Gravitation

PLANETARY MOTION :

Ancient astronomers of China, India,
Greek and Babylonian studied the variation in
position of the planets in the sky over many
years. After modifying the theories and
improving the available data the principle
underlying motion of heavenly bodies were
formed. Universal laws of Gravitation as
suggested by Sir [sas Newton was its product.
Greek Philosophers Aristotle, Hipparchus
suggested the first theory about the solar system
called the Geocenric Theory. This theory was
extended by Greek astronomer Ptolemy around
140 AD. According to this theory Moon, Sun
and other stars revolve around the earth in simple
circles while planets move in more complex
orbits revolving in small circles called epicycles.
Moon moved in an orbit nearést the earth. He
explained the loop formed by a planet when it
moves westward for a short time. This theory
argreed with the naked eye observations of that
period and was accepted till fourteenth century.

In 1543 Nichola Copernicus a Polish
astronomer developed heliocentric theory
according to which every planet including earth
revolves round the Sun in its orbit. Also earth
rotates about its axis once each day. Indian
mathematician and astronomer Aryabhat of fifth
century AD also said that earth rotates about its
axis. TYCHO BRACHE of [6th céntury a

Danish astroriomer mide naked eye observation:

of planets and German scientist JOHANNES

KEPLER modified copernicus theory
incorporating BRACHE's observations. Kepler
modified motion of the planets into three
statements which enabled observers to make
accurate mathematical prediction of planetary
position. Keplers statement took the form of
three empirical laws of motion. Kepler
announced his first two laws in 1609 and third
in 1619. :
7.1. Kepler's Laws of Planetary Motion :
The three laws are :
(1) The Law of Orbits :

Every planet moves in an elliptical orbit
around the sun with the sun at one focus.

Fig. 7.1

The point A in the planets orbit which is
closest to Sun S is called Perihelion and the
point B along the major axis in the orbit which
is farthest from Sun is called aphelion. The
ariguldr momentum of planet about an axis
through the sun is constant in time. It means
that the orbit of planet is in a fixed plane.
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(2) Law of Area :

The radius vector from sun to planet (i.e.
the imaginary line that joins a planet to sun)
sweeps out equal area in equal interval of time.

S be the position of Sun. ¥ is the position
. vector of planet relative to sun at time t while at

A. 7 +d7 isthe position vector of planet while
at B after time t + dt relative to Sun.
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where a and b are the semimajor axis and
semiminor axis of the orbit of planet. .

i.e. from 2nd law

3 r’® = constant .(7.1.3)

(3) The Law of Period :

The square of orbital period of any planet
is directly proportional to the cube of the
semimajor axis of the orbit.

IfT and T, arethe orbital periods of two

planets moving around Sun and a, and a, are
semimajor axes of their orbits, then from 3rd
law
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7.2: Newton's Laws of Gravitation :

It states that every material particle in the
universe attracts every other material particle
with a force which is directly proportional to
the product of their masses and inversely
proportional to the square of the distance
between them. The force is directed along the
line joining the two particles.
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i is the unit vector in the direction of
vector directed from particle 1 to the position of

particle 2 (i)

G is the universal Gravitational constant,

It is a scalar constant. The dimension of G is

M-IL3T-2'. The standard values of G as
experimentally determined are as follows :

G = 6673x10"'Nm?kg 2 in SIsystem -

=6.673 x 10 3 dyne cm>g % in CGS system

The universal gravitational constant is
numerically equal to the force of attraction
between two unit masses at unit distance apart.

Nature of gravitational force

(i) Itis a very weak force and is always
attractive in nature.

(i) It acts along the line joining the two
particles. Thus it is a central force.

It is a noncontact type of force and is
‘independent of intervening medium.

(i)

(iv) It varies inversely as square of distance
between the particles. If the distance
between the particles is infinity then the
force between them is zero.

7.2(a) Derivation of Newton's law of
gravitation from Kepler's 3rd law :

Sun is very large body compared to mass
of planet and can be regarded as fixed in
position. The distance between Sun and planet
is very large compared to the size of Sun and
planet. The orbit of a planet around Sun can be
taken as circular except for the planet mercury.
This asumption is true as circle is a special case
of ellipse..

The planet of mass m revolves around the
Sun in a circular orbit of radius r.

Let 8 be the linear speed of planet.
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Then the magnitude of centipetal acceleration
acting on the planet moving around the Sun is

«(1:2:2)

If T be time period of revolution of planet

2ar
T=—
Then 3
2ar
8=— P (723
T (7.2.3)
4n2r2
Hence i, = 5
T
X 4n° 3 o drr”
l2T2 r2 TZ
~(7.24)
From Keplers 3rd law
Tzar“
r3
ie —- = K = constant «(7.2.5)
T...
Using (7.2.5)in (7.2.4)
I
a.=5K .(7.2.6)

r
i.e. force on the planet of mass m due to Sun

K
Fgp =ma, = msr—z— (1.2.7)

1
oo Fspa = (72.8)

Thus the attractive force between the planet and
Sun is inversely proportional to the square of
distance between them.,

Also from equation (7.2.7)

Fepaom «(1.2.9)
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i.¢. the gravitational force between Sun and
planet is proportional to the mass of planet.

According to Newton the planet must
exert a force on Sun whose magnitude is
proportional to mass of Sun M.

1e. Fpg aM
From Newton's 3rd law of motion
7 Magnitude of Fgp and Fpg are same.
ie FypaM e 1.29(1)
Combining (7.2.8), (7.2.9) and 7.2.9(a)

mM
Fsp o —':—
GmM .
Fgp = where G is a constant,
r-
= FPS

This is the mathematical form of Newtons laws
of gravitation.
7.2(b) : Derivation of Keplers 3rd law from

Newtons laws of Gravitation assuming planets
orbits to be circular.

A planet of mass m moves around Sun of
mass M in acircular orbit of radius r with linear

speed § (Fig. 7.4)

m
gis assumgd to be constant and Sun is
assumed to be stationary.

The gravitauonal force between the Sun and
planet provides the mmpmt-fome necessury
to keepthe planet moving incircular orbit,
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3 GmM md-
e 5
3 r
GM 9 >
or = =WF . 1.2.9(b)
r
)
where 0 = st - angular speed of planet about

an axis of rotation passing through the Sun.

: 2n
Also @ = T . 1.2.9(c)
Using 7.2.9(c) in 7.2.9(b)

GM 4x°
'.2 T"

3 3
=T = r

-

4
here K =
where M

is a constant and has same

value for all planet.

Hence which is Keplers 3rd law.

7.3, Acceleration due to gravity :

If a body falls vertically towards the earth
its velocity continuously increases i.e. it falls
with an acceleration, Such motion is due to the
attraction of earth on the body. When a body is
situated near earth or on the carths surface then
the force on the body due to earth is called
gravity. The acceleration produced on the
moving body due to gravity is called the
aceeleration duc to gravity and is denoted by
'o". The standard value of 2is taken at s¢a level
and at: 45° lutitude.

1115 9.806 m/s or 980.6 cm/s*
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Suppose a body of mass m is placed on
the surface of earth of mass M and radius R.

Il

Fig.7.5

Magnitude of Gravitational force of
attraction between earth and the body or Gravity

F=—3— (73

The weight of body placed on the surface of
carth

F=mg «(7.3:2)
Then from (7.3.1) and (7.3.2)
GMm
GM
s B2 .(7.3.3)

Thus acceleration due to gravity depends upon
mass of earth and radius of earth.

7.4 Mass of earth :

The mass of earth can be calculated using
standard values in equation (7.3.3)

~(74.1)

98m /5% x (638 x10°m)*
667107 'Nm?kg *

= 598x10% ke
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7.5 Density of Earth
Taking the earth 10 be homogencous
sphere. '

The volume of earth= V = %RR" (751

If p 1s the average density of earth. then

M=%aR% . (152)

From equation (7.3.3.)

GM G.‘! aRp
Rr-' R:

using standard values

3 3x98
4x667x10°M x314 %638 x 10°

=5498 kg/m"

7.6: Mass of Sun :

Earth of mass 'm' revolves around Sun of
mass M in acircularorbit of radius R. § bethe
lincar speed of carth in the orbit. Magnitude of
Gravitational force of attraction on planet of
mass m due to Sun =

o GMm o
R2 +(7.6.1)
Centripetal force acting on the planet =
' 4 24 11
9 v :
Ry = mR =% s o) - JqT6.2)

Sin ik bamnde puchidasil 43
centripetal force to the planet in thelorbit:. !
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GMm my?
R’ R
2
or % = g'b-d" «(7.6.3)

2
T=-1tR
9
3
4r°R°>
OI' T2 = z -
9-
4n°R°
o 8 =" (7.64)

or

Time period of revolution of earth around Sun
=]year=3x10"s

Radius of earth's orbit around Sun= 1.5 x 10"'m

_ax(314)® x(15x10')?

T 667x107M x(3x107)?

M

=2.0x 10¥kg
7.7. Variation of acceleration due to gravity:

The value of acceleration due to gravity
changes with altitude (i.e. as height of body
increases from surface of earth) or below the
surface of earth. It also changes with latitude.

Its value on the surface of carth is different -

because of shape of earth.

7.7.(a) Variation of acceleration due to gravity
with altitude : )
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Consider earth to be a spherical body of
radius R and mass M. A body of mass m is
placed at A which is at a height h above the
surface of earth Fig. 7.6 where the acceleration
due to gravity is g

Fig.'l.?

Using equation (7.3.3)
GM
g1 =Y
(R+h)”

B 1)

Let g be the acceleration due to gravity at a point
B (i.c. on the surface of earth). .

From equation (7.3.3.)
~GM

= ?

Dividing (7.7.1) by (7.7.2)

g "ok iie)

-

M
R+’ fras b’

g1
g

RN |
RE+ 1) (4 1)?

b2
=(1 «: U
Expanding the RHS by Binomial theorem and

neglecting higher powers.of %
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«(7.7.3)

Equation (7.7.3) shows that acceleration
due to gravity decreases as the height of A
increases above the surface of earth.

From equation (7.7.3)

2h
RS
h

-8

or g-ga

i.e. the change in acceleration due to gravity at
a place from that on the surface on ’ earth is
proportional to height 'h'.

7.7.(b): Effect of depth :

Assuming that carth is a spherical surface
having uniform density p.

The acceleration due to gravity on the surface
of earth 'g' as given by equation (7.3.3)

£= = (7.7.4)
Rz es ol
where M is the mass of earth and R is the radius
of earth
M = volume of earth x density
5 %m%, (1.1.5)
Substituting (7.7.5) in (7.7.4)
G '% nRJp
S
it
4
= -‘-Gan ‘...(7.7.())
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Suppose a body is placed at a depth 'd' below
the surface of earth € where the acceleration
due to gravity is g'. :

The magnitude of gravitational pull on the body
at C i1s due to the pull of shaded portion of earth
on the body.

If M is the mass of the shaded portion of
earth, then

M =4 xR -d)3p

3
Using egn (7.3.3)
. oM GiaRr-ap
(R-d) (R-d)
5
- ;n(:(R -d)p O 7 o7 o
Dividing (7.7.7) by (7.7.6)
_,‘
=|'_£
R
44
g=g R) . .(71.7.8).

Here acceleration due to gravity decreases with
depth also. If d =R i.e. the acceleration due to

gravity at centre of earth
A

~ R
1. = l -—— = 0
Ecentre 5( R)

Suppose acceleration due to gravity at height A

2h
is Sl=[l"F)X )

and acdeleration due to gravity at depth C

YO d Vi 1 D
! = l‘——— - DTS = .o"-"-
8 "'R) % |
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m

Al
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Fig. 7.7

In order to find the heigh and depth above
& below earths surface where acceleration due
to gravity will have the same value.

e g =¢g
2h d
- =l1-=
X ( R)( R)g
2h d
s e
2 R R
or d=2h .{1.1.9)

i.e. acceleration due to gravity at a heigh 'h' is
same as acceleration due to gravity at a depth d
providedd =2hif h <<R.

7.7.(c) Shape of Earth :
Earth is not a perfect sphere. l‘ulges at
the equator and is flattened at the poles. If Re is

the radius of earth at the equator and Rp is the
radius of the earth at the poles.

R

Fig. 7.8
Then from equation (7.3.3)

e S—EM 71

ot L
Hy1e O o [}

GM GM
ge=’_2 and gp”’R_‘z-
R, A Rp'
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Since R _ > Rp the acceleration due to
gravity af the poles will be greater than at the
equator. Hence the value of acceleration due to
gravily increases as one moves from equator to

_ the poles on the surface of carth.

7.7.(d) Effect of Latitude :
The angle which the line joining a point
on the surface of carth makes with the equitonal

plame iscalled the tatitode at thatpeint ftisd”
for a point at the equator and 90" at the poles.

Consider a body of mass m situated at A
whose latitude 1s §. Join OA where O 1s the
centre of earth. If E is a point on the equator
then /EOA =0.

In the absence of rotational motion of
carth about its axis the weight mg of the body
will be along AO.

E. g
mg
S ecma
- E
Y
Fig. 7.9

~ Thebody at A moves along a circular path
with centre O, and radius AO .

AOl = Rcosf,

where R is the radius of earth.

The magnitude of centrifugal force on the
body at A :

=m (02(A0|)= m’h ®> cosB-

_—re
Let us represent the centrifugal force by AB and
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— -
the weight mg by AC . The resultant of AB and

—’
+ AC will give the apparent weight mg, of the
body which will be represented by the diagonal

—’

AD.

2 2 /2
AD = [(AC» +(AB) +z¢»AC).(AB:.cmuso-m}

mg; = {( mg)2 +(mRo’ cosB)?

)

+2.(mg)(mRw ? cosB.(-cos 6)}

12
2 2 2 3 2
org = [g' +R%0% cos” 6 - 2gRom” cos” 0]

= 5 s
2
8 e

[_ R
- ol “ R -
5 g[l ’: R"m" cos“ 0 2Rm~ cos~ HJ

-(7.7.10)
But R = Radius of carth
=64x 10°m
2n

P 24 x 60 x 60
body at A about earths axis XY

md S~ = angular speed of

2

R (0 () [, )
Ro” 24 % 60 % 60
g 98
=35x107>
Rm2

As is very small. Higher powers of i

. will be still smaller and can be neglected.
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g

s S
I 2R~ cos“
=l - — T .
2 g

Expanding by Bmomial theorem and negleéting
2

higher powers of % .

1/2
2Rm2c0329
ie. 8 =g8l-——m—

Rmzcoszﬂ
ot = g ——y

o
o

} AT

=g-R(,)2c0529 -(1.7.12)

Thus g, is less then 'g' which is due to rotation
of earth about its axis.

At the equator g =0

feq =2-Ro? (1.7.13)
At the poles 0 = 90°
g =8- Rw? cos® 90
=g A7.7.14)

Hence due 10 rotational motion of earth gis
maximum at the pole and decreases as latitude
of the place decreases.

7.8 Inertial mass and Gravitational mass :

According to Newtons Second Law of
motion when a force F is applied on a body of
mass 'm', the body moves with an acceleration

da.

)
m=F/a

i {7.8.1)
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This mass is called the inertial mass of
the body. The sume force produces different
acceleration in different bodies. If the force
acting on a body is increased. the acceleration
also increases and F/a is constant for the body.
The inertial mass of a body is the ratio of force
applied to the acceleration produced in it It
measures the ability of a body to resist in
producing acceleration during motion when an

external force acts on it. Itis proportional to the

quantity of matter in the body and is independent
of size and shape of the body. When a body
moves with speed 8 which i1s comparable to
speed of light C, then the inertial mass increases
according to the relation

«(7.8.2)

where m,, = The inertial mass of body when
at rest. '

But according to Newton's laws of
gravitation the force of attraction between two
bodies is proportional to their masses. Hence
mass can be treated as that property by virtue of
which bodies exerts forces of attaction on each
other.

The magnitude of gravitational pull on a
body of mass 'm' placed on the surface of earth

of radius R and mass M is given by
F=G!\/!,m
R2
RS
m= LA183
o e i gy

The mass of the body so determined gives

the measure of gravitational mass of the body. -

In order to know whether inertial mass
and gravitational mass of a body are same or
different let us consider a body of inertial mass
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m, and gravitanonal mass m placed at a distance
't" from the centre of carth of mass M.

_ The magnitude of gravitational pull on the
body by the earth

GMm
Fe 2 (1.8.4)

If the body is released then it moves
towards the centre of earth with acceleration 'a’.

From Newtons 2nd law

“=ma L T:55)
From (7.8.4)and (7.8.5)
=
3 m, ..(7.8.6)

This acceleration "a’ according to Galileo

GM

1s constant. Also rl 15 constant i this case.

1.¢. fromeqn (7.8.6)

a=K[—m——]
my

GM
where K= "r'z" = constant

m,
m, = constant
o mam,

Thus inertial mass and gravitational mass of the

body are proportional to cach other. The units
are so selected that m = m . That is inertial mass
of the body is equal to gravitational mass.

7.9  Gravitational field :

Gravitational field exists, between two
masses. Gravitational interactions are called
actions at a distance and can be explained from
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ficld concept. A matenial body in space sets up
gravitational field. The space surrounding a
material body in which its gravitational force of
attraction can be measured is called gravitational
field. Itis a vector field.

The intensity of Gravitational field or
gravitational field strength or gravitational field
of the body at any point in its field is the force
experienced by a unit mass (called test mass)
placed at that point.

ni

~

M
A r
Fig. 7.10

Suppose a test mass 'm' is placed at a point
P in a gravitational field. It experiences a
gravitational force .

Then gravitational field strength at Pis
F
m

g1

Dimension of [E| is MOLIT2 . Units of
E are N/kg in SI and Dyne/g in CGS.
Gravitational force at P where test mass m is

placedis

E=

- GMm .
F=- i
r2
Hence gravitational field at the point P
e , ! ! o (M1

R OM..

B —talinait +(7.9.1)

e Teq)

Negative sing mdu.alu. lhal the field is attractive
and ls.qlrected (owurds‘M 25 e

fieldof M.
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7.10 Gravitational Potential Energy :

Suppose a test mass m is moved belween
points A and B in a gravitational field. Then
the difference of gravitational potential energy
of test mass is given as the negative of work

‘done by gravitational force  onm.

M AR
Fig. 7.11

B_
e UB ¥ L'A = —WAB = ' F.dr
A
«(7.10.1)
If the point A is at infinity then U =0

B
ie Ug=-JF.df

-

-47.10.2)

Thus gravitational potential energy of test mass
m at any point in a gravitational field is the
negative of work done on m by the gravitational
field when itis moved from infinity to that point.

Ury = - [ F.di A7.10.3)

7.11 Gravitational Potential :

The gravitational potential at a point is the
Gravitational potential energy per unit mass at
that point in gravitational field.

J ¢ F
\’m-——~”” ST
. !m

r" -
=={Bd& (7111
* D L bl'
1dy® 2ol

1 Iphg. 7. lOﬁ,pody ofmassst placcdm
AﬂT he dest mass mis at p in the gravitational

i e »‘"

1oL
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Gravitational force on test mass
GMm .
-7

F=-"5
r

1.e. Gravitational potential energy of test mass
arp

r-
U(r) =~ [F.dr

on

£ GMm
=-j'-

0 l'

r
=0GMm Jﬂ

N
= GMm[- 1]

GMm

U(r)= Sy «(1.11.2)

Hence gravitational potential at p

vy YO __GM
m r

«(7.11.3)

Negative sign in the expression shows that
the gravitational potential energy is due to the
attractive force. The gravitational potential
energy becomes zero when r= o . This is the
maximum value of gravitational potential

energy.

Also E=--d1'

L7114
a ( )

7.12 Satellites :

A natural satellite is a heavenly body
revolving around a planet in a close and stable
orbit. An artificial satellite is one which is put
in the orbit around a planet by man. India
launched some of the artifical satellites such as
Aryabhatta, Bhasicara, INSAT series, GSLV.
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7.12(a) Orbital speed and Time period of a
Satellite :

A satcllite is usually camied by a rocket
and at a particular height above the carths surface
itis released along a horizontal direction with
high speed. The satellite then revolves around
the earth in its orbit,

Tv

Fig.7.12

Suppose a satellite of mass 'm' is
revolving around the earth of mass M. Earth is
assumed to be spherical. R be the radius of earth.
It moves at height h above the surface of carth.
Let § be the orbital speed of the satellite.

The centripetal force acting on the satellite
is provided by the gravitational force of
attraction between the earth and satellite.

i.e The magnitude of gravitational force of
attraction between earth and satellite =

GMm
(R + h)?

Magnitude of cenmpcml force acting on the
satellite

F=

w(712.1)

2

m9= ‘
= wl(1.12.2
R+h (ahdids
Then from equation (7.12.1) and (7.12.2)
GMm __ m§?
R+h)* R+h
GM! >
ie R+h (7.12.3)
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Thus orbital speed of satellite is
independent of mass of satellite but depends
upon radius of orbit (R+h) and mass of earth
around which it revolves.

If g is the accleration due to gravity on
the surface of earth, then

«(7.12.4)

or  grR?=GM A(7.12.4(a))

Substituting (7.12.4)in (7.12.3)

’
R+h ~(7.12.4b)

If the satellite is revolving close to the
surface of earth then h can be neglected

compared to R.
Then equation (7.12.3) becomes

43 fGM
R

Substituting equatum 7.12.4(a)

-(7.12.4¢)

gR
R

B 9=s/8_R

Substituting the standard values

8=

. 7.12.4(d)

9=v98%638x10° =7920 ms !

This is the orbital speed of a satellite around
earth whereh<<R. - /9

T'lllﬁ&l’iﬂdﬂfm" Lot <o)

It is the time taken by the satellite to go
once round the earth. Let it be T.

Bureau's (+2) Physics

circumference of orbit _ 2x(R +h)
orbital speed 9
«{7.12.5)

Te

Substituting egn. 7.12.4(b) in (7.12.5)

..'r(R+h)

RJRH:
1:12.5(a)

Substituting egn. (7.12.3)in 7.12.5(a)

”n I‘thz

g
&

2R+ h)

vGM

9=

r—

}(R+h)

= 712,50
" oM i

If the satellite is close 1o earth then h <<R, imd
equation 7.12.5 (a) becomes

w.1.12.5(c)
and eqn. 7.12.5(b) becomes
3
P P
GM
R
=2aR,|— 2.5
GM 7.12.5(d)

7.12(b) Height of Satellite above earths
surface :
From equation 7. 1'2.5 (a)
2n [(R4h)
: ‘R ) g

T=
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Squaring both sides

2 3
2 _4n" (R+h)

T =
RZ ¢

or (R+h)3 =

252 V3
or R+h= I‘R,"
4n"

T2R2e ) 3
or h=( ¥ f] =R ..7.12.5(e)
T

Equation 7.12.5(e) gives the height of
satellite above the surface of earth.

7.12(c) Geo-stationary satellite :

A satellite revolving around the carthina
circular orbit so that the orbit is coplanar with
the equational plane of earth and the sense of
rotation (anticlockwise) as well as the peirod of
rotation is the same as that of the earth (about
its axis)is called a geo-stationary satellite. Such
satellites will appear to be stationary to the
observer on the earth, These satellites are used
for weather forcasting, TV broadcasting, etc.

The angular speed of this satellite

P L. - =73x10 " rad /s

T 86400s
T =24 hrs = 86400 s
Using eqn. (7.12.3)

1
)

’GM

9..

RN 00
But 9:-«:;(R+'h) |
or ®(R+h)= —(-JM-

R+h
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2 2 _ GM
1 (O} (R+h =
Squarring ) (R+h)
= S
AR (R+h)3
or (R+h)3=gyzl—
)
GM }3
or R+h= ( —3-) .. 1.12.5(F)
®

Using standard values of G, M and o

|
667x1071! x598x10%4 5
R+h= )
(73%107°)

=42x10%m
ie h=42x10°m-R
=42x10°m-6.4x10°m

=356x10%m
The stationary satellite will be at a height
35.6 x 10°m from the surface of earth which.s
about more than six times the radius of earth.

Such orbits are called as Geostationary orbit or
synchronous orbit or the parking orbit.

7.13 Escape Velocity :

The escape velocity from a planet (say
Earth) is the minimum velocity with which an
object should be projected from the planet so
that it does not return back to the planet.

A body of mass m is projected up from

theearthatspeed 8,. 5 . .
The kinetic eneng§of: the bodyss given

K f_.fé.msfeﬁls:! 5111 sl o

g |
y ol .t :'.Qf bauch
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The potential energy of the body = °
U f o siaci
R
where M is the mass of earth
and R is the radius of earth
Total mechanical energy of the projective

on the surface of earth
E =K+U
-..l.. 2 _GMm
=2t ( R )
GMm
R
W(7.13.1)

As the body moves up its velocity
reduces. Hence the kinetic energy reduces. The
potential energy increases by same amount as
the total energy is conserved. At infinite distance
from the surface of earth, the potential energy
increases to its maximum value i.e. potential
energy is zero. After this there can be no further
change in potential energy or in kinetic energy
of the body. Hence if some Kinetic energy is
still available the rocket will continue to move
with constant speed.

ie E=K+U should be positive to escape
gravilational pull of earth. ,

GMm

Hence lmslz-—R—zO (7.13.2)

The equality sign holds good s whcn thq particle
just escapes the gravitational influence of the

earth i.c. Se = Smt

GMm

i %mS,z.m:l 20
& ' | M j ‘

s e
or min ¢ R -5 -~

(7.13.3)
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From equation 7.12.4(a)
GM = gR”

4', -
7 I | gR

min —

~

9 . =g (7.13.4)

min

8, i =V2x98x64x10°m/s '

8. =112x10°ms!

min
If a body is projected with speed

112 % 103m /s from the surface of earth then it
will escape the gravitational pull of earth. It is
independent of mass of escaping body.

From eqn. 7.12.4(d)

Yorbital = JeR ifh<<R
e Spmip = V2. 8orbica
or  Jescape = V2 orbital
.(7.13.5)

If a body is projected with a velocity § then

(i) 8 =9,pital » the body will be in a
circular orbit around the earth.

(i) 8 <8 rpitalr the body will move in
elliptical path and return to earth.

(i) Sescape >8> B orbital - the body will

~ move in elliptical path and rcvolve around
"+ the earth. \ -

(iv) 9 =8¢qcape « the bady, moves, in a
parabohc ph‘lh and neverreturns to earth.

(v) 9>9esc.|pe~ the bady moves in a

hyperbolic palh and ‘edcapes from the
earth.
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7.14 PARKING OBIT :

If the period of artificial satellite in the
orbit is exactly equal tot ch period of earth as it
turns about its axis and the satellite moves
coplanar with equitorial plane of the earth as
well as the direction of rotation of the satellite
and earth are same in sense then the satellite
will appear to be stationary to earth. The orbit
of such satellite is clled as parking orbit. The
height above the earths surface of the parking
orbit is about 36 x 10° m.

7.14(a) Weightlessness in Artificial Satellite
Consider an artificial satellite of mass m
revolving round the earth of mass M with orbital

speed 9 in acircular orbit. Let R be the radius
of the orbit of satellite.

The gravitational pull of earth on satellite
provides the centripetal force acting on the
satellite. : '

~ GMm m$?
e 2 <
R R
GM §2
TR A7.14.1)

If m, be the masg of the person sitting in the
sattelite then forces acting on it are the force of
gravity acting on the person Gl:;" and the

reaction N acting in the opposite direction
perpcrndncular to the floor of satellite. Hence

~N will acttowardsthe

centre of orbit. ‘This will be equal to the

centripetal force acting on the person,,

 GMImy »1! 2t <8
ie L. N : "3
i AU )R, 11t i
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-(7.14.2)

Substituting (7.14.1)in (7.14.2)

N

-m_l=0

or N=0

Thus reaction on the person is zero.
Hence he will experience weightlessness, This
can also be experienced in a free falling lift.

SOLVED NUMERICALS :

Example 7.1 The planet jupiter of mass 2 x
1077kg revolves round the Sun of mass 2 x 10
kg in a circular orbit of radius 7.8 x 10" m
Calculate .

(1) the orbital velocity of Jupiterin its orbit.
(i)

Time taken to complete one revolution.
Soln. ;

Fo GMIM;

R-
M, = Mass of Sun = 2x10"kg
M, = Mass of Jupiter = leo’kg

R=78x10"m ON T o
ie F= 66710711 x 2x100 x 251071
(7sxlo“)-
—4276x|o-‘N

9 ‘--.Srbitnl velocity of Jupiter
2
L L
R

g2 [FR . [4276:£ 107 x78x 10"
or =alng. =
M " 2% 10%7

k510 =129 ’1‘0*” )
2 Tt X ,"WS: '“I“ 10
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T = Time taken to complete one revolution
around Sun

2nR _ 2x314x78x10"

T= =
9 1.29 % 10*

= 37.95 x 107 seconds.

Example 7.2 Two particles of equal mass
move in a circle of radius r under the action of
their mutual gravitational attraction. Find the
speed of each particle if its mass 1s m.

Soln.

The particles will always remain
diametrically opposite so that the force on each
particle will be directed along the radius.
Considering the circulation of one particle.

my> _ Gmm
v
. Gm
.. 9 g eieed
7 4r

Example 7.3 In a certain region of space the
gravitational field is given by E=-(K/r).
Assuming the reference point tobe at r=r, with
V =V, Find the gravitational potential.
G
Gravitational Internsity or field E is
negative gradient of Gravitational potennal

dv

ie E=——0 . Here E=——
dr r
_K__d&
¢ r dr
or dV=K9r£

Bureau's (+2) Physics

v
Integrating jdV K j —
r

o V-¥,=K log—r-

To

or V=K Iug-L-w-V“

o

Example 7.4 The mass of a planet is three
times that of the earth and diameter of the planet
is also three times that of the earth. What is the
acceleration due to grnvny on the surface of the
planet.

