. Then the X{ €, ) values obtained from the above sample space are -
3,2,2,1,21,1,0;

There are 4 distinct values in the above set which give -
(Z4.Z5.25.24) =13, 2,1, 0}

1
each Z, having the corresponding value. For an unblassed coin a probability B can be
assigned to each element of 5.

1
So,P(Z=1Z,)=P(Z=3)=PHHH= 5
since 3 heads occur only in the element H H H.

3

PZ=2;)=@Z=2)=PHHT)+PHTH)+P(THH =3
since 2 heads occurin 3elements HHT HTH, and THH.

3
Similarly, PZ=2Z;)=PZ=1)=

B
1
and PZ=Z,)=PEZ=0)=3



The above table is called a probability distribution, where the total probabitty 1’
is distributed among the values of L
(ii} in tossing of 2 dice, the sample space can be writlen as -
§={(1,1). (1, 2), (1, 3),(1, 4), (1, 5), (1.8, (2, 1), (2, 2), (2, 3), (2, 4), (2, 5),
(2.8). (3. 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, B), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5}, (4, B},
(5.1), (5., 2), (5, 3), (5, 4), (5. 5), (5, 6), (8, ). (6. 2). (6, 3}, (6. 4). (6, 5), (6, 6)}
where the pair of numbers represent the scores on the two dice in a definite order, say
first ans second die. Let X(&,) denote the total score of the two dice, which gives the
following values of X( &) from the alements of 5.
{2,3,4,56,7,3,4,56,7,84,56,7,8,95,6,7,89,10,
6,7,8,9,10,1,7,8,9,10, 11, 12}
W note that there are 11 distinct values here, which gives -
(20,23,25, 24 25,2, 27,25, Z5. 2y 241}
={2,3,456,7,8,8,10 11,12}
where each Zi has the corresponding value in the right hand set.

- 1
For two unblassed dice a probability 36 can be associated with aach element of 5.

1
So,P(Z=4)=PZ=2)=PF[(1, 1)]= e
since a total score of 2 occurs only for the pair (1, 1)
Similarly,

=PE=3)=Pl(1,2 bkl
P{zlzz]- [ ot }'_Hl:. ’ }U{EJ.i} EE 35-35




Flz=1m==§. PiZ=11)= é,p{z=1z}= E

We represent the possible values of Z and the associated probabilities in the
labie given below :

no.ofheads(Z): | 2 a3 4 5 6 7 8 8 10 11 12
] Wi arsehahRen ol o2 ok
probabilty ‘)= 36 3 36 38 3 36 36 36 36 36

This is the probability distribution of the vanabie Z.
Remarks : (1) The above discussions aiso apply to situations where the number of
elements in S is couniable infinity i.e. there are infinitely many elemeants in S which can
be arranged in a sequence Here, X or Zcan take a countable number of values If Z
takes a countable infinity number of values, then, a tabular representation of the infinite
number of values is not possible. But a probability distribution can be described by a
mathematical sequence. For example, if the number of tosses required to obtain the

1
first head in a sequence of throws of acoinbe Z, then P(Z =) = EF.'|=1.2,3. b 0

(2) The set (X (e, ). X(e,), ..., X(e, ) } can be defined directly without any reference to
the original events {€,, €5,..... 8, }. Thus, the random variable X can be directly definad
as (X Xy,...., X} or rather as {Z,.Z,,....Z, }to prevent repeated values, where
X, =X(e) Iif we are interested in Z the original sampie space may not have any
relevance. Thus a random variable Z may be dalined as one which takes values
{Zy,Z;,...., Z, } with associated probabilities P(Z=Z}=P i=1,2,3, .. k which F

K
2 Dand Z{F: = 1. This defines a probability distribution. We can extend the concept to

a countable sequence {Z,, 2., Z,, ... } Here, (Z=Z),i=1,2, .. areslemantary
avents.



K
where P20, ¥ P =1
=1

The definition can be extended to a countable number of values of Z.
ILLUSTRATIVE EXAMPLES : Given a probabiity distribution, probabdidy of an event
can be computed by adding the relevent probabilities. We give some examples.
Example 2.31 : The probability distribution of Z is given below -

Z: 1 2 3 4 5 B F i 8 g 10
= 008 008 010 OmMNM 0.14 015 012 009 002 008
Find ()(Z<4) MP(7T=Z= 10)

(i) find the smadlest k, such that P(Z < k) > 0.50
Solution: (N (Z = 4)=P{Z=1)+PZ=2)+P(Z=3)+P(Z=4)
=0.08+008+010+011=0.35
(i) P(TSZS10)=P(Z=7)+PZ=8)+PZ=0) +P(Z=10)
=0.12+002+009+006=0386
(i) We cumulate the probabilities from below. 1.2 from the smaller values ;
This gives, P(2<1)=0.06
P(Z=2)=014
P(Z<3)=024
P{Z=4)=035
P(Z<5)=048
P(Z=6)=064
S50, k=6



1u-.- 5 j*k
=5 E[E] where | = (i -k)

S5 U e ]

TG 5k
_1& (25 "_1'1_2_5,]‘:&
"B L.’.'.E 'a[ 36 1

215 CONTINUOUS RANDOM VARIABLES

In the preceding section, we have discussed about random variables which take
a finite or countable number of values. Such variables are called "Discrete random
variables”. Discrete variables mostly take non-nagative integral values which may
extend upto infinity.

But there are many variables which can take any value in an interval of the real
line. Height of a parson, weight of an apple or a mobile phone, the distance by which an
arrow misses a targel are examples of such variables called “continuous random

vanables”. They are comparable to continuous mathematical variables but have an



intervals. so that guestions of the above type may be answered

Lel a random variable X takes all values in an interval (A, B). Obviously,
P(A=X<B)=1. But probabiliies are not localed at individual points in this interval
because there are uncountable number of points in the interval and their probabilibes
must add upte 1. So, only zero probabifity can be associaled with points. It really does
not make sense to talk about probability of an event that a persen is exactly 175 cms tall
because any microscopic deviation from 175 cms makes the outcome unfavourable to
this event. As such, the probability of a person being exactly 175 cms lall is zero. It thus,
makes sensa to talk about the probabiiity of X lying in a subinterval(a, b) of (A, B). We
can ask, what is the probability that X lies in the interval (a. b) i.e. what is P(a <x<b} ?

Since the axiomatic approach, based on certain assumptions gives the best
definition of probability; probabilities in intervals can be computed from an abstract
probability structure on (A, B). Such a model probability structure can be generaled by a
function f{x), defined in (A, B}, which satifies the following requirements .-

(020, (i) PIA<X<B) = ‘{: ). cx = 1
The probability associated with any sub-interval (a, b) of (A, B) is -

fiii) P{a<x<b) = ]': fix) dx
Any fix) satisfying (i) and (ii) above generates a probability structure on subsets of (A.B)
as defined by (iii). This is an absiract model of a continuous probability distribution;
which does not solve a particular problem. But an appropriately chosen f(x) can
reprasent an observed random situation. The interval (4, B} includes situations where
A= - = ([jB=+ = orii)A= -=and B=+c, sothat all situations are covared.
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-. Required probability = [,,dt= s
Remark : In the above computations, X represents a random variable and x represents
a real variabla.
2.16 : MATHEMATICAL EXPECTATION :

Wa give below, the definiion of mathematical expection or expectation or
expected value of a random variable X (rv.X)
(i} If the r.v.X is discrete and takes the values X, X, X, ....with associated probabilities
Py Pa, P4, ... réspectively, then the expectation of X, E(X) is defined as

E(X) =) pX, (21
provided the series on the right hand side absolutely converges in case X takes an
inifinite number of values with positive probability i.e. provided.

Epilxiic:m (2.12)

In both (2.11) and (2.12), the summation extends over all the X, -values. Absoiute
convergence of 3 P X ensures that any rearrangement of terms does not alter the
sum (i) If X is acontinuous variable in the interval (A, B) with p.d fix), then E{(X)is
similarly defind as -

E(X) = ]‘f x f{x) dx (2.11a)



depending upon whether the variable is discrete or continuous, where X in (2.11)is
replaced by @(x) or x in (2.11a) is replaced by gi(x). The condition of absolute
convergence has to be ensured for E[g{X)] to be meaningful

Thus. for discrate X,

Elg0l= Y palx) (2.13)
providad the righthand side absolutely converges.
For a continuous rv.X,
B
Elg ()= [, g00f0x)dx (2.13a)

provided the intergral on the right-hand side absolutely converges.

The following properties directly foliow from the definiticns and may be verified by the

reader.

Property 1 : If g(x) = C, a constant ; then E g(x} =C

Property 2 : If g{x) = aX + b, where a, b are constants, and E({X) is finite, then
E{faX+b)=aE (X)+b

Remarks : (1) E( ' ), where r is a positive integer, is called the rth moment of X about

the origin, and usually denoted as 1 ¢

E(X) =p';and '3, '3, 1y are important constants associated with the distribution of

X

() M =EX-EXP (2.14)
ts called the variance of X, written as Var (X).



Var (X} in the form (2.14a) is convenient for applications.
(4)  Var(aX +b)= a® Var (X) (2.15)
Proof : Var {aX + by = E[{aX + b) - E (ax +b)F

= E[aX -aE (X

= a® E[X -E(X) =a® Var (X).
illustrative Examples :
Example 2.35 : If X denotes the score in the single toss of a die, find E(X).
Solution : P(X=ij=18. i=1,2 34,586

E{x}néiﬁx = i)

=—;=|:1+2+3+4+5+aj=%

Example 2.36 : A selects a number at random from the set {1, 2, 3, ..., 8, 8, 10}
If he selects an even number he gets Rs 2, but if he selects a multiple of 5, he gets Rs
10. No payment is made for drawing the other numbers. Find the expectation of A's

gain.
Solution : Let money received by A be Rs X

4
P{X = 2} = P {An even number which is not a multiple of 5 is selecled ) = 0

2
P(X = 10) = P (A multiple of 5 is selected) = 0

4 2
So, E(X) = Eﬂﬁﬂﬂlﬁ- =28



Find (1) E(X) (i) E{(X*) and Var (X)
Solution : E(X) = -3x0.1+(-1)x03+1x03+5x0.1
==03-03+03+05 =02
E(X®) = 9x0.1+1x0.3+1x0.3+25x%0.1
=08+03+03+25=40
Var (X) = E(C) - [EQOF
=40 -(0.2/=306
Example 2.38 : A coin is tossed until the first head appears. Find the expectation of the
number of tosses,
Solution : If the first head appears in the nth. toss, then the number of tosses X = n.

1
F{xtn} E?i n-le- 3| pm—

since a tail has to appear in the first (n-1) fosses.
= n
So, E{J!lﬂ; ra
1= N
=§ ; EI'H

-2
1. 1
= —|f—— =
z[ 2] £

Exampie 2.39 : Starting with Ram, Ram and Sam alternately throw a die. He who
throws a 5 or 6 first gets a prize of Rs 10, and the game ends with the award of the
prize. Find the expectation of Ram's gain. (+2, 2007)



T - T T P - I . R o T o e g . T N I e Ny L s e LR L T ) b [ o e U0 TR e S e e s

n=0123 ...

oY 4 4 ey
NS ST S

since scores other than 5 or 6 have to be thrown in the first 2nthrows and thena S or 6
throw must follow,

af 1 4““1[ 4]"_3
P(Ram wins) = 3. E”{QJ 3l 8) T35
E{Ram's gain) = Rs10 =-§=Rs 6.

217 BIVARIATE PROBABILITY DISTRIBUTION :

In our earlier discussions, we have considered a random variable X which takes
real values with associated probabilities. This concept can be extended to a random
variable taking a pair of values. This pairing may be natural to the phenomenon under
study, We give some simple examples - (1) If two dice numbered 1 and 2 are lossed
together, the outcome of each loss may be recorded by a pair of numbers (X, Y) where
X is the score on die 1 and ¥ the score on die 2 The pair (X, Y) takes §:5=36
possible pairs of values. For two symmeincal dice, a probability 1/36 may be
associated with every pair. This probability distnibution can be given in the form of the
following two-way table.



> | 3| 3% | % | % | %] 3|8
R | SB.ON BRI (13| I (O
361 38 | 38 | B | 38| 38| 6
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3| 3% | 3% | % | %| 3|8
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The entry against the row with heading X = | and the column with heading Y = | gives the
probability P(X =i, Y=j)i, j=1,2, ... 6 The last column gives the probability
distribution of X and the last row the probability distribution of Y. The probabilities total to
1. Such a table is called a bivariate probability table.

(2) Suppose we have observed the variables (i) X, the number of rooms and (i) ¥, the
number of persons in 100 houses of a locality. Let the possible values of X be X =2 3,
4,5, 8 and possible values of Y =1,2, 3,4, 5,8, 7. If there are N houses with X = X,
andY =Y, wehave 3 3 Ny =100, the total number of houses. If one household be
selected at random then P(X = X ¥ = ¥ ) = ny/ 100 = F;_ A typical bivariate probability
table may be observed as follows




8 000 | 000 | 000 000 | 001 002 | 004 | OO7
Total 008 | 012 | 08 021 | 017 | 013 | O.11 1.00

Hers also, the distributions of probabilities of X and Y have been shown as totals in the
last column and last row respectively.

Eajsuppuulmmbﬁxumﬁiumlysﬂudedhmﬂmgmupufmmn[ﬂ 1,1, 2.2).
If X =0, Y is the sum of two numbers randomly selected from (1, 1, 1). F X =1, Y is the
sum of two numbers randomly selected from (0, 1, 2) and if X = 2, ¥ is the similar sum
of twa numbers drawn from (1, 2, 3). The bivariate probability distribution of (X, Y) can

be computed and verified to be as given below -

N‘l 2 |3 i Total
5 0 A= il o | o 2
5 5
.| 5 | 8 5
s fode | e 2] 2
2 . w l.aw sl &
2 5 4 4 2
Tl |55 | 5 | B B 5]

The probability distributions of X and Y, computed as totals from the bivariata probability
distribution: are called the marginal distributions of X. or Y. Each row (column) gives the
probability values of Y (X), when X (Y)is held constant, If these probability values are




computed from the bivariate probability distribution by adding the probabilities of cells
which are favourable to the event. For example P(X +Y Z11) can ba computed in
example (1) above by adding the probabilities of the cells, (X, Y) = (5, &), (8, 8}, (6, §).
Similarty in example (2) P [23_:_!: ¥ -:.E.'EEJ can be computed by adding the probabilities
of the cells (X, Y)=(2, 2), (3, 3), (3, 4), (4, 3), (4. 4), (4, 5), (5. 4), (5, 5), (5,8), (5. 7).
(8, 5}, (B, B), (B, 7)and (6, B). (i) In Example (1) the values of X do not influsnce the
values of ¥ since they are scores of separate dice. Hance the events (X = X ) and (Y =
Y, | are independent and we have.

P(X=x,Y=y))= P(X=x) P(Y=y))

The above formula holds good for all situations where X and ¥ are independent
random variables. This can be used to compute the cell probabilites from the marginal
probabiiitres of X and Y. But this is not true in Example (2) as more persons will require
mare rooms to accommedate themselves. Here, variables X and Y are mutually
dependent and this dependence is reflected in the cell probabilities.

Generally speaking, a discrete bivariate probability distribution is defined on a set
of pairs of points {{ X.¥|) : (ij) €5} where S is a finite or countable set of pairs of

NUMDErs. Pmnahdrtymm.yl:l:anx,,?:yl;-.—pizﬂl
mmﬂmlEEP‘ﬂ. Usually S= IxJ, where | and J are two sets of consecutive

integers, which may be finite or countable.

Continuous case : As in the case of one variable (univariate}, the vanables X and ¥ in
the bivariate case can be continuous. In this case. probabilities are not located at points
{x. ¥}, but in sets {(X, ¥) - x <X <x+dx, y<¥ <y + dy}. where dx and dy sre intervals



I[j’ fix, y)dxdy =1

But in the present text, we will not deal with continuous bivariate probability
distributions since their manipulation will require the knowledge of calculus at a higher
level,

A simple example of a continuous random vanable X s when X takes all values
in the interval [0, 1] with equal probability, Here, the probab“ity that X takes any particular
value X, is zero. Probability is defined in intervals with P{0=x=1) =1, For any sub-
interval (a, b} of [0, 1], P{a<x<b) = (b —a). By analogy, the simplest cantinuous bivanate
distribution has the probability density function -

fix, y) = [(6,~a,) (b, -8,) ' 8, < x <b, @, <y<b,
which is a rectangular domain in the XY - plane. This rectangle has area
[(b;—a,) (b, ~a,)] and any partthere of carmies a proportionate probability. This Is
called the bivariate uniform probability denisity function, which has useful applications.
218 MATHEMATICAL EXPECTATION OF gi(X, Y) :

We limit our discussion to a discrete bivariate probability distribution defined on
a set of pairs denoted by 0 = {(%,.¥,): (i,]} 5}, Let | denote the set of values of iand J
the set of values of | occurring in 5. We extend the set 5 to all pairs | xJ, and assign
zaro probability to those pairs which do not occur in 5. Thus, let

5 [Plxn:c..ﬁ"l'h:r. il jes
Pi=1o WL Je S0 e Ixd

We define,
p]-=P|:K = 143= ;Pg- F'j = PY = ‘,fi',i = ZFH.



by rearrangement of the terms, If the number of element in 5 is finite, no such condition
of absclute convergence is applicadle.
ADDITION LAW OF EXPECTATION :
Theorem 2.18.1 - For a pair of random variables (X, Y)
E(X +Y) = E(X) + E(Y)
provided all the expectations axist.

Proof:- E(X+Y)= 2 ;Ix;ﬂj]lﬁi

- ; ; nnf?% Y Py
313 3 1(3)
= ¥ X P+ ; ¥i P

= E(X) + E[Y)
Note that the rearrangemant of terms at each step is permited by the condition of
absolute convergence.

Corollary 2.18.1 - If (X,, X5, ..... X, ) be n random variables, then

n f
(g0 =
provided all the expectations exist. ;
Proof : - The result can be proved by induction on n.

Theorem 2.18.1 states that the corollary holds forn = 2.
Lat the corollary be true for (n—1).
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2.19. INDEPENDENCE OF RANDOM VARIABLES
Definition : Random variables X and Y are independent if the events (X=X, ) and
(Y=Y} are independent. i.e

P[ﬁ:xI,T:ﬂ}:P{x:ll:,F{'f:Hi]

for every pair (i, |). Symbaolically, this can be written as -

Py PPy for all pairs (i)
Definition : Random variables X, X,......, X, are independent if the events

(X, =%,), (%y =% ), cooe, (X = X,,) @re mutually independent i e.

P{X, =I1.Iz = Xy ey X, = :t.,}=F'{11 =1:1":P{’}E= =:2],.... P{X, = X,)
for every set of possible values (X, X5, ....., Xp)of (X, Xa, e, Xq).
Generally, two or more random variables which do not ssem fo be connected through
any common link can be regarded as independent. The heights of two different persons
or the weights of three fish in a calch can be regarded as independent random
variablas. But the weights of two brothers or two animals of the same strain are not
independent random variables as they have a common genetic link. Similary, to day's
maximum temperature will influence the maximum temperature of lo-morow due to
continuity of the season, and these variables are not mutually independent.
MULTIPLICATION LAW OF EXPECTATION :
Theorem 2.19.1 : If random variables X and Y are mutually independent, then

E(X Y) = E(X) E(Y), provided all the expectations exist.



= E(X) E(Y)
Corollary 2.19.1 : If X, X, ..., X, ba mutually independent random vartables, then

E(Xys X orre X)) ZEQK) EDK5) ... (%)
provided all the expectations exist.
Proof ; The previous theoram asseris that the above corollary is true whenn=2 We
can prove the corollary for any n by induction. Let the corollary be true for (n— 1) random
vanables X, X,,..... X, then,
E(%, Xg, oo X )= BIOG Xa i X5 K5
= E(Xy Xg0 e Xy EOGG) (by independence)
=E(X;) E(X,) . E(X 1)E(X,) (by induction hypothesis)
220 VARIANCE OF SUN NF RANDOM VARIABLES
Mutually independent random variables :
Theorem 2.20.1 : IT X and Y are mutually independent, then

Var (X + ) = Var (X) + Var (¥) (217
Proof : Var (X +Y) = E(X+ Y - [EX+Y)F
= E(¥2 + Y7 +2XY}- [E(O+EMF (Theorem 2.18.1)

= E(X)® +E(Y ) + 2E(XY) - [E(OF ~[E(NOF - 2E(XIE(Y)
(by Corollary 2.18.1)

= [EMX2)-{EQOF]+ [E(Y2) —{EM)]

[+ E(XY)=EX)E(Y)]
= Var (X) + Var (Y)
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i n
=Wi§I|J+Vﬂ-ﬁKnJ (by independence)
n-1
= ; Var(X,) +Var(X,) (by induction hypotheses)
=3 Var(x)
Dependent random variables : -

Definition : If random variables X and Y are not independant, then covariance of (X, Y),
Cov (X, Y) is given by,
Cov (X, Y) = E[{X-E(X)KY-E{(Y)}. . (2.18)
If X and ¥ are independent, the covariance 1s zero. It is sean that
Cov (X, Y) = E[{X —E(X)}{Y -E{Y)}] = EIXY - XE(Y) - Y E(X) + E(X) E(Y)]
=E(XY) -E(X) E(Y) (2.18a)
which i a convenient from for applications

Theoram 2.20.2 : For a pair of variables (X Y],
Var (X +Y) = Var (X)+ Var(Y)+ 2 Cov (4. Y)

Proof : Var (X + Y) =E[(X + Y)-E(X + V)]’ (2.20)
= E(X+ Y2 —[E(X + Y)I?
= E(XZ + Y2 4+ 2XY) - [E(X)+ E(VI]
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ot () $ ] [e(§ 5]
=E[ xﬁﬂ);):%:—[gﬁzm]a

=E i{xlf +2E z;:;.;x,xl} - [g {E(X)) + “2;}; E(X,) E':Ir:'j|
2 ?'_'_;[Em*}—{EmJF]**zgg[EWﬁHEWEl“ﬂ]

=ﬁvar{x|}+2§§cm (XX,

Remark : We have seen that if X and Y are indepandent, then Cov (X, Y) =0
The converse is not true i.e. Cov (X, Y) = 0 does not imply the independence of X and Y.
For example if X takes values -2, —1, 0, 1, 2 with equal probability and ¥ = X* , then -

Cov (X, Y) = E(XY) - E(X) E(X*)
=E(X7)-E(X) E[X?)
=0 |-+ EX)=E(X%)=0]
ILLUSTRATIVE EXAMPLES : -

Exampile 2.40 : Two chits are sucessively drawn from an um containing 3 chits bearing
numbers 1, 2. 3. if X be the number on Chit - 1 and Y the number of chit - 2 represent
the probability distribution of (X, ) in a biavariate lable.
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Example 2.41 : 40 students of a class were given 2 questions sach carmying 4 marks,
(X, Y) represents the score of a student in questions 1 and 2 respectively. The relative
fraquencies of (X, YY) pairs are given in the foliowing bivariate table, Obtain (i) the
marginal distribution of Y (i} conditional distribution of X given ¥ = 3

0 1 2 3 4
CRICE S e
0 |20 | 20| %0
- 3 | 2 2
1 | = =1 =110
40 40 40 a0
T r e oA
. 20 | 20| a0 | %0
A pet oA | (X
B 20| 20| 0| %0
E ) g 1)
ol 0 20 | a0




Total

&ln Bla Bln Bln ©

18
40

o Bla.3lw Bln ©

10

10
10

—-:1

The conditional relative frequencies of X given
Y = 3 are shown in column with heading

. (10
Rix). Their sum is l a0 ] The Rix) figures
have been multiplied by 4 to give a total of '1'
in column P{X}, which gives the conditional

distribution of X when Y= 3.

Example 2.42 : From the following bivanate probability distribution compute

MPX=Y)

(i) PX - Y|>2)

X Y] 1 2 3 B 5 8

1 0.03 | 004 | 002 | 0Ot | O 0

2 001 | 004 | 008 | 002 | 002 | ©

3 002 | 002 | 0.1 | 024 | 007 | 004
- 001 | 001 | 002 | 0o4 | 004 | DO2
5 0 0 002 | 002 | 003 | D02
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Example 2.43 : From the following bivariate probability distribution, compute
(i) E(XY) (i) E(X - Y]

'NJ1 2 3

5 2 1

! 20 | 20 | 20

2 4 2

2 20 | 20 | 20

1 3 3

» 20 | 20 | 20
Solution: [ Xf 1 2 3 4 6 ]
3 4 2 4 4 =
P& e 20 200 200 20, 20

EQXY)=1x P(XY=1)+2 x P(XY=2)+3 x P(XY=3) +4 x P(XY =4)
+6 % P(XY=8)+0 x PXY =8

- £ i Bl i ol ol S
Sixogt2xggtin gtz 1629200
—— +16424+27)= — =42
-zu{3+ﬂ+ﬂ. ]...En- x
@ [x-Y] <] o 1 2
_ 100 8 2
v et e i e
PIX-YD: | 25 20 20
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Lets = 3 X

1
Etl‘i.}=gu+=+3+4+5+m=%.,e=1.a. n

- E(S)=E(Y %)= Y E(X) =nE(X)=7n2
Example 2.45 : n balls are drawn from a box containing a white and b biack balls. Find
the expected number of white balls.

1 if the ballis whita
Solution: Let X, = 11: if the ball is black

5]
Then, number of white balis, 5 = Z»’ﬂ

1 - +0 : -—
E{x‘} “a+h “a+b a+b

na
», E{S)=nE({X;)= =y

Example 2.46 : Box 1 contains 3 chits bearing numbers 2, 4, 6 and box 2 contains 4
chits bearing numbers 3, 5, 7 and 9. One chit is randomly selected from each box. Find
the expectation of the product of the scores oblained.

Solution : Let the scores obtained from boxes 1 and 2 be X and Y respectively and the
product of the scores P = XY. Since X and Y are independent, E(P) = E(X) E{Y).

2+4+6 3+5+T7+9 =

Now, E(X) =4_E[Y) 3 6

So, E(P) =4 ®6=24

——a &
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X, = a with probability p
b with probability (1-p)

s E(X)=ap+b(1-p)=[b+(a - bjp]
(i) Sum of the scores § = X, +X,,.....* X,.
- E(S)=nE(X ) =nb+(a — bjp]
(ii) Product of the scores P = X, X,....... X,.
-~ E(Py = [EQ)) =[o+(a-b)p["
Example 2.48 : n trials are made, each resulting in a success or a failure with
probability p and (1 - p) respectively. Find the expected value and vanance of the
number of successes.
Solution : Let
xﬁ{nr the ith. trial isa success
0 if the ith tialisa failure.

Obviously, the number of successes S = giﬁ

The X, - variables are independent and E( X, ) =p.
, E(S) =np.
Again E(X?) = p, Var (X)) = E(X?) - [E(X)*=p - p? =p(1 - p)

- Varg= évarm ot —p)

Exampie 2.49 : m chits are randomly selected from the N chits of a box beanng
numbers 1, 2, ..., N. If S be the sum of the numbers obtained, find (i) E(S) (i) Var (S).



[0
i

m \l m 1
- El5) = E[;I,J = ;E{K,} = Eml{MH}

Since ( X,, X, Jtake any pair of values from {1, 2, ..., N}
-

1

o (DR R

g
"~ N{N-1)

_ 1 [NN#P NN+ 1)@2N+1)
N(N-1) 4 6

[{1+z+3+..,.+ i -{11+22....+Ni}]

_ N+1
12{N-1)
N+1 _ (N+1){3N+2)
= ——TE{N_“[EN"'—H-E] =
“ Cov (%% = E(XX,)-E(X) EX)
_(N+1)3N+2) (N+1)2 _ N+1
% 12 4 4
Again, Var( X,) = E(X?) ~[E(X)I
_ P22 N (NP
N 4

_ (N+)EN+1) (N+1)° _ N°-1
6 4 : o

[BN(N+1)-2(2N+1)]
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1. X is the sum of two numbers randomly drawn from the satf1.2.3.4}.wl'imdnwnl
the probability distribution of X.

2. 4 balls are randomly selecled from an urn containing 5 white and 6 black balis. Write
down the probability distribution of the number of white balls.

3 Three numbers are randomly selected from {1, 2, 3, 4, 5}, Write down the probability
distribution of the largest number selected.

)
4. The prebability mass function of X is given by P(X =K) = K K=12 3.,

where A is a constant. (i) Find A (i) Find the probability that X takes an odd value
5. X and Y are random observations, taken with replacement, from the same

set {1, 2, 3, 4, 5}. Find the probability mass function of Z = (X -Y).
6. The probability density function of X is given by f{x) = kx*(1-x),0 < x <1_(i) Find k
(i) Find the probabilibes P{X=0.2}, P(X=0.5).
7. The p.d.f of X is given by f(x}= kx, 0 < x < 2 , where k is a constant. Find (i) k
{HPO5<x<1.5)
8. Random variable X lakes values 1, 2, 3 with probabilities inversely proportional fo
these values. Determine (i) E(X) (i) E (X% + 2).
2. Two balls are randomly selected from an um containing 4 while and 5 red balls. Find
the expected number of white balls selected.
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P(X) :| .05 15 040 020 05 A5

12. Deepa throws a die until she gets a score of 3 or € for the first time. If she has to

pay one rupee for every throw which is not a 3 or 8, find the expectation of her loss

13. Three numbers X, Y. Z are randomly selected from the set {1, 2, ...., n}
Find E(X + Y + Z).

14. The table balow gives the probability distribution of (X, Y)

X5X| 1 2 3 4

1 o004 | 018 | 000 | 0.18
2 016 | 005 | 004 | 0.18
3 ooo | oo7 | oos | oor

(i) Find the marginal distribution of Y
Obtain (il) P(Y=X) (i) P{Y = X).

15. In selecting two cards from a well-shuffied deck, which of the follawing options give
a higher expecied return 7
(A) Prize of Rs 500 for selecting a king and a gqueen of the same sult (B) Prize of Rs
350 for selecting two aces.
16. Ram draws a card from a well shuffled deck. If he gets a spade, he gets a prize of
Rs. 20 and draws a second card from the remaining 51. f he draws a second spade,
he gets Rs. 30 more and draws a third card from the remaining 50. If the third card is a
spade, he gets Rs 50 more. No ather payment is made for other choices. Find the
expectation of his gain.
17. Numbers X and ¥ are randomly selected from the sets {1,3, 5, ... 2n + 1}
and {1%,2% 3%,......n?}. Find (i) E(XY) and (i) E{X + Y).
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Miscellaneous Exercise - 2(ll)
1. The letters of the word PROBABILITY are arranged randomly in a sequence, What is
the probability that the last letter of the sequence will be Aor O orl 7
2 What is the probability that a new year will start with a Saturday or Sunday.
3. A number is selecled at random from the set {1,2 3, ..., 18, 18, 20}. Find the
probability that it will be divisible by 3or 7.
4. The numbers of the set {1, 2, 3, ..., 10, 11, 12} are randomly divided into two halves.
Find the probability that these will be three even and three odd numbers in each half
5 Three numbers are randomly selected from the set{1,2 3, ..., 10, 11,12, 13, 14).
Find the probability that at isast one doubie digit number will be included in the choice.
&. Three bails are randomly selected from a bag containing 3 red, 4 black and 4 white
balls. Find the probability that at least two of them will be of the same colour.
7.6U={1,2 34 56,7, 8,9, 10, 11); give examples of (i} 3 sets which are mutually
exclusive but not exhaustive (i) 3 sets which are axhaustive but not mutually exclusive
(i) 3 sets which are both mutually exclusive and exhaustive.
8. Write down all elements of the following sets : - (i) All positive integers <10 which are
ﬂ;pr@ﬂdhﬂpﬂmmmnﬂ positive integers which can be expressed as
= wher m and n are positive integers with (m+n) = 8. (ili) All numbers of the from 3"
not exceading 100, where n is a positive integer.




6}. Write down the sample space with the associated probabilities.
12.A number is randomly selected from the first 50 positive integers. Find the
~ probability that it is divisible by 6 or 7 or both.
13. Four balls are randomly selected from a bag containing 2 blua and @ red balls. Find
the prabability that at least one blue ball is included in the choice.
14. K P{A) = 0.3, PiB) = 0.4, P{ A LI B)=0.58; prove that

F{AB) = P{A/B) P{B/A)
15. A ball is selected at random from an urn containing 5 whiie, & red balls. Two balls of
the selected colour are put back in the urm and @ second ball is drawn, Find the
probabiiity that it is red.
16. Hari and Ram select two cards successiwvely from a well-shuffled deck. Find the
probability that Hari selecis a spade and Ram sslects an ace
17. Henry will visit drug stores A, B and C to buy & medicine. The probabilities that he
will get the medicine in these stores are 0.7, 0.6 and 0.5 respectively. If he visis the
stores in this order, find the probability that he will get the medicine,
18. If P{A) = 0.75, P(B) = 0.62; Find the limits between which

(i P{ALIB) and (ii) P{AB) will lie.
19. Which one of the following Is true and which one is falsa 7

(i) P(A/B) 2 P(A) = P(BIA)2P(B)

(i) P{A)=P{B) =A=B

(i) PA)=0 = A= ¢

(iv) P{BIA) = P(B/ A )= A and B are independent.
20. Events A and B are independant. If P{C) =0, prove that A, B and C are mutually
indepandent
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€% from B and 8% from C are second quality. Find the probability that a randomly
selected second guality apple has come from source A,
24. Umn 1 has twice as may red balls as white balls, and um 2 has 2 white and 1 red
balls. One ball is randomly transferred fromum 1 to um 2 and then a ball randomly
chesen from um 2. If it is a white ball, find the probability that the transferred ball was
also white.
25 A pairof numbers (X, Y) is randomly drawn from tne sat {1, 2, 3,4, 5]} Find the
prabability mass function aof -

MZ=(X+Y) (0)Z=[X-Y|
26. X and Y are randomly drawn numbers from the sets {1, 2, 3} and {2, 3, 4, 5}
respactively. Find the probability distribution of Z= X% +Y.
27. Random variable X has the probability mass function ;-

PX=i)=K/3',i=1,2 3, ... Find K and E(X).
28. If X and Y be a pair of random vanables, find an exprassion for Var (AX + BY) in
terms of the variances and covariance of X and Y. Hence examina the significance of,

Var (AX + BY) = Var (AX -BY)

28, Find the expected number of fallures preceding the first success in an infinde sanes
of independent trials with constant probability of success p in each trial.
30 n letters serially numbered as 1, 2, 3, _.n are put into n envolopes also numbered 1,
2,3, ..., nina random manner If the ith. letter is put into the ith, envelope, we get a
match (i=1, 2, .... n). Find the expected value and the vanance of the number of such
matches.
31. Obtain an expression for Cov (3 X + bY, cX + dY) in terms of the variances and
covanance of X and Y
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Exercise 2 (B)

1(a)2.3, 5.7, 11,13, 17, 19 (b)1,4, 9, 16, 25, 36, 49

(¢) 20, 25, 30, 35, 40 (d) 21, 28, 35 42, 49

(e) 8, 12, 18,20

2()[0,5,1.0]  (i)[0.5,0.8)J(08, 1] (i) (0.4, 0.5)

3 (){19,8,4,3.1}  (i){19,9,4,3,15,1,0.25,0)

{EEEEEEE}
o TR R R Rl )
a(fe} ¢ (i (v} {=,

Exercise 2 (C)
4.{57,9},{3.7.9,(3.59.{3,5 7, {1, 7.8, {1,591, {1.5, 7}, (1. 3,8}, {1, 3, 7}. {0,
3,5)

501{1,3,57,81,13,15} (@#{7.8,8, 10,11, 12}
(i) {3, 5.6, 8, 10, 12, 15} (iv) {2. 4, 8}
6. (1 {1,3,5, 13, 15} (ii) {3, 5, 8,7, 8, 11, 15) fili) {2, 4, 14}

8. A|J(A®B) U (A°B°C) U (AB°C*D)



3
18. P3Py + Py~ PPy 19. P(A) = ~ F:B} 73 PC) = 75 P(AB) =

P(AC) = 2=, P(BC) = P(ABC) = 0. Oniy A and B are independent

5
T 2 -] o 255
20. E 21 E 22. 1—[EJ 23. {i) 3 {ii) 256 24.010
25. () PP (1-Pa) + PP (1-P2 ) + PoPa(1-Py)
3
(i) (1-py) H*I‘-‘gH"*‘F;I‘[""‘ E?%ﬁ]
2 1 +. % 1 1
26. 0.86, !T'E 28. ﬁ-ﬁ*ﬁ'ﬁiﬁ
Exercise 2(D)
Py 0.16 g iR v |
1 P, + PP —P;) 2.0. “afc+d)+cla+b) "B 3

3 7 15 4p
67 735 8325 O 3psi 1000 Py*P2*Py—PP;—PPs PPyt PPPy
(i) PPy *PP3 =Py Pa Py 11.1-(1-p)(1=py)o.(1-Pn) 12 "¢, pP(1-p)™*

() np™ (1-p) +p" 13 15%




(i) ABCL A®B°C"®

12 {i) None of the events happen {iiy Exactly two of the events happen

(iii}) At least one of the events A and B happens but C does not happen

13.  {c,d, e}, {b, d. &}, {b. c. ). {b. c, d}, {a d, &}, {(a. c. &}, {a. c, d}, {a. b, &}
{a, b, d}, {a, b; c} each with probability 0.1.

E A o 2 2 owm 8 il
' 2 T 12 ‘ 11 11 : B - 190
21 Lt 2 L 23 06 24 07,0 25 =
T . : | 0.7, 0.8] ; o5
i VB B OGRS B g
x *_ *: B : 35 ’ 12 3 ? 2 E‘E
a3 2y 34, 3p(1 2 35 0.8 38 £ 37 L
" {Ep-p :l 'ap{ _p]rl‘ 1 J - a+b T
Ib+1
R 3
B 3arp+) 38, p-2p° +p
n p_ -E
1-p1-p. ) (1=Pn) ¥ —— 2
a0, (1-p(1-p3).....(1-Pn gﬁ-m M- = 42 0.98
28 12 28
43.  np{2+p —np)i2 M Iz B e &



> .| 3 2 o 2 1
6 ©65 65 66 6B
3 |x 3 4 5
P B4 03 06
4 fe-1)", (e+1)2e
+4 +3 +2 +1
| & R AN
5 IR S L IR, I
25 25 25 25 25
&. (12 (i) 0.0272,06875 T7.{i) 5 {ii) 2 8. 1-1- (i) E-i
2 2 11 11
9. % 10.Rs567p 11.()350 (i)2460 12.Rs2 13 3(n+1)2
“ W® Y= 1 2 3 4
Pt 20 30 08 4
() 056 (i)018 15 (B) 18.Rs 7.41p
4 i [n+1]26{2n+ 1) i {n+1}{:n+ﬂ
B M+ O {"”}1{:“2} (i) _______F{n'*’llﬁliﬂ—?i

9. (0 X4 EX) @ 2a VarX) + 2.2 830ovXX,)

20, () mX (i) m(N—m) s/ (N-1)
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3), (2, 4), (2, 5),(3. 4), (3, 5), (4, 5)} each with prob. 0.1

1]
7 C
11.{I-I1.H3,H5.T2,T4.Tﬁ]laammmpmh-l 2. — 13 5=
A 25 C.
B 1
15. ﬁ 1B. E 17. 0.84 18.[0.75, 1). [0.37, 0.62] 180T

(iF (@F (VT 21 () PPy (1-P3) (1-Py) *PP5 (1-p,) (1-pg )+ ppe (1-P2)
(1-pg) +P,Ps (1-P,) (1-P4) + P2Ps (1-P4) (1-P3) * P3Py (1-P) (1-P2)
(@) PiPzPs(1=Pa)* Py Py Pa(1-P3) +Py P3 Pal1-P2)* Py Py Pa(1-Py)*P; P2 Py Pa

22, 1-a"mNR 23,1019 24.317
25.Mlz :| 3 4 5 6 7 8 ]
P o1 01 62 02 02 01 0.1
{ii) i 1 2 3 4
P 04 03 02 01
% (z:]3 4 5 6 7 &8 9% " 12 13 W
i £ & e ¥ URE-E e T 1
P32 72 12 12 12 2 12 12 12 12 12
27,2, 32 28. A%\(x)+B*V(y)+2ABCov(x,y), Cov (x,y)=0
za.tﬂ 30.1,1 31, acV(%)+bdV(Y) + (ad + bc) Cov (X, Y)
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(li)Exhaustive event {v) None of these
{c) Pick up the incorrect statemeant from below -

() (ANB)° =A°UB® (i) A-B=ANB"
() AUB=AL(AB) (v} ANB=(ALB)F

{d} In three successive tosses of a coin the number of elementary events is .-
(1} 3 (W) & (iig) 8 (v) @

{e) The number of ways of arranging the letters of the word MODE so that the
vowels ooccupy the even places s -
(i} & (iiy 4 (i) 8 (iv) None of These
{fi Pick up tha incomrect statement from below -
(i) The empty sel is a subject of every sal.
{il) Every sel is a subject of the universal set
{iii) The universal sat and the empty set constitute an aigebra
{iv) If P {A) =0 then A is the empty set.
(g) The number of arrangements of the letters of the word ‘'NOTION' is -
{1) 720 (i) 180 (iii) 120 (iv) 48
(h) Pick up the incorrect statement from below -
i A and B are independent events then-
(i) B and A are mdependent
{ii} B® and A are independent
(iil) P(A |B)=P(B] A)

(iv) P(A“ | B)=P(A)




) IF FLABL ) = A IS, Ien A, B, L arg mulialy incepenceni.,
{iv) None of the above statements is true.
) The statemants below relate to Bayes theoram -
(i} Bayes theorem I8 a formula which computes a conditional probabifity.
(i} Bayes theorem is used to compute the probability of an eatiier event on the

basis of a subsequent obsarvation
(ii) The posterior probability computed by Bayes theorem supersedes prior
probabilty.
Mark your answer with code
(i} Honly | & Il are true (i) 1fonly | & Il sre true
(i) If only |1 & Il are true {iv) If all the statements are true

2. Fillin the blanks :
a) Classical definitson of probability is applicable only if the elementary events are

{b) The symbolic representation of the occurrence of only one of two avents A
and B is

{c) The symbolic representation of the occumence of at least two of 3 events A,
B.Cis

(d) The correct inequality between P(A), P(B)and P{A[]B) is

{e] Insimultanaous toss of two symmetnc dice, the probabilily of getting a tolal
score exceeding 10is . . .

(A The number of conditions required for the ndependence of three events A, B,
Cis
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Vary short answer type :

{Answer the following questions in one or two words or in one sentence ) -

(a} Give an example of three mutually exclusive and exhaustive sets from the
universal set {1,2, 3,8, 8 10}

{b) Write ALIB|JC as the union of three disjoint sets .

{g) Which subsat is a subsal of avery subset 7

{d} In how many ways can the letters of the word 'TWELVE' be permuted so that
the letters T and L do not occur together 7

(&) From a group of 5 boys and 4 girls; in how many ways can a group of one boy
and one girl be formed 7

{f) Wrrite down an inequality batwean P(A), P(B) and P{A LI B)

(g} Define independance of 3 avents A B, C.

(k) 3 numbers are randomly selectc 1 from the set (1,2, 3. 4, 5, 6, 7). What s the
prabability that all of them are = 5.

(i) If X Is the score in randomn toss of a symmetric die, find E(X*)

(j) Under what conditions, var(X+Y) = var (X} + var (Y) 7

(k) (x.y) represent the numbers obtained by selecting X and Y from the set {1, 2}
with replacement. Write down the bivariate distribution of (X, Y.

(1) Under what conditions, var (X+Y) = var (X -Y) 7




(@) 1-(1-P)® (h) 0.5 <P{ALJB)<0.8,0<P(AB)s 0.4 (0 5-2.




JA.1  HISTORY, MEANING AND SCOPE OF STATISTICS

History reveails that Statistics as a subject has originated since ancient times in
the form of “Science of State Craft”. It was a by-product of the administrative activities of
the state. The word 'Statistics’ seems to have its origin in the Latin word "Status’ or the
German word "Statistik’ or the French word "Statistique’, each meaning a political state. In
ancient fimes it was the function of the government to collect data regarcling the ‘population’
and ‘property and wealth’ of the state for framing military and fiscal policies. The efforts of
the state for such collection of data was aimed al assessing the manpower of the country
with a view to safeguarding it against external aggression and providing a basis for
introducing new taxes and other levies,

In India, an efficient system of collection of official and administrative sfatistics
existed even 2000 years ago. Historical evidenciss about the prevalence of a very good
systam of collecting vital statistics and registration of births and desths before 300 B.C
are available in ‘Artha shastra’ written by Kautilya. The records of land, agriculture and
weaith statistics maintained during the reign of emparor Akbar (1556 — 168035 AD) are evident
from the book ‘Ain-e-Akbari written by Abdul Fazl (1586-87 AD), one of the nine gems of
Albar

With the passage of time such information was considered inadequate. Besicles
births and deaths, other details like marriages, divcrces, emigrations, iImmigrations elc.
were required for the smooth administration of the state, The importance of such vital
statistics was first conceived by John Graunt of London and was later developed by Casper
Newman, Sir William Petty, Dr. Price efc. Subsegquently these information, caliec! data,
became the basis of the study of various branches of science like Agriculture, Bivlogy,
Medicine, Economics, Political Sclence etc.

In the mid-seventeanth century, the concept of statistics was re-oriented with L he
introduction of “Theory of Probability” which linked up the theory of Statistics wilh



in the Tiasd of mooern Siaiistics ana Rar Faarson (18a/-1=240) WW.o, Lossal elc. some of
the Indian statisticians who have significant contributions to the field of Statistics are P C.
Mahalanobis, C.R. Rao and others.
3A2 DEFINITION OF STATISTICS

The ward statistics is being used to convey two meanings, Statistics in plural form
refer to statistical data and in singular form refers to prnciples and techniques used in the
collection, analysis and interpretation of statistical data. It is not possible to include all the
definitions of statistics given by different persons, considered both as singular and as
plural, within the scope of this book. However, we include only one definition of each form
with our comments
3A2.1 Statistics as Statistical Data

Prof. Horace Secrist's definition of Statistics is considered the most exhaustive
one as i clearly points out all the aspects of the subject. In the words of Secrist, Statistics
may be defined as "Aggregate of facts, affected to a marked extent by multiplicity of causes,
numencally expressed, enumerated or eslimated according to reasonable standards of
accuracy, collected in a systematic manner for a predetermined purpose and placed in
relation to each other”.

Comments

L Statistics are aggregate of Facts : Single or isofated figures cannot be called
Statistics unless they are aggregate of facts or a part of aggregate of facts
relating to any particular sphers of enquiry. For example, the marks of a student
in an examination or the ncome of a particular person or the price of a pen
would not constitute statistics as such figures are not related and cannot be
compared. On the other hand, the marks of the students of a class in an
examination, the incom:zs of all the employees of an organization or the price
of a product over different time periods constitute Statistics
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However, in the presence of the joint effect of a number of forces acting on a
single item, the effects of some groups of factors can be studied through,
statistical technigues. =
Statistics are Numerically Expressed : Only numerical statements of facts
constitule statistics. Qualitative statements like ‘the production of paddy crops
in Odisha Is decreasing’ or ‘the production of sugar is not sufficient’ or ‘the
standard of living of slum dwellers is increasing’ do not constitule statistics.
Such statements are vague and impracise. On the other hand, statements
like ‘the estimated production of steel by SAIL (Steel Authority of India Limited}
in the next five years would be 520 million tons’ is @ statistical statement. .
Statistics are Enumerated Expressed or Estimated According to
Reasonable Standards of Accuracy : Numencal data pertaming to any sphere
of enquiry can be obiained in two ways viz. (a) by cent percent counting (or
measurements) calied complete enumeralion (census survey) or (b) by
estimates through partial counting (or measurement) called sampling. In
complete anumerations, data are expacted o be axact and accurate while
estimates obtained through samples are not expected to be as precise and
accurate. On many occastons, complete enumeration Is either inconvenient
or impossible. In such situations one has to be contented with estimates which
are obtained through samples. As the estimated values are usually not precise
and accurate while collecting data, reasonable standards of accuracy must
be maintained. The degree of accuracy depends largely on the nature and
purpose of the enquiry For example, while weighing vegetables, weights of
some grams may be ignored but while weighing precious metals like gold,
even fractions of milligrams cannot be ignared. Similarly, while measuring the



V. Statistics are collected in a systematic manner : Before collection of
statistics, a suitable planning of data coliection should be made. Then data
should be collected in a systematic manner Data collected unsystematically
in & haphazard manner may lead to fallacious and absurd conclusions.

vi. Wmnﬁlwhlwnﬂpﬂw:mmmnnnhe
enquiry must be defined in dear and concrete terms in advance and data
should be collected keeping in view the purpose of the enquiry. Too many data,
some of which will never be examined and analysed, should not be coflected.
Only data consistent with the purpose of enquiry need be collected. Care must
be taken to ensure that no essential data are omitted. For example, while
studying for the cost of living of the lower income group people of Mumbai, one
should select only those commodities or items which are actually consumed
or used by the lower income group people of Mumbai

vil. Statistics should be placed in relation each other : In crder that numerical
facts (data) be called statistics, they should be comparable, Statistical data
are usually compared with respect to time (period) or regions (place). For
example, the population of India at 2001 may be compared with those of earlier
years or with the population of other countries viz, China, USA etc. Valid
comparison is possible only for homogeneous data i.e. data relating to the
same phenomena or subjects. But data relating to the height of an individual
and his income do not constitute statistics and cannot be compared.