Soln. -
Value of g on the earths surface g = 9.8 m/s’

e - gp - >
R~ Ry
M = Mass of earth Mp: Mass of planet

R = Radius of earth Rp: Radius of Planet

M R <l
But—2=3and — = —
A e
g _Mp, R?
g M R,
e
:3)((}—) =
3T 1
ie gp=g/3
=9—3—=32671‘n/§2'

Examph NS Calculate the escape velocity on
the surface of moon: Given the radius of the

moon =17 x 10°m . Mass of moon = .7.35 x
10” kg. G=6.67 x 10" Nm? / kg’.
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Seln.
The escape velocity is givenby §_ = ’JE}!-G“

where M = Mass of the moon

R  =radius of the moon

C

. \[2x6.67xI0'”x735XI0B
ie S.= - g
1.7 <10

=24 lO“m s~}

Example 7.6 If the radius of the earth becomes
two times the actual value then by what factor
would its density be changed to keep the
acceleration due to gravity g the same ?

Soln.

We know g = 9':_’
R-
Let p be the density of earth
M=%rRp
1.C g= .c.iﬂ
R2
G4 R
.RZ
=4
o nGRp

If R becomes 2R then p must become p/2 so

that there will be no change in'g' since %.R.G
are constants.

Example 7.7 A satellite is revolving in circular
orbit at a height'af 1000 km from the surface of
earth. Calculate the orbital velocity and time of
revolution. Given radius of earth = 6380 km,
mass of carth =6 £ 10" kg, G = 6.67x 107

Nm 2/ kg™t
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Soln.
Orbital velocity of satellite is

’ GM
R+h

V= Here R = 6380 km

h = 1000 km

_J6.67x10'“ x6%10%
7380 % 10°

=735x10°ms™
T = Time of revolution

% 2n(R+h)
Vv

_ 2x314%(7380) x 10°
735x10°
=6305s

Example 7.8 The radius of earths orbitis 1.5 x
10* km and that of mass is 2.5 x 10" m.

Calculate time taken by the Mars to complete
one revolution around Sun.

Soln.
From Kepler 3rd law

le Ry

T, = Penod of {evolution of Mars

R, =' Radius; ;)f Mars.orbit

T, = Period of revolution of carth= 1 year
R, = Radius of earths orbit = 1.5 x 10° km =

1.5x10"m :
3 7 b
R, )
T =Th{-L
: 2( Rz) B
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. S
log T, =§Iogg

Ty =2.152 year

Example 7.9 How much below the surface of
earth does acceleration due to gravity become
2% of its value at the earth's surface.

Given radius of earth = 6.4 x 10° m.
We know

g R

where g' = acceleration due to gravity at a depth

'd*below the earths surface.

g 2

— i —

" 100

. —=l—-=

d =RxQ98
=64 5,10 %098

=6272%10°m

" Bureau's (+2) Physics

Example 7.10 Find the value of g at a height
of 500 km above the surface of earth. Given
Radius of earth = 6.4 x 10° m. and 'g' at the

surface of carth =9.8 m s,

Soln.
As = 500 km is negligible as compared
. to the radius of earth
i h
g= g( TR

where g = acceleration due to gravity at a
height 500 km above earths surface

2x5
g =9, l~--—x 00)
6400
=9 ._ﬂ“i)
6400
—98x 2300
0400
=98 <83
=8134 mS >

Example 7.11 If the earthuis assumed to be a
perfect sphere of radius 6.4 x 10° m rotating
about its axis in 24 hours how much would the
acceleration due to gravity differ from the poles
to the equator ?_

Soln.

g ( Ro?
g=sll-

cos29J

where g = acceleration due o gravity on earths
surfagg insthe absenge.of rotational motion.of
earth,

At the pole. 8 = 90°
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2
Epole = g{l —-‘-{—:i-cos2 90]

Epole =&

At the equator § =0

Ro?
Lequator = 8[1 —TCOSZ 0]

‘-'g-Ru)2

; 2
ie.  Zequator = &pole — RO

2
or  Zpole ~ Lequator = RO

2n

h ———————— -
64 %10 x(24x60x00

=339x107% ms ™2

Example 7.12 Calculate the height above the
earths surface at which the value of acceleration
due to gravity is half the value on the earths
surface.

Given Radius of earth = 6400 km
Soln.

b.f2

where g, = acceleration
due togravity at height k

above the surface of
earth,
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o LR T TR
or R+h=+2R
h=v2R-R

= R(2-1)
=Rx0414
=6400x 0414
= 2649.6 km

Example 7.13 At what angular speed the earth
have to rotate for the weight of an object at the
equator to be zero ? What would be the duration

of one day then ?
Soln.
Al the equator § =()

2
L cosze
g

( 2
=g I-Rw cos> 0
Koy 1@

g,:g[.-

[

Rmz]
=g l——
\ g

=g-Ro’
= Radius of earth
=64 x 10‘ m

g, = acceleration due to gravity on
earths surface at latitude 6.

where R

5 = S-R(D"z =0
5 ’ 98
A J6.4x~106

=12x10 rd §7!
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The duration of one day will be equal to the
time period of rotation.

2n . 2K
T'—'—'—'"‘—Tg seconds
@ 12%1077 |
= |41 hours.

Example 7.14 The radius of a planet is 3440
km. The acceleration due to gravity on ils
surface is 3.7 ms™. Find the average density of
the planet.

Soln.
& WVois ‘-— nR 3
Volume of the planet p 3 p

whcme=3440km=3.44x 10°m

gpRp”

Mass of the planet = M, = 3

Hence average density of the planet

M 3gp

=T/; 4nR

p

oG

L 3x37
4x314%344x10° x667x10°""

=3834 kgm™

Example7.15 The gravitational field at a point
situated at a distance of 8000 km from the centre
of earth is 6 N/kg. Calculate the gravitational
potential at this point.

Soln.
Gravitational field at a point =E

E= 9’;'-:6.0-1\1 ke
r . :
Gravitational Potential at thmpoim =V
v._SM Tk

r

Bureau's (+2) Physics

=—_EXl'
= —6.0 % 8000 % 10°

=48 NMkg !

Example 7.16 A rocket is fired from the earth
towards the Sun. At what point on its path is
the gravitation force on the rocket 1s zero ?

Given mass of Sun =2 x 10" kg
mass of earth = 6 x 10 kg ‘
orbital radius of earth = 1.5x 10''m
Neglect the effect of other planets.
Soln.
Gravitational force on the rocket will be zero at

a point where the forces on the rocket due to
the Sun and the earth become equal and

opposite.
Suppose  m = mass of rocket ¥
M' = mass of Sun
M = mass of earth
r = Distance of earth from Sun
x = Distance of rocket from earth.
Magnitude of gravitational force on rockét due
GM'm

H—XF

to Sun =

Magnitude of gravitational force on rocket due

to earth = S
X
§L GM'm.  GMm
i e e e .
N N Al (D
Of = %ozg_r' ;)
X
/M x
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6x 0

=577.35x
or r=x+577.35x
or L5x 10" =x(1+577.35)

or- A=

Example 7.17 If the radius of earth is 6000
km what will be the weight of 120 kg body if

taken to a height of 2000 km above sea level 7

Soln.
258
. B R+h
where g, =acceleration due to gravity ata

~ height h above earth’s surface.

g _ 6000x6000 _ 9 -

g  (6000+2000)° 16

e

2] 16'8

My =it

21 16 e
=-%i120kgwt
=67.5 kg wL

i.e. the weight of the body will be 67.5 kg wt.

Example 7.18 Compare the gravitational
acceleration of the earth due to attraction of the
sun with that of attraction of moon.

Given
Mass of moon =M _=7.35 x 10% kg
Massof Sun =M =199 x 10¥kg
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Distance of Sun from earth =
foo =149 % 10' ' m
Distance of moon from earth =
m =384 x 10%m
Soln.
Suppose M_= Mass of earth

g, = acceleration of carth due to

attraction of Sun
&, = acceleration of earth due to
attraction of moon
G M
Mc'ges o Me 2 :
(Tey)
GM
o Bes=—7% i)
(Fes )™
M Zem g Mch;m
(lem )
GM
o Bem=—% (i)
(Tem )™
Dividing (i) by (i1)
Beg My M, ("em )2
Bem Mm (r%)
_199x10% (zuxms)

735 10-’—2 (149 x 10'1)?
= 1798

6 Bog i Bomis 179871

Example 719 Two satellites A and B of same
mass are revolving around the earth at attitudes
R and 3R respectively, where R is the radius of
earth.
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Taking their orbits to be circular calculate the
ratio of their kinetic and potential energies.

Soln.
Distance of satellite A from centre of earth =

R+R=2R
Distance of satellite B from centre of earth =
3R+R=4R
(Potential Energy) = -
2R
GMm
Potential E =—-—
(Potential Energy)p 4R
where M = Mass of Earth
m = mass of each satellite A and B.
(P.E)y 2
(P.E)g | ~(1)
If 8§, and 9, are the speed of satellites A & B
respectively in the orbits,
Then ~ M3a’ _GMm
2R (2R)
; _GM
or SA = -
GM
Similarl =
y 9% 4R
e. (KB _oMog _ 2 2
(K.E)g l m GM

Equation (1) and (2) gives the requnmd rallos
suwmnv 3
m.lmhmmm :

(i) Law of elliptical orbit : nazsih i

Every planet moves in an ellxplm;
- orbit around the Sun with the Sur af one
of the foci. Fipty VD

Bureau's (+2) Physics

(ii) Law of area :

The radius vector from Sun to planet
sweeps out equal area in equal interval of

ume. %Rzo) = constant.

(iii) The law of period :

The square of orbital period of any
planet is directly proportional to the cube
of the semimajor axis of the orbit.

le _ﬂi‘
=
2 a3

-

Newtons laws of gravitation :

It states that every particle in this universe
atracts every other particle with a force that
varies directly as the product of their masses and
inversely as the square of distance between
them.

l~’12=-(3m'1r'r'n-zfiz
2

fi2 is the unit vector in the direction of

vector directed from particle 1 to the position of
particle 2. Negative sign indicates that
Gravitatioanl force is an attractive force.

Dimensional formulaof G= M"L‘T -2

Standard value of G = 667xl0 “Nm kg"

v . Itis the acceleration with which a body
moves towards the earth due mgmvu;monal pull
of the corth, g = 9.306m § <

2
3(1 T!-) ifh<<R
Loy s RA 1 X
(R+ h)z for any value of h
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Variation of g with depth :

44

At the centre of earth i.e.ifd=R

g'=0 |
Variation of g due to shape of earth :

Epole > Eequator ON the surface of earth

Inertial mass :
g
ms=-—-
. |
Gravitation mass :
FR2
m=am
Variation of g with latitude :
3.4 l_Rouzcosze
: g
Be'quauw=3"R0’2‘ as0=0
Epole =8 | asé=90

i.e.  Zpole > Eequator .
Gravitational field :

The space surroundmg' ‘a material body
in which its gravitational force of attraction can

be measured is called gravitational ﬁeld. Itisa
vector field.

.

E=

Sl"m

Itis the force experienced by a unit mass placed
at that winl. o 100 d-94

1
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E:-.G_M;
I.Z

negative sign indicates that the field is attractive.

Gravitational potential energy :
‘Gravitational Potential energy of test mass

m at any point in a gravitational field is the

negative of work done on m by the gravitational
field when itis moved from infinity to that point

P
U(r)=~-[F.dr
*®x©
Gravitational Potential :

Gravitational potential at a point is the
Gravitational potential energy per unit mass at
that point in gravitational field.

U(r)

V() =——
m

|
8 —=
.

Gravitational potential has maximum value of
zero at infinity.

Orbital speed of satellite § :

i JGM
: R+h

h = height of $atéHite above earths sutface. 2
If the satellite is close to earthi.e. h <<R,

then, 93 VBR ) 2, e

=7920m S
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Time period of satellite :

_2x [(R+h)?
R 4
i (R+h)}
=2n
GM
Ifh<<R
T=2n\/—§
g
=2aR L
GM
hei f i

surface of earth, The orbit of satellite around

Bureau's (+2) Physics

earth is coplanar with equatorial plane of earth.
The sense of rotation and period of rotatioan is
same as that of the earth about its axis.

The orbits of stationary éatcllitc are called
parking orbits or synchronous orbit.

Escape velocity :

It is the minimum velocity with which if
an object is projected from earth then it does
not return back.

2GM
3c:sa;:apt: - T

=,/2gR

=112x10°m§™!

If the reaction on the person is zero when
moving in a satellite the weightlessness can be
expenienced. '
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MODEL QUESTIONS

¥,

A.

MULTIPLE CHOICE QUESTIONS

The minimum velocity that must be -

imparted to a body at the surface of earth
1o escape is given by

a) J2R.g

GM
b) “"((”

¢

d) J2GM,R,
JEE 1996

If speed of rotation of earth increases, the
weight of a body on earths surface
becomes

a) zero b) smaller
¢) greater d) remains unaffected
A satellite in vacuum :

a) is kept in the orbit by remote control

b) is kept in the orbit by solar energy

¢) derives cncrgy from gravitational field

d) does not require any energy for
orbiting

The speed of a satellite depends upon

a) mass of satellite

b) matenial of satellite

¢) height of satellite above earths surface

d) all of the above

The force of attraction between two unit
point masses separated by unit distance
is called

a) Gravitational filed strength

b) Gravitational potential .

¢) Acceleration due to gravity

d) Universal gravitational constant

6.

10.

If the radius of the earth were to shrink
by one percent, its mass remaining same,
the value of g' on the earths surface would

a) increase by 0.5%
b) increase by 2%
¢) decrease by 0.5%
d) decrease by 2%

The value of acceleration due to gravity

on the surface of the carth is g. If the
diameter of the earth becomes double of
its present value and the mass remains
unchanged the value of acceleration due
to gravity on the surface of the earth
would become

a) g2
c) 2g

b) g/4

d) 4g
Weightlessness experienced by a
spaceship is due to

a) absence of inertia

b) absence of gravity

¢) absence of accelerating force

d) free fall of spaceship

The ratio of inertial mass to gravitational
mass is equal to

a ¥

c) 2

b) |
d) No fixed number

A missile is launched with a velocity less
than the escape velocity. The sum of its
kinetic and potential energies is

a) positive b) negative
¢) zero +d) may be positive or
negative
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11

12.

10.

11

Where is the intensity of the gravitational
field of the earth maximum ?

a) centre of earth b) Equator
¢) Poles d) same everywhere

Suppose there is a planet about the Sun
at a distance 4 times the present distance
of the earth. What will be the duration of
the year of the planet in terms of the year
on the earth?

a) 2 years b) 4 years

c) 8 years d) 16 years

VERY  SHORT ANSWER
QUESTIONS :

Give the dimension of universal
Gravitational constant 'G’.
1986(S), 1989 (S)

Whether gravitational force is a central
force ?

What is the magnitude of acceleration due
to gravity at the centre of earth ? 1998

How does the acceleration due to gravity
vary with attitude? 1996,1999

Which is more- 'g' at the foot or top of a
mountain? 2000

What is the reason for weak gravity on
the moon? 1995(S)

Show that the acceleration due to gravity
is the same for all bodies on the surface
of earth. 1990(S)
If earth stops rotating about its own axis
what will happen to the weight of a body
at the equator? : 198%(A)
At what places on the surface of earth the
acceleration due to gravity is greatest"
1988(8)

How much is the acceleration Que to
gravity at the centre of earth? 1987(A)

What will happen to the time period of
-simple' pendulum- wheén ‘moved from

equator to the pole of the earth? .+

A '.\’\ s i i
.

12.

13.

14,

15.

16.

17.
18.
19.

_motiop,
‘Distinguish between 'g end 'G'and give

Bureau's (+2) Physics

The mass of moon is ;’5 that of the earth.

The value of gravitational force of the
earth on the moon is F newton. What is
the gravitational force of the moon on the
earth? 1995

Give the value of escape velocity of a
body from earth. 1994

What is the relation between orbital
velocny and escape velocity for a given
orbit? 1991(S)

What forces act on an artifical satellite
moving in an orbit round the earth?
1990(S)

Mention 2 (two) applications of stationary

‘Satellites.

What do you mean by Parking orbits?
Why is there no atmosphere on the moon?
Why does Hydrogen escape faster from
carths atmosphere than oxygen?

Will it be possible to put an artificial
satellite into orbit in such a way that it
will always remain directly over
Bhubaneswar?

What is weightlessness?
SHORT ANSWER QUESTIONS :

1989

s 2 State Ncwlons laws of Gyavuanon

1990 1993(8),1996(S)

State chlcrs third law for planetary
1991(S), 1995

) | ]

1992
Although Newtons faw of gravitation is

their units.

.true why is it that the attraction'of abody
~ towards the earth is visible whereas that

of earth towards the body is not visible?

1999
Show that Keplcra 2nd law is a
consequence of law of conservation of
angular momentum.
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6.

10.

11

12.

13.

14,

15.

16.

17.

18.

How many days will there be in a year
when the distance of earth from Sun

reduces to -}th of its value.

Obtain an expression for orbital velocity
of an earth satellite moving close to earths
surface, 1997

Find out an expression for the radius of
an earth satellite. 1996(S)

Prove that the orbital velocity of all bodies
circulating close to the surface of earth is
the same. 1988(S)

What is escape velocity? Give the
expression forit. 1985

Find the time period of a satellite moving
in a circular orbit of radius R around the
earth. 1985(S)

What will happen to the oscillation of a

.. simple pendulum inside an artificial

satellite? Explain your answer.

If a satellite moving around the earth
suddenly looses height what changes will
be found in its time period ?

How an artifical satellite is launched from *

the surface of earth to revolye around it
inan orbit ?

e ., i ALV e
A heavner and a Ilghlcr bodnes are to be
projected out of gravntanonal pull of the
earth. Should they have same or different

escape velecities? -

Earth is closest to the Sun on ﬂgc'ember
22 and farthest from it on July 22. When -
*will earths speed in its orbit-around Sun

What should be lhe kmeuc enetgyof the

will be faster? T

- body to project it fmmmrfaeeofeanﬁ to

infinity 2.

Explain why air fncuqn increases the
velocity of §atcn|ie? R

l; QL

,
Cnnamoin ul

19.

20.
21.
22,

23,

24,

25.

26.

- D.
1.
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Distinguish between inertial mass and
gravitational mass. 1994

If one digs a hole on the earths surface
and goes into the hole what changes will
occur in the weightof abody 7 1989

Derive an expression for the acceleration
due to gravity on the surface of earth
assuming that earth is spherical. 1988(S)

Can one say the situation of
weightlessness as masslessness ?

If R is radius of earth then at what height
above its surface the weight of a mass will
become half of his weight on carths
surface?

What will happen to an object dropped
from earths satellite?
Two satellites A and B of same mass are
orbiting the earth at altitudes R and 3R
respectively where R is the radius of the
earth, Taking their orbits to be circular,
Find the ratio of their potential energies.
2000

A body weighs 64N on the surface of the
earth. What is the gravitational force on it
due to the earth at a height equal to the
radius of carth? 1996

NUMERICAL PROBLEMS :

Cnlculale the accclcrauon duc Lo gravity
on thc surface of moon if the radlus 18

X lll and mass is 3 th of the canh. (gon
lhe'birth =9.8mS?) 1998(5)

If two planels mgvc round a star with
mean radii of their orbits in the ratio 2:1

~ what will be the ratio of their time

pcnods" 5ol 1989(S)

5 'lhcl'adwsofeaz1hsorbm§l 5x10%km

-and that of venusis k.1 x 10%km. imhow
many years, does venus complete one
revolution round the Sun? 1993(A)
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The moon revolves round the earth 13
times per year. If the ratio of distance of
earth from Sun to distance of moon from
carth is 392. Find the ratio of mass of Sun
to mass of earth.

2nR RY
or Tua T or
M=

T2« R IM JEE 1999

An artificial satellite is moving in acircular
orbit around the earth with a speed equal
to half the magnitude of escape velocity
from earth. Show that the height of the
satellite above earth surface is R.

JEE 1996
8. or EMK

The earth suddenly shrinks such that its
radius becomes half. Calculate by how
many hours the length of the day
decreases. JEE 2000

Hint : L =

2 2n'T'
-MRXTOI'24 Rzo

T'=6 hrs.

Hint: 8, =

13—
ui—-

20M
R

angular momentum =

R o
77 Y

The mass of moon is ,-é'; “of earths mass

and its radius is 1/4 that of earth. If the

escape velocity from the earths surface is

1.2 km/s what will be its value at moon? |

At what height above the suﬂacc of the

 earth (radius R) will the acceler;mon due -
togravuybcreduccd byO ]%” ;

Hint.- & = 50 %~%i'orz £ gug=
g

160 % "N » ra s !

1000 . s

10. -

1L

p b X

. Hint:

Bureau's (+2) Physics

" Assuming that the gravitational potential

energy of a body at infinite distance away
from earth is zero. What percentage of the
potential energy is gained by the body in
rising through a height equal to the radius
of earth ?

Hint : Gravitation P.E. at surface of earth

* ('M"‘~ .GPE. ataheightR= - o

e o ahk 5

If the dmmctcr of the earth becomes 2
times its present value and its mass
remains unchanged then how would the -
weight of an object on the surface of the
carth be affected ?

GMm

Suppose the radius of the earth were 10
shrink by 1%, its mass remaing same
would the acceleration due to gravity on
the earths surface increase or decrease and
by what percent ?

2dR

Him:g- ,dgjg_...__

What gmvitational force acts between two
60 kg men I metre apart (a) on the earth

' (b).on the moon ’GwenG:6;67x 10"

o Nm? kgl

A3

G

.........

lcvel Fnd the aw,lcnulon due to gravity

~ap mount Everest given the value of g at

the surface of earth is 9. 8m S and mean
radius of the earth is 6.37 3, 10°m. Ncglect
earths rotation about. lls aaus

" How much encrgy fmust be gwcn toa 100

kg rocket missile to carry it from the
spt‘fade of earth into free space 7 Given

mass of carth =6 X 10%* kg, G = 6.67 x
10" Nm? kg, Radius of earth = 6.4 x
10° m.
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IS.

16.

The escape velocity of a body on the
surface of earthis 11.2km S™'. A body is
projected away with twice this speed.
What is the speed of the body at infinity?

% - J_ 2 _GMm _L v2
Hint : 2mti) +( R )-zms +0

Here § =23,.
Three uniform spheres each having mass

m and radius r, are kept in such a way.

that each touches the other two. Find the
magnitude of the gravitational force on
any sphere due to the other two.

LONG ANSWER QUESTIONS :

State Newton's laws of gravitation -

Deduce this law from Keplers third law.

1987

State Kepler's laws. Derive Newtons laws
of gravitation from them.

1994(S) 1996(S)
State the laws of Gravitation. Obtain an
expression for the gravitational potential
due to mass M at adistance R. Show that
T?/R? is constant for a satellite orbiting
the earth where T and R have usual
meaning. 1996
Obtain an expression for orbital velocity
of a satellite. Discuss its importance in
launching of satellites. 1994

Find an expression for the velocity of

escape from the earths gravitational field.

1990,1992
Derive an expression for the Time period
of a satellite.
What is geostatic satellite 7 Obtain

expression for its characteristic velocity
and distance from earth. 1997

Discuss the variation of acceleration due

to gravity with altitude and depth.

10.

'
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What do you mean by latitude at a place.,
Discuss how acceleration due to gravity
varies with latitude with relevant theory.
Prove that the distance below the surface
of earth where 'g’ will have the same value
is two times the distance one has to cover
above the surface of earth.

" Fillin the Blank Type

The acceleration due to gravity ........ with
increase in height and depth.

If earth shrinks to half of its radius, its mass
remaining same, the weight of an object
on earth will change...... times.

The escape velocity on earth is 11.2 km/
sec. Its value for a planet having double
the radius and 8 times the mass of

The height of the geostationary orbit
above the surface of earth is.......

If the density of planet is increased, then
the acceleration due to gravity at its surface
L || ettt

True - False Type
If earth sudenly stops rotating about its

axis, then the value of 'g' will be same at
all the places.

Although the mass of moon is 10% of the
mass of earth but the gravitational pull of
earth on moon is equal to that of moon
on earth. ;

Earth has an atmosphere but the moon
does not.

If an earth satellite moves to a lower orbit,
there is same dissipation of energy but the
satellite speed increases.

Moon travellers tie heavy weight at their
back before landing on the moon.

The escape velocity from the surface of
Jupiter is less than that from carth's
surface.
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% ANSWERS 5
A. MULTIPLE CHOICE QUESTIONS :
O N # AU - ¥ B il c o MO
6. b ¢ el - 8ol 9. b 10. b
11, ¢ i K-
D. NUMERICAL PROBLEMS :
. 1.9ms? 2. cade:l
3. 0.628yrs 4. 67153:1
6. 18hrs 7. 25km/s
8. R/2000 9. 50%
10. -‘l‘- of its previous value 1 decreases, 2%
12. (a)24x10’N (b)24x 10" N
13. 9773 m 8™ 14. 6.253x 10°J
15. 19.4km/S 16. J3Gm /41
F. (’l)decreas&o (2) Four (3)22.4 x 107 (4) 3.1 km/sec (5) 36 x 10" km (6) Increase
G. ' '

(1) True (2) True (3) True (4) True (5) True (6) False.

.....
. ’

.....



Projectile Motion

PROJECTILE MOTION :

A projectile is an object which is lauched
into the space without motive power of its own
and moves freely under the action of gravity
and air resistance. For short flights the curvature
of earth can be neglected. The acceleration due
to gravity is along vertically downward direction
and is regarded as uniform. The air resistance
can be neglected if the speed of projectile is not

very large.

The analysis of projectile motion is .
convenient by considering the velocity of

probjectile as the resultant of a horizontal and a
vertical component. Neglecting the air resistance
the horizontal component of the velocity remains
unchanged throughout the motion. Since the
gravitational force is along vertically downward
direction it produces an acceleration in that
direction only. The vertical component decreases
continuously till it is zero while the projectile
moves upward. It increases as the projectile
moves in downward direction.

Y4
Sy 3
%, {“ 9
9 %
01—‘—0 Q /
< R >
Fig.8.1

Suppose a body is projected with a
vélocity 3, in XY plane making an angle 0
with the horizontal from the point O say the
origin.

As the projectile moves from the origin it
covers distance along horizontal direction due
to horizontal component 3,cos@ of the

velocity of projection and along vertical
direction du¢ to the vertical component

9,80
The acceleration along horizontal direction
a, =0
The acceleration along vertical direction
e
8.1(a) Velocity of the projectile at time t :
Suppose at time t the projectile is at p
where its velocity is §. The reactangular

components of velocity at pare §, and § y

|§ ,‘] =8,cos0
As the horrzontal component remains
unchanged when air resistance is neglected.
Initial velocity along the vertical direction
(le.att=0)=8,sinB.



282

Acceleration acting on the body = — g

Vertical component of velocity atp= 9

Time taken to reach p =1t
Using the relation V=u + at

9y =9,sin0+(-gh

=8,sinB - gt
i.e. the magnitude of velocity g atP.is

§=,/92+92

= \ﬁsocose)z +(9°sin6-—gl)2'
«(8.1.1)

Suppose the velocity § at P makes an angle «
with the horizontal direction.

9
tana = —-

X

_ 9,sinB-gt
9,cosf

o« =m"[m] (8.12)
9,cos0

This gives the direction of velocity at P with
the horizontal direction. ;
8.1.(b) Position of Projectileat P :

Suppose the projectile while at P has
covéred a horizontal distance x from 0 and
vertical height y.

Then x=8,cos0.t ..(8.1.3)
Using the equation

S=ul+%at2

y=(8,sinB).t+ {-(-‘g)tz

y=(3,sin0).t-1g® - _(8.14)

Bureau's (+2) Physics

Equations (8.1.3) and (8.1.4) gives the position
of projectile after t seconds:

8.1(c) Maximum height attained :

It 1s the greatest height reached by the
projectile from the horizontal projection level.

In fig. 8.2 the highest point reached by
the projectile during the motion is M. Let H be
the v‘,cnicﬂ height of M from level OX.

24y
M
.90 |
H
6
0O R sQ X
Fig. 8.2

Vertical component of vel. cityat M=0
using the relation 82 = u? + 2as
0=(8,sin0)’ +2(-g)H

o Sgsin2 6
2g

or H ..(8.1.5)

If the projectile is fired vertically 6 = 90°

9%

Hpmax = ?g" | ..(8.1.6)
Equation (8.1.5) gives the maximum vertical
height attained by the projectile.

8.1(d) Tirhe of Flight :

The time of flight of a projectile is the time

" required for it to return to the same horizontal

level from where it was projected.
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Let T be the time of flight. The vertical
height of projectile when it reaches the
horizontal level from where it is projected

y=0

Using the equation of motion

S= uH--é—al2
: | 2
0=(8,sin8)T+ 5(—g)T

: 2
or (3,sn0).T= é—gT

~ 29,5in8

(87
g :

or T

The equation (8.1.7) gives the time of flight,
Suppose T is the time taken to reach the highest
point M. s

Vertical component of velocity at M =0

Acceleration acting on the body = —g:

Using the equation

9 =u+al
0=(8,sin0)+(=2)T;

_9osind (8.1.8)
g i

i P PORCEE N » L

Comparing (8.1.7) and (8.1.8)

or T,

Time of ascent of projectile = 'rl - _}
(8.19) o R
8.1(¢) Horizontal Range: . .~ ... . .

It is the distance.a*projectile travels

horizontally before retarning (o the original «

clevation ie OQ.=R = Horizontal runge

283

\'A

X
«———R=R' ——

Fig. 8.3

The horizontal range R is the horizontal
distance covered by the projectile with uniform

velocity 8, cosB in a ime which is equal to
the time of flight.

R =9,cos0.T

D at
=8, cosb. 2Rg 80 (using 8.1.7)
g

z Sgsin 20
g

R -(8.1.10)

. Equation (8.1.10) gives the horizontal range of

projectile fora given velocity of projection, the
horizontal range will be maximum when
sin20=1. Sigects

ie. sin20=sin90 . .

ik . 0=45%
’ .92_ ....... |
Then Ry =—gg LBLLLD
If 0 = 45° i iy w
Then from eqn. (8.1.5)
” =3$sin245
8- <ol A
2
4 A :-9—0—-_--5'&. 5% i s
4g 4 e 2
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ie H =R_'2ax.. A8.1.12)

Horizontal range is same for angle of pmjecuon
0 and (90-0)

Horizontal range of a projectile with angle of
projection §.
R - 3% sin 20
g
Horizontal range of a projectile with angle of

projection (90 -0 )
9;‘; sin2(90-8)

R' =
g
Re = 945in(180-20)
g
92 sin20
I o L (8.1.13)
, g
. Comparing equation (8.1.10) and (8.1.13)
R=R' .(8.1.13)

Hence the horizontal range is same
corresponding to angle of projection § and
(90 — 0 ) with the horizontal direction.
8.1(f) The Path of Projectile -

If the projectile is at P after time t Fig 8.1
where x is the horizontal distance covered and
y is the vertical distance moved. :

9, is the initial velocity with which the
body is launched.

Then x =(9,cosO)t

X
t=
or 9, cos0 «(8.1.15)
Using equation
S=ut+ -,',—alz

y=(3,smO)t+L(-gn’

Bureau's (+2) Physics

Substituting (8.1.15) for tin the above equation

2
=(9,5sin®). ey
4 g 3, cos0 2g\‘}g,cosze
x!
-xtane--gz—-v .(8.1.16
85 cos
The equation (8.1.16) is of the form
y=Ax-Bx?, where A = tan® ~and
g
B=—2—
233«:0526

A and B are constants. Equation (8.1.16)
représents a parabola. Hence the path of a
projectile moving under gravity in medium of
negleigible air resistance is a parabola.

Initital energy at the time of lauching of
projectile which is Kinetic energy = % msf,
«(8.1:17)
«(8.1.18)
Potential energy at the highest point = mgH

Initial potential energy = mg. 0=0

925in’0
s T

2

m82sin?0 (8.1.19)

L
2

Kinetic energy will be minimum at the highest

point (but not zero due to the presence of

horizontal component)

lms cos? 0
(8.1.20)

(KE)Hnghest point =

ie  (PEdgighest point + (KE)tighest point

=Lm83sin* 0+ Lm83cos? 0

= %mogr (8:1.21)
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Hence mechanical energy is conserved.,

8.2 Projectile Fired Horizontally from an
elevation :

The angle between direction of launching
and horizontal 6 =0 i.e. the projectile is fired
horizontally with the velocity 3, .

Initial vertical component of velocity
= 8,sm0=0
Initital Horizontal component of velocity

= 8,c080=08,

\’A

> S PR

>
X

Fig. 8.4

If T = time taken by projectile to reach the
ground when launched from an clevation h
honzontally,

Using equation S =ut + %alz

~h=0T+ i;(—g)'l’z

7220

g
o T= Eh .(8.2.1)
2 .

Equation (8.2:1) gives the time of flight of the
projectile fired horizontally from an elevation.
The range of projectile

285

R = Initital horizontal component of
velocity x time of flight

R=8,x )"'—h 822
(8} o ( ......)

Suppose the projectile is at M after time 't where
it has covered horizontal distance x and vertical
height covered is y.

Then x = §,.t

.(8.2.3)

Using the relation

=
S=ut+5at”

-y = 0+‘§-(—-g)(2

2

at

12—

Substituting (8.2.3)

73
._l o 13
r=3d)

3 ..(8.24)

This isthe equation of parabola symmetric about
Y-axis, :

SOLVED NUMERICALS :

Example 8.1 A ball is projected at an angle
45" 10 the horizontal. If the horizontal range is
10m. Find the maximum beightattained by the
ball. (g = 10 mS™)
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2w
The horizontal range R = Sganiy

92 sin(2%45)
g
5
£
or 93 =R.g
=10x 10
8, =10msSs
vy
The maximum height H -_»w
-

_ (10)*sin” 45
2x10

Wi ] 12
___“0,_(,[5)
2x10

~ Example 8.2 What is the least velocity with
which a cricket ball can be thrown 80m ?

’ 2‘\' Q.
The horizontal range R = 3051028,

g
Maximum horizontal Range = Ry = —
)
s0-3.
Yl : h-gmdr' i we n
or _,83,-=80p<;g- TR

.9, =V80%98=28ms™"

Bureau's (+2) Physics

Example 8.3 An acroplanc flying horizontally
with a speed of 360 km hr' relcases a bomb at
a height of 490m from the ground. When and
where will be bomb strike the ground ?

Time taken by the bomb to reach the
groundist. -

S=ut+ta

~
P4

490 =0+—%x 981°

2 =100
t=108S.
Distance travelled in the horizontal direction =R
R=8,x1
=100x10" (o8, =200 s 108men
ol - 00
= 1000 m.

Example 8.4 The ceiling of a long building is
25 m high. What is the maximum horizontal
distance that a ball thrown with speed 40 m § '
can go without hitting the ceiling of the
building ?

The ball is thrown at an angle ¢ with the
horizontal (Say)

a2 2

Then maximum height H = i“i'_"‘_’
. f =g
' ‘) = 2

o 25=(40) §|n 0

o - 2x98

109 25%x2x98
o o-0n . SN 0=

" o< 40
sin=05534

sty ,,‘ 'y

0= 336"

Jhek
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92 5in 20
g

The horizontal range R =

_ (40)” sin(2 x 336)
98

o 40 x 40sin67.2
98

= ISOSm

Example 8.5 A shot leaves a gun at the rate of
160 mS™'. Calculate the greatest distance to
which it could be projected and the height to

which itwould tise. Given g =18 m §°
92 sin 20
The horizontal range R = b i
R is maximum if 6 = 45°
" 60)°
R, =92 /g=0__2560m
10
Maximum height attained = H
s 92sin”0
2g
2
(160)2 x( L )
H= V2 =0640m
2x10

Example 8.6 A ball is projected from the

ground with a speed 25 m s~!. Two seconds
later it just clears a wall 5 m high. Find (i) the
angle of projection, (ii) the maximum height
attained.
How far beyond the wall the ball again hits the
ground ? Given g = 10 m S™. 2

Let @ be the angle of projection

The vertical component will be 25 sing m S

287

Then using § = ut +Lat?

ie. S5=(25sin6)2 +%(-10)(2)2
or  50sin®=25

or sinf=1

or 0=30"

The maximum vertical height moved =H

sf,smza o (25)° "(%)2

H= = = =T78m
2g 2x10
Time of flight of the ball =T
Zx"ﬁx-—
T= 29, smO 2_125%

g 10

Time left after clearing the wall = 2.5-2
=058

Horizontal component of velocity of projection

= 25cosBm s-!

Horizontal distance travelled beyond the wall

=25¢c0s30 x 0.5
=10.8 m.
Example 8.7 A bomb is dropped from an

aeroplane when it is directly above the taget at
a height of 1960 m. The aeroplne is flying

horizontally with a velocity of 360 km h™. By
how much distance will the bomb miss the
target ?
Horizontal velocity of aeroplane =
3601000
3600

Time taken by the bomb to hit the ground =t

9= =100 ms™!

Initial vertical component'of velocity =0

acceleration=9.8m S~
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Vertical height = 1960 m

2
S=ut+Sat”

1960 = 0+ L (980"

2
~

1= =400
t =208

Horizontal distance covered by the bomb =R
R=100mS'x208S

= 2000 m.

Thus the bomb will miss the target by a distance
of 2000 m.

Example 8.8 A hunteraims his gun at a monkey
sitting on a tree. At the instant the bullet leaves
the barrel the moneky drops. Will the bullet hit
the monkey ?

v

Fig. 8.5
Suppose the bullet is fired with velocity

9, making an angle @ with the horizontal.
Horizontal component of velocity of bullet =
8,cos0

Vertical component of velocity of bullet =
9,80

Bureau's (+2) Physics

Let x be the horizontal distance between hunter
and the foot of the tree.

Then Xx=9,c080.1

weily
9,cost

or 1)

where t is the time taken by the bullet to travel
distance x.

Vertical distance through which the monkey
falls during ime tis y.

Using S=ut+ _1, at?

)~=()+-;—gl2

The bullet is at a vertical height h after t seconds.

Usingthe relation S =yt 4 Lar?

h=8 sinb.t+i(-gn’

2
slpre?
3“ cost 2 9(2, CUS2 ¢

= 8,88

using equation (1)

=xtanf - {-gll «(2)
tan = 3= 2
X

oo y+h=xtan0
y=xtanB-h

(S xmnB—(xlanG--.’;gtz)

using equation (2)

=Lgt’

Hence the bullet will hit the monkey.
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SUMMARY :
Projectile :

A projectile is an object which is launched
into the space without motive power of its own
and moves freely under the action of gravity
and air resistance.

Projectile fired at an angle ¢ with the horizontal.

(i)  Velocity at any instant 't'

magnitude of velocity

RS RS REE TR -
9 = (8, c0s0)” +(9sin0 —gr)”

- \/9_02 +gzt2 —29,gtsin0
Direction of §
o =angle that § makes with horizontal

= tan~! 9,8mb - gt
9, cosb

(i) Time of ascent

e 9, sin 0
B
(iii) Time of flight

T- 28,sin0
g

289

(v) Horizontal range
955020

R="
g

for a given velocity of projection R will

be maximum if 0 = 45

(vi) Equation of trajectory

2
gx
2 2
285¢c0s" 0

Projectile fired Horizontally

y=Xxtanb-

(i)  Horizontal range : R = SOJ—E
g

(ii) Time of flight : Time of descent

g »
(iii) Equation of trajectory

X
g___

1o

y:

19 ] =
o

2

=Kx
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MODEL QUESTIONS

o,

MULTIPLE CHOICE :

A ball is projected from the top of a tower
at an anlge 60° with the vertical. What
happens to the vertical component of
velocity ? .

a) increases continuously

b) decreases continuously

¢) remains unchanged

d) first decreases and then increases.

A projectile is fired with a velocity of 10
m S at an angle of 60° with the
horizontal. Its velocity at the highest point
s

b) 5mS*!
d) I0mS"'

a) zero
¢) 866 mS!

A ball is thrown upwards and it returns
to ground describing a parabolic path,
Which of the following remains constant?
a) kinetic energy of ball

b) speed of ball

¢) horizontal component of velocity

d) vertical component of velocity

Three particles A, B and C are projected
from the same point with same initial
speeds making angles 30°, 45° and 60°

respectively with the horizontal. Which
of the following statements is correct?

+ a) A, B, C have unequal ranges

b) ranges of A& C are equal & less than
thatofB

¢) Ranges of A & C are equal but greater

lhaﬂ B 69N -
_d) A,B,C have equal ranges.'

5.

A cricket ball is hit at 45° to the horizontal
with a Kinetic energy K. The kinetic
energy at the highest point is

a) 0 b) K/2

) K/\2

The angle of projection, for which the
horizontal range and maximum height of
a projectile are equal is

d) k

a) 45° b) O=tan"' 4

c) 0 = tan~'(0.25) d) none of these

A body is projected horizontally from a
height of Sm. It reaches the ground at a
horizontal distance of 10m. The speed of
the particle when it reaches the ground is
(g=10mS?)

a) 1omS™! b) 10J2ms™!
¢) 20 mS™' d) 20 V2 ms™!

A particle is thrown horizontally from the
top of a tower of height h with a velocity

,/2gh . Itstrikes the ground at a distance
from the foot of the tower equal to |

a) h72 b) 2h/3

¢) h d) 2h

VERY SHORT ANSWER
QUESTIONS :

What is the shape of the path of a
projectile ? 1990,1998

At what angle should a projectile be
projected so that it could cover the
maximum horizontal range ? 1999
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3.

v,

o

A hud).« is dropped from an aeroplane
moving with uniform velocity. What will
be the shape of its path of fall 7 1991

Write the shape of the trajectory of a
projectile in the mathematical form
naming the terms in it. 1989(S)

The range of a projectile depends upon
the angle of projection. Is it possible to
have more than one angle of projection
for the same range ?

Mention two examples of projectile
motion,

What is the velocity of the projectile when
itisat the highest point ?

Radius remaining unchanged if the mass
of the ecarth becomes half the present
value, then what will be the acceleration
due to gravity ? 1996(S)

Two projectiles are projected
simultancously from a point with the
same speed. Their angles of projection are
257 and 65” respectively. Compare the
ranges covered, 2000

SHORT ANSWER QUESTIONS :

What are the fuctors on which range of a
projectile depend ?

A small body is projected at an angle of
45" 10 the horizontal with kinetic energy
K. What will be its kinetic energy at the
top most point in its path of flight ?

" A pérson sitting in a running train throws

a ball vertically upward. What will be the
path described by the,ball ?
A body is dropeed from the topofa tower

.md another thrown,_horizontally with
300ms. meh one lel r;ach the

001 ' gmund ﬁm nnd whx

D.

I
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NUMERICAL PROBLEMS :

How may metres will a bomb released
from an acroplane fall in 10s after it is
released. Assume g =9.8 mS~. 1990(S)

A parucle is projected from the surface
of earth vertically upward with a speed
equal to half its escape velocity from earth.
Taking earth to be a sphere of radius R
calculate the height to which the particle
rises above the surface of earth,

JEE 1997
Hint : K.E. of projection = change in P.E.

9 2
Lm[—f—] = mgR/(1+%)

A shell is fired from a cannon with a

velocity 3 mS ' at an angle 6 with the
horizontal direction. At the highest point
of its path it explodes into two pieces of
equal mass. One of the piece retraces its
path into cannon. Find the speed of other
piece immediately after explosion,

JEE 2000

Hint : Horizontal component of velocity
of shell = § cos®

Velocity of one piece is - 9 .cosH.
9 | = Velocity of olhcr m = mass of shell

1

m8cosd = = Soos9~i-m 9

A body is projected horizontally from the
top of a cliff with a velocity of 9.8 mS™'.

+ » What time elapses before the horizontal

and vertical velocities become equal?
Giveng=9.8mS?,

An acroplanc is flying honzonlally ata
height of 490 m with a velocity of 360
kmh'. A bag containing food is to be

“dropped 1o the’ Jawans on the ground.

Hew far them the bag be released so that
itfalloverthem? . v 4
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~ fragments.

A projectile is thrown honizontally with a
velocity of 49 m/s from the top of atower

If it strikes the ground at an angle of 457,

find the height of the tower and the
velocity with which it strikes the ground.

Two tall buildings are 200m apart.
Calculate the speed with which a stone
must be thrown horizontally from a
window 540 m above the ground in one
building so that it will enter a window
50m above the ground.in other?

An object of mass 10 kg is projected with
velocity 20 mS™" at an angle 60° 1o the
horizontal. At the highest point of its path
the object explodes into two fragments of
5 kg each. The fragments separate
horizontally after the explosion. The
explosion releases internal energy so that
the Kinetic energy of the system is
doubled. Calculate the velocity of the two
JEE 1996

Hint:V elocity athighestpoint= § cos6l)
= §/2= 10 m/s

Momentum before explosion =
" W Co%H
2m.$=m$ o

2m= 10 kg
Herem=m=m=35 kg

KE before explosion =

2
Lo ¢lgy2 - M3~
22m.(29) i

9, and 9. are the velocity after
explosion
mg +#mg.=my Oor § +5 .= 4

Also  (8,-9,)i=8i
:9|-8:=9=20
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% \
T, S [ my - 2
~m83+-—m8y =24 —— | _ m$
T s 4 SO

-

- . .-

o

+9f 9

rara

9

A particle is projected with velocity 2\@5
s0 that it just clears two walls of equal
height h which are at distance 2h from
cuch other. Prove that the time of flight

between the two walls is 2,/h/g }
2000

Hint: 95 =2y2h: h=8_sinf.t ~Lgt®

or  gt*-29 sinBt+2h=0 er

) Zin 2
t_ﬁ&)as:n(:)i\/S‘,SIn 0 - 2gh
i

ac

2,/92 sin” 6 - 2gh
g

t2=4) =

~ 2y/4ghsin® 0 2gh
g

= §-‘-‘-.\}2sin20-l (1)

Also 2h = 8, cosB.(15 ~ 1)

= 2‘/gg—l{.cose.J8—h.\/25in29-l

g

or cost = -% (2)

Using (2) from (1)

ty —t; = Time of flight between two
walls

= Z,fh/g



LY

Projectile Motion

E.
L

LONG ANSWER QUESTIONAS :

Establish the expression for the range and
maximum height attained by a projectile.

Prove that speed remaining constant the

range is same for two angles of projection.
1995

A projectile is launched with an initial -

velocity ' § ' making an angle 0 with the
horizontal. Find an expression for the
maximum height to which it will rise and
show that its trajectory is a parabola.
What is a projectile ? peﬁve expression
for the time of flight and horizontal range
of a projectile. 1990, 1992
If a projectile is released with a velocity
'u'dt an angle 6 with the horizontal what
is the maximum height to which it will
rise?

Calculate the horizontal range covered by
a stone thrown with velocity 30 mS™'
inclined at an angle 45° with the
horizontal. Assume g = 9.8 mS *.

Fill in the Blank Type

For angles of projection which exceed or
fall short of 45° by equal amounts, the
ranges are ........ . :

The direction of motion of a projectile at
the highest point of its trajectory

rs
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_In a javeline throw 4 person who throws

atan angle of 45" to the ground has greater
probability of .........

A marble "A" 1s dropped vertically.
Another identical marble ‘B is projected
horizontally from the same pomnt at the
same instant. Both A and B will reach
the ground at the ... nstant.

A stone is thrown at angle of 45 1o the
horzontal. It nises to'a maximum height
of 10m. lis horizontal range is ............

Fora projectile projected atan angle..........
the maximum height and horzontal range
are equal.

True- False Type

The horizontl velocity component retains
its imtial value throughout the flight in
projectile motion.

In long jump a person who jumps at an
angle 45" to ground has greater probability
of winning.

A projectile fired from the ground follows
a parabolic path. The speed of the
projectile is minimum at the top of the
path.

A body subjected to uniform acceleration
always moves ina stright line.

The path of one projectile as seen from

another projectile is a straight line.







.

Oscillations

In chapters 4 and 6 it has been shown
that a constant force / torque acting on a body
induces uniformly accelerated (linear / angular)
motion. Such uniformly accelerated motion has
been considered in chapters 3 and 6. But when
forces/torque varying in magnitude and/or
direction act on a body, non-uniformly
accelerated motion is induced. Study of such
motion is tedious. However. there is one
common and important type of non-uniformly
accelerated motion, called periodic motion,
which can be analysed with little labour.

9.1  Periodic Motion

A motion which repeats itsell again
and again at regular intervals of time is called

periodic motion.
The regular interval of time in which the
motion is repeated is called its time period (T),

Some examples of periodic motion are

(1) Motion of earth around sun (i) motion of

electron around nucleus (iit) motion of hands
of a clock (iv) occurrence of day and night (v)
motion of a pendulum (vi) motion of balance-
wheel of a waich (vii) motion of a swing (vii1)
vibration of a loaded spring (ix) vibration of

prongs of a tuning fork. (x) torsional oscillation

of a disc. etc.

9.2 Oscillatory Motion (Vibratory
Motion)

A motion that repeats itself again and
again about its mean position of rest such that it
remains confined within well-defined limits
(called extreme positions) on either side of the
equilibrium (mean) position is called
Oscillatory Motion,

Thus oscillatory motion is a penodic
motion about a mean position, Some examples
of oscillatory motion are :

() motion of a loaded spring (1i) motion of
a pendulum (iii) motion of a swing (iv) torsional
oscillation of adisc (v) motion of balance-wheel
of a watch (vi) beating of heart of a human body
etc. We note that all oscillatory motions are
periodic but all periodic motions are not
oscillatory. For example motion of earth around
sun is periodic but not oscillatory, whereas
motion of a swing is oscillatory as well as
periodic.

Graphs representing oscillatory motion
can be of various types, some of which are given
below for the sake of illustration.
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Fig. 9.1 (a)
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1l y
‘ o
t —»
Fig. 9.1.(b) Fig. 9.1 (c)

Oscillatory motions are characterised by
physical quantities like amplitude, time period,
complete oscillation, frequency etc. which are
discussed below.

() Amplitude:

The maximum displacement of an
oscillating particle from its equilibrium position
is called its displacement amplitude.

Sometimes one speaks about velocity
amplitude, which means maximum value of
velocity.

(a) (h)
- Fig.9.2

In case of linear oscillatory motion (e.g.
Oscillation of a spring) the displacement
amplitude (OA=0B, shown in fig. 9.2 (a)) has
dimension L and expressed in meter in S.1 unit
or cm. in C.G.S. units. In case of angular
oscillatory miotion (e.g. motion of & simple
pendulum , the displacement amplitude
(£LOSA = ZOSB, shown in fig. 9.2 (b)) is
dimensionless ahd is expressed in deg. or radian
or reYolution.

(i) Complete Oscillation
" ““NWhen an oscillating body comes back to

Bureau's (+2) Physics

its imual state after elapse of minimum time. one
complete oscillation is said to have been
executed.

For example when the body covers the

0
—>-8
(,\<_c___,,) or
A—>C

path CB+BA+AC

&)

A ———C
CA+AB+BC (A—>_—B) ¢wc. One
cC B

oscillation is completed. (see fig. 9.2)
(iii) Time period

The minimum time taken by the
oscillating body to complete one oscillation is
called its time period (T).

It has the dimension T and is expressed
in second(s) or its multiple.

(iv) Frequency

The number of complete oscillations
executed per second by the oscillating body is
called Frequency (f or v).

Since time period T corresponds to one
complete oscillation, so frequency is equal to

the reciprocal of the time period i.e. f= :lf . Hence
it has the dimension T and its unit is §~! in
C.G.S. unit and Hertz in S.1. unit

I Hz= | cycle / sec
9.3. Periodic Function

A functjon f(1) is said 1o be periodic in
time if its value is regained after definite intervals
of ime i.e.

If

f(t) = f{t+ T) = f(t+2T) =....= f(1 + nT)
+(9.3.1)
where ‘' is an integer, then (1) is said to be a
periodic function with time period T, e.g.

f(t) = sin(27,T), g(t) = cos(2nt /T)
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are periodic functions as
2

2t 2n 2n
sin— =sin—(t + T)=...=sin—(t+n7T)
T T4+ T) T

and

2t 2n 2w
cos — = 0§ —(t+ T)=...=cos—(t+nT)
T T T

The sum of two or more periodic
functions with same time period is also periodic.

Asi 2% B 2n £
o, =Asin—t+Bcos—1+f(t
g Y T T )

2n 2%
= Asin ?(t +nT)+Bcos—;r—(t+nT)+ f(t+nT)

where f(t) is a periodic function of period T.
94 Harmonic Motion |

An oscillatory motion which can be
represented by a sine or cosine function of time
is called a harmonic motion.

For example displacement in harmonic
(oscillatory) motion can be expressed as

i y=A() sinz?nl = A(t)sinmt

(i) Yy=A() cos-z;i_75 L= A(t)cosmt

; e 2n
(iii) y=A(()suq—f—t+B(t)as—_Flgz¢_

: .(94.1)
In case of harmonic motion the amplitude
may or may not depend on time. If the amplitude

is constant, then it is called simple harmonic
motion.

Ji

'
'y .
SO0 /

135 )
ol ﬁt_/ of \ ~ ux\; '
B > | :

!

(@) s, AR
Fig.9.3
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9.5 Simple Harmonic Motion (SHM)

n illat tion which ca
represented by asine or cosine function of time
wi : I is called S.H.M. (Thi

is the mathematical definition of S.H.M.)

Thus if 'y' denotes displacement (lincar/
angular) suffered by the body executing SHM
then

2%
v=ASsm-—1t )
) T .(a)
A 2
= 0s—1
or Y CcOS T .(b)
. 2%
or Y=Asin (Tl:‘“‘") .(c)

2R
or Y=A cos[Tt+¢) (9.5.1)(d)

The above definition yields on differentiation
w.rtotime't',

> )
% =y= A(-’;rg]cos(%r’it +¢]~ ...(a)
and
p 2 2 ' ‘
3 i A['T’f) siq(zTnl+¢).,.(9.S.2(b)

This implies

21! 2
mear accclerauon a= T X == x

4; xm‘niz(l)A. = ‘( .. - lwaoa(y)ﬁ-i&s.f_i)

Angularatbclerauon a-*(u 0 -oﬂe

.‘I‘Il

(9»5 4)
and raitel e sl qino) )
Force F=ma= - m® ’x = - kx +9.5.5)
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Toque = la = ~lo%0=-C8 «49.5.6)

where 'I' is the M.O.1.

Equations (9.5.3) & (9.5.4) and (9.5.5) & (9.5.6)
lead to two more physical definitions as
discussed below. :
(a) Dynamical definition of S.H. M.

A motion in which a particle is subjected
to a (restoring) force (/ torque) which is
directly proportional to displacement (linear/
angular) of the particle from the mean
(equilibrium) position and is always directed
towards the equilibrium position is called a
simple harmonic motion (SHM).

Thus if F be the (restoring) force on.a
particle when its (linear) displacement is
X(= xi) from the mean position, then according
to the definition for SHM (linear)

Bk 19.57)

B ax

Theconstant K fs talled the force constant. In
case of angular SHM

«(9.5.8)

T=-Co ...(?.5.9)
where 'C' is called torque per unit angular
displacement. The negative sign in (9.5.7) and
(9.5.9) indicates that force (/torque) and
displacement (linear/angular) are oppositely
directed and force is always directed towards
equilibrium position. T

" ®) Kinematic definition of SHM

A motion in which acceleration (linear/
angular) of a particle is directly proportional to
displacement (lincar/angular) from its mean
position and is always directed towards mean
position is called SHM.

If @be linear acceleraton of a particle
when its linear displacementis X fromits mean

Bureau's (+2) Physics

position, then according to definition for SHM
(lincar)

ot R ..(9.5.10)

af o x (9.5.11)
Similarly in case of u.ngulur SHM

d==w-0 «(9.5.12)

From equations (9.5.5) and (9.5.6) we find that

) K :
for linear motion ©~ = = .(9.5.13)
and
: e .
for angular motion ©®~ = T (9.5.14)

The physical meaning of @ will become clear
after solution of equations (9.5.10) or (9.5.12).

9.6. Kinematics of SHM (linear)

Consider a body of mass 'm' executing
SHM along x-direction. Therefore the linear
acceleration of the body must be given by
(9.5.10)
(_.)2 X .(9.6.1)

Le. ad=-

where ®° = k/m .k being force constant,

=0, x=-A x=A,9=0
M /o X0 N
' mean pos'
Fig. 94
Equation (9.6.1), is re-written in scalar form as
a=-0’x .(9.6.2)

Here 'x' is the positional coordinate of the body.

. 2

AL d7x . ;
attime 't and a= — isthe linear acceleration.

de”
Equation (9.6.2) has to be solved to obtain
expression for velocity, displacement elc.
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Although there are different ways to solve this,
we shall mention below two methods, giving
liberty, to readers to pick up one as they like.

(a) Method I

According to definition of acceleration
and velocity

. d8
a:
dt
g
dt
e .ﬁ=§a=d.9=-m3x.d—"
{ dt

ld a1 d
=2 3@ (8.9)= -0’ = a—(x X) .(9.6.4)

Integrating both sides of (9.6.3) and imposing
the physical conditions

) atx=31A, 9=0
i) ax=x,9=9
We obtain

| e e S, .
ji(-‘)’)dl='-m"j i(x')dt
pdt Al

$ 2{ z“}
=-0 X
A

0
= §° =-m"'(x2 - A3)=(')‘1'(A2 -x%)

N S N | .(9.64)

dx

>
= BT

Since. §= T and S & X mcms.nmc direction,

§O

------
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dx

= ) dl
3 5 .(9.6.5
JA’ - X~ ( )

Again integrating equation (9.6.5) and imposing
the physical conditions

—

i) att=0, x=x, = initial position
n) at=tx=x,89=9
We obtain

giving

= siﬁ"(-x-]—sin"(&)ﬂol (9.6.6)
A A ..(9.6.

R &
Putting $in '(f)-—- $ 96.7)
One obtains
sin '(%)— ot +
= x = Asin{ot + ¢) ..{9.6.8)

Equation (9.6.8) gives the displacement of the
particle executing SHM and equation (9.6: 4)
gives the velocity of the body. “

From the above analysis, we find that at
x=0, the mean (equilibrium) position, the body

assumes maximum velocity ¥ ax = Ao and

at x = + A, the extreme positions, the body
attains zero velocity.

(h)  Method 11
; .d8 _ d di
C By definition i &= —(—
By ﬁnmon“" o dt(dt)
e s ot TY
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(iv) Time Period

The minimum time after which the
oscillating body returns to its previous state is
called time period (T).

Therefore x(1)=x(t+T)
=  Asin(ot+)=Asin[o(t+T)+¢]
= Asinfot + ¢ +oT]

= (minimum finite value)

oT =2n

Thus T=£=ZRJE
[0) k

The eqn. (9.6.16) implies that '® ' should be
identified as angular frequency i.e. the rate at
which angular displacement is executed. Eqn.
(9.6.16) also implies that in S.H.M. the time
period is independent of amplitude, but depends
. on the mass of the body and force constant (k).
(v) Frequency :
As defined earlier, it is the number of
complete vibrations executed per second and is
given as

.(9.6.16)

Aty
T 2n
Ex. 9.6.1 A particle executes SHM along a
straight line. If the velocities at distances 4 cm
and Scm from the mean position are 13 cm/s
and 5 cm/s respectively, findithe period and
amplitude.
Soln.