In the absence of the above characteristics, numerical facts cannot be called
statistics. Hence, all statistics are numerical facts but all numerical facts or statements
are not statistics.




and interpretation of numerical data ”
Comments

This definition of statistics is very simpie, concise and most exhaustive. It includes
all the four stages in statistical iInvestigations viz. collection of data, presentation of data,
analysis and interpretation of data.

It may therefore be concluded that the science of statistics is a study of methods
applied in collecting. analysing and interpreting quantitative data affected by multiple
causation; in any field of enquiry.

JA3 SCOPE AND LIMITATIONS OF STATISTICS

In the ancient times when Statistics was considered as the science of "State-
craft’, it was used by governments to collect information relating to manpower, property
and weatth for devising millitary and fiscal policies. Ehuﬁhhpmaag&nfﬂmhmpl
of 'State Weifare' was considerad almost all over the world. As a resull, the scope of
siatistics widened to social and economic phenomena. Further, with the development of
siatistical techniques, now a days Statistics is viewed not only as a mere device of collection
of numenical data but also as a sound technigue to coflect, process, analyse and draw
valid conclusion from them, As a result, its application extends to all branches of science _
social, physical and natural. It is finding application in diversified fields like economics,
biological sciences, medicing etc. It is rather impossible to think of any sphere of human
activity where statistics is not used. It will not be out of the way to state that the modem
cuiture has become a statistical culture.

Wae discuss, in brief, a few fields in which statistics s applied.




of immensa help in promating human welfare. All minstries and departments of the
government depend heavily on factual data for their efficient functioning. For exampie, in
the Pianning Department, Statistical data and Statistical methods are indispensable to the
Govermment far planning of future economic programme. Tha study of population movement
. population estimates, population projection. sex wise birth and death stafistics, age
and sex distribution, provide fundamental tools for overall planning and evaluation of
aconomic and social development programmes

The use of stalistical data and stalistical methods are so wide in government
functioning that almost all ministries and depariments of the government have separate
statistical units. In most countries; the state is the single unit which is the biggest collector
and yser of statistical data. The main statistical agencies in India are Central Statistical
Organisation (CS0), National Sample Survey Organisation (NSS0) and the Registrar
General of India (RGI). They collect data at a national level penodically
3A.3.2 Statistics and Economics

Sir Willkam Petty in his book named ‘Political Arithmetic’ published in 1680 has
mentioned the importance of Statistics in Economics. But, in fact, Statistics and Economics
became closely associated only in the recent past. In the earlier stages Economic Theories
were based on deductive logic only. Economists never used quantitative data for
devalopment of economic doctrines. Besides, in thosa days figures were considered as
fife less, rude and coarse and hence avoided. Gradually, Economists realized that theory
must be based on the reality of life and facts. So. the use of statistics gained popularity
among Economists to derive economic theories through inductive process. In the present
scenano, Stafistics and Economics have become so intimate that in 1890, Prof, Alferd
Marshall ocbserved and commented ‘Statistics are the straw oul of which |, like other
economisls, have o make bricks.’




demand, statistics of consumption helps in finding the way in which peaple of differant
income groups spend their income. Statistics piays an important role in the study of prices,
exchanges, computation of Mational Income, distribution of income and wealth, growth of
population, unemployment, Euwﬂ etc. Econometrics, now used in economic research,
comprises of the application of statistical methods to the theoretical economic methods.
3A.3.3 Statistics'and Business Management

MNow 2 days statistics is widely used in businese concems. The business men
and the business organisations depend heavily on Statistics and Statistical methods at
every stage of their activities. Management of business has become smoath and easy by
the appiication of statistics. Before the Industrial Revolution, business was in its early
stage Business people were taking decisions on the basis of old methods like hit or miss
or leaving the future to chance. But after the industrial revolution, there has been rapid
development of trade, commerce and industry. The business managements try to expand
their business while the future is uncertain. Thay find themselves helpless on the faces of
uncertainty. They have realised that success of a particular business depends on accuracy,
propriaty and precision of stalistical data analysis. Business executives feel the importance
of statistics while going to promote a new product or looking for expansion of the existing
ores For making a right decision they depend on statistics by considering data relating to
price of raw materials, price and demand of similar available products in the market.
problem of manpower &tc

Statistical data are used by business enterprises for business forecasting and
guality protection of the products. Itis also used in the sector of life insurance. In short, it
can be said that statistics plays a very important and essential role in all fields of business
activity




statistics to physical sciences came late. Now a days, statistics is used in Astronomy,
Chemistry, Engineering, Geology and in certain branches of Physics.
JA35 Statistics and other uses

Statistics and Mathematics are intimately related. In a sense, it can be said that
the modem Statistics is an off-shoot of Mathematics. Mathematical Statistics is the outcome
of increasing role of mathematics in to statistics. Mathemnatics has also freely used methods
of Statistics When analytical methods prove inadequate, mathematicians use numerncal
methods from the purview of Statistics. Statistics is frequently used in Computer Science,
social sciences like Education, Psychology, Sociology elc. for expariments and drawing
valid conclusions by considenng and analysing data obtained through expenments.
JA4 LIMITATIONS OF STATISTICS

We have seen how statlistics is indispensable in the study of all spheres of human
activities. But sfill, like all branches of study, it has its own limitations. We enumerate
below some of these limitations.

1. Statistics does not suit to the study of qualitative phenomena

As the definition suggests, stalistics are numerical facls. Hence it is useful in the
study of those objects of enquiry which admit quantitative measurements. Accordingly,
objects signifying gualities like honesty, intelligence, poverty, justice, cullure, nationality,
beauty etc. do not come under the purview of statistics. But statistical lechniques may be
applied indirectly to those objects by first reducing the qualitative expressions o precise
guantitative measurements, For example, the inteliigence of a group of students can be
expressed in terms of Test Scores and then analysis can be camied out by stalistical
methods.



statistical study. On the other hand, if we consider the marks of all the students or a
section of students of a class in a particular subject in an examination or the profits of all
the business organisations of a city or the production of a group of business houses elc;
these will fall within the purview of a statistical study.

3. Statistical laws are true only on an average

Stafistical laws are not as accurate as laws of natural or physical sciences. They
are not precise or cormect universally. Statistical laws hold good only on an average. Statistics
deals with such phenomena which are affected to a marked extent by multiplicity of causes
and it is not possible 1o study the effects of each of those causes separately like experimental
methods. Because of this limitation in statistical methods the conclusion drawn for one
group may not agree with that of another similar group.

4. Statistics is liable to be misused

The use of statistical methods by inexperienced and untrained persens might lead
to fallacious conclusions. As such, statistics should be used by experts in the fieid Statistical
methods are dangerous tools in the hands of inexperts. Since statistics are numerical
figures, they can be manipulated by dishonest and unskilied persons. Rightly, W.| King
says "Statistics are like clay of which you can make a God or a Devil as you please " So,
we can conclude that Statistics is of immense help and is of great value 1o those who
understand its proper use.

3A5 DISTRUST OF STATISTICS

Distrust means lack of confidence or disbelief. By distrust of statistics one cames
the impression of lack of confidence in Statistics and Statistical methods. To the misfortune
of Statistics and Statistical methods, their popularity has been adversely affected by people
who have described stafistics with various comments, some of which are stated below.

*An ounce of truth will produce tons of stalistics.”



(i)

(i)

Since statistics deals with figures, thay are believed aasily. The facts based on
figures are convincing. But, unforfunately, they do not always bear on their
face the hall mark of their quality. So, reliable and unreliable data look alike.
To establish certain results which are nal true, inaccurate figures or incomplate
data can be used.

Truth can be concealed by manipulation.

We stale below some examples to ilustrate how fallacious concilusions can ba

drawn from stalements.

{a)

(B}

(c)

(d)

In the financial year 2006-07 the profits of firm A is Rs. 2 lacs while that of firm
B is Rs 3 lacs So firm B is decidediy better than firm A.

80 parcent of the people who drink alcohol die before attaining the age 5C. So,
drinking alcohol is harmful for longevity.

The average scores of two students, say, Priya and Rupa, are equal. So Priya
and Rupa have the same sfandard.

The number of road accidents by women drivers is less than those of the men
drivers. S0 women drivers are more competant than thair male countarparts

Although the above statements appear lo be true at the oul s&t, on a close

observation one will discover that these can be falsa

Exercises - 3A.1
Define Statistics as numerical data and discuss its various features
Define Statistics as Statistical mathods and give your commenis
Discuss the imporiance and scope of Statistics.



may be concluded hat smoking causes cancer,

i The increase in the price of a commaodity was 10% in 2000. Then the
price decreased by 15% in 2001 and again increased by 5% in 2002.
So the net ncreasan the price 5 10—-15+5=0.

n The average output in a factory was 2500 unils in January 2005 and
2400 units In February 2005. So the workers wera more efficient in
January than in February 2005,

M, The percentages of success of girls was B0% while those of boys was
70%. So girl students are more intelligent than boys.
v The average monthly income of two famiiies are Rs.5000/- each. So
the standard of livings of both the families are the same.
JA6 COLLECTION OF DATA

From earfier section we know that the plural concept of statistics refers to data.
Data are numerical facts obtained sither by counting or by actual measurements of units
or objects or observations under study. The person who actually counts or measures is
calied ‘investigator’ and the persons from whom information is collected (or numerical
measurements are taken) are called respondents’. Collection of data is the first step in
any statistical investigation (orenguiry). As such, utmost care should be taken for coflection
of data. Statistical data are classified in to two categonies viz. Pnimary data and Secondary
data. Primary data are first hand information i.e. those which are collected for a specific
purpose directly from the field of enguiry and thus are original in nature while Secnndany
d..i@ are those which have been collected by some other person or agency or organisation
and have already undergone statisbical processing at l=ast once. Primary data may be
considered as raw materials to which statistical methods are applied fo give a final shape.



by the Hevenue Depanment of e Lovermmeant 'or assessment of rent ant cess are
primary data for the Revenue department but if these data or a part of these data are used
for calculation of National Income, those become secondary data. Hence, on a closer
obsarvation, it will be obvious that the difference between primary data and secondary
data is one of degree only.
3A.6.1 Collection of Primary Data
Primary data are collected either by cant percent counting (or measurament) called
‘compléte enumeration or census survey’ or by counling a representative part, called
'sampling or sampile survey'. Collection of pnmary data is a labounous, ime consuming
and expensive process and so should be taken up by well organised bodies. Before
collection of primary data, the following prefiminaries must be examined carefully.
1. The purpose of data collection.
The target population | e. the population where from the data has to be collected.
The units or objects on which measurements are to be taken.
The body or the organisation or the person who would collect data
The type of survey for collection of data.
The degree of accuracy desired.
We discuss, in brief, the above preliminary steps as follows
L The purpase of the enquiry should be specified in clear and concrete terms.
This will enable the investigator to decide about the nature and scope of data
to be collected and the statistical methods to be used for analysis.
2. Decision about the population (the target poputation) where from data would
be collected has to be made The target population is one that gives the desired
information about the enguiry.
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{investigators) should be recrutted on the basis of knowledge, work expenence,
interest for the job etc. The investigators selected should be honest and efficient.
Sometimes, instead of directly appointing the investigators, the job of collection
of data may be entrusted with dependable agencies or organisations having
interest in the job.

5. The type of survey for collection of data is to be decided |.e decision is to be
taken as to whather complete enumerafion method or sampling method would
be appropriate. The choice is to be made keeping in view the availability of
lime, resources (cost and manpower) and the degree of accuracy. In case,
information regarding each unit of the population is desired, complets

' enumeration is the only choice,

8. Degree of accuracy desired must be specified so thal the investigators would
keep themselves alert while making actual measurements or counting.

3A6.2 Methods of Collection of Primary Data

Foliowing methods are commonly used in the collection of primary data,

i) Direct personal observation

i Indirect oral investigation

il} Schedules sent through investigators.

) Questionnaires sent by mail

v) Entrusting the data collection to a Local Agency or Commespondents.

3A.6.2{a) Direct personal observation

In this method the investigator moves directly 1o the spot of enguiry and collects
the required information from the informants or respondents by meeting the people and
conducting the enquiry and observing the facts personally. In such enquiry the investigator



e L e ey e e S v L e e L L e S, PP I s
more time, cost and manpower, The data obtained by this method are generally maore
dependable and accurate provided the investigators collect the data honestly and seniously
with care and accuracy and do not fabricate data without going to the spot. Correct
information can be extracted by the invesligator by cross questioning the respondent when
the investigator doubts the integrity of the respondent or he feels that the respondent is
exaggerating or hiding the truth. This method works well when the investigator is skifful
and capable of handling sensitive questions. As the mathod is subjachve in nature, the
success depends purely on the wit, skill, tactics, insight, diplomacy and courage of the
investigator. The personal bias, prejudices and whims of the investigator may influence
the data in some cases which may adversely affact the data.

3A.6.2.{b} Indirect Oral Investigation :

On many occasions, the persons who are to furnish the required information are
éither unwilling 1o take part or reluctant to co-operate or the sphere of anquiry Is very wide
dr the source of information does not exist - (i.e. has been destroyed). In such cases. the
required information can be collected indirectly by a method called Indirect Oral Investigaton
{or witness method). In this method, factual data relating to the enquiry are coliected by
\nterviewing persons who are directily or indirectly concerned with the subject matter and
ppssess the raquired information. Such persons are called ‘witnesses or informers’. For
example, to collect information on some social evil like addiction to gambling. drinking
alcohol ete. the persons directly involved would not give the comect information. In such
cases, friends, relatives, neighbours or other family members may be contacted. The
inyestigator prepares a small list of guestions relating to the subject matter of investigation
and asks those questions to the witnesses and records their replies. This method of
collection of factual data are usually adopted by most of the commissions and commitiees
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(it should not be prejudiced and biased.

{inl) should not give colour to facts

(v}  should not lie or misguide the investigator.

v) should be capable of expressing themselves comectly and

{wi) should not be inherently an oplimist or pessimist.

Merits and Demerits

In this method, the investigator can exercise his skill, inteligence, tact etc. In
axtracting the correct information by cross examination. This method is less expensive
and less lime consuming in comparison with the method of direct personai observation.
Investigators can be selected by the suggestion and views of experts. But the success of
the method depends on the integrity, insight, skill, intelligence and efficiency of the
investigator The investigators are o be properly trained to collect factual information. A
wrong and improper choice of the witness rrughlaﬂaﬂndmmu-ly and spoil the entirg
purpose of the study
3A.6.2.(c) Schedules sent through investigators

A schedule is a sheet of paper containing a list of questions in the shape of a
proforma which is filled in by the investigator or the enumerator (field agent) in & face te
face interview with the respondent. The investigator visits the respondent personally and
records his replies to various questions listed earlier on a sheet of paper or a proforma,
either printed or cyclostyled. This method is usually adopted by big business concems,
public enterprises, research institutions or Government. The population census in India;
held in an interval of every ten years, is conducted by adopting this method for collection of
data.




extensive study. The method can be effectively camed out even if the respondent is iliterate.
it is a fairly expensive and time consuming process and involves more man powear

The success of this mathod depends on the skill, integrity, efficiency of the investigator
and the nature of the guestions. Proper training must be given to the investigators to
acquaint themselves with the purpose and scope of the study and to explain them clearly
to understand the implications of various terms used so that they can clarify the doubts of
the respondents, if necessary. The investigators should be unbiased and should not twist
the answers and should not impose their opinions on the respondents.

3A.6.2{d) Mailed Questionnaire method

A guestionnaire is a printed or a cyclostyled form containing the fist of questions
relating to a particular field of enquiry and sent to the respondent by mail, answers of
which are to be recorded by the respondents and sent back by mall. The difference between
a schedule and a questionnaire s that, a schedule is filled in by the enumerator while a
guestionnaire is filled in by the respondent. When the answers to the list of questions
peinted on the form or on several forms after being recorded by the respondents themselves
are collected by the investigator, it is called collection of data by mailed questionnaire
method.

In this method, a covering letter written in polite language is sent to the respendent
along with the printed list of questions. The covering letter should explain the aim and
objective of the study and the importance of the respondent’s participation and co-operalion
in the investigation. The respondent should be promised that his answers would not be
divulged in case he wanted so. A prepaid addressed envelope should also be sent along
with the qerstionnaire so that the respondent can send back the filled in set of questions
at tha investigator's expenses. The respondent may also be promised o be provided with
a gist of the final report of the study if he desires so. If possible, some gifts in the form of
coupons may be sent to the respondent sa that he takes interest to fill in and return



il P e L e e, bt s i T A B Ltk Rl B ] iy B b o Rl e B L s e

Ihnerata :pnpul'.uhnn The success of this method depends on the co-operation of the
respondents and timely reply. In this method, the response is usually low i.e. sometimes
the respandents may not respond at all or respond haphazardly and incompletely or provide
wrong and motivated answers delibaratefy. They may suppress some facls and exaggerate
some other facts. They may be unwilling to provide answers in writing. In such cases the
purpose of the study is lost. Since the only cormespondence between tha respondent and
the investigator is the questionnaire, there is no scope to clarify the respondent’s doubts,
if any, or explaining the meaning of different axpressions used in the questionnaire. This
method s thus less reliable in comparison with the method of schedules sent through
investigators.
3A.6.2(e} Local Agency or correspondent

This method consists of collecting primary data through agents or by local
comaspondents who collect data in their own fashion and to their own likings. They submit
their reports periodically to the cantral office for processing and analysis. This method of
data collection is usually adopted by news paper and periodical agencies who require
information relating to different fields like economic trand, stock market, accidents, sporis,
nois, sirikes efc. This method is adopted by the Government for oblaining estmates of
agricultural production.
Merits and Demerits

It has the advantage of being leas! expensive. It is applicable for exlensive
investigation over a variety of activities.

The data collected through agencies or correspondents can not be very reliable.
So this method is used in those cases where the purpose of the investigation is only to get
a rough estimate. This method shouild not be used where a high degree of precision is
desired.




Number of questions should not be large. Only quastions relating to the essential
points of the enguiry should be included, A reasonable number of guestions,
which & good questionnaire contains, should be 15to 25

The questons should be simple. short, clear, unambiguous, non-offending,
courteous in tone (words) and just 1o the point

As far 28 possible, the guestions should be capable of objective answers e
such which can be answered by "Yes' or ‘No’ or by ticking the boxes or by
putting cross marks or indicating one of the several altemative answers. If
possible, lengthy guestions should ba split up to facilitate answering.
Questions of personal nature {such as income, extent of property, offences
committed etc) or those which hurt the feelings and sentiments of the
respondents should not be asked.

Questions whose answers need calculations should be avoided

Vague guestions and words having multipla meaning should not be used.
Questions should be arranged in a natursl and logical sequence 1e. questions
of the same category should be put together.

There should be some questions which are commoboratory in nature. Le. some
questions should be there to cross check the answers of the respondents.
Questions should be pre-tested {.e. should be tried on a small group of
respondents of the population to sort out the draw backs of the questionnaire.
This would help the investigator in finding out whether there are duplication of
the gquestions or some necessary questions have been omitted or vague and
in appropriate questions have been included so that necessary sleps can be
taken lo rectify the omissions and commissions. From pretest, the investigatar
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Dear Madami/Sir,

A survey |8 baing taken up by this Departmeant to study the effect of advertisements
of textile goods on consumers. You must be aware of the fact that, now a days, the textile
companies are spending & lot of money on advertisements which is finally borne by the
consumers. Through the presant survey we attempt to study whather it is worth spanding
somuch on advertisements. The information provided by you will be used for the purpose
of this survey only and will be treated confidential. i you so like, the gist of the final findings
of this survey will be supplied to you free of cost.

It would be a great favour if you kindly fill in the enclosed questionnaire and return
the same by post at the earliest, An addressed and stamped envelope is enclosed herewith
for your convenience.

Thanking you for your co-operation.

Yours sincerety
Encl: 1. Thequestionnaire @ e
2. A stamped envelopa,




Respondent's profile -

Address

Age in complete years

Sex (pul v mark in the appropriate box)
Educational Qualification

(Fut mark in the appropriate box)

Qccupation
(Putv” mark in the appropriate box)

Annual Income
{Put ¥ mark in the appropriate box)

No. of members in the family
(Fill the boxes using numbers)

Technically Qualified

Agriculture
Service
Businass

Betow Rs.50,000
Rs.50,000 - Rs.1,00,000
Rs.1.00,000 - Rs.5,00,000
More than Rs.5,00,000
Maie [ | Female

o000 ood ooood
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(strike out the one not applicable) (I) Quality Yes/Mo
{ii) Price Yes/No
(i) Brand YesMNo

If your answer to any of the above in {2} is Yes, then how did you know about this?

(strike out the one not applicabie)

(i) Through advertisements

() Seeing some one else

iy  Through friends

(i) Door canvassing

After entering nto a textile shop you start enquiring about

(Put v mark in the appropriate box) Mostly Sometime Never

(i) Textile of a particular brand

() Textile in a cartain price range

(i}  Textile based on quality

(v)  Textile seen in the advertisement.

(Rank in order of preference by writing 1,23 efc.)
{i) Price

i}  Quality

(il  Colour and design

(v}  Impact of company advertisement

{v) Advice of the saller

(vi)  Friend's or relative's advica

(viy  Display in the shop bearing company's name
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{iv) For self
v) For spouse

{vi} Forgift

Do you think that textile advertisements seen by you are helpful in your decision
making ? :

(Strikeout the one not applicable) Yes/Mo

Do you think that textile advertisements do not help you in your decision making?
{Strikeout the one not applicable) Yes/No

If the answer to No.3 above is Yes, then the reason you feel could be _
{Strike out the one not applicable)

Advertisements :
i Highlight the company’s namae Yes/No
i) Do not specify the quality Yes/No
(i) Do not indicate the price range Yas/No
(iv) Do not mention the places where the

advertised cioth is available Yes/No
(v}  All companies do not adverlise Yes/No

Source of information about the company's products
{Put v mark in the appropriate boxes)

How did you know about the company’s name?

() Visiting shops

(i) Through associates

fiiy  Through advertisements




Your suggestions

What factors you consider helpful to be incorporated in the advertisements?
(Rank your preferances in order by writing 1, 2, 3, ete)

(i}  The quality range

(i}  The prica range

i}  The colours and designs

How often the adveriisements should appear?
{(Putv'mark in the appropriate box)
Where should it be advertised?
{Putv'mark in the appropriate box / boxes)
0] News papers

() Pamplats

(i} Media

() Retall shops

Any othear suggestion (limit to 25 words)

Signature of the respondent



3A.8.1 Published Sources
There are a number of Government, semi-government, autonomous and private
bodies which collect data relafing to prices, preduction, income, business, industry and
mnwmmmmﬂmmmm“m
and published monthly quarterly or annually. Some of the Central Govemment publications
are =
{i) Monthly Abstract of Statistics published on a monthly basis containing data of
production of selected Industries in India. i
{il  Sample Surveys of Current interest in India published annually.
(Tif} Census data and census reports published decennially.
Some publications of Semi-Government Organisations are .
(i) Data relating to Annual Report of Banks published annually by Reserve Bank
of India (RBI)
(i} Data relating to Currency and Finance published by RBI on a monthly basis.

Basides, various research institutes, individual researchers, different departments
of various universities and statistical organisations collect and publish data.

Reports of various committees and commissions appointed by the Government
provide published data. For example, Kothari Commission Report on Educational Reforms,
Lindo Commission Report on conduct of Elections in Educational Institutions or Pay
Commission Reports etc. -

News papers, International Publications by bodies like IMO, UNO, WHO elc. are

" some of the sources of secondary data. :
"Em*m private sectors like Chambers of Commerce also publish d&ta on a regular
basis



JA9 PRECAUTIONS IN THE USE OF SECONDARY DATA
Published statistics shouid not be taken for granted at their face value: Scrutiny of

secondary data is necessary for examining ils accuracy, suitabiiity and adeguacy. So,

before using any published or unpublished source of secondary data, it Is necessary to
scrutinise those to ascertain whether they possess the following attributes.

1. They should be reliable. Refiability of data can be tested by finding out whether
the data

{a) have been collected by dependable persons and from dependable
s0Urce

{b) refer to a normal period of time, comparabie to the period of study.

(c) have been coflected by using proper statistical methods

(d)  do not contain deliberate and unconscious bias by the compiler, and

(@) have the desired dagree of accuracy.

2. They should be suitable for investigation and comparison. Even if the data
are reliable, those should not be used unless considerad suitable for the purpose
of enquiry. For example, if for the purpose of original invesfigation, data have been
coliected by considering one house hold as one unit and for the present purpose,
one unit refers to one individual, such data are not sultable for the presant purposs,
Again, the original source might have collected data which are wholesale prices
while for the present purpase retall prices might be required. Further, the purpose,
nature and scope of enquiry might be different. In such cases, the secondary data
would be unsuitable for the investigation under study.

3 They should be adequate. Secondary data although found reliable and suitable
may not be adaquate for the purpose of Investigation. The original source referred



Hence it is very risky to use secondary data collected by other persons unless

lhe;r have baen thoroughly scrutinized and edited.

1.

10.
1.

12

Exercises — IA.2

+ Distinguish between (a) primary data and secondary data (b) census survey

and sampling mathods.

Discuss the varicus methods of collecting primary data.

Describe briefly the questionnaire method of coliecting primary data and write
its advantages and disadvantages.

Discuss the essentials of a good guestionnaire. What is the purpose of
‘covering letter’ which is sent along with the questionnaire?

Distinguish between schedules and gueslionnaire methods of conducting
sunvey and write their advantages and disadvantages.

What are the different methods of collecting primary data? Why are ‘Direct
Personal Observations’ usually preferred to "Questionnaire” method 7 Under
what conditions may a Questionnaire mathod prove as satisfactory as the
method of Direct Personal Observationa?

Explain the mathod of Indirect Oral Investigaticns of collecting primary data
and indicate its applicabons.

What do you mean by ‘Wiltness method' of coliecting primary data? Write its
advantages.

Explain, with suitable examples, what you mean by secondary data.
Describe the various sources of secondary data.

“It is never safe to take published statistics al their face value without knowing
their meaning and limitations.” Elucidate this statement.

Explain the various points you would consider before using published statistics,
Give suitable examples where ever possible.
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- T AR TR data should be used after careful scrutiny.

{iv) Data are classifiedas ...............and ...............

v} Mostly committees and commissions adopt ............ method of
coliecting data.

(vi)  Annual Stafistics published by Directorate of Bureau of Statistics and
Economics, Govt. of Odishaarecalled ............... .. data.

{vii)  Inindia, the population census is conducted by adopting”................
method of collecting data. =

(vilij Collection of data by Direct Personal ©@bservation is suitable for ........
study.

{ix) Now a days the elactions in various educational institutions are heid
according to ................ recommendations.

{x} Data collected by a research scholar are ....._............ for him.

Indicate whether the following statements are true (T) or falsa (F).

{ Sacondary data are usaed in those cases where the primary data do
not provide an adequate basis for analysis (TIF)

(i}  Secondary data do not require much scrutiny and should be accepled

at its face value. {(T/F)

{ii) A covenng letter sent along with the guestionnaire explains the purpose
of the investigation. (T/F)

{v)  Witness method of collecting primary data is most suitable for research
scholars (THAF)

(v} There is no difference betweean the methods of ‘schedulas sant through
enumerators’ and 'direct personal observation’ of coliecting prmary data.
(T/F)




purpose of study. Classification may be defined as “the process of arranging data in groups
or classes according to resemblances and similarities " Sorting out facts on the basis of
a single characteristic like height, weight or marks is called 'simple classification’ and on
the basis of mare than one characteristics like haight and weight, marks in two or more
subjects etc. is called ‘cross classification’. Thus, classification is the first step of analysis
and interpretation of statistical data. In some cases, classification may give such a clear
picture of the significance of the material that further analysis may not be required. In
case, secondary data are used, they need be rearranged In to different groups having
common characteristics to suit to the purpose of the study. For example, the results of
500 successful students in an examination may be grouped as students gelting first
division, second division, third division and compartmental categonies. Sorting out the
letlers in a sub-post office according fo commeon destinations is another exampie of
classification. The product of a textile manufacturer may be classified according to thair
sires viz. small, medium, large, extra large efc.

3B.1.1 Objects of classification
The objects of classification may briefly be stated as follows:
i) It condenses the mass of data.
(i) it facilitates comparison.
(i} It pinpoints the most significant features of the data at a glance.

{iv) It gives prominence to important information and eliminates unnecessary
details.

{v) It facilitates statistical treatment of the data.



(i)

(iii)

(iv)

(v)

in two groups fal and shor, Il sSnouka Da Caary speciied as 10 Wno would De
called tall and who short.

It should be exhaustive and mutuaily exclusive. The classes should be
such that they accommodate all the units or observations and no unit is left
out. A good classification should be free from a class like residual or other or
miscallaneous class. Such classes do not reveal the characleristics of the
data completely. The classes shouid be non-overlapping so that there is no
scope of inclusion of one observation in more than one class.

It should be stable. For meaningful comparison of the resuits, once a particular
pattern of classification is followed, the same pattern of classification must be
adopted 2" through out the analysis and aiso for further investigation on the
same subject.

It should suit to the purpose of the investigation. The classes should ba
formulated keeping in view the objective of the study. For example, for the
companson of marks of students in a class from time to time, the classification
should be by marks and not by the ages.

It should be flexible. An ideal classification should be flexible in the sense
that it should provide scope to accommaodate and adjust to new situations and
circumstances.

31B.1.3 Types of classification

(0

The data can be broadly classified in to the following four categories.

Geographical i.8. area or region wise viz. cilies, districts elc.



geographical or locational differences between the various items in the data like States,
Cities, Regions, Zones, Areas etc. For example, state wise agricultural production in India
may be prasentad in the following manner.

STATEWISE ESTIMATES OF AGRICULTURAL PRODUCTION

Name of the Stale Total Production
({'000 tonnes)

Andra Pradesh 19,584 4
Bihar 11,398.0
Odisha 12B14 8
Uttar Pradesh 38820
West Bengal 211487
Total 1,06 B05.9

Geographical classifications are usually listed in alphabetical order for easy
reference. This may also be listed by size to emphasize the area, Usually the first approach
is followed in the Geographical Classification.

{lii  Chronological classification.

In chrenological classification, the data are classified on the basis of difference in
time, For example, the population of a counlry in different years, the production of an
industrial concern in different months, the profits of a business organisation in different
Yaars Eil..' may be presented as chronological classification. Following example will be
instructive.



W) I o fing

1961 4392

1971 54.82

1981 6833

1991 8463

2001 10286 ,
2 121.18

fm}  Qualitative Classification

When data are classified according to some attributes or characters or quality
such as sex, literacy, religion, occupation, beauty etc. the classification is called qualitative
of descriptive of according to attnbutes. Here the attribute under study cannot be measured
quantitatively excapt that one can identify whether it is present or absent in the units of the
population under study. If the data are classified with respect to an aftribute which can be
put into two distinct calegories like male-female, tall-short etc, the classification is called
‘simple or dichotomous'. If the data are classified into more than two distinct categories, it
is called ‘mani-fold classification’.

SIMPLE CLASSIFICATION MANIFOLD CLASSIFICATION
Fumihlim Fupn.nia&hn .
| l [ | T | v
Male Female Genius Average Dul

-

Male Female Male Female Male Female Male Female



of a class in an examination can be classified as :
MARKS OF 100 STUDENTS OF ACLASS

Marks No of students]|
0-19 8

20 - 38 20
40-58 42
6079 I 21
80—100 9

Total 100

In the above classification, the marks is the ‘variable’ and the number of students
hmﬂudﬂﬂshﬂmﬁm.MIMmﬁmhma'mumﬂﬂaﬂmw
distribution’.

In the quantitative classifications or classificalions by vanables, the variables refer
to the characteristics which vary. It can be either 'continuous’ or 'discrete’ (i.e.
discontinuous). The variables those can take all possibie real values within a specified
interval are called ‘continuous vanables’. The haights of a group of individuals, their weight,
their ages etc are all examples of continuous variables. For a continuous variabla, the
data are obtained by measurements and not by counting. The number of values that a
continuous variable can take in an interval, however small it may be, is infinite. A 'discrete
variable' is one that takes on some specified values (not all possible values) in an interval,
For example, number of defective items in & lot, number of students remaining absent on
various days during a month, number of heads oblained by throwing ten symmetrical
coins, number of road accidents during a year efc. are discrete vanables. Usually, discrete



A frequency distribution may ba ‘ungrouped’ or ‘grouped’. Arrangement of raw data in
ascending or descending order of magnitude is called ‘arraying’ of data. Arraying of data is
an improved version of the raw data.
38.2.1 Ungrouped Frequency Distribution

A classification showing the different values of a variable and their respective number
of sccurrences (called frequencies) is fermed as ‘ungrouped frequency distribution’ or
'discrete frequency distribution’. A frequency distribution is a better methed of representation
than arraying of data. Here, the number of imes a particular value of the variable nm.rT'i in
the data is counted which is facilitated through Tally marks or Tally Bars'. A tally mark is a
vertical bar (or stroke) put against the value of the variable whenever it occurs. In some
casas, horizontal bars are used. The following example explains the formation of an
ungrouped frequency distribution.
Example. 3B.1 The marks of 60 students in a ciass in Statistics are given below. Form
an ungrouped frequency distnbution table.
Marks:15 55 18 25 56 39 26 18 32 15 25 25 22 25 46

45 25 2 36 35 35 68 35 32 3B 56 32 22 46 48

10 75 42 36 24 B4 39 35 64 42 45 40 56 48 18

78 42 54 47 54 50 20 B3 45 35 26 54 58 35 68




- 10 | 1 4o i -

1.15 i 2 47 I 1

18 ! 3 48 1 2

| 20 l 1 50 I 1
2 i 2 54 i 3

124 | 1 5B | 1
25 M 5 56 [ 3
26 i 2 58 I 1
32 B 3 83 | 1
a5 W 6 |64 1 2
36 i 2 68 i S
38 I 1 75 | 1
38 1 2 78 1 1
40 I 1 Total 60
42 il 3

Explanation :

In the above table No.3B.1, the first column (1) consists of all the possitie values
of the variable i.e. marks. The second column (2) consists of tally marks which have been
given in the form of vertical strokes, one stroke for each mark counted in the data. When
a particular mark is repeated for the fifth time, the fifth stroke has been marked by a cross
tally mark {\) running diagonally through the previous four vertical parallel strokes. This
technigue facilitates counting the tally marks at the end. The total of the tally marks against
each value is its frequency’, glven in the third column (3). Such a presentation of raw data
i called a 'simple frequency distribution’ or an ‘ungrouped frequency distribution’. Here
the identity of the values in the data remain unchanged but the order in which they occur
FEMAIN Unknown.



from the tally marks. Such a presantation of data is called ‘grouped frequency l:ltsll'ld:lu'
tiori, I this type of presentation of data the identity of the original figures and the ordar-pf
their occurrence in the data are lost and the frequency of each class is assumed to e
uniformly spread over the entire class intarval,

Example 3B.2 Consider the data given In example 3B.1. This data can be put in @ more
condensed form in a grouped fraquency distribution as follows :

Tabie No. 3B.2
MARKS OF 60 STUDENTS IN STATISTICS

Marks | Tally marks | Frequency
0-5 I 1
10-18 | 8
20-29 L TH T 1
ao-39 TR TR 14
4049 ™ 12
50 - 59 e WL g
80 - 68 ] 5
70-79 i 2
Total &0




integral as well as fractional, in an interval, the ™rmation of the frequency distributior
would be such as Is given in the following example. -
Example 3B.3 The heights of 60 students varying between 155.3 cms and 164.8 cms
have been put in the following frequency distribution.

Table No.3B.3
HEIGHTS OF 60 STUDENTS
Height in cms Tally marks Frequency
155-157 W W 8
157 =159 | W 14
150161 |W W ™ W | 21
161163 |W W1 11
183-165 |MI B
Total 60

This Is called a frequency distribution with ‘exclusive class intervals’ or ‘'overlapping
class intervals’. In this case, one of the limits of the class intervals (sither lower or upper)
s excluded. Usually, the upper limit is excluded. For example, in the above table No. 3B.3,
all the heights measuring from 158 cms to a height less than 161 cms in the data would
be included in the class interval marked 158 — 181. But It is inconveniest to make such
tables because a person 180.8 cms tall is usually recorded to have a height of 181¢m and
the classification is vitiated.
3B.3 GUIDELINES FOR GROUPED FREQUENCY DISTRIBUTION

The following guidelines must be observed for a good frequency distribution of
data.



The above guidelines are explained below in details.
{i} Definition of the classes : The classes should be defined clearly without ambiguity.
They should be exhaustive and mutually exclusive There should not be any canfusion for
the compiler as fo whether a particular figure of the data would be included in ona clags or
the other. In other words, the classes should be so defined that a particular unit of the data
would belong fo one class only.
{ii) Determination of the number of classes -:

There is no hard and fast rule as to what should be the total number of classes in
a grouped frequency distribution. Ordinarily the number of classes should lie betwaen & to
25 and ideally, between B and 15. The number of classes depends on the total number of
obsarvations. If the total number of observations in the data is largs, the number of classes
may be large because in such cases all the class intervals would contain a fairly large
frequency. If the total number of observations in the data is small, the number of classes
should be small or else there would be some classas containing no frequency and some
others containing very low frequency.

Further, if the number of class intervals is small, the spread of the class intervals
become large and too many units would be crowded in a single class. This might cbscure
some of the important features and characteristics of the dala and might lead to loss of
information and loss of accuracy.

If the number of class intervals is large, all the characteristics contained in the
data would be retained, but too small frequencies would be contained in some classes
and hance the purpose of condensation of data through classification would be losl. Handling
of such frequency distributions would become tedious, time consuming and inconvenient.
without proportionate gain in accuracy So, from practical point of view, the number of
clazs intervals for a frequency distribution should not be less than 6 nor should ba greater
than 25. '




For exampie, if N =100, then
K= 143322 log 100

=1+3322x2

=1+ G.644

=7 644

=8 (asthe number of class intervals should be an inleger)
Range: The differance between the largest and the smallest values of the data is called
the range. Thus,

Range=L-5
where L is the largest value and S is the smallest value of the data.
Mid Point of the class (Class Mark) : In a grouped frequancy distribution, it is assumed
that the frequency of a particular class interval condenses at the cenlre of the class interval,
though such a value may not actually exist in the data. The middle paint of a class Interval
is considered as the represantative of all the values belonging to that class interval and is
callad the class mark. For a class, it is computed as

Mid point (or classmark) = % (Lower limit + Upper limit)

= |owar limit + % (Upper limit - Lower limit)

(i} Choice of class limits and class boundaries:

We know that in a grouped frequency distribution, each class is bounded by two
numbers, called class limits or the class boundaries. The smaller number is called the
lower limit and the larger the upper mit of the class. These two limits indicate the smallest
and the largest figures in the data to be included in the class (and the figures which lie
outside of these two limits can not be included in the class). In case of frequency
distributions with exclusive classification, the class limits and the class boundaries are



between the upper limit of a class and the lower limit of the next higher class and then
adding this vaiue to the upper limit of the class and subtracting from the lower fimit of the

next higher class as follows !
Inclusive classification Exclusive classification
with class limits with class boundaries
20-29 19.5-28.5
- 30-39 , 29.5-38.5
40-45 395495
50-59 48 5-59.5

Finally, thu lower boundary of tha smallest class interval and the upper boundary
of the largest class interval are delermined by manipulation in par with the upper and
lower boundaries respectively of other class intervals
{iv) Determination of the magnitude of the class interval :

Tha differance batwean the two boundaries of a class is called the magnitude of
the class interval. The magnitude of the class intervals should preferably be equal and
can take a value like 2, 5, 10, 100, 500 etc. or @ multipie of 5.

The magnitude or width of the class depends on a number of factors like the range
of the data, the total frequency, the details required in the enquiry, the number of class
intervais, degree of accuracy required and computational ease in further processings. An
appropriate value of the magnitude of class interval can be obiained by the following formula
due to Slurges.

| Range 2 LwS
Magnitude of the class inferval, | = No of class itntervals 173.azzrngmm

where L and S are respectively the largest and the smallest obsarvations and N, the total
number of observations of the data.
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of units of the data included in that class interval. It is determined by counting either using
tally marks or by using mechanical devices. How counting is facilitated by the use of tally
marks has been discussed in 38.2.1 . Counting is also possible through devices like
punched cards or by use of computers.
3B.4. RELATIVE FREQUENCY, PERCENTAGE FREQUENCY AND FREQUENCY
DENSITY

For special purposes, some times, relafive frequencies, percentage frequencies
and frequency densities of a frequency distribution are calculated. )

Frequency of the class
Total fraquency

Relative frequency of a class =

i
i e. relative frequency of the ith class = #‘-

where { is the frequency of the i th class and N is the total frequency of the frequency
distribution.

f
Pmntagahﬂquemyafiheimdass=ﬁﬂﬂﬁ

wheref is the frequency of the | th class and N is the total frequency of the frequency
distribution

Relative frequencies and percentage frequencies are used for the purpose of
comparison batween the classes of the same freqauncy distribution or between the clazsses
of two or more frequency distributions.

When the frequency distribution consists of unequal class intervals, for the purposa
of comparison of concentration of frequencies in different classes, frequency densities of
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For sake of convenience in using the freguency densities, a constant number, k is
multiplied so that the frequency densities are expressad as inlegers. Thus,

Frequency Density of the i'md:ﬂss=£f—uk
]

],
k may be a number lile 100, 1000, etc or any othar number so that ——xk is an integer.

3B.5 TYPES OF FREQUENCY DISTRIBUTIONS
We give below the specimens of frequency distributions to illustrate the various
ways of presentation of data.
(i Table No. 3B.4
HEIGHTS OF 100 STUDENTS INA CLASS

Heights in cms No of students

120 and above but balow 125 10
125 and above but below 130 18
130 and above but below 135 25
135 and above but below 140 22
140 and above but below 145 16
145 and above but below 150 8

Total 100




| Weekly wages | 80- |B5--| 90- | 95-| 100- [ 105~ | 110- | 115- 120 [Total

in Rs.

Noolworkers |12 |23 | 35 | 48 36 | 21 | 15 10 200
Here the class intervals are of equal width and we read the class intervals as B0

and above but less than 85, 85 and above but less than 20 etc. In this case the class

intervals are non-overlapping.

()] Table No. 3B 6
ANNUAL INCOME OF 800 EMPLOYEES OF AN INDUSTRY
Annual Income in Rs.'000 MNo. of employees
Above 20 but not exceeding 30 15
Above 30 but not exceeding 40 8O
Above 40 but not exceeding 50 120
Above 50 but not exceeding 60 180
Above B0 but not exceeding 70 110
Above 70 but not exceeding 80 70
Above 80 but not exceeding 80 25
Total 600

Here the first class begine with a number above Rs. 20,000 and ends with a number
Rs 30,000 and implies that the lower limit is not included while the upper limit of the class
interval is included. Implications for other classes would be similar. The limits of the class
intervals are thus non-overlapping.



This is a frequency distribution with exclusive classification and of unegual class
intervals. Tha magnitude of the class intervals are Rs .50, 50, 100, 150, 200, 150 lakhs
respectively. Here the first class interval is read as Rs. 100 lakhs and sbove but less than
Rs.150 lakhs. The other class infervals are read accordingly. Here the upper limits of the
classes are excluded from the corresponding class intervals while the lower imits are
mncluded. Unequal class intervals are preferred when there exists greater variation in the
data i.e when there is sharp rise or fall in the frequency over a small interval.

Example 3B.4. The marks of 300 students in an mr.aminatiy.;-n in Mathematics are given in
the following frequency distnbution.

Marks in| 20-28]30-39 | 40-49 | 50-58 | 60-689 | 70-79 | 8089 | 9088 | Total
Math

No. of 6 15 32 145 53 28 14 7 300

suor

Find

(i the class boundaries and the mid-pamt of the fourth class.

(i) magnitude of this class interval

(i}  percentage of students having 60 or more marks.
Solution ;
(1) Since the frequency distribution 1s given in inclusive classes, the class boundanes
and the class limits are not the same. Now we find that the fourth class interval is 50-58.

Than we ook at the preceding and suceading class intervals which are 40-489 and 8N-R9
respactively. Thus, the three consecutive class intervals are

40-43 50-58 60-69
The gaps between the preceding and succeeding class intervals are 1 each |.e. 50-48=1



58+ 50

Mid point of the fourth class = =54.5 marks.

() The magnitude of the class interval = Upper boundary - Lower boundary

= 58.5-49.5 = 10 marks.
") _ As the marks are only integral values, we assume that there is no fractional value
between 59 and 80. So, the number of students having 60 or more marks is the total

number of students who balong to the class intervals from 60-69 and cnwards. Thus, the
number of students having 60 or more marks = 53 + 28 + 14 + 7=102

Total number of students = 300
Percentage of students having 60 or mora marks

No. of students having Eﬂﬂrmmt

100
Tolal number of studenis
= iag-—?-xmﬂ
=34
Example 3B.5. The following frequency distribution presents the marks of 108 students
of a class in a special fest

I!H:H‘lm 10-19 | 20-29 | 30-39 |40-48 | 50-58 | 60-68| 70-79 | 80-89| 80-99| Total

Mo of .
4 7 10 20 22 18 12 10 9 108
Students

It was decided to group the students into three different categories:
(a) those whose marks were less than 55



W L e e T
(i)  Howmany students would belong to category (b)?
{iiiy Howmuch money would be spent on prizes?
Solutions :

For solution of such problems where interpolation is necessary, the data, if given
in the foam of inclusive classification, are to be expressed to exclusive forms so that the
assumptions are tenable. After conversion, the frequency distribution becomes |

Mashs (85105 195295 |20 5-30.5| 36.5-45.5 | 405-50 5| 58.5-60.5 |60.5-T0.5 | T9.5-80 5 £9 590 5 Total

Mo aof
Bhudanit

4 T 10 20 =2 18 12 1 {1] & 108

The following assumptions are in order.
1. The class frequency of a class is uniformly spread over the entire class interval of
the corresponding class.
2 The frequency of each class is condensed at the mid point of the ciass.
n The number of students in the category (a) is found by adding all the frequencies
as follows :

The number of students who are to be given special coaching

= 4+?+1u+zu+—__5:55'ﬁ:5322
55

= 41+TE'HEE

=41+ 12.1

=583.1=53
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(i)  Total money prize
= No of studenis belonging to category {c) x Rs500

=12+10+ 5-‘15!]]

= Rs. 8000
3B8.5(a) CUMULATIVE FREQUENCY DISTRIBUTION

In a frequency distribution, the frequency of the values of the variable or of the
class intervals indicate how frequently the different values of a group occur in the data.
For the purpose of graphical representation or for finding positional averages or for some
other purposes, it may be necessary to count the number of units of the data having
values less than or greater than a given figure. To handle such situations, accumulated
frequencies for various values are counted by adding all those frequencies up to the desired
value either from the lop or from the bottom of the frequency distribution. These
accumulated frequencies are called ‘cumulative frequencies’. The corresponding
cumulative frequency is shown in a separale column against each value or class interval
as the case may be. Such a display is called ‘cumulative frequency distribution’. Cumulative
frequency disiributions can be of two types viz. (i) less than cumulative frequency distribution
and (i) more than cumulative frequency distribution.

Corresponding fo a specified value of an ungrouped frequency distribution, the
less than cumulative frequency is the number of units {values or measurements) whase
values are less than or equal to that vaiue and the more than cumulative frequency is the
number of units whose values are greater than or equal to that value. For a grouped
frequency distribution the cumulative frequencies are shown against the class boundary
paints. Less than cumulative frequency of a class shows the total number of units of the
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class intervals which are equal to or greater than that class interval,
LESS THAN CUMULATIVE FREQUENCY DISTRIBUTION

Marks Class boundaries | Frequency | Less than cum frequency
of tha marks {Less than upper boundary)

20-29 19.5-28.5 B 8

30-38 | 28.5-38-5 15 8+15=23

40-49 | 385465 - 20 23+20=43

50-50 | 485505 a5 43+35=78

60-68 | 595685 17 78+17=85

70-79 | 69.5-785 12 85+12=107

80-89 795895 8 107+8=115

50-99 89.5-88.5 5 11545=120

Total 120

MOCRE THAN CUMULATIVE FREQUENCY DISTRIBUTION

Wis in kgm | class (Mo of persong) | More than cum. frequency,
boundanes Freqguency (Mare than tha lower boundary])

A0-44 39.5-44.5 12 108+12=120

4549 44 5-4985 23 85+23=108

50-54 49 5-54.5 38 4T7+38=85

55-59 54 5-59.5 24 23424=47

60-64 595645 14 G+14=23

65-60 64 5-68.5 8 9

Total 120

LFISD



(8+15) s 23, and 50 on.

For more than cumulative frequency distribution, we have considared an inclusive
classification of data (exclusive classification can be used) and so in this case also, the
calss boundanes have been determined as before. Here the cumulative freguencies have
been calculated from the bottom of the frequency distribution. For exampie, for the dlass
boundary 64.5-69.5, the frequency is @ and the cf is 8. For the class 59 5-84 5, the
frequency is 14 and the c.f. (8+14) is 23 and so on. The cumulative frequency for the
ciass 38.5-44.5 Is 120 which shows that all the 120 persons have weights 395 kg or
mare.