9=0vA>-x*

v +(9.6.17)

= - 9, =13cmiss oVAI -4 1)
9, =-5rcmls=fo\f A¥2S? (@)

“ 51 ¥a2=2s

30

= 169 (A% -25)=25(A%-16)

= 144 A2 =169%25-25x16=25x153

= 12A=+/25x153 =16846 cm
A=515cm «(3)

Using(3)in(2) » =4

Sotime period T = 2n/o = 1.57s

Ex. 9.6.2 A particle isexecuting SHM along
a straight line. When the distances of the particle

from mean _position are x, and lelhe
corresponding velocitiesare §, and 9, . Show

2. 2
X3 =X}
97 -93

that the time period is 27 and

amplitudeis LRl
o 97 - 93

= 8 =04A%-x;

83 Az-xg
= 8}A*=x3)=93(A*-x])
= o, AY(87-83)=91x3-93x
o=
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Again

9 -93= 0 (AT -x])-0*(A% - x3)

2 2 3 ]
= 987-983=0’(x}- i)

87 -83
= o= —
X3 =X}
2n X3 - X7
Hencetimeperiod T= == =2x [ 2"l
w ® 8 -93

Ex. 9.6.3. The maximum velocity of a body
undergoing SHM is 0.04 m/s and its
acceleration at 0.02 m from the mean position

is 0.06 m/s”. Find its amplitude and period of
vibration.
Soin.

3 ==¢m/A2 - xz.

smax =wA =004m /s

acel” =a| = 0x
Atx=0.02m, a| = © (0.02) m/s> = 0.06 m.s?

= =3 =30=/3s"

3 max _ 004m /s
Hence A= "" "‘Jss_, =0.023m

‘ 2% 2% .
Timm'rgm 7;"?-?.627‘5.

Ex.9.64 A particle moves obeying equation

f + 4x = 0, where 'x’ is its instantaneous,

displacement and 'f’ instantaneous acceleration.
The maximum value of x is 20 x 107 m. How
much time the particle will take to move from x
=0.02mtox=0.08 m ?

|
Butx=0att=0. Sotime inlcryal: ok 3
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Soln.
f=-4x = ItisSHM and oy =2
Therefore x = A sin mtwithA=20x 107 m

x.:Asm o, :,=Asm ot,

= (0((2-l,):sin-l(%)-sin"(%)
| . _I(X;) 1 _l(x' \

t‘)-t = - -8 —
= c SR (0 [sm —=-A sin A J_]

if _|(0.08) _ _,(.02"
= —|Sin wiennn | 20 YY) s
2 0.2 02)

= lz—l|=0.l56 S

Ex. 9.6.5 A particle executes SHM of period
2.0 s. Find the time taken by the particle to cover
half the amplitude from its mean position.

Soln.

| " Ser—

2t
X=Asinot=Asin —

= —=Asin£§t—9-
T
= gﬁ:siﬂ"(l):l‘.
;i & 2) 6 “
: |
= lg=—7—=-—s=—8
232 6

6

Ex.9.6.6 A particle executes SHM of period
2.0s. Find the time taken by the particle to cover
half the amplitude from the extreme position.

Soln.

o 2nt
X= AsmT. withT=20s
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O cinara A=Asin—1L
2m| 1 n
—=sin (1)=—
= T (1 >
LT
= 153
Now when x=1;—=Asin———3-
gﬂz_—g 'l[l)—f
e ¢ 2) 6
el
ReLE [
i 1Ry Lo ¥
1 1 fy =ty == ==
Hence time interval t; —t 2 126
2 |
ty =ty =—=S=—S§

Ex. 9.6.7 If the maximum velocity and
maximum acceleration of SHM are numerically
equal, find its time period. .
Soln. 2

9 =w\/A2 -x°

d=0m" X

Smax =0A, a. =.¢02A

Given a,. =9 ..

= wA=0°A

= o=l Bro i ea s A28

2 20U 2N

time period T = -“)—'-'21! Seuw " .

. o'p)’

Ex.9.6.8 A particle executes SHM with

frequency v. What is the fvequcncy wnh which
its K.E. oscillates ? . ,

.Oivem;r-somls’n e

Soln.

x=Asin ot

9=%=chosml

—  KE = 1mA%0%(+cos2wt)

4
The frequency of oscillation of K.E. is

V= 22 =( ) = L— 2v
T \20
Thus K.E. oscillates with frequency 2v.

Ex. 9.6.9 A pendulum clock keeps correct
time at a place where g = 9.8 m/s’. When the
clock is moved to a mountain top it loses 3.0 s
per day. Compute the value of ‘g’ at the mountain

o

Soln.
At the mountain top

(.
T J.g—,.

The tifne for one complete oscillation =2s.

=, 1o 23:21!,J:§.

Al the moumam top the time shown by the clock

._S_h%!!.!"c o 5 ‘e | Rt L S .’.4.
%5 B tufw O = 24 =
Fla ln{ cm )‘Ml [ 5T Rate ity T INY

ol v i uny 50 )
Ay s S Bk
v ’C {' 27 6,1 o"u.."'l' -

wols i G S 0C &2 e



24 x 60 x 60

1/

2“4 Igr

g’ 86397

= ==
g 86400

= : [86397]
& =|386a00) &

X:ﬂvg = 86397

=  g'=97996597 m/s’

Ex. 9.6.10 How much time will a seconds
pendulum gain in one hour if its length decreases
by 1 % in winter.

Soln.

T0-2s-2ng
ff 001xc=2\/' 09

SAorP=2% 099 §-
The seconds pendulum makes

3600
n, =T = 1800 oscillation in | hr.

So new time shown shall be
=1800x 2x Jpo9 =3582 s.

Hence it loses 18 s. per hour.

Ex. 9.6.11 The balance wheel of a watch
vibrates w ith 1 angularam plitede 7 radians and
aperiod of 0.5 5. Find (a) the maximum angular
speed of the wheel (b) the angular speed of the
wheel when its displacement is 7 / 2 radians (¢)
‘the angular acceleration of the wheel when its
displacement is 7t / 4 radians. ;

Soln,
Angular displacement 0 =Asin ot

Angular speed

‘Soln.
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Q=gg=Aw cos mt = w)AZ-()2

dt

2n
Time period T= =

Angular accl® o = -0

2. 2w 2n
(a)Qmm‘:wA -_F'-'—"(E rad-ﬁmdls
= Q. =3948 rad/s

> 2n 3 -
Q=—VJA" -0~
(b) T

2r | 2 -
when 8=n/2, Q="— -(1)
2 0sV" ~\2

— Q=;n—x£n:
0.5

Q-

2~f§ 7 rad/s

= Q=3419 rad/s
2\
@ «(F)0

2
when 9=§-, a=(%) .%:41:-‘ rad /5>

= a=124.62 rad/s?

Ex. 9.6.12 'A pendﬁlhm clock keeps correct
time at a placc where g = 9.81 m/s’. It is taken

10 a place where g = 9.8 m/s2. Calculate how
much time it will lose or gain per day.

Time period is given by

'I'=2:r\/Z
£
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So when 'g’ decreases T increases; hence it will
lose time. Let the pendulum clock lose x seconds
per day. There are 856400 seconds in a day. A
correct clock will make 86400 beats (vibrations)
in a day. Its time period is 2 seconds. Then the
pendulum at the 2nd place shall make (86400-
x) vibrations. Hence

(86400 - x) T' = 2x86400 sec.

= (86400 - x) 2,‘\/’5 = Zn‘g x 86400

= 86400-x=J£X86400

=X xjmtn-\/—%] =8640({I-J}—g)

Ex. 9.6.13 A simple pendulum 2 m long is
arranged in an elevator. What will be its period
when (a) elevator is moving up with uniform
velocity of 2 m/s (b) elevator is moving up with
uniform acceleration of 2 m/s® (c) elevator is
going down with uniform acceleration of 2
m/s’.

Soln.

When the elevator is moving up with an
acceleration 'a’, its relative acceleration w.r.to
ground is g+a. So

,.r
Time period Ty = 2% Ty A1)

when the elevator is moving down with an
accl”. an its relative accl®. w.r.to the ground is
g-a. Hence time period is

T2=21t ‘—('
“g—a

when it moves with uniform velocity, time
period is

wi2)

T=2xn i
4

So,

98
T =2 - 259
B LR S
LB s [T 7
D 2 3
) Thy=2x 9.8—2="185

9.7 Graphical representation of SHM
(lincar)

It is instructive to study graphically the
variation of displacement, velocity and
acceleration (in SHM) with time. For this
equations in (9.6.15) provide the necessary
guideline. If one chooses initial time (1=0) when
the body passes through mean position (x =0),
then $=0,x=Asin wl, § =Ap cospl=

n
Awm sin (O’HEJ. a=-Am sinot=An’

sin (ot + ). The values of x, 9 and a for
different values of time 't’ are listed in table 9.1
and their variation with time is shown in fig,
9.5.

Table . 9.1
t ol X 3 a
0 0 0 Ao 0
T4 | =/2 A 0 |-Aw’
|12 | = 0 |-Ae | 0
314 | 3=i2 | -A 0 | Aw?
T 2n 0 | Aw
ST/4 | 5n/2 A | 0, |-A0’
312 | 3n 0 |-Ae | 0
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Fig.9.5
It also follows from eqn. 9.6.15 (b) that
Lz_ + i = ]
o’A? A?
+{(9.7.1)

implying that the graph between speed 9 and
displacement 'x' shall be an ellipse, as shown in
fig. 9.6. R

Fig.96 iy

Also eqgn. (9.6.15) shows that the graph a rX
shall be a straight line passing through the origin

and with a negative slope(Fig. 9.7)
Ad
o N e P L
}\. : ' )‘. S e
’ ¥ -’A;‘om ’ ) l¥ '..
s V),
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9.8 Kinematics of SHM (angular)

As discussed in sec. 9.5 when a body
executes angular SHM.

- .
a=-m-0

Since by definition

~. dé
angular velocity Q = i

So proceeding in the same manner as in sec.
9.6 we obtain

0= Asin(ot +¢) @)

Q=Aocos(ot+¢)= Aw‘fl - :; .(b)

a=-An’ sinfot +¢) = -A0’0 ..

+(9.8.1)(d)

i.e. 8.Q.a takes the place of x, § and a

respectively. One also draws conclusions similar
to the conclusions drawn in Sec. 9.7.

9.9. Energy inSHM

* Consider a body of mass 'm’, executing
SHM along a straight line. The force acting on
itis given'by (See eqn. 9.5.7)

F=—k% -(9.9.1)

The work done by the force ,dhring displacement
from x to x+dx is

. -5
AW = F.dx = —k&.dx = —kx" dx (0922

P
‘—

0 X “x+dx

aim

« mean pos”

' 10 P
Therefore the work done by force F in displacing
itfromx=0tox +dxis
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X
W=] —kx
0

Let V(x) be P.E. of the body when the body is
at x and V(0) be P.E. of the body when it is at
mean position. As change in P.E. is equal to
the negative of the work done by the force, so

L, 2
i Lt L C )

1

AV=-W= V(x)—V(0)=;kx2

..(9.94)

If one measures P.E. w.r.to the P.E. at the mean
position ie. choosing V(0) = 0, eqn. (9.9.4)
reduces to

V(x)= %kxz = —2—mo)2x2 ...(9.9.5)

Egn. (9.9.5) gives the P.E. of the body
executing SHM when at displaced position x.
The kinetic energy of the body is given by

Ek(x)=%m32 =%m(oz(A2 -x%)

...(9.9.6)
(We have used 9.6.15 to obtain r.h.s of 9.9.6)

Hence the total energy of the body executing
SHM is given by

E=P.E+K.E= -;-mm:"x2 + —;jmmz(A2 -x3)

| 5
= E= ;W02A°

.(9.9.7)
Egn. (9.9.7) shows that energy (E) in SHM is
constant in time (i.c. energy is conserved in
SHM)but E« A>,Eo ®® and Eam,

If one plots grapas V(x) ~ x and E_ ~X,
the curves are as show 1 in fig. 9.8.
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E
<« V(x)
+— Ep(x)
~A 0O A i
Fig. 9.8

* (These results also hold good in angular SHM)
9.10. SHM as a projection of Uniform circular
motion.
Consider a particle of mass 'm' moving in

- anticlockwise sense witheuniform angular

velocity ' ', along a circle of radius 'A’. (see
fig.9.9)

P
X' %
< /
Y'
Fig. 9.9

Let us choose the centre of the circle to
be the origin and the two diameters XX' and

.YY' as X and Y-axis respectively.

Let at time t =0 (initial time), the particle
be at P, such that ZP,OX = ¢ . After time 't
the particle moves to P. Therefore

APOPO =
and
ZPOX = ZPOPy + ZPy0X = ot +¢

Draw perpendiculars PM and PN on X and Y-
axis mpectwely Then

" x=0M= op cos(w|+¢)=Acos(mt+¢)

«(9.10.1)
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y=ON =0p . sin(ot+$)= Asin(ot +¢)
+(9.10:2)

As discussed earlier in Sec. 5.6, the centripetal
acceleration is given by (withr= A)

2

a. =—3.r(_é") = Amz(-ér) .(9.10.3)

Resolving a_ along X and Y-axis

By =0 cos(ot+¢) = -An? cos(ot +¢)

¢
.(9.10.4)

N i
acy = —a, sin(ot +¢)=-Ao"sin(ot +¢)
..(9.10.5)

Using eqn. (9.10.1) in (9.10.4) and (9.10.2) in
(9.10.5) we obtain

»
a,.  =-0"x ,

i3 (9,106

Boy = -’y '..f(9.!0.7)

Equations (9.10.6) and (9.10.7) show that the
projections of uniform circular motion on a
diameter of the circle 1s simple harmonic and
the displacement is given by
x=Acos(wt+¢).
OR
y =Asin(@t+) . L o
These yield velocity § as

s g‘or".A.z. o-vx,z- T I
02 4§ ." 1 " 'l_-;:i P AR il
or § =m\’A2 -y2

9.11. Examples of SHM

0] FYLRTRLI S B Y W

SHM occurs in a large number of

physical situations, We shall consider few such
examples.

(a) Simple Pendulum :

A simple pendulum consists of a be‘avy_.

point miss, susperided ffom 4 rigid support by

N AP LY L

(MY N

. “
o AN
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an in-extensible, weightless string and capable
of oscillating in a vertical plane about a
horizontal axis.

X! s X 777777 24
X ff“‘”
)
e\\
T \\T
b AR =
O+ ; \'n%s?;gg
| mg \
: mg ermgwse

Fig. 9.10

Figure 9.10 shows a simple pendulum in
which a small bob of mass 'm' is suspended
from a rigid support XX' by an in-extensible
string. 'O is the equilibrium position of the bob.
The net force at equilibrium position is zero.
The bob is allowed to oscillate in the vertical
plane (XZ-plane).

Let at any time 't', the bob be at B. The
forces acting on the bob are

i)  The tension T acting along the string
towards S; with T=T(—Er)

i) The weightmg acting vertically

downward with mg=-mg 2

- Therefore the net force acting on the bob is

F=T+mg CL91L1)

'R'gsolving mg along radial and tangential
direction (see fig. 9.10 (b) ) we express

mg =mg cosBé - mg sinBe,

(L 2 % en & ==l ~(9.11.2)
We then use (9.11.2) in (9.11.1) and obtain

F=(T%mg cosB)(~¢.)~mg sin 6é,

.= Fr(-'é";)rt'Fta( e S0 (9.11.3)
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The force component F.(=€.) provides the

necessary centripetal force to the bob to move
in a vertical circle of radius ' 7 ". The velocity of

the bob in the vertical circleis 9 = e, =(we,.
o3 il ) = 5
As it is shown below w.—\l-;.so 9=Jg_( €¢s

which ensures s=\[g_( < JZg( . the

necessary condition for the motion to be
oscillatory (see eqn. 5.6.54). The tangential
force component is

F =Fg& =-mg sinb &,

= F=-mgsnO=ma 0114

where ‘a' is the tangential acceleration given
by eqn. (5.4.7) as

2

d%
dI-
Using eqn.(9.11.5) in eqn. (9.11.4) we obtain

_[99_:(
at

.(9.11.5)

-

m(ftg+mg sin@=0
de”

(9.11.6)

0 g

=

dl-
When the oscillation are small, so that sin0 = e ‘
eqn. (9.11.6) reduces to ..

0

3}-9=0 11D

dt

-

Since & =%t3- = -%9 =-0%0 (see9.5.14)

1o "

So, J%: =0 = angulgr,frequcncy,.,...(s.l‘l.8)

equation (9.11.9) reduces to the form -

AT
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d’0
—-+m"6 0 «(9.11.9
e ( )

and this is the differential equation to angular

-SHM. Its solution is

0 = Asin(wt +¢) .(9.11.10)

where '¢' is the initial phase and 'A’ is the
displacement amplitude. The time period T is
given by

T-z—"=2ng
® g

~(9.11.11)
and frequency
R
e o W «(9.11.12)

Conclusions (Laws of Simple pendulum)

i) Time period 'T' is independent of
amplitude of oscillation, so long as length
is constant. (law of isochronism)

i) T a7 (awof length)

|
iy Ta 7; (law of acceleration)

iv) 'T'is independent of mass of the bob.
Seconds Pendulum :

A simple pendulum whose time period is
two seconds is called a seconds pendulum So

& vl'or a seconds pendulum

¢
2=2 b "§_ “t
(i

"y

hx(9.11.13)

".,Iw

S

Eqn. (9. ll 13) g:w;s the lpngth of a seconds 5
pendulum
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(b) Massless loaded spring

] Consider a massless spring of length L,
suspended from a rigid support.

Fig.9.11

Let a weight mg be loaded at the lower (free)
end of the spring as a result of which the spring

gets extended by a length ' ¢ ". At this position

(fig. 9.11(b)) a tension T, acts upwirds along

the spring. 'l'hi.s tension T, is proportional 10

the extension i.e.
Traf

= T, =kt ~(9.11.14)

where 'k’ is the spring constant. For equilibrium
'i', +mg=0=(T, - mg)}
= T, =mg A9.11.15)
Soeqns (9.11.14) and (9.11.15) give
mg=k(

If now the spring is further pulled down
(applying a force f) by a distance x (see fig.
9.11(c)), the new tension 'T,’ developed along
the spring is given by

Ty = k(£ +x) (9.11.17)

Since T2 >T, (=mg),soon removal of the force

f , the spring tends to' move back to position B,
which is its equilibrium position. On release, the
force acting on the spring in the position C 1s

Bureau's (+2) Physics

F=Th +mg=(T, -mg)j

= (T, -k j=kxj (Using9.11.16)

= ‘F==ki (" X=-xj) (9.11.18)

Equation (9.11.18) shows that force 1s directly
proportional to displacement and oppositely
directed. Hence the motion shall be SHM.
Using (9.11.16) in r.h.s

F=-kx= —ox

- a=-=X .(9.11.19)

This shows that time period of oscillation shall
be

T= Zﬂ\;{' = 371\[% (9.11.20)
However it should be noted that "' is the
elongation of the spring by the load.
() Massive loaded spring

Consider an element dz at a distance z
from the fixed end. If the free end of spring is
depressed through 'x' then the element dz at z,

is depressed by % x. So velocity of the element

dz, shall be

- Z dx
3(z) = Tt
Let A" be mass per unit length of spring. Hence
K.E. of the system shall be




-(9.11.21)

P.E. of the spring is V = %kxz

‘Therefore total energy of the spring while
oscillating is

w(9.11.22).

Since energy is to the conserved, so

2
= (M+m) EX4kx =0
3) di?
2
= u:-—- k
dt?  (M+M) (9.11.23)

This indicates time period of oscillation is

M+
- —

~(9.11.24
» ( )

T=2x
Ex.9.11.1 A spring balance scale, reading from
0to 15 kg is 10 ¢m long. A body suspended
from the spring is found to oscillate vertically
with a frequency of 2 osc. per second. How
much does the body weigh ?

Soln.

The spring extends by 10 ¢cm for a load
of 15 kg.

in

&)
I
10cm
15 }
15 kg
Hence mg =k ¢
= 15x98=kx0.1
= k=15x98
Time period
1 |
T= ZNJ';=5 (Given)
m |
=2 —=—
kK  4n
= K 15x98 931 k
BT i [ ¢

Ex. 9.11,.2 Two light springs of force constants
k, and k, are joined together and the
combination is attached to a mass 'm’ at one end
and the other end is clamped to a fixed support.
Show that the frequency of oscillation is

i

—_——

< ﬁm. +Kk,)m
Soin.

F, = l?"a = f:'-'-klil ==kaXy .

where x and x, are the ex{cnsnonsoﬁ sprmg S,

and §, respccnvely
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Now k,F = -k kaXa
k2F=-k|kzi|
= (k|+k2)f==—k|kz(i|+i2)
) F:— klkz (i +i1)
kl +k‘) &
The load mg is depressed by X = X + X, and
F= - mg
. . ~
. ik kl+k2

A

when it is ‘further dcpressed by a force f
through a distance ¥ , we find that the restoring

force developed is Fr given by
k,k-, A A

= - kz(-x‘-fy) s

’

On release, the fordé acting on "
lhesysleMShallbe yan ol (Ve
‘s v’(' adois! ...L Lt "8
%

puf ! Z i+"'

“ 1 lo._’ﬁ% l+k§( ,y &

2290 MJI Qi 10T S
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sy ke ol
- Ky +K3

—ke¥

Thus the effective spring constant is K,

kK,
k.=
€™ k,+ks
Time period
T= 2% |—
Ke
v= 2n k_C- 1.
frequency \‘ m (k; +k,)m

Ex.9.11.3 Twolightsprings of Ex.9.11.2 are
connected in parallel as shown below. Find the
frequency of oscillation.

Soln.
F =—k&
By = kX
m§+l5,+l—=-_,=0.
= mg=(k, +ky)X ' 4D

If the load is further depressed by 'y', by
applying a force f,then '
Fr=-k@G+y) - 2)
Fz =-k»(x+y) ...(3)

On releasing, thc net force actmgon the system
¥ o,

P =m§¥ﬁ'+ﬁ_{=m§-’k,(i+y)- Ka(X+Y)
Using (1) | '
=—(k;+ky) ¥y="k, ¥ (4)
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It implies motion is SHM and time period

T=2n ’1 =2n
ke

and frequcncy

AR k| + Kk,
27t
Ex. 9.11.4 A point mass 'm’ is suspended at
the end of a massless wire of length '/ and
cross-section A. If Y is the young's modulus

for the wire, obtain the frequency of oscillation
for the SHM along the vertical line.

Soln.

k|+k2

v= (5

ALl
T

C vl

i

Deforming force = mg
Elastic restoring force = F
Let elongation be = x

= —mg

R s =0 D)

and F?""‘&" TR : --~(%)

If the wire is further depressed through y by
applying extra force f, then restoring force
developed is

YA

Ee e s =

313

On releasing, the net force acting on the mass is

YA. YA
+-——x-—-—(x +y)

Fy=mg+F = :

YA _

———y ~{4)

= PN

Hence the motion is SHM and time period is

m m/
T= - ———
Zn\/ =TT 2nJ YA «(3)
and frequency "
Ay YA
21t ..{6)

Ex. 9.11.5 Find the expression for the time
period of oscillation of liquid in a U-tube, if the
liquid in one column is depressed and then
released.

Soln.

Let A and B be the equilibrium positions
of liquid in the two llmbs of U tube

=(Sx;2£-)p~-_ by

where S = area of cross-section

Wk ..--'(.l)

B e lengtli of Ilqmd column
p= denslty of liquid
Let hqurd in limb P be depressed by 'y' fmm

e posntion B, Then liquid in hmb Qrisesbyy

abave Al When released, the liquid in-column
Q*cgn 10 fall while that in P, gms to rise.
The driving force is due to the weight of excess
water mcolumn Q of height 2y.
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Hence driving force

F=~S2y.p 2)j wA2)
This force acts on mass ‘m’' of water. Hence

_ s2y.p.2))
s.20p

e by
acceleration 4 = — ey
; m {

y +{3)

Hence motion is SHM and time period T is

T= 2"\% .(4)

Ex. 9.11.6 A weighted glass cylinder is floating
in a liquid with ' ¢ ' of its length immersed. It is
pushed down some distance and then released.
Compute the time period of vibration.

Forequilibrium

sipg j-mg i=0 w(1)

= 'slpg =mg ‘ - 1l

I:-nl
sp

Bureau's (+2) Physics

When the cylinder is pushed down by 'y', by
applying extra force f , we have net force acting
mgj+f=S(l+ypgj=F ~(2)
On release the net force acting upward is
Fyi=Fy=S((+ypgj - mgj
Using (1) on r.h.s

Fy =Fy j=+Spayj =- Spgy )
Then the motion is SHM and time period is

o 2 | = m. . L
T= ~ﬂ\/: 21\/% 27!\/; (4)

Ex.9.11.7 Two bodies are altermately hung on
the same spring to vibrate with frequency

| 2
a Hz and 3 Hz. respectively. Find the ratio

of their masses.
Soln.
m
i L
m2 1 E
- it =
B =2x k = Y25 2zym,

=5 mim, =&

9.12 Damped Harmonic Motion

We have discussed earlier that when a

body is displaced from its equilibrium position
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and released, so that a force proportional to its
displacement and always directed towards the
equilibrium position acts on it, the body executes
simple harmonic oscillations with a frequency
determined by the characteristics of the system
(e.g. in case of simple pendulum it depends on
length of simple pendulum, in case of loaded
spring it depends on extension etc.) Such
oscillations are called free oscillations and the
frequency is called natural frequency. In such
oscillations (as discussed earlier) there is no
dissipation of energy.

But in actual practice, dissipative forces
do operate and the amplitude of vibration
gradually decreases (e.g. in the laboratory, the
amplitude of simple pendulum gradually
decreases, amplitude of oscillations of a spring
gradually decreases). Such oscillations, where
amplitude gradually decreases, due to presence
of dissipative (dampting) forces are called
damped oscillations (vibrations). The damping
force is a function of speed of the moving system
and is directed opposite to the velocity. The
damping force may be a complicated function
of speed. In several cases of practical interest
the damping force is directly proportional to

speed ( Fa = —b8 ). In such cases the equation
of motion becomes

d8

m—= —kx— bS
dt
m_c.l_-_’i+h~d—x+kx=0 +(9.12.1)
de* dt

Detail analysis of eqn. (9.12.1) (beyond the
scope of the text) reveals that (i) if the damping
is small, there is still oscillatory motion (fig. 9.13

(a)) but with decreasing amplitude and a

frequency different from the natural frequency.
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TK : [\_
o R X
2% vy 2 t—
(Under damped) (over damped)

(a) (b)

N

L=
(critically damped)

Q » =

(©)

Fig. 9.13

On the otherhand if the damping is very large
then no oscillation takes place, but it slowly
retuns to its equilibrium position (fig. 9.13. (b))-
There exists a particular value of damping for
which the body returns to its equilibrium
position quickly without executing oscillations
(see fig. 9.134.(c)).

9.13 Forced Harmonic Motion and
Resonance gt

A damped harmonic oscillation can be
maintained 1f the energy loss is compensated
by feeding energy from an cxternal source. This
is achieved by subjecting the system to a
periodic force, in the direction of motion of the
damped harmonic oscillator. "7

The phenomenon of vibration of a body
under the influence of a periodic external force
whose frequency (o) is different from the
natural frequency (@ ) of the body is called
forced vibration. The system ultimately
oscillates with the frequency of the periodic
external force with a constant amplitude (A)
given as
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PR Fo/m

\/(wz_mg)l_'_(b.:f)z' wA3)

Where F = F cos wi, and 'b' is damping
constant. Equation 9.13.1 shows that the
displacement amplitude is maximum when

2
= fm% - # . This phenomenon in which

amplitude of vibration becomes maximum is

called resonance or amplitude resonance. For

small damping when © = o, resonance
oceurs. )

>

« Small damping

® o —>

Fig.9.14

This phenomenon. can be demonstrated

by considering a number of simple pendulums

- suspended from the same ngvd support as shown
infig. 9.15

|

" Fig. 9.15

"4

If pendultim 1 is set into vibration, then it is.

“sseen thatpendulum 3 vibrates inresonanoe (as
~frequency ofil & 3 -are same) while 2 and 4
‘vibrate inforced vibration.

displacement at that instant. K = mw

Bureau's (+2) Physics

Summary
1. A motion which repeats itself after a
regular interval of time is called a periodic
motion. The time interval after which the motion
1s repeated is called its time period.

2. The periodic motion in which the body
moves to and fro on the same path about a fixed
point is called oscillatory motion or oscillation.

3.  Simple Harmonic motion (SHM) is a
special type of oscillation in which the particle
oscillates on a straight line such that the
acceleration of the particle is always directed
towards a mean position and its magnitude is
propertional to the displacement of the particle
from the mean position.

=
a= —m°x
o
where © = ? =2nf is the angular frequency.

4.  The force on the particle executing SHM
at any instant is F = -kx

K is the force constant and x is the
2

5.a) Displacement of the particle in SHM at

-anyinstanttis

x=Asin(wt+ ¢)

where A is the amplitude and is the phase

~constant.

b)  Velocity.of the particle at any instant is
Ve ’%’:-= Ao sin(otp+r/2)

or V=g.JAlx?

¢) Acceleration at any ipstant

Y : 5 0)2‘(
a= — = =M
ot

16)  Arthe mean position x=0 and hence

V  =/Aw

'a.c’O

‘At the extreme.position x = + A. Hence
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me = 0
and a =% 0" A
7. The kinetic energy E (x). the potertial

energy V(x)and total mechanical energy E of
particle in SHM at any instant is

E ...l 2 A? 3
L(x)-zmw( -X%)

V(x)= 3 mwx’

-

. | 3.2
E:EL (X)+ V(x)= 7 mwA°

5

We note that total mechanical energy of a
particle in SHM is a constant while K.E. and
P.E. depend on the position of the particle.

8.  Time period (T) of a particle in SHM is

. 2n ,di
r=_= —
w a

where x is the displacement and a is the
acceleration of the particle at any instant.

9.  Simple Pendulum

A simple pendulum is a heavy point mass.
suspended from a rigid support by an in
extensible, weightless and flexible thread.

Time period (T) of a simple pendulum

1is the effective length of the pendulum.

10. A simple pendulum whose time period is
2 sec. is called a seconds pendulum.
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1. Incase of a mass less loaded spring, time
period

Where m is the mass of the load and K is the
spring constant.

12. (i) When a body is displaced from its
equilibrium position and left to itself to oscillate,
it is called free oscillation and the frequency
with which the body oscillates is called its
natural frequency.
(i) Theoscillation where amplitude gradually
decreases 1s called damped oscillation.

Every natural free oscillation is damped
due 10 the presence of dissipative forces.

(iii) The oscillation of a body under the
influence of a periodic force, whose frequency
( () is different from the natural frequency (m )
of the body is called forced oscillation.

(iv) Resonance is a special case of forced
oscillation in which frequency of the external
periodic force coincides with the natural
frequency of the body.

Physical quantity Dimensional{ SIunit
formula
1. Force constant IMT ) NM*!
or spring constant (k)
2. Frequency (f) and T Hz (ors™)
angular frequency(
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MODEL QUESTIONS

)

Multiple Choice Type Questions :

The displacement of an oscillator 1§ given
by x = 5 sin (10at+x). The phase of the
particle at t = | second 1s

M = (i) 5=
(i) 10w (iv) l1m

In SHM, the acceleration of a particle at
its mean position is

(i) zero
(i)

(i)  between zero and maximum

maximum

(iv) unpredictable

The equation of a SHM with amplitude 5
cm and period 0.5 s 15

(i) y=5sin2n(1-0.5)

(i) y=05sin(2/5n)t
(i) y=35sin2mt
(iv) y=35sindm

What is the ratio of P.E. & K.E. of a body
in SHM at a point where displacement is

1/3 rd of its amplitude
G) 8:1 i) 1:2,5
(i) 1:9 Gv) 1:8

Which of the two sets of quantities below
are related to each other ?

(i) velocity & phase

(i) velocity & amplitude

(ii) phase & amplitude

(iv) frequency & time period

A particle executes SHM with a frequency

- u. lts K.E osétllates with a frequency -

p) &Y 2
(iii)

(i) v

2u (iv)4u

7.

10.

11

(i)

How will the period of oscillation of a
simple pendulum be affected if it is moved
from the surface of earth to mine

(1)  Ivwillincrease
(n) . decrease

(ni) no change
(iv)
A simple pendulum of period T has a
metal bob which is negatively chargeed.
If it is allowed to oscillate above a
positively charged metal plate, its period
will

(i) remainequaltoT

(i)  become less than T

(111)
(iv)
Two body-spring systems oscillate at
frequencies n, and n, such thatn = 2n..
If the force constanls of the two spnngs

are saume, then masses m, and m, of the
bodies are in the ratio

0 12 (i) 1:4
(m) 1:8 (iv)1:16
A simple pendulum with a bob of mass
m swings with an angular amphtude of
40°. When its angular displacement is 20°,
the tension in the string is
(i) mg
(i) mgcos 20°

more than mg cos 20°
_less than mg cos 20"

becomes zero

become greater than T
become infinite

(iv) :
A body is executing SHM of amplitude

" lem, Its veloc‘lty while passing through

© “the mean positionis 10 cm's” ltsangular

frequency is
(1 100 anits - (i) 50 /i units
(iit) 40/ 37 units  (iv) 10 units .
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12.

13.

14.

15.

A particle moves on X-axis according to
equation x= A+B sinm t. The motion is

SHM with amplitude
@M A (i) B
(i) A+B (iv) ,/ Al +B?

The displacement of a particle is given by
r= A(fcosmw]simm). The motion of
the particle is

(i)  simple harmonic

(i) onastraight line

(iii) onacircle

(iv) with constant acceleration

The motion a particle is given by
x =Asin ©t+ B cos ©t. The motion of
the particle is

(i) not SHM
(i) SHM with amplitude A+B
(i) SHM with amplitude (A+B) /2

(iv) SHM with amplitude /2 , g2
The distance moved by a particle in SHM
in one time period is

M A
(i) 4A

(i) 2A

(iv) zero

Very Short Answer Type Questions :
Define amplitude.

In case of an oscillating simple pendulum

what is the work done by tension in the
string ?

By what factor the time period of a simple
pendulum will change if its length is
halved ? ~

Write the expression for vel'coily of a
particle executing SHM, at any instant of
time.

What do you mean by 'phase’ of a
particle ?

10.

12.

13.

14.

15.

16.

o
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Will the acceleration of a body executing
lincar SHM be zero anywhere in its path ?

How will the time shown by pendulum
clock change when it is taken to the
bottom of a mine ?

What is the relation between acceleration
and displacement in SHM ?

What is the acceleration of a body
executing SHM. when its velocity is
maximum ?

How phase of a particle is measured in
terms of time period ? :

Give positions of maximum velocity and
maximum acceleration .

The equation of SHM is givenas y = 10
sin (3t +7 ). What is its time period ?

Does the time period in SHM depend on
displacement ?

Write the expression for total energy in
SHM.

Can simple pendulum experiment be
performed in satellite ?

Write the expression for the time period
of a massless loaded spring.

Short Answer Type Questions :

At what position the K.E. and P.E. of a
simple pendulum same ?

Calculate the percentage of K.E. and P.E.
when displacement is one half of
amplitude.

Calculate the length of a seconds

pendulum.

. Calculate the force constant of a spring

which is stretched by 0.1 m, when a mass
of 0a5 kg is hung from it.

A body executing SHM with amplitude
of 2 cm makes 30 / n vibrations per
minute. What is the maximum velocity
of the body during the motion ?
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10.

11

12,

14.

15.

16.

17.

A particle executing SHM has period

20 s, and amplitude 10 em. Calculate its

maximum acceleration and maximum
velocity.

Define time period and frequency. Write
relation between them.

Length of a seconds pendulum is
decreased by 1%, calculate the gain or loss
in time per day.

A spring has a force constant k. and a
mass M is suspended from it. The spring
is cut into half and the same mass is
suspended from one of the halves. Is the
frequency of vibration the same betore
and after the spring is cut 7 How are the
frequency related ?

How does the mass of a spring affect the
time period of oscillation of a loaded
vertical spring ?

When the motion of a spring is simple
harmonic ? :

On what factors does the period of §n1plc

- pendulum depend ?

One clock is based on an oscillatory
spring, the other on a pendulum. Both are
taken to Mars. Will they keep the same
time there that they keep on earth 2 Will
they agree with each other ? Explain Mars
has mass 0.1 times that of earth and radius
half as great.

At what point in the motion of a simple
pendulum is the string tension greatest ?
Least?

A pendulum is mounted on an elevator
that accelerates upward with constant
acceleration. Does the period increase,
decrease or remain same ?

If a pendulum clock is taken to a mountain

“top. Does it gain or lose time ? Explain.

When the displacement of SHO 1s half as

its amplitude, what fraction of the total

cnergy is the kinetic energy ?

18.
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Show that both K.E. and P.E. of a particle
executing SHM with frequency v oscillate
with frequency 2u .

Conceptual :

!J

A hollow sphere filled with water is
suspended by a thread and is made to
oscillate. If water begins to leak out from
the bottom of the sphere, how is the time
period affected ? Not affected

A person goes to bed at sharp 10.00 pm
everyday. Is it an example of periodic
motion ? If yes, what is the time period ?
If no. why ? Yes

A patticle executing SHM comes to rest
at the extreme positions. Is the resultant
force on the particle zero at these positions
according to Newton's first law ? No accl

A small creature moves with constant
speed in u vertical circle on a bright day.
Does 1ts shadow formed by the sun on a
horizontal plane move in a simple
Harmonic motion? Yes

Can the P.E. in SHM be negative ? Will
it be so if we choose zero potential energy
at some point other than mean position ?
The energy of a system in SHM is given
by E = 1/2 m @ A". Which of the
following two statements 1s more
appropriate ”

(1)  Thecnergy isincreased because the

amplitude is increased.
(i)  The amplitude is increased because
the energy is increased.

‘The force acting on a particle moving

along X-axis is F =~ K(x-91), where K

s apositive constant. An observer moving

at aconstant velocity 8, along the X-axis
looks at the particle. Whit Kind of motio
does he find for the panlcle 7/
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8.

A particle moves on X-axis according to
the equation x = x_sin" « t s the motion
simple harmonic 7 If yes what is its time
penod ?

Numerical Problems :

Determine the maximum velocity and
maximum acceleration of a S.H.O.
having frequency 20 Hz. and amplitude
2mm.

Maximum velocity and maximum
acceleration of a S.H.O. are 20 ¢cm/s and
2 m/s* respectively. Evaluate its amplitude
and frequericy.

If the length of a seconds pendulum s
decreased by 2 %. find the gain or loss of
time in one day.

A body exccuting SHM has an
acceleration of 4 cm/s® when its
displacement is 1 cm, What is the time
period of SHM ? Find the maximum value
of acceleration if amplitude is 5 cm.

A particle executes SHM along X-axis
with frequency | Hz. Its speed at
equilibrium position 1s 0.3 m/s. Determine
its amplitude and write the expression for
its displacement.

A block lies on a horizontal surface which
executes SHM of period | s horizontally.
What. is the maximum amplitude for
which the block does not slide if 'n’
between block and surface i1s 0.4 7

A block is placed on a horizontal surface,
that executes SHM with amplitude 5Scm.
What is the maximum frequency on
which the block does not slide if p =0.8 ?

The total energy of a particle of mass 800
gm, executing SHM 15 15.9 J. Att=01its
displacement is 1 (4.3 m) and velocity is
—-i(3.2m/s). Determine its period and
amplitude. Write down the expression for
itsdisplacement.

0.

13.

4

15.

16,

17.
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What is the percentage change in time
period of a simple pendulum taken to a
place where g increases by 4% ?

How much time will the seconds
pendulum gain m one hour if its length
decreases by | % in winter ?

A spring hangs freely from a ceiling. It
clongates by 2cm when a block is
attached to 1ts free end. If the block is
subsequently pulled downwards by S mm
and then released it starts oscillating.
Determine the amplitude and frequency.

A 100 gm block vibrates with frequency
I Hz at the end of a vertical spring.
Determine the spring constant and
amplitude if the total energy 1s 0.05 J.

Determine the potential energy and kinetic

energy of the last problem (No. 12) when
it 1s 2 cm. away from the mean position.
The scale of a spring balance, reading
from 0 1o 15 kg is 15 cm long. A body
suspended from the balance is found to
oscillate vertically with a frequency 1.5
Hz. What is the weight of the body ?
A body of mass 5 kg hangs from a spring
and oscillates with a period of 0.5 s. How
much will the spring shorten when the
body 1s removed ? .
A particle executes SHM of time period
T. Find the time taken by the particle to
go directly from its mean position to half
the ampiitude.
Consider a particle moving in SHM
according to the equation x = 2 cos (507t
+tan’' 0.75), where 'x' is incm. and t in
seconds. The motion is started at t=0
(a)  when does the particle come to rest
for the first time ?

by when does the acceleration haveits

maximum magnitude for the first
time ? ; .
(¢)  when dges the particle come to rest
for the second time ?
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18.

19,

20.

—
-

The balance wheel of a watch vibrates
with an angular amplitude of = radians
and with a period of 0.5 s.

(a)  Findits maximum angular velocity

(b)  Find its angular velocity when its
displacement is one-half its
amplitude.

(c)  Findits angular acceleration when

its displacement is 45°,

A point is moving in SHM about a fixed
point 'O, Its distance from ‘o' at a certain
timeis 1 cm and | sec later its distance
from '0'is 5 cm. After yet another second
its distance from 'o’ is again 5 cm. Find
the time period.

A particle executes SHM with period T
about a fixed point 'o’. It passes through a
point P with velocity 8 along OP. Show
that the time that clapses when it again
comes to P is given by

T -.[ T.8 )
I =—rtan et
n 2nop )°

Long Answer Type Questions :

What do you mean by SHM ? How is
SHM connected to uniform circular
motion ?

Define SHM. Hence derive an expression
for the displacement of a particle
executing SHM . Prove that its amplitude
is aconstant quantity.

Define S.H.M. Derive expression for
displacement and velocity of a body
executing SHM. Prove that velocity is
maximum while passing through Its mean
position.

What is a simple pendulum ? Derive an
expression for its time period.

A massless spring is hung vertically from
arigid support. A mass 'm'’ is attached at
its free end. The mass is slightly depressed
and then released. Show that the motion
is simple harmonic and find its time
period.

Bureau's (+2) Physics

Fill in the Blank Type

The magnitude of acceleration of a particle -
inSHM s ........... at the end points.

The total energy of a particle in SHM
equals the ........ at the end points and the
........... at the mean position.

Two simple harmonic motions are
represented by the equations y, = 10 sin :

Brt+(nfd))andy, =5(sin3nt+ f3
cos 3 ). Then amplitudes are in the ratio.

The restoring force in SHM is ........... in
magnitude, when the particle is
instantaneously at rest.

The time period of a particle in SHM
depends in general on ........, but is
indepnedent of .............

True - False Type

Acceleration is proportional to
displacement. This condition is not
sufficient for motion to be simple
harmonic.

One of the two clocks on earth is
controlled by a pendulum and the other
by a spring. If these clocks be taken to
the moon, then both wjll show accurate
time,

The bob of a simple pendulum is a ball
full of water. If a fine hole is made in the
bottom of the ball, then the time period
will no more remain constant.

In a SHM kinetic energy and potential
energy become equal when the

l
displacement is 5 times the amplitude.

In a SHM when the displacement is one
half the amplitude the kinetic energy s
three*fourth of the total energy
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£ ANSWERS %

A. MULTIPLE CHOICE TYPE QUESTIONS :

1. (iv), 2. (i), 3. (iv). 4. (iv). 5. (iv), 6. (i1} 7. (i), 8. (i1), 9. (i), 10. (i), 11 Gv), 12. (i1), 13.
(in). 14. (iv), 15. (iti).

B. VERYSHORTANSWER TYPE QUESTIONS :

S 1 2. No work
|-

3. :F: 4. =w \.’ =t
5.  Seetext 6. Yes,at mean position
7.  Increases 8. a=-wm°x, aax
9. Zero 10. Multiplyingby 2x/T
11.  Velocity maximum at mean position,

accleration maximum al extreme position.
2. T=2%/3 13. No
4. 1/2mw A° I15. No

= 2K L
16. T J;

C. SHORTANSWERTYPE:

1
1. Atadistance :E' times the amplitude w.r.to mean positioni.e. x = A/ J2-

2. KE.75%, P.E 25% 3. ni ~ 100cin
4. K=49kgls* | 5. gy =2cm/s
6. 9, =7 cm/s=314 cm/s
D = E—cm/s
Fip oA % = 8. 435.267 perday

Y.A :
9. [Hinls_ : Spring constant k=—L- . so when halved new spring constant

k'_Xﬁ-z—_Zk —_\/—' ol LK -A—!-:J?tu] |

L/2"

M+(m /3 o T
0. T=2x \[—:‘_:(“—_) M = load, m = ma&ofspnng - S

11. When elastic reaction force is proportional toélonganon ic as long as Fdoke's I.m is obcycd
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12.  Length, g.
13. [Hints: Forspring ., T - 2zJm/k i€ gravity has no effect. Hence spring clock shall show
same time as on earth, In case of pendulum clock T = 37‘\;"'-/—.‘; , 1e. gravity dependent. Since
g _ GMe’Re2 _M, Rr:n LAY
g -GM IR 2 Mm'R"; POIST: 5) 2y = 8y =042, D8 > 8 -
~ Hence for pendulum clock T <T _i.e. period in Mars is greater than on earth. ]
14,  Maximum at mean position, mnmmum 15. T decreases
at extreme position.
16. Losestime : 17, 15%
CONCEPTUAL :
8. Yes, T=n/ w
D. NUMERICAL PROBLEMS :
l.  25.1cmfs, 31.58 m/s’ 2. 2c¢m: LS9 Hz
3. gainof 877.18s 4, msec:20em/ s
5. 477emix (1)=0.3/2asin (2nt) =4.77 sin (2a1)
6. 993cm
[Hints: a . = mzA'.F, o I mo”A = umg
A=bE_ pg'llz _04x980x1 _ o
®°  4n° 4x2
7. 19Hz 8. 4.97s,5m,x=5sin(1.261+0.33x)
9. 2% decrease - 10. 18 s
1. 5mm,3.52 Hz. 12. 394 N/m, 159¢m
13. 0.00079 J:0.0491 s 14, 11.03 kg
15, 62cm N 46T
17.  0.036 s;0.036 s5:0.056 & 18, 39.48 rad/s; 34.19 rad/s; 124.025 rad/s’
2n
19, .T- (3. _ 20,

(;- ]

y 1350

(1) gréau!s(’ () pd(cmiﬂl eneray, kmcuc energy'(3) 1l (4) maxlmum (5) Fonce constant

and'lﬂas‘:f%lﬂude ’ih‘ual phase andfolal cnct}gw
R T ‘o !

(l)True (2) False (3)Tmo. (4)Truc (S)Tme



Wave Motion

Wave Motion :

The study of mechanics shows that
moving particles carry energy with themselves
wherever they go. Thus energy is transported
from one place to another due to body motion
or bulk motion of the material particle.

But in nature we also observe that energy
is transferred from one place to another without
body motion or bulk motion. Forexample sound
energy of a speaker to a listener, light energy
from sun to earth, are transferred without body
motion. When a speaker speaks, the disturbance
produced in air near the lips, travels in wir, but
the air itself does not move. Such a phenomenon
is called wave-motion.

10.1. Waves :

Consider the effect of dropping a stone
into a pond of water. It is observed thut ripples
(circular rings of upraised water) spread out from
the place of disturbance. The height of the
ripples gradually decreases as it moves away
from the place of disturhance. Itis also observed
that a leaf floating on the surface of water does
not move with the ripples, but moves up and
down at the same spot. This indicates that the
moving ripples donot carry the floating objects

with them. It means water particles are not

carried with the ripples. But, however, one feels
the impact of the disturbance when the ripples
reach him. This implies that the ripples must be

carrying the energy of the disturbance, The
transport of energy without body motion of the
particles of the medium can be explained as
follows :

>

Byl FH

oy’
m
dbf“

TR ot S

[}

When the stone strikes at A, the energy is
transferred to the particle at A: and it vibrates
up and down. Due to force of cohesion between
various particles (molecules) vibrations of A get

.communicatedto B, C, D, E, Fetc. As aresult,

the disturbance spreads to all sides. Thus one
defines:

"A wave is a disturbance that travels
through a medium due to repeated perodic
vibration of the particles of the medium about
their mean (equilibrium) position, transporting
energy but not matter.”

The direction of energy transport is called

the direction of propagation of the wave. The
velocity with which energy is transported is
called as wave-velocity. But the velocity with
which particles of the medium vibrate is cglled
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10.2 Wave pulse : >

It is a disturbance travelling through a
medium for a short duration. It has a beginning
and an end.

>

_/\____l

Fig. 10.1

For example when we shake a string a wave
pulse moves for a short duration.

10.3 Continuous Wave :

When a disturbance travels through a
medium for a reasonable extended duration,
then itis called a continuous wave or wave train.
For example in the example given above if we
shake the string continuously for a pretty long
time then a wave train is set up in the string.

Fig. 10.2

10.4 Mechanical Wave :

Waves which require a material medium
for its propagation is called a mechanical wave.

Tbe'mqg'i‘gcmems of a mechanical wave
are
i) A source of disturbance
i)  Anelastic medium for propagation
i) [Isotropy of the medium
Sound waves, seismic waves etc. are

mechanical waves. But light waves, radio
waves, micro waves, ctc. donot belong to this

category. 8
losTm,pt,\Yaves i 9

" There e two typés of wave-motion
(a)longliilﬂiﬂa‘l’ﬂrave motloh (b) trans\/eme
Me’ﬁﬁnon“' gt A

YRTr Y WT 1 W
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(a) Longitudinal Wave motion :

A wave motion in which particles
of the medium oscillate parallel to the direction
of propagation is called a longitudinal wave.

>
-

(direction of propagation)
e Tt
(Vibration of a
particle)
Fig. 10.3

Forexample (i) a vibrating tuning fork produces
longitudinal waves (i1) sound wave in air are
longitudinal waves. The following charactenistic
are associated with a longitudinal wave.

v,

(1)  Alernate compressions and rerefactions
are created.
456

123

10 1112
T 789 oy 1

AT
W 6 7\6\1}/10 11

| *® e eP -

= -

-G - >P—

Compression Rarefaction

Fig. 104

(ii) They can propagate through solids, liquids
and gaseous medium.

(i) They can travel only through elastic
medium, and velocity of wave depends

on the elastic coefficient (Y or K) and
density of medium

8 =./Y/p or B/p
(b) '.'ransvcrseVVavé; :.- :

. A wave motion in which particles
of the medium osciallate perpendicularly to the

“direction of pmpagauon 1s called transverse
’wave-motlon




Wave Motion

Oscillation of
a particle

dir" of propagation

Fig. 10.5

For example wave set up in a plucked string is
a transverse wave. The following charactenstics
are associated with a transverse wave :

i)  Crests and troughs are created, causing &
change in shape (shear strain) of the
medium. (A crest is a portion of the
medium raised above the normal position
of the medium and a trough is a portion
of the medium, depressed below the
normal position of the medium).

ii)  They canonly travel in solid medium, as
liquid and gaseous medium cannot sustain
shear strain.

iii) Polarisation is a special phenomenon
exhibited by a transverse wave.

Thus from the above discussion we note
the following general characteristics of a wave
motion. r
i) Itisadisturbance travelling in a medium.

ii)  Inawave-motion there is no body-motion
of particles of the medium.

iii) Energy is transported from one part to
another.

iv) It can travel through only in an elastic
medium.

v)  Velocity of a particle of the medium is.

different from the velocity of the wave.
10.6 Equatign of a progrecslve wave :

As dlscussed earluer e wave 18, a
disturbance that travels in a meduum due to
repeated periodic vibration of the particles of

- and m,n are integers.
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the medium about their mean position of rest.
When a continuous wave travels in a medium
the particles of the medium are set into
vibrations. Therefore the study of a wave is
equivalent to the study of the vibrations of the
particles of the medium at different positions at
different times.

A function which describes the vibrations
of the particles of the medium at different .
positions at different times is therefore called a
wave function or equation to a progresive wave.

Soin general the equation to a progressive
wave travelling in x-direction shall be of the
form

y=f(x.t) «.(10.6.1)

where ‘x' gives the position of a particle in the
medium, 't' gives time and 'y’ denotes the
displacement of a particle of the medium. Since
the motion is assumed to be periodic, so

y = f(x.,) = f(x + mA,t) = f(x,t +nT)
.(10.6.2)

where ) is a distance, such that particles
separated by this distance vibrate in same phase,
T is the time period of vibration of the particles

’

For simplicity we assume that the
vibrations are simple harmonic. Then the
vibration of a particle at 'O’ (assumed to be
origin) at any time 't shall be given by

y=Asinot ...(10.6.3)

-— X
1S
O

L= —

Fig. 10.6

where we have started counting timie from the
instant when the disturbance reaches the particle
at'0’, On receiving energy of disturbance, the
pamcle at 'O' starts vnbratmg and comes back
to its initial state (at t =0) after one time period



328

of vibration (= T). Now let P be a point at a
distance A, where the disturbance reaches after
a time T. Then the particle at 'P' just starts
vibrating. Hence now at this instant (t =T), the
particle at O and at P are in the same state of
vibration. Therefore the quantity ). (included
in egn 10.6.2) and 3’ defined above must be
one and same (i.e. . = 2’ ).If § bethe velocity
of the wave, then according to above discussion

&y g i (10.6.4)

One calls this distance '), ' as wave-length. Thus
"wavelength is the minimum distance between
two particles of the medium which are in the

same state of vibration and which is covered by
the wave in a time equal to the time period of

vibration of the particles of the medium." Thus’

over a distance ), the phase difference is 2 7.

Hence the phase difference between two
particles of the medium separated by a distance

'x', must be A$ = 2nx /% . Therefore the state
of vibration of a particle 'Q' at a distance 'x' from
‘O’ is given by .

y = Asin(ot £ Ad) = Asin(ot :t-zr:!‘-

(10.6.5)
From (10.6.4) we have
A
2n ;
< § (IJ=T . SRR 1ant (1066)
.Usmg(IO66)m(l06 S)weqbtam _
: . ’ 2 . WL b Yt Ay B
y=Asm—i1£ (s tEx). . u(10.6.7)

“Equation (10.6.7) describes the vibration of the
particles of the medium at any time tand at any
-postiont x. Henge'eg:. (10.6.7) is th)p e(}‘uﬁgor.
to a progressive wave. Now it remains 10 ide
about the sign (+ or — ) in.egn. (10.6.7). For

Lk (W
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this consider a wave travelling to the right of
the origin, then x goes on increasing as time
progresses. So if we consider two particles to
be in same state of vibration separated by

distance x, then we must have

y = Asunz—:—(Sl*x)

)
=Asnnf[9(l+tn)1(x+x.,)]
A

This implies that this can be possible only when
"-ve' sign is chosen. So we write

X) .(10.6.8)

as representing a wave travelling lo the right of
the origin.

Similar considerations show that a wave
travelling to the left of the origin is given by

. 2;
y =Asm7 (9 1+x) ..(10.6.8)(a)
In equations (10.6.7) and (10.6.8), A is
called the umplitudc (displacement amplitudc).

and ¢= —7- (8 t£x) js called the phase factor

-

(or phase) The locus of all points (in a medium

in- which the wave travels) which are in same
phase of vibration is called wave front.

*We also note that a wave travels in a
medium without any change in its shape. So

s e 2
the phase '¢'= Z
remain. unchanged as the wave progresses. ie

Lo N ' fy#

o d¢ -LG
it —=0= 95:-*-
no e Xt ulu(‘-_. d)

') 10N .'}[,c.-.o 191

,l 9 if‘_&;_ FONGLDY o) gy
d Y P N

=0 :(10.6.9)
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Since ' § ' corresponds to magnitude only, (so
always positive) and dt is always positive, so
one must choose '-ve' sign i.e. write

2n
b= o (8t = x) when the wave travels to the

right of the origin and choose "+ve'sing ie write
2n
$= T (8t +x) when the wave travels to the

left of the origin. "Thus the conglusions (10.6.7)
and (10.6.8) are also explained.”*

10.6(a) Relation between Particle velocity
and Wave Velocity :

The speed with which a particle of the
medium moves along or perpendicular to the
direction of propagation during its vibration is
called particle velocity.

Since displacement of a particle during

its vibration is given by

. 2R
y --AsmT (9t £x)

-

So particle velocity u is given by

. P
u=9=\- =A. _232 Cos i(Sl +X)
dt A A b
n.--( lo-6.’ 10)
This imylies &
,1(9 "J ) f o
Upmax = ‘7— A .(106.11)

The quantity ' § "is - called the wave
velocity. This is the speed with which a point
on the wave front travels, which is also the

speed with which'energy is transferred from one '

place to another. Equation (10.6.10) and
(10.6.11) give the relation between particle
velocity and wave velocity. 1)
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10.6(b) Other forms of Wave Function :
In Sec. 10.6 it has been shown that

T
y= A, sin ;—(St +X)

represents a progressive wave, However one
can make use of the relations
9 = v A =wave velocity

o = 2y = angular frequency

|
V= = frequency
X :
T= — =Time-period
(]
2
k= T wave-vector
and write other forms like

@ y=Asin(32)(1£3) (106.12)

(i) y= Asin(2nv) (;:g—)= A’sinm(gi-.%)
.(10.6.13)

Gii) y= Asin2n (£3) . ,.(106.14)

(iv) y= Asin (%tz%)zAsin (@t + kx)
..(10.6.15)

Equations (10.6.12) to (10.6.15) can be also
given by replacing Sine with Cosine function.

Sometimes it is useful to represent a
progressive wave in terms of pressure. We can

‘arrive atitas follows: /

AN EPU=XE 001 o w

' - 3¢
AL T et ene 1 ol o Yo B

‘it brotuced =20 Pouall Zigrix)

S0 G

oo XA Aw gviee nd )ifj 4 O}
Y Tad M

a +) n2 urt) Jundg




330

. P - = P
SlqoeBulkntodulusB-(_dv,v) (~dy /dx)
So

2n 2%
P===A.B. (91—
x cos l( X)
= P=P, cos %(Sl—x)

12
= P=PR, sm[{-(sl -M+§] .(10.6.16)
Thus pressure wave and displacement wave
have a phase difference of 7/2.

10.6(c) Energy in Progressive wave :

As said earlier energy 1s transported by a
wave. To compute this let us consider {for
simplicity) a simple harmonic wave given as

y= Asin 2%(81-x) .(10.6.17)

This equation describes the vibration of a
particle of the medium at position 'x" and at time
't'. The particle velocity of this particle is then
given by

dy _ A 2n9

u=—= =A. .cosz—"(Sl-x)
dt A s
..(10.6.18)

So the K.E. of this particle at position 'x’ and
time 't'is given by

AS V. 52
zalm[ztAs) cos"-’—u»(Sl.-x)

|
i S e S, ) 2

where 'm' is the mass of ¢ach particle. &
The time average of this K.E. is given as’

2 | (27A8Y IT . ' y2n ~
(Ek(l.‘»':gk:"'“:(T‘] .:?!’ cos k(St..'x‘k?!
TODETI (1 3t i mo N
o o [ IRABY .
= El=zm.( / ] S0 L(106.19)

-
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Eqn. (10.6.17) gives accleration a of the
vibrations particle as

dzy 219\ 2
=== — y=-0 i
dt ( A ) it
«(10.6.20)
Therefore force acting on the vibrating particle
is F=ma=_mao’y="- ky..(10.6.21)

Hence the work done by this force in displacing
the particle through™'y' from its equilibrium

(mean) position is given by
H | 3
W= [Kydy=-Ky"
0 2
=ovs Wi lm(-z,r—s)z sinz—zz(St-x)
i O3 i SR

(10.6.22)

This is stored as the potential energy of the
particle. Therefore

:
5 2
Ep(x.t) = %m(“—;?) sin? 2TK(SI -X)

and
(E ), = Ep = %m[%]’ <sin: %(3!-—)&))
T T e
E,= —ml— | A
= pE 2 ( X ) ..(10.6.23)

Therefore average energy of particle of the
medium is .