Uses : Cumulative frequencies are used to determine the number of units (or the values
of the vanable) in the data which are less than or more than a specified value and also to
find the number of units those lie between two specified values, For computation of partition
values like median, quartiles, deciles etc. cumulative frequencies are used,

3B.6 BIVARIATE FREQUENCY DISTRIBUTION

We have so far discussed about data relafing to one variable only where the
vanables like height, weight, income, production, marks etc. were considered. The
frequency distributions of such data are called 'Univariate' frequency distributions. When
we consider populations with two variables & g. height and weight. incoma and expenditure,
marks in Statistics and i Mathematics elc,, such populations are called *Hivariate'
populations and the data collected from those populations are called bivanate data. Each
urit of the data consists of a pair of measurements or values and is denoted by (x, y)
where x refers to the value or measurement of one variable and y, the other. Thus, the pair

|X,, ¥ ) represents the pair of values for the | th unit of the data. When the bivariate data is
presented in the form of a frequency distribution, it is called a 'bivariate frequency
distnbution’, Bivariate frequency distributions are presented in the form of two-way tables.
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Example 3B.6. The ages of 20 couples are given below. Reprasant the data in a bivariate
frequency distribution.
Ages in years : (28.23), (37.30), (42.40), (25,26), (29.25), (47 .41), (37,35), (35.25}, (23.21).
(41,38), (27,24), (39,34), (23,20), (33,31), (36,29), (32,35), (22,23), (29,27T), (38,34), (48 47)
Solution :

For each pair of value, the first number refers to the age of the husband and the
sacond, the age of the wife,

Table No.38.9
BIVARIATE FREQUENCY DISTRIBUTION OF THE AGES
OF 20 COUPLES

Age of Age of wife
husband | 195-24 5| 24 5-20 5| 295-345| 345-385 | 30.6-44 5 |44 5455| Total
195245 W@ - - = . - 3
24525/ 1 @| m @ - . 5 " 5
205345 _ =wlan - @ 1 @ = . 2
345395| - @m0 B _ | &
395445 ol A I @] @ - 2
44,549 5 - & = 5 ! I @ 2
Total 5 5 4 3 2 1 20

Explanation : In the table above, the figures in the circles of the respective cells are the
frequencies. The class intervals are exclusive classification in which the upper limils of
the classes are excluded while the lower limits are included for the purpose of counting.
Tally marks are put as follows :
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totale writtsn in the extreme right column are the row totals which indicate the number of
nusbands In the corespanding age group and the totals appearing in the bottom row are
the column totals which indicate the number of wives of the cormesponding age group.
These row and column totals are called ‘marginal totals’. The sum of the marginal totals of
{lie rowe and the sum of the marginal totals of the columns are equal and in tum are equal
1o the total number of pairs of data.

3B.7. TABULATION OF DATA

38.7.1 Meaning and definition

Tabulation refers to systematic presentation of data in the form of tables consisting
of rows and columns. It helps in condensation of data, brings clarity and facilitates
comparison.

A M. Turtie defines tabulation as “The logical listing of related quantitative data in
vertical columns and horizontal rows of numbers with sufficient explanatory and qualifying
words, phrases and statements in the form of tities, headings and explanatory notes to
make clear the full meaning, context and the origin of the data.”

This definition states the structure of statistical tables and suggests that tabulation
highlights the basic charactenstics of the information contained in the data through its
ciderly and systematic arrangement.

38.7.2 Difference between Classification and Tabulation.

Classification is the first step before tabulation. So, both classification and tabulation
fo tagether. Through classification similar units are grouped together. Only after
classification, tabulation s taken up to display data under different columns and rows so
ihat it can be easily understood and compared.
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which faciliate comparison between different parts of the tabie. 3

To facilitate statistical analysis: After classification and tabulabon, stalstcal
data become fit for analysis and interpretation. Various descriplive slatistics like
mean, median, standard deviation etc. can be calculated easily from systematicaily

* tabulated data.

To provide identity of the data: The table number, the rows and columns of the
table can be referred to in future studies.

| F
To depict the trend and pattern of the data: Through tabulation, the patterns
within the figures can be revealed which can not be observed from the raw data or
its description in wonds.

3B.7.4 Essential parts of a Table

Depending upon the nature of the data and the purpose of the study, a table is

divided into different parts. We state below the essential parts for a general purpese labie

1.

Table Number : For the purpose of sasy identification, each table should Le
assigned with a specific separate number. This number is usually placed at Th=
centre of the top, above the fitle or at the left hand side top comer or at the bottom
of tha table in the centra.

Title of the Table : Every table must have a suitable title indicating the conlents
of the table The title should be clear and precise and should be written prominently,
preferably in bold letters and must be given at the top of the table at the centre
Captions :; Caption refers to column headings. Each column neading may have a
number of sub headings. The captions should be ciearly defined and placed at the
middie of the column top. In case, vanous columns are expressed in different
units, the samea should be indicated along with the captions.
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major part of the table. Hilpinnadhahwﬂu tithe of the table in the form of brief
explanatory statement but in brackets.

Foot Note : Foolnotes are given below the table These are in the form of
statemants meant o clarify any thing that has not been clear from the heading,

Source : Source of the data must be mentioned at the bottom of the table.

e, W TT r rerERTTE .

SPECIMEN OF ATABLE
Table No
TRle ...
Head note ...
«—— Caplions —»
Stub Headings = FmmeT Falumn | Golumn | Column Total
Heading | Headi Heading | Heading
Stiib Entries B o ] ¥
Totad
FootNote ........




10.

11.

12

13.

The table should be precise and easy to understand. It may be such that one does
not need to read the foot notes or explanations to properly understand the table.

The table should sult to the size of the paper. The width of the columns should ba
so determinad that they can be accommodated in the available space of the paper.
ery large data should not be crowded in a singie table. Such data should be
presanted in separate tables

There should be a proper title of the tabie indicating what exactly it represents.
The main headings should be few However, number of sub-headings may be
large.

Headings of columns {captions) and rows (slubs) should be- seif explanatory i.e.
what the headings represant should be mentioned.

The columns where data are to be compared should be placed side by side.
Percentages, totals and averages must be kept close to the data.

To reduce unnecessary details, the figures should be approximated before
tabulation.

Under each heading, the unit of measurement, if any, must be indicated.

Row totals should be kept at the extreme fight columrt and column totals at the
bottam of the table. In some cases, the row totals may be placed at the first column
and the column totals at the top of the table.

If some figures are to be emphasized, they should be in distinctive type |.e. may be
written in bold numerals or kept in boxes or encircled or put between thick lines.
in case, percentages are lo be kept side by side with original figures, they should
be In a saparate type of numerals i.e. italics.

To present portion of collected facts which remain unrepresenied in the table, a
miscellanecus category should be created.




be givan explicitly Ditto marks should not be used in the table.
16 Abbreviations should be avoided in the title and subtitles.
17. Source of the data must be menticned.

it may be difficult to follow all these ruies while preparing a table, but their purpose
should always be kept in mind.
3B.7.6 Types of Tables

All tables may be put under two categories viz (i) Simpie and compiex table and (i)
General purpose and special purpose table.,
{i Simple and complex table

Depending upon the number of characteristics displayed, a table is called simple
table or complex table. In a simple table, only one characteristic is exhibited. Such tables
are also called 'One - way’ table. A table showing the distribution of marks of a group of
children in a class Is a simple or one - way lable. On the other hand, a tabla showing two
or more characteristics simultaneously is called a complex table, A complex table may be
‘two - way' or ‘three - way' and so on. When two characteristics are exhibited simulta-
neously in a table, it is called a two - way table. For example, a table showing the income
and age of 500 persons in a locality is a two - way table. Like wise, for mere than two
characteristics, higher order tables can be formed.
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35-<45 30
45-<55 20
55 and above 10
Total . 100
Two - way table
NO. OF EMPLOYEES INAN ORGANIZATION
ACCORDING TOAGE AND SEX.
Age in years Employeas
Male Female Tatal
Below 25 8 4 12
25-<356 15 13 28
a5-<45 20 10 a0
45-< 55 17 3 20
55 and above 5 5 10
Total 65 35 100

(il  General and special purpose table

General purpose tables are also called reference tables or repository tables. These
are meant for general use o refererice only. These tables contain information which arc
not meant for a particular purpose: For example, the detailed tables containing the popu-
lation census of india are tables of this category.



can be obtained from general purpose tables in the form of ratios, percentages and other
mMeasures.

Example. 3B.7

In 1985, out of a total of 2000 students in a college, 1400 were for graduation and
the rest for post graduation. Out of 1400 graduate students, 100 were girls; however in all
thare were 600 girls in the college.

In 2000, the number of graduate students increased to 1700 out of which 250 were
giris, but tha number of post graduate students fell to 500, out of which only 50 were boys.

In 2005, out of BOO girl students, 650 were for graduaticn, where as the total num-
ber of students was 2200. The number of boys and girls in graduate classes were equal,

Represent the above information in a tabular form. Also calculate the percentage
increase in the number of graduate students in the college in 2005 as compared to 1835

(Identical to 1AS Exam 1997)
Table No. 3B.10
CLASSWISE AND SEXWISE DISTRIBUTION OF STUDENTS OF ACOLLEGE

Classes
Year Graduate class Post class Total
Boys | Giis | Total | Boys | Gris | Total | Boys | Gris | Total
(1) 2) (3) (4) 5) {E}EEJ 7) (8 (3}
{3) =12} (TH1) 1(8)—(2) [ {(—(3) | (9} —(8)
195 "a00 | 1% [ ™% |00 | so0 | eoo | 140 | %0 | 2P
(3)-(2 (6) —(4) (%) —(8)
2000 (=@ 260 | 1700 | s0 |G s [OZEN 700 | 2200
(1) + @] (M- (1) | (6)—{4) | (3)—(3) | () —(8)
2005 | 650 | 850 |"on"| 7ep | 150 | 900 | taop | D0 | 2™
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Similarly for the years 2000 and 2005 the figures in the vacant spaces have been calcu-
lated as indicated in the table.
Percent increase in number of graduate students in 2005 as compared to 1885

J Mo. of graduate students in 2005—No of graduate students in 1885
No. of graduate students in 1935

=100

_ 1300-1400
T 1400

=100

= 1m
TS
= -7.14 %
So. there has been 7.14% decrease in the number of graduate students in the
yanr!ﬂﬂﬁaﬂmmpﬂmdhﬂﬂmﬂﬂﬂﬁlnﬁmnwugu
38.8 MACHINE TABULATION
Tabuiation of data can be done either using hand operated or electrically operated
machines. Method of 'needle sorting' is performed by hand operated machines. In this
method, a large number of units of the data can be sorted under any number of headings
and sub headings. Gwﬂsnfnmvenmrﬂshapeandmm a series of holes, each hole
representing a value, are used. After stacking the cards, a needle is made to pass through
a particular hole representing a particular value of the variable. All those cards through
which the needle passes are then separated and counted. The number of cards thus
counted represent the frequency of the value of the variable (or of the class interval). In
this way, the frequencies of all the class intervals are counted by repeating the process.



accurate and automatic
Advantages : The advantages of mechanical tabulation are :

] Data can be tabulated in a short time.

{if} Greater accuracy can be ensured.

(it} Cost can be reduced considerably

(iv) Large scale data can be handled

v} Monotonous and un-interesting work of tabulation of data is transferred o

machines there by invalving less human labour and minimizing error.
3B.9 DIAGRAMS, GRAPHS AND CHARTS
We have already discussed in the earlier sections, the techniques of presenting
statistical data through classification and tabulation. Classification and tabulation reduce
the complexity of data and present those systematically in an intelligible form. Diagrams,
graphs and charls are other important methods of presentation of statistical data in a
convincing and more appealing form which can be easily undarstood by commaon people
The speciality of diagrams and graphs is that they present the numerical figures in the
shape of attractive and appealing pictures and charts which attract the attention of common
man.
38.9.1. Advantages of Diagrams and Graphs.
Some of the advantages of diagrams and graphs are :
(i) They are visual aids which give a bird's eye view of the numerical facts
and present them in simple and readily comprehensible form.

(i)  They create deeper impressions on the minds of the readers. The
impression created by a diagram or picture is supposed to last long in the



{iv)

(v

waltching the numbars may be ravealad through diagrams and graphs

They save time. To draw a conclusion by comparing a sel of numbers one
neads time. But such conclusion can be drawn at pnce by looking at a diagram.
They reveal trend. Presance of trend in the data may nol be identified from
the numencals of the data. Such identification may often be difficult or even
impossible. But graphs reveal the trends and exhibit the manner in which the
trends change

3B.9.2 Limitations

(i)

(i)

(i)

They give only approximate picture of the data. Diagrams provide only
approximate picture and so are used only when the purpose is 1o explain the
significance of some statistical facts to common people. Hence these are not
of much impartance for a person doing exhaustive study of the numbers.
They can-be used only for comparative study. A single diagram has no
significance for comparison, Comparison is possible if there are two or more
diagrams

They can be misused easily. Presentation of dala by wrong and inappropriate
diagrams ¢an lead 1o fallacious conclusson.

3B.9.3 Difference between Diagrams and Graphs.

(i)

()

Graphs are drawn on graph papers anly. They help in studying the mathematical
relationship between the variables. But diagrams are usually drawn on plain
papers and are useful for comparison.

Graphs are precise and more accurate than diagrams. They can be used for
obtaining Intermeadiate values and projecting future values. Diagrams furnish
only approximate information



(i)

(it}

(iv)

(v)

(vi)

(vii)
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Usually the fitie is placed at the lop though sometimes it may be put at the
bottom. If necessary, in order to clarify some points relating to the diagram,
foot notes may be given at the lefthand side battom. Besides, the source of the
data for which the diagram is drawn should be mentionad

Size. The size of the diagram depends on the quantum of data and should be
such that all the characteristics desired to be shown are properly emphasized
and is understood by a mere look

Proportion between width and height. Appropriate proportion belween the
width and height should be mantained, although there is no fixed rule for this
proporiions.

Scale. The scale to be used in drawing a diagram depends on the magnitude
of the data and the size of the paper. The scale chosen should be an even
number or preferably a multiple of 5, 10, 20, 25 etc. It should specify the size
of the unit of the data it represents

Look. The diagram should be neatly drawn and should look attractive to the
eye. The diagram which attracts the attention of the commaon man is called a
good diagram.

index. An index explaining the different types of lines, shades or colours used
shouid be given for easy understanding.

Simplicity. Diagrams should be simple. Too much information should not be
crowded in a single diagram. For data with several items of information, more
than one diagram should be used, each portraying some specific characteristic,
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i) Three dimensional diagram
(V) Pictogram
(v} Cartogram
3B.10.3 One Dimensional Diagram
One dimensional diagrams usually refer to 'Bar Diagrams’. The fallowing types of
bar diagrams are frequently used in presenting data.
(@) Simple Bar Diagram
(b}  Multiple Bar Diagram
{c) Subdivided Bar Diagram or Component Bar Diagram
(d) Percentage Bar Diagram.
{a) Pie-Diagram
3B.10.3{a) Simple Bar Diagram
Simpie bar diagrams consist of a number of equispaced vertical or harizontal
rectangles. Each rectangle represents the magnitude of the value of the vanable. They
represent data of discrate variables relating to different places, different time peniods elc.
{.& data retating to population of a place in different years, production of a manufacturer on
different days, etc. For drawing a simple bar diagram, the variable such as places, periods
efc are taken along the base line (x-axis) at regular intervals and the corresponding values
along the ordinate (y-axis). Rectangies (or bars) of heights equal to or proportional to the
corresponding values (or frequencies) of the variables as per chosan scale are erected al
the points marked on the x-axis. These rectangles may be filled in with dols, dashes or
colour shade
in these diagrams, only the heights of the rectangies differ from one another and
the widths remain the same. The bars can be of any width but should be such that suils



1891 1862
19892 2174
1983 2418
19494 anz4
1885 3852
1996 4588
1997 5355
1898 5112

Solution : The simple bar diagram is given below.
Fig -1
TOTAL MERCHANDISE EXPORT OF INDIA DURING 1891 - 1882

8000 - 5385 5112
S000 -
4000 -
M_TEEE 2174 2419
2000 4
1000 1
. 18991 18952 1853 - 18984 1985 1996 1948

3B.10.3(b) Multiple Bar Diagram

Multipie bar diagrams are used to represent two or more sets of inter-related
phenomena with respect to different places, periods or timings. They facilitate intergroup
comparison. For example, to represent the sex wise population of Bhubaneswar for the



to 1888 by a multiple bar diagram.

Year Region

Wast North East South Centre
1886 T84 BB O 837 899 86.5
1887 56 B62.5 1036 785 7r4

1828 1212 116.5 1076 1238 90.3

Solution : The multipie bar diagram is given below :

Fig-2 o

140 1e97

120 — L 1se8
100
B0

60
40

20
0

WEST NORTH EAST SOUTH CENTRAL
38.10.3(c) Sub-divided Bar Diagram
Subdivided bar diagrams are also called component bar diagram, In these
diagrams, each bar which represents the magnitude of the given phenomena is further
subdivided into its various componenis. Each component occupies a part of the bar
proportional fo its share in the total. Thesa diagrams are helpful to present several items
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displayed is drawn. Then the whole bar is divided into segments egual to the number of

components. Each segment represents a component proportional to the total of the phe-

nomenon. Different shades, colours, dots etc are used for the identity of each compo-

nent.
The foliowing points may be kepl in mind while drawing a subdivided bar diagram.
Order of the vanous components should be the same for all the bars.

2 The largest component should be shown at the base and the smallest at the top.
It should not be recommended if the number of components s large | e. exceads
10.

4 A key index explaining the significance of the different colours, shades, dots alc
used for various componants should be given for easy location.

Exampie 3B.10. Represent the following data by subdivided bar diagram.

items of Expenditure Expenditure in Rs.

FamiyA | FamilyB | Family C
Food 2500 3000 2800
Ciothing 1200 1500 1000
Children’s Education 800 700 850
Entertainment 300 400 250
Mizcellaneous 1200 900 1200
Total 6000 8500 6200




Bl Mecellansous

4000 }

3000 +

2000 1

1000 +

Family & Family B Family C

3B.10.3({d) Percentage Bar Diagram.

We know that in a subdivided bar diagram, the height of the bar is divided in to
different segments, each sagment representing a separate component Each compo-
nant occupies a part proportional to its share in the total. When the share of the compo-
nanls are expressed as percentages of the total and presented in the form of a bar dia-
gram, such a diagram is lermed as a percentage bar diagram. In this case, the heights of
all the bars are equal to 100 These bars are usuful for portrayal of retative changes in
different components to tha whole of the data.

Exampie 3B.11. The following data are the results of the students of three colleges A. B

and C at the CHSE Examination in 2005. Represent the data in percentage bar diagram

Resuli
Caollage =
| D 0 Diiv M Div | Compardmeantal| Total
- 15 b, o 30 4 =]
B =8 T 51 12 228
C 25 ¥ 54 10 134

Solution : The percentages of each category of students of the colleges have been
calculated in the followng table
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Comp 53

100

5.2

i ]

100

TR .

4

100

Total 100

100

160

Cumulative percentages may be computed for sake of convenience to draw the

diagram

Fig -
PERCENTAGE BAR DIAGRAM OF THE RESULTS

a4

2888883883

College A

3B.10.4{e) Pie Diagram

Collega B

College G

| DIV
o
Hi DIV
COMP.

Pie-diagram or Ple-chart is a very useful device for presenting the varous
component parts of an aggregate. It is a substitute for the subdivided bar diagram, Ple-
diagrams can EﬁEl:-'tWEIjI' ﬁEDla:p' the companson babwesan the vanous Components of
b:etween parts of the whole.
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percent of the component share would be converted to angles taking 1% as 3.67 (This is
because the total angle at the centre of a circle is 360° and the total percentage of the
component vaiues is 100}, These two steps combined is same as computing the share
of sach component proportionately taking the total as 360°. In this way the central angles
of the sectors corresponding to all the components would be determined. Then a circle
with a convenient radius (that suits the size of the paper and space available) would be
drawn. The area under the circle would then be divided in to different sectors using the
angles computed and then each sector would be shaded with a different colour.

It is possible to determine the percentage of share of a component from a pie -
diagram when the angle sublended by the sector al the centre is known. (percentage of

-]
share = Angle x E]' For example. if the angle of the sector at the centre is 40°, then the

percentage of the share of the component is 40 x %:11.1*51:!@ tolal

Example. 38.12. Draw a pie-diagram to represent the following data of the production
cos! of a manufacturer.

ltem of Expenditure Expenditure
Cost of material R=.3,84 000
Cost of labour Rs.3,07,200
Direct expenses of manufacturer  Rs 1,15200
Factory overhead expenses Rs.1,53.600
Total Rs.9,60,000

S-thbm:Eaﬂﬂumnfwﬂﬂmﬁﬁrﬂmﬂﬂhmrmnﬂgﬁmﬂmhﬁmnnﬁ
total expenditure as follows '
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307000
#1100 = Y = ;
2 Cost of labour 00 3z 32x3.6° =115.2¢°
3. Direct Expenses 12 43
4 Factory overhead cost 16 57.6°
Total 100 asoe
Fig-5
PRODUCTION COST OF AMANUFACTURER
M Cost of meterials
O cost of labour
W Direct Expenses
B Factory overhead
cost
Limitations of Pie-Diagram

Pie-Diagrams are considered fo be less effective than sub-divided bar diagrams
for accurate reading and interpretation. When the data are to be preseanied having a number
of components or the differences among the magnitudes of the components are small.
su~h data should not be porirayed by a pie-diagram. In such cases, tha relative values
displayed by different sectors may lead to confusion. Although in actual practice, pie-
diagran~ are frequently used for different types of data, these are considered inferior to
simple bar diagrams or sub-divided bar diagrams.
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proportian o the comesponding values of the items in the data. As pictures draw immediate
attention of the common man, these are extensively used by Government and private
institutions for presentaiton of data relating to social, business or economic phenomena. .
Such diagrams are displayed mostly in fairs and exhibitions for understanding of the ™
commmeon people. .

Rules for drawing pictograms

 § The picture should represent a general concept like man, woman, bus, aircraft,
cows, goats, trees, books etc. and shouid not be the piclures of particuiar individuals
living or dead.

2 The picture should be clear, concise and attractive.
1 Each picture should be distinct and distinguishable from every other picture.
4 The figures should suit to the size and space of the paper.
5. Changes in the values should be shown by drawing correct number of pictures.
8  The picture should be such that they convey the concapt of the population uhder
study -3 »

Example 3B.13. Represent the followng data of student strength of a university given in
guinquinnial interval, -

Yoar No of studants .

in ‘000

1985 T

1880 10

1885 14

2000 18

2005 25
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Example 3B.14. Represent the following data of number of vasseis in Indian Merchani
Shipping Fleet by Pictogram.

Year 1951 1866 1971 18976
Mo of vessal {74 231 255 250
Fig-7

VESSELS IN INDIAN MERCHANTSHIPPING FLEET

5 "“i ‘ = 50 vessels
1965 | il il iy il i

1971 | iy il il iy v ¥

1976 | wiffy i ity i v < <

2B.11.2. Cartograms

Cartograms are statishical maps which represent guantitative information on
regional or geographical basis. The distribution of rain fall in vanous regions of a country,
the density of population in different regions or cities; the production of coal in various
parts of a country etc can be shown in these type of maps
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3B.12 CHOICE OF A SUITABLE DIAGRAM
No single diagram can be used for all purposes of presenting data. The choice of

a diagram for particular data requires skill, intelligence and experience. The diagram shouid
be selected keaping in view the nature of the data and the purpose for which it is fo be

dispiayed. A wrong choice of the diagram may lead to ms-interpretation. Some guidelines
stated below may be followed while choosing a dagram.



4 To display the changes in the relative size of the component figures for their
comparison, percentage bar diagrams should be selectad.

5. Pie-diagrams are to be selected to exhibit the changes in the relative proportion of
a large number of component figures making a single over all total. It should not be
selected when the number of componants is more than eight.

6 For exhibition purposes or to display in public places or news papers or magazines

7T To bringout the geographical pattern which may be concealed in the data,
cartograms are selected.

3B.13 HISTOGRAM
Histograms are most commonly used diagrams of presenting data of, both discrete

and continuous variables, given in the form of grouped frequency distributions. A histogram

consists of a number of vertical adjacent rectangles (bars) whose areas have a direct
relation with the frequencies of the class intervals. Methods of construction of histograms
for grouped frequency distributions with equal and unequal class intervals are described
below : =

in case the class intervals are all equal, after making suitable scale adjustment for
the values of the variable and the frequencies, the class boundaries are marked along the
harizontal line {x-axis) and the frequencies along the vertical line (y-axis). Then against each
class interval, a rectangle is erected with height equal to or proportional 1o the cormesponding
frequency of the class interval. In this case, the area of the rectangle would be aqual to the
frequency of the commesponding class interval. For unequal class intervals, instead of taking
the frequency of the class interval, the frequency density i.e. frequency per unit interval is
taken as the height of the rectangle. In this case, the area of the reclangle would be proportional
to the frequency of the corresponding class interval. The diagram so constructed cansists
of adjacent vartical ractangles. Such a diagram s called a Histogram.
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Eample 3B.16. Draw a histogram for the following age distribution of 500 workers in a
factory.

Frequency

Age in years | 14-16 1719 20-24 2529 30-35 3640 | 4150 | Total

ety 33 1) 145 BS 78 80 20 500




R =)
20-35 20.5-355 Fi:] 13
3840 355405 B0 12
41-50 40 5-50.5 20 FJ
Total 500
Fig-10
HISTOGRAM OF AGE DISTRIBUTION OF 500 WAGE EARNERS.
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Ages in years
3B.14 Frequency polygon
Frequency polygon is a graphical presentation of a frequency distribution obtained
in the form of a linegraph. It consists of an area bounded by many sides (more than four),
For a grouped frequency distribution, the total area under the frequency polygon is
approximately equal to the total area under the histogram. Frequency polygons are useful
for comparison of two or more frequency distributions
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marked points. Such a-graph having the shape of a polygon is called a frequency polygon,

For a grouped data, the frequency polygon can be drawn along with the histogram
or by using the frequencies of the ciass intervals directly without drawing a histogram.

First 2 histogram is drawn for the given frequency distrbution. Then the middle
points of the upper edges of the rectangles for all the class intervals are located. Then the
consecutive middle points, marked along the upper adges of the rectangles, are joined by
line sagments. This does not give a polygon as the the two extreme ends are still open. To
complete the polygon, two additional imaginary class intervals, one before the smallest
and another, after the largest class interval are taken with zero frequencies. The middle
points of these additional class intervais are then joined fo the extreme ends of the graph
to give the reguired frequency polygon. Use of two additional class intervals on two exiremes
on the horizontal line heips in equalising the area under the freguency polygen and the
histogram.

Frequency polygon can also be drawn without drawing histogram. Here the
frequencies or the frequency densities (in case of unequal class intervals) are marked
againsi the mid points of the class intervals and then all the adjacen! points are joined
consacutively by line segmenis. To compiete the polygon, as before, two additional class
intervals, one preceding the smallest class interval and the other succeeding the largest
class interval are used with zero freguancies and then their middle points ara located. To
these points, the two extreme tails of the graph are then joined. This would give the required
frequancy polygon.

Advantages of Frequency Polygon

Freguency polygons are useful for graphical comparison of a number of frequency
distributions because, on the same axis several frequency polygons can be drawn where
as for each frequency distribution, a separate histogram is necassary. The frequency
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0-9 ]
10-18 12
2029 v
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BO-89 7
20-29 3
Total 208
Fig - 11

HISTOGRAM AND FREQUENCY POLYGON OF MARKS
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Fig- 12
FREQUENCY POLYGON OF NUMBER OF PERSONS PER FAMILY

No. of family

No. of persons per family

3B.15 FREQUENCY CURVE

Very often frequency distributions are presented by curves, called frequency curves.
Thmmm%andﬂmhnﬂmdmmwmawﬂmnthmwpmgﬂm.
In & frequency curve the imegularities, if any, present in the frequency distribution are
abminated. The area under the frequency polygon (or histogram) is approximately equal
to the area under the fraguency curve. The difference between the frequency curve and
the frequency polygon of a frequency distribution is that the frequency polygon contains
angularpuiﬁls whereas the frequancy curve is smooth and regular. But both of these have
simitar shape. A frequency curve may be regarded as a limiting form of the frequency
polygon as the number of observations in the data become large and the class intarvals
are made small.
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curve. No doubt, a frequency polygon can be drawn without drawing a histogram. But in
such a case, smoothing of the curve would be more subjective. The two extremes of the
smooth curve end at the mid points of the two additional class intervals taken on either
sides with zero frequency. The area under the frequency curve represents the tolal
frequency of the frequency distribution

Example 3B.19 Draw a frequency curve for the following data of wage distribution of 100
workers of a factory.

Weekly wages | 700-719 720-738 740-750 760-779 780-798 B00-819 820-839 | Total
Lin Rs

Mo of workers Fi 18 32 17 12 g 4 100

Solution :
Fig-13

FREQUENCY CURVE FOR THE WAGE DISTRIBUTION OF 100 WORKERS.
I35

15

10

785 8095 £195 @185 8395 8585
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Curves of the shape as in (a) are calied symmeirnical, curves of the shapes as in (b) and
(c) are called moderately asymmetrical, curves of the shape as in (d) and (e) are called J-
shaped and of the shape () U -shaped

38.16 CUMULATIVE FREQUENCY CURVE OR OGIVE

A cumulative frequency curve or an ogive (pronounced as ojiv) 8 graphical
representation of the cumulative frequency distnbution of a grouped data. It consists of
pletting of cumulative frequencies against the class boundaries of the respective class
intervals and then joining the plotted points by a curve. When the cumulative frequencies,
from the lower end of the variable, are plotted against the upper boundaries of the respective
class intervals, we have a less than ogive. Similarly when the frequencies are cumulated
from the upper end and plotied against the lower boundaries, we get a mgpe than ogive: A
less than ogive is non-decreasing curve having an elongated 5 shape { ) and a niare
than ogive is non-increasing having the shape of the mirror image of an elongated 5 ).

Bath, ithe more than and less than ogives can be drawn on the same graph, They
intersect at a point. They are useful, particularly, in locating the partition values of a frequency
distribution graphically. They also can be used to compare two or more frequency
distributions. If the class frequencies are large, they can be expressed as percentages of
the total frequency and then these percentages of the cumulative frequencies can be
used to obtain ‘percentile curve’,

(d)



Solution : First a cumulative frequency distribution is prepared and then a less than ogive
is drawn as shown below.

Ageinyears | Noof workers Less than cumulative
frequency

15-20 28 28
20-25 3B 63
25-30 42 105
30-35 84 168
35-40 a3 202
40-45 22 224
45-50 16 240
50-55 6 246
55-60 4 250
Total 250
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15 20 25 30 35 40 45 50 55 60

From the graph of the ogive in Fig-15 it is clear that
No. of workers whose age Is less than 47 years = 230 and
No. of workers whose age is less than 42 years = 211
The number of workers in the age group 42 - 47 is given by
230-211=19




20-29 63
30-39 145
40-40 240
50-59 103
50-89 72
70-79 21
80-89 5
20-99 2
Total F00
Solution :
Marks Class Frequency | More than More than cum
boundaries cum. Freq | freq. percantages
0-8 -0.5-9.5 9 700 100.00
10-18 | 8.5-19.5 40 691 88.70
20-29 | 19.5-295 63 851 83.00
30-30 | 28.5-385 145 588 8400
40-49 | 395-495 240 443 63.30
50-59 | 49.5-595 103 203 25.00
6069 | 595-695 72 100 14.30
- 70-79 | 6B.5-795 21 2B 4.00
80-89 | 79.5-89.5 5 7 1.00
8099 | B9.5-99.5 2 2 0.28
Total 700
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Exercises - 3B.1

What do you mean by classification of data? Discuss in brief, the various modes
of data classification.

What are the objectives of classification? Write different types of classification,
lliustrate with suitable examples, the types of classification and write their uses.
What is meant by classification of data? State its important objectives. Briefly explain
the different methods of classifying statistical data.

What are the purpose of classification of data? State the primary rules to be
observed in classification. Write the advantages of classification.

State the principles underlying classification of data.

Distinguish between grouped and ungrouped frequency distributions. Explain the
guide lines for the construction of a frequency distribution

Drscuss the problems in the construction of a frequeny distribution from raw data
with particular reference to the choice of number of classes, the magnitude of the
class intervals and the class limils.
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Explain what you mean by inclusive class limits and exclusive class limits. Bring
out the difference between class limils and class boundaries. Explain, with the
help of an example, how you would convert an inclusive type of classification to an
exclusive farm.
Classify the following data with starting class 5-8 and all class intervals having the
same width 5.
12 36 40 16 10 10 18 20 28 30
19 a7 15 21 33 45 [4 18 20 26
26 1 6 5 20 30 7 17 1" 20

Classify the following data by taking class intervals such that their mid values are
17,22, 27, 32, slc.

30 42 30 54 40 48 15 17 51 42 25 41 33
30 27 42 36 28 26 37 54 44 31 3B 40 4
3 22 30 31 19 48 18 42 22 21 22 48
The class marks of a grouped frequency distribution are 125, 132, 138, 146, 153,
160, 167, 174 and 181. Find (i) the magnitude of the class intervals (i) the class
boundaries and (iii) the class imits when the observations are rounded to the
nearest integers.
Giving suitable examples, distinguish between -
0] Discrete and Continuous variable
(i)  Exclusive and Inclusive classification.
(R}  Maore than and Less than cumulative frequency tables.
{iv)  Bivariate frequency tables.
Explain, with the help of an axampie, the cumulative frequency distribution, more
than and less than cumulative frequencies.
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21.

than 12 and 35 get less than 15 marks.

Follwing data gives information about the number of fights from an airport in 80
days. Prepare a grouped frequency distribution and obtain the more than cumutative
frequancies.

No of flights beiow - | 5 10 15 20 25

No. of days ;] 18 2 35 41 &0
Differentiate between continuous and discrete vanables. Giving reasons, state
whather the following variables are continuous or discrete.

(@) Age on the last birth day

{(t)  Bodytemperature of patients

(c) Length of rooms

(d)  Number of share holders in a company

Prepare a frequency distribubion of the words of the following extract according to
their length (number of letters), omitting the puncluation marks. Also find (i) the
number of words with 7 or less letters, (i) the proportion of words with 5 or more
letiers, {iii) the percentage of wards with not less than 4 or not more than 7 letters.
“Success in the examination confers no absolute right to appointment, uniass
Governmeant is satisfied, after such enqguiry as may be considered necessary, that
the candidate is suitable in all respects for appointment to the public service.”

A company pays out bonus to ils employeas daily as under

Daily salary (Rs).[100-200 200-300 300-400 400-500 500-600 €00-700

Dally bonus (Rs) :| 10 20 30 40 50 60

Actual daily salaries of the employees, in rupees, are as under
175, 375, 225, 465, 375, 530, 478, 480, 525, 320
451, 345, 382, 471, 280, 450, 650, 515, 510, 225

Find the total daily bonus of the employees.
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Economics (Y). Taking class intervals 0-4, 5-8 etc. for both X and Y, consturct a
bivariate frequency distribution

(15,13), (2,2}, (2,1), (3,7). (16.8), (4.9}, (18,12}, (5,9}, (4.17), {17,16), (6.6}, (19,18).
(14.11), (9.3), (8,5), (13,4}, (10,10}, (13,11}, (11,14), (11,7), (12,18), (18.15}, (9,15).
(17.3)

Fill in the blanks.

Arrangement of data according fo common characleristics is called ...
Data are classified onthe basis of ... ... in chronological classification.
[ classification the data are classified according to location.
Class mark (mid point) is the value lyng halfway between ...,
According to Sturges rule, the number of class intervals is given by k= ...
The magnitude of the class interval is the differene between ...

.. of data is a function similar to that of sorting letters in the post office
acr.md:ng to destinations.
Classintervalscanbe ................. .and ..

In a grouped frequency distnbution, H'Enumberuidm intervals does not usually
ANCEBT .

In exclusive class intervals, the class limits are equaltotheclass ...
Inclusive type of classes are preferred for ... variables

Marks in a test and number of road accidents are two examplesof ................ ;
The classification where the lower limit of the smallest class or the upper limit of
the |largest class are not specified are called ...................... classes.

The difference between the upper limit and the lower limit of a class is called the
R A . of the class.
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For a fequency distribution, the number of cbservations falling balow the upper
boundary of a particular class interval is called the ... frequency.

Sorting out on the basis of a single charactenisticis called ... . classification,

Excercises - 3B.2
Explain the terms classification and tabulation and pointout their importance in a
statistical investigation. Whal precautions would ;ou lake in tabulating stafistical
data?
Describe the chief functions of tabulation.
Explain the purpose of classification and tabulation of data. State the rules that
serve as guide line in tabulation of data.
What do you mean by tabulabon of data? What precautions would you take while
tabulating data? Mention requisites of a good table
Explain what you mean by tabulation. State the important points that should be
kept in mind while tabulating data.
Write the rules to be followed in the preparation of a statistical table.
Briefly discuss the essential features of a statistical table.
Comment on the statement : “in collection and tabulation of data, commonsense
is the chief requisite and expenence is the chief teacher.”
Explain and discuss the various types of tables used in statistical investigation.
The total number of accidents in Southem Railways in 1870 was 3500 and !
decreased by 300 in 1971 and by 700 in 1972. The total number of accideris i

metre-gauge section showed a progressive increase from 1970 to 1972, It was
245 in 1970, 346 in 1871 and 428 in 1872, In the metre-gauge section “Not




(a)
{b)

13.

14.

Enrolment in Commerce, Sciance, Law and Arts faculbes in the session 1993-84
were 90,000; 60,500; 50,500 and 40,600 respectivaly. During tha next two sessions
the enrolment figures in the Science faculty were 85,210 and 70,300. while in Law
and Arts faculties the comesponding figures wera 55,000, 80,000 and 48,000, 50,000
respectively. In commerce faculty the enrciment during 1984-85 and 1995-86 were
1,15,000 and 1,22 250.

Represent tha information in tabular form.
mehﬁamﬂmmﬂmhﬂmhwmﬁm 1883-54 10 1995-06
An investigation conducted by the education department in a public ibrary revealed
the following facts. Tabulate the information in a table.

"In 1980 the total number of readers was 46,000 and they borrowed some 16,000
books. In 2000, the number of books borrowed increased by 4000 and the
borrowers by 5%.

The classification was on the basis of three sections : literature, fictions and
dlustrated news. There were 10,000 and 30,000 readers in the sechions hiterature
and fictions respectively in the year 1880. In the same year 2,000 and 10,000
books were lent in the sections illustrated news and fiction respectively. Marked
changes were seen in 2000. There were 7,000 and 42,000 readers in the literature
and fiction sections respectively, So also, 4,000 and 135,000 books were lent in the
sactions illusirated news and fictions respectively.”

Draw a biank table to show five categories of workers: regular, seascnal, casual
clerical and supervisory, classified as skilled and unskilled which are further sub-
divided as male and femaie workers.




(e)

(g}
(h)

(i
(k)

In the collection and tabulationofdata ... . is the chief requisiteand ...........
is the chief teacher.

In & statistical table, the principal basis for the arrangement of captions and stubs
in a systematic orderare ... ... L SR e

Classificationisthe ... ... st@epin...........

inatable, captionsreferfo ... ... andstubs referto ...

In a statistical table, the data are amangedin,.............and ...

in a statistical table ................. . should be avosded, especially in title and headings

In a table necessary explanation of the columns/rows are given inthe ...

Exercises - 3B. 3
What are the merits and demerits of diagrammatic represaniation of statistical
data?
Describe the advantages of diagrams for presenting slatistical data. Name the
different types of diagrams commonly used and meantion the appropriate situtations
for use of such diagrams.
Describe the different types of diagrams which are used to represent statistical
data to show the sallent characleristics.
State the different methods used for diagrammatic representation of statistical
data and indicate briefly the advantages and disadvantages of each one of them.
Point out the usefulness of diagrammatic representation of facts and axpiain the
construction of some of the diagrams you know.




(&)
(b)
(c)

()
(&)

@

i e L e
Clothing 100 200
House rent B0 100
Fuel and light 30 40
Education 80 210
Total 500 BOO

Draw a pie-diagram for the following data

Agriculture and Rural Development 12.9%

Irrigation 12.5%

Energy ' 27.2%

industry and Minerais 15.4%

Transport, and Communication 15.9%

Social services 16.1%

Name the most appropriate diagram to be used for representing information in
each of the following cases:

Scientific manpower in four consecutive years in four different fields of science.
Distribution of the number of children belonging to a school by their ages.

The percentages of persons serving in different branches of the army such as
infantry, artillary, signals etc.

Production of whesat in India in each year from 1875 to 2004,

The number of accidants on a given road between two locations during each of
the last 20 days.

The number of male and female students in a college during eah of last six years.
The distribution of expenditure of a bank under different heads in a year



(m}
(n)
10

11.

186010 1997,

Distribution of weights of 500 school children in the age group 15— 16 years,
Political partywise percentage of votes cast during a parliamentary election.

The following pie-diagram represents the reiative shares of various sectors of
development A, B, C, D, E and F in a country, under a five yaars plan.

Calculate the relative percentages of shares in A, B, C, D, E, F showing all the
respective angles. If the total plan out lay is Rs. 16,000 crores, calcuiate the
respective values of the shares in all the sectors individually. Present the calculated
figures in a tabular form

The following is a pie-diagram representing the values export of six commaodities
A, B.C. D, E and F in a country. If the total value of exports is Rs. 5,600 crores,
calculate the values of exports of the commodities A, B, C, D, E and F respectively.
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12. C.I: 5-9 10-14 15-19 20-24 25-28 30-34 35-39 40-44 45-43

a2 4 B 5 4 3 3 1 1
13. C.l: 15-18 20-24 25-29 30-34 35-30 40-44 45-49 50-54
F: 4 4 4 8 4 8 3 3

14.() 7 (#)121.5-1285 1285-1355, .., 1775-1845
(i) 122-128, 129- 135, ...., 178- 184
18. Cl: 0-3 3-6 6-9 8-12 12-15
F: A 8 13 17 15
20. (a) Discrete (b) Continuous - (c) Continuous  (d) Discrete
2. x: 2345678810 N
f:-8622243 § 2 3

m25 ()18 =o0s5278 i) 12, 1002728
2 70 B %
25 (a) Discrete, Continuous, (b) Classification (c) Time (d) Geographical (e) Lower
and Upper limit of the class (T) 1 + 322log, N {g) the upper and lower boundaries of the
class (h) Classification (1) Inclusive and Exclusive (j) 15 (k) Boundaries (I) Discrete
variable (m) Discrete variable (n) OpenEnd (o) Width (p) 8 (q) Frequency (r)44-52
{5) Less than Cumuiative {t) Simple

Exercises 38.2
15. (a) classification [b) tabulation (c) body (d) stubs, caplions (e) commonsense,
experience (f) alphabetical, chronalogical, gegraphical (g) first, tabulation (k) column
heading, row heading (i) rows and columns (j) abbreviations (k) footnole.

Exercises 3B.3
8. (a) subdivided bar (b} simple bar (c) percentage bar (d) simple line bar (&) simple line
bar {f) multiple bar (g) Pie-chart (h) histogram (i) multiple bar (j) simple bar (k) simple line
bar (I) multiple bar (m) hiostogram {n) Pie-chart

-



co-operata,
(i} The sphere of enguiry is very wide and the transportation cost is much.
{iv)] The informants are literate and willing to co-operate
{b) Which of the following is not a source of secondary dala 7
iy Census data used for purposa of National Incoma.
fij Data published by the Director of Economics and Statistics, Odisha and
used by a research scholar.
(iif) Data collected by appointing local agents and used by an organisation.
{iv) Data collected by research scholars and submitted for award of degreas
and used by a research organisation
(¢} Which of the following does not belong to one of the types of classification 7
() Geographical (Region wise) classification.
(i} Chronological classification
(iii) Quantitative classification
{iv) Multiplicative classification
(d) Which of the following is correct 7
(i) Secondary data should be accepled at their face value without scrutiny.
(i) There is no difference between primary data and secondary data.
(i) Secondary data are always more dependable than primary data.
{iv) The difference mwmw secondary data s one of degres
only.



Classification 15 the process of arranging data in

(1) Different rows

(i) Different columns

(i) Different rows and columns

{iv) Grouping of related facts in different categories

(g) For a grouped freguency distribution, the number of classes should ideally be
which of the following 7

{i) Lessthan5 (ii) Greater than 8
(i) Between 8 and 15 {iv) Greater than 20
(h} Which of the following is a one dimensional diagram 7
(i} Simple Bar diagram (i) Diagrams represented by rectangies

(iif) Diagrams represented by circles  (iv) Diagrams represented by cubes
(1} Which of the following diagrams is suitable to represent a frequeancy
distribution ?
{1} Multiple Bar Diagram (1) Histogram
(lif) Histongram {iv) Sub-divided Bar Diagram
(i} Which of the following is not true 7
(i) A frequency curve is 2 smooth free hand curve
{ii] A frequency palygon and the comesponding frequency curve-are the same.
{in} The area under the frequency curve is approximately equal to the area
under thafraqmnw polygon,

(iv} The frequency curve and the frequancy polygon for the same frequency
distribution have similar shapa



(v} To represent data refating to production of wheat in India for five differemt
years, diagram s suitable.

(v} Cumulative frequencies are requirad for obtaining values.
(b) Wrrite True (T} or False (F) for each of the following -

(i) Secondary data do not need much scrutiny and should be acceptad at their
face values.

(i) Inclusive method of classification are used for obtaining partition values.
(i) Ina grouped frequency distribution the indwvidual identity of the data is lasL
() Exclusive method of classification is necessary to prepare tables.
(v} In chronological classification, data are obtained on the basis of locations.
3. Give short answers to the following questions :

(a) Indicate the difference between primary data and secondary data.

{b) State two limitations of secondary data.

() Name the various methods of collecting primary data.

(d) Write the difference between schedules and questionnaire methods of

collecting pnmary data.

{g) Write the advantages of frequency polygaon.

(f) Write the objectives of classification

{g) Indicate the uses of more than and less than Ogives.

(h) Write the uses of diagrams in presenting statistical data

(i) Write the purpose of tabulation of data.

{ii What s percentage Bar Diagram ?







In the previous chapter we learned some technigues of presenting statistical data
viz, classification, tabulation, diagrams, graphs and charts. Comparison of data through
these technigues is based on subjective approach and hence can be interpreted by different
persons in different ways as per their own judgements.

One of the methods of presenting data objectively is through concise summary
figures, called measuras. The mosl widely used measures are the measures of central
tendency or measures of location or averages. An average is a single number which is
considerad to be the point of condensation of the total data and is located at a point
around which maost of the data values cluster. It is a value that lies between the two
extreme values of the data. Since an average is a value that lies at the centre or towards
the centre of the data, it is called measure of central tendency. It is also called measura of
locaton.

Different parsons have defined measures of central tendency in thair own ways,
ali having the same meaning that it gives a bird's eye view to the huge data and serves as
a reprasantative figure of the dala. We give below one definition due to Croxton and
Cowden. Thay define

“An average value is a single value within the range of the data that is used to
represent all of the values in the series. Since an average is some wheara within the range
of the data, it is sometimes called a central value”.

4.2. VARIOUS MEASURES OF CENTRAL TENDENCY

There are many different types of averages. The most commonly used averages
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Farmonic mean
REQUISITES OF AN IDEAL MEASURE OF CENTRAL TENDENCY (AVERAGE)

Prof. Yule states that the following characieristics are to be satisfied by an ideal
measure of central tendency.

It should be rigidly defined.
It should be based on all the observations of the data.
It should be simpie to understand and easy to calculate.

It should be capable of further algebraic treatments. i.e. the mathematical formula
should be mathematically amenable to numerical manipulations.

it should not be affected much by extreme items, i.&. should not give unduly great
importance to the larger or the smaller items of the dala.

It should be lsast affected by fluctuations of sampling
ARITHMETIC MEAN
Arithmetic mean of a sat of cbservations is given by the sum of the cbservations

diwded by the total nmhunﬂlu observations. Thus, the arithmetic mean of marks of
iwe students (50,52,57,52,53)= ¢ :EU+52+5?+52+53:| = 52.8 marks.

in general, let

105 -

danote the numercal values of ‘n' observations. The arithmetic mean of these n
observations, denoted by X , Is given by

R=DatRprovhs I3y @.1)
n Nt
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corresponding frequencies, the arithmetic mean s given by -

n

. EM g
I:"‘ =—Ef.:l'.
ol ST .2

where, N=3 i

=
For a grouped frequency distnbution, the class marks (or the mid paints) of the class
intervals are taken as the values of X, -
Example 4.1. Calculate the arithmelic mean of the wages of 100 workers of a firm from

the following frequency distribution. _
Ianesian 80 82 B85 90 85 ©8 100 110 | Total

qu of Workers | 5 8 17 30 5 g 3 100, 4
Solution: £ &
x f fx
80 400
82 8 856
B 17 1445
50 30 2700 "
a5 18 17io
a8 11 1078 o
100 8 800 .
110 3 330
Total 100 9119




Example 4.2. The marks of 200 school students is given in the following frequency
distribution. Calculate the average mark.

Marks 1120 21-30 3140 4150 5160 6170 71-80 | Total
No.ofStudents| 8 12 35 6 45 27 10 | 200
Solution :
Marks Class marks No. of Students ®
X f
11-20 155 ;] 124.0
21-30 255 12 306.0
31-40 355 35 12425
4150 455 63 2866.5
51-60 555 45 24975
61-70 85.5 27 1768.5
71-80 755 10 755.0
Total 200 B560.0
Average, | e. the arithmetic mean, X =% %1,
- 290 _ 47 8marks



some authors.
Let the original fraquency distribution be given by (x, ), =123, ... .n Sothe
arithmetic maan, by (4.2), is given by

- 1n i)
K= f:l N= f

NE‘T %, where , E-‘ i

X —A
Letd =— (4.3)
h

wheare, Als any arbitrary valua and h = 0.
. x=A+hd (4.3 a)

Muiltiplying by fi and summing baoth sides of (4.3a) overi=12,....n we have,

fi —nl‘[ﬁl. h }
£ n-F saena

Dividing by N we get
1.2 1.8 18
—¥f=—FAE+—Thi
Hh‘ll 1 NEI r+N§‘ lq

e X=AtTtihist
lo X=A-Tteno a4
=.ﬁ1]‘~|+hﬂ
N

ie X=A+hd (4.4)

where E:%if.ﬁi is the arthmetic mean of d, values.
=1
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and ‘h’, as a thumb rule , ‘A’ should be taken a value at or around the middle of the data
values and ‘h’ should be taken equal fo the common magnitude of the class intervals. In
case, the class Intervals are nol of equal magnitude, the HCF of the class intervals may

be taken as the value of 'h' or ‘h" may be taken as1.

Example 4.3. Find tt & average of the salaries of 210 persons of a firm given in the following

frequency distribution.
Monthly salary in Rs. Mo of parsons

3000-3999 15
4000-4333 13
5000-5999 46
B000-6298 &7
7T000-7999 3z
BO00D-8999 23
2000-9999 14

Total 210




e RRU Ly Bt N il =ik =il = FEF
5000-5099 48 54995 4 48 [
B000-6099 67 64995 0 0

7000-7999 32 74095 1 32

BO0D-8099 23 8499 5 2 " a8 120
9000-6999 14 9499.5 3 42

Total 210 3

The average of the salary or the arithmetic mean is given by
X=A+hd

WS
-A+h_f 14

= 6499.5 + 1000x ——

= 5499 .5+14.28
=§513,78 Rs. approximately.

4.4.2. Algebraic properties of Arithmetic mean

P. 1. The surn of deviations of the observations of a data from its arithmetic mean is zerm.

Let {x, f),1=1,2

arithmetic mean. This property states that,

n represent a frequency distribution and lst X be is



b i b B
=1 =

NX -N
0

(1]

(v Zt=N)

P2  Let X be the arithmetic mean of a set of data having N, observations and Y be
the arithmetic mean of another set of data having N, observations. The arithmetic mean
M, of the combined data of (N,+N,) observations is given by

i N,X +N,Y
N, +N,
in general, for k different data sets having arithmetic means X, and comesponding number
of observations MI (i=1,2.3.... k) the combined mean M, is given by

(4.5)

”I +H; Furnndins 'l*N" {45“}

We prove the property for two sets of data, which can be extended to k distributions like
wise.

m
Proof: Let (x, f)i=123,...m, E f =N, be the frequency distribution of one series of

n
observations and {y, 1).J=12...n, i%I' =N, be the frequency distribution of another

senes of obsarvations.



S tx + 3
E‘ X+ ]‘,51 ¥
and the total number of observations would be (N, + N,}.
Thus, the arithmetic mean M, of the combined distnbution would be

m A
E'IEJ-LEI'#I] " mi_._ugi
NoeNy  NyeN,
The arithmetic mean of the combination of k component senes can be found by
using a simitar technique.

Example. 4.4. In aclass with two sections A and B, the average of the marks in Statistics
of the students of section Ais 62 and that of section B is 60. If the number of students in
these sections be B0 and 70 respectively, find the average of the marks of all the 150
students laken together.

Solution :
Let X and ¥ be the average of the marks of the students of sections A and B with
respective number of students N, and N,. So, X =62, Y =60, N,=80and N, =70
Average marks of all 150 students taken together is given by,

CNX+N, Y B0xB2 + 70x60
M+, BO+70

= §1.067 marks appr.

4960+ 4200 9160
© 150 150



We know that = Tt N T

N, +N,
Given : M =800, X =630 and y =530

N, =830 + N, x 530

Ny + N
l.e. 600 N, + BOO N, =630 N, + 530 N,
le. 30N, =70N,

S, 600 =

N 707
N, 30 3

3
So, the percentage of male workers = ﬁx'}ﬂﬂn?n
+

* 100 = 30

3
and the percentage of female workers =T+3

Hence, there are 70% male workers and 30% female workers in the factory.

Example.4.6. The average height of 148 students out of 150 is 162.8 cms. The height of
the 150th student is 14.9 cms more than the average height of all the 150 students taken
together. Find the haight of the 150 th student and the average height of all the150 students.
Solution: Let the average height of all the 150 students be denoted by X .

As the average height of 149 students is 162.9, the total height of 149 sludents is
=149 x 162.9 = 24272.1 cms. and the height of the 150th student is X + 14.5.

Now. X = Teotal I'I!rlg,ht:;‘:ﬁﬂ studenis




150 X = 24287 + X
i@ 149 X = 24287

So, the height of the 150th student is 163 + 14 9=177.0 cms.
P.3. The sum of squares of differences of the observations of a senes taken from its arthmeatic
mean is less than the sum of squares of differences taken from any other value.

Let X be the arithmetic mean of n observations X, . X, @nd let A be any

arbitrary value. We have to show that
00 -7 < 206 - A (4.8)
S o Ty T
LHS —EF‘. X) E[x; A+A=X]
- ix-A-R-AF

b:, - Ay +{E-n}‘r2.:x,-m{i—m}

Ep4s

=3¢, - A7 +n(X-AF -2(X-A £ (X, -A)

X - A +n{X-A) —2(X—A).n(X-A)

=5
&
- é‘i(x, ~A? +n(X-A) - 2n(X - A
= 531'?3‘«.-—‘“‘?2 —n{X-A)?



(X, £),i=1, 2.0,
Le. T (X - X < ¥ (X, - AP
i el i il (4.6a)

Note.2. Ralation (4.6) can be stated otherwise as 'the sum of squares of deviations
taken from the arithmetic mean is least’

4.4.3. Merits and Demerits of Arithmetic mean.
Merits:

It is rigidly defined.
2 It is based on all the obsarvations of the data.

It is amenable to further algebraic freatments. The mean of a combined saries of
distributions can be found in terms of the means and the number of cbservations
of the distributions. Further, arithmetic mean found by using one or more incomrect
observations can be replaced by correct observations and the correct value of the
arithmetic mean can be calculated from incomect value without knowing the values
of all the obsarvations in the data

4. In comparison with other averages, it is least affected by fluctuations of sampling.

a It is not difficult to calculate and has an intuitive appeal as a typical value.
Demerits:
1. It is not that easy to calculate like some of the other averages. It can neither be

determined graphically nor by a mere inspection,

2 Since it is based on all the observations of the data, in the absence of even a
single value of the observations, its calculation is not pessible. Such situations
occur frequently for primary data where an observation is either incorrect or mizsing
or legible. One can avoid such situations either by omitting the cbservation
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and B on the basis of their average performance in three subjects, it may so happen
that their average scores are equal but their individual scores differ widely. One
might fail in one subject but might have a higher average score than the other student.

8, It may lead to results which are not easily understood. For example, we may find
that the average number of children per family in a locality is 1.7, which does not
correspond to a real observation.

7 It gives equal importance to all the observations of the data. For example, the
arithmetic mean of five observations 8.9,10,11,12 is 10, If we replace 10 by a large
valua like 30, the arithmetic mean becomes 14 which is larger than four of the five
observations.

Example 4.7. Show that, if all the cbservations of a dala are added, subtracted, multiplied
or divided by a non zero constant, the arithmetic mean is also added, sublracted, multiplied
or divided by the same constant.

Solution : Let X,, X,, ....... X, bethe ‘n’' observations of adata and let X be their arithmetic
mean |.e. :

L X =1ém_
n
Assume that c= 0, is a consiant.
Now, et

X
U, =X +¢, V| =X-c W =cX and zl"_j

S5 U =1
n_

1n 1n ne
AR ik



Akl nkl ¢ C ni= [+
Thus we find that, if
UsX+e  U=X+c
VeX-c VaX-¢
W=eX, W=cX
and z:%. E=§

Example 4.8. A student calculated the arithmetic mean of 100 ocbservations as 82. At the
time of checking, it was found that he had wrongly copied two observations 28 and 62 as
92 and 26. Find the correct value of the arithmetic mean.

Solution : MNo. of cbservations, N = 100

Incarrect mean, X' =82
Incarrect cbeervations are 92 and 26,
Correct observations are 20 and 62.
In correct total EX'= 100 x 82 = 8200
Correct total £X = 8200 - (82+26) + (29+62)
= 8200 - 118 + 91
=8173.

cammmmmm.:i:%ﬂLn.

Example 4.9. The following data represents an incomplete grouped frequency distribution
of inclusive class intervals whera X denotes the mid point of the class intervals and C, a

nonzeno constant



A=l =0 | L] | ik
-13 3 - 45
-10 18 -=180 -375
-5 30 - 150
0 45 ]
5 28 140
10 19 180 435
15 7 105
Total 150 60

Since X-C=d, d=X-C
i l::=-i—a

= 158 1
Now, § =2 21d =——-x60 =04

C=X-d =524-04 =52
From the given data it is clear that the magnilude of the class intervals are all
equal o 5. The class mark of the ciass interval having value of X — C = 0 would be 52. All
other class marks and the class limils can now be writlen as in the following table.



=P =0 o34 45
57 55-50 55-58 28
62 80-64 60-64 19
&7 65-69 65-69 7
Total 150

4.44. Weighted Arithmetic Mean:

In the calculation of arithmetic mean of either a frequency distrii:f:ﬁun or of
ungrouped data, each observation has been given equal importance. Such an average is
called simpile "arithmetic mean’. But on many occasions, all the observations of the data
are not of equal importance. In such cases, some of the observations are given more
importance than the others. Here, instead of simple arthmetic mean, a weighted arithmetic
mean is computed by assigning due imporance to the specific values of the data The
weighted means thus computed become mare representative than the unweighted onas.
llustration: Suppose a student’s average score is to be determined from the percentage
of marks scored by him in two internal examinations and one final examination. It is decided
to give 20% importance to each of the scores of intermal examinations and 60% importance
to the scores of the final examination. To determine his average score, weighted mean Is
{o be computed.

Let X,. X,, ... X, ben observations of a data with corresponding weights W, W,, ... W,
We define the weighted arithmetic mean of the data, X,, as



2 WX,

v T (4.7a)

Note: The formula (4 2), in a sense, may be treated as the weighted mean with the
frequencies as the weights i.e. all observations have equal weights.

If the weights are equal for all the observations of the data, the simple arithmetic

mean would be equal to the weighted arithmetic mean. If greater weights are given to
larger observations and smaller weights to smaller observations then the weighted mean
would be greater than the simple maan. Similarly, if smaller weights are given to larger
observations and greater weights o smaller observations, then the weighted mean would
be less than the simple mean.
Example 4.10. For aniry into an Enginesaring coursa in an institution, only the marks of
the students in the CHSE examination were considered. The average marks of the students
were computed by giving a weight of 60 to each of the subjects Physics, Chemistry and
Mathematics and weight 40 to each of the subjects English and MIL. A student’s percentage
of marks are given below. Find the weighted mean and the simple mean of his marks.

Subject Percentage of marks
English 62
MIL 80
Physics 92
Chemistry 73
Mathematics 85
Total 402

S e



Physics a2 B0 5520

Chemistry 73 60 4380
Mathematics 895 60 5700

Total 402 280 21,280
ZWX 21280
The weighted mean, X, ==L o
W
=81.B46 %

Simplemean, ¥ -1&x .32 _ a04
A nE:" 5 %

Example 4.11. Find the simple arithmetic mean and the weighted mean of the first ‘o
natural numbers where the weights are equal to the corresponding numbers,

Solution:

X w Wil
1 1 12
2 2 22
3 3 37
4 4 42
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Note that for n >1, the weighted mean is greater than the simple mean, This is
because, greater weights have been assigned 1o larger values, y

45  MEDIAN

Median is one of the measures of central tendency. Median of slatistical data set
is the value of the middle item when the observations of the data are arranged either in
ascending or in descending order of their magnitudes. It is that value of the series below
which there lie exactly 50% of the observations. For a grouped frequency distribution, the .-
median divides the group in to two equal halves. 50% of the area under the frequency
curve lie below the ordinate at the median and other 50% of the atea lie above the ordinate.
in the words of L R. Comer. “The median is that value of the variable which divides the
group into two equal parts, one part comprising all the values greater and the other, allthe -
valuas less than the median”.

4.51. Median for Ungrouped Data
For ungrouped data, the observed values of the variable are first arranged in
ascending order (or in descending order)of their magnitudes. Then the middie observation

M+1

is found which is the value of the median. The middle observation is the —— nd

observation of the data, where N is the total number of observations.




N N
observations at 2 nd and (E - 1}ﬂ‘t positions is taken as the value of the median.

Example 4.12. Find the median of the following marks of 10 students in a class.
Marks: 12,15 8,12,10,16.9,17,14,11

Solution : Arranging the marks in ascending order of magnitude, we have
8,9,10,11,12,12,14,15,16,17.

10 10
Sinca, N =10, madian refers o the average of £ =5thand ?+ 1 = 6 th observations |.e

1212

= 12 marks.

4.5.2. Median for Frequency Distribution
In case of frequency distnbution, the cbservations are already arranged in order
of their magnitudes. Location of the median value is done by calculating the cumulative
frequencies as is given in the following example.
Example. 4,13, The following data gives the number of days on which (X} students wera
absent from a ciass during a certain period. Calcuiate the median number of absentees.
No. of Students 1 2 3 4 5 68 1 8 | Total
remaining absent : (X)
No of days 5 15 22 " 2 8 3 1| 65




-t i
4 a3
5 2 55
8 6 61
T 3 54
8 1 g8
Total 65
Mﬁn=¥nﬂuﬁmﬂnn
B5+1
=227 1 =33rd pbservation

2

Locking at the cumulative frequency column, we observe that the 33rd observation
is 3 because 3 occupies all the days from 21st lo 42 nd.

The median number of the absentess = 3
4.5.3. Median for Grouped Frequency Distribution.

In a grouped frequency distribution of a continuous variable, the value of median
is obtained by using linear interpolation. Here il is assumed that ordinate at the median
divides the entire area under the histogram in to two equal halves. So the value of the

N N+1
variable corresponding to the number 2 {nat N as in case of ungrouped data) in the
cumutative frequency column would be the value of the medlan. The class, cumulative

frequency of which just exceads N/2, is called the median class and it contains the median.
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N is the total frequency

Formula (4.8) is based on uniform distribution of the frequency over the median
class.

Example 4.14. Calculate the median height for the following frequency distribution

Heights in cms No. of persons
140-144 9
145-149 21
150-154 33
155-159 48
160-164 62
165-169 41
170-174 24
175-179 12

Total 250




FTTRF ™ AT L L
15451585 48 m
159.5-164.5 173
164.5-168.5 41 214
169.5-174.5 24 238
17451785 12 250
Total 250
Now, N=250
N 250
- mi =125
2 2

L.e. the median refers to the value of the variable corresponding to the 125th position.
Looking at the cumutative fraquency column we find that cumulative frequency 125 is
included in the class interval 158.5- 1645

|, =1505, L=1845 f=62and F=111
Substituting these values in (4.8) we get,
Median = 1585 + (164.5 — 1508.5)(125- 111) /82
=1595+ (5x 1462 =1585+ 1129 = 160.628(cms)
4.5.4. Derivation of the Interpolation Formula for Median.

Consider the part of the cumulative frequency polygon containing the median of
the frequency distribution of a continuous variable X. Let |, and |, denote respectively the
lower and upper boundaries and f, the frequency of the class containing the median (or




We make the following assumption:

All the values of the variable in the median class are uniformly spread over the entire
class interval.

From the Fig (17) , it is clear that Fig-17
Median = |, + AK G
In the similar triangles DGH and DCE T f
GH_DH 7 Bie
CE DE
KG-KH AK
=B N
BC-BE AB - > Fy
N
——F
e il
Fool
y
H L
——F A K B
So, AK =(,-1)| &— 3 !
N ¢

Example 4.15. Calculate the median for the following frequency distribution representing
the weights of 304 apples.



180-189 B4

190-199 48

200-209 3

210-218 28

220-228 12

230 and above 8

Total 304

Solution:
Weights in gms Class boundaries | No. of apples | Cum. Freq,
Less than 150 Less than 148.5 25 25
150-158 148.5-159.5 18 43
160-168 159.5-169.5 30 73
170178 189.5-1785 42 115
180-188 179.5-188.5 64 178
180-199 18951985 48 227
200-209 188.5-208.5 K 258
210-219 209.5-2185 26 284
220-229 219.5-2295 12 206
230 and above 229.5 and above 8 304
Total 304




,=179.5 L, =1895 f=64 F=115

Lising (4.8) we get,
Median = 179.5 + (189.5-179.5) [EE-&E]
=178.6+ Tﬂx%
=178.5+ 10x 0578
=179.5+578
= 185.28 gms
455 Merits and Demerits of Median.
Merits.
{n It ks rigidly defined except for 2n discreta values. In this case, the median can be
defined by convention,

(i} it iz simple to understand and easy to calculate, |t can aiso be located graphically
and in some cases, by mere inspection.

(i} It can be calculated for distributions having open end class intervals.

(W)  Itis not affected by observations having exitreme values.

V) Itis useful to find the average of data which cannot be precisely measured.

Demerits:

{i) It is not based on all the cbservations of the data. As such, the medians of data
differing from one another in a number of ways can be the sama. For axampie, the
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Uses:
{i

(i)

4.6.
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it is affected much by fluctuations of sampling as compared with the arithmetic
mean, for small samples in particular.

In case of ungrouped distribution when the total number of observations is aven,
it does not refer to a particular observation of the data in which case, the arithmetic
mean of the two middie observations is taken as the value of the median.

It is used to find the average of ordinal data which cannot be measured gquantitatively
but still can be arranged in a sequence. It can be used in distnibutions having open
end class intervals.

It is used as an average for typical values like wages, distribution of wealth eto
whare extreme values occur

MODE
Mode is the most typical value of a data i e. a value which occurs largest number

of times and around which observations of the data cluster densely. In the words of Croxton
and Cowden. "The mode of a distribution is the value at the point around which the items
tend to be most heavily concentrated. It may be regarded as the most typical of series of

valuas”

In other words, mode is the value having greatest frequency density in its

neighbourhood.
Consider the following statements:

)
(i)

A student staying in a college hostel spends, on an averaga, Rs. 1500.00 pm.
The average size of shirts sold In a garment shop Is 42




the largest number of shirts sold have the size 42; while in the third stalement we mean
that the largest number of commuters in Bhubaneswar use motor bikes.
4.6.1. Computation of mode in Ungrouped Data.

Mode can sometimes be obtained by mere inspection of the frequencies of a
frequency distribution . It is a value of the data that corresponds to the largest frequancy
Consider the following frequency distribution

X 1200 1300 1400 1500 1600 1700 1800 Total
2 8 12 23 18 1" 3 78

Here the maximum frequency is 23 which corresponds to the value 1500. So the
mode is 1500.

This method of locating mode is applicable only if the frequency distribution is
regular i.e. the frequencies gradually increase, reach a maximum and then decrease.
But if any one or more of the following situations arise, the mode is determined by the
method of grouping.

] The maximum frequency occurs for two or more values of the frequency
distribution.

{ii) The maximum frequency occurs near the beginning or towards the end of the
frequency distribution.

(i)  The frequency distrbulion is not reguiar.

4.6.2. Method of Grouping.

The frequencies of the values of the variables are added in two's and in three's
starting from the beginning of the frequency distribution. Grouping in two's can be done in



Solution: We natice that the maximum frequency here is 40 and it occurs towards the
beginning of the distribution. So, mode cannot be determined by mere inspection. To find
the mode we follow the grouping method

Grouping Table
X f Groups in two's Groups in three's
(1) (2) (3) (4) (5) (6)
26 12
13
27 29 } } 61 | 73
28 40 ) 88
¥ l
29 27 } 82 102
30 a5 0
53 ]
3 28 } ] 44 | 79
32 16 -, ] b 85
] 27
33 1 ] 5 |
34 4
Total 194




e 1 1 1 4
29 1 1 1 1 1 5
30 1 1 1 3
31 1 1
32
33
34

From the above analysis table, it appears that the size 28 occurs largest number
of times. Sa the size 29 is the modal size
4.6.3. Mode for Grouped Data

For a grouped frequency distribution, mode is determined by using the fellowing
interpolation formula.

Maode =|, "'{-{*—H{Tm _:rgl';::; -£)

=1+ (1, =1,) (4.8)

b
2t -1, -&
where, |, L, ., are respactively the lower boundary, upper boundary and the frequency of
the modal class (the class interval containing the mode), f, and f, are respectively the
frequencies of the classes preceding and following the modal class.

In case, the maximum frequency does not correspond 1o the modal class,
(2f, = f, = f,) may be negative or zero. Such sduations can be avoided by using the

formula.

|t11_rni

(4.8a)
fm _fui""irm -f'li

Mode =1, +(l, _|1:||



magnitudes. In case of unequal class intervals, these three conssculive class
intervals are to be made aqual under the assumption that all the observations are
uniformly distributed over the corresponding class interval. Otherwise, the value
of mode obtained by using (4.9) may give misleading results.

(i)  When the maximum frequency occurs for more than one class intervals or the
maximum frequency occurs near the beginning or towards the end of the frequaency
distribution or the frequency distribution s not regular, grouping of the frequencies
is necessary to locate the modal class. In such a situation {4.9a)is to be used.

4.6.4, Derivation of Interpolation Formula for Mode
Consider a frequency distribution having exclusive class intervals of a continuous

variable and the portion of its histegram containing the mode.

Fig- 4.18
F _ E
]
M N
¢
G
D
fo fm f1
8] A C B




In the Fig 4.18,

Thus, from (4.9¢) and (4.9d),

MH FM MG FM+MG _FG  AF

i — = w—

NH DN NE DN+NE DE BE

S,
Gty
MH 1. -f,

=

e MN-MH f,-

, MH _f-"fn
VB -l -MH 1, -1,

le (f.—f) MH = (f, - {{l; -1,)-MH}
e MH{(E, -f)+ (-5} = (=L}, -1.)

ie.  MH=0.-l)—n=%
b .

(4.9¢c)

(4.8d)



Obtain the missing frequencies and the mode.

Class interval Frequency
100-110 4
110-120 7
120-130 15
130-140 5
140-150 40
150-180 -
160-170 16
170-180 10
180-120 8
190-200 3

Total 150

Solution: Let the missing frequencies be denoted by f, and f,. Then we have the frequency
distribution given by




130-140 f, [ 26+1, |
140-150 40 66+ 1, 40
150-160 f, 66+ f, +f, 25
160-170 16 82+ f, +1, 16
170-180 10 g2+ 1, +1, 10
180-180 6 88+ 1, +f, &

190-200 3 10141, +f, 3

Total 150 150

Since the total frequency Is 150 and the sum of the given frequencies is 101, we have,
101+ 1, +1,=150

le  f,=150-101 -1, =48-1,

The median is 14625 which lies in the class interval 140-150

We know, Median =k +{; -hlig-F]”

le.  146.25=140+ 10 (T5-26-1,) /40

49-F,
4

=140+

o= 14625 -140 =625

ie, 49-1,=625x4=25
le., f,=48-25=24




=1-Il1-l:r+‘ll'.h-.'E
21

=140 +5.16

=145.16
The symbaols usad in this formula have their usual meanings.

Note 1. For a frequency distribution in which all the observations have the same frequency,
there exists no mode. ;
Note 2. For a moderately asymmetrical frequency distribution, mode can be determined
by using the ‘empirical formuia’ :
Mode = 3 median — 2 mean {4-'!1-’-_'*.},
4.6.5. Merits and Demerits of Mode. .
Merits: _
(1] Mode is simple to understand and easy to caiculate. In some cases it can be .
determined by mera inspaction. |
(i) Mode can be determined for data having open end classification. Even for unequal
class intervals it can be determined prowvided that the modal class and is two
adjacent class intervals are of equal magnitude.

{#ii} It is not affected by extremea values of the obsarvations

(v} It can be used to describe qualitative data like brand preferences of consumer
products, media preference for advertisements etc.

(v) It can be located graphically.




{iv) It is affected, to a greater axtent, by fluctuations of sampling in comparison with
the arithmefic mean.
Uses:
Inspite of several demerls, mode is frequently used in the study relating to
business, industry and markefing.
47. GEOMETRIC MEAN
Geometric mean of 'n’ positive numbers is defined as the nth root of their product.
Let X,, X,....X, be'n' positive numbers. The geometric mean of these n numbers, G is
given by
G=(X,. X ...X )" (4.11)
Thus, the geometric maan of three numbers 2.8,12 is
(2x9x12)'?=(216)'"" =6
If the number of obsenvations is large, computation of geomelric mean
becomes tedious and cumbersome In such situations, the computation can be
facilitated by use of logarithms.
Since,

G = (X, Xy XN
taking logarithm of both sides, we have,
mnﬁmwﬁ;-----m

.lﬁug X, +log X, +...+log X,)
n
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G=(ixk..xM )N, where N- _ﬁ"i (4.12)

Using logarithm we can wrile (4.12) as

mﬂﬁ‘%[ﬂhﬂxt"'hmﬂxz* ------ + 1, logX, ]

1 n
- S EflogX,

So, G=Antilog [ 1109 (4.122)

For a grouped frequency distribution, the class marks of the class intervals are
taken as the X values.
Example 4. 18. Calculate the geometric mean for the following frequency distribution.

Class interval Frequency
0-250 =
250-500 15
500-750 24
750-1000 38
1000-1250 29
1250-1500 18
1500-1750 1
1750-2000 7
Total 150




750-1000

38 875 2 8420 111.7980
1000-1250 29 1125 3.0511 88 4819
1250-1500 18 1375 31383 55 4854
1500-1750 1 1625 32108 35.3188
1750-2000 7 1875 3.2730 229110
Total 150 437.4861
logG = —— « 437 4861
150
= 2916574

Thus, geometric mean, G = Anti log 2.916574 = 825.228

4.7.1 Algebraic properties of Geometric Mean.

(i If the geometric mean of 'n’ numbers is known and the values of (n -1) of the
numbers are known, the value of the nth number can be found.

Let the geometric mean of the 'n’ numbers (X, X,, X ) be denoted by G Then the

n th number is given by,

(i) WG, and G, be the geometric means of two sets of data with n, and n, observations
respectively, then the geometric mean G of the combined set of (n,+n,)
observations is given by




8. XMoo =G A VYoo Yo =60
1 n 2

If the two distribution are combined , then the geometric mean of the combined
distribution G is given by,

=r = e
G = (X Xgoore Koy Yy Yoo Vo) -2 = (G162 | o2
The above formula can be extended to several se.s of data.

Example 4.19. The G. M. of 5 abservations was found to be 12. Later, it was found that an
ohsarvation 9 was wrongly taken as 19. Calculate the comrect value of the GM

Solution: Incorrect G M. of 5 numbers = 12
Incorrect product of 5 numbers = 12°

5

Emructwnmmnfﬁnunmgi;g
12’:95
Enrrm:t&ll.l-[ 19 ]

= Anmog{%{ﬁfug 12 41699 - Ing19}]

=10.33
Example 4.20: The price of a commodity increased by 5% in the first year, 3% in the,
sacond year, 6% in the third year and 4% each in the fourth and fifth years. Find the
average increase in the price of the commaodity during these five years.




=Antilog 0.63
=428

Example 4.21. The GMs of two groups containing B and 7 observations are respectively
10.37 and 13.78. Find the G M. of all the 15 numbers by pooling the two groups together

1 1
G=(GI'G2 )™= =(10.37" x13.787 )

= Arﬂib{% (Blag10.37 + Tlog1 3.'4"3]]

nAnﬂIc{Eh 1.&1491-;?11.1393}

= Antilog1.0728
=11.82
Merits and Demerits of Geometric mean
Merits:
1 it is rigidly defined and based on all the observations of the data.
2 It gives more weight to small tems and less to large items of the data.
3 It is capabie of further algebraic treatments.
Demerits:
1 It is difficult to understand and difficuit of compute.
2 It can not be calculated for data having positive and negative values.
3. The geometric mean of a set of numbers with one number zero is zero.



4.8.

It is most suitable when the smaller values are to be given mone weightage
compared to the larger values.

HARMONIC MEAN

Harmonic mean of a set of positive numbers is defined as the reciprocal of the

arithmetic mean of the reciprocals of the numbers.

L8,

Let X,, X,, ...X, bennumbers. The harmonic mean, H is given by

1 1
H =Reciprocal of - ["--r"--r +--J 4.13
X, Xy X iy
I
o ;E? (4.13a)
Thus, the harmonic mean of the numbers 5, 10,16 and 20 is
11 1 1 1
”"“"h[a*ﬁ*ﬁ*ﬁ]

a Ran%l:ﬂ 2.4+0.140.0625+ 0.05)

=Rec (0.4125/4)
= Rec (0.103125)

=9.687
If the data is given in the form of a frequency distribution (X, f), 1=123,...n

the harmonic mean H, is given by,




. 1 18 f
ia "I:l' N E E {4.13c)
Example 4.22. Calculate the harmonic mean of the fallowing frequancy distribution.
x 10 12 16 20 25 32 Total
f 8 g 12 B ] 4 ad
Solution:
X f 17X X
10 B 0.1000 0.6000
12 g 0.0833 0.7497
18 12 0.0625 0.3500
20 8 0.0500 04000
25 5 0.0400 0.2000
32 4 0.0313 0.1252
Total 44 2.4249
! 1
= (2 4249]’
H=|| =% L+ =
Harmonic Mean, |:[NIE1 X ]I l 4 )
= i = 18 145




The average speed of the rain, Hﬂilﬁrﬁ-ﬁ”

Note: The same result will be obtained by dividing the total distance travelled by the total
lime taken

4.8.1. Merits and Demerits of Harmonic Mean.

Merits

1 It is ngidly defined and is based on all the observations of the data.

2. It is suitable for further algebraic treatments. For example, if H, and H, be the
harmonic maans of two series consisting of N, and N, cbservations, the harmonic
mean of the combined senes, H containing (N, + N,) observations is given by

1.-. 9 EJ‘_N_:
ﬁ*wﬁﬂz[H, Hz] i

3 It gives greater weightage to smaller values,

4 It is not much affected by one or more large values.

5 It is typically suitable when a variable is averaged over time or as an average of
prices where total expenditure is constant.



facltor, viz average speed over ime facior, average rate of increase in profils of a concam
or average price at which an article is sold or purchasad.

4.9. RELATIONSHIP AMONG ARITHMETIC MEAN, GEOMETRIC MEAN AND
HARMONIC MEAN.

Let A, G and H dencte respectively the anthmetic mean, geometnc mean, and
harmonic mean of a series of positive numbers. Then,

(A 2GzH (4.15)
The equality holds only when the numbers are all equal
(i) For two positive numbers a and b, AH = G* (4.18)

Example 4.23. The arithmetic mean of two numbers is 127.5 and their geometric mean
is 60. Find the (i) harmenic mean and (i) the two numbers.

Solution:
(1) We know that AH = G?
Here A=127.5and G=60
So, 127.5H=60°
e, H=3600/127.5=2824
{ii) Leta and b be the two numbersanda>b

a+hb

= 12?5. and ﬂ"ﬂ_heﬂu

or. fa+b)=2%1275 =255 and,
ab = 60% = 3600 {1



From (1), and {2)

a=%[{a-n1+[a+u:]=%[255+225]=z4u

I:r=%[{a+b}—fa—b}]=%[255-225!=15

The two numbers are 240 and 15.
4.10. PARTITION VALUES:

The values which divide a series of observations arranged in order of their
magnitudes in 10 a number of equal parts are called partition values or quantiles or fracties.
Thus, median is a partition value. A series can be divided into a number of equal parts.
viz. four, five , six , ten , one hundred etc. The partition values of such paris are called
quartiles , pentiles, hexiles, deciles , percentiles efc. The commonly used partition values
are Quartiles, Deciles and Percentiles.

4.10.1. Quartiles:

The values which divide a given series of arrayed observations in to four equal
parts are called guartiles. Thus there are three quartiles which are denoted by Q,.Q,
and Q, in ascending order . Q, is called the lower quartile and Q,, the upper quartile. Q,
iz the value of the cbservation of the series which exceeds the lower 25% of the
observations and Is exceeded by the upper 75% of the observations. Similarly, G, the
second quartile exceeds 50% of the observations and is exceeded by the larger 50% of
the observations. Hence Q, coincides with the median. Q. is that value of the seres
which exceeds the lower 75% of the observed values and is exceeded by the upper 25%
of the values of the series




Lika the median, quartiles do not exist for avery N, But |, they can be computed
with some assumptions of continuity.
For grouped data,
BF
Q, =1, +{l, 1, if- =123

where |,, |, are the lower and upper boundaries of the class interval containing the partition
value and f is the frequency of that ciass interval, F is the cum. frequency of the preceding
class interval and N is the total frequency.

4.10.2. Deciles.

The values which divide a series of amayed observed values of a data Info ten
equal parts are called deciles. Thus there are nine deciles denoted by D, D,, ...D;. D, is
called the first decile and exceeds the lower 10% of the observations and is excesded by
the upper 90% of the observations etc. So, D, = Q,. The values of the deciles are calculated
by using the following formula.

For ungrouped data,

D, = j(N+1)J/10th observation, [=1.2,.......9
where N is the total number of observations.

For grouped data,

N ¢

D, =1, +(1, -1, .1_'1'_  j=12...9



are cated perceniies. 1NUS, NEre arg =32 DECRENLIES. . 5 INe 3N DErcants Wnicn
exceeds the lower 5% of the arrayed observations and is exceeded by the upper 85% of
the observations. etc. So. D, =P, , Q, =P, Q, =D, = Py, etc. The percentile values
are calculated by using the following farmula

For Ungrouped Data :

_(Kk(N=1) 3
F'L—|L 100 | th observation of the arrayed data, k=1.2,...89

where N is the total frequency.
For Grouped Data :

s B

o=l +(p =) 48— k=12, .98

where, |, L, and f are respectively the lower boundary, the upper boundary and the

frequency of the class interval containing the concemed percentile, F is the cumulative

frequency of the preceding class interva: and N is the total frequency.

Steps involved in finding partition values:

For Ungrouped Data:

1. Arrange the observations of the dala sither in ascending or in descending order of
their magnitude and then find the less than or more than cumulative frequencies.

2 Find the location of the concerned partition value by using the necessary formula.
For example, the location of Q, would refer to the 3(N+1)/4th item from the smallest




2.
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If the class intervals are inclusive, convert these to exclusive to determine class
boundaries. :

Compute the less than or more than cumulative frequencies for all the class
intervals.

Locate the position of the desired partition value by using the formuta. For exampis,
to determine P, the location of the partition value would be determined from the

T
cymulative frequency 300 Similarly, for Dy, use the cumulative frequency %

Determine the class interval containing the partition value having a location at a
pasition in 3 above.
Apply the appropriate inear interpolation formula to compute the desired partition value.

Example 4.24. For the following frequency distribution :

X 12 13 14 18 20 25 30 Total
f 2 8 15 27 18 1 g g0
obtain Q,, D, and P,
Solution.

X f CF

12 2 2

13 8 10

14 15 25

18 27 52

20 18 70

25 " B1

30 8 0

Total S0




= 63.7Tth observation = 64th observation
=20
_ SB(N+1)
100
=18 +0,78{20 - 18)
=18+1.56
=18.58
Example 4.25. Caiculate
i) the lower and upper quartiles
()] the ninth decile, and
(i} the 47th percentile
for the following frequency distribution of the marks of 160 students in a class.

Pss th observation = 52, 78th observation

Marks No. of Students
10-19 10
20-29 15
30-39 26
40-49 38
50-59 31
80-69 19
70-79 12
80-BY 6
80-29 3
Total 160




| 4040 | 39.549.5 38 89
50-59 495505 31 120
60-69 59.5-69.5 18 139
70-79 89.5-79.5 12 151
80-89 79.5-80.5 & 157
90-99 80.5-995 3 160
Total 160

(i) To find Q, , the lower quartile, we calculate the sanal number N/4 = 1680/4 = 40

The cum. frequency 40 comesponds the class interval 29.5 — 38.5. Applying

2r
u1=*1+ﬂ2_l1 ‘T . we have
4025
O, =2954+({385-295
! { )( 26 ]
=29.5+1ﬂ:"15
=285+ 57T68

=35.3 marks appx.

To find Q. the upper quartile, we determine ETH. x160

. =120 . The cum. freq.



=49.5+10

=585
' , = .
(i) To find D, the ninth decile, we calculate the serial number 0 whk:hinnqualtn:
9% 160 '
=144
10

The cum. freq. 144 corresponds to the class interval 68.5-78.5
Applying interpolation formula,

o

Dg =k +{; =) l:'r_ _ we have,

D,=E‘E-5+1ﬂxw

=I5‘Eil.5+1t:|u-ci
12

=(59.5+4.167
=T73.6B67 marks =73.7 marks appx. o
(i)  47th percentile P, is determined by finding the serial number 00 =T75.2 which
corresponds to the class interval 39.5-49.5.
Applying interpolation formula, we get,

75.2-51
Py = 205 +10% o

=356.5+ 6.3658




All partition values like median , quartiles, deciles and percentiles of a grouped

frequency distribution can be obtained graphically, either by drawing a less than or a2
mare than cumulative frequency polygon as follows:
Median: To determine the median of a grouped frequency distribution consisting of N
observed values, first a less than cumulative frequency polygon is drawn taking the values
of the class intervals along the horizontal axis and the cumulative frequencies along the
vertical axis. Since median corresponds to the (N/2) nd observation of the arrayed data,
a point at a distance N/2 from the origin is marked along the vertical ordinate. From the
point Ni2, a line parallel to the horizontal
axis is drawn which meets the cumulative
frequency polygon at a point where from
a perpendicular is drawn on the horzontal
axis. The value comesponding to this paint
in the class interval gives the value of the
median.

Median also can be determinad by
drawing both the less than and the mora
than cumulative frequency polygons. ]
From the point of intersection of these two ~Tiedan
cumulative frequency polygons a Q1
perpendicular on the horizontal axis is Ciass intervals
drawn which gives the value of the
abscizea as the median.

Other partition values : Quartiles, Deciles, Percentiles or any other partition values
can be obtained graphically by drawing a cumulative frequency polygon and following
similar steps as has been indicated for median.

*Z mEZ EIE

P
P



|Wages | B0-B5 85-80 9085 85100 100105 105-110 110112 112120 lotal |
inHs

No of 18 27 36 52 42 N 22 10 240
Wworkers '

Alsofind (i) the number of workers with wages less than Rs. 102
(i} the number of workers with wages between Rs. 83 and Rs. 112

(ifi} the minimum wage of the highest paid 30 workers.

Solution :
Wages in Rs. Mo of workers Less than
f m. .F

80-85 18 18
B85-80 27 45
90-95 k! 83
85-100 52 135
100-105 42 177
105-110 31 208
110-116 22 230
115-120 10 240
Total 240

Q, refers to the 3x240 _ 180 th serial

D, refers to £1el0 = 4Bth serial, and

F’Q; refers to HE;E?D = 204 th serial of the frequency distribution
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required partition values located on the abscissa.
To find the number of workers with wages less than Rs. 102, a perpendicular

from G(102) is drawn to mest the cumulative frequency polygon at H. From H a parallel
fine is drawn to meet the Y-axis at J which gives the required number,

Simiariy, the number of workers with wages less than Rs 112 and Rs 93 are computed.
The difference is the number of workers with wages between Rs 93 and Rs, 1124,

To find the minimum wage of the highest paid 30 ‘vorkers, a line parallel to the
horizontal axis at a distancé 240 - 30 = 210 from the origin is drawn from the vertical axis
meeting the cumulative frequency polygon at a point K where from a perpendicular KL s
drawn on the horizontal axis to give the reguired minimum wage.

From the graph, we find

Q,= 1055

D,=9804

Py, =108.4
(i The number of workers with wages less than Rs. 102 s 152
(i) The number of workers between Rs. 83 and Rs. 11215 148
(i  The minimum wage of the highest paid 30 workers is Rs.110.45
4.12. SELECTION OF AN AVERAGE.

From the discussion of various measures of central tendency it is clear that no
single average is suitable for all purposes. Each of the averages has its own merits and
demerits

Arithmetic mean cannot be used for frequency distributions with open end class
intervais. In such cases, median or mode are used. For quakitative data, median i suitable
although in some cases of business activities ke brand preferance, mode is usaful.
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3. The type of dala available.

In case, the data represents extremely skewed distribution, arithmetic mean should
not be used. In case the class intervals are not equal, avoid the mode and in case there
are gaps around the middie of the distribution, avoid the madian.
Median- Select median for open end grouped frequency distribution, J or U-shaped
distributions or qualitative data.
Mode- Select mode for business activities or qualitative data invalving preference or opmion.
Geometric mean - Select geometric mean in averaging the ratios, percentages, rates of
increase of decrease.
Harmonic mean- Select harmonic mean as an average for quantities purchased or sold
per unit, rate of speed per unit of ime.
Arithmetic mean- Arithmetic mean is very commonly used average for most of the
purposes. But the use should be avoided for open end distributions, extremely skewed
distributions and unevenly spread distributions (concentration of data is farger or smaller
at irregular points), for ratios and rates or for data having concentration of very large or
very small observations.

EXCERCISES4

1. What is an average 7 Write the desirable properties of a good average.
2. Mention different types of averages and state why the anthmetic mean is the most

commonly used average.

State important objectives of measures of central tendency.

4. State the properties of a good average. Examine these properties with reference
to the Arithmetic Mean, the Geometric Mean and the Harmonic Mean. Give an
example for each of these measures to be an appropnate measure of the average
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treatments.

What are the requisites of a satisfactory average? In this ight, compare the relative
merits and demerits of three well known averages.

What are the chief measures of central tendency? Discuss their merits

Show with the help of an exampie, that the

(1) sum of the devialions about the arithmetic mean is zero.

{ify sum of the absolute deviations about the median is the least

{iii) sum of the squares of deviations about the arthmetic mean is the least.
Three persons A, B and C were given to find the average of 5000 numbers in 10
equal groups, consisting of 500 units. They followed their own methods:

A's method: He found the average of each of the 500 numbers separately and
then found the average of these ten averages.

B's Mathod: He found the averages of 2000 and 3000 numbers separately and
thien found the average of these two averages.

C's Method: He united all the 500 numbers which were units and found the average
of the remaining 4500 numbers. To this average he added 1,

Are these methods cormect? Give reasons.

Given below is the distribution of 140 candidates obtaining marks X ar higherin a
cenain examination (all marks are given in whole numbers)

10 20 30 40 S0 60 70 80 90 100
$40. 483 Y18 100 75 .. .46 25 @& 2 @

Calculate the mean, median and mode of the distnbution,
[Hints. Form a frequency distnbuticn with class intervals 10-19, 20-28, . 80-88

and apply the formula for computation].




Find the mean of the distribulion.

14.

15,

16.

17

18,

19.

Define a weighted mean. If several sets of observations are combined to a single
sel, show that the mean of the combinad sai is a weighled mean of the means of
the individual sets

The weighted geometric mean of three numbers 72.5 , 320 and 125 is 200 The
weights for the first and second numbers are 2 and 4 respectively. Find the weight
of the third number.

Defing the weighted arthmetic mean of a sat of numbers. Show that it is unaffected
if each of the weights are multiplied by a common factor,

The mean marks obtained in an examination by a group of 100 students was
found to be 48.96. The mean of the marks obtained in the same examination by
anather group of 200 students was 52.32 , Find the mean marks obtained by both
the groups of students taken together.

Tha mean marks of 300 sludents in the subject Statistics is 45 The mean of the
top 100 of them is 70 and that of thefast 100 students is 20. Find the mean of the
remaining 100 students.

The mean weight of 150 studants in a class is 60 kg. The mean weights of the
boys and girts are respectively 70 kg and 55 kg. Find the number of boys and the
number of girls in the class.

The average wage of 49 out of 50 employees in a firm is Rs. 100.00, The wage of

* the 50th employee is Rs. 8750 more than the average wage of all the 50 employees.

Find the average wage of all the employees of the firm.
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Frequency | 17 fs 32 f 19 120

23.

24

25

The mean marks of 80 students in a class was found to be 40 Later, it was
discovered that two scores 26 and 54 were read as 62 and 45. Find the correct
value of the mean.

The average salary of all the employees in a factory was Rs. 5000, The
average salary of male and female employees taken separately were Rs.5200
and Rs. 4200 respectively. Find the percentage of male and female employees of
the factory.

From the following data, calculate the percentage of workers getling wages (a)
more than Rs. 104 (bjbetween Rs 82 and Rs. 118 . Also find Q, and Q,

Wages (Rs) :|60-70 70-80 B0-90 90-100 100-110 110-120 120-130 130 140

Mo of workers:) 20 45 B85 160 70 55 a5 30

Hint :

Percentage of workers getting more than Rs 104 is 500

110 =104
{a) No. of workers getting more than Rs. 104 = Tr 70-55+35+30

=162
162

=100=324%
(b) Percentage of workers between Rs 82 and Rs. 118

80 - 82
= x
10

100

« 55+ 160 + 70 |x ——=68.4
85 55 + 160 + } T %

_118-110
0

For the two frequency distributions given below, the means of | and || distributions
are respectively 25 4 and 32 5 . Find the values of x and y.



The fish are classified according to their weights and are given in the following
frequency distribution. It was known that the median weights in the before and
after drying are 20.83 oz and 17.35 oz respectively, Some frequencies aand b in
before drying and x and y in affer drying are missing. Il is known thala=x3and b
= yl2. Find the missing freguencias

Weights{oz) 0-5 5-10 10-15 15-20 20-25 25-30
Before drying|

fraquency a b 1" 52 75 22
After drying

frequency : X ¥ 40 50 30 28

28.  From the following table showing the weights distribution of a commodity, determine
{2} the mean (b) the median (c) the mode (d) the limits for weights of the middle
50% of the commodity, (e) the percentage of weights between 75 oz and 125 oz,
(f) the percentage of commodity having weights more than 150 oz and (g) the
parcentage of the weights less than 100 oz

Weights | 2040 40-60 60-80 80-100 100-120 120-140 140-160 160-180 180-200
in oz
Mumber| B8 12 20 30 40 a5 10 7 <]

28.  From the following table showing the frequency distribution of marks of 65 students
in a class, calculate the
0] upper and lower quartiles
() number of students who secured marks more than 17
(i) number of students securing marks betwean 10 and 15
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Under25 2520 30-34 3444 4554 5564 6574 Above74 | Total

years
Mo. of
famity| 23 41 5 108 97 68 44 18 450

31 Define Geometric mean and Harmonic mean and explain their uses in stabstical
analysis.

32 A goods train runs 25 kms at a speed of 30 kmph, another 50 kms al the speed of
40 kmph, then due to repairs of the track, travels for & minutes at a speed of 10
kmph and finally covers the remaining 24 kms at a speed of 24 kmph. What is the
average speed of the frain in kmph?

a3, In the following frequency distribution of marks of 100 students in a class, two
frequencies f, and f, are missing. But the median and the mode are respectively
25 and 24 Calculate the missing frequencies and the mean

Marks 0-10 10-20 20-30 3040 40-50
No. of Students | 14 f Fi f. 15

34 The frequencies of the numbers 3.2, 5.8, 7.9 and 4.5 are respectively x, x +2,
x — 3 and x +8. If their arithmetic mean is 4 876, find x.

35. If G,is the geometnc meanof NxX's and G, Is the geometric mean of N y's, show
that (3, the geometric mean of all the 2N values is given by, G* = GG,

35.  Avariate takes values a, ar, ar, ., ar™'each with unit frequency. f A s the arithmetic

mean, G is the geometric mean and H is the harmanic mean, show that

a(1-r") G=ar"™" Ha an{1-ryr™’
n{1-r)’ ’ f-1"




mean, median and mode of the new distnibution are given in terms of those of the
first distribution by the same transformation.

In a frequency distribution, the upper boundary of each class interval has constant
ratio to the lower boundary. Show that the geometric mean G may be expressed
by the formula:

109G = Xy + = EA(i~1)

Where X is the loganthm of the mid value of the first interval and C is the legarithm
of the ratio between upper and lower boundaries, and other symbols have their

usual maanings.
Match each of the following item of groups A with the correct item of group B

Group (A) Group (8)
(a) Arithmetic mean W Y+, —I,}[g—F]H
(b} Geometric mean (@ L+, =LA +5)
{g) Harmonic mean (i) SEX/ITF
() Median (i) (X, Xy X, )"
— L e Sl
tE} t""':' f xt xi e xn

(vi) b+ 0 =1, Mt — G 028, — 1, - 1)



42,

(v) Percapita income in several countries.

{wi) Saie of shirts of sizes 38,39, 40,41, 42 43 44

(vily Marks oblained 8,10,12.4.7,11 and X, (X >1Z;

Pick up the correct answer

{a) For most uni-modal frequency distributions
(i) Mean lies between Madian and Mode
i) Mode lies between Mean and Median
{iii} Median lies batwean Meaan and Mode
{iv) Mode is the greatest value.