AN g
.E=Ep+l—3k = %m(m) Az" ;

. At Gy 050(10.6.24)

1f 'n' be number particles perjunil-f/olqme' of a
medium, then average energy 'per unit volume
1S .
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Ep = -l*mn( :.1t9) A’

2 8
Putting mn = p = density of the medium we
have

.(10.6.25)

= 1 (2n9 1 2
Epz ip(T) A -‘p(') A
= 2z’ pvz A?
...(10.6.26)
10.6(d) Intensity of a wave : (1)

Intensity of a wave is defined as the
average rate at which a wave transmits energy
per unit area held normal to the direction of

propagation.

e <d(>=£<A—)

Where (AE) is the average energy flowing

«(10.6.27)

through area 'a’, held normal to the direction of
propagation, in a time interval dt.

Consider a section of the medium of cross-
sectional area 'a', perpendicular to the direction
of propagation. The disturbance leaving cross-
section AB (see fig. 10.7) covers a distance

St , in time dt.

1 )

———e  J it —————

Fig.10.7

Therefore average enet‘gy ﬂowmg intime At

through the cross-section of area 'a'is given by .

.
’

UL IS el .3 a0
(AE) = Fp @V 3 polALadd i, ,
.(10.6.28)

3.

This leads to intensity of the wave as

I = a(ﬁ) (- po)‘A")s

1e.

l g .
1 =(5.p mzAz] 8= Ep.s .(10.6.29) )

Eqn. (10.6.29) shows that intensity depends on
various factors, p, w . Aand § as given below

1 ap

o 0)2

a A’

a 9
'Ecin.( 10.627) gives the dimension of intensity
as [I] = M T, and its units are
watt /m?> = Joule /(m?.s) in S.I. units; erg /
(cm®.s) in C.G.S. units.

Velocity of longitudinal wave
in elastic medium

The speed of a wave travelling in an

elastic medium depends on the elastic property

and density of the medium.
let § a E}
o pb

where E_ is the proper elastic coefficient c.g.'il'
itis an extended medium like air E; = B (the.
bulk modulus)if itis arod then E, =Y (Young's

modulus).So by the law -of combination of -

variables SauIsss - id

9K E 0" (10630)
in

where 'K’ is a drmcnsnonlms cohsmm whose
value shall be determined from the experiment,
Equating the dimension on both sides of eqn.
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10.6.30, we have

LT =ML T2 (ML)’

= -a-3b=1 A10.631)
<24 = =1 (10.6.32)
a+b=0 (10.6.33)

Fromegn. (10.6.32) a = § andfrom (10.6.33)

b = -n=-%.Thercfore

E

Lo .(10.6.34)
Experiment shows thatk = |, so
$=JE./p .(10.6.35)

when longitudinal wave travels in a fluid

B

9w d=se B = Bulk modulus

p
.(10.6.36)

When longitudinal wave travels in rod, in a bar
elc.

Y
8= [~ (10637
o (10.6.37)
10.7 Reflection of Wave :

It is the phenomenon by virtue of which
incident energy is sent back to the same medium
by an interface separating two media from each
other.

The phenomenon of reflection of
transverse wave and longitudinal wave should
be considered separately.

A. Transverse Wave : ;

When atransverse wave is incident on a
boundary separating two media, the nature of

the reflected wave depends on the nature of the
reflecting medium.

Bureau's (+2) Physics

(i) Reflection on a ngid boundary

When the reflecting medium is rgid
(fixed) there occurs a phase change of 7 in the
displacement wave on reflection. Crests return
as troughs as shown in fig. 10.8

Yl
. —
A N0
—
Y
Fig. 10.8

But it is to be noted that there is no change
in pressure wave, For example, consider a string
AO having one of its ends attached to a rigid
boundary YY'. The wave crest reaching 'O'
returns as a trough. This happens due to force
exerted by the boundary on the end 'O" in the
opposite direction, so that end 'O’ remains at
rest. This generates an inverted pulse.

(i1) Reflection on free boundary :

In this case there 1s no phase-change in
the displacement wave on reflection. Crests
return as crests from the boundary. But there is
a phase-change of 7 in'the pressure wave.

B
A e 0
e
Y
Fig.10.9

For example consider a string AO, with
end'O' tied to a ring capable of sliding without
friction on a rod. When a wave crest reaches
'O, it pulls the ring upwards and the crest retumns
as @ crest. :



Wave Moation

However quite often the end point is
neither completely fixed nor completely free.
For example consider a light string attached to
a heavier string (Sec fig. 10.10 (a)). If a wave
pulse, generated in the light string, moves
towards the junction, a part of it is reflected and
a part is transmitted on the heavier string. The
reflected wave is inverted w.r.to the original
one.

T
_
P g
(a)
—
J
st ik s, ~
P a—
(b)
Fig.10.10

On the otherhand, if a wave pulse, generated
on the heavy string, travel towards the junction
a part will be reflected and a part will be
transmitted. But there is no inversion in the wave
shape (see fig. 10.10 (b)).

Thus in general, if a wave enter aregion
where the wave velocity is smaller, the reflected
wave is inverted. If it enters a region where the
wave-velocity is larger, the reflected wave is
not inverted. The transmitted wave is never
inverted.

B. Longitudinal Wave :
Reflection of longitudinal waves also
depends on the nature of reflecting boundary.
1) Rigi d
In this case there is no phase change in
the pressure wave. A compression returms as a

compression and a rarefaction as a rarefaction
(see fig. 10.11)
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Y

Fig.10.11
(1i) Free Boundary :
In this case there is a phase-change of nt

in the pressure wave. A COmMPression retums as
a rarefaction and vice-versa. (See fig. 10.12)

> C R
R R
Fig.10.12

However sometimes, we neither come
across completely rigid or completely free
boundary. Then in such cases " a longitudinal
wave travelling from a region of higher velocity
(denser medium) to that of lower velocity (rarer
medium) undergoes a phase reversal while that
going from lower velocity region to that of
higher velocity, does not do so, in case of
reflection.

10.8 Superposition of waves

and
Superposition Principle

It is observed that when two waves, after
overlapping, recedes from each other, they
exhibit their original shape. speed and energy.
But in the region of overlapping, the amplitude
of resultant wave is changed. For example
consider a string being held by two persons at
the two ends and snapping their hands to start a
wave pulsé each. The pulses travel at the same

- speed although theirshapes depend on how the

persons snap their hands. The pulses travel
towards each other, overlap and recede from
each other.



34
S A
RS Gy MO S NEE, \_J
AR I SR R

o e =

P
(a) (b)

Fig.10.13

It is seen that the shape of the pulses, as they
emerge after overlap, are indentical to their
original shapes, showing as if there was no
overlap. Such observations indicate the
following principle to have been obeyed, during
overlapping; known as superposition principle.

"When two or more waves travelling ina
medium superpose on each other, they behave
independent of each other and the resultant
wave-fuction is the algebraic sum of the
individual wave functions."

-(10.8.1)

"When two or more waves travelling in a
medium superpose on each other, they behave
mdependcm of each other and the resultant
displacement of a particle of the medium at any
time is equal to vector sum of the individual
displacements

-.(10.8.2)
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10.9 Stationary (Standing wave) :

When two identical harmonic waves
travelling in same medium but in opposite
directions superpose on each other, the resulting
wave pattern is called standing (stationary)
wave; and is characterised by formation of
nodes, antinodes and no energy flow.

This phenomenon is ¢ommon to
transverse as well as longitudinal waves.

Analytic Treatment :

Consider two identical harmonic waves
travelling in opposite directions and given as

yi(x.t)= A sin -2%(91 - X)= Asina

~(10.9.1)

yi(x.t)= Asin [%fl(St + x)+6]s Asinf}
~(10.9.1)

where a=2n(8t-x)/A, PB=2n(31+x)
/).+8 and § is the initial phase difference at
time t =0 and x = 0. The value of § depends
on the boundary condition (e.g. one may choose
initial ime (t= 0) at x= 0, when the two waves
are in same phase then § =0, orone may choose
the origin at a place when they differ in phase
by m and start counting time from that instant
or one may choose such that at x =0 and L,
y=0forallt,sothat § =)

Then according to principle of
superposition the wave function of the resultant
wave is (as peregn. 10.8.1) gives as

f-a

.COs
2

YEYI+Y =2Asina;p

-.(10.9.3)
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Giving

=2Asin[ 2E g1+ 2 2n
y(x.l)-ZAsm( Y 8!+2),cos( B

ra|on

)

(10.9.4)

Thus the resultant wave function is simple-
harmonic but not in the form of a travelling wave.
It shows that different particles of the medium
vibrate with different amplitude but with same
period.
Vibration at different Positions :

Equation (10.9.4) can be re-written as

y(x,t) = B(x)sin(-z-f- St + %) -(10.9.5)

where, B (x)=2 A cos(z)’t

) .(10.9.6)
gives the amplitude of displacement at position
x' and at any time t. Equation (10.9.6) shows
that at any arbitrary time t, the amplitude B(x)
is maximum when

2n §_)__
“”‘(A B s

= 2t—x+§--mt =0.1.23...etc
Y3 , n=0,123...etc.

&

o il )
e (n 2n ) 2
Particles at the positions given by eqn. (10.9.7)
undergo maximum displacement compared to
particles at other positions at that instant. These
positions are called antinodes. Thus "antinodes”
are the points in the medium at which the
particles suffer maximum displacement
compared to other particles at any time. Eqn.

«(10.9.7)

(10.9.7) also shows that these positions depend

on the initial phase difference (§ ) (i.e. phase
difference at t =0 and x =0). For example (See
fig. 10.14)
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) If§=0,x=0, % 7..32l . etc correspnd
to the positions of antinodes.

i) Ifg=n, x= g’ 14}‘ 5:‘ . etc. correspond

to the positions of antinodes.
But in any case the distance between two

consecutive antinodes is % s

Egn. (10.9.6) also shows that at any
arbitrary time 't', the amplitude of displacement
B(x) 1s minimum (= 0), when

cos(z—nx+§)=0
A 2

2% - % A

= x X+ 5 = (2n+ l)
Eqn. (10.9.8) gives the positions at which the
particles of the medium are permanently at rest.
These positions are called as nodes. Thus
“nodes" are the points in the medium at which
the particles are permanently at rest. The position
of nodes also depend on the initial phase

difference (3 ). For example (see fig. 10.14)

-(10.9.8)

) 1f 5 =0 thenx=% T W
SR B >
corrcspond to posmons of nodes.
() 1f5=n.thenx=0,4 %%  ec.
correspond to positions of nodes.

But in any case the distancq between a

node and ncnfestantinodc is % and distupce

bctwecn wWo consccutwe nodes is’ %’

/1) '!1

e I N
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ration at differen : - T 3L 5T

Yib - t differcot times i) If §= n,thenatt = 27—4‘ elc. the

Equation 10.9.4 shows that when

S )
sin (-"—E 9|+§')= 0
) 2

- -

the wavefunction is zero everywhere; and this
is satisfied whenever

2n o i
_st+—= =1, ,3... 0
. 3 nm., n=0,12 ele
...(10.9.9)
2m+5
A
T

Where T is the time-period of vibration of each
particle of the medium. At times, corresponding
to eqn. (10.9.10) particles everywhere are at
rest. These instants are called stationary instants.
The stationary instants also depend on the initial
phase difference (3 ). For example

p ' i 3T s
) If §=0,thenatt=0, ;.T. 5 e ClC the

particles are at rest everywhere.

particles are at rest everywhere.

But in any case the time interval between
two consecutive stationary instants is T/ 2.

Equation 10.9.4 further gives that
whenever

A .
sin(ﬂ9t+9)=il
A 2

the wavefunction, everywhere, attains
maximum value, and this is satisfied when

2n f) n
—%+—-=(2 —
T L
= t= (2n+l—§) X
e o ...(.l 0.9.11)

Eqgn. (10.9.11) gives instants when particles
everywhere undergo maximum displacement
suitable to their positions. These instants also
depend upon initial phase difference (§ ). Thus
i) If =0, thenatt = "I"?% etc. the
particles everywhere suffer maximum
displacement.”

. . o L i
i If §= n.thenalt=';.—.;

? ... etc. the

particles everywhere suffer maximum

displacement.
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Resultant
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Distinction between Progressive and Standing wave

Features Progressive Wave Standing Wave
1. Production 1. A continuous disturbance in a 1. Superposition of two identical
medium generates a progressive waves, travelling in opposite
wave direction in a medium, gencrates

a standing wave.

2. Amplitude 2. Itis same for all particles of the 2. Itis different for different particles
medium It is zero at nodes and maximum

at antinodes.

3. Velocity 3. Itmoves with a definite velocity. 3. A standing wave remains confined
No particle of the medium is to a specific region: Particles at
permanently at rest. The particles nodes are permanently at rest. Th
acquire maximum velocity while velocity is different for different
passing through their mean particles.
position.

4. Frequency 4. All particles of the medium vibrate 4. All particles, except those at nodes
with same frequency vibrate with same frequency.

5. Wave length 5. The wavelength is equal to the 5. The wave length is equal to twicd

minimum distance between two the distance between two gonsecu
particles vibrating in phase and is tive nodes / or antinodes.
covered by the wave

_ in one time period of vibration.

6.‘ l;hasc 6. All parucles within one wave 6. All particles between two adjacen|

length have different phases. nodes are irf same phase.
There is gradiial phase-change
: - fromgne particle to another. -
7. Energy 7. r here is flow of energy through 7. There is no flow of energy. It is

yd N - 2 e an . )
every cross-section of the medium  confined to the segments,

in the direction of propagation. ! "

=
=
=

The velocity of a wave travelling on a string depends on the elastic andinertia properties of
the string. Thus it depends upon the (ggsion (F) applied on the string and mass per unit length of
the string. : X
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et § aF

aph

where 'F' is the tension applied and 'f1 " is the .

mass per unit length of the string. Then

g =KF'u (10.10.1)

~ where 'K' is a dimensionless constant, whose
value shall be determined from the experiment.
Equating the dimension on both sides

CLT'=MLT?* ML)’

= a-b=l ..(10.10.2)
a+b=0 (10.10.3)
-~ 2z=_-1 ..(10.10.4)

From (10.10.4) we have a = % and from

(10.103)b= _a= _ %.Therefone

9 =K, [—

(10.10.
" ( 3)

Experiments show that K = 1. Hence

F
9= |-
3 ..(10.10.6)
10.10(a) Transverse Vibration of String :

Consider a string of length ¢, stretched

and kept fixed at the ends x =0 and x = /.
When the string is made to vibrate, waves
produced on it suffer multiple reflections at the
ends. Due to multiple reflections at the ends
waves going in positive x -direction interfere to
give a resultant wave

Y1 =As§n%(9tfx)¥ Asina

.(10.10.7)

‘where '§

341

\

Similarly, waves travelling in the negative x-
direction interfere to give the resultant wave

Yo = Asin[%(&ﬁx)-r&]: Asinf}
\

(10.10.8)

LI

is the phase difference to be
determined from the boundary conditon,

O "e f

These two waves superpose or cach other (o
give the resultant wave o

y= yy bys=3Asin-Llicos =
giving
2 , 2
y= 2Asin[ Jw a1 _j !.cos[ﬂx +§)
A 2 A 2
..(10,10.9)

Thus standing waves are lormed. But the ends
x=0and x = ¢ are fixcd. hence these must be
nodes. So with x =0, y = U we have

. (2n o &
0= 2Asm( _A— 9t + 5)“)3[-2-) forallt.

='0 i05=ﬂ.

|

This implies €0s
Therefore equation 10.10.9 reduces to
2n 2n
= =2Asin| —X | — 9t
y. m( }. x)cos( 2 )

(10.10.10)

Again y = 0for x = 7, for all t. Therefore

”sin-z_—ﬂ(:.o
8
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2
—7-? (=nx ,n=0.1.23..etc.
] (10.10.11)
o !

& f=n= . (10.10.12)

Eqn. (10.10.12) shows that if the length of the
string is an integral multiple of j. /2 , standing

3
waves are produced. Since V= 250 using

(10.10.12) we find

9 (10.10.13)

SE

But the velocity of a transverse wave on a
vibrating string is given by (10.10.6)as /F/y1 .
So using this value in egn. 10.10.13 we obtain

N

2 .(10.10.14)

; and o

y= -2Asin (%’-‘-] cos (2mvt)

«(10.10.15)
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Normal mode of Vibration :

When a string vibrates according to
egn.(10.10.15) with frequency v, given by eqn.
(10.10.14) it is said to vibrate in a normal mode.

For fundametal mode n = 1 and the
equation to the standing wave is

y = —2A cos(2mut) sin (E(i)

.(10.10.16)

with frequency V= 3 ; ~(10.10.17)

Then the amplitude of vibrationis zeroat x=0
and x =7 ;and is maximumatx = (/2 . Thus
the fundamental mode of vibration is
characterised by nodes it x =0 and x = ( and
antinode at x = (/2 (sce fig. 10.21 (a))

In the first overtone, also called as second
harmonic n = 2, so that

y= —2A cos(2avt) sin (2nx /()
.(10.10.18)

.
with frequency vV = 5.7 F/p ..(10.10.19)

This shows that it has nodes at x =0, /2, (

and antinodes at X = (/4 and 3(/4 (See fig.
10.21. (b))
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Fig.10.21. (¢)

Considering in a similar manner we
would find that for n = 3 ie in the second
overtone or third harmonic, nodes are formed

at x =0, ¢/3, 2(/3, ¢ and antinodes atx =

(/6. (12, 5(/6 (ie n—1=3-1=2 nodes
between the ends and n = 3 antinodes in
between the ends). Thus the fig. 10.21(a)
shows that the string vibrates insegments. When
the string vibrates in its n  harmonic there are
(n—1) nodes and n antinodes in between the
ends. The string vibrates in n-segments.

‘When a-string of length ¢, stretched and
fixed at both ends is made to vibrate transversely
a standing wave is set up. The frequency of

fundamental mode of vxbratmn abeys the
follownng laws :

" fi states that the frequency of
vibration of a stretched string varies inversely
as length, when tension (F), and mass per unit

Bureau's (+2) Physics

t=Ty '4
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length ( ) are constant

e S VR -!-,

(i) Law of Tension :

It states that the frequency of
vibration of a stretched string directly as the
square root of tension applied, when length (/)
and mass per unit length (1t ) are kept constant.

e v oo J.l—:
i) LawofMass: .
It states that the frequency of

vibration of a stretched string varies inversely
as the square noot of mass per unit length (|1 );

when length ( () and tension (F) are constant.

when F & pt are constant

when (and p are constant.

' | 0. ). f
ie. WG ﬁ when, 7 and F are constant

So by latlv of cdmbina&ion of variables

votl F/u
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Experiment shows that when the string vibrates
in its fundamental mode

= o Fli

and when it vibrates in its nth harmonic

$ .8
2

Sometimes the law of mass is broken into

zhelaws(as\/ﬁ-\[_l-p (DJ_)

(a) Law

v = F/u

It states that V& when

D'
{,F & p areconstant

(b) Law of Density

I
It states that va T when
p

(.F & D are constant.

Solved Examples
Ex.10.1 The dnsplacemem of a wave is
represented by y = 0.25 x 10~ " 'sin (500 t
~0.25 x), where y, t, x are in cm, Sec and m
respectively. Deduce (i) amplitude (if) time
period (iii) angular frequency (iv) wavelength.

What is the phase of wave atx = L.2cmand t =

0.1s. . 0
Soln. o
Given
y=0.25x 10— "sin (500t — 25 x) withy
in Cm and x in m. So-expressing X in cm

y=025x10-"sin (500t — 25x) |

2n
Asin—(9t - |
e g o
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"1:
=5 =25 = A=—=025Icm
A 25

=  A=025x10"cm

2n
= = 8=300 o 258=500

= 9=20cm/s
Time period
0 / =—
( [2 6] /() =555°
Angular frequency
©= s =2nx 2 = 500 Hz
T n

Phase = 500t — 25x
= (500 x0.1 — 25x1.2) rad

= (50 - 30) rad = 20 rad

Ex.10.2 A progressive wave of frequency 550
Hz is travelling with a speed of 360 m/s. How
far apart are two points 60° out of phase ?

Soln. . |
Given v=550Hz, §=360m/s .
9360 higeris
' TAhm —a
Y 550
for 7. distance apart phase difference is 2n
(=360°).Se for 60° phase dlfteteme distance
apnn is 508
Ag _}_axw—}.__x = -1
360 6 550,655
Ex.10.3 The amplitude of a wave disturbance
propagatmg in lhe posmve x-dlrecuon is given
by d

1
AT Aot ; R Rl (V131

. nal
Ay Hann o
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- |
T4 x

5 attimet=0

and by

I
S — =9
y 1+ (x—1)? attimet=20s
where x and y are in meters . The shape of the
wave disturbance does not change during the
propagation. What is the velocity of the wave ?

Soln.

|
Given ¥ = yatt=0

I+ x

I
14(x 1)

att=20s

= forAx =Im., At = 20s

= speed § = %%=lm/8~’0.5/8_

2
-

Ex.10.4 The equation for a wave travelling in
x-direction on a string is

y = (3.0 cm) sin [(3.14 em ™ yx =314 57! n]
. (i) Find the maximum velocity of a particle of

the string (ii) Find the acceleration of'a particle
atx=60cm, attimet=0.11s.

Soln,
Given

y = (3.0cm) sin [(3.!4 (:m'.l =314 )t]

() . Particle velocity

u= %y—=—(3.0 cm) = 314 cos .

[(3.14 o314 5700

Bureau's (+2) Physics

Upax = 3% 3l4em/5=942m/s

(i) - Accl®, of a particle

o

«

—5 =~(3)(314) sin[3.14 x - 314 1]

2
&}

a=

Latx=60cm, t=0.11s

4= ~(3) (314)sin[3.14 x6-314 x0.11]

=~(3)(314)* sin[6n - 117]=0

ea=0

Ex.10.5 Speed of transverse wave, going on a
wire of length 40 cm and mass 4.0 gm is 60 m/
s. The area of cross-section of the wire is 1.0
mm- and its Young's modulus is 16 x 10" N/
m-. Find the extension of the wire over its
natural length.

Soln.
Mass per unit length

= i Icm-L m/cm
H 408"1 108 |

Speed 8 = /F/pu =60m /s =60x10%cm/s

£

= = 36x10%m*" /s>

=

= F= 36x10° %01 gm.cm/s?

=36 x 10’ dynes
i.e F=36 N.
: F/A
Youn.g s modulus Y = ZT/—(
Al F 36N

— S

& ¢ AY 1x10°x16x10"
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36 x10°

= % 7 x40 =9%0cm
1x107" %16 %10

— R

Ex.10.6 Two waves passing through a given
region are represented by

i =(10cm)sin(314 cm ™~ )x-(157 ™" ]

Y2 =(l.5cm)sin[(l.57 em x-314s™ )‘]

Find the displacement of the particle at x =4.5
cmattime t=35. ms.

Soln.

Given

yy = (L0em)sin[(314 em™)x =157 s ]
= y,=(l.0cm)sin[xx-1001_,ll]
¥5 =(L5cm)sin[1.57x - 3141]

| =15cem sin[—%—x—lOOm]
s Att=5ms=5x10"s, x=45¢cm

y, = (l.Dcm)sin[4.51t ~100x E x5 x 10‘-’]

= sin[4.57 - 5] =sin[ 7% ]em
y,= sinfdn +5]=sin 7.~ % =0707cm
ya = 15sin[2 x 45°100m x 5x10°]

- ljsin[%n -1,‘-] = 1.5sin( %)

-

15

— =-106lcm
2

= 15sin[2 - g}] ~—1SsinE=

347

Net displacement

.y =y +ys =(0.707 - L061)cm = ~0.354cm
Ex. 10.7 The vibration of a string fixed at both
ends are described by the equation

y =(50 mm )sin[(l.S? em”! )x}sin[(3l4 s )l]
(1) " Whatiis the maximum displacement of the
particle at x = 5.66 cm ?

(i)  What are the wave-length and wave
speeds of the two tranverse waves that combine
to give the above vibration ?

(i) What is the velocity of the particle at x =
566cmattimet=20s7?

(iv) Ifthe length of hte string is 10.0 cm, locate
the nodes and the antinodes. How many loops
are formed in the vibration ?

Soln.

Given
y =(50 mm)sin[(l.57 cm™ )x}sin[(3l4 s )x]

This is the standing wave formed by

y, =(25 mm)cos[(l.S? em ™ )x-(314 s"')t]

and
vz ==(25 mm)cos|(157 em ™ x+(314 5”0
(i) Atx=5.66c¢cm,

y=(5x 107 em) x sin[-g- x 5.66] xsin[lOOm]
= y=0255 sin(100 m 1) -

=0.255 cm' =2.55 mm

y max
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2n n
i) —=157=—
(i1) x >
= A=4cm
E!-9=IOO
A
9= 100x =200cm/s
n/2

(i) u= % =(5x107") (1007)

sin(—gx) cos (100mt)

aax=566cm,t=20s

u=0.5x1007 xsin(-;- x's.oe) cos (1007 2)

u=7996cm/s-
(iv) Nodes occur where y =0

U sin(-g-x)zo

= Zx=mm
2

x=2ncm n=0,1,2..etc

Thus nodes occur at 0, 2, 4, 6, 8 and. 10 cm.
and antinodes occur at 1, 3, §, 7, 9 cm. The
string vibrates in 5 loops.

Ex.10.8 A steel wire of length.64 cm weighs
5 g. If it is siretched by a force of 8N, what
would be the speed of a transverse wave passing
onit ?

Soln.

5
Mass perunit length.p = - g/cm

Tension F =8 N =8 x 10* dynes

Bureau's (+2) Physics

g oo PCANERIG)
Shice i (564)

= 3200cm/s=32m/s-
Ex.10.9 A wave pulse is travelling on a string
with speed § in the positive x-direction. The
shape of the string at t =0 is given by g(x) = A
sin (x/a), where A and a are constants (a) What

-are the dimensions of A and a, (b) Write the

equation of the wave for a general time 't', if the
wave speed is § .

Soln.
(a) A has the dimension of length

a has the dimension of length

o1 (i__s_t)
(b) g(x1)=Asin & 2

Ex.10.10 A uniform string of mass 0.5 kg is
stretched between two rigid supports, separated
by a distance of 2 m. The tension in the string is
10 N. Determine the speed, the fundamental
frequemncy and the corresponding wavelength
of the wave along the string.

Soln.
Given ( =2m, m=0.5 kg

=> mass per unit length-
= %ikg/m =025kg/m
Tension F= 10N

9= yF/u=Jd%m/s

‘= As=2Wmls

Fundamental ffequency

e

"

R 7 =5Hz

Vl-'-'

(%]
9

A= LR =4m
Wavelength *1 v S
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Ex.10.11 Compute the speed of longitudinal
wave in air

Soln,
Mean molecular mass of air =28.8 gm/mol
=28.8 x 10 kg / mol

Also ¥ = 1.40 . R = 8.314 J. mol' K" at
T= 300°K

R [ \@9
A p pV M
\/l.4x8.3l4x300
S 3 -m
288x10™

/s

= 9= 3482m/s.

Ex.10.12 A wave is propagating on a long
stretched string along its length taken as the
positive x-axis. The wave equation is given as

{&3)

y=Y6
where y, =4mm, T=10 8, 5 =4Cm,
(a) Find the velocity of the wave

(b) Find the function f (1) giving the
displacement of the particle at x=0

(c) Findthe function g (x) giving the shape g
(x)of the stringatt=0

(d) Plotthe shape g(x) of the string att =0
{e) Plot the shape of the string at t=35.08.
Soln.

Given

Yo

= {(91=Xx)

(af e
——.— , 5
TIRP =\ T

349

— S () e R =4c¢m /s

fedem
b
(b) Putting x=0
5
ity = o -—(l/T)-
(v Yo €
(c) Puttingt=0

= X2/
gx)=y e

e} -] ﬁL

Summary

I.  Ina wave motion energy is transmitted
from one place to another.

2. A wave which requires a material
medium for its propagation is called a
mechanical wave.

A mechanical wave may be longitudinal
or transverse. e.g. Sound wave,
3. A wave which does not require a material

medium for its propagation is called an
clectromagnetic wave.

E.g : Light, x-ray, y -ray, radio waves etc.
4.(i) Wave length (%) : It is the minimum

distance between two particles of the medium
vibrating in same phase. :

(i) Wavernumber (n) : Reciprocal of wave
length (%)

| 2r
n= e k=27 et the angular
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wave number.

(i) Speed of a wave

0]

- :}bf.:—
¥ k

-3 | >

I
V=T is the frequency of the wave.

@ :angular frequency = 27 v

5.  Phasc difference (@) between two
particles of the medium having a path difference
'x'1s

2x

¢=T.x

6. Equations of a progressive wave in
different forms are :

) y
i) y=Aﬁn%?Wtix) R

X
.. . x
i) y=Asinwm (ti:)

A

i) y=Asin ZR(? * ‘i’)
iv) y=Asin(ot t kx)
7. Intensity of a wave is the energy crossing
unit area of the medium in unit time.
Intensity I = Zuzvzp\('/\z
where v = frequency

A - Amplitude

V - Velocity of the wave

£ —» density of the medium

8.  Speed of longitudined wave in an elastic
medium.

E
V===
92

Bureau's (+2) Physics

E is the modulus of elasticity and p is the
density of the medium.