()  The commonly used empincal relation between mean, median and mode
to compute mode is

] Mean — median =3{mean-mode)
i}  Moke =3 mean-2 median
(i) Maode = 3 median - 2 mean
(v) 3 median =2 mean-mode
(&) The geometricmean of 2,9, 12, Is
(g (M9 (i) 767, (M7
{d) The strength of seven colleges in a state are 385,1748, 1343, 1835, 786,
2874 and 2108, The median strength is
(i) 1935 {1748 (i) 1597 (iv) Mone of these



gl

{h)

(i)

o

k)

(N

(m)

(100 ()1 ()@ (iv) None of these
The most stable measure of central tendency s
(1) the mean (ii) the median (iii} the mode - (iv) none of these

The mean of 7 observations is 10 and the mean of 3 other observations is
5. The mean of 10 observations taken together is

(i) 5 (M15 (7.5 (V)85
Avariable X takesvalues 1, 2, 3, ..., n; each with unit frequency
The mean of X is

nin+12 (@) ni2 (i) (ne1)r2 {iv) none of these
The point of intersection of the less than and more than cumuiative
frequency polygons corresponds to
{iythemean (i) the median (i} the mode  (iv) the geometric maean
The arithmetic mean of 10 observationsis 11, The arithmetic mean of 9 of
these observations is 12. So the 10th observation is

010, (2 (W6 (iv) 12
Each of the 15 students secure B marks in an internal test, So the
(i) Mean < Median, (i) Mean > Median (i) Mode is 8 (iv) Mean = 8
To find the average of a frequency distribution having open end class
intervals, the mos! appropriate average is
(i} the arithmeatic mean (i) the median (iii) the mode (iv) none of thesa



ANSWERS
Exercises - 4
11.  A's method is comect, but not B's and C's. A's method is comect because he
made groups of equal sizes. B's and C' methods are nol correcl because they took
groups of different sizes.
12 Mean =50.714, Median = 51.167, Mode =52.8
13 738 153 151453 1B. 45 19. Boys-50, Girls-100.
20. Rs. 101.99 21.56.3 22.f,=28f,=24 23387
24. Male -80%, Female-20% 25. Q, = Rs. 87.05, Q, = Rs. 109.29
26.x=3,y=2, 27.a=3,b=6,x=9,y=12.
28. (a) 108.5 oz (b) 108.75 oz (c) 118.3 0z, (d)B81.250z, 129.3 0z
{e) 48 oz (12 oz (g) 40 oz.
29, (i) @, = 5.58, Q, = 14.9. (ii) No. of students having marks more than 17 is 10.6=11
(i) No. of students having marks between 10 and 15 Is 156 =16.
30. Median = 45.2 years, Q, = 57.5 years, D, = 32.5 years, P, = 38.32 years.
32. 31.41 kmph. 33.f, =25 f,=24, Mean = 25 1 marks. 33.x=4
40, {a) (i), (b) (W), (c) {v). (d) (1), (&) (wi)
41, (1) Mean (i) Median (iii) Mean (iv) Median (v) Mean (vi) Mode (vil) Median

(m) (i), (r) ().
B
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(iv) Median is suitable average for open end classified data.
{b) Which of the following averages has no mathematical properties 7
(i} Arithmetic mean (i) Gaomatric Mean
(iily Mode (v} Harmomic mean
{c) Which of the following averages is not based on all the observations of the
data 7

(i} Arthmetic mean (it) Madian

(iii) Weighted arithmetic mean (iv) Harmaonic mean
{d) Which of the following measures can not be determinad graphically 7

(i) Median (i) Mode (i) 3rd quartile {iv) Geometric mean
(e} Which of the following measures is not rigidly defined 7

(i) Arithmetic mean {ii) Mode

(i} Geometric mean {iv) Weighted Geometric mean

(N For averaging the ratios and percentages, which of the following averages
would be appropriate 7
(i} Arthmetic mean (i) Geometric mean (i) Median (iv) Mode
{g) Which of the following is correct to compute mode when it is ill defined 7
(it Mode=3 mean — 2 median (i) Mode = 3 median - 2 mean
(il Mode =2 median — 3 mean - (iv) Mode = 2 mean — 3 median
{h) If Ais the arithmetic mean, G is the geometric mean and H is the harmonic
mean of the marks of 20 students in a class, then which of the following is true 7

MA=G=>H, (i) A=G=H ([ii)A>G2H (wv) AzGzH




workers would be aqual 1o which of the following 7

(i) & 350 (i) ¥ 360 (iii) ¥. 380 (iv) & 370
2. (a) Fill in the blanks :

{f}y In a moderately asymmetrical distribution, median lies betwean

and
(i} Arithmetic mean is not suitable to compute the average ol a frequency
distribution having classes.

(i} To find the average spead over a time factor is used as an average.
{w} The sum of the differences of the cbservations of a data from its arithmefic
mean is
iv) To find the average of a frequancy distribution having open ends or
can be used.
(b} Indicate True (T) or False (F) in each of the following :
(i) Median can ba determined graphically.
(i) For 10 positive numbears not all agual, the relationship between AM, G.M
gnd HMis AM=G.M=HM.
(iil) Arithmetic maan is tha best to find the average of qualitative data.
{iv) Harmonic mean has mathematical proporties.
(v} To find the lowest mark of the best 30 % students of a class consisting of
200 students, Py, is suitable.
3. Write short answers lor the lollowing questions :
(a) Write two merits of madian.
b} State three desirable properties of a good everage.




{f) Write two uses of median.

(g) State two algebraic properties of geometric mean.

(h}) Write two applications of harmonic mean.

{i) Explain what is meant by measures of central tendency.

() Stata the empirical relationship between mean, median and mode and write
when to determine mode by using this relationship.

ANSWERS
. (&) {iv) (b} (i) (e) (i) {d) (iv) (&) (W)
(1) (i) {g) (i) (h} (i) (i) (i) () Gy
. (a) (i) Mean and Mode {ii} Open end (iil} Harmonic mean
(v)0 (v) Madian, Mode.
By T (i) F (iii) F W) T VT

ki



51 INTRODUCTION :

The measures of central value, called averages, has been discussed in the pravious
chapter. These are single figures located at or around the centre of the distribution and
are supposed to describe the characteristics of the entire data. But the averages, alone,
are not enough to provide a compiete picture of the data when there exist disparities in
the values of the observations of a distribution. For two or more distributions the averages
may be equal but still the distnbutions may differ from one another in a number of ways.
This is because of the fact that, the observations of the distributions differ widely. So, it is
essential o study the variability of the observations of a distribution along with a central
value. In other words, to identify a series of observations, the central value must be
supported and supplemented by some other measure called measure of dispersion.

As an illustration, consider the following example. Suppose the marks of three
students A, B and C in five different subjects are as follows

Student Marks Total Mean

A 30 30 3 30 30 15 30
B: 32 28 29 25 32 150 30
C: 3 19 3O 5 41 150 30

We observe that, all the three series have the same mean viz, 30. So, by
considering the mean alone, one might be tempted fo conclude that they are indentical.
But, a close analysis of the series will reveal ﬂmfﬂm three serias diffar widely from one
another In case of A, the mean is 30 and it is equal to each of the observation of the data.
Sa for A, the arithmetic mean of the marks is the proper representative of the observations.
For student B, the arithmetic mean of the marks is 30 and the difference of the observations
from the arithmetic mean ara not wide. So here also we can conclude that the arithmetic



does not describe the distribution adequately and completely- So, tha measures of cantral
tendency should be supported by some other measures. One of such measures is termed
as measures of dispersion. o
The literary meaning of dispersion is "Scalteredness”. We study dispersion to get
an idea about the spread of the observations of a group or of a frequency distribution.
This is an indicator «f homogenelty or heterogeneity of observations in a distribution. In
our illustration, we observe that the series of marks of A Is stationary and shows no
varation. Series B is slightly dispersed while series C is more dispersed. Amere inspection
also indicates that series B is less homogeneous than series A and is mare homogeneous
than series C. In other words, series C is more heterogenaous mn comparnson with Aand B.
Thus, dispersion or scatieradness or variability helps us to study the compaciness of
the distribution about a ceniral value. A measure of dispersion is designed 1o state the extent
te which there exist differances between the individual observations and some central or
average value of a seres. In measunng variation we would be interested in the extent of
variation or the degree of variation but not the direction in which the observations vary.
5.2 OBJECTIVES OF STUDYING DISPERSION :
Measures of dispersion are needed for the following four basic purposes. These are |
(i) to determine the reliability of an average.
{il}  tocontrol the variability of the data from the central value.
(i}  to compare the variability of two or more series.
(vl  tofacilitate the use of other statistical measures.

We give below a brief explanation of each of thesa purposes.



(i)

(iv)

Another obsective of measunng aispersion is (o delermme the nature and cause
of vanation so that the variation itself can be controlled  For example, in matters
of health, variations in body temperalure and blood pressure are the basic
guides to diagnosis, so that treatment can be prescribed to control them
Similarly, in industrial production, measurement of dispersion plays a vital role
to conirol the causes of variation

Measures of dispersion is a devise to ba usad 3 compare two or more senes
with regard to their variability. A high degree of vanation would mean little
uniformity or consistency where as a low degrea of variation leads to great
uniformity or consistency.

Many powerful analytical tools in statistics, such as study of correlation and
regression, testing of hypothesis, quality control elc are based on measures
of vanation.

53 REQUIREMENTS (DESIDERATA) OF AN IDEAL MEASURE OF DISPERSION :

(i)

(i)
(i)
(iv)
(v)

A good measure of dispersion should possess the following properties

It should be rigidly defined, simple o understand and easy to calcutate,
It should be based an each and every item of the distribution.

It should be amenable to further mathematical treatments.

It should not be unduly affectad by axtrama itams

It should have sampling stability.

54. ABSOLUTE AND RELATIVE MEASURES OF DISPERSION :

Measures of dispersion may be either absolute or relative. The measures of

dispersion expressed in terms of the original units of the observations of a seres such as




independent of the unit of measurement of the data and is obtained as ratio and percentage.
55 TYPES OF MEASURES OF DISPERSION :
The various measures of dispersion are :
()  Range
(i) Inter quartile Range and Quartile Daviation
(i)  Mean Deviation
(v}  Standard Deviation
(v)  Lorenz Clirve
(i) and (i) are called positional measures as they depend upon the values of tha
data at parficular positions and (v) is called a graphical method of studying disparsion
56 RANGE:
It is the simplest method of measuring dispersion. Range is defined as the difference
between the value of the largest and the smallest item of a distribution. Symbaolically,
Ranga=L-5 {5.1)
where L = Largesti item and S = Smallest item.
In case of a grouped frequency distribution, either of a discrete or of a continuous

variable, range is dafined as the difference between the upper boundary of the largest
class and the lower boundary of the smallest class.

5.6.1 Absolute and Relative Measures of Range :

Range is an absolute measure of dispersion which depends upon the units of
measurement of the characteristic under taken. So, it can be used to compare the variability
of two or more distributions expressed in the same units of measurement. In case, of

distributions having different unils of measurements a relative measure of range, frea



Marits :

(T Among all the measures of dispersion, range is simplest, nol only to understand,
but also to calculate. .

(i} It is rigidly defined.
Demaerits :

{i) It is not based on each and every item of the series.

{ii) It is very much affected by fluctuations of sampiing.

(i) It cannot be computed in case of open end distributions.

(W) Itis not suitable for further mathematical reatments.

56.3 Uses of Range :

Despite the above limitations, range has applications in a number of fields where
the variation among the observations of the data is supposed to be small. We state below
some of the fields of its applications,

(i} It is used for weather forecasts by meteorological department because, the
general public may be inquisitive to know the limits within which the temperature
is likely to vary in a particular day.

(i) It is also used in studying varations in the prices of stocks and shares and for
ather commodities which are subject 1o price changes from time to ime.

(i) Itis usedin industry to check the quality of product, without making cent percent
inspection, by constructing the Control Charis for Range.



Solution :

Since the frequency distribution is given in the form of inclusive classification, we
make it exclusive classification to know the class boundanes.

Age in years No of persons
145185 15
19.5-24.5 27
245295 35
295-345 13
34 5-38.5 10

Here the largest observation, L = 38.5 and the smallest observation, 5 =14.5

L-8_395-145 25
Coeffificent of Range = W = 3895.145 54 =46

5.7 INTER QUARTILE RANGE AND QUARTILE DEVIATION :
Inter quartile range represents the difference between central 50% of the items i.e.

the difference batween the third quartile and the first quartite. Symbolically -

Inter Quartile Range =Q, - Q,

Semi -Inter Quartile Range or Quartile Deviation is obtained by dividing Inter Quartile
Range by 2

Thus, Sami - Inter Quartile Ranga or Quartile Deviation {Q.D) is given by,
Q;-Q,

2

Quartile Deviation, being an absolute measure of dispersion, is unsuitable for
comparison of variability. So to compare the variability of two or mare distributions. a
relative measure is computed. This relative measure is called Coefficient of Quartile
Deviation.

Qb=



It is quite easy lo understand and compute.

itis computed by using the central 50 percent of the observations.
It is spaciaily useful for distributions having open end classes,

It is not affected by the presence of exireme items in the data.
Demerits

1. Since it igonres the lower 25% and the upper 25% of the data, it cannol be regarded
a5 a good measura of disparsion

. It is very much affected by fluctuations of sampling.
3. It is not suitable for further mathematical treatments
Due to the above limitations, Q.0 is not a reliable measure of variability.

B W M o=

Example 5.2
Calculate the quartile deviation of the monthly income of 7 families given balow,
Family 1 2 3 4 -7 B T

Income {in Rs.) 1140 1265 1370 1185 1800 1197 1315

Solution :
Asranging the income in ascending order of magnitude we have,
1140, 1185 11897, 12685 1315 1370, 1600

M+1

Q, = the size of [T]lh. itﬁm=stzaﬂf[TT”]ﬂ1.itﬂmnmzanfﬁm2ndit&m.
Thus Q, = 1185

=thesizeof 3 [ | jtem = size of 3 ""—”]th e
Q, = the size T Jin = size 2 item.

= =jre of the Bth item = 1370,
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Mo of students : B 12 4 o 11 )
Solution :

Marks Frequency Cumulative freq.
(%) {f (C.F)

2 10 8 8
18 12 20
a0 24
38 33
40 1 44
48 7 51

Total 51

N+1 51+1
{J‘=5iznaf( 3 ]“" llmn=sl:tanf[ r ]th item = sizre of 13th. item.

Thus @, = 18 marks

™M
ﬂ,=u1esizen13{ :1]111- ftem = size of 35th. tem.
Thus Q, = 40
r::mffnm_n.-ﬂrq‘ 40-18_2 g3

Q,+Q, 40+18 58
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QD=

N o6
Q, = size of the [I)mﬂm=uizuui’ﬂ'm[7]ﬂ1hm=mnlum 24th. item.

Hence Q, lies in the class intervai 50 - 60.
-L(N
P T R T ¢ (0
So. Q=+ [‘ F]

60 -50

ghdad —

(24-15)=50+ 70%8 =50+ 555

3N 96
Again, Q, is the size of the [T]mm=mmu3[TJmm=znmm

72nd item.
Q, lies in the class inerval 70 - B0.



Coefficientof QD= -
Q,+Q, 75714455 -130.714

5.8 MEAN DEVIATION
Range and quartile deviation being pasitional maasures of disparsion, are not based
_ on all the observations and also do not show variation of the observations of a data about
" an average. To study the composition of observations in a distribution, the deviations of
the observations from an average should be taken. Mean deviation is one of such measures

""5f dispersion which is obtained by taking the average of the difference between the
“items of a distribution from a measure of central tendency, ignoring the algebraic signs.

]

L

TR s %, be a set of n observations of 2 data. The mean deviation (M.D)
about an average A is defined as

Pl 1_ F

T M_ D = ;EI”L = .Al {E.B}

where A is any one of the averages viz. mean (X ) median (M) or mode (M_).

In case of an ungrouped frequency distribution or a grouped frequency distribution
or a frequency distribution of a continuous variable, mean deviation about an average Ais
l'l;ﬂjmn hﬂf

Tn
M.D {about A) = H:'af"”* - A (5.7)
where, |'~I=i1’I
]

Rl L

Thus, mean deviation (about mean ) = %im"a -5
=1
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M.D (about the mean, X ) as

1 e e
EE\‘]:- %| in stead of ﬁgil',}x, -¥|

Remarks

1. The sum of the absolute deviations of a given set of observations is minimum ¥
deviations are taken from the median. [t implies that the M_D about the median is always
less than the mean deviation from the mean or the mode.

2 Since mode s ill defined, in actual practice, mean deviation is computed about

the mean or the median. But since mean has got a wide range of applications in statistics,

mean deviation from mean is frequently computed. So, by mean deviation, one usually

rafers to mean deviation about the mean.

3. The reason of taking the absolute deviations in the computation of mean deviation

is due to the property that the "Algebraic sum of the deviations of a given set of obsarvations

from its arithmetic mean is always zero.”

5.8.1 Merits and Demerits of Mean Deviation

Merits

(il  Mean deviation is rigidly defined and easy to understand and calculate.

(i) It is based on all the observations and is thus a better measure of dispersion than
range and quariile deviation.

(il It is less affected by the values of extreme items than the standard dewviation (to
be discussed in the next section)

Demerits

(i} The most sericus drawback of mean deviation is thal, in ks computation, we
ignore the algebraic signs which is mathematically illogical



can not be used In SoCI0IgICat SIudias.
582 Uses of mean deviation

It spite of several drawbacks of mean deviation, it is frequently used in the field of
economic phenomena and business stalistics because of its simplicity. It is worth
mentioning that the National Bureau of Economic Research in its work on forecasting
business cycle has found the mean deviation to be the most practical measure of dispersion
in the studies.
5.8.3 Relative Measures of Mean Deviation

Mean Dewviations, as discussed above, are absolute measures of dispersion and
depend off the units of measurement of the original data. As such, dispersion of two or
more groups consisting of different units can not be compared through mean deviations.
For purpose of comparison, ralative measuras of mean deviations are computed. Such
measures are called coefficient of mean deviations.

MO about A

Coefficient of M.D (about an average A) = = {5.9)
M.D about x
Coefficient of mean Deviation (about mean, X )= T . (5.9a)
M.D about M,
Coefficient of mean Deviation (about Median, Md) = {5.90)

M,



Ageinyears| No.of Mid d_mzl fd | jx-¥x -3
children value 5
f X
0-4 5 2 -2 -10 10.56 52.80
5-8 15 T =1 —-15 5.56 B340
10- 14 32 12 o 0 0.56 17.82
15-189 22 1w 1 22 & 44 g7 68
20 - 24 B 2 2 12 944 5564
Total N =80 Tid=8 E'I'I::-E}-Hﬂﬂ
5 ¥id 2] 2
=A+=— i e x5 ={2+—=12+0.56=12.56
X N xh 12+[m]x P 12+056=12
18 308 44
iab e xt— = =
Mean Deviation about the mean, M.D NET‘ ii 3 =388
Coefficient of Mean Deviation about the mean
=MD _ 388 . 3560 -031(ApProx)
¥ 1256
Exampile - 5.6
Calculate the mean deviation about the median for the following data.
Size & 7 8 9 10 11

Frequency | 4 B 15 13 7 3




] s £ 1

T 8 12 1 B

B 15 27 0 0

9 13 40 1 13

10 47 2 14

1 50 3 2]

Total 50 Ve

flx — 52
Me:nl:luavimmﬂahmﬂﬂum:ﬁmzw =ﬁ =1.4
Example 5.7

Calculate the mean Deviation about the median for the age distribution of 45 persons
of a locality given below

Ageinyears | 0-10 10-20 20-30 30-40 40-50 | Total
Mo of Persons 4 B 12 16 B 45




20-30 12 24 25 3.75 45.00
30 - 40 18 40 35 6.25 100.00
40- 50 5 45 45 16.25 81.25

ot -, 45 . ; 43125

Madian = size of the [g—]nd item = size of the 22 5th ilem.
Hence, the median class is (20 -30),

-h(N e)o2041%(G25-12)=20+ 12
My =l + 2= [EWFJ_zmuizz.s 12)=20+ -5 (10.5)
=20+875=2875

Mean Deviation about the Median '

431.25
45

[
=301 -My) - =958

Example-5.8
Calculate the mean deviation about the mean and the mean deviation about the

madian for the following frequency distribution and show that the former is greater than
the latter

Class Interval | 100-110 110-120 120-130 130-140 140-150 150-180 150-170
Frequency 6 10 14 B 6 4 2




I

110-120| 10 1

15

41380

11.43

114.30

& -2 |-20{ 138
120-130] 14 30 125 -1 |-14] 38| 504 | 143 | 2002
130-140) 8 36 135 0 64| 512| 857 | 68356
140-150f 8 44 145 1 164 | 284 | 1857 | 11142
150-160| 4 48 155 2 264 | 1056 | 2857 | 114.28
160-170] 2 50 165 3 364 | 728 3857 | 7714
Total "50 = = - |-32] - |656:0 - 63430
hhm,i=h+%{zm] h =135+i5§“&=135-5.4-123.6

Median = ﬂﬂd obsarvation = 25th observation

2

25th observation lies i the class interval 120 -130

* Median =1, +

(; —lql[!; —F]

f

=120 +——{25 16)= 12n+%.12n,543 -126.43

658.0

Murmneﬂlﬂmahnmmumm.—iflu If-~—-——-1a1z

Mean Deviation about the median,
Hence, M.D. about the Mean > H-D. about the Median,

634.3

Efl -Mdl:-—-— 12.686
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a=1||%§;{=.-f}‘ . {510)

where X js the arthmetic mean of the given values.
In case of data represented in the form of a frequency distribution (x, f}i=1,2 . n the,
SDis given by

v
-=T=Jﬁ Zt [, =) (5.11)

B ]
where, x_ﬁi%'[_::l and N_El,

58.1 Merits and Demerits of Standard Deviation
Merits :
() Standard Deviation is a widely used measure of dispersion since it satisfies
most of the important properties specified for an ideal measure of dispersion.
(i) Iis rigidly defined and based on all the observations of the data.
(W) It is suitable for further mathematical traatments.
(v}  Itis least affected by fluctuations of sampling.
Demerits :
iy  Wisnot readily comprehensibie.
(i) It gives greater weights to exterme values.
In spite of a few drawbacks, 5. D s considered as the best and most powerful
measure of dispersion in Statistical Theory.



o] ]
and, for a frequency distribution, it is given by

_1% =i
o =n;[r.~x} (5.12a)

The symbols used here have the same meaning as has been indicated in sec. 5.9
59.3. Mean Square Deviation

The Mean Square Deviation is defined as the anthmetic mean of the squared
deviations of the observations about any arbitrary value.

It is denoted by S and is given by,

=% gfi{:, -AY _ (5.13)

where A is any arbitrary value
The positive square rool of the Mean Square Deviation is termed as Rool Mean
Square Deviation and is given by :

: 1.
= 1';; L6l - AF (5.14)

The relation between o and g2 is | 5% > o°
Proof : By definition,

s = ﬁ;}i (x -A)

I'_"IIE_' [':.—r.+'.l: .F'-.',l1
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g b = e
HE I:x,-xF +{J:-A:F
So, Ezzu‘] +{a non-negative quantity)
- 8§2xg° (5.15)
So, we conclude that, the Mean Square Deviation is not less than the variance.

Further, if X=A, (X -A)=0. In this case,

§?-o (5.16)
in other words, 5 D is the least possible value of Root Mean Square Deviations if the
deviations are taken about the arithmetic mean.

59.4  Effect of Change of Origin:
Letx/f (i=1,2, ..., n)denote a frequency distribution where x's are the values

n e
of the variable and f's are their cormesponding frequencies so that 51‘4 =N. Let ¥ be the
arithmetic mean and :r==ﬁ1’hutl'-uwinnm.

So, [x.—:jF (5.17)

Z| -
TM:

Letd = x - A, where A is any arbitrary value
o



Putting the values of x and X in (5.17) we gst,

Uxi = %%T|[A+d|—ﬂ—a}1

et —FY
= N;._E‘ﬁm d)

=0y,
La. O, =0y,
This leads to the following important conclusion, The variance and consequently

the 5.0 of a distnbution is independent of change of the origin, By some writers this
method of change of ongin is called short-cut method.

Remark

By adding a constant to or substrating from sach of the observations of a data, the
variance and hence the 5.D remains unaffected.

Effect of Change of Origin and Scale :

Let us examine to find what happens to the variance of an ungrouped or a grouped
frequency distribution when, in addition to the change of origin, the scale is also changed.

Let -::r,1r be the variance of a frequency distribution x /f(i=1,2, ... n), where iri =N
=1

and X Is the arithmatic mean.

let d = 'T, where A is any arbitrary value and h=0

So, x=A+hd and ¥=A+hd (by5.17a)



H;.I” e | =&

=n?. =31 (g -af
ie. o=hlg’ (5.18)
o, =ih|.oy (5.18a)

{5.18) or (5.18a) do not contain A, the arbitrary origin but contain b, the scale.
So, we conclude that, the vanance (or 5.0) s independent of the origin, but s not
indapandant of the scale
59.5. An alternative form for calculation of variance

+ 18 - 1B x o
Ty = ﬁ;:" (x,-%F =EE"[:F+:2 -hlx]

3 %éﬂ Kil"'m][i}iﬂ ]— Ei[ﬁéﬁ X }

= ";1!: + 00" - 200)° =—If,:|t ~(* (5.18)
1o 4 (18, T
= qahx - N2t x,l [5.18(a)]

When the values of the variable are integers and the mean ¥ is fractional or involve
decimals, (5.19) is a convenient form for the cailcutation of the variance. But if the values
of x are large, computation of vanance using (5.19) is tedicus and time consuming.

In such cases, the variance of the distribution can be computed by using the following
forms



o lumﬁ \N=t ot )

when the onigin and scale both are changed ie. d = (x—ANh.
Example 5.9

Caculate the 5.D for the following data.
x: [10 M 12 13 14
bl L R 18 12 3

X f fx i

10 3 30 300
1 12 132 1452
12 |18 216 2502
13 |12 158 2028
14 3 42 588
Total | 48 576 6860
Using the form 5.19 we have,

oy =%g fi:“:b2 - (%)

j LI T O ; Bo80 (576
ol “JHE b "{EE "”-] =¥?"(E}
=145-144 =41 =1




[ ( 0 oy 0|
13 12 1 12 12
14 3 2 6 12
Total | 48 0 a8
o -ure-(5 (o - -
Example 5.10
Compute the 5.D of the following series
Classinterval | 0-5 5-10 10-15 15-20 20-25
frequency ] % 12 19 10 2
Solution :

Calculation of S.D (by change of the origin and scale)

Class | Mid Value | Frequency P X-125

Interval X f 5 fd i
0-5 2.5 7 -2 -14 28
5-10 75 12 -1 - 12 12

10-15 125 19 0
15-20 17.5 10 1
20-25 225 2 2 4
Total S0 0 -12

10

&8 8 o




e - bl

=J1.1024 x5 =105x5 =525
Example 5.11

Prove that, for any discrete series, 5.0 is not less than the mean deviation from the
mean.

Solution :
We have to prove
5. D £ Mean Deviation about the mean.
= 5. D = Mean Deviation about the mean.

n
We know, for a frequency distribution x / f (i =1,__.n), g.% =N
T I
E-D. I'T: — 'i"ﬁl-Elfi{l] — I}_ al'ld

Mean Deviation about the mean =%f_1'.|:.-il
To show o, + Mean Deviation about mean is same as showing o, =Mean
Deviation about the mean i.e. = > (Mean Deviation about the mean)*
i . L T
e, N (¢, - % [ﬁgﬂ Ixi-=I] (5.22)

Putting |x, - X|= Z , we have, (x, - Xy=2Z"
Thus, (5.22) reduces lo.



=5 a';zzﬂ'

which is always true [ o5 being the variance of zis = 0]
Hence the result.
59.6 Standard Deviation of Combined Series :

The 5.D. of a number of series combined together can be cbtained in terms of
the mean, 5 D. and the number of observations of the individual series.

Theorem :
Let there be two series with the following information |

]

Series | Series I
No. of cbservations © n, n,
Mean : i-l iI
5D . 2 T,

The 5.0, o,, of the combined series | and || is given by

.:ru=Jn :n [n1 I'.:l'i'+|:|ff:|=+l11 [a;+d§]‘ (5.23)
1 2

where, d, = X, - X, d, =¥, -Xand X is the mean of the combined senes | and |l
Proof :

Lat :l:“i =1,2,....0, m'l'd.l,i =12 ....nzhuﬂ'lutm sanes and

g E

%, =

T

-:.-3.!- .-:-n-.xj—
1n111']£1n1|



oty =— F{xu -%F + gi"a -&f J (5.24)

1111'“: el
Now, 3xy 0% = Efoxy, %)+ (-]’
q = 3 SR A EITLLN &
=&{H'F1} +§EI1-I} +1a{!n—’f1”1'1'x]
E = 43 s =2 am ol =
L= & [I” —,!.‘} "'"1{“-. —i} + 2{-:-; Ty IJ‘E{KH —:}

n i o n
=é‘[x“‘i1} +ny(X,—X)". [+ é[xﬂ -%;)=0]
= A 2
= ng," +nd,
n 4] I . —
Similarly, it can be shown that gﬂﬂ'if =£{IH—E:]E+“;[E—!:‘

2 1

; 0 b - " - ~
5o, “‘fi=n1‘n1[§ “u_lﬂi +“1ﬁ1'if+r§{llr—'!z?2 + (X3 'EF]

1
n-l +nz

=

[ot+ b+ nated+ ad)

. jLd 3. 3 2 ]
T Jﬂ, +1y [ My + 0}z (o ) (5.25)

Note - The theorem can also be stated in another form as follows :



il

5 (Nyxy + N, =T X, — Ny, )

iy +ng)
n e o E. -
¥ m{n'xl +N,X, =N,X, =nN.X, g
e = o2 nyn e =2
- - . —X
f“1+“:3'={x1 %) +mi 5 —Xy)
- % w0y B (Re=FR (R, -%)"
{“1'1'“:31 1 I m‘i ny e 2 17 =y z.'F
= (%, — %,
T (5.27)
Using 5.27 in 5.23 we get

a ‘"tﬂf+”1“r§+“1'1:'fi1—i=]'=

-

Note : The 5.D. of k different groups combined to one can be found by using the formula
given by

2 = m[g-}+d§-]+n!{g§+d§]+,-..+n.{a-%+dﬁ}
= Ny +0 +o 4+,

whera the symbols have the usual meanings.

Example 5.12

The means of two samples of sizes 35 and 85 are B0 and 70 and the standard
deviations are 4 and 3 respectively. Obtain the standard deviation of the sample of size

100 obtained by combining the two samples.




- n!l!jiﬂ 2 {35xﬂﬂ]+[ﬁﬁu?ﬂ] 2800+ 4550 7350 ~735

Ny + Ny 100 W0 100

So, d,=(%-%) =(80-735) =

and d,=(%,-¥) =(70-735) =-35
Putting these values in the formula for combined 5.0 given in (5.23) we get

Jas{ﬂ +8.5%)+85(3% +35%)
Ty3 =

100
_ [35(16 + 42.25) + 65(9 + 12.25)
= | 100
2038.75+1381.25 _ (3420 =
.J k< - 2 _J:u.‘ 5.848

Allernatively, using the formula (5.26), we have

F | 1
oy = [SUR 6507 | OS5 gy g2

jEE:u:'IE+EEw.EI I5x65

«100
-\ 100 * 10000

EHD+5EE 2275
100 1DE|

=41145+ 2275
=5 848 as before




i=1 Ji=1

TheSD ¢ = |7, A

2 f.,.za.h___.n.ni_ 1424 . +n' "
= . =

i ]I{n-.1}=12n+1}_[{n+1}]* = {n+1}lfl:1n-1j_{n.h1'_l]
A e B i IS R 2

(n+1){n-1)

510 COEFFICIENT OF VARIATION :

Standard deviation is an absolute measure of dispersion which depends upon the
unit of measurement of the observations. A relative measure, called coefficientof 5.0, is
given by :

Coefficient of Standard Deviation = @/ (5.28)
and is independent of units of measurements.

To compare the variability of two or more distributions, Karl Pearson devised 2
measure, called coefficient of variation. It is abbreviated as C.V. and is given by

CV=100x= /% (5.29)

A distribution with greater C V is said to be less homogenous than the distribution

with a smaller CV. C.V Is also used to indicate the consistency of distributions



YYno, DETWeEn A and B, 15 more Consisient WorkKear
Solution :

We know, CV =2 x100
X

2]
Sa, C.V (for worker A) =Eﬂﬂﬂ =20

6 100
and C.V (for worker B) -Eﬂm e =14.29
Since the C.V of B is less than the C.V of A, worker B may be regarded as more
consistent than worker A.

Example 5.15
Calculate the coefficient of variation for the following data.

Class Interval : | 0-10 10-20 20-30 3040 40-50

Frequency :| 10 20 40 20 10
Solution :
|Class Interval| Frequency| MidValue | (x-25)/10
f X d fd fd?
0-10| 10 5 =32 - 40
10- 20 15 =1 -20 20
20 - 40 25 0 0 0
30 - 20 35 1 20 20
40-50 10 45 2 20 40
Total 100 0 120




£ia® | Zee,
b |

nm,lll% =10412 =10(1.095 =10.95

cv=19% io0-438
25

Example 5.16

Avariable takes values a_a+d, a+2d, .., a + 2nd, each with unit frequency. Find the
mean diviation from the mean and the standard deviation. Also show that the mean deviation
about the mean is less than the standard deviation.
Solution :

The mean X, of the series is given by,

_ a+f{as+d)+{a+2d)+. ... +(a+2nd)
L Zn+1

1 (1+2+._.+2n)
_=m{2“+1h+d Zn+1

?1[En+1}
S 2{2n+1)

=g+ nd

=a+d




Total

a+2d {n-2)d (-2
a+{n-1)d - o
a+nd a
a+(n+1)d - o
a(2n-1)d {n-1)d (n-1)%d*
a+2nd nd nd’
n(n+1)(2n+ 1)d*
(2n+1)a nin+1)d =
+n{2n+1)d

We find, ’::ils, ~(@n+1)a+n(2n+1)d
‘E‘rx,-ﬂ:n(nnm
- ET{q—i}z=n{“+1§m+nd‘

M.D about the mean = Lii:' |- %= 21

n+1 an+1
[ ma s [nine1)@n+1)
e 'Jznn& =%y V. 3@n+1) ¢
_ fpiney

3




- A A i

(2n + 1) >3n (n+1)
4n? + 4n+1 > 3n' + 3n
4n? + 4n#+1- 3 - 3n>0
n+n+1 =0

i.e.
e
E. 3
Le.

= W =

3.2
e i n+§ +I:~ﬂ' {5.30)

But (5.30) is aways true because
[.-H.EJ = () 85 n Is a real number

S~ M.D. about tha maan is less than the 5. D,
511. LOREMZ CURVE:

Lorenz Curve is a graphical method of studying dispersion. It was first suggested
and used by the famous economic statistician, Dr Max. O.Lorenz. Ha used tha curve to

show the distribution of wealth and mcome among the population of a country. The curve
is used to show the degrea of inequality of incomea between two differant countnes or
batwean different periods of time in a country. Today, it is used to indicate the disparities in
land, population etc and in business, for vanability in profits, production, wages eic.
Lorenz Curve is a special type of cumulative percentage graph drawn by taking the
cumulative parcentages of the values of the variable (wealth, profits, tum overs) on one
axis and the corresponding cumulative percentages of the frequencies on anather. The
followsng steps are involved for drawing the curve

0] The size of the item (vanable values) and the frequencies, both are cumulated
separately, Both, the cumulated values of the variable and the frequencies, are expressed
as percentages on the basis of their respective lotals.



(v) The percentages of the cumutated values of the variable (Y) and the percentages
of the cumulated frequencies (X) for the given distribution i.e. the (X.Y) values are plotted
on the graph as different points. Then these plalted points are joined by a smooth free
hand currve. Obviously for any given distribution, this curve will never cross OP, the line of
equal distribution. it will always llie below OP, unless the distribution Is uniform. In the case
of a uniform distribution, this plotted curve coincides with OF. If the curve is farther away
from the line of equa, distribution OF, greater variability is indicated, The greater the variability
the greater is the distance of the curve fram the line of equal distribution.

Lorenz Curve

100

{100,100)

80 90

Cum percentages of income values
i0 20 30 40 S0 &0 TO

© 40 20 30 40 50 80 70 # 90 100
Cum. percentages of the number of persons.

Oo
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Exampie 5.17

The table below shows the distribution of profits earned by companies in bwo areas. A and

B. Draw Lorenz curves for the two areas and compare the variability of profits in the two
areas.

Profit eamed No of companies
in 000 Rs Area - A Ana - B
4 G 2
15 10 25
50 12 22
75 15 18
a0 14 13
Solution :
4] 1]
§ 138 5sld,lid| 5oli 0| ite
HE B HEHE HEHIHEE
Rs.000 | & 5 20 _zu_g_‘ i &
4 4 1.709 8 B 10.52 2 2 25
15 19 81§ 10 16 28.07 25 27 33.7%
50 69 29.48 12 28 4812 22 49 61.25
75 | 144 | 6153 15 43 | 75.73 18 67 | 8375
80 234 | 100.00 14 =T 100.00 13 B8 100.00
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PERCENTAGE OF COMPANIES

Since the distance of the Lorenz Curve for area B from the line of equal distribution
is farther than for the Lorenz Curve for area A, we conclude that there exists a greater
variability in area B than in area A so far as profit of the companies is concemed.

512. MOMENTS :

The term ‘'moment’ is used in Maachanics as a measure of rotating effect of force F
about some point, say A. It is denoted by the Greek alphabet 4 (Mu) and is equal to the
product of the force F and the perpendicular distance of A from O, the origin, Thus,
gi=F.OA In Statistics, since we come across analogous quantities, we make use of the
same symbol & to denote the moment of a variable about a fixed value

Let X be a discrete variable with the foltowing frequency distribution :

X % Ry --X

n

RE. L sk i

So, f_f|=.n is the total number of observations and X = if, x, is the arithmelic
b=t Il

L
M
mean of the distribution.




]
ty = %E?.f-m—m*. r=0,1,2..... (5.31)

and the rth moment about the ongin as

1
= BN (5.32)

Putting r = 1 in (5.32) we have,

T, e . .
ity =EE.‘1’, X, =% (Anthmetic mean) {5.33)

5§5.12.2. Central moments (or the moments about the arithmetic mean).
The r th central moment of a variable, denoted by 4, is given by

1.0 r

=— =X = :
by HE;H’:' Yy r=0,1,2 (5.34)
On putting r =0 and r = 1 in (5.34) successively, we find,

A oY N
Ho = BN 0G=R)" =0 26 = o= {5.35)
and Tnf Xi=10 5,

M=ﬁ§1til.~='!= {5.36)

(being the algebraic sum of the deviations of the observations from the mean)
Equations (5.35) and (5.38) are true for all distributions.
Again, putting r=2 in (5.34), we gat

1.0 2 _.2
J“z=ﬁ£fb["i_i} =g, the vanance

Thus we find, the second central moment of a variable is equal to its vanance



By the definition of the central moments,

TI'I
M=EE'|{!L—?.I

=1"f:x A+A-F)
=134 [, -4 -®-A)'
NS X, )
_Th i
=nah =)

where x -A=d and %-A= g
Expanding the RHS of (5.38) by the Binomial Theoram we have,

1
TIPS

(5.38)

L PP R P S R T TR, w2, 4 12
Hg.j.d: Tl d ) T, g R T ) #ont 1 S E ()

c, FM -”1"‘ c: F’r-:{i"’;" "‘{‘1}“:#'1" ¥

fifxi ~ A =44 ]

N i

:T:=ﬁ

Putting r = 2, 3 and 4 successively in (5.38) we get,

Y
Z| -

(5.38)



(o R N Fon B o B B O Yo B T = Vo B BT B
= dig — Aty ey + 8500 )" — )" + ()’

= ity — Aty ey +Bp ) -3 )’ (5.42)
5.12.4. Relation Batween Raw moménis and Central moments :

Lelﬂ:heﬂ\armmrinhunh

St o -0+ -a)'

P - 1
So, '"l' = HE'I {:l:| —-l‘h,.iiI —H

=%Eﬂ-‘ill [[rl_ﬂ"'#;]l
1 n 1- n = L} 1 ., =
=S -R+ Coa T (xR Co ) ST -

g1 1 "
TR I ) 1g,§ﬂ["--ﬂ+ﬁt‘-‘“'-,§ﬂ

r-1

e, puf = p+"Cy g )+ "Co g P ot Crp (Y P aquy) (544)
In particular, putting r = 2, 3 and 4 successively in (5.44) and simplifying, we get,

By =+ () il
My = g 430 4 + (i) (5.44b)

He= +4M4+ﬁp1{:dll+ (e y (5.44c)
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4! |s 1o be replaced by %, the first raw moment about the origin. Thus, we may write

ps(0) = s +( X P, pih(0) = gy 43, K4 (X7,

Hy(0) = py + 441, B+ bpry( X P+ (%)
5.12.5. Effect of Change of Origin and Scale on Central moments :
We know that, the r th central moment 4 for X is given by

phe = % AT (5.46)

where ‘a’ is any arbitrary constant and h=0

o, ¥ S [ +hET
' I-;,ixi=a'5§r|" L%I"JI

M =i

le. X=a+hu {5.47)
Putfing (5.47) in (5.46), we have,

1 n '| 4] '| M
i =% “I'H'ﬁ Et+h.ﬁ£f,u,

1 n L
=20 Ef,{amu,—a—hu)

[+=

=hl f]{ul -E]F

-
N

T

r

=h' plu) (5.48)
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5.126 Karl Pearson's Beta ( /7 ) and Gamma ( » ) coefficients based on moments :
Karl Pearson definad the following coefficients based on the first four central moments

-
ﬁ.=ﬂf (5.49)

iy

Jig
By =—5 5 50
1y { }

- e .
¥i=Jp= 3 {5.51)
Hy

yy= -3 (5.51)

These coefficlents are pure numbers and are independent of units of
measurements. These are used as measures of skewness and Kurtosis which will be

=y
discussed later separately. For sake of convenience, y, maybe writtenas | 1 = 3

5127 Sheppard's Correction for Moments :

In case of a grouped frequency distribution, mid-points of the class intervals are
taken as the values of the vanable for the purpose of calculation of moments. This concept
of taking the middie points of the class intervals is based on the assumption that tha
frequencies are concentrated at the mid points of corresponding classes. For a
symmetrical or a moderately asymmetrical distribution where the ciass intarvals are not




{iiy the frequencies taper off to zero in both the directions,
the errors in the calculation of moments arise due to the consideration of the mid points

as the values of the variable which can be corrected by using the following formulae
These are called Sheppards correction.

= ne
& ({Comected) = o, - 13
Hy (Comected) = ‘"a

h? T od
R —h
u, (Corrected) = 4, 3 oy + 40

whara & is the magnitude of the class interval,

This is valid only for symmetrical or slightly asymmetrical continuous distributions
and should not be applied in case of extermely skewad distnbutions.
Example 5.18.

Calculate the first four central moments of the following frequency distribution and
hence find B and B,

il 1, AW A B
f:]185 1 20 % 10 10




4| 10| 1 10| 10 10 10
5| 10)] 2 20 40 B0 160

Total | 100 -20 | 220 —-560 | 1240

;. 4E s
=&Y =100
LI 50
=— =———=-05
B=g 2N =—15

10 .4 1240

So, gy =gy () =22-004=216
= gy =3ty gy + 24 )’
=_05-3(22)(-0.2)+2 (-0.2)°
= -05+1.32-0.016=0.804
Fi i fgo iad [y
My =y~ 6 ) -3 )
=12.5-4(-0.5)(-0.2)+8(22) (-0.2)* -3(-0.2)*
=125-04+0528 - 0.0048 =12.6232




Example 5.19
Caleulate the first four moments about the mean of the following frequency

distributson,
Height (ininches) : | B0-62 63-65 66-68 63-71 72-74
Frequency - 5 18 42 27 8
Solution :
Height | Freq | Mid 3 x - 67 id | fd fd? o
inches value 3
Li X
60-62 5 61 -2 -10 20 - 40 B0
63-65 18 64 -1 -18 18 -18 18
65-56 42 67 0 0 a o 0
69-71 27 TO 1 2T 27 27 27
T2-74 8 73 2 16 32 64 128
Total | 100 16 a7 33 253

The raw moments about the aribitrary pomnt A =67 are givan by

1]

5 1d,
dopii—oal 35 ) _o45
M= 100

.‘_zln_ 1_2_“_=
wy=h? 307 =3 [m] 8.73

=t 33 AL 3-”(.1%%] -8.91



ity = i =gtk fi + 204 ¥ =B8.91-3(B 73)(045) + 2(0.45)°
=8.91- 11,7855+ 0,18226= - 2.60325
py = gy =g g + 600y =30 )"
— 204.93 — 4(B.9)(D.45) + 6(8.73) (.45)° - 3(0.45)*
- 204.93 - 16.038 + 10.60685 - 0.1230 =199.37595

Example 5.20
The first three moments of a distribufion about the value 2 of the vanable are 1, 16
and —40 respectively. Find the first three moments about the mean and also the first three

moments about the arigin.

Solution :
Wearegiven: A=2 =1 4. =168 and u,=—40
Moments about the mean .

iy = - () =18-7 =15

oy = gty =341, )+ 2 )
= —40-3(16) (1) +2 (1) = -40-48 + 2=-86

" s in =
44 (from the ongin) = ﬁE"x‘ =X

But we are given : :2}:%1%{:,-1}:[ e X -2=1

n  Xelr2=d
Using equations (5 44) we have,
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Soiubon :
Let the given distribution of a discrete variable X be given by (x /1), 1=1,2, ... n

where r.|.:,'£_|‘l
e

Gy definition 3, =54
o

where g, and 1, are respectively the 4th and 2nd central moments of the variable X.
To chow B, =1 is same as showing

LB
My

e Mz

2
1.2 o | Vee . o2
e EEH‘;'I} —[Hafl[xi i}:l

o 1A 380n ] 50, 01 %)=
Le. EEF" Hél:! - ere (x - X)'=1z

Hut tha LHS of the above inequality is the var (z}
S wafind, Var(z)z0
But. Mar(z)z0 is always true.

Hence, B, 21
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of the observations of a data about some measure of central tendency. In reality. we may.
come across different distributions having same measures of central tandancy and

dispersion, yet differing very widely from one another in their compositions. i.e, in shapes

and sizas. The following example will be instructive.

Consider the two different frequency distributions given below:

Frequency Distribution - A Frequency Distribution - B
Class Interval | Frequency Class Interval | Frequency
0-5 10 0-5 10
5-10 30 5-10 40
10- 15 50 10-18 a0
15 -20 60 15-20 80
20-25 30 20- 25 20
25-30 10 25-30 10

On computation, we will find that , for the above two frequency distributions, the
arithmetic means are 15 each and the standard deviations are 6 #ach. From the valuss of
the arithmetic means and standard deviations, one may be tempted to infer that the two
distributions areid = . But, how erroneous such a conclusion would be evident from
their Histograr given below.

We observe that tha shape of the Histograms for the two distributions are not the
same The Histogram for the distribution A is symmetrical while that of B is asymmetrical.
Further, the top of the Histogram for B has a larger peak than that of A



ca8B8838383a¢

0 5 101520 2530 0 5 1015 20 2530

Thus the central tendency, and dispersion are inadequate lo describe a distribution
completely. They must be studied along with other measures like Skewness and Kurtosis
Skewness helps in studying the shape while Kurtosis reflects on the flatness of the curve
representing the distnbution.

The term "skewness™ means lack of symmetry or asymmatry. A distribution s
said to be skewed or asymmetrical if its frequency curve is more sirelched lo one side
than to the other Skewness helps us to determine the nature and extent of the concentration
of the obsarvations, whether towards the higher or the lower values of the vanable.

A distribution is said to be symmetrical if equal distances on either side of the central value
have same frequencies and consequently, both the tails (left and right) of the curve are
identical in shape and length.
5.13.2. Types of Skewness :

There can be two types of skewed distnibutions viz.

(a) Positively skewed distnbution, and

(b) Negatively skewed distribution
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greatest value.
(b) Negatively Skewed Distribution
A frequency distribution is said to be negatively skewed if its frequency curve has
(i) a longer tail on the iefthand side than on the right hand side and
{ii) Mean = Median < Mode
In this case the frequencies increase slowly, reach a maximum and then decrease
rapidly Here the mean has the smallest and the moda has the greatest value.
We distinguish betwen the positively and negatively skewed curves with the help
nﬂl‘ul‘nﬂwﬂnudiaumn.

Positively Skewed Negatively Skewed
A /"‘x A’{
\ — i ’
Mpmu.u‘ . “IM:IM “ u:rMI!I
Msaan = Median = Made Mode < Median < Mean Mean < Median < Mods

In either of the cases of skewed distributions the median hes belween the mean
and the mode. In case, the mean and the mode are equal, the median will automatically
coincide with the mean and the mode giving rise to a symmatrical curve.

5.13.3 Tests of Skewness
In order to examine the presence of skewness, the following tests may be applied.
(i} The values of the mean, the median and the mode do not coincide | e
Meaan = Median = Mode



()  The quartites are equidistant from the median.

{iiy  Thefreguencies are evenly distributed at points of equal distances from the mode,

(v} The data, when plotted on a graph paper, gives a symmetrical form
513.4. Measures of Skewness

Measures of skewness tell us the direction and extent of asymmetry of a series of
observations. Thes2 measures may be absolute or relative. We give below the various
measures of skewnass.
{a) Absolute measures of Skewness

Skewness can be measured in absolute terms by taking the difference batwean
tha mean and the mode or the mean and the median.

The absolute measures of skewness are :

() S, =Mean-Mode, and if mode is il defined, (5.53)
(ii) §, = Mean - Median (5.53a)
(i) S, =(Q,-M,)-(M,-Q,)=0Q,+Q,-2M, (5.54)

If the value of the mean is greater than the mode or the median, 5, will be positive
indicating positive skewness and if the value of the mode is greater than the mean and the
median, S, will be negative, indicating negative skewness.

The above absolute measures of skewness are expressed along with the units of
measurement of the observations. So, those are inconvenient for companson of the
skewess of two or more distributions with cbservations measured in different units. In
such cases we lake the help of relative measures of skewness, called the coefficient of
SkEWNEss.



(W) measura of Skewness based on moments.
(i) Karl Pearson's Coefficient of Skewness :

Karl Pearson’s Coefficient of Skewneass, aiso known as Pearsonian Coefficient of
Skewness, 5k |s given by
_Mean—Mode M-M,

sSD o

When mode is ill defined and the distribution is modurately asymmetrical, Pearson's
Coefficient of Skewness, Sk can be calculated by using the empirical relationship

Mean - Mode = 3( Mean - Median)

Sk

(5.55)

_ 3(Mean —Median) _ 3(M-M,)
SD o

Formula (5.56) is called Pearson's alternative formula for coefficient of skewness.

The coefficient of skewness given in (5, 58) lies belween the limits + 3 but these
limits are rarely attained in practice.

In case of a symmetrical distribution, the values of the mean, median and mode
coincide. As a rasult, the coefficient of skewness becomes zero. For a positively skewed
distribution, the coefficient of skewness is positive while for a negatively skewed distribution
it is negative.

{ii} Bowley's Coefficient of Skewness :

A measure of skewness suggesied by late prof. A L Bowley is based on quartiles
This measure Is also known as Quartile Coefficient of Skewness.

Bowley's Coefficient of Skewness, 5, is given by

Thus, Sk

(5.56)



For two positive real numbers a and b, {i.e. a=0 and b>0), we know that
|la-b| = |a+hb]| \ (5.58)

a-b
<1
= a+b

Since, for any distribution, we know that (Q,-M,) and (M_-Q ) are both non
negative, takinga=0Q,-M, and b=M, -Q, in (5.58), we get

lia, - ~My)-M,-Q))l _,
(@, —M )=, -,)| =

Q, +0,—2M
---—--—-——-F-I 1
— | GJ—D1 =

So, |5 =1

Thus, Bowley's coefficient of skewness lies between -1 and +1.
From the formula (5.57) it is obvious that,

S, =1ifM,-Q,=0ie ifM,=0Q,and

S, =-1#0,-M,=0=Q,=M,
Remark

Bowley's Coefficient of Skewness is specially used when (i) the distribution has
open classes or unequal clas intervals and {ii) the mode is il defined, bul the quartiles and

median can be computed. The draw back of this formula i thal, it makes use of the
central 50% of the data leaving the remaing 50% on the two extremities




Kelly's Coefficient of Skewness, Sk) = %ﬂ- {5.59)
1" "1

s +D, —20,

D
or equivalently, S{k)= D.-D {5.59a)
L 1

where P denoles the percentiles and D, the deciles.

This formula, although theoretically sounds better, is seldom used in prachce. The
formula due to Karl Pearson is poputar for determination of coefficient of skewness.

{iv) Coefficient of Skewness based on Moments

There are two formulas, based on central moments, which are used as measures
of coefficient of skewness viz.

0 7 =Jﬁ=£%* and 15.60)
~ JAg+3)
® S= 2{5.51- -6, -9) (5.60a)

|
where, ﬁr=§}aﬂdﬂ:=£§‘
2 1

¥, =0 ar <0 or = 0 according as . >0 or<Qor=0
Similarly, §, =0 either §,=00or 8,= -3

But, since [, =""'—4! can not be negative, 5, =0only f 5 =01e y,=0

5
-
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6 4 25 15
12 8 30 10
18 8 42 4
22 18

Solution :

value | freq |(x-22) fd | fd®

% f d

B 4 -16 -B4 | 1024
12 B -10 |-60 | 600
18 B -4 |-32 | 128
22 18 0 0 0
25 15 3 45 | 135
30 10 B 80 | 640
42 4 20 80 |1800

Total 65 48 | 4127

Karl Pearson's Coefficient of Skewness
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= 63,4923 - 0.5682 = /62,9241 =7.832

22754-22 0754
7.932 T.832

So, Sk=

=085

Example 5.23
Compute the Coefficient of Skewness for the following data.
Varable:| 5-7 8-10 1113 14-16 17-19

Freq :| 7 12 19 10 2
Solution :
Value(x) f d fd fd?

4 5-7T.5 6 T -2 - 14 28
7.5-10.5 9 12 -1 -12 12
10.5-13.5 12 19 o 0 o
13.5-16.5 15 10 1 10 10
16.5-18.5 18 2 2 4 8
Total 50 ~12 58
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=1

. 12 38
S0, the ¥=12+3| ~— |12 —=12-0T2=11.
, mean, + [ E-D) 2 =0 2-072=1128

I (5
and, Mode = |, r @h-t-1)

Since the largest frequency 19 lies in the class interval 10.5 - 13.5, we have
f,=19.f,=12 { =10, |, =105and |, =135

3H18-12) 21
Mode =105 =10.5+—=105+1.3125=11.81
+12:19=1241ﬂ',i e +1.3125 B125
i
Tid »
8. .5 | £ 58 [ 12
D ﬂh ey - B T o et Rk
= Hf';f'd-‘ N 50 EJ

=3v1,16-0.0578 = 3+/1.1024 =3.15

_ (Mean-Mode) 11.28-11.81
5D 3.15

L9858 o ves=-017
315

5k

Example 5.24

Far the frequency distribution given below, calculate Bowely's Coefficient of
Skawness.



Clas Interval Frequency Cum freq
f F
85-19.5 5 5
19.5-295 8 14
28.5-39.5 14 28
38.5-485 20 48
485-595 25 73
58.5-695 15 88
68.5-78.5 96
78.5-88.5 4 100
Total 100
Median = size of the [-g]nd item = size of the [%]nd item

= gize of the 50th item.
So, the median lies in the class interval 49.5 - 58.5

-L (N 10

Median =l h_I‘L__ =49 5§ 4 — (50} - 48
i [z ] *+351 )
=48 5+08=503

Q, = size of the [2]mitum=llzunfuu (g}thltﬂm



=285+ —({26-14}=295+—=295+7.85=37.35
28.5 M{Eﬁ 14) +14 £954+7.85=3

Q, = size of the [345']111 item i.e. size of the 75th item
The 75th item lies in the class interval 59.5 - 9.5

S0, Q, =1, + !?—;—t'[%—f:]

=595 -rg_nﬁ-?:a}:ﬁﬂ.sn.sn 60.8

‘Bowely's Coefficient of Skewness
B (Q,+Q,-2Q,] = 60.8 +37.35-2(50.3)
: Q, -Q, B0.8-37.35

_98.15-1006 245 _
© 2345 2345

5.13.5. Kurtosis

The dictionary meaning of kurtosis is bulginess or the relative degree of sharpness
of the peak of a frequency distribution curve. In Statistics, the term kurtosis refers to the
degree of peakedness or flat toppedness of a frequency curve relative to the normal
distribution curve.

A measure of kurtosis tells us the extent to which a distribution has frequency
curve having more peak or more fiat top than the normal curve.

Measures of central tendency, dispersion and skewness, we have siudied so
far, do not reflect on the peakedness or the flatness of the top of a frequency curve. We

-0.1044




Freq. of A f, 4 =] 1] - ¥4 =l i F g 1
Freq.of B: f; 2 <] 8 15 30 15 B 5 2
Frag. of G: f. T 11 22 40 &7 40 22 11 T

From actual computation we will find that mean, median and mode of the three
distributions are all equal to 72.5, the range are all equal to 45 and the 5.Ds are all
approximately equal to 1.66 indicating absence of skewness. But still on drawing the
frequency curves of the three distributions we can mark the difference in their shapes.
The shape of the curve for distribution A is bell shaped. it is called a normal curve. The
shape of the curve for distnbution B is more flat topped while that of C is more peaked
topped than the normal curve. This difference in the shape of the curves is due to the
presence of kurtosis.

Kurtic curves are of three types viz. Meso kurtic, Lepto kurtic and Platy kurtic. A
bell-shaped curve is called Meso kurtic. It is also called normal curve. Itis neither more fiat
topped nor mare peak topped. A more peak topped curve than the meso kurtic curve is
called Lepto kurtic curve and a more fiat topped curve than the normal (meso kurtic) curve
is platy kurfic curve, as has been indicate in the following diagram. ;

C (Leptokurtic curve)

— & (Normal curve)

B (Platy kurtic curve)




=0 the distribution is Platykurtic
Example 5.25 :

Find the kurtosis for the data given below

Classintrval : 0-10 10-20 20-30 30-40
Frequency : 1 3 4 2
Solytion :
Class Intervall Freqd Mid | g_*" 24 fd fd* fd*
f | value 10
X
0-10 1 5 -2 -2 4 16
10-20 3 15 -1 -3 3 -
20 - 30 4 25 t 0 0
30 - 40 2 a5 1 2 2
Total 10 i a g
Thus,

i] 1] 5] ]
N=10, Sfd=-3 T =9 , Yfd=-8, and THd* =21
' ™ = =1

The raw moments of x about the arbirary point A =25 are given by

3 fa

-5

- [ imy = =
gy =h N 10[1m] 3
3
o T .
=N N ml:l[iﬂ} a0



The canfral momanis are
i =0

gy =y~ (4 ) =90 (-3)" =90 -9=81

py = =340 gy +2(;) =500 - 3({90)(-3)+ 2(-3)°
= —B00 + 810 - 54 = — 144
py = gy = A ) w6 (0 ) =3

= 21,000 - 4(- 800)(-3) + 6(80) (- 3)* -3(-3)*
= 21,000 -108.00 + 4B60 - 243 = 14817
gy 14817

P: =—5
sy (a1}

Excess of kurtosts, 7. =, -3=22568-3=-0,742
This indicates that the given frequency distribution is platykurtic.

EXERCISE §

1 Expiain the term dispersion giving examples. Describe the need for measures of
dispersion.

2. Exptain different measures of dispersion, stating their mernits and demerits.

3, Distinguish between absolute and relative measures of dispersion.

4. Define the term standard deviation. Explain its supenority over other measures of

« dispersion.

5. Explain the term standard deviation and root mean square deviation. Show that

standard dewiation is the least possibie value of root mean square deviations.

=2258  (Approx)



10.

1,

12
13.

14
15.

18

17.

18.

18.

Define the raw moments and central moments of a frequency distribution. Obtain
the relationship between the r th central moment in terms of the raw moments.

What do you understand by skewness 7 Explain various types of skewness and
write their measures.

Explain the methods of measuring skewness and kurtosis in frequency distributions
Show that for any distribution,

(I} the measure of kurlosis [, is greater than unity Le. A, =1

(i) Bowiey's coefficient of skewness is numerically less than unity.

Write a note on kurtosis.

The first four moments about the origin of a vanable are respectively 1, 4, 10.and
46. Compute the first four central moments and find the coefficient of skewness
and excess of kurtosis.

The first four moments of a distribution about the value 5 of a variable are
respectively —4, 22, - 117 and 560, Determine the moments aboul the mean.

For a frequency distribution, the mean is 10, the variance is 16, y, is 1and A, is 4.
QObtain the first four moments about the origin.

Calculate the quatile deviation for the foliowing data.
Class Interval : | 5-10 10-15 15-20 20-25 25-30

Frequancy | 5 12 20 10 3
Find the standard deviation for the following data

Ageinyear | 21-25 26-30 31-35 36-40 41-45
No of Person : 15 20 28 17 12

Calculate the mean deviation about the mean and the coefficient of the mean
deviation for the following data

~120-20 30-30 40-49 50-59 60-69
Iﬁd_ﬁ:ﬁﬂﬂ : 8 30 43 12 3|
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25,
26,

ClassInterval : | 0-2 2-4 4-6 6-8 8-10

Frequency ' 4 16 13 T 5
The mean of two samples of sizes 40 and 60 are 25.7 and 35.2 and the standard
deviations are 8 and 7 respectively Find the mean and the standard deviation of
the combined sample of size 100.

Calculate Karl Pearson's coefficient of skewness from the following series.

Wis.is kg. | 30-40 40-50 50-60 60-70 70-80 80-80 §0-100, 100 and above|

No.ofperson} 10 16 18 25 20 4 4 3

Find the meaan and variance of the first 'n’ natural numbers.

The sum of 20 cbservations is 300, the sum of the squares of thess observations s
5000 and the median is 15. Find the coefficient of variation and the coefficient of
skewness,

Fill in the blanks.

27.

{i) The sum of the absolute deviations is minimum when measured from
{ii} Standard deviation is always than the mean deviation from the mean.

(iii) The S.D of 100 observations is 12. If each observation is increased by 2, the
SD of the new observations would be

{iv) If Q, = 10 and Q, = 30 then the coefficient of quartile deviation is

{v) For a symmetrical distribution, mean, median and mode

{vi} For a distribution, if mean < mode, then the distribution is .

{vii) If for a frequency distribution, ¥, >0and 7, <0 then the distribution is
and .

{viii} If for a frequency distribution /7, >3, then its frequency curve is called




15.

16.

1.

4 B & ER

{iv) Varianca is always non-negative.
{v) Relative measures of dispersion are independent of units of measurement
{wi) If the mean and the SD of a distribution are 20 and 4 respectively, thenthe C.V=15%

{vii) For a distribution of 5 observations having valuas 4 mach, the SD is 4.
ANS

EXERCISE -5
M=3, u =0, #=27, B=0, £,=3
A=0, A=6, M =19, #=22

fy=1, =116, p,=1544, W, =23184
3.5625 18. 447 20. MD=6431
Coefficient of mean deviation about mean = 1.527 (Approx)

MD=2138
Coefficient of M.D = 1.0975
24.208 23. Mean 314, o=B8B755

Sk= - 02155
1 -
hhnn=1.wrhmu~":
2 12

CV=333 8k=0

(i) median (i) greater (if) 12 (v) 0.5 (v) coincide (vi) negatively skewed (vil) positivaly.
1

skewed and platy kurtic (viil) leptokurtic {ix) k = 3

(i false (FY (i) false (F) (i) true (T) () true (T) (v) true (T) (vi) false (F) (vil) faise (F)



(i) Range is based on all the observations of the data.
(iv) Coefficient of range is a measure of dispersion.

{b) Which of the following is camect ?
Coefficient of variation for a data with mean x and standard deviation @ is

;- x a g
~ %100 iiy —*1000 iy ==100 =x*1000
) —x10 (i) (i) = (v) <

(c) Which of the following measures of variability is least affected by extreme
tems 7

(i) Range (i) Meain Deviation  (iii) Standard Deviation
(iv) Quartile Deviation
{d) Which of the following is the formula for quartile deviation 7
a = i
0 u,_:al i 93;—3- (i) q—’;’i (iv) D"f

(e}  Which of the following is not true ?
(il Excess of kurtosis, T2 =B, -3 .

(i) Coesfficient of skewness, o =iy 10

p Mean -Mode
(i) For a moderately skewed distibution, Sy = 2D :

(iv) Bowley's coefficient of skewness is equal to (Q;+2Q; -Q,)/(Q,+Q,) .
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N2 +1
12

{iv) The standard deviation of the first N natural numbers is

{g) Indicate which of the following is true.
{i} Interquartile range is the best measure of dispersion.
(i) Variance: and coefficient of vanation have the same meaning.
{iil) Lorenz curve is a graphical representation of measure of skewnass.
{iv) Standard deviation is the positive square rool of the variance.
(h) State which of the following is not true.

(I} Oneofthe purposes of studying dispersion is o determine reliability of an
average.

(i) One of the desirable requirments of a good measure of dispersion is that it
shouid be based on all the ilems of the distribution.

(i) Range is the simplest method of measuring dispersion.

L+S

L-S

{iv) Coefficient of range is calculated by using the formaula where L is

the largest and § is the smallest tem of tha distribution.
(i) Which of the following is true 7
(i) Quartile deviation includes all the observations of the data.
(i) Quartile deviation is amenable for further algebraic treatments.
(iil) Quartile deviation covers the central 80 % of the observalions.
(iv) Quartile deviation is computed by using the central 50% of the
observations. ™



2. (a) Fill in the blanks :;
(i) The sum of squares of deviations from s minimum.
(il SDisalways_____ than the range.
(iii} The relation between standard deviation and mean deviation about mean is

{iv) In a factory if more employees get less wage and less amployee get more
wage than the coefficlent of skewness would re

{v) The arithmetic mean and the slandard deviation of the marks of a group of
100 studants in a class are respectively 82 and 16. If 5 is subtracted from
each of the marks, the values of the arithmatic mean and the standard
deviations would be and respactively.

(b) Indicate True (T} or False (F) in each of the following questions :

(i} A more peak topped curva Is called positively skewed curva.

(i} Pearson’s coefficiant of skewness lies betwean —1 and +1.

(i) Fora frequency distribution the first central moment | is always equal to
zero.

{iv) Relative measures of dispersion are always independent of units of
maasurameant.

(v) Tocompare the consistency of two distributions their varlances are
compared.

3. Give short answers 1o the following questions :
(a) Indicate threa requirments of a good measure of dispersion.
(b) State two algebraic properties of standard deviation.




(g} Wnie the demeris of siandand deviabon.

(h} State three tests of skewness.

(i}  What is meant by kurtosis 7

(il What is Lorenz Curve and for what purpose is it used ?

ANSWERS
- (&) {iv) (b} {iif) {c) (i) (d) () (@) (iv)
1) (i) (g) (iv) {h) (i) (i) (i) {ih {iv)
(a) (i) Median (i) less  (jii) MD < SD (iv) Negative  (v) 77, 18
{b) (i) F (i) F (i) T (i) T (v} F



6.1 INTRODUCTION

The need for statistical information seems endless in the present-day society
Particularly in developing countries, data are regularly collected to safisfy the need for
information about various aspects like national income accounts. input-output tables,
varlous production indices, price indices and a host of other quantitative indicators. It is
very clear that without the relevant data, it is not possible to formulate policy objectives for
a complex economy like ours. It is a fact that modemn society is increasingly becoming an
information oriented society. In this society, various economic and social processes are
respresentad by certain quantitative charactenshics that require different kinds of information
in the form of data.

The task of collecting data is becoming increasingly complex and difficult day-by-
day. The total number of units to be consulted and investigated for obtaining the required
information may be too large, while the resources in terms of money, ime and manpower
etc. may be limitad. Moreover, obtaining error-free information from such a large scale
investigation makes the job even more tedious. As a result, very ofien we try to obtain the
reguired information from a smaller group that is easier to handie-and control. However, it
is important here to ensure that this smaller group which gives the required infarmation, is
truly representative of the entire collection of relevant units. The subject matter of sampling
provides a mathematical theory for abtaining such kind of representative groups.

Some comman examples where sampling is used are cited balow

(iy If & person wants to purchase a basket of cranges, he examines one or ftwo
fram the basket and on the basis of the information gained from the ones examined, he
makes his decision about the whole basket, i.e., decides whether to purchase ornot.



6.2. CENSUS AND SAMPLE SURVEY:

In this section, we will distinguish betwean the census and the sampling meathods
of collecting data. We will also expiain the meaning and coverage of census survey and
sampie survey.

6.2.1. Population and<Census:

We have a collection of units defined according fo the aims and objects of statistical
enquiry. By a unit we mean an entity on which we can make observations according to a
weli-defined procedure. A unit may refer to a singie individual or a group of individuals of
the population. For example, we may define each student of a college as a unit or each
family of a city as & unit or each packet of a manufactured tem as a unit. The entire
collection of such units is called a population or universe. For example, we may have a
population of human beings, cattie, cutput of a particular manufactured product, industrial
units, agriculiural farms etc, Thus, a population may consist of units which are either
animate or inanimate.

A population is either finite or infinite. If in a population the number of units is finite,
it is called a finite population and if the number of units is infinite, it is called an infinite
poputation. All the students of a college constitute a finite poputation, Similarty, drawing 10
balls sucessively without replacement from an urn containing 100 balls, is regarded as
samgpling from a finite population. On the other hand the population of fish in Chilika Lake,
the population of temperatures of a place at different times or the poputation of the outcomes
of independent trials of tossing a coin are examples of infinite populations. In fact, by
infinite we mean indefinitsly large. However, in practice, we will be concemed with a finite
population. j
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about certain characteristic of the papulahnn we need not alwa'_.rs take recourse to a
census because of some constraints like time, cost, man power el . In practice, we gel
quite satisfactory results by studying appropriate sample taken from the population. The
procedure of obtaining a sampile is known as sample survey. Thus, In a sample survey,
we consider a represantative pari of the poputation as sampie and use the same to infer
about the entire population. It may be noted here that drawing conclusion for poputation on
the basis of sample is regarded as an inductive process.

£.3. SOME BASIC CONCEPTS:

We explain below, some of the hasic concepts necessary in sampling theory:
6.3.1 Parameter :

In a statistical inquiry, we are concemed with the identification of a population which
can be done by studying its various characteristics. As such our interest lies in studying
one or more charactenstics of the population. A measure of such a characteristic is called
a parameter. For example, we may be interested in the mean income of the people living
Maparhhmgimmmapanbnrwntmmaynlsu]ﬂ:einmnwmnmndmﬂdwhﬁm
of the income of these people. Here, both mean and standard deviation are parameters

Mathematically speaking, the value of a parameter is computed from all the
obeervations constituting the population. If & is a parameter that we want to obtain from
the population consisting of units whose measurements are denoted by Y. Y ... Y,
then g =1 (Y, Y,...Y, ], where Nis the total number of units and is called size of the
population. Among the parameters, most important and frequently used ones are the
population mean ¥, the population total Y and the population variance o These
parameters are defined by



computed. Under the circumstances, we try to estimate the parameters on the basis of
the information obtained from a sample drawn from the population. This information based
an the sample is called a statistic. For exampile, sample mean, sample median and sample
standard deviation are all statistics. Thus, it is clear that a statistic is calculated from the
values of the units that are included in the sample and can be defined as a function of the
sample values. Lety,. y,,.....y, be @ sample of n observations taken from a poputation with
parameter §. Ift is a stafistic that we want to compute from the sample values y,, y...... ¥,
taken from the population consisting of units Y, Y., ¥, thent=f(y. y,....y, ) wheren
is the size of the sample.
6.3.3. Estimator and Estimate

The basic purpose of a statistic is to estimate a population parameter When a
statistic is used 1o estimate a parameter, it is called an estimate. An esimator is a random
vaniabie that may assume different values from sampie to sample taken from the same
population. The values that the estimator takes are called estimates. If we use the formula
of the sample mean given by
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Ut
for calculating a statistic to estimate the parameter ¥ (the population mean), then this
formula will serve as an estimator. Using this formula if we get § = 20, say, then this 20 s

an estimale
6.4. ADVANTAGES OF SAMPLE SURVEY OVER CENSUS SURVEY

In many situations, we undertake a sampie survey in preferance 1o a census survey
because of the following important advantages:



(i} Cost of data collection and supervision,

{iil} Cost of processing and analysing data, and

(iv) Cost of publication of results of the survey.

In this cost break-up, (il) and (i) are in the nature of variable costs, while (i) and (iv)
are the fixed cost items. In a sample survey, items (i) and (iil) will definitely be much
smaller than for a cansus survey. Even though the cost of data collection per unit coverad
may be higher in a sample survey, the total cost of all units covered would be much
smaller than that of a complete enumeration. Thus, it is usually imperative to resor to
sampling rather than complete enumeration.

2 Reduced Time: There is considerable saving in time and labour since data are collected
and summarised much faster in a sample survey than in a census survey. The sampling
resulls can be obtained more rapidly and the data can be analysed much faster since a
fraction of the whole data is coflected and processed. This is an important advaniage,
particularly when the information is urgently needed in a small time gap.

3. Greater Accuracy: In a sample survey, investigation fs carried out on a few units of the
population. So more efficient, sincere and highly qualified investigatars can be empioyed and
given intensive training and careful supervision of the field work and processing of results is
possible as the volume of work is reduced considerably in @ sample survey. This would produce
mone accurate results than in complete census. Better job performance could be expaciad
and ensured. Ermors of cerain types could be minimised in a sample survey.

4. Greater Scope : In general a sample survey has a greater and wider scope than a
complete enumeration. The complete enumeration is Impracticable, rather inconceivable
if the survey requires highly trained personnel and more sophisticated and costly



and /or hypothetical, like the population of the out comes of all the throws that may be
made with a coin, sampling is the only course available. Again if the population consists of
units which are destroyad in course of inspection, a complete enumeration does not help,
& g.. when we want to know the average life in hours of a parficular brand of electric bulb,
complste enumeration is impossible because by the time our investigation is over, all the
electric bulbs of the brand must be fused. In such situalions sampling Is the only altemative
course available

Despite the above advantages, sample surveys are nol always prefemed 1o census
surveys, 8.9 . when time and money are not important factors for consideration or whan
detailed information is wanted for afl the subclasses into which the population may be
divided {i.e., about all the units of the population) or when the population size is not large,
a complete enumeration may be more appropriate than any sampling procedure.
6.5. LIMITATIONS OF SAMPLING

Sampling theory has its own limitations and the advantages of sampling over
complete enumeration can be derived only if

(i) the units of the population are drawn in a scientific manner,

(ii} an appropriate sampiing technique is used, and

{iii) the sample adequately represents the population.
Besides, the other limitations of sampling are

(i} Unless the sample survey is properly planned and carefully executed, the results

obtained may not be refiable and may be misleading.
(ii) In the absence of the services of qualified, skilled and experienced personnel,
adequate supervision, sophisticated equipments and statistical techniques for



The primary aim of sampling theory is to make sampling more effective so that the
answer to a particular question is given in a valid, efficient and economical way. The
theory of sampling is based on the following three basic panciples which are helpful m
fulfilling the aim.

1. Principleof Statistical Regularity

The principle of statistical regularity has its origin In the mathematical theary of
probability. The principie can be explained as

A moderately large number of items chosan at random from a large group are
almost sure on the average to possess the characteristics of the large group.®

This principle stresses on the desirability and importance of salecting the sample
at random and In large number.

2. Principle of Validity _

This principle states that the sampling design should provide valid tests and
estimates about the population parameters. The samples obtained by the method of
probability sampling satisty this principie.

3. Principle of Optimisation .

This principle takes into account the desirablity of obtaining a sampling design
which gives optimum results in terms of efficiency and cost. The reciprocal of sampling
vanance of an estimate provides a measure of its efficiency, while a measure of the cost
of the design is provided by the total expenses incurred in terms of money and man hour
The principle of optimisation consists in

(i) achieving a given level of efficiency at minimum cost, and

(i} obtaining maximum possible efficiency with given level of cost.
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1. Objectives of the Survey : It is most important to define in ciear and concrete terms
the objectives of the survey. Unless this is done to the satisfaction of the user of the data
and the statistician in charge of the survey, full utiity of the survey resulls may not be
achieved. Moreover, the user should ensure that these objeciives are commensurate with
available resources in ferms of money, manpower and time limit required for the survey.
2. Defining the Population to be Sampled: The population, i e , the aggregate of objects
from which the sample is to be drawn, should be defined in clear and unambiguous lerms.
For example, to estimate the average yeeld per piol for a crop, it is necassary fo gefineg the
size of the plot in clear terms. The sampled population (population to be sampled) should
coincide with the target population (population about which information is required). The
demographic. geographical, administrative and other boundaries of the population must
be specified so that there shouid be no ambiguity regarding the coverage of the survey

3. Determination of Sampling Frame and Sampling Units: For the purpose of selecting
a sample it is necessary that the population to be sampled is subdivided into a finite
number of distinct and identifiable units called sampling units. The sampling units must
cover the entire population and those must be distinct, non-overiapping. i e., each glement
of the population must belong to only one sampling unit. For example, in socic-econoamic
survey for selecting people in a locality, the sampling unit might be an individual parson, a
family or a househaold

It is also essential for the purpose of sampling to have a list of all sampling units of
the target population. Such a list is called a ‘frame’ and provides the basis for the selechon
and identification of the units in tha sample. Sometimes instead of a list of sampling units.
maps and other acceptable materials are used as frame for identification of the sampling



4. Determination of the Data to be collected: The data should be coliected in accordance
with the objectives and the scope of the survey. Unnecessary and irmelevant data which
would never be used subsequently should not ba collected and no Important or essantial
information should be left. Once the type or nafure of data to be collected is decided upon,
the next step would be to prepare the questionnaire or schedule through which the data
are to be coliscted.

A guestionnaire or a schedule is a set of questions designed to elicil information
an a subject or a sequance of subjects. A questionnaire is filled in by the respondent
himself, whereas the answers to various questions in a schedule are recorded by the
investigator or enumerator on the basis of information gathered by interviewing the
respondent. Generally, a draft questionnaire is first prepared and tried over a small group
of individuals to discover any ambiguity or defect in framing the questions. This is called
“pretest” or “pilot survey”. If necessary, the questionnaire is revised and finalised in the
light of the pretest. The questions should be brief, easily intelligible, unambiguous, practical
and as far as possible objective type, and must not leave much scope for guessing on the
part of the Interviewer

5. Determination of Method of Data Collection;

There are two methods, commonly employed, for collecting data from human
populations. They are discussed below
(i) Interview Method - In this method, the investigator goes from house-to-house and
interviews the individuals personally. He asks the questions one by one and fills in the
schedule an the basis of the information supplied by them.
{ii) Mailed Questionnaire Method - In this method, the questionnaire is mailed 1o the
individuals who are required to fill in and return.



ar instrumant to be used and simiar oiher tinngs.
6. Selection of an Appropriate Sampling Design:

This is the most important step in planning a sample survey. Selection of an
appropriate sampling design is made from among several alternatives. While making a
decision about the particular sampling design (o be adopled for survey, the investigator

(i) decides whether unrestricted random sampling or a variant of that is to
be used in the survey under considerabon;

(i} chooses the flexible vanables in the sampie. if any, in an optimum manner;

and (i) if necessary, decides upon the details of a pilot or exploratory survey for the
main design.

An appropriate sampling design should take into account the objective of the survey,
the lype of sampled population, the cost implication, the time limit and the degree of accuracy
required. Besides, any relevant practical considerations should also be taken into account
7. Organisation of Fleld Work : Tha achievement of the objectives of a sample survey
depends, to a large extent, on refiable fisld work. If field work is done honesily, sincerely and
according to the instructions iaid down and if there is careful supervision of the field staff,
thers remains no doubt about achieving the objactives of the survey. It is therefore necessary
to make provisions for adequate supervisory staff for inspection of tha field work,

The execution stage Iinvolves actual field work such as identification of the sampled
population and the sampling units and collection of information from the sampling units
through guestionnaires or schedules.

8. Analysis and Reporting :

The analysis and reporting stage again involves the following steps:

(i) Scrutiny of Data : The filled-in questionnaires or schedules should carefully be
scrutinised to find out whether the data furnished are plausible and wheather data on different
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(iii) Tabulation of Data : Data coliected are to be arranged in tabular form. For small
scale survey manual tabulation may be possible, while for large scale survey machine

tabulation is expectad lo be more economical and quicker Now-a-days, computers are
available for tabulation of data. As such, while drafiing & questionnaire, the format should

be so prepared that it can be processed through a-:::umifutm.

(iv) Statistical Analysis : On the basis of data available, necessary estimates of the
population values are obtained. Relevant charactenstic measures are calculated from the
collected data. Testing of hypothesas in certain cases are also carried out as a part of
siatistical analysis.

(v} Reporting and Conclusions : This is the final stage of the survey. Areport incorporating
detailed statement regarding all the stages of the survey should be prepared. The report
should present all the collected statistical information in a neat tabular form. It should
contain proper interpratation of data and the derived conclusion. Also recommendations,
if any, made for the survey should be incorporated. It is a good parclice to report the
technical aspects of the design of the survey in the presentation of the results, e.g, the
types of estimators used and their margins of errors expected.

{vi) Storing of Information for future Surveys : At the completion of the survey,

arrangements should be made for proper storing of the information so that it serves as a

guide lo the organisers for future surveys.

6.8. SAMPLING AND NON - SAMPLING ERRORS

The term error refers to the difference between the true value and the obsarved or
approximated value. In any survey, emrors are inevitable. These may occur al different
stages of the survey due to a number of factors like (i) approximations in measurement (if)



65.8.1. Sampling Earror:

The errors those arise due to the fact that only a sample Is used lo estimate the
population parameters are termed as sampling arrors. Whatever may be the degree of
caubousness in selecting a sample, there will always be a difference between the population
value (parameter) and its astimate. If & be the paramater and t be an estmator of 5, then
the absolute difference between these two, i.e., |t-a|is called sampling ermor.

Sampling arror is neither due to any lapse on the part of the respondent nor due to
the investigator nor because of some such reasons, |t anses because of the very nature
of the procedure. Il can never be completely eliminated. However, It can be reduced by
increasing the size of the sample. In fact, fhe sampling error decreases with increass in
the sample size Sampling error is inversely proportional to the square root of the sample
size The ralationship betwean sampling emor and sample size can be illustrated graphically
as is shown in Fig. 6.1. When the sample survey becomes a census survey, the sampling

error becomes zero
Fig. 6.1

Relationship between sample size and sampling error

SAMPLING
ERROR

SAMPLESIZE —>
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when difficulties arise in enumerating the appropriate Eampllnn unit. This, ul:mnusd_-,r laads
o some bias since the characteristics possessed by the substituted unil are usually
different from those possessed by the unil originally destined to be included in the sampie
3. Faulty demarcation of sampling units : Bias anses due to defective demarcation of
sampling units in the area of the survey. These biases are commen in the field of agricultural
experiments or in crop cutting surveys. In such surveys, while dealing with border line
cases, the investigator sometimes applies his own discretion whather to include or not 1o
include a particular unit in the sample. Such decision influences the results either aver
estimating or under estimating the parameter

4. Constant error due to wrong choice of the statistic : If a proper statistic is nol laken
to estimate the parameter, errors accumulate. For example, in estimating the population
mean, the proper estimate is the sample mean. But instead of the sample mean i one
uses the sample median, constant error will accumuiate. Similarty, for esbmating the
population variance, the proper unbiased estimator would be the sampie vanance given

by 3"‘:5“1_?}{{"{“_1}, But, if instead of S2, the biased estimator of o given by

s? = Ty, - ¥)%/n is taken, constant error is bound to arise

8.8.2. Non-Sampling Error:
Besides sampling error, the sample estimate may be subject ta other erors which,
"grouped togather, are termed nan-sampling errors. Non-Sampling error, as the namsa
suiggests has nothing to do with sampling process. It primarily arises at different stages of
the survey viz., observation, ascertainment and processing of the data and is thus present
in both complete anumeration survey and sample survey. Various sources of non-sampling
error are given below:
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diary on all expenses, mmmamm recall for others, resulting in
measuremant error. Measurement can be attributed to the following sources

fi) The interviewer

(i) The respondent

iy The questionnaire

(ilv) The mode of interview, ie. whether telephone, personal interview,

salf-administered questionnaire ate.
2. Error due to non-response : Non-response biases occur if full information is not
obtained on all the sampling units. This happans mostly when quastionnaires are sent
fo the respondents, but some of the respondents return the questionairas with
moomplete answers or do not return them at all. This kind of atbtude may be attributed
1o:

(a) the respondents are too casual to fill up the answers to the questions asked, or

{b) they are not in a position to understand the questions, or

(¢} they do not like to disclose the information that has been sought.

It may be noted that the error due to non-response may also arise when data are
collected through personal interviews. Here, this error may arise because some of the
respondents

{a) may not like to give the information, or

{b) may not be available aven after repeated visits.

3. Error due to inherent bias of the investigator : Every individual suffers from personal
prejudices and biases. Despite the provision of the best possible training to the
investigators, their personal biases may influence the interpretation of the questions asked
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collection process. Sometimes, the non-sampling armor becomes so large that it exceeds
both the sampling and non-sampling errors taken together in a sample servey. MNon-
sampling errors can be minimised through

(@) a careful ptanning of tha survey,

(b} providing proper training fo the investigators, and

{c) making the questionnaire simpile.

6.9. TYPES OF SAMPLING:

The technigue or method of selecting a sample from a population is of fundamental
importance in the theory of sampling and usually depends on the nature of the data and
tvpe of inguiry. The sampling procedures which are commonly used may be broadly
classified under the following heads:

() Probabilty Sampling,

{ii) Non- probability Sampling, and

(iii) Mixed Sampling
6.9.1. Probability Sampling:

In probability sampling, the sampling units are selected according to some laws of
chance, i.e, each unit in the population has some definite pre-assigned probability of being
selected in the sampile. It is aiso called random sampling and is based on tha well
established principles of probability theory. Simple random sampling, Stratified random
sampling, Systematic sampling are some of the variants of random sampling.

6.9.2. Non-probability Sampling:

MNon-probability sampling is based on the judgement or discretion of the person

miaking @ choice. Thus, in non-probability sampling, cerlain units may be selected



example, a lechnical institute has to send 5 students for some managerial training in a

company during the summer vacation. Initially, it may shortlist about 15 or 20 students

who are considered to be suitable for the training by applying its, own discretion. Then

from these shortlisted students, 5 students may finally be selected by employing random
.sampling procedurs. Thus, the students selacted will constitute a mixed sampie.

6.1C. SIMPLE RANDOM SAMPLING

The simplest and the most commeonly used propability sampling is simple random
samplng. In this sampling, each unit of the population has equal and independent probability
of baing selected in the sample.

There are two different schemes of simple random sampling, viz., simple random
sampling with replacement (SRSWR) and simple random sampling without replacement
(SRSWOR). The difference between these two schemes pertains to the way in which the
sample units are selected According to the procedure of simple random sampling with
replacement, first a unit of the population 1s drawn at random, its features are noted and
then the unit is replaced back to the whole lot so that the unit again becomes eligibla for
selection subseguently. Thus, the total number of units in the population always remaing
the sama |n other words, the composition of the population remains unchanged, and
each member of the population has the same chance or probability of being selected in
the sample. In fact, if N is tha size of tha population, then the probability of salecting each
unit of the population every time is 1/N. On the other hand, in case of simple random
sampling without replacement, the unit once selected is not returned tg the population in
the sense that it becomes ineligible for selection again, As a result, after each successive
draw, the composition of the population changes, |.e , one unit is eliminated from the total
number of units of the population. Therefore for subsequent draw from the population the
probability of any particutar unit being picked up also gets changed. Suppase, the population
size is N and we want to draw a sample of size n from it by the principle of SREWOR.
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size n that can be drawn with replacement is N" and so the probability of selecting a

sample is 1/N°, while the number of samples that can be drawn without replacement is
{m and probability of selecting a sample is 1;’[?}.
Example 6.1

Suposa a population consists of the following 4 units (2,5,6 8). How many sampies

of size 2 can be drawn from it ?
{1} if we follow the procedure of SREWR, the number of samples that can be selected
Is N"=4* = 16.
The possible samples are as follows:
(2, 2), (2, 5), (2. 6). (2, 8), (5, 2), (5 5)(5,6), (5 8).
(8, 2). (6, 5), (6, 6), (6, B), (8, 2), (8, 5), (8. 6), (8. 8)
We should note that in sampling with replacement the arder in which the units are
selected also matters. Thus, (2, 5) and (5, 2) are considered as two different samples.
(i) HMWWHMHEFSWDR, the number of samples that can be sslected

. ) EJ 21.:'«5 ‘;3

The possible samples are listed balow

(2, 8), (2, 8), (2, B), (5. 6), (5, 8), (6, 8).

It may ba noted that in sampling without replacement, once a member is selecled il
cannot be selected again for inclusion in the same sample. Thus, sample like (2, 2), (5, 5)
eic., cannot be considered for sefection. Similarly, if a sample like (2, 5) is selected, then
another sampie like (5, 2) cannot be selected.




(r-1) draws and (b) the probabflity that it is selected at the rth draw with the condition that
it is not selected in the previous (r - 1) draws.

The probability under (a) is given by
{the probability that it is not selected at the first draw)x (the probability that it is not selected
at the second draw)x.... x. (the probability that it Is not selected at the (r - 1)th draw).

N-1N-2 N-3 N-r+1 N-r+1
"N N-1N-2""N-r+2 N

The probability under (b) is given by 1/{N-r+1). Hence the required probability is
{a)x{b) = 1/N, which is independent of r, the number of draws.

Again, the probability of selecting any unit of the population at the first draw is 1/N.
Hence the theorem.
Theorem 6.2 The probability of a specified unit of a population of size N being included in
a sample of size n is equal to n/N.
Proof : Since the specified unit can be included in the sample of size n eithar in the first or
in the second or ... or in the nth draw, the event can happen in n mutually exclusive ways.
So, the probability that the specified unit is included in the sample is the sum of the
probabilties of these n mutually exclusive events. But, we know from Theorem 6.1 that
the probability of selecting a specified unit of the population of size N at any draw is
equal to 1/N. Thus, the required probability is

Hence the theorem.
[Proof of the above two theorems under SREWR scheme are left as an exercise]



possible sample of a given size has the same chance of selection. That is, each unit of
the population = equally likely to be chosen at any stage of the sampling process and
selection of one unit in no way influences the selection of another unit of the population

There are two most commonly usad meathods available o draw a simple random

sample. The first is ‘Lottery method' and the second is ‘Random Numbers Table method'.
Irrespective of the method we decide to use, every unit of the sampling frame should be
assigned with a separate identifying number.

6.11.1. Lottery Method : The simplest method of drawing a simple random sample is
the lottery method, which is illustrated below by means of an example,

Suppose we want to select a simple random sample of size n out of a population of

size N. We assign the numbers 1 to N, one number io @ach of the population units and write
_these numbers on N different slips. These slips must ba homogeneous with respect to
each other in shape, sze and colour. These slips are then put in a container and thoroughly
suffied. Finally, n slips are drawn out of the container one by one. The n units corresponding
to the numbers appeanng cn the slips drawn constitute a simple random sample

The disadvantages of the lottery method are :

(i} making homogeneous shps for writing the identification numbers of the units of
the population is a tedious affair, especially when the population size is large
and (i) the quality of the sample dapends on how thoroughly the slips have been
mixed and how honestly they have been picked up,

6.11.2. Random Numbers Table Method :

The random numbers are a collection of numbers generated through a probability
mechanism by using the digits from 010 8. The random numbers have the following properties:



with egual probabifity, we choose the units with the help of Random Numbers Tabies.
Such tables have been preparad by differant persons like Kendall and Smith (1938), Tippet
(1927), Fisher and Yates (1928) Rao, Mitra and Mathal {1966) sic.

Random number tables have been prepared from differant sources like the British
Census Reports, Thomson's 20-figure logarithmic tables etc. The randomness of the
numbers in the table have been estabished through various statistical tests. Of the different
types of random numbers tables, the table due to Tippet is very poputar and is commonly
used for various purposes. We give below in Table 6.1 an extract of the Tippet's table of
random numbersz as a8 model.

Table - 6.1
Extract from Tippet's Table of Random Numbers (Four digits).
2852 G641 3892 G782 7978 5811 3170
4167 9524 1545 1396 7203 5356 1300
2370 7583 3408 2782 3563 1089 6913
0560 5246 1112 8107 6008 8126 4233
2754 9143 1406 9025 7002 6111 8816

An extract of another random numbers table is aiso given in the Appendix - L

The procedura of selection of a simpie random sampla by using RNT consists in
the following steps
1. Identify all tha N units in the population with thesnumber from 1 to N irrespective of the
erder of units in the population.
2. Specify the starting point and the direction of movement. For example, to select three



the required number of sample units is obtained. These selected random numbers refar
to the senal numbers of the units of the population and are included in the sampla.

The following example will illustrate the procedure
Example 6.2 :

Draw a simple random sample (without replacement) of 15 schools from a list of
338 schools.

Since there are 338 schools in all, we aflot a number from 001 through 338 to each
of the schools for identification. Then we start from the first column on the extreme left of
the random numbers table given in the Appandix - | and go on selecting 3-digit numbers
moving downward, discarding those which are either greater than 338 or repeated. Thus,
we have the numbers

125, 328, 012, 237, 035, 251, 165, 131, 198, 033, 161, 209, 051, 052 and 331

Therefore, the schools assigned with these serial numbers constitute a simple
random sampie of size 15 taken from the list of 338 schools,

The procedure rejects a large number of random numbers. A device commonly
used to avoid the rejaction of such large number of random numbers is (o divide a 3-digit
random number greater than 338 by 338 and to choose the serial numbers from 001 through
338 equal to the remainders. When the remainder is zero, it refers to the senal number 338
However, it is necessary 1o reject tha random numbers from 677 to 999 In case the numbers
from 677 to 899 are included, the schools bearing sanal numbers from 001 to 323 would get
larger chance of selection i.e, equal to 3/998, while those with serial numbers from 324 to
338 get a chance equal to 2/298. If we use this procedure and the same fable given n
Appendix |, the 3-digit random numbers would give the following serial numbers:

125, 206, 326, 193, 012, 237, 035, 251, 325, 338, 114, 231, 078, 112 and 126,




givenby Y, (i=1, 2,......, N), we will have n values taken out of the N values. We will denote
these nvalues by y,, ¥, ..-.... ¥, tmay be noted here that the capital letters represent the
population values, while the small letters, the sample values. Further, the 'y values are nol
different from those of the 'Y values. The only difference is y,. ¥,..... ¥, do nol exactly
correspondto Y, ¥,....., Y, chronologically but are any randomly chosen n values out

of the values Y,, ¥, Yy
We consider the following notations :

Poputation mm_‘?:ﬁ%ﬂ (Y is alzo called the mean per unit of the paputation. )
=1
5 The population tatal, ¥ = 'E‘r’,
=

The population mean square, s*—m—zw ﬁ‘-—[zv“ H\r‘]

0
The population variance, o? =l?§[‘f ¥ = N=lg
 J=r N
The samiple mean, ?E%ia""i
- e e e - 1 18 2 -3
o6 The sample mean square, 8 {n—ﬁéuw' y) n_.f[&f. I'I'.-']

£13 UNBIASEDNESS PROPERTY OF THE SAMPLE MEAN, THE SAMPLE MEAN
SQUARE AND THE VARIANCE OF THE SAMPLE MEAN.

Theorem 6.1: In simple random sampling without replacement (SRSWOR), the sample
mean s an unbiased estimator of the population mean, i.e., E (V)= ¥.
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1, if the ith unit of the population Is included in the sample

31-:{!1 if the ith unit of the population s not included in the sample

So, ¥ =—Ea. e (BL1)

Taking expectation on both the sides, we get

-1 Yewy, . (6.2)

mi=1

Now, Efa) =1.P(@=1)+0P(s=0)
= 1. P (that the ith unit is included in the sample)

+ 0.P (that the unit is not included in the sampie)
n n
-1_-ﬁ+ﬂ{1 N}

A .k

N
Hence, substituting (8.3) in (5.2), we find

E(y)l=

= I Y
Tz
ZI:I



TIEWI I Wede 1] EPPRSAPE. FGRF PRSP SR TRRANI PO W FEL AP

PR TIDE R R hel W W FS 1 LIRER

sample mean square is an unbiased estimator of the population mean sguare, i.e.,

E (s%) = §°
Proof. We have

—3 1“ !_l n =+ n
Now, ¥ _l:nE‘rh:l —"2{£f| HE;H'M}

(=]

o2l 3l o)

e
= HEH'. ﬁn_ﬁwid Yi¥y

Defining a, as in Theorem 6.1, we have

py A 1 M
E[EJ—HE_‘E{&}'I'. nin— 1) izf1

Now, E(a) = 1.P(a=1) + 0.P(a=0) = %

-+ (8.5)

- (8.5)

...... (8.7)

veaia (8.8)
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—EH— (since samples are laken without replimmm} ..... (6.8a)
Substituting (6.8) and (6.8a) in (6.7), we have
n_ 1Mo, 1 Xoln-10 ..
B )= EN n{n—1}u§'=1b{?~.l-1}'1ﬂv'
_1H S W
“NEY 1} R
=g [by (6.6]
Hence the theorem.

Theorem 6.3 : In simple random sampling without replacement (SRSWOR]), the vaniance
of the sample mean is given by

2
Var (7) ”—H" %=ﬁ—ﬂ%. (68)

where f= n/N is the sampling fraction. Furthermers, an unbiased estimator of
Var(y) is
. it 2 :
V) = HT“; - :1-1‘}%. ... (6.10)
Proof.
We have by definition
Var (¥) = E(¥%) - [E(¥ )
=E(¥)-(¥) . (8.11)
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1w 5 M
-y E‘rﬂarm +#§=1E‘.=r‘|“'|~"|]
Substituting from (6.8) and (6.8a) in (6.12), we get

H 2_l'tl T2 Tl
= ZYE=Z0-Y)" +NY = (N-18% +N¥?
Sy : TYZ4 5 VY
Again since, [E.]'E.-*E11;

T YY "'f: T2
we have, _1]‘_:_1;;‘@1:'51

={H?}!_§Y‘i‘

=N?Y2 — (N- 187 -N¥? (using 6.14)

=(N-1) [N¥? - 87|

... (B.14)

... (B.:15)



‘lu"ar{_}—HT.%.