. In case of longitdinal wave travelling in a fluid
E = B, Bulk modulus.

B
n V=4
el
. In case of longitudinal wave travelling in a
solid bar.

E =Y, Youngs modulus.

Y
B N i
o

9.  Speed of transverse wave in a string :

i
~ \/ﬂ pA
where T is the tension acting along the string

and 4 is the mass per unit length of the string.

4 = p A, pbeing the density and A the cross
sectional area.

10. When two identical harmonic waves

. travelling in same medium but in opposite

directions superpose on each other, the resulting
wave pattern is called standing or stationary
wave,

Antinodes : The points in the medium at which
pasticles suffer maximum displacement
compared to other particles at any time.

Nodes : The points in the medium at which the
particles are permanently at rest.

. Distance between two cansecutive nodes or
wo consecutive antindes is -il s

. Distance between a node and its nearest

antinode is .

Il. Transverse vibrations in stretched
string :

The frequencies of different modes of
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MODEL QUESTIONS 3,

Multiple Choice Type Questions :

A sine wave is travelling in a medium,
The minimum distance between two
particles, which always have same speed
is

M x4 () A/3
(i) 372 (v)

A sine wave is travelling in a medium. A
particle has zero displacement at a certain
instant. The particle nearest to it having
zero displacement 1s

@ /4 (i)
@ii) /2

Which of the following represent a wave
travelling along the z-axis.

r13

(iv) A

(i)  x=Asin(ky—wi)
(i) x=Asin(kz—wrt)
() y=Asinkz coswt
(iv) y=Acosky sinwt

- 2 A
y=Asin"(kx-ot)
represents a wave motion vith

The equation

(i) amplitude A, frquency ¢ /2n

(i) amplitude A/ 2, frequency o / n
(i) amplitude 2A, frequency o /47
(iv) does not represent a wuvé motion.

Which of the following is a mechanical
wave

(i) Radio waves
(i) Light waves
(i)  x-rays

(iv) Sound waves

0.

10.

A cork floating in a calm pond executes
SHM of frequency v . when a wave
generated by a boat passes by it. The
frequency of the wave is

M v (i) , 2
(iv) w2

Twostrings A and B are of same material.
The radius of A is double that of B, If
same tensions are applied to keep the
strings stretched, what would be ratio of
the speed of a transverse wave (9,7/9g)
on the strings.

(i) /2

mn 172 (i) 2
() 174 (iv) 4

Two ° waves represented by
y =asin(wt-kx) and y = acos(wt - kx)
are superposed. The resultant wave has

an amplitude

(i) a

() a2

() 2a (iv) 0

Two periadic waves of amplitudes A and
A, pass through a region. If A >A, the
difference in the maximum and mmumum
resultant amplitude possible is

Q) 2A, (i) 2A,

(iii) A +A, (V) A - A

Two waves of equal amplitude A and -
equal frequency v travel in a medium in
same direction. The amplitude of the
resultant wave is

(i .0
(i) 2A

i) A
(iv) between 0 & 2A
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12.

13.

14,

—
.

The fundamental frequency of astring 1s
proportional to

(i) inverse ofits length -

(i) diameter

(1) tension

(iv) density

Longitudinal waves cannot

(i)  have aunique amplitude

(lij transmit energy

(iii) have a unique wave velocity
(iv) be polanised. -

A wave going in a solid

(1)  must be longitudinal

(i) may be longitudinal

(ii1)
(iv)
A wave going in a gas

must be transverse
may be transverse.

(i) -must be longitudinal
(i)  may be longitudinal
(iii)
(iv)

A transverse wave travels along z-axis.
The particles of the medium must move

must be transverse

may be transverse.

(i) along z-axis

(i) along x-axis .

(ni) along y-axis :

(iv) inthe xy-plane

Very Short Answer Type Questions :

‘What is a wave 7

What is transferred in the propagation of
awave? *© U7 '

If stationary waves are formed in a
medium, is there any transfer of energy
through the medium ?

i

10.

13.

14.

15.

16.

17.

I8.
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Write the relation between §.1, 4 .
What is the type of sound wave produced
when we talk ?

Why cannot transverse wave travel in a
gas ?

Define wavelength.

What is the distance between two
consecutive nodes ?

Which exhibits polarisation, longitudinal
or transverse ? :

Out of frequency, wavelength, velocity,
which one does not change during
refraction ?

Define nodes.

Define antinodes.

Write the equation to a pmgressivé wave.

What is the phase diffemnce between the
prongs of a vibrating tuning fork ?

Write the expression for wave-velocity in
an elastic medium.

What is the relation between wavelength

(7.) and wave number (3 ) ?

What is the phase relationship between
particles lying in two consecutive
segments?

What happens to the frequency of
transverse vibration of a string if its
diameter is doubled and the tension is
increased 4 times ?

What is the distance between a
compression and a nearest rarefaction in
longitudinal wave ?

What is the distance between anode and
nearest antinode ?

What type of wave is produced in sitar ?
Write expression for intensity of a wave.

Ratio of amplitudes of two'waves is 3:4.
What is the ratio of their intensities ?

-
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25.

26.

27.

C.

What type of wave is produced when a
tuning fork vibrates ?

What type of waves are the ripples on a
pond of water longitudinal or transverse ?

A progressive wave is represented by an
equation y = ¢, sin (cox+cst). If ¢,
€5 ¢ are all positive in which direction

is the wave travelling ?

What is the phase change when a
longitudial wave travelling in a denser
medium gets reflected from a rarer
medium?

Short Answer Type Questions :

State the laws of transverse vibration of
string.

Distinguish between longitudinal and
transverse wave.

Give two important distinctive fretures of
progressive and stationary wave.

A progressive wave is represented by

y =10sin (1007t - f%)' If x is in meter
and tin seconds, find the velocity and time
perod.

State the principle of superposition,

What lS the effect of propagation of
transverse wave in-a medium ?

State the basic principle on which the
working of a sonometer is based .

Show that the particle speed car never

" be equal to the wave speed in a sinc: wave

if the amplitude is less than wavelength
divided by 2 .

10.

Il-

12.

14,

12
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Show that for a wave travelling on a string

u
Ymax _ "max
u i 3
max max

where y denotes displacement, u denotes
particle speed und a denotes particle
acceleration,

What is the smallest positive phase
constant which is equivalentto 7.5 x 7

Are torsional waves longitudinal or
transverse ?

Is it possible to have a longitudinal wave
on a stretched string ? A transverse wave

~onasteel rod ?

Two wave pulses identical in shape but
inverted with respect to each other are
produced at the two ends of a stretched
string. Atan instant when the pulses reich
the middle, the string becomes completely
straight. What happens to the energy of
the two pulses?

What kinds of energy are associated with
waves on a stretched string ? How could
such energy be detected experimentally?

Unsolved Problems :

The speed of radio-waves in vaccum is

3% 10%m /s - Find the wavelength for (i)
an AM radiostation with frequemy 1000
kHz (11) an FM radiostation wnh
frequency 100 M Hz.

The equation of a certain progressive

)

%
wave is ¥ = 2sin2 H‘O()l 30

where x and y are in centimeter and t is
seconds. What are (i) amplitude (11) wave
length (1i1) frcqucncy (w) speed of
propagation.
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3.

The equation of a wave travelling on a

‘string stretched along x-axis is given by

(-4

(a) Write the dimension of A, aand T (b)
Find the wave speed (¢) In which direction
the wave is travelling ? (d) Where is the
maximum pulse located at t="T ? at 1=2T?

y=Ae

The displacement of the particle at x=0
of a stretched string carrying a wave in
the positive x-direction is given by
f(t)=Asin (t/T). The wave speed is
9 . Write the wave equation.

Write down the equaiton to a wave
travelling in negative x-direction and

~ having amplitude 0.01 m, frequency 550

Hz, and a speed 330 m/s.

10.

llo

A string with linear mass density .

0.10 kg/m is stretched under a tension of
30 N. A transverse single wave of
amplitude 0.05 m and angular frequency
88 rad/s travels along the string from left
to night. (a) what is the speed of the wave?
(b) what is the average power of the
wave?

Calculate the speed of mechanical waves
in rail road tracks made of steel. If the
frequency of the source is 240 Hz, what
is the wave length of the waves in steel?

Given Yy =2x10""N/m*:

p=78x107kg/m>-

Write the equation for a wave travelling
in the negative direction along the X-axis
and having an amplitude 0.01 m,
frequency 200 vib/s, and a speed of 300
m/s, ; :

Two waves, travelling in the same

direction through the same region, have
equal frequencies, wavelengths and

13.

14.
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amplitudes. If the amplitude of each wave
is 4 mm and the phase difference between
the waves is 90° What is the resultant
amplitude ?

A longitudinal wave propagates in a steel
bar having density 7.0 gm / cm”® and
Young's modulus 2 x 10" Pa. (a) What
18 the wave speed? (b) By what factor is
this speed greater than the speed in air at
20°C ? ;

A stationary wave is represented by
y =4 sin(0.2nx)cos(200m1 ) where
displacement (y) is in cm. What is the
distance between a node and next
antinode ?

Two waves are represented at a certain
point by equations

ey 10 sin 20007t

and
¥5 =10 sin(2000mt + %)

Find the frequency and amplitude of the
resultant wave.

A transverse wave discribed by
y= (o.ozm)sin[u.Om" x + (305! n]

propagates on a stretched string having a
linear mass density of 1.2 x 10 kg/m.
Find the tension in the string.

One ‘end of a stretched rope is given a
periodic transverse motion with a
frequency of 10 Hz. The rope is S0 m
long, has total mass 0.5 kg and is stretched
with a tension of 400 N.

(a) Find wave speed and wavelength

(b) If the tension is doubled, how must
the frequency be changed to maintain the
same wavelength ?
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15.

A metal wire has these properties.
Coefficient of linear expansion =
L5=107%"cy!

Young's modulus = 2.0 x 10" Pa
Density =9.0 x 10° kg / m’

Al each end there are rigid supports. If
the tension is zero at 20° C, what will be
the speed of a transverse wave at 8" C.

Long Answer Type Questions :

What do you mean by wave motion.
Deduce the equation to a progressive
wave. :

Define wavelength of a wave and
-establish a relation between velocity and

wavelength.

Prove analytically, that the intensity of a
wave, at any point, vanes direcrtly as the
squate of its amplitude at that point.

Discuss analytically the formation of
stationary waves.

Discuss graphically the formation of
stationary waves.

Discuss the various points of distinction
between progressive wave and stationary
wave.,

Fill in the Blank Type

A travelling wave has frequency v and
the particle displacement amplitude A. For
the wave the particle velocity amplitude
i cdns and the particle acceleration

amplitude is ..........
|

s
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The waves are : y=asin(wt-kx)and y

. = a cos (wt - kx). Phase difference

between them is ...........

The equation : y = a cos (wt + kx)
represents a wave, whose
wavelength is ........ , frequency is ..........
and velocity is ..........c.....

y=05sin2x (0.1x + 2t), represents a
wave equation in which the distances are
measured in meters and time in seconds,
the wave speed is ......... m/s.

The equation 1o a progressive wave is
- d'y _ k[ d% y

given by I)- = ;[ J‘—] the velocity of the

WAVE 1S voceeerieras

True - False Type

A wave is represented by the equation y
=0.5 sin (10t + x)m. [t is a travelling wave
propagating along the +x direction with

- velocity 10ms!

During the propagation of a progressive
wave in a material medium, there is no
net transfer of energy.

Waves produced by a motor boat sailing
in water are both congitudinal and
[ransverse waves.

Ocean waves hitting a beach are always
found to ,b.c' nealy normal to the shore.

Waves produced in a cylinder containing
a liquid by moving its piston back and
forth are longitudinal waves.
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5 ANSWERS b

A.  Multiple Choice Type Questions :

‘ : AL, A
L. (i1i), 2. (ii), 3. (i1), 4. (31).[Hints : y=Asm“(kx—-wt)=—’-{l—COSZ(kx-Wl)} ]
5. (iv), 6. (i), 7. (i), 8. (i), 9. (i), 10. (iv). 11. (i), 12. (iv), 13. (i) & (i), 14. (i), 15. (iv)

B.  Very Short Answer Type Qestions :
l.  Seetext 2. energy
3. No 4. 9=1f
5 Audible sound 6.  gascannot sustain a shear strain
7. Seetext 8 X712
9. transverse ¢t 10.  frequency
11.  Seetext 12. Seetext
13. Seetext 4. =
15. S=\/y/p or JB/p 16. I=-{-
17. - phase difference 18. No change
19. A2 20. /4
21. stationary transverse wave 22. Seetext
23. 9:16 24.  longitudinal
25. transverse 26. - ve x-direction
2le LR
C. Short Answer Type Questions :
1. Seetext 2. Seetext
3. ° Seetext 4 9=3J4x103m/s-T=§‘6s
5. Seetext 6. Seetext
7.  Resonance 10. 1.5x
Conceptual Type :
1. Transverse :
D.  Unsolved Problems

I (i)300m. (i) 3m
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11
13.

14.
15.
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(1) 2 em, (i1) 30 cm, (iii) 100 Hz, (iv) 3000 cm/s
(a) [A] =L, [a]=L, [T]=T (b) 8 =a/T (c)positive x-dirn
(datt=T,x=aandatt=2T,x =2a

= Asinl L -X % : 107X

£ ()= Asm(T J‘) & o midt 0.0lsm(l 100 + 107 )
(@) 103m /s (b) 16.77 want

5063.7m/s:21.1m 8 y=0.0lsin(400m+ ‘é:-mt—-ct)
42 mm ' 10. 5345.22m/s: 15.58

2.5¢m 12. 1000 Hz, 14.14 Units

0.108 N 5

(a) 200 m/s; 20m (b) increase by /2 i.e. |02 Hz
63.25 m/s

[Hints - —4[-‘- =ar=15x10" x12=18x1072

p:——-—:

m
Al s

>|=
= |o

s
A

F,
y=FE/A _B"
AllL AlI(

E_YXA(LD)
K P

" -5 ,
on o [0 _ 0o,
i P . 9xI0

=

F. (1) 2n0A. 4x°0°A (D) % (3)progressive, 2% . %, . %[ ()20 m/s (5) Jy',,
G. (1)False (2) True (3)_Tmc (4) True .(5) True g
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Sound

Psychologically, sound is said to be the
sensation produced when proper disturbance
reaches the ear. Physically sound is the stimulus
capable of producing the sensation of sound.

Usually motion of a vibrating source
sets up waves in the surrounding elastic
medium. Whether the vibration of the source is
transverse or longitudinal the wave set up in the
surrounding medium is a longitudinal wave
whose frequency is same as the frequency of
vibration of source. If the frequency is within
the range 20 Hz to 20,000 Hz, then the ear is
sensitive to it and is called audible (sonic)
sound. The waves with frequency v <20 Hz
are called infrasonics and those with v > 20,000
Hz are called ultrasonics.

11.1 Speed of Sound Wave (Newton's
formula)

When a longitudinal wave
travels in an elastic medium compressions and
rare- factions are created in the surrounding
medium. The compressions and rarefactions
move forward with speed 9 from the vibrating
source. This speed is called wave-speed of the

longitudinal wave. The speed  must depend

on the density p of the medium and proper

coefficient of elasticity Ec ,e.g. in case of bar
E. =Y (Young's modulus) and in case of an

extended fluid E_ =B (Bulk modulus).

- For convenience and simplicity we
adopt dimensional method and write

o aES"
t)ap"

This gives, by Law of Combination of Variables

o= KE? pP ALLLD

‘where 'K' is a dimensionless constant. As done

in sec. 10.6 one finds

0= (11.1.2)

E.
p
When sound wave travels in air medium E_ =

B (Bulk modulus), so

B

p

9= L(11.1.3)

Newton assumed that when sound wave travels
in an air or gaseous medium the temperature of
various layers are nearly constant i.e. isothermal
conditions are maintained. Therefore

pV = constant
= pdV £ Vdp = 0
giving

~(11.1.4)
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But by definition r.h.s of eqn (11.1.4) represents

bulk modulus. So under isothermal conditions
B =p and eqn. (11.1.3) reduces to

0=JE
p

Egn.(11.1.5)is calléd "Newton's formula” for
speed of sound wave in a gaseous medium.

~(11.1.5)

The derivation of Newton's formula is
based on the assumption of isothermal
conditions during propagation of sound wave
and ideal gas condition. However Newton's
formula does not agree with experimental
results.

Laplace's Correction :

Laplace introduced modifications in
Newton's formula suggesting that (i) when
sound waves travel in a gaseous medium
compressions and rarefactions take place rapidly
and (ii) the gas being poor conductor of heat,
the heat developed in compression zone cannot
flow to the rarefaction zone. As a result of the
above isothermal conditions are not maintained
rather abiabatic conditions are maintained.
Hence

PVT 2‘_;0"15 tant ...(11.1.6)

On differentiation it gives

®.
~(dv/v)

Usingegn. (11.1.7)in (11.1.3)" .

W= ~(11.1.7)

w . '.
0=_|— .

0 3 «(11.1.8)
Equation (11. l 8) is the Laplaces correctcd
formula for spe?d of sound wavc J

Factors affecting speed of Sound

The speed of sound i m&gaseous medium
is given by Laplace corrected formula (11.1.8)
as TP e ,

Bureau's (+2) Physics

e=J£
p

where P is the pressure, p is the density and
y is the adabatic gas constant. Using ideal gas
equation PV = RT, eqn. (11.1.8) can be re-
written as

YPV J_
o-fE- 5
where T is the absolute temperature and M is
the grammalecular mass.
(i)  Effect of Pressure :

As seen fromegn. (11.1.9) change
of pressure has no effect on the speed of sound.
(ii) [Effect of density :

Eqn. (11.1.9) shows that speed of

sound in a gas varies inversely as the square
root of its density i.e.

(1119)

(iii) Effect of temperature :

It also follows from eqn. (11.1.9) that
speed of sound varies directly as the square root

of absolute temperature i.e.
8 aT
Therefore,
1
8, [273+1 t 2
—= =l1+—| ..(11.1.
8, V 273 (+273) (L1400
This gives
1
T BV TR
t"""ﬁ(l“m) ,0.‘(' 335) |
~(11L1.11)
0, -0 1
l 0 = = = ‘3 N -l
and s 546 a l.8;§2>‘<10 c

(11.1.12)
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The physical quantity o defined in (11.1.12)is
called the temperature coefficient of speed of
sound. [t is defined as the change in speed of
sound per unit speed at 0°C per degree rise of
temperature.

(iv) Effect of humidity :

Since the density of water vapour is less
than the density of dry air, so density of moist

air (p,, ) is less than the density of dry air (p, )

Le. Py > P

Therefore from equ. (11.1.9) we obtain

ﬂd P

—= [ <]
O

Pa
= Om > Gd

i.c. speed of sound in moist air is more than
speed of sound in dry air.

Ex. 11.1.1 Calculate the speed of sound waves
in rail road tracks made of steel : (Given Y -
=2x 10" N/m*; p=7.8 x 10° Kg /m* ). If the
frequency of source is 240 Hz, what is the wave

length of the waves in steel ?
Soln.

[V J2x10” N/m?

Vp 78x10° kg/m?
0 =5064m /s

(Ans)

Ex. 11.1.2 Calculate the speed of sound in
mercury if its Bulk modulus is 2.7 x 10" N/ m?
and its densnty is 13.6x 10° kg/m’.

Soln.

e B 27 10N T
p \136x10°kg/m?

AN
=1409m /s
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Ex. 11.1.3 Calculate the speed of sound waves
in an atmosphere of helium at 0°. and 1 atm.
pressure. Note that 4 gm. of helium under STP
has a volume of 22.4 litre. For He, ¥ = 1.67.

Soln.
8= YRy /Py =¥ Vo /M

_Jl.67x13.6x76x980x22.4x1000
% £ E

= 97328.838 cm/s
#=97329 m/s (Ans)

Ex. 11.1.4 Calculate the speed of sound waves
at30’C in(a) hydrogen (b) helium (c) oxygen.
Given R = 8.31 J mol ' K and y = 1.41 for
H,, 0., and 1.67 for Hewe_

&lnl
8= {Y_RI
M
(a) For hydrogen
=Jl.4lx&31x303

3 2x1072
(b) Forhelium ot

=13323m/s

Jl.67x8.3| %303
0= 3
4%10

(¢) Foroxygen

Jm "83'1303 =47105m /s
16x10 .

Ex. 11.1.5 At what temperature will the velocity
of sound in a gas be double its value at 0°C.

Soln.

=10253m /s

.'.o..a ﬁ
i~ A "['T ﬁ73+t
T L a3
o VT, Y213"V"23
 hesgad e By e gnitoet L oot
WIERAR edirbi - lobe i ol
T s Al

VIR

= 1=4x273-273= 819°C
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Ex. 1L.1.6 A tuning fork produces a sound
wave of wavelength 2m in air at 0° C. What
will be the wavelength of sound in air at
10°C2

Soln.

Bureau's (+2) Physics

1
According to Kinetic theory P = ng2

RN 2 =G
3
Sl ’1(:;: fﬁl-c
3 3
= . 9=0685C

Ex. 11.1.8 Show that the speed of sound
increases by 0.61 m/s per ° C rise in
temperature. (velocity of sound at 0° C is 333

r=d f1e—1 4 oo
= v = + —
oi+z75)
1
B =9 (1+L)’ o (1+—'—)
= 2(1+.}2)’ t~ 0L "7} = 0" 546
273
A=2036 m oY o By
Ex. 11.1.7 Show that the velocity of sound in dt 546
agasof y=141is0.68C, where'C'istherms If di=1°C
speed of its molecules. o :
332m/s
Soln. d, =2 = 0.61m /s
L 546 546
ﬂ:’J’ZP
< p
- TablelLl
(Speed of sound in different media)
Medium L TTE e  Speed Medium Speed
hys _ (m/s) (m/s)
At (dry0'C) ' Gl Copper 3560
Air(20"C) 343 Aluminium 5100
€O, (0°C) R - Tron 5120
H, (0°C) 1284 Steel 5945
0,(0°C) 317 Glass (pyrex) 5170
Water (0°C) 1402 Vulcanised rubber 54,
Scawater ¢ BUNCIN LRI 150
Methyl, aleohol Yap v i N8 6 15
Blood (37 C) 1570 A
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Equation to a travelling sound wave :

The equation to a progressive sound wave
- is given as (similar to 10.6.7, 10.6.16)

2
y= A Sin —(Bt£x)

x «(11.1.13)

OR

e . | 2R n
P=P_Sin [ 3 (txx)+ 2]
(1L1.14)

2n
where P ——A B=-6' AB; B being Bulk

modulus.
Intensity of a sound wave :

As worked out in Sec. 10.6, (eqn.
10.6.29) the intensity of sound wave is given
as

|
I;Ep ®’A%D (11.1.15)
SinceP = - AB and B=J-§-
m 6 p
2
)
So we obtain Pg, = —2-A232 - %"A294pz
i) )
= P2 =w?A20%
PE s g
A% =1
200 20"
P'i 1.1.16
Thus I = 200 L(11.1.16)

11.2 Musical Sound :

The sound which is produced by a
series of similar pulses following each other
regularly and rapidly at equal intervals of time

363

without any sudden change in amplitude is called
as musical sound.

A musical sound produces a pleasing
effect. Musical sound having a single frequency -
is called a tone and that having a number of
frequencies is called pote . In a musical sound,
the tone having the lowest frequency is called
the fundamental or prime tone and higher ones
are called overtones .

For example, sound produced by a tuning
fork, sitar, organ pipe, are musical sound.

Noise :

The sound which is produced by a series
of dissimilar pulses following each other
irregularly and slowly at unequal intervals of

time, with sudden change in amplitude is called
noise.

For example, sound produced by firing
of a gun, clapping, falling of a metal plate are
noise. ‘

Characteristics of musical sound :

* A musical sound is characterised by one
objective property (i) intensity and three
subjective properties (ii) loudness (iii) pitch
(iv) quality.

(i) Intensity :

As discussed earlier in Sec. 10.6 and
Sec.11.1, intensity of sould wave at any point
is defined as the amount of energy flowing per
unit normal areaaround that point per unit time.

The lowest intensity of an audible sound
foranormal earisI = 10"'? W/m? and is called

Threshold intensity for hearing. The minimum
intensity of sound which causes pain to a normal

earis 1 W/m?, and is called Threshold intensity
f pai ] g
Intensity of sound depends on
(a) Amplitude of vibrationas (] ¢ A2)

(b) Areaof the vibrating surfaceas (| o s)
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1
(¢c) Distance from the source as (l a ;2-)

(d) Density of the medium as (I o p)
(ii) Loudness :

Loudness of sound is the degree of
sensation of sound produced in an ear.

Thus the loudness depends on (a) intensity
of sound and (b) response of the ear. Therefore
loudness is not entirely a physical quantity. Itis
partly subjective.

Weber and Fechner's study gives the
relation between loudness (L) and intensity (1)
as

L oo logl

= L =K logyl ~(11.2.1)

where K is a constant of proportionality. If I
be threshold intensity and L, be corresponding
loudness for a normal ear, then

L, =K log, I, .(1122)
Fron eqn. (11.2.1) and (11.2.2) one obtains
B= L - Ly =K log,, (1/1;)
«(11.2.3)
The quantity = L - L,, defined in eqn
(11.2.3) s called the infensity1gvel. The constant
of proportionality 'K' depends upon the choice

of units. When K = 1, the unit for intensity level
is 'bel’. Then

Eqn.(11.2.4) sho@sithat if 1 ={dlo. thenff =1
bel. Hence 'intensify level of sound is said to

be 1 bel if its intensity (I) is ‘10 fimes the

threshold intensity (1,).

On’the otherhand,; when one’takes K = .

10, the unit of intensity levelis expréssed in
“deci bel". Then

Bureau's (+2) Physics

= 10log, (I/1y)decibels  ..(11.2.5)

Equations (11.2.4) and (11.2.5) give
1 bel = 10 decibel

Further egn (11.2.5) implies that ""intensity level
of a sound is said to 1 decibel if its intensity is
(10)"1° times the threshold intensity"'.

(iii) Pitch :

Pitch of a sound is the sensation that
enables one to differentiate between voices and
classify them as high or low. For example we
say that buffalovoice is of low pitch, a male voice
has higher pitch and a female voice has still
higher pitch. It is a subjective quantity and
cannot be measured by any instrument. Pitch is
related to the objective quantity "frequency”,
more particularly the dominant frequency
present in the sound. Experiments reveal that
pitch depends on the fundamental (dominant)
frequency and not on the overtones. But there
is no one-to-one correspondence. For a pure
tone of constant intensity the pitch becomes
higher as the frequency is increased. But the
pitch of a pure tone of constant frequency
becomes lower as the intensity level is raised.

(iv) Quality (Timbre) :

It is a common experience that sound
notes of same pitch and loudness coming from
a flute and a violin are différent. Thus there exists
a property which distinguishes two notes of
same pitch and loudness. This property is called

It is observed that two notes of same pitch
and loudness have different wave forms. Thus
one can associate quality with wave form.
Hénce quality depends on the number of
overtones présent, the nature and relative
intensitics of the overtones.

Ex:11:2.1' Calculate'the intensity of the wave
y = 0.002'sin (4000 t - 10 x). Density of the
medium p =1.29 kg/m’,
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| 3.2
= —p W°A°D
3P

Given y =0.002 Sin (4000t - 10 x)
= A=0002

w =4000 = 2nv
21 0
k= A-l
_o_2mv L4000 oo /s
k 2n/A 10
O %xl29x(4000)2

% (0.002)% x 400 watt/m*

I=165.12 x 10* watt / m*
Intensity level

B=L-Ll)=

165.12x10°
- lqg,.,[——T—) bel
lo 12

log,o(1/14)bel

- 3=16.22 bel

Ex. 11.2.2 A tuning fork of frequency 5/2 Hz
causes air particles to vibrate with amplitude
2 x 10° m. What energy current density
(intensity) does it produce in air ? Velocity of
sound in air = 340 nvs. Density of air=1.3kg/m",

Soln.
GivenA=2x10"m

u=S512Hz
H=340m/s

p=13kg/m’

1 :.-;-pmzAzﬂn_lwzguzAzﬂ
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=2xm x13%(512)°
x(2x107)* x 340 watt/m?

=915x107" watt/m?

Ex. 11.2.3 The intensity level of a class room
is 50 dB if only one person is talking. What

will be the intensity level it !0 persons are

talking simultaneously?
Soln.

Given intensity level of a classroom when
one person.is talking as 50 dB.

i.e f=10log,,(1/1,)=50

= log,(l1/1)=5

When 100 persons are talking
1001
p = 1010810[ : )
0

= 10 [logja107 +log, (1/15)]

=20+ 10log (1/1,)
=20+50=70dB (Ans)

Ex. 11.2.4 The intensity of 10 violines is 10
times that of a single vilin. What is the change
in.dB in the sound level if all the violins are

playing simulm:'\eously ?
Soln.
B = 10log,, (1/1,)dB
B’ = 101log,, (101/1,)dB

= 10 [ bg|010+ loglo (l/'o)l

= B' 10 + 10 logw (l/lo)z(lO*’B) dB

p'-P= 10d8B (Ans)

- Ex.11.2.5 I the intensity level is 100 dB.

Calculate the amount of mcxgy falling on the
ear of area 5 cm’,
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Soln.
ﬁ-’- 100dB = 101(810 (l/lo)

= log, (1/15)=10

= 1=10"1,=10"x10"watt/m?
= 10? watt /m?
So energy falling on area A per second is

E=LA.=10? ~5 X5X 10*m®
m
E=5x 10%Js". (Ans)

Ex. 11.2.6 Show that if P, and P, are the
pressure amplitude of two sound waves, the
difference in intensity level of the waves is

B, B, =20log,, (%‘)

1
Soln.

PZ
We have 1=—"-

2p0

where P_'is pressure amplitude, p density and
O speed. :

1 -_._.‘2 T | Y
g 573 2-
zpﬂ

2p0 °
= By =Klogo(l; /15): B, =Klogu(l,/1y)

2
-

= B, =B =Klogyy(l; /1;)=Klog,o(P,’ / P,*)

Bz -51 =2K loglo(Pz ,Pl)

When intensity level is measured in decibel

K=10
. Bz —ﬂr = 20'08.0("2 I P|)

Ex.11.2,7 A source of sound emits a total power

of 10 watt, uniformly in all directions. At what
distance from the source is the sound level 100
db.