The proof for the second part of the theoram is straight forward, for it follows from the fact
that the sample mean sguare s’ is an unbised estimator of 5%

Thus, = | = B == V)

N-ns?| N-n N-n 8°
N n Nn

Corollary 6.1 : ¥ =N7 is an unbiased estimator of the population total ¥ and its variance
is given by

_N? _pN-Nga_ NN-n)
Var (Ny) =N? Var (§) =N 8 =il

Thus, Var(Y) = N[N - n}»-——-hl:{‘l f‘.ng L (B.1AT)

if we let N tend to infinity in Thearem 6.3, we obtain the foliowing result for simple random
sampling with replacement.

Corollary 6.2 : In simple random sampling with replacement (SRSWR), ie., sampling
from an infinite population the sample mean § s an unbiased estimator of ¥ and its
variance is given by

Var ﬁ]=§ .. (B.1B)

Further, an unbiased estimator of the variance is given by

i
ﬂ’ﬁh%- (.19)




N-1 MN-1

Whan n is very small as compared to N, the finite populalion correction factor does not
differ much from unity and the variance of the sample mean becomes approximately
equal to the variance of the sample mean of a sample drawn from an infinite population

(2} The standard error {SE) of the sampling distribution of y is given by

1 or

-n 5
E.E = e —
v N Jn
When 5% is not known, we replace S? by its unbiased estimate s° Thus, we geat
= N-n s
Est. SE(¥)= —_— 20
(¥) 1|| N ;;‘ (6.20)
{3} For simple random sampling with replacement from a finite population,
2
= o M= 5
e o Rl Lo (B2
Var (¥) = N = (6.21)

provides a more efficient estimator of ¥ as compared to SRSWR.

Example 6.3

A population consists of six units with values 5, 6, 8, 9,10 and 12. List down all
possible samples of size 3 taken without replacement and show that the sample mean is
an unbised estimate of the population mean. '



w| i
é

| 4 5 6,12 23 2313
5 58,9 1 2213
6 5,8 10 2 2313
7 5.8, 12 25 25/3
4 5.9, 10 24 2413
8 5,9, 12 26 26/3

10 5,10, 12 27 2713
1 6.8.9 23 2373
12 6.8, 10 24 2473
13 6,8, 12 26 2603
14 6.9, 10 25 25i3
15 5.9, 12 27 2773
18 8, 10, 12 28 2873
17 8.9, 10 27 2713
18 8.9, 12 29 29/3
19 8,10, 12 30 3003
20 9, 10, 12 31 31/3
Total 500 500/3
500
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(i) defective items in a large consignment of such items,
(i} children below 5 years vaccinated against polio in a certain place,
{iii} the educaled unemployed persons in a city and so on.

In such cases, every sampling unit in the population is placed in one of the two classes C
orc respectively, according as it possesses or does not possess the given atinbute.

Let there be N units in the population out of which "A’ units belong to class C and
the remaining N— A=A’ unils belang o class C'. Suppose in a simple random sample of
n units taken out of the population, 'a’ units are found to belong to class C. We define

A
F‘g,ihapmpﬂﬁmnfmrh in the population possessing the given attribute.
Q:%ﬁ:l-F.hﬂwﬁmMurﬂElnmﬂpﬂmmﬁnn which donoct possess
the given attribute.
.the proportion of units in theé sample possessing the given afiribute.

and g="=2 _ | p. the proportion of units in the sample which do not possess the

given attribute.
With the ith sampling unit, let us associate a variable Y (i=1, 2.....N) that assumaes the values
1 or 0 according as the unit belongs 1o C or C', respectively. Similarly, lety, (=1, 2, ....n) be
associated with the ith sampled unit and assumes values 1 or 0 according as the ith sampled
unit possesses the given attribute or not.



and 7= E =p (8.23)
Similarly, we have
H
TYZ=A=NP
=1
and i L iz
lﬂyi 1 il
- O - P __l_” 3 _ T2
o -V =g -7
|
-—[HF—HP1:|
N-1
NP{1-P) NPQ
=N }=H—1 - (6:24)
f
and I!=LI[I|~‘:F _ngq ... (8.25)
n="1i=1 n-1

Theorem 6.4 : In simple random sampling without replacement (SRSWOR), the sample
proportion 'p’ is an unbiased estimator of the population proportion F, i.e.,

E{p)=F
Proof. We know from (6.4) that, in SRSWOR the sample mean is an unblased estmator
of the population mean, i.e,

E(f)=Y



Var(p) = o s (B2T)
Proof. We knowthal ¥ = p
Hence, Var(p) = Var (¥)

{N-nm)
Mn

- 52
_{N-n) NPQ

using 6.24
e el

(N-r) PQ
N-1 n
Corollary 6.4 : In SRSWOR, an unbiased estimator of Var (p) is given by

=

{Proved)

.. (6:28)

Remarks : f N is sufficiently large as compared ton, |.e , when fpc. s ignored, then (6.28)
reduces {o

Vip) = ! I ST P A= S (6.29)
n-1
However, for large samples, (n-1) = n and we get
=t . o (8.30)

a formula which is commonly used in practica.



and (i) the confidance coafficiant with which we want this estimate to fie within the
permissible margin of eror.

Let us consider that the parameter ¥, the population mean, is to be estimated. We
know that ¥, the sample mean of a sample of size n is an unbiased estimator of Y. If the
permissible error in estimating s 'd’ and confidence coefficient is 1., then the sample
size n is determined by the equation

Pii¥-Yi<d|=1-a e (B31)

or FIy-YIzd|=a, . (6.32)
where o s very small pre-assigned probability and is known as the level of significance.
If n is sufficiently large and we consider SRSWOR, then the statstic

7 I-EG) __¥-Y
SEF) G[1_1

n N

foliows standard normal distribution. If Z, is the @ 100% point of the standard normal
distribution, then we have

Iﬁ_‘ﬂ Ezu =0 tEMJ

| -



o

o 3% s
which depends on the population parameter 5. In actual practice, either a guessed value
or an estimated value of 5% undertaking a pilot survey or from past survery of similar
population may be used.
Note : Although in most texts the symbol 2 is used for the value of Z beyond which
{cx/2)% of the right tail area lie under normal probability curve, it is better to replace Z_ by
Z,pand -Z by - Z_. sothat

P2l 2Z,5)=a
Using this symbol, n can be determined. by the formula

(Z,.81d)°

" 1(2 s
) - ' s
1+H[ d ]

In the event of n being small, instead of using Z, the statistic t is used. The application of t
statistic s beyond the scope of the present text.
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fact that in SRS, each unit of the population is provided with equal opportunity for inclusion
in the sampie. As a result, the bias due io human preferances or judgement is completely
eliminated,

3. Through estimation of sampling eror, we can assess the accuracy of the resuits and
4. If the population size is not too large, simple random sampling is a simple, convenient
and easily implemeaniable sampling procadure

Disadvantages :

1. The selection of a simple random sample requires an up-to-date frame, which is usually
not made available. Moreover, preparation of an up-to-date frame is a difficult task. This
restricts the use of simple random sampling technigue. l

2. A simple random sample may result in the selection of the sampling units which are
scattered over a large geographical area. As a result, the cost of collecting the data may
be much in terms of time and money.

3. For a given precision, simple random sampling usually requires larger sampie size as
compared fo stratified random sampling which is discussed in section §.17.

4. If homogenaity property of the units of the population is not attained, then simple random
sampling gives rise to larger variability of the estimates resulting in reduced precision.
Example 6.4

Consider a population consisting of 5 units : 4, 7, 8, 1 and 10. Suppose a sample of 2 units
is to be selected from it by the method of simple random sampling without replacement.
We want to obtain the sampling distribution of the sample mean and show that the sample




and size of the sample, n=2
The population valuesare Y, =4, Y,=7,¥,=8 ¥, =1and ¥, =10
The number of sampies that can be selected without replacement is

(¥)-(8)-
All possible samples of size 2 laken without replacement along with the comesponding
sample means (y ) are presented in the following table :
Table 6.3
Possible Samples and Sample Means

Sample Sample Mean (7)
(4, 7) 55
(4, B) 6.0
(4, 1) 25
(4, 10) 7.0
(7.8) 75
(7. 1) 4.0
(7,10) B.S
(@, 1) 45
(8, 10) 9.0
(1. 10) 55

The frequency distribution of the sample means is given in the following table -



45
5.5
6.0
7.0
7.5
8.5

9.0 1

=l =k o=k P =R

From the above table, we can form the probability distribution of the sample mean (or
sampling distribution of the sample means) as follows :

Table 6.5
Sampling Distribution of Sample Means

Sl. No Sample mean (y) Probability (p)
1 25 1110
2 4.0 1110
3 4.5 110
4 5.5 210
5 60 110
(-] 7.0 110
T 75 110
8 8.5 110
8 8.0 110

Hence, E (¥) = Average of all sample rr-mnm



V= sTiToviTiv Ju

= —=E
5 5

Thus, E{7) =Y. This shows that § is an unbiased estimator of ¥.
The variance of ¥ Is

Var (7) =E{y - V)2
_EFP - V2
L =t
= IFFFi_
=1

=3875-3
=3.75
According 1o the formula

N-n S§°
Var ()= ———

_5-2 2
"B z[u 12”"“]

3 5 2 o2
s eyl £F
1ﬂ!4[§r . ]

=%[mn5135]

=375
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and (i) Ver ()=
Solution :
In case of simple random sampiing with replacement the number of possible
samples is 5% = 25, the probability of selection of each sample being é.ﬂpﬂlﬂﬂ:
samples of size 2 along with sample means are listed in the table given below



o L gL | b e
4 (4, 1) 502 2514
5 (4, 10) 1472 196/4
] (7, 4) 1172 12174
T @7 1412 19674
] (7.8} 1502 22514
g (7, 1) 812 B4/4
10 (7. 10) 1712 28074
1 (8, 4) 122 14414
12 (8,7) 152 225/4
13 (8, 8) 182 266/4
14 (8, 1) /2 B1/4
15 {8, 10) 1872 32404
16 (1, 4) 512 2514
17 {1,7) B2 B4/4
18 (1,8) 972 B4
19 (1,1 212 ara
20 (1, 10} 172 1214
21 (10, 4) 1472 196/4
22 (10, 7) 1712 286/4
23 (10, 8) 18/2 324/4
24 (10, 1) 112 12174
25 (10, 10) 202 A00/4
Total 30002 410044




Futher, —=—x_X(Y;=¥)®

Thus, Var (§} = HT.
Example 6.6

A random sample of 10 studenis was selected from a class consisting of 120
students following SRSWOR scheme. The marks securad by these 10 students in a lest
were as follows :

7,.4,810,8,6,7,9,65

Estimate the average marks of all the students of the class and the standard error of the

estimate.
Solution

Here, N=120and n =10
The sample mean is computed as

T
LA

1]
Thus, the estimated average marks of all the students of the classs is 7



M n=1 Lb?l"

120-10 1
12010 9

-
= 308 = 0.3

[szu—w " #EI]

Hence, Est. SE. (y) =v031=056
Example 6.7

A simple random sample {without replacement) of 15 households is drawn from a
village consisting of 250 househeolds. The number of persons in the households of the
sample are given below:

58,6,7,57,8,8,8645345

Estimate the total number of people living in the village and obtain estimate of standard
efror.
Solution :

Here, N=250,n=15

L y I 80
The sample mean § = — Eylnﬁnﬁ
Thus, Y = Ny=250x6=1250
The total number of paople in the village is estimaled to be 1250.

Now, Est Var(Y) = “”n‘“hl -HHH_"’:“:E:!W.-W’

L NN-n) 1 18 3 o2
o

n




Example 6.8

From alist of 1200 students of a college. a simple random sampile of 100 students
showed that 45 ware against shifting the date of examination. Estimate the total number
of students against shifting the date of examination. Also find the standard ermor of your
estimate.
Solution :

Here, N=1200, n=100and a =45,

o AL W
T

We know that E(p) =P
E(Np)=NP=A.
{.e., Np provides an unbiased estimate of A

Thus, the estimated value of A, A =Np

=12I'.H]x£ =540
100
Hence, the total number of students who are against shifting the date of the examination is
540
N-n PQ
Further, Var (p) = YRrEE
An unbiased estimate of Var (p) is given by

H-
Est Var (p) = T'l'['llﬂ -T,'l pa
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By complete anumeration of 500 units of a population, the mean and the variance
were found to be 24 and 54.6, respectively. With simple random sampling, how large the
sample must be taken so that the difference between the sample mean and the population
mean would be less than 10% the population mean with 85% confidence?

Soultion :
Here, we are given : N=500¥=24 8'=546d=10%0of 24=24 and
(1-2} =085 or g =0.05.

We know that
| ¥ 1" 12196 = 005 (assuming sample size large)
n N
Thus, d=1,aas1’1—1
n N
4.4
or, d=(1.98)08n N
Case | : SRSWR
In this case since fpc can be ignored, we have
d;={195}“5=

n

(1.96)°S" _ (1.96)°54 8

The sample size, n= pr 7] e

—— =364 =37




6.17 STRATIFIED SAMPLING
6.17.1 Intrduction
In Theoram 6.3, we proved that under SRSWOR from a finite population,

N-n §* [1 n]i
: N n
This shows that in SRSWOR, the precision of an estimtor of the population mean and
hence the population total depends not only on the sampie size 'n’ but also on the vanability
ar heterogeneily among the units of the poputation, 5° | because, Var (§) |5 directly
proportional to S° and inversely proportional lo n]. This indicates that the Var (y } can be
reduced and hence the precision can be increased either by increasing the sample size
n or by reducing the heterogenety of the populaticn unite 5° or by both. Apart from increasing
the sample size, one possible way io estimate the population mean with greater precision
ie to divide the population into several groups each consisting of mare homogeneous
units than the population taken as a whole and then to draw simple random samples of
pre-determined sizes from each one of the groups. The groups, into which the population
is divided, are called strata and the whole procedure of dividing the population Into strata
and then drawing a random sample from each one of the strata is called stratified random
sampling. For example, to estimate the average per capila income of the paopla living in
Bhubaneswar, the characteristic under study would be the income of individuals. Since
income varies from individual to individual and there may be wide diffsrence among the
income of some than those of the others, the population of Bhubaneswar may be
characterised as rich class, middle class and poor class income group of persons. Each
of the groups is calied a stratum and more than one group sirata. From each of these




of the same size drawn from the whole population.

In simple random sampling there is no guarantee that all the segments of the
population will be adequately represanted in the sample. Stratified sampling, on the other
hand, enables one to draw a sample representing different segments of the heterogensous
population to any desired extent. Tharafore, stratification is frequently used in designing
sample surveys. Of course, stratified sampling pre-supposes the knowledge of strata
sizes and the availability of a sultable frame for selecting samples from each siratum.
Stratified sampling, apart from increasing the precision of the astimated popluation mean,
is also commonly used to provide estimates of the total or the mean for the different sub-
divisions canstituting the populatian
Remarks (1): In siratified sampling the twe points, viz

(i) proper classification of the population into vanous strata, and

{ii} a suitable sampie size from each stratum
are equally important. If the stratification is faulty, the amror accrued cannot be compensated
even by taking a large sample.

{2) The criterion which enables one to classify various sampling units into different
strata is termed as stratifying factor. Some of the commonly used stratifying factors are
age, sex, aducalion, income level, geographical area and so on, A stratifying factor is
called effective if it divides the given population into different strata so that {I) units
{individuals) within each startum are as homogeneous as possible and (i) the strata means
are as wide as possible. |t may further be noted that the strata are mutually exclusive i.e.,
each unit of the poputation belongs to one and only one of the strata.



{2} The stratified random sampling procedure provides more precise estimates than simple
random sampling. Moreover, through this procedure, bias due to selection of
unrepresentative samples can be avoided to a great extent.

(3} Insimple random sampling procadure, while dealing with heterogeneous population,
a fairly large sampie size would be needed for proper representation of the populaion.
However, in stratified random sampling, this objective can be achieved with a smaller
sample size, Thus, stratified random sampling saves a lot of time, money and other
resources for data collection.

Disadvantages :

(1) The main disadvantage of siratified random sampling procedure is that, a detailed
knowledge of the distribution of the characteristics in the population is needed before
hand. If homoganeous groups cannol be identified property, it is better to go for simple
random sampling procedure since improper stratification leads to serious and non-
compensatory emors.

{2) The other disadvantage of stratified random sampling is the preparation of lists (one
for aach stratum) of the population units in various strata. As the list of the population units
fs usually not available for each characteristic, the preparation of such lists may be a very
difficult task.

6.17.3 Notations

Assume that a population of size N is divided into k sirata on the basis of certain
charactenstic and that samples are taken from each stratum by simple rmndom sampling
wilhout replacament procedure, unless otherwise specified Leti=1,2, ... , k denote the
stratum and | = 1, 2, ..., N, denote the sampling unit within the stratum



2 =1

| o Y W "'.;. N, E‘f,
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LY Yoo onsi Yin be a simpla random sample of size n, taken from the ith stratum such

that Jh%n, =N, the lotal sampie size.
We adopt the following symbeols for the ith stratum; =12, ..., k.
N, = total number of units
n.=rﬁ.m'ﬂ:rarnflmhinﬂ1&!amph
W.= N, / N the stratum weight
f = n, /N, the sampling fraction
Yy = tha value of the charactenstic under study for the jthunit; =1,2, ... N,
¥, = the value of the  th sampled unit.

= N
T=-1‘E +  lhe stratum mean
N, .




8 = "ﬁﬁ['_ﬁ - :ﬁ}ln the sample mean square

6.17.4 Estimation of the Population Mean and its Variance
Denoting the population mean by Y , we have,

i 2‘!’ TN

i T
W 1t = 1 e A il {'B..a?}
y==L —-% Wy,

We define an estimator ¥, (st denotes stratified random sampling) for the population
mean Y as

L.
Ya=2 WH=1 Nj/N o (6.38)
It may be noted that the estimator ¥, is different from overall sample mean dencted by

k
?=*§n.?;fn ..... (3 38

It may also be noted that § coincides with ¥, when the sampling fractions are the same
for all the strata, L.e..(n /N )'s are ali equal

o —
Theorem 6.6 Yy, =T WY, Is an unbiased estimator of ¥ and its variance is given by,
=1

K N -n) 52
Var (Jy) = Ewﬁ ‘—IV"'}? ______ (6.40)

Proof. Since sampling within 2ach siratum is simple random sampling without
replacement, the sample mean ¥, in the ith stratum i an unbiased estimator of the
poputation mean Y, in the ith stratum i.e.,



This shows that ¥, is an unbiased estimatar of ¥ . To obtain the variance of the estimator,
we note that sampling Is done independantly in each stratum and, therefare,

Varfy, )= "'-"Iﬂ'[ H"ﬂJ Vﬂf{é“’.i]

= £ Wi var )
_ & w2 (Mo §T (6.40a)
'E'Wa[ N ] o

Thus, we sae that Var| Fu}mmuns,',ﬂmmwndtywmhm ith stratum h‘Ef

(for alli =1, 2, ......., k) are small, i.e., strata are homogeneous within themselves, then
stratified sampling would provide estimates with greater precision.

Corollary 6.5 If ¥, =N ¥, is the estimator of the population total Y, then Y, is an unbiased
estimator of Y and its sampling variance is given by

Var (¥} = Var (N ¥,)
= N* Var (¥a)

L | i
H H‘n{i N, M

""IH".} s
N n



Var(y) =M=

E M, S /nN (using the above condition)

« -0 5wt
Iws T (6.42)

n

Corollary 6.7 Usually, the 57 values are not available. Since simple random sampies are
taken from each stratum,

E(s)=8% I=1,2, .k
mmaf:—l: ¥y = :.r,_} the sample mean square in the ith stratum.

This enables one to get an unbiased estimator of the variance of ¥. This unblased
astimator is given by

Est vufiﬂuné(l_l]mgslz ..... (6.43)
2
=H_=E H{H H}— .

Corollary 6.8 In stratified random sampling if the sampling fraction (n / N }'s for all strata
¢ ‘& negligible, then (5.40a) and (B.43), respectively, reduce to

NS/
Var (Yy) = E T‘.J;"— . (B.44)



(i) the variability within the stratum, and

{iii) the cost per sampling unit in the stratum.
A good afiocation s one where maximum precision is obtained with minimum resources,
or in other words, the criterion for allocation is to minimize the budget for a given variance
or minimize the vananca for a fixed budget, thus making the most effective use of the
avasable resources.

Thare are lwo methods of allocation of sample sizes to different strata in stratified
random sampling procedure, viz.,

{i) Proportional allocation, and

{ii) Optimum allocation
6.17.6 Proportional Allocation

The method of proportional allocation, originally proposed by Bowley (1928), is
very common in practice bacause of its simplicity. When no other information about the
strata, except thairsizes N, (i=1,2, . k) is availabie, the allocation of a sample of sizen,
out of a lotal given sample of size n is done for the ith stratum in proportion to its size, Le.,
for the ith stratum, itis n /N, , where En =n and EN. N,

I=1
Alocation of sample sizes is called proportional if for all strata, the sampling fractions
areequal ie. (n/N) =f =fforalli=1,2 . k Thus, we have

L . —, 1
2 Ezl s
Applying the principle of ratio and proportion, we get
i L =Eu_=“r*.“i+ B
N, LH: N, N N ¢, {constant)



or, ﬂ,nﬁ.ﬂ,. =12 ...k v+ (B.46)

or, n=N,
With proportional allocation, the sampling fraction in all strata being equal, it gives a saif
weighting sample. If numerous estimates have to be made, a self weighting syslem saves
time and results in gain in precision.
The expression for Var{y,,) under proportional allocation is the same that has
been discussed in Corollary 6.6, 12,

vﬂ?ﬂ]':m_n]

5 wsi
n
Z WS,
' 3

[%‘H] U‘I{SE o (B.AT)
MNote : If different strata have similar vartancas of the characteristic being maasured, then
the statistical efficiency will be the highest under proportional allocation. This is eviden!
from the facl that, since the sampling units in each stratum are homogene-ous, 5*s
would naturally be smalier. When all the S™s are  equal 5% say, we get,

VarGalgrop =(7 1) 5 W
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6.17.7 Optimum Allocation

The expression for Var(y,, ), given in {6.40) shows that the precision of the estimator
of the population mean based on stratified samples, depends on n which can be fixad in
advance by the surveyor. The guiding principle in the detarmination of n s is to choose
them in such a manner that (a) the vanance of the estimate is minimised | or the precision
is maximised) for fixed sample size 'n’ and fixed cost ‘C' and (b) the total cost is minimised
for (fixad) given precision. This would make the most effective use of the resources available.
The allocation of the sample sizes to the different strata made in accordance with this
principle is cailled the optimum allocation. This concept of optimum allocation can be
stated as | optimum allocation aims at aliocation of n's such that

(i) Var{¥ ) is minimum for fixed n

(i) Var(¥,) is minimum when the total cost C is fixed and

{iii) total cost C is minimum for fixed precision.

"'Cost Function :

In any sample survey, the value of information on the experimental units must
always be balanced against the cost of obtaining it. In stratified random samping, since
the sampling units vary in quality for different strata, it may cost more to obtain information
abou! a sample in one stratum than in another. Keeping in mind the above fact, we define,
in the simplest form, the cost function C in stratified sampling as

&
C=C,+ Euﬁ‘* ..... (6.48)

where ‘C,' Is the overhead cost and ¢, is the cost per unit in the ith stratum.

_Theorem 6.7 : In stratified random sampling, the variance of the estimated mean y is
minimum for a fixed total size of the sample n if n = NS, In other words, Var(y,) is
minimum for fixed n if

na NS
Proof : We have to minimise

1k 52
Var(Yy) = FE‘WM ‘“1'-‘1{'
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subject to the restriction
K
Eirg—n{ﬁud'l
Using the technique of Lagrange multiplier, this is equivalent to minimising

K
b= H{f“h}.{Eq—HJ
-3 e -m S B -
R o +.(Zn -n)

subject to variations in n, 3, being unknown Lagrange mulfiplier.
Now, differentiating ¢ w.rl. n and equating to zero, we have

b |
;: =-"'—Nzi‘f+1 -0
or, " =ﬁ- .. (6.49)

Thus, the n's given by (6.48) provide minimum value for ¢ .
Now, summing (6.49) over i from 1 lo k, we get

I n=n=1 NS /N
o, J.f=§ NS, fnN (850}

Substituting the vaiue of 5 from (6.50) in (6.49), we finaily get

e (BL6T)
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This is known as Neyman's formula for optimum allocation. This result suggests that
greater the value of NS, for a given stratum, greater is the number of sampling units to be
selectad from the stratum in order to obtain the most precise estimate of the population
mean.

A formula for the variance of ¥, under optimum allocation for a fixed n can be
obtained by substituting the value of n, from (6.51) in the genesal formula for Var(y.} as
follows :

We know that, Var(¥,,) is given by

g2

Var hr“_} iy ”2 Eﬂlm ni]_

L = a2
SEN (-8t

Substituting the value of n from (6.51), we get

”:31
Var(Vet) o ’ﬁ;l'ﬂ Hns— 187

X 2 .
a2
:wa] FWs. o (652)
|
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Thera may be difficulty in using this formula as the S, values are usually unknown
However, the stratum variances 5 s may be obtained from past surveys conducted for
similar populations or from a specially planned pilot survey. _

Theorem 6.8 : In siratified random sampling with a given linear cost function of the form

{;=En+§ cn;, where C is the total cost, C is the overhead cost, ¢ and n, are,
respectively, the cost per sampling unit and the sample size of the ith stratum,

(i} the variance of the estimated mean ¥, is minimum for a specified cost C,
and (ii) the cost C is minimum for a specified variance of ¥, when n, is proportional to
WS /5, orequivalently, when n = NS,/ Jc,.

Proof :
We are given with the cost function :
K
C=C,+ :‘E‘ &N,
W
o, Z ¢n=C-C, .. [6.53)

=1

We know that,

T - 52

W'“’u)“m‘ 5"1‘"&‘”1}7#
T Vi R e
IWE -

kwigd x 2
. E A —E}%— ...... {6.53a)

To minimise Var(y,,) subject to (6.53), we use the method of Lagrange multipiter, Thus,
minimising (6.53a) subject to (6.53) is equivalent to minimising.

h r
Y =Varygy)+ A lE! en, = C + C,). where & is Lagrange muliplier.
=
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G x ﬂzﬁiz ,, W,EE,I K
~ = N +1{Ec,n,—c+cu'_l

Differentiating y partially with respect 1o n, and equating to zero, we have,

T b
N _ W5 =l
™ 'u'v#.‘f””""

- nlz =Wf‘:‘2
= ﬂl=%
& g2
Now, ;ﬁj—f‘f—‘—ﬂ

i.e., the value of n_given by (6.54) minimises .
To find the value of 3, we sum over all strata and find

I n =% s/ fic)
so, VA= T (WS/|G)
Substituting (6.58) in (6.54), we get
WS /e
I (WS /{e)
Thus, in optimum allocation for a fixed cost

n=n

na

e 51

Equivalently, il

o (B.54)

v (B.55)

e (5:50)

e (B.57)

.. (6.58)
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This theoram leads to the following important conclusion ©

A large sample would be required to be drawn from a stratum if
(i) the stratum size N is larger,
(i) the stratum variability (S)) is larger, and
(ili) the cost per unit is lower in the stratum,

EM{E.EHMHMM&&MEWE&H.hnthevaluunfnisnmhnnwntnusas
reLThamhﬁnndepandnmﬂmﬂwhsmphhnhmnmuMmtaspaumad
total cost C or to give a specified value of the variance of ¥, say, V. If the costis fixed, we
substitute the optimum value of n, in the cost function (6.48) and solve for n. This gives

'3
+5miﬂ,5.fﬁ

C=Cy+ =1
ZNS/\e

{c=cu}§:1 NS, /e
INSJE

ar, n

. (6.59)

If Var(g) =V is fixed, we find

N m:gz & ‘*"ﬁzﬁi
- n & N,
K EEEE K 2 §k 2
Ep " 'n\iri-Eﬂ.%%—:v-rﬁE‘wrsl‘
Substituting the optimum n, from (6.57) we get,
K 4 L3 1'!.
3 ﬁﬁhgﬂa;ﬁawﬁaﬂaf

or, :; [;::i 1'.HJ:EIJ':_L] (;2:1 ﬂE|T‘E]=v+%§ ﬂsli
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k k
[5 vﬁ-ﬁ] [5%‘#@]
. - .. (6.80)
V+ﬁ4§| WS,

Remarks :

If ¢'s are the same for all strata, (8.57) will lead to the Neyman allocation. Similarly
if ¢,'s and 5,'s do not vary from stratum to stratum, (8.57) will lead to proportional allocation
£.17.8 Relative Precision of Stratified Random Sampling and Simple Random
Sampling

In this section, a comparison is made between simple random sampling and
stratified random sampling with proportional and optimum allocations. This comparison
shows how the gain due to stratification is achieved. We denote the variances of the
estimated means of simple random sampling, stratified random sampling with propotional
and optimum allocations by V_, \f“ and V__ . respectively.

Theorem 6.9 : If terms in 1/N, are ignored relative to unity, then

umgumsvm* — )

where V__ dencles the variance under aptimum allocation for fixed n, ie. where n, o NS,
Proof :
We have, respectively, from (6.9), (8.47) and (6.52) :

Vo = (-0, .. (682)
n
n k., EWSL Iws?
Hﬂnp:{ ;ﬂ E‘; WS < & - " =i " iei (B.83)
4 " -
- Ews). Fws* -
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In order to compare (8.62) with (6.63), we first express 5° interms of 57, 1. e,

(N- 1:-3‘

PN >t K Tl gl
=z 2 (% = ¥)* + £ N(¥ - ¥)* (the cross product terms vanish
when sum is taken over j)

= 5 (N -1 §° + q N(Y =) : . (B.85)
If terms containing 1/N, and hence 1/N are negiible, tﬁuﬁlmﬁlmh

g% = 5 WS? + 5 WY, - ¥) (6.66)
Hence, L . = +{1-—£ WL, - ... (B8
or, vm-\fw=n non-nagative quantity >0
Thiss, V=V .. (6.68)

From (8.67), it is clear that the larger the difference in the stratum means, the greater s
the gain in precision with proportional aliocation over simple random sampling.

Similarly,
m

Voo~V n[zw&. -tzwﬁ}?}

1Mk =i
=E[E! W(S, - 5) :l .. (B.68)

L
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k K
where Engw&-%gua s @ weighted mean of the stratum standard
deviations, the weights being equal to stratum sizes.

Since the R_H.S. of (6.89) is non-nagative, ‘l.ll’p.w—"u"=l|lll =0

ie, V ﬂs\fm e (B.70)

Combining (6.68) and (6.70), we arrive at the required result, Le.,

V =V =V
ot prop

From (6.69) we conclude that, greater the difference between the stratum standard
deviations, greater is the gain in precision of Neymans allocation over proportional allocation.
Again, from (6.67) and (6.69), with terms in 1/N, negligible,

K 1 X 2, U flx 2
Vm—"-"m EE Wi(S, - B+ E "l"'lH'l" Y)
=V 1 T WS -5« Lx W - (6.71)
ot e W e
or, Um-um-n non-nagative quantity >0
Le, "u'ma‘u'm wees (B.T2)
Thus, we observe that
Vv o=
pop — rans
vV =V

and vV sV
opt  ram

Hence, Vmﬂ"u"nz"u’m
We observe from (6.71) that as we change from unstratified simple random sampling to
siratified random sampling with Neyman's allocation, the gain in precision of the estimators
results from two factors, viz,
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(i) the elimination of the differences among the stratum means, and

(ii) the elimination of the differences amaong the stratum standard deviations.
Example 6.10

A sample of 200 units is to be drawn from a population consisting of 1000 units.
The population is divided into four homogeneous groups on the basis of location and
income as follows :

High income - urban = 200

Low income - urban = 400

High income - rural = 100

Low income - rurai = 300
Determine the sizes of samples to be drawn from different strata by proportional allocation
method.
Solution :-
Here, we are given N = 1000, N, =200, N.=400, N,=100, N, =300 and n=200
The proportion of sample size to the population size in each stratum should be

B 20 a0

N 1000
Let n, be the sample size from stratum of size N ; i=1,2 3. 4.

n
-2 .02
H i
3 4

II__:I
WZh3
Zluﬂ

which gives
n, =02xN, =02%200=40,
n, =0.2%N, =0.2%400 = 80,
A, =0.2xN, =0.2%100 = 20,
and n,=02xN,=02x%300 = 60.
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Example 6.11
For the Example §.10, the following additional information s given

Stratum variance (8%
High income - urban 65
Low income - urban 25
High income - rural 45
Low income - rural 20

Use the disproportional stratified sampling procedure (optimum allocation) to choose a
sample of size 200 from the four strata.

Solutlon: -
The stratum sample size using disproportional stratified sampling (Neyman's optimum
alloction) procedure is given by
A=ntol i1 2,3 4
EM.E.
Table 6.7
Computation of sample size according to Neyman's Allocation.
Stratum Stratum |  Stratum Stratum | NS, |Sample sizel
Size (N) | Variance (57)| Standard _ nNS,
deviation(s) "IN
High income - urban| 200 6.5 25 500 57
Low income - urhm[ 400 2.5 16 B840 72
H_'gh_hmm -rural| 100 45 2.1 210 24
Low income - rural| 300 2.0 1.4 420 a7
Total 1000 1770 200

Thus, the sampie sizes in the four strata are found to be 57, 72, 24 and 47, respectively.
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Example 6.12

Given the following data from a stratified sampie, calculate the estimates of the
population mean and the standard error of the estimate .

Stratum N, n, ¥i 5
0 4 a4 150
5 5 28 080
25 M 44 125
Solution : -
Table - 6.8
The following table is prepared for computational convenience.
sta- (N In| 5|87 [Na [NF [ (NN N, =] (N =, N, O (NP )57
Na N,
[(2)x(3) |(2x(4) | {2+ 501 (2)—(3)  (8))+(8) (Bix(10)x(15)
(1) |@ |3 @ =] ® | O (8) () (10) (1)
1 |10 |4 |34[1.50|40 |340 | 0.04 6 0.1500 0.0080
2 15i:i 28(090|75 |[420 | 008 10 01333 0.0108
3 |25 |11| 4.4 1.25] 275 | 1100 025 14 0.0508 0.0158
Total | 50 1860 0.0357
=Y N, =50
The estimate of the population mean is
Fu E”“-"- =372

The estimate of standard error of ¥, is

El’lsEﬁuj=JE[%]a%{lsf.=m

=0.1888=018
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Example 6.13

A sample of 30 students is drawn from a population consisting of 300 students
belenging to two colleges A and B. The means and standard deviations of their marks are

given below
College Total No. of Mean Standard Deviation
Students (N ) Y, S

A 200 50 10

B 100 80 15
{i) Determine the sample sizes by the proportional and optimum allocation methods for
a total sample of 30 students.
(i} Compute the standard emror of the estimte of mean marks based on the sample of 30

students by

{a) unstratified random sampling

{b) stratified random sampling under proportional allocation, and
{c) stratfied random sampling under optimum allocation

(i) compare the efficiencies for the above methods of sampling.

Solution :-
Table 6.9
{i) Computation of Sample Sizes by Proportional and Optimum Allocations
Stratum N |5 NS, Proportional Optimum
allocation allocation
NS,
nh/N TNS,
200 | 10 2000 20 17
2 100 | 15 1500 10 13
Totat 300 3500 30 30

The sample sizes allocated to the strata have been calculated as indicated under
the last two columns of the Table 6.9.
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Table 6.10

(i) Computation of Standard Error of Estimate

. N, W, | ¥ S WS W,E,!I ¥, -¥)F Wiy, -¢F
200 | 067 | 850 10 BT | 67 100 &7
100 | 033/ 8 | 15 | 50 | 74 400 132
N=300| 10 | - - 17| 141 - 199

{a) In case of simple random sampling, the variance of the estimate of the population
mean is

N-n
Viie——8§
(¥ N

_H-ﬂ N _.5._ 2
_Hn[%hlliﬁig l:"l" ﬂ]

E%h ws?+ zwlf‘?.—?r"] (for large N, and N)

_ 300-30

1141 199]

-15,2
Thus, the standard eror of the estimate is

SE (y) = J/Var {y) =102 =32 marks.

{b) When the sample is drawn from each siratum following the method of proportional
allocation, we have

Var (Y dorop = Hn EWi&
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270
300 = 30
=423

Thus, the standard error of ¥, with propotional allocation is
SE (Vadoep =823 =205 marks
{c) The variance of y _ under optimum allocation is computed as

= 141

Var (Judoo == (EWS) -3 (EWS?)

1

=%;{1m’ 555 141

=4 56-0.47
=400

Hence .,  SE (Vat)opt = ¥4.09 == 202 marks.

(iii) Gain in efficiency of the stratified random samypling with proportional aliocation compared
to simple random sampling is given by

Var (¥) - Var (Vg hpeop

= 100
Var (Yot Joras
L J02-423 @ 100=140%.
423

Gain in efficiency of the stratified random sampling with aptimum allecation compared to
simpla random sampiing is computed as

var-Very, s _ 400  102-409
Gain in efficiency of the stratified random sampling with optimum allocation compared to
stratified random sampling with proportional allocation is as follows

x 100 = 150%.

Var (Ylowp — Var (Yadopt 400 423-408 E—
409 i

- Var (Yg dept

E s
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EXERCISES - 6.1

What is a sample survey 7 What are the advantages of sample survey over complete
census ?

2. What are the basic principles of sample survey 7 Discuss.

. What are the principal steps followed in the planning and execution of a large scale
sample survey 7 Explain.

. Distinguish between sampling error and non-sampling error. Explain the various sources
of sampling error,

. What are the different sources of arrors in a sample survey ? Describe how these
errors can be controlled.

8 What is non-sampling arror 7 Explain briefly the sources of non-sampling error
7. Define (i) sampling unit, {ii) sampling frame, {jii) finite population correction factor and

{iv) standard error of an estimate.
. Distinguish between a questionnaire and a schedule. Discuss how they are used in
the collection of data.

. Explain what you understand by probability sampling and non-probability sampling
What are their relative advantages and disadvantages 7

10. Describe the lottery method for drawing a random sample from a finite population

Discuss the merits and demerits of this method.

11. What are random numbers 7 Explain by means of an illustration how these are usead

to select a simple random samgple without replacement.

12 Distinguish between simple random sampling with replacement and simple random

sampling without replacement. Show that, in both the cases, the sample mean provides
an unbiased estimate for the population mean.

13. Prove that, in SRSWOR, the probability of selecting a specified unit of the population

at any given draw is equal ta the prabability of selecting it at the first draw.
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14, In SREWOR, find the following probabilities :
(i} a specified unit of the population is included in the sample, and
(i) two specified units of the population are selected in the sample.

15 Prove that, in SRSWOR, the sample mean square is an unbised e:timate of tha
population mean square.

16. Show that, in SRSWOR, the variance of the sample mean is given by

N-n 5_2

N n

What is the standard error (S. E) of § and how will you estimate it 7

17. Prove that SRSWOR provides a more efficient estimator of the population mean
relative to SREWR.

18. What is simple random sampling for attributes 7 In a population of size N, the number
of units possessing a certain characteristic is ‘A’ and in a simple random sample of
size n from it, the number of units possessing that characteristic is "a’.

Var (y) =

If =% mp-_-% : @=1-Pand g=1-p, then prove that

(i} pis an unbiased estimate of P,

- -N-n PQ
(iiy Var(p) =1

(ii) anunbiased estimate of Var (p), v[p}=%.%

19 Discuss the method of determining the sample size in case of simple random sampling
without replacement so as to meet the desired margin of emmor and confidence, stating
the assumptions made.

20. A simple random sample without replacement of size, n = 20 was drawn from a

village in which there are N = 200 households. It was found that amongst the sampled

households there were only B households each possessing a TV. Estimate th total number
of households in the village possessing TV sets and calculate the standard error of the

estimate.
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21.

23.

7.

In selecting 2 units with SRSWOR from a population having 4 units with vaiues 5, 8,
12, 15, show that the sample mean is an unbiasad estimator of the population mean
by enumerating all possible sampies. Caculate its sampling variance and verify that
it agrees with the formula for the variance of sample mean.

What is stratified random sampling 7 When will you use stratified random sampling 7
Describe the advantages of stratified random sampiling with illustrations.

Explain the procedure of stratified random sampling. Under what conditions is stratifiad
random sampling preferred to simple random sampling and why ?

Explain the purpose of stratification in sample surveys. Propose an unbiased estimate
of the population mean by the method of stratified random sampling and obtain the
expression for its vanance.

Discuss Neyman's optimum allocation principle in stratified random sampling.
Compare the efficiencies of the Neyman and proportional allocations with that of an
unstratified random sample of the sama size.

With a cost function of the type C = a + T cn, , prove that the variance of the estimated
i

mean ¥y, is minimum when n, is proportional to NS, / Jc,

A sample of 30 units is to be drawn from a population consisting of 300 students

belonging to two colleges A and B. The mean and standard deviation of their marks
are given below :

College Total number  Mean Standard

of Students (N) (V) deviation (S
Collage A 180 0 10
Collage B 120 50 15

How would you draw the sample using opimum allocation scheme 7 Obtain the vanance
of the estimate of the population mean under this scheme.

29,

A population of size 500 is divided into 3 strata. Their sizes and standard deviations
are as follows °
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Strata .
No | I L]
Size 100 150 250
sD 5 8 10

A stratified random sample of size 75 is drawn from the population. Determine the sizes
of samples from the three strata under (i) proportional allocation, (i) Neyman's allocation
Explain why the stratum sample sizes are different under these schemes.

30. A stratified sample of 30 units gives the following estimated stratum means and

varnances .
Stratum No N n, ¥ 5’
1 20 15 g
2 25 5 25 16
3 40 12 10 36
4 35 10 20 36

{a) Estimate the variance within the whole population,
(b} Verify that the existing allocation is optimal for the 4 strata. and

(c) Estimate the sampling variance of the estimated population mean for the above
allocation and for a random sample of size 30 drawn without sfratification and

comment.

EXERCISE - 6.2
1
{i) Define a finite population and a sample with examples.
(i) What is sampling 7
{iil) What is random sampling 7
(iv) What is non-random sampling 7
{v}) Define a random sampia.
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{vi} What is sampling unit 7

{wil) What is a sampling frame 7 Give an example.

{vill) Distinguish betwean a questionnaire and a schedule.

{ix} What is complete census 7 Where is it recommended ?
(x)} Why is sampling necessary 7

{x1) Distinguish between sampling error and non-sampling error.
(xil) WWhat is response error 7

(xiil) How are sampling error and sample size related 7

{x) Give two situatidns where sampling is indispensable.

{xv) What is a pilot sample survey 7

2

(i} Distingursh between SRSWOR and SRSWR.

(i) What is a Random Number Table 7

(i} Distinguish between a parameater and a statistic.

(v} Give the difference between an estimator and an estimate.
(vl Define unbiasedness of an estimate.

(vi) Define precision of an estimate.

(vii} Distinguish between bias and error of an estimator.

{viii) What are the criteria of a good estimator 7

() What is sampling fraction 7

(%) Defne finite population correction factor,

(xi) What is the unbiased estimate for population total in SRS 7
(i) Give the expression for variance of the estimate in SRSWOR.
{xiii) What is standard error of an estimate 7

(xiv) Compare the efficiencies of SRSWOR and SRSWR.

{xv) Whalt is simple mdumsmﬂnghrathfhulu?
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3. (i) Define stratified random sampling.

{fi) What are the reasons for stratification 7

(i} What is a strafifying factor 7

{v) Give some examples of stratifying factor.

(v} What is allocation problem in stratified sampling ?

{vi} What are the different types of allocation 7

(vii} What is proportional allocation 7

(vili) Define uniform sampiing fraction 7

{ix) What is optimum allocation 7

(x) What is Neyman allocation 7

(xi) Define cost function in stratified random sampling.

(xii) How would you allocate uniformly a sample of size 40 among 4 strata having 20, 60,
70, 50 units 7

(xiii) How do you estimate population total in stratified sampling?

{xiv) Write the sxpression for the variance of the estimate in stratified sampling.

{xv} Doas stratification always result in gain in precision?

ANSWERS
Exercises - 6.1
20. 80,011, 21. Var(y)=4.8, 28. 15. 15, Var (V) =43
29, Proportional allocation : 15, 22, 38
Optimum allocation : 10, 17, 48

30, (a)0.71 (c)0.80 and 0. 87. Simpie random sampling fares poorly as compared to
stratified random sampling.

ekl
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MODEL QUESTIONS
1. Choose the correct answer from the given alternatives :

(a) Asample consists of
(i) All the units of the population
(i) 10 percent of all the units of the population
(iii) 50 percent of all the units of the population
(iv) any fraction of the population

(b) A population consisting of all the out comes of a coin tossing experiment until
the first head appears is known as :

(i) finite poputation
(i) real population
{iii} hypothetical population
(v} Infinite poputation
{c) The number of possible samples of size n from a population of size N whan
SRSWOR is adopted is :
M Mc,
{ii) N*
(iiiy n™
(iv) n!
{d) The number of possible samples of size n from a population of size N when
SRSWR is followed is |
m Ne,
fii) N°
giify n™

{iv) n!
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(@) A sampling frame is
(1) @ hst of all units in a sample
(i) a list of random numbers
{ii) a list of all sampiing units of a population
(v} a hst of households
() A simple random sample can be drawn with the help of |
(i) random numbers table
(i) lottery method
(it} rouletie method
{iv]) ali the above.

(g} In simple random sampling, the probability of including a specified unit of the
population of size N in the sample of size nis

R
Ulry

2l
L

(i)

()

3l 2|

(h) Stratified random sampling is recommended when :
(i} The population is homogeneous
(i} The population is heterogenacus
(i) The population is hypotheatical
{iv) The population is infinite
(1) Under equal aflocation in siratified sampling, the sample from each stratum is :
(1) Proportional to stratum size
(i) of egual size
(i) n proportion to the per unit cost of survay in the stratum
(v} all the above
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() Stratified sampling comes under the category of .
(i) unrestricted sampling
{b) subjective sampling
iii) purposive sampling
{iv) resticted sampling
2. (a)Fill in the blanks :
(i) Ameasurabie function of all the values constituting a populabion is
{ii} Sampling error and sample size are related.
{(hi} Between SRSWOR and SRSWR, the more efficient sampling design is

(iv} If fpc is ignored, then var (y ) in SRSWOR is given by
{v) Sample under proportional aliocation is & sample.
{B) Write True or False :
() “Greater scope” is one of the advantages of sampling over census.
(i) There is no differance between a questonnaire and a schedule
corresponding to a sample survey.
(i) Non-sampling errors are present only in Census surveys
{iv) Simple random sampiing requires an up-to-date frame
{v) Neyman's optimumn allocation suggests that greater the value of the product
NS, . the smaller is the number of units to be sampled from the ith stratum.
3. Answer the following questions in one or two sentences :
{a) Give an example where sampling is the only course of action.
{b) Distinguish between a parameter and an astimator
{c) What is meant by substitution ?
{d) Give the difference between a questionnaire and a schadule

N-n
() N represents a currection for the finite population. What does it mean 7

{f} What does E[ﬁ:? mean 7
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(g) Give an exampile of 1 heterogenaous popuiation.
(h) Define cost function in stratified sampling.

(i) Explain stratifying factor.

(i} Mention one disadvantage of stratified sampling.

ANSWERS
a- (iv) b- (iil) e {i d- (i)
- (iv) g- (i) h- (i I- (i)
a-parameter  b-inversely ¢ SASWOR
f- True g- False h- Falsa

a- (lii)

I (iv)
d- s2/n e self weighing
i-True |- Faise
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APPENDIX - |
TABLE OF RANDOM NUMBERS
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CHAPTER-7
STATISTICAL SYSTEM IN INDIA

7.1 INTRODUCTION

Every government needs information regarding the social, economic, industrial,
agricultural conditions prevailing in the country to frame suitable national policies. Such
informaticn collected and published by government agencies are called official statistics

Kautilya's Arthashastra throws light on the system of collection of statistical
information regarding land, area, agricultural production, population, taves eic. that prevailed
even 2000 years ago. During the Moghul period statistics were collected and used for
administrative purposes. Evidences relating to statistical information during the reign of
emperor Akbar have been recorded in Tuzke-Babri and Ain-i-Akbari.

Ryotwari system was introduced in some parts of India during the 18th century
and the land revenue officers were appointed by East India company to collact land revenue
The revenue rate was based on agricullural production and fertility of soils. The procedure
continued till the existence of zamindar system in india

For the first time in India, in 1862, a statistical committes was formed to look to the
compilation and collection of statistics relating lo trade, finance, education, agriculture
gtc. The first Gazetteer containing economic stalistics for provinces was prepared in
18686 In 1868, the Statistical Abstract for British India was first published from London. A
partial census in India took place in 1872. In 1875, a Department of Agriculture and
Commerce was set up in Uttar Pradesh for improving the agricultural statistics in the
country. In 1881, Agricultural Departments were opened in vanous provinces and the centre
as well, on tha recommendation of the indian Famine Commission for collecting valuable
information relating to various agricultural problems . The first complete population census,
covering the whole of India, was also conducted in 1881 systematically. Since then,
decennial census has been a regular feature. The Impenal Gazetteer of India which
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contained economic statistics of different parts of the country was aiso published for the
first time during 1881. The statistics of foreign trade, prices and industries, on the other
hand, were collected and published by the Department of Finance and Commerce. This
led to the publication of "Agricultural Statistics of British India® in 1886,

In order to coliect and compile relevant agricultural data adequately, a separate,
Statistical Bureau was set up at the Centre in 1885, But, in 1884, the first Crop Forecast of
wheal production was made. In 1905, the Directorate of Commercial Intelligence and
Statistics was established and the Statistical Bureau was merged with it In 1908, the first
wsue of the Indian Trade Journal was published by this office.

The 'Economic Enquiry Committee’ was constituted in 1225 under the
chairmanship of Sir M. Visweswaraya, to enquire into the adequacy of the statistical data
available and to recommend for their improvernent. An important development that cccured
in 1933 was the establishment of Statistical Research Bureau for the purpose of analysis
and interpretation of economic statistics. In 1934, the famous Bowiey-Robertson Committes
recommended and gave details of the possibility of an Economic Census in India. On the
basis of the recommendation, the Government of India decided to set up the Central
Statistical Organisation which could not be impiimented at that time due to financial
implications and practical difficulties. With the out break of the First Workd War in 1338,
the need for statistical information was feit more and more. The Departmeant of Industries
and Civil Supphes, meant for controlling the civil supplies, was entrusted with the job of
collection of the statistical information relating to essential commodities. To ensure
completeness of data on industries, an act known as 'Industrial Statistics Act' was passed
in 1842, in 1946, the first census of manufacturers was conducted. Thus, it is evident
from the above facts that official statistics in India during pre-independence period was in
a very poor state. The chief reason was the lack of interest of the British Government in
India. Whatever interest they were taking was confined to their administrative convenience.

It was only after the Independence, steps were taken towards the economic
cevelopment of the country through imphmentation of successive five-year plans. In 1947, the
Economic Adviser's office staried publishing the general purpose wholesale price index
numbers. In 1848, Prof. P. C. Mahalanobis was appointed as the Honorary Statistical Advisor
to the govemment and on his recommendation a National Income Committes (NIC) was
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sat up in the same year to estimate India’s National Income year wise. In 1950, the National
Sample Surveys (NSS) were conducted for the first time. A Central Statistical Unit was set
up in the Cabinat Secretariat in 1948 and subsequently, in 1851 this unit became the
Cen:al Statistical Organisation (CS0).

In India, we have at present, @ broadly decentralised statistical system in which
the CS0, with its headquarters in New Delhi, acts as the apex or advisory and co-ordinating
body.

Collection of Statistics is divided between the Central Government and the State
Governments on a subject wise basis. Under a Federal Constitution, the CS50 is
responsible for the co-ordination at the national level for all the activities of the states and
central statistical agencies under different Ministries, while in the state level, the State
Statistical Bureaus act as the co-ordinating agency.

Constitution of India, under article 246, clearly specifies three lists viz. the Union

Under the Union List, Foreign Trade, Currency and Foreign Exchange, Banking,
Railways, Post and Telegraphs, Defence, Population Census, Customs and Excise Duties
and Income Taxes elc. are under the direct contral of Union. The Government of India
bears full responsibility and cost of collection of data on these items.

Under the State List, subjects like Public Health, Agriculture, Live stock, Irrigation,
Forests, Fisheries, Education etlc, are included. The State Governments bear the
responsibility of data collection. for thesa items. But there are some subjects on tha
Concurrent-List like Industry, Trade Unions, Labour Disputes, Relief and Rehabilitation,
Price-Control, in respect of which the central and the state governments operate
simultanacusly to meet their respective requirements of data. Where the States (and the
Union Territories) have the primary responsibility for data-collection, the Central Government
acts (Through tha Central Statistical Organisazation, CS0) as the co-ordinating agency
for the compilation and publication of data on all India basis.

7.2  STATISTICAL ORGANISATIONS UNDER THE UNION GOVERNMENT

For a systematic organization and collection of statistical information, Government
of India established different departments at the Centre and State levels. At present, so far
as the Centre is concerned, each Ministry has a statistical unit for collection and compilation
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of statistics relating to the Ministry Some of the imporiant organisations ara:
Directorate of Economics and Statistics (DES)

Indian Council of Agricultural Research (ICAR)

Office of the Census Commissioner and Registrar General.

Labour Bureau

Depariment of Commercial Inteligence and Statistics (DCIS)
Directorate of National Sample Survey (NSS)

National Income Unit. (NIU)

Research Section of Reserve Bank of India (RBI)

Central Statistical Organization {CS0)

Directorate of Industrial Statistics (DIS)

We describe some of the important statistical organisations in the following
7.21 Cenfral Statistical Organisation (CS0) :

The CS0 was set up by the government of India in 1851 as a part of the Cabinet-
Secretariat with the objective of creating co-ordination of large variety of statistical
infarmation, collected at the Centre and State level. The functions of the CSO expanded
by the transfer of the National Income Unit from Ministry of Finance in 1854 and the
Directorate of Industrial Statistics from the Ministry of Commerce and Indusliry in 1957,
The status of the TS0 was raised to that of a Depariment in 1951 under Cabinet Secretarial.
Functions :

The functions of the CSO are :

1. It co-ordinates the statistical activities at the Centre and the State.

2. It plays advisory role in statistical matters and provides national stafistics to the
United Nations and its specialized agencies and other international bodies.

3 It brings out publications presenting all - India statistics on all principal aspects of
nationat life.

4 It attends to the statistical work relating to the five-year pians through s separate
unit in collaboration with the Planning Commission and organises and conducts
training courses in stafistics for both, those who are in Government service and
oulsiders.

5. It compiles and publishes National Income Statistics.

D@ N O ma LN -
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(i
(i)
(m)

Through its Industrial Statistics Wing, it conducts the Annual Survey of Industries
and publishes the results.

It takes steps to set and improve the standards regarding concepts, definitions,
ciassification and methodology of data collecbon.

It takes the responsibility of construction of consumer's price indices.

It presents economic and social statistics graphically,

The CSO0 also co-ordinates with National Sample Survey Organization. It provides
data for publication in the

U. N. Monthly Bulletin of Statistics.

U. N. Quarterly Bulletin on Commaodity Trade Statistics.

U. N. Demographic Year Book

(w) Economic Council for Asia and Far East (ECAFE) Quarterly Bulietin and Annual

Surveys.

Besides, the other functions of the CSO are to

(i)

(i)

(i)

(iv)

co-ordinate the conduct of annual survey of industries in all the States, and process
the data for publication.

give monthly account of the production of selected industnies through a monthly
bulletin.

compute and publish the monthly index of industrial production abtained for
selected industries and

function in many other ways.

The CSO renders advice to vanous ministries in the Central Government. It

examines the bulleting of the State leve!. It lays down the definitions and concepts of data
collection in conformity with international standards viz. Intemational Standard Indusinal
Classification (ISIC); International Standard Classification of Occupation (ISCO) and
Standard Occupational Classification (SOC) for India.

Publications :

Statistical information are collected from a vast field of economic activity like mator

vehicles, civil aviation, foreign trade, inland trade, taxation and revenue, agriculture, forest,
fishery, livestock atc. and are compiled and published by the CS0O. Some important
publications of the CS0 are :
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Monthly Abstract of Statistics :

It represents data about different facts of Indian economy viz. labour and
employment, fuel and power, minerals, indusirial production, transport, foreign trade,
banking and currency, prices, consumption and stocks, postal traffic atc.

2. Statistical Abstract - India (Annual) :

It gives an account of area, population, climate, agriculture, mining, banks, motor
vehicles, balance of payments etc. Large number of tables are presented relating to social,
economic and natural factors.

3. Annual Survey of Industries :

The Mational Sample Survey Organisation camies out annually a survey of industries
known as Annual Survey of Industries (AS]). Industry wise estimates of employment, output,
input and capital are displayed separately for the census and sample sectors.

4. National Accounts Statistics (NAS) (Annual) :

This annual publication is also known as white paper. It incorporates the estimates
of capital formation, savings, private consumption, expenditure and the disaggregated
tables.

5. Monthly Statistics of the Production of Selected Industries :

It gives the monthly production statistics. Two month's statistics are published ina
combined issue covering a large number of items. It also contains the index of industrial
produ fion & mill stock position.

6. Statistical Pocket Book (annual)

7. Sample Survey of Current Interest in India (annual)

B. Estimates of National Products (revised series) (annual)
8. Basic Statistics relating to the Indian Economy (annual)
10.  Retail Price Bulletin (monthly)

11.  Statistical News Letter (quarterly)

12.  Statistical System in India (adhoc)

13.  Official Statistics (adhoc)

14.  Estimates of Savings in India (adhoc)

15.  Estimation of Capital Formation in India {adhoc)
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Divisions :

The CSO performs all its functions cted above through is vanous divisions given beiow
Industry and Trade Divisions.

Industrial Statistics Wing.

Training Division.

Family living Survey Division.

Population Division.

MNational Income Division,

Natlonal Sample Survey Division.

Manpower Research Division.

Planming and State Statistics Division,

Statistical Intelligence Division.

Analytical Division.

Price and Cost of Living Statistics Division.

7.2.2 MNational Sample Survey Organisation (NS50)

The Mational Sample Survey Directorate was initially set up in the year 1850 in the
Ministry of Finance at the initiation of Prof. P. C. Mahalanobis. The object was to compile -
sample data on a continuing basis, needed on all aspects of national economy, as required-
by the National Income Committes (NIC), the Planning Commission and various Ministry
of the Government of india. It was brought under the conirol of the Department of Statistics,
Cabinet Secretariat in 1957. In 1971 January, National Sample Survey Organisation (NSSO)
was created as a pan of the Department of Statistics with a view to bring about better
programming and effective co-ordination. The Directorate of the NS5 is now a part of the
NSSO and is renamed as Field Operations Division (FOD).

Functions :

The main functions of NSSO are to
{1 conduct socic-economic surveys with an all India coverage by the method of

random sampling for collecting data on socio-economic conditions of the people,

prices and wages, production in small scale household enterprises, consumption
and agriculture. -

(i) conduct annual surveys in the organisad industrial sectors.

(i)  provide technical guidance for the conduct of crop estimation surveys and crop
cutting expariments.

() provide statistical data for national income and planning

R I N
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{v) train personnel and provide guidance to the states for the conduct of surveys.

{wi) evolve statistical technigues to bear on the analysis of information, the solution of
administrative problems and the estimation of future trends.

{vil}  provide and analyse information which are useful to the research workers.

(will) -assistin keeping the publc informed about the new developments in the aconomic
and the social fields.

The activities of NSSO are controfled by a Governing Council with regard to survey
designs, field operations, data processing, economic analysis and publication of NSS
data. In case of the socio-economic surveys, decision on subjects to be covered is taken
on a round wise basis, keeping in view the request for data from the Central and State
Governments. It conducts surveys on demography, health and family planning, debt and
investment, capital formation, land holdings, livestock enterprises (guingquennially),
employment, rural labour, consumer expenditure and seif employment in non-agricultural
sectors. NSSO also conducts surveys on special demands,

Divisions:

The present structure of NSSO consists of four functional divisions, with a chief
exacutive officer at the apex. The four divisions are -
(a)  Survey Design and Research Division
(b)  Field Operations Division (FOD)

e} Data Processing Division
(d) Economic Analysis Division

The Chief Executive Officer, as the member Secretary of the Governing Council
obtains the approval of the Council for the programme to be undertaken and directs the
appropriate division to implement it. The tabulation and analysis of dala are attended by
the CSO and, partly, by the Labour Bureau and Nationai Buiiding Organisation (NBO). So-
far as the agriculture is concemed, the Field Operations Division (FOD) Is responsible for
ali activities.

NSSO conducts training programmes for its personnel and accordingly, 41 ragions
of FOD have been grouped into five zones, with headquarters at Bangalore, Nagpur, Jaipur,
Aliahabad and Kolkata. Each zone has been placed under the charge of a Deputy Director
who is responsibie for organising training courses for his zonal staff.
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The important publications of the NSSC are the Reports on the Vanaous Rounds of
the NSS and The Quarterty Bulletin "Sarvekshana’.
7.23 Office of the Registrar General

In 1848 the Government of India decided and set up in the Ministry of Home Affars,
an office, named the Office of the Registrar General of india (RGI). The purpose of this
office was to pay continuing attention to the work of the decennial censuses which had till
that lime bean entrusted to a Census Commissioner appointed on an adhoc basis. With
the creation of the permanent posi of Registrar General, the Registrar General started
functioning as ex-officio Census Commissioner.

The main publications of the RGI are :

(i)} The Census of India Reports,

(i) Vital Statistics of India (annual)

(i) Sample Registration Bulletin (quarterly)

7.24 Office of the Directorate General of Commercial Intelligence and Statistics
{DGCIS)

This organisation was set up in Calcutta (Kolkata) in 1885. The DGCIS is responsible
anly for commercial intelligence and trade statistics. The icensing statistics and the balance
of trade statistics relating to the couniry's external trade are, however, handied by the
Chief Controlier of Imports and Exports (CCIE) and the Reserve Bank of India (RB1)
respectively

The main publications of the DGCIS are .

(i) Manthly Statistics of Foreign Trade of India (in two volumes)
(i} Indian Trade Joumnal (weekly)
7.25 Directorate of Economics and Statistics (DES)

This Directorate was set up in 1847 in pursuance of the decision of the Union
Government to centralise all services relating to agncultural economics and statistics,
Now attached to the Ministry of Agriculture and Irrigation, the DES is the ceniral co-ordinating
agency which is responsible for the collection, compilation and publication of agricultural
statistics at the ali-india level. The data cover, besides agriculture {i.e. land utilisation, area
under crops and crop production), 'ivestock, forests and fisheries.
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The important publications of the DES are

0] Indian Agricultural Statistics (annual)

{if) Estimates of Area & Production of Principal Crops in India (annual)

()  Agricultural situation in India {monthly)

() Indian Forest Statistics (annual)

(v}  Bulletin on Food Statistics (annual) and

{vi) Indian Livestock Census (quinguennial)
Besides, DES also publishes the following :

{1  Indian Land Revenue Statistics.

(2) Indian Agriculture in Brief,

7.26 Labour Bureau, Simia
This office was set up in 1846 in the Ministry of Labour and Rehabilitation. The
Bureau has the following main functions.

()  Kcollects, compiles and publishes statistics of employment in respect of factories,
mines, plantations, shops, commercial establishments, etc. on all India basis.

{ii}) It constructs consumer price index numbers.

(il It collects data necessary for the formulation of government policies,

{iv) It brings out pamphiets on different aspects of labour legisiation,

 The foliowing are the important publications of the Bureau.

(1)  Indian Labour Statistics (annual)

(2) Indian Labour Year Book (annual)

(3) Indian Labour Journal (monthly)

(4)  Employment Review {annual)

(5)  Agricultural Wages in India annual)

(6) Working of the Trade Unions Act (annual)

(7)  Statistics of Factories (annual)

7.27 Indian Statistical Institute (I5I)

The |51 was established in 1832 at Calcutta (now Kolkata) as the pioneering institute

for the development of the statistical system in India. Its stalus was conferred to the status
of an institution of national importance through an Act of Parliament in 1959. It helps in the
tesearch, training and application of statistical methods to a wide range of problems such
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as study of rainfalls, survey of agricultural crops, floods and socio-economic enguines. It
holds examinations and awards certificates, diplomas and degrees of proficiency in
statistics as any other university. It also takes up technical works for the NS5 such as
designing of the survey, preparation of the schedules, tabulation of data and report writing
This institute aiso conducts the international statistical education centre at Kolkata, a nine
months training programme, for students from Asian countries, in collaboration with the
UNESCO and the International Statistics Institute. It is functioning as a focal centre for
professional training and research and as the national statistical and computational
laboratory in india. The institute is also bringing out “The Sankhya”®, a statistical journal of
international repute.

7.2.8 Resesarch Department of Reserve Bank of India (Mumbai)

The research department of the Reserve Bank of India (RBI) was set up in 1945
and discharges a number of functions through its four different divisions as under .

(i) Monetary Research Division :

Through this division, it prepares the annual report of the Bank and the report on
Currency and Finance. This division is concerned with the processing of statistics of
Banking Stock Exchange, Bullian Markets and Public Finance. '
(i) Balance of payments Division :

Through this division, it undertakes a continuous assessment of the country's
external and internal economic situation including a census of foreign liabfiities and assets.
(i) Statistics Division :

Through this division, it issues a monthly bulletin (RBI bulletin) bringing out the
salient facts that emerge out of the country’s internal and external economic situation.
{ivi  Rural Economic Division :

Through this division, it undertakes surveys on agricultural indebtedness, niral
finance etc. =,
7.2.8 Indian Council of Agricultural Research (ICAR)

The statistical division of ICAR was founded in the year 1831, At present this division
is being renamed as the Institule of Agricultural Research Statistics (IARS). Its main
functions are as under : '
] Use of the modern experimental designs in biclogical research
{ii) Introduction of the method of random sampling for the estimation of yield of crops.
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(i) Introduction of suitable designs for experimentation in the field of agriculture.

(w)  Conducting research and imparting training and awarding certificates and diplomas
in agnculture and animal husbandry statistics.

7.3 STATISTICAL OFFICES IN THE STATES

As a rasult of the Gregory Committes in 1846, Statistical Bureaus were established
in most of the States of India. In Odisha, the Bureau of Economics and Statislics was sel
up. It is now called the Directorate of Economics and Ststistics. Thesa Direclorates carry
out the following main functions.

{1}  Co-ordination of statistics collected by different departments of the State

Government.

{2) Publication of abstracts assembling all essential statistical saries.

{(3) Mamntenance of liasion between the statistical units in the state departments on
the one hand and the CS0O and other statistical offices at the centre on the other.

(4) Organisation of special inquiries and surveys.

(5) Compilation of economic indicators and income statistics for the state, and

(8) Undenaking statistical work relating to planning.

Practically, all the Directorates are now parhicipating in the Socio-economic Surveys
conducted by the NSSO.

The principal publications of a State Bureau are (i) The Statistical Abstract (annual)
and (u) The Statistical Bulletin (monthly or quarteriy).

At the district and regional levels, information on a variety of statistical data are
availlabie in the form of documents, reports, bulletins, hand books etc. The published data
are 1o be found in the Distric! Gazetlears, District Census Hand Books, District Statistical
Absiracts, State plan documents, publicity booklets of Director of Public Relations, State
Livestock Census Reports, Lead Bank Survey Reports, Price Builetins, the Municipal
Yaar Book etc  The statistics collected by the State Planning Boards for formulation of the
district plans are too voluminous to be published.

74 AGRICULTURAL STATISTICS

As a matter of fact, all statistics which have an impact on agricultural economy
may be regarded as agricultural statistics. At the all India level, the Direclorate of
Economics and Statistics under the Ministry of Agriculture and Irrigation (DES-Ag) is
the central co-ordinating agency responsible for the collection, compilation and
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publication of agricultural statistics. Tha data are collectad mainly by State Governments
and supplied to the DES for compilation and publication.

The data on agriculture can be classified under four broad heads.

(i)  Land Utilisation

i) Area & Yield including forecast of yield.

(i)  Agricultural wages and prices.

()  Statistics regarding livestock, poultry, forestry and fisheries elc.
T7.4.1. Land Utilisation Statistics :

These are statistics giving information about the areas of land put to different uses,
areas irrigated and crops irmigated and unirrigated areas under different crops. Currently,
land use statistics are available for about 82% of the tota' Jeographical area of the country,

Till 1949-50, land use statistics used to be presented according to a five - fold
classification. A nine-fold classification replaced the old classification in 1850-51. The
comespondence batween the old and the new classes and the descriptions of the new
ciasses are given below :
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CLASSIFICATION OF LAND USE STATISTICS

Old class
1. Forests

2. Area not available
for cultivation

3 Other uncultivated
land excluding
current fallows.

4. Current fallows

5. Met-area sown

Mew class
1. Forasis

2. Land put to non-
agricultural use.

3. Barren and
unculturable land.

4. Permanent
pastures and other
grazing lands

| miscellaneous tres
crops and groves
§. Culturabie waste

7. Current fallows

8. Other fallow lands

Description

The class Includes all actually
forested area or lands classed or
adminsterad as forests under any legal
provision, Jhether state- owned or private.

Land occupied by buildings,
factories, roads, play grounds, railways
or land under water or land put to uses
other than agricultural.

Lands like mountains and desarts
and land which can not be brought under
cultivation except at a high cost,

All grazing lands, whether they are
permanent-pastures and meadows or not

All cultivable land which is not
included under net area sown, but is put
to some agricultural usa.

All lands available for cultivation, but
not taken up for cultivation or, even if
taken up, abandoned after a few years
for some reason or the other.

Cropped areas which are kept
fallow during the current year.

All lands which were taken up for
cultivation but have been temporarily out
of cultivation for a period of not less than
one year and not more than 5 years.

Net area sown with crops and

orchards, the areas sown more than
once in the same year, but counted once

only.
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From the stand-point of collection of area statistics, the States may be divided into
three groups. In the first group are the former temporarily-settied States where, the village
revenue agency maintains land utilisation statistics as a part of land records. These are
collected by the patwaris on the basis of complete field-to-field enumeration and are fairly
reliable, The second group comprises the former permanently-settied States of Wast

Bengal, Odisha and Kerala, where no village revenue agencies exist. These States have
adopted the sample survey method for obtaining land use statistics. Mthrrdgmup
mmmmmmmmmﬂmmﬂrmm
memamaamumhﬂﬁmponudmmthnnaumnfuwmm
officers

Statistics of area irrigated are also collected as a part of land use statistics, This
area is classified both according to source of irrigation (canals - Government and private,
tanks, wells and other sources) and according to crop imigated. In case two crops are
imigated from the same source on the same land in the same year, the imgated areais _
classified by ‘source represents the net irmigated area’, while the area imigated is classified
by ‘crop represents the gross irrigated area’.

Publications :

&mmmumwmminmmdmmmm.m
IhauDﬁmmﬂmhﬂ-mmwmmmm“m.m“m:

Indian Agricultural Statistics (annuat) - Vol. | and Vol.-Il. In Vol | the state -wise and in
Vol Il the district-wise data are published. All India summary tables are given in both the
volumes. Vol -il in addition, gives an introductory note concerning the salient-features of
rainfall, land use, irrigation and cropping pattem of the year.

Land utilisation Statistics are also published in
(i} Agriculturai Situation in India (monthly)

(i) Abstract of Agricultural Statistics (DES, annual)
(i) Statistical Abstract of the Indian Union (CSO, annual)
{w)  Indian Land Revenue Statistics.

(v) Indian Agriculture in Brief.
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7.4.2 Area Statistics :

Each state has a Directorate of Economics and Statistics which collects statistics
regarding area, crop production, poultry and forests of the State. Total area statistics are
obtained from two sources, (i) The Surveyor General of India and (i) The village records
maintained by the Revenue Department. The area Is further classified as forest, land put
to non-agricutural use, barren and unculturable land, permanent pastures and other grazing
tands, culturable waste, current falliows, other fallow land, new area sown (irrigated and
unirrigated). The imgated area is found out by combining the area under imgation by canals,
fanks and wells.

The area under crops is obtained by two sources,

{i Official Series, based on village records. The official series relate to the statistics
of the area under land utilisation for different crops.
{if) NSS Series, based on sample surveys.

The Directorate of NSS (Now NSSO) collects data during the regular rounds of
surveys on area under different crops. The area figures provided by these two sources
differ widely zone wise because of the difference in method of the coverage of crops,
difference in the field work, difference in the classification of area under grain crop and
fodder crop, the allocation of area under mixed crop and due to sampling efror in NSSO
eshimales.

Area sown with a crop is taken to mean the area actually sown, no matter, whether
the crop reaches maturity or not, except in cases where the land is devoted to another
crop following the failure of the first crop. In the latler cuses the area is shown under the
next crop and is excluded from the first crop. If no other crop is sown, then the area is
shown under the old crop.

7.4.3. Crop production & Yield Statistics :

Agricultural production includes the production of food and non-food crops.
(excluding forests, livestock and fisheries)
(a)  Food crops - (i) foodgrains (cereals and pulses) (ii) sugarcane (i) condiments
and spices, () fruits and vegetables, and (v) other food crops.
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(b}  Non-food crops - (i) oilseads. (i) fibres. (iil) dyes and tanning material. (v} drugs.
narcotics and plantation crops, (v) fodder crops, (vi) green manure crops. (vil) guar and
gats, and (viii) other non-food crops.

Crop output is estimated by multiplying the area under & crop by the average
expected yvield per haclare, in the seasan. The yeid slatislics are collected by official
machinery and NSS0. As official machinery, the work of the survey is under taken by the
Directorate of Economics and Statistics.

For the estimation of yield (formarly known as crop forecast), the various crops
are divided into two groups viz. (i) forecast crops and (i) non-forecast and plantation
crops. In India, two methods are adopled to collect yield statistics of various crops
(a) Traditional Method
(b) Random Sampling Method
7.4.3.(a) Traditional Method : {Annawari Method)

Estimates of yieid of 38 crops, including foodgrains, ol seeds, fibres and crops
iike potato, sugar cane, tabacco etc. are those for which regular all-India estimates of
area and produchion are issued. The penodical estimates of area and production are initially
prepared by the concerned State agencies butl are complied by the DES and issued on
pre-assigned dates  For each of these crops, usually two to three estimates are issued
while for cotton five estimates and for castor seed only one estimate. The first forecast =
based on the general impression and usually issued ona month after the sowing of the
crop. The second comes about two months later and inciudes the area of late sowings and
&5 based on the general condition of the crop. The final forecast, however, attempts to provide
firm estimates of the total area sown and the total production. These are revised about one
year and about two years later in the light of retums received from defaulting states.

Computation of yield Estimate :
The estimation of the yield is done by using the formuta
Total yield = Area under the crop (in hectares) x yield per hectares
=mmmmimmixwmxmﬂmmw
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Some authors prefer to writ |
Condition factor j for the in tha in annas

Condition factor = - Hm“:“‘:u m.:rﬁ“m::r !

Thus the traditional method of estimating the yield per hectare, called the Annawarl
method, is based on the notions of the 'normal yield” and the 'condition factor'. The ‘normal
yield’ refers to a district and is defined as the average yield on an average soil in a year of
average character. The average yield is fixed on the basis of crop-cutting expenments in
the fieid selected by revenue officers as bearing average. The condition of the crop is
judged through eye estimation by Patwaris or Lekhpals or by any other autharised officer
of the Agriculture or Revenue Department. This is known as the “condition factor” or the
Annawari estimate. The 'condition factor’ refers to a village and is taken to reflect to what
extent the village y eld per hectare during the given year is likely to differ from the normal
yield. The factor is expressed as so many annas per rupee, the rupee representing the
normal yield.

Example : To calculate the estimated average yield of paddy crop in Odisha, we have
used the following imaginary information:

Normal yieid condition is 11 annas

Normal yield of the paddy crop is 15 quintals per hectare

Condition factor of the crop in the year is 8 annas.

- Average estimated yield per hectare = 15x8/11 = 10.90 guintal = 11guintals.

This system suffers from two main lacunae. Firstly, the condition factor depends
mﬂlymhvmmljudganmmufhﬂummpumﬁ.mﬂuuMnumaMhuﬁ
Is very subjective. Secondly, the total annas representing the normal condition of a crop is
not uniform in all the States. Therefore, the traditional method is now being abandoned.
7.4.3.({b) Random Sampling Method :

This method was recommended by the Board of Agriculture as earty as 1818 but
was abandoned due to the huge financial burden on the States. In 1823-25 Sir J. A. Hubback
adopted the system of random sampling method to conduct a number of surveys on
yields of paddy crops in Bihar and Odisha. The Indian Council of Agricultural Research
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introduced the random sampling method again in 18942 for cotion crops. This methad was
later extended to other crops in all States, except West Bengal and Odisha, where the job
was entrusted to Indian Statistical Institute, Calcutta.

Curmently, for most food crops and some cash crops (crops grown for selling,
rather than for use by the grower), the estimation of yield rate is done with the help of crop-
cutting experiments. The estimate is built up by actually harvesting, threshing, winnowing
and weighing the crop growing in small areas (called cuts) selected amang the fields.

In random sampling method, villages are randomly selected in tehsils of a State
and within each village few fields are selected randomly. This is called stratified multisiage
random sampling method of selection. Here, the tehsils (each containing 100 to 300
villages) are strata, each village is a primary unit, a field growing the particular crop is the
secondary unit and a cut within the field is the ulimate sampling unit.

For each crop, generally 2 to 10 villages are chose.) al random from each stratum,
in each village 2 fields growing the crop are selected; and in each field a cut of a prescribed
size is marked for conducting the crop-cutting experiment. The size of the cut varies from
1/500th of a hectare (10m.x2m.) to 1/50th of a hectare (20m.x10m. ) in the case of cotion.
But the commanest cut - size is 1/200th (10m.x5m.) of a hectare.

The methods used in Kerala, Odisha and West Bengal are slightly different, where
the job is entrusted to Indian Statistical Institute, Caleutta
The estimates of area and production of tea, coffee and rubber used to be based on
special returns received by the DES from the State Governments.

Mow crop-cutting experiments are conducted by the DES and Statistical Section
of the Board of Revenue, through its field staff and separately by National Sample Survey
Organisation (NS50). The NS5O conducts crop-cutting experiments on major cereal
crops during the course of their regular survey rounds.

Publications :

The two most important DES publications on area and yield of crops are the

following
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(1 Estimates of Area and Production of Principal Crops in India (annuai)

(2)  Agricultural situation in India (monthily)

OUtnher publications on agriculture are

{1) Indian Agnculture in Brief (DES, annual)

{2} Bulletin on Food Statistics (DES, annual)

(3)  The weekly Bulletin of Agricultural Prices

(4) Tea Statistics (annual), published by the Tea Board

(3)  Coffee Statistics (annual), published by the Coffee Board

(6) Indian Rubber Statistics (annual) and Rubber Statrstical News (monthly), both
published by the Rubber Board.

Advantages of Random Sampling Method :

Random sampling method is scientific and reliable because of the following reasons.
1 The astimates obtained by stratified multistage random sampling method are free

from personal bias, prejudice and whim of the investigator as the selection of the

vitlages and the plots are done at random.

2 The estimates are based on the modern statistical techniques of sampiing and so
are expected to be true.

3 The standard error of the estimate can be measured

75. POPULATION STATISTICS :

Popuiation Statistics are a parl of the science of demography. These are a set of
figures relating to the number of people, their birth place, nationality, age, sex, marital
status, and economic characteristics that a country possesses, |t can be studied under
three different phases. These are
1. Population Census :

It means an official count of all the people either physically present or regularly
residing in a given region at a given point of time. It includes, within its scope, the collection
of infermation on various aspects of the people counted such as:- age, sex, race, religion,
marital status, educational level, income elc.
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2. Vital Statistics :

It is a branch of statistics, which deals with the registration of facts conceming
birth, marriage, divorce, sickness and death and are collected under the State direction

3. Demographic Surveys :

Ad hoc surveys, conducted by official agencies, of a particular region 1o gain the
required information about population growth are called demographic surveys.

7.5.1. Methods of Conducting Population Census :

Population census in India dates back to 1872 when a partial census was held
The first complete census of the whole country was taken in 1881, Before the
independence, Census in India was not conducted undar a permanent legisiation. But
after the independence, Government of India passed an act, known as the Indian Census
Act, 1948 which empowers the Ceniral Government to take a census, appoint necassary
census staff, delegate authonty and the status of public servants on census officers, fix
duties of census officers, assume the power to call upan persons to give assistance and
the authority to ask questions and fix iability upon the citizens to furnish correct answers
The Act aiso authorises the Central Government to make rules and suspend ofher laws in
respect of census by municipalities,

As a conseguence of this Act, the census officers appointed legally are authonsed
to ask any guestion relevant with the census to any citizen and the citizen s bound fo
furnish the correct answer. The Act aiso authorises the census enumerators 1o enter a
house to interrogate the people for the required information.

There are two distinct methods of census-taking - the canvasser method and the
householder method. Under the first method, an enumerator approaches evary housahold
allotted to him and records the answers on the schedules himself after ascertaining the

particulars from the head of the household, or any other knowledgeable member of the
household. Uinder the second, the enumerator distributes the schedulas to the households

in his jurisdiction and the head of each household is expected to fill the answers in respect
af all tha household members and the enemerator collects back the answered schedules

after the census date.
In fact, there are two methods of census. These are |

(1) De facto method or date system
(2) De jure method or period system.
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Further, aach of the above two methods can be adopted in two ways as follows :

Methods of census
1 I
De facto Method De jure Method
| |
| [ o |
SMVaAsser
Canvasser House holder Method munﬁaﬂgdum

De facto method : In this method, persons are counted, wherever they are present on
the census night. Counting takes place on a single mooniit night of a particular day
simultaneously all over the country. This is why it is called the date system or one night
system. Enumeration of de facto population is difficult unless the movement of the
population is restricted on the census night. Again, as the entire operation is completed in
a single moonlit night, it is operationally very difficult. Till 1831, the De facto canvasser
method used to be adopted in India for population census.

This method of census is simple because it does not require elaborate instructions.
Further, since most of the countries use this method of census, intemational comparison
is possible.

De jure Method :

In this method, people are counted on the basis of their habitual residence. Any person
found temporarily at a place is excluded from enumeration and is counted by an enumerator at
his usual place of residence, even if he is absent temporarily. In this method, census is not
conducted on a fixed date but is conducted during a particular period. That i why, it s also
known as the period system. The De jure canvasser method provides geographical and regional
distribution of population accurately in comparison with the De facto method.

It is less complicated and is supposed to be complete. But this method requires
detailed and elaborate concept of the definitions of the terms used. Further, in this method
there is chances of counting a persan more than once,

Bacause of the simplicity of this method the De jure canvasser method has been
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adopted in India since 1941 and the panod of the census has bean exdended to three weeks.
Slip system :

Instead of filling the schedules, the slip system of census was introduced for the
firs: time in India during the cansus of 1841, In this system, ona slip was assigned to each
individual on which the entire information about the person concermed was noted . Answers
to various questions were recorded in the form of symbol codes on the slip. This system
of recording answers saves a lot of labour and time of the enumerator and aases the
processing of information with the help of mechanical aids.

7.5.2 Census Organisation :

The first census of free India, was conducted in 1951. Prior to 1951, there was no
permanent census organisation. A census commissioner used to be appointed about - 18
months before the census date and the whole census organisation wused 1o be disbanded
soon after the census operation was over. With the creation of the post of Registrar -
General of India (RG!), in 1945, the RGI, as ex-officio Census Commissionar, became the
permanent authority to conduct all future censuses. Before every census, a Direclor of
census operations is appointed in each State (or Union Territory), who is kept in charge of
overall supervison of the census work in the area under his jurisdiction. Below the Director,
there are District Census Officers. Again, each district is divided into a number of Charges,
each under a Charge Superintendent. Each charge is divided into a number of Circles
under a Circle Supervisor, Finally, each Circle is divided into a number of Blocks, and an
Enumerestor is appointed to collect data for the whole Block in his charge. Normally, patwaris
and school teachers are appointed as Enumerators in rural areas and school teachers
and local officials are appointed as Enumerators in urban areas.

Conduct of Census :

It was for the first time in 1851, that a distinction between a House and a Household
was made. A ‘House' was defined as a dwelling place with a separate main entrance
while a 'Household' was defined on the basis of 'Chulha’ i e persons or group of persons
living together and dining from a commen kitchen were regarded as the member of the
same household. This helped in estimating the family size. 1951 population census was
conducted on the basis of household

In the first stage, the census operation s conducted some months befars ths
actual enumeration. All houses and households living in them are listed in the housalist
schedules, along with related information. Using the data on household size, Blocks are
formed, each comprising a population of about 750 in rural areas and about 600 in urban
areas. Al the time of the enumeration, the house list pertaining to each Block is updated.
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During the enumeration penod, enumerators visit all households in their respective Biocks
and fill in the 'Household Schedules’ as well as the individual slips and during the next few
days, they go for a revisional round. In this round they visil all the househalds making
necessary corrections for births and deaths, i any, occuring upto the reference date.
They also includa persons amiving in the househokds in the meantime who have not been
enumerated else where The houseless people (2. g. the pavement -dwellars and nomads)
are enumerated on the last night of the census perniod (i.e,, on the night preceding the
census date) at the place where they are found.

Certain information, such as name, relationship to head of the household, sex,
age, marital status, mother tongue, religion, occupation, literacy and educational attainment
glc, are usually includad in the census schedule To acquire more information about the
econamit characteristics of the population, the changes were made in the siip of 1941 for
the 1851 census.

Census 1961 :

In this census, De jure Canvassing Census Method was adopted. Each individual
was contacted at his piace of residence. Each house was identified by a location code. In
census 1961, three categones were defined instead of two categones of houses, namaely
{i) Building (i) Housing (i) Housahold. The word building referred to an entire struclure
raized on the ground whereas, a census house referred to either a whole or a par of a
buliding. Hence, a bullding may have one or more census houses. Informalion on the
purpose for which the house was used was recorded. (e.g. dwelling, shop, shop cum
dwelling, business, factory workshop, school or other institution, etc. or lying vacant). Also
the predominant material of the roof and the wall were recorded. The questionnaire for
1961 census consisted of two pans namely (i) household schedule (part -1) and (i) the
ndividual census slip (par - Il). Besides, a special form was prepared to collect information
from technical diploma and degrea holders. Part - | of the household schedule was related
to the agricultural holding of the household and the househoid industry, if any and Part - I
was meant to give information about the members of the household.

A new occupational classification was made In this census. The whole population
was divided into two calegories namely, working class and non-working class.

Census 1971 ¢
The special features of 1971 cansus were,

1] the data were collectad on current fertility.

(i a separate card known as, ‘'degree holders and technical personnel card' was
fillestd iy,
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(i)  for the first time, detailed information was collected on migration.
(iv)  for the first time, census data were processed by using computers

The 1971 census also covered establishments where retail or wholesale business
were camied on, or commercial services were randered, or an office (public or private) or
a place of entertainment or a piace where educational, refigious or social services wera
rendered It was necessary that in each of such places one or more persons should
actually be working.

Census 1981 :

Two schedules wera canvassed this ime. Like 1871 census, one schedule related
io household and the other, to the individuat slip. The information about the househaold with
regard to the number and distribution of family members, religion of the head of the family,
whether scheduled caste or tribe, mother tongue, ownership of the house, availabiity of
water and aelectricity, number of rooms in the house, land holdings etc, were recorded.
The individual slip contained information on demographic data like relationship to the head
of the household, sex, age, birth place, marital status, sociological information like
nationality, religian, education, mother longue and economic data like occupation, business
astablishment, employment elc. Separate cards were filled in for the persons holding a
recognised degree or diploma in sclence, angineering, technology or medicine ate. This
card contained information about the biodata and employment of the degree holder

The Establishment schedule was replaced by the Enterprise List in the 1881
cansus. An enterprise is defined as an undertaking engaged in the preduction and / or
distribution of goods and / or services not for the purpose of own consumption.

Census 1981 :

It was the fifth census of independent India. As before, the whole of the villages and
wards of the country were divided into enumeration blocks in such a way that in rural ares an
enumeration block consisted of around 750 people and in urban area 600 people. Along with
houselisting operation which costituted the first phase of census 1881, the Ceniral Statistical
Organisation (CS0) of India concurrently canvassed an enterprise list as a pan of the Third
Economic Census Each financial undertaking had to fill up an enlerprise st furnishing
information with regard to the nature of activity, classification, type of ownership, number of
waorkers employed, types of energy used by the enterprise elc

In the census 1991, the information were collected through the family schedule
having 3 columns. Columns 1-7 contained the information like family senal number, name
of the person, relation to the head of family, sax, age, mother language and marital status
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The individual slip canvassed related to the information about an individual.
Qus=stions 1-13 were of general nature i.e., with regard to name, relation with head of the
family, sex, age, marital status, mother tongue and any other two languages known to
hmm,mum.mmmmm.mmm,mmﬂngamm
or college or not. Previously children in the age group 0-6 were classified as illiterate (it is
immaterial whether they leamt reading or writing). In census 1981, this age group was
fixed at 0-4. Three questions 14-16 related to the detailed enquiry about economic activity
Question 17 was specially included for retired military personnel to know whether they are
getiing pension or not. Questions 18-20 were in respect of place of birth, migration and
reason (s) for migration. The 21st question was with regard to the length of stay at the
piace of enquiry at the time of enumeration. The 22nd question refated to only those women
who were not marmed, divorced or widow The last quastion No - 23 related to married
wamen asking whether they gave live birth during last one year or not.

Census 2001 :

According to 2001 census, Odisha had a population of 3,68,04 680 of which
1,66.60,570 are males and 1,81,44,080 are females. This is 3.64 percent of India’s total
poputation of 1, 02,86,10,328 recorded in the 2001 census. Odisha continues to maintain
the 11th position in the ranking among the States and Union Territories of India =o far as
the population size is concemed.

The density of population (per sq.km) of Odisha was 113 persons in 1961 which
increased to 141 during 1871, to 168 during 1981. According to 1991 census, density of
popuiation was 203 which has further increased to 236 in 2001 census. The density of
population per sq.km for the country as a whole is 324 according to the 2001 census.

In Odisha, 22 54 percent of the total population of 28, 18,455 of 15 towns / cities stay in
siums while 27 57 percent of the child population in the age group of 0- 6 years live in slums.

The sex-ratio of Odisha was maintained with surplus females over males upto
1961 Le., 1000:1001 in 1961. However, a trend of persistent decline in the number of
females is being recorded since the year 1821, Of the total literates, about one fifth
(i.e..18.21%) five in siums. While the sex-ratio among the total population in respect of the
15 towns is 10000875, the sex-ratio of the slum population is a little higher i.s. 1000 : 910
The table below gives some details about the 2001 census.
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Table
Basic Indicators
SL.No. Indicators Unit Odisha India
1 Total poputation Number 3,68.04 6680 1,0286,10328
a. Males Number 1,86860,570 53.21,56,772
b. Females Number 18144080 496453556
c. Rural Number 31287422 7424908639
d. Urban Number §5.17.238 28.61,19.688
2, Caste
(a) SC
(i} Males Number 30,73,278 8,60,88,78L
{ii} Females Number 30,08,785 B,05.46,940
(b) ST
i) Males Number 40 66,783 4.26,40,828
(i) Females Number 40,778,208 4 1685411
3 Literacy
(i Males Number 1,18.82,333 336533718
(i) Females Number 78,44 722 22 41,54 081
4 Rural population Percent 85.03 72.22
5. Urban population Pearcent 14 67 27.78
6 Rural decadal growth Percent 13.80 17.94
1. Urban decadal growth Percent 29.78 3117
8 Poputation density (per sq km) Number 236 324
9. Population growth rate Percent 15.84 21.34
10. Sex ratio Number gra 833
11.  Literacy Percent 63.61 65.38

Source : Census Report of india, 2001.

ki
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10.

11.

12

13.

14
15

16.

EXERCISES

Name the important statistical organisations in india and indicate their functions.
What is the necessity of statistical organisations ? Name three important statistical
organisations in India under the central Governmant. Wiite their functions and indicate
two publications of each arganisation,

What purpose is served by the creation of National Sample Survey Organisation ?
Write its functions.

Explain in brief, the functions performed by :

(a) Drrectorate of Economics and Statistics

() Department of Commercial intelligence and Statistics

{c} Department of Research and Statistics (Reserve Bank of India)

What are the function of Cantral Siatistical Organisation 7 Give your suggestions to
make it more effective and useful.

Describe the formation and functions of the indian Statistical Institute.

Describe the procedure of obtaining yield statistics.

Describe two common defects of Indian Agricultural Statistics and suggest methods
far their improvement.

What do you understand by crop cutting experiments 7 What is the purposea of such
experiments ?

Describe the Annawari method and Random sampling method of obtaining yield
statistics. Which of the two is better 7

What are the different methods of population census in India 7 Describe each method
in detail

Distinguish between de facto and de jure methods of population census, Which
method of census is used now a days in India 7

Describe the special features of the last census of population in India.

Give an account of the method of crop estimation followed in India

What is the purpose of population census in India 7 Describe in brief how population
census is held in India.

Name a few stalistical organisations in Odisha Describe their functions and usefulnes
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17. Expand the following abbrevations.

18.

(a)
()
(a)
(b}
(c)
{d)
(e)

U

DES (o) ICAR () RGI (@ DCIS
NSS M NSSO @ €SO0 (hy DIS
When was the first censusheld in India 7

What is the time gap between two consecutive population censuses 7
Who conducts the popuilation census in India.

When was the first complete population census held in India 7
When will the next population census be heid in India ?

Name two publications of C S5 O,

According to which committee recommendation, statistical bureaus were
established in most of the states of India ?

Name two publications in Agricultural Stalistics

What is a cut in agricultural experiment as defined in random sampling method
of crop estimation ?

Who conducts the crop estimation in Odisha

According o the 2001 populabon census held in india what was the total population ?
What is the sex ratio in India as per 2001 population census 7

(m) What is the population growth rate as per 2001 census ?

(m)
(o)

As per 2001 census, what are the total number of males and females in Odisha ?
What is the density of population in India ?

-
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1.

MODEL QUESTIONS
Which of the following is true ?
(a) Official statistics are needed for
(i) improving the educational system in the state.
(i) framing suitable national policies.
(i} improving the infrastructure of industries.
{iv) developing the agricultural system prevailing in the state.
{b) To improve the agricultural statistics in India, Agriculture and Commerce
depariment was set up in the year 1875 in which of the following states 7
(i) Bihar (ii) Odisha (Orissa) {iii} Uttar Pradesh (iv) Wast Bengal
{c) The first complete population census covering the whole of India was conducted
in which of the following years 7
(i) 1881 (i)1885 (i) 1872 (iv) 1881
(d) in order to enquire into the adequacy of the statistical data available and to
recommend for thedr improvement, a committee under the chairmanship of which
of the following persons was constituted 7
(i) P.C. Mahalonobis (ii) C.R. Rao (iid) Sir. R.A_Fisher
(iv) Sir. M.Visweswaraya
(&) Which of the following acts as the advisory and coordinating body for statistical
system in India 7
(i C.8.0 (i) N.5.S.0 (i) 1.5.1 (iv) L.C.A.R
(f) Who of the following s responsible for collection, compilation and publication of
agnicultural statistics in India 7
(i} Directorate of Economics and Statistics
(i} Institute of Agricultural Resesarch Statistics
(iii) MNatonal Sample Survey Organisation
(iv) Central Statistical Organisation
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(g} Which of the following does not come under agncullural statistics 7
(i} Land utilisation (i) Agricultural wages and prices

(iii) Statistics regarding livestock, poultry, forestry and fisheries
(iv) Statistics of labours engaged in industries

{h) Which of the following is not included under food crop estimation ?
(i} Pulses (ii) Spices (iii) Oats (iv) fruits
(i) Which of the following is not true 7
(i) Population statistics are a part of the science of demography.

(i) Thera are two methods of population census viz. De facto method and De
jure mathod.

(i} In De facto method, people arecounted on the basis of their habitual
residence.

(iv) The first census in free India was conducted in the year 1851,
(i) Forestimation of yisid of crops, which of the following methads is used ?
(i) Simple Ramdom Sampling (i) Stratified Muitistage Random Sampiing
(iii) Systematic sampling (iv) Stratified Random Sampling
2. (a) Fill in the blanks.

(Il Oneof the functions of CSO is to coordinate statistical activities between
and

(i) The National Sample Surveys were conducted for the first time in :
(i) Technical guidance for corp estimation surveys and crop cutfing

exparments are provided by in Odisha.

{iv) Indian statistical Institute brings out a statistical joumal of intemational repute
named . ik

(vl Tocollect land use statistics _ method s followed in Odisha,

ib) Indicate Trua (T) or False (F) in the following :

(Il Now a days crop cutting experiments are conductad by the DES and
statistical section of the Board of Revenue.
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(i} One of the disadvantages of stratified multistage random sampling method is
that the standard error of the estimate can not be measured.
(i) Population census in India Is organised by a non-goverment organisation
with the cooperation of Primary and High school teachers.
(v} In De jure method, people are counted whereever they are present on the
census night.
(v} The next population census in India will be heid in 2021.
3. Give short answers to the following questions :
{i) Indicate two functions of CS0
(i} Mention two publicalions on area and yheid ol crops.
(i} Indicate two functions of Directorate of Economics and Statistics in Odisha.
{iv) What purpose Is served by land utilisation statistics 7
{v] Indicate two main functions of [ARS.
{vl}) Wha! do you mean by agricultural statistics 7
{vii) Indicate the advantages of De-facto method of population census.
(will)Write the disadvantages of De-jure method of population census.

(ix) What is population census 7 Which method was followed in the population
census, held last, in india ?

{x) Write the purpose ol population census.

ANSWERS
1 (a)i) (b) (i) (e} (i) (d) (iv) (e) (i)
(fi (gh () (b} (i} (1) (i) () (i)
2. (a) (i) Cantre, Stale {ii) 1850 ; (iii) 151 {v) Sankhya
{v) Stratified multistage random sampling
(b) T (i) F (i) F (iv) F v T

ik
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