Bureau's (+2) Physics

Soln.

10 watt

Atdistancerm; I = W

“B=10 1;’810(1—:)')“0'08:0(“)%,2]

10/ 4nr?
= 10 |Og|o(wz—]

= B‘-‘ lOlog,o-—z = 100db
dnr _

= 10log,(10'%)

13
- '1-0—2 = lO'°
4mr

= 4rr? =10°
= r=892 m.
11.3 Interference of Sound Waves :

The phenomenon of superposition of two
waves of same frequency, same wavelength and
same state of vibration (polarisation) and
travelling in same direction in a given medium
with no phase difference or constant phase
difference is called Interference. It is
characterised by re-distribution of energy as a
result of reinforcement and cancellation of
waves.

Conditions of Interference

(1) - Two sources must emit similar waves
~continuously - condition for sustained
interference.

(i) The amplitudes of the two waves must
be equal or nearly equal - condition for
goad contrast.

The two sources should be situated close
. to each other.

(iii)

The two sources should be coherent i.e.
they should be in same state of vibration
and have no or constant phase difference.

(iv)
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Analytical Treatment :
Consider two waves, emanating from two

sources (say two tuning forks as shown in
fig.11.1 ) and travelling in positive X- direction.
Let them be represented as

\I\‘\l

= P

S» ‘ L-—-j’ ’9’:’)/}>

I\ J Y, X+A

]

Fig.11.1
128

)’n(x.t)=ﬂ|SlnT(9l-x) .(11.3.1)
yalx,t)= aasln[T(m x)+¢] «(11.3.2)

at the point P, where they superpose on each
other. The phase difference ¢ is

0=0,+0,

where, ¢, is the initial phase difference which

may be zero or have a constant value, and ¢ is
the phase difference arising due to the path

difference (A ). Then by the principle of
superposition, the resultant wave function is
given by

y 0=y, (x,t)+y,(x,0

=a|Sin2£(& -X)+ azSin[-ziE(ﬂt -X)+ 0]

= yx = (a +a2Cos¢)Sm (ﬁt-—x)
4{a25m¢)C01 3 2R (Pt~ x) .(11.3.3)
Putting : oL

367
a, +a,Cos¢ = ACos8 | .(11.3.4)
a, Sing=ASin0 «(11.3.5)
so that
A= Jaf +aj +2a,a,Cos¢  ...(11.3.6)
B a,Sing .
B ra it (11.3.7)
equation (11.3.3.) reduces to

y (x,t)= A Sin [—21&(61 > x)+e] (11.38)

Thus the resultant wave pattern is also sinusoidal,
(similar to the interfering ones) Hence the
intensity (I) of the resultant wave form is given
(as peregn. 10.6.29) as

1= po’A%0 =KA?

= I=K, (az+a§ +2a,a, Cos ¢) --(11.3.9)

Equation (11.3.9) shows that the intensity of
resultant waveform (at P) depends upon the
amplitudes a  and a, of interfering waves and

the phase difference ¢ .
Case - I (Constructive interference) :

Intensity (I) is maximum when A? is
maximum. Eqn. (11.3.6) shows that A? is
maximum whencos ¢ =+ 1

ie. 0=2nm, n=0,12,..ctc. ..(11.3.10)
Then A, =a+a,and I, =K (a+a)’
~(11.3.11)
Yy

Tw—
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Equation (11.3.10) is the condition for

constructive interference. But 9=, +0,

However if we start counting time from the
instant when the vibrating sources are in same

phase. then ¢,=0 and 0=0, ='2-AEA . Then
eqn. (11.3.10) reduces to

A=2nm

>,|I'J

«(11.3.12)
Eqgn. (11.3.12) implies that when the two waves
arrive at the point (P) with zero or integral
multiple of 3, path difference (A ), there is
constructive interference.

Case I (Destructive interference)

= A=mn.n=0,1,2 3...¢etc.

Intensity (I) is minimum when A? is
minimum. Now A? is minimum when
Coso=-1.

ic. ¢=2n+m,n=0,1,2, .... (11.3.13)

Then
b A 5 1
Amin = u,’ +a§ - 2&,&2 =(a; "82)'
— Amm =) ~a;

~(11.3.14)

Lin = Kgla, -32)2

fig.11.3

The condition can also be expressed in terms of

pathdifference (A ) as

%A =(2nfl)n

Bureau's (+2) Physics

= A=Q2n+D)rn/2,n=0, 1, 2....etc.
«(11.3.15)

Fromeqns. (11.3.11) and (11.3.14) we find that

I ax = Ko@, +2,)°

lmin = Ko(a| —az)z

So [max and Imin are distinct when a, =a,.

i.e. the two interfering waves are of nearly equal
amplitude.

Intensity distribution :

As given ineqn. (11.3.9), the intensity of
resultant wave is given as

[=K, (a] +a3 +2a,a,Cos ¢)

For distinct maxima and minima it is required
thata ~a, = §, be very small and is most distinct
when § =0 (i.e.a =a,) Now putting a, - a,=
§ a,=aand retaining upto first orderin §, we
obtain

1=K, [(a+8)* +a* +2(a +8)a Coso]
=K, [2a%(1 + Cos0)+ 2ad (1+ Cos0)]

=K, [4:12 Cos” § +4ad Cos® 2

1=K, .4a(a+8) Cosz(%) (11.3.16)

This shows that for maximum ¢ = 2nn , hence
lmax =K,.4a(a +d)

and for minimum ¢ = (2n + 1)n, hence

Imin ; 0

. Thus for distinct interference pattern, the leading
~order contribution 1o intensity can be taken to

be
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I=Ky4a’. Cosz(%) L(11.3.17)

A graphical representation of variation of
Jintensity (I) with phase difference ¢ is as shown
infig. 11.4.

JAVaV, VaVa\

-Sg - - O = 3x Sn
0

Fig.11.4

It is to be noted that had there been no
interference the intensity at any point would

havebeen K ja* + Kya® = 2Ka” - The maximum
value 4K o and minimum value zero, when
there is interference indicates the energy of
2K, a° has flown from region of minimum to
region of maximum. Thus there is redistribution
of energy.

Experimental Demonstration :

Interference of sound can be
experimentally demonstrated by using a
quincke's tube. It consists of two U-tubes such
that one can slide into the other. Through one

a %2 c

to,

Fig.11.4(a)

of the opening (O,) in APB tube sound wave is
injected into Quincke's tube. The wave is
divided into two parts near O, and travel
distance O, BPAO, and 0 DQCO2 By slldmg

the tube, thc palh dxfferencc is varied and
maximum, minimum Sounds are heard niéar lhc

opening O,.

_ AlsoatB, A=§B-§,B=
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Ex. 11.3.1 Two waves of same frequency but
of amplitude in the ratio 1 : 3 are superposed.
What is the ratio of maximum to minimum
intensity ?

Soln.

'a|:a2=l:3 =>a, =3a,

/Y =a +a,=4a

Ex.11.3.2 The sources S and S have the same

frequency and same phase Also $8,=A/2

What type of interference will occur at A, B
and C.

C

Soln.
At'A' path difference

A=S,A-SA=S8S,=A/2
Hence phase difference between waves

reaching at A is ¢- 2{‘ : %=n
Hence at ‘A’ destructive interference will take

place.

o>

Hence destructive interference at B.
ALC, A=S,C-S,C=0 => ¢=0.
Hence constructive interference at C.
11.4 Beats:

When two sound waves of slightly
different frequencies, with equal or nearly equal
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amplitudes, moving with same speed in same
direction in a medium superpose on each other,
periodic variations of intensity of sound at a
place is observed.

called beats.
Analytic Treatment

Consider two waves of slightly different
frequencies and travelling in the same direction
with same speed (9 ). Let them be given as

y; (x,t)=aSin m,(t-%) =a Sin 0,

y5(x,t)=a Sin (Dz(l —%) =a Sin 0,0

: «(11.4.1)

Where it is assumed (chosen) that time is counted

from the instant when the two waves pass the
origin in phase,ic ¢=0 atx=0,t=0.

Then by the principle of superposition, the
resultant wave pattern shall be

yix,t) =y, (x, )+ y,(x,t)

= a Sin w0 +a Sin W,

= y(x,t)=2asin 9%9101 .qosg)-l;—mla

.(11.4.2)
Let ©, —m2 =Am = 27!(1)' “Uz): 21I(AU)
-(11.4.3)
+ X
‘and ﬂ%"h © _(114.4)

Then since @y =w, SO Aw << o and we have

Bureau's (+2) Physics

- y(x,t) =2a Cos (ézﬂ) Sin (mex)

- soesif (-5 -3

~(11.4.5)

] Am > 2 0 &
As —A;”—«m so Cos [—("‘—)] varies

2 )

slowly with time as compared to Sin [m( L~ %J]

Thus, we can interpret eqn. (11.4.5) by saying
that the resultant disturbance is a wave of angular

w|+m2
frequency @ = 3

given as

\ Aw X
A= e P o s
2a Cos[ 3 ((. 6)] ..(11.4.6)

Thus the amplitude varies periodically with time.
Equation (11.4.6) also shows that the amplitude
at different points shall be different, although
shall be varying with same period. Therefore
let us now concentrate our attention to a
particular point (x) and study the variation of
amplitude with time. Let us define

seselofi-3)]

then y(x,t) = A.B

We now plot A and B w.r.to time (shown in
fig11.5) and then plot y (x.t)

) and amplitude ‘A’

-(11.4.7)
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#%  One can also.derive the same conclusion
by noting that

Ao x
=K, A% =K,4a> Cosz-———(t--—)
0 0 2 ‘6

= I= K02a2[l +Cos Am(l--g-)]

i.e. the intensity varies with frequency
21/ A = v, -y,
Graphical Analysis :

Consider two sources 'S,"and 'S, having
frequency n, = 12 and n,= 15. The block (a)

when superimposed on block (b) one obtains
block(c).

| | | | I <4 |

NV aVaNaVaVaValaVa\/aValaVaVays)
1 1 | | I | |
TG 50 e R

AN AVAN A VAN /aValaVaN/a VeV aVal/aN 1)
R o R

AN o
B F

i | I | | | |
Fig.11.6(a)

One observes that constructive
interference occus at C, E and G, while
destructive interference takes place at B,D and
F. Thus the. sound increases three times and
decreases three times in one second, i.e. there
are three beats in one second. Thus the beat
frequency is equal to the difference in the
frequencies of the two sources. '

Determination of frequency of tuning fork
By Beats Method

Suppose a tuning fork of unknown
frequency 'n' is sounded together with a tuning
fork of known frequency n. Let N be number
of beats heard per second. Then

n~n"=N

Bureau's (+2) Physics

Ifn> n, thenn — n, = N and n= n,+ N...(A)
Il'n<noth¢nn0 - n=Nand n=no-N...(B)

To decide whether (A) is true or (B) is
true, a little wax is attached to one of the prongs
of the known tuning fork. Then its new

frequency becomes nj, =n,—An. When the

. unknown tuning fork is sounded with this

loaded known tuning fork, then again beats will
be heard, but now the beat frequency N’ shall
be different from N,

If n>n, the new beat frequency N* =
n—(n, —An) =N+ An i.e. beat frequency shall

be increased and egn (A) has to be applied to
get the unknown frequency.

If n < n, then N’ = (n,—An)-n

=N —An i-e.beat frequency shall be decreased
and eqn (B) shall be applied to get the unknown
frequency.
Ex. 11.4.1 Two tuning forks A and B produce
4 beats per second when sounded together. On
loading B, the number of beats per second
becomes 2. Find the frequency of B if thatof A
1s 510 Hz.

Soln,
Ly ~ug =4
If vy >vg then vy —vE =4
= Ug =V, —4
If vy <vy then vy -v, =4
= Ug =V, +4
On loading B, its frequency decreases so that
Vg =vg -8 : '
New beats shall be
(i) v4-vg=vx~(vp ~§)=4+3
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(i) V-V =(Vg=8)-v, =4-3

Since new beat frequency is 2 so case (ii) is
true. Hence vy =v, +4 =510+44 =514 Hz.
Ex. 11.4.2 Two waves of sound of wavelengtft

im and 1.02 m in a gas produce 60 beats in
10s. Culeulate the velocity of sound in the gas.

Soln.
Let ¢ be velocity of sound

Then Y s

%

1.02

4}
02'-:{2'

Beat frequency = -16% =6

7 Ul -U2 =6

0 nY

1 102

»(1.02-1)=6
102 ;

_6x1.02

002
Ex. 1143 A fork of unknown frequency
gives 4 beats per second when sounded with
another of frequency 256. The fork is now
loaded with a piece of wax and again 4 beats
are heard. Calculate the frequency of the
unknown fork.

Soln. .
Let unknown tuning fork be A
known tuning fork be B

=306 m/s

= 0

.‘.UA~vB=4

uA=256:':4=260 or 252
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On loading A its frequency decreases.
But the no. of beats is again 4, implying its
frequency is again 260 or 252. So the only way
is its frequency should be 260.

Ex. 11.44 Two tuning forks A and B when
sounded together produces 4 beats per second.
The frequency of A is 256. When B is loaded
with wax and sounded again with A, produces
8 beats. Calculate the frequency of B.

Soln.

Given Vy = 256, and no. of beats = 4

S Vg = 256t4 je. Vg =260 or 252
when 'B' loaded with wax no. of beats = 8

. VR =264 or 248
But VR <VUg So Vg =248

Hence Vg = 260 or 252.

Ex. 11.4.5 Two tuning forks A and B, when
sounded together produce 5 beats / Sec. The
frequency of B is 512 Hz. If one arm of A is
filed then the no. of beats / Sec. increases. Find
the frequency of A.

Soln.
Given Vp = 512 Hz.
No. of beats per sec. =5

VA =51225=517 or 507

when filed Wy >V, . The no. of beats is
increased i.e. (5+3)

Uk=5|2:!:(5.+8)=5|7+80r507-8

"~ But '0:,‘ >‘15A = Vi =517+8

Hence Yy =517
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11.5 Vibration of air column :

If vibrations are set up at one end of a
long straight pipe, longitudinal progressive
waves proceed through the air column, get
reflected at the other end and moves back. Asa
result stationary waves are set up due to
superposition of original and reflected wave.

The stationary waves thus formed
creates a musical sound. Musical instruments
like flute, clarionet etc. work on this principle.

Organ Pipe :

An organ pipe consists of a mouth M
(very narrow). In front of the mouth there is a
wedge W, which changes the direction of wind

blown through mouth M. The wind strikes a
sharp edged lip L; causing vibrations.

L
T;—QWW
Lincident wave
Fig.11.7
Organ-pipes could be of two types :
)] .Open organ pipe (ii) Closed organ pipe.
11.5(a) Open Organ Pipe :

An open organ pipe is one whose both
ends are open. Molecules of air at the open ends
can move freely. Therefore a displacement
antinode (pressure node) is formed at each open
end.

The incident wave gets reflected at the
open end. Superposition of incident wave and
reflected wave gives rise to standing wave with
displacement antinodes (pressure nodes) at the
open ends. ‘

Since the reflection takes place at a rarer
medium, so incident wave and reflected waves
are given as (with the point of reflection as x =
0) R

Ly =A Sin-zf-(ﬂﬂx) L(11.5.1)
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pi(x.t) _p. Cos%—?(ﬂt +X)

«(11.5.2)

and

Y x0=ASn 2 (O-x) .(1153)

2n
Pr(x.l) - Cos T(ﬂt -X) ...(11.54)

where 'y' denotes displacement, p-denotes
pressure and subscripts i, r stand for incident
and reflected waves. Then by principle of
superposition the resultant wave pattern is
obtained as g

y(x,t) = yi(x.t)+ yr(x.t)

= yx)=2A Sin(zTnﬂt) Cos(-z}‘i x)

~(11.5.5)

and P(X.0=p;(x,)+p (x,)

= px,)=-2p_ Sin(%ﬂt) Sin(z—;- x)

«(11.5.6)
Egn. (11.5.5) shows that displacement antinodes

are likely to occur at x = 0, % A, -32&. 2A...

etc. and displacement nodes are likely to occur

atx= %. %. % etc. Butthe otherend x =
L has to be also a displacement antinode
(pressure node). i.e. p (0,t) =0=p (L,t) and y(0,1)
=y (L,t) = maximum. Therefore it follows from

(11.9.6) that

2n
Sinl ==L |=
"{AL) 0
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-(11.5.7)

As the value of ) depends upon the ‘integer n,
S0 we write
3 i 2L

a T n=1,223,..et.

~(11.5.8)

and thus A corresponds to the wavelength of
different modes of vibration. The condition
(11.5.8) along with the positions x = 0,
)«. 3a

A 3,
antmodcs and hence the nodes.

.. etc. will indicate the positions of

When the air column vibrates with
wavelength A, the corresponding frequency is
un 3 -A: i n‘z—l: ...(l 1-5.9)

This shows that the minimum frequency with
which the open organ pipe can vibrate is

2‘;‘ which is obtained by puttingn= 1.
(i) Fundamental Mode :
If the air column vibrates with a

uy =

9
th

5+ then it is said to be

vibrating in its fundamental mode. In such

situation

frequency v =

(2m . 21 ) (2m
. =A Sin]l —+—x |=A Sin| —+—
¥t Skal +)-|x n T, +Lx

y,(x.1)=A Sin —--l_lx]= A Sin[z_’“-%,g]
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This leads to the following sequence of
vibrations.

t=0 t=Tya t=Ty
Ye—t: \ o e ¥
¥ L=2 ¥
yl y‘— y(
RSPt o
l d
t=3Tj4 t=T
Yr .
y Jr
A\')
g A
Yl Yl
x0 v— X y—
d 4
Fig.11.8

Thus in the fundamental mode displacement
antinode (pressure nodes) are formed at x = ()
and L (ie at open ends) and displacement node
(pressure antinode) atx = L/2. .

(@) Ist Overtone :
If the air column vibrates with frequency

v,y —2% (i.e. n= 2), then it is said to be

vibrating, in its first overtone mode. In such
situation ~

. 2mt 2n
yl ASn(——f--fI—x)
= A Sin E--i'-gx.
T, L )

2 M
The sequence of vibraiions;arc then as given
below

2m, 2m -
A Gl 1L
S (Tz 12




376
1=0 l=T2/4 "=T2/Z
I Yt 24 Yr
L‘)\] y y
y
l Yr & —Yr :
P G S il e % I
4 l l
1=3Tp4 t=Th
Ed N —Ta4
Y +— T34
e Q.T32. T2
Yr
' —a
e T, S R y —
4 8 d
Fig. 11.9

Thus in the Ist overtone mode displacement
antinodes (pressure nodes) are formed at x =0,
L/2. and L while displacement nodes (pressure
antinodes) at x = L/4, 31./4.

(iii) 2nd Overtone :
If the air column vibrates with frequency
G ' '
V3 =3-2—L' (ie n = 3), then it is said to be
vibrating in its second overlone. [n such

situation

i éASin(‘.’n%-+—_2-£x]=ASin(-2-’E+i’Ex)

3 A3 T; L
ot 2m 2n ont 3n
“y.=ASin| —=-—x |=ASn| —=—

A m[ x) : [Ts. L x]

The sequencé of vibifations are then as given
below.

oy
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t=0 t=Tz4 1=Tzn
T v Q Y1 =¥
L= C> Y,
Ly L — Y
l ; | Toxt¥r
e T e y—
d d d
Yr —t=Ty/4
T4
Y1 be:
0,T312, T3
7 )
¥ s Y y—
' ) 3
fig. 11.10

Thus in thé 2nd overtone mode displacement
antinode (pressure nodes) are formed at x =0,
L/3, 2173, L and displacement nodes at x = L/6,
L/2 and SL/6.

Other overtones are similarly described.
It is noticed that the natural frequencies are in
the ratio 1 : 2:3:4: 5 ... etc. So all harmonies
are present in an open pipe. This is the reason
why musical sound due to an open organ pipe
is of better qual ity.

11.5(h) ClosedOrgan Pipe :

A closed organ pipe is one which is
closed at one end and open at the other end.

When a vibrating source is kept at the open
end, the wave travelling inside the air column
gets reflected at the closéd end. The incident
wave and reflected wave superpose on each
other and, standing waves are created with
displacement node (pressure antinode) at closed
end (x=0) and displacement antinode (pressure
node) at the open end( x=- L).
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x=-L
x— 3
X
4
Fig. 11.11

Since the reflection takes place atarigid
boundary, the incident wave and reflected wave
are given (in terms of displacement) as

vk
yi(x,)=A SmT(ﬂt—x) (11.5.10)

2n
s
OR (interms of pressure) as

¥p(x.t)==ASin—(dt+x)..(11.5.11)

2
Pi(x.)=p, Cos)—n(ﬁt-x)...(ll.s.lz)

2n
A

where y denotes displacement, p denotes
pressure and subscripts i, r denote incident and
reflected waves. Then by the principle of
superposition, the resultant wave is given by

pe(x.)=p Cos—(Bt+x)..(11.5.13)

y(x,0) =y, (x.0+y (x.1)

= y(x,)=2A Cos-zxn-ﬁt. Siﬁ%x
.(11.5.14)
and
p(x,0 = p;(x,)+p(x,1)
=9 p(x.l)=2pn-1 C?sz—;t-ﬂt. Cmvanlx":

bie(11.5.15)
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Equation (11.5.14) shows that displacement
nodes are likely to occur at x = 0,

%. A, izk— 2) ... etc. and displacement

antinodes are likely to occur at x =

%—. -.%‘- % etc. It is also required that the
open end (X = - L) should be a pressure node.
ie. atx=-L p(x.)=0

= Cos(-—iEL)=Cosz—:L-=0
2nl n
— = (2n=-D—n=1,2,3..... 3
= 3 (2n )2n e B etc
4L
= n-zn_l.n-—l.2.3 ..... etc

(11.5.16)
(Wehave used A, as it depends upon the interger

n). It is also easily observed thatat x =0, %.1

== 3
4244
... etc. pressure nodes are formed. When
condition (11.5.16) is satisfied a displacement
antinode is formed at the open end.

etc. pressure antinodes and at x = L 3

When the air column vibrates with
wavelength A, the corresponding frequency
is :

9 20+l SR

vV, =—=——908=2n~-1)—

( )4L

nTX, 4L

«(11.5.17)
n=123,..e¢t.

Egn. (11.5.17) shows that the minimum
frequency with which the air column can vibrate

4L

ﬂ .
is v;= -, and is obtained by puttingn = Lin
eqn. (11.5.17)
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(i)  Fundamental Mode :
If the air column vibrates with a frequency

ﬂ
Lyt . then it is said to be vibrating in its
fundamental mode. In such situation

yi=A Sin(-z—’—n--—n—x]
i D |

2n. =
,1)=~A Sin| —+ —x
| ye(x1) l[TI L ]

Then the sequence of vibration are as given
below.

t=0 1=T4 t=Tn
x=-L \ x=-L K==L
yr At
y y ' I'l
Vi A
J Yr \ yl‘
R X : gy 4 y—
d l

=-L k_. 0,1,
N

y Tin2

r T .3"'1

4' 4
y -’. X| Y=

Y J’ :
Fig. 11.12

Thus in the fundamental mode of vibration
displacement antinode (pressure nodes) is
formed at x = -L (open end) and displacemcnl
node (pressiwe’ antinode) is’ formcd atx'=0
(closedend) N GRS ARV AR EIRA
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(i) Ist Ovenbne :
If the air column vibrates with frequency

0
U2-3E

first overtone mode. In such situation

then it is said to be vibrating in its

Yi = A Sin(-z-n—t-}—’ix)
T, 2L

2nt 3n
=-A Sin| = 4+ 2%
Yr '[T2+2L ]

Then the sequence of vibrations are as shown
below. '

t=10 t= T2/4 t= Tz/z
y B y
Yr { Ly, Yo
- S
0
o ¥ I e B
v {) l :
1=3Ty4 t=T,
LY; B2 —Ton
Y-
L_y 5o O,Tz
"yf L yr Tzl‘.r-:z—
)? ¥y My y—
) 2 l
S AT P L3

Thu in the Ist overtone mode dlsplaccmcnt
antmod& (pressure nodes) are formed at X =1/3,
2 and dnsplaccm{:m nodes (pressure antinodes)
atx=0,2L/3." A
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(iti) 2nd Overtone :
If the air column vibrates with frequency

)
\)3‘52{:

2nd overtone, In such situation -

2nt  Sm
= A Sin| =—-—=
m( T3 2L )

then it is said to be vibrating in its

2nt  Swm
¢ =—ASin| —+—x
o3 50)

Then the sequence of vibrations are as shown
below.

b A
Y Ve
¥Yr d
Ol y= y—
1 l
t=3Ty4 t=Ty
Y1 -t =0,Ty
-y i y
Y. Y —T32
=Yr YA T3243T34
¥ =2 y— y—
I} LI 1
Fig. 11.14

Thus in the 2nd Overtone mode displacement
antinodes (pressure nodes) are formed at x =
/5, 3L/5 and L and displacement nodes
(pressure antinodes) at x =0, 2L/5, 4L/5.

Other overtones can be similarly studied
by puttingn=4, 5 6... etc. It is noticed that the
frequencies of vanous modcs (over tones) are
inthe ratio 1 : 3:5: 7 ... etc. Thus all harmonics
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are not present. Therefore the quality of sound
in closed organ pipe is pooveroompm'edtoopen-
organ pipe.

We also note that

(v;)open organ ____6/2L=_2_
(v )xclosed organ ©/4L |

This shows that the frequency of fundamental
mode of open organ pipe is twice that of the
closed organ pipes.

Factors affecting Pitch and Quality of
note emitted by pipes :

(i) Pitch of a pipe increases due to increase in
temperature. This happens due to increase
in speed of sound and increase in length of
pipe, the later being relatively smaller.

(ii) As the diameter of pipe increases the
frequency decreases. This happens due to

end correctioni.e. £y, =£+x=£+030,
as reflection of sound from an open end

takes place at a small distance 'x' above the
mouth of the tube.

Ex. 11.5.1 A cyclindrical tube, open at both
ends, has a fundamental frequency 'n' in air. The
tube dipped vertically in water so that half of it
is immersed in water. What is the fundamental
frequency of the air column now ?

Soln.

B
For open ended pipe of length L, n= 2L

when immersed in water, it acts as closed organ
pipe of length L/ 2. Hence frequency

-n .

Ex.11.5.2. What is thc length of an air-column
closed in a pipe that will be in resonance with a
vibrating tuning fork frequency 264 Hz, if the
speed of sound in air = 330 m/s ?
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Soln.
As given n = 264 Hz.

B
Frequency of closed organ pipe n = . 264

EAREVE 359
4x264 4x264
= L=3125cm

=03125m

(Ans)

Ex.11.5.3 Anopen organ pipe of length 100cm
emits sound of same fundamental frequency as
that of a closed organ pipe. What is the length

of the closed organ pipe ?
Soln.
Frequency of open organ* pipe
e e
2 e 200
Frequency of closed organ pipe
B s
Cl 4LC

As given Vg =V,

B 9
= 200 '""c
= L, =350cm (Ans)

Ex. 11.5.4  Find the frequency of first over
tone in a closed pipe of leng(h 37.5 cm. The
velocity of sound = 350 m/s.

Soln.
Frequency of st over tone is given by

3
5 S O O

— e TOOHzZ
4L 4x355x1072

Ex. 11.5.5 How many harmonics canbe heard
by a person with-noermal hearing range (20 Hz
to 20 K Hz) in case of an open pipe of length
40em 7(9,= 344 m/s)
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Soln.
Fundamental frequency of open pipe
V) === ——————=430Hz
2L 2x40x10*m

Since harmonies are inthe ratio 1 : 2: 3 : 4.,
etc. so no. of harmonics in the range 20 Hz to
20K Hz is

20000 _ e - 46
30

n=

Ex. 11.5.6 Consider a closed organ pipe of
length 40 cm. How many harmonics can be
heard by a person with a normal hearing range

(20 to 20000 Hz). Given #,= 344 nvs.

Soln.

The fundamental frequency of a closed
organ pipe

v == —t = 2iSHe

4L 4xa0xio™

20000
215

Now =93

~ Butonly Ist, 3rd, 5th..... 91,93, shall be present.

Hence no. of harmonics shall be 47.

Ex. 11.5.7 The length of open and closed organ
pipes are respectively 160 cm and 75 ¢cm in
length. When both are sounded together 70
beats are heard in 10 seconds. Find the velocity
of sound in air.

Soln.
8,63 8
For open organ pipe v = B
L e
For closed organ pipe v, = e
70
NowMo. of beats per sec = e 7
B9 020

vV, - = 7= =
e TV TR0 T 320 300x320
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~ 300x320x7

-

= ¥=336 ¢cm/s

Ex. 11.5.8 The third overtone of a closed pipe
is found to be in unison with the first overtone
of an open pipe. Find the ratio of the lengths of

the pipes.

o em/s=336x10"2cm /s

Soln.
Frequency of 3rd overtone of closed pipe
is .
g
)
b il

frequency of st overtone of open pipe is

NG 0
) =2—
2L
As given
30 N o
L, 2Ly
L
Ly 4

Ex. 11.5.9 Calculate the length of a narrow
tube closed at one end, which will resonate with
a tuning fork of frequency 510 Hz, if the velocity
of sound is 340 m/s.

P 0 - 340 "

€ 4x510  4x510
L=0.167m=16.7cm ;
Ex. 11.5.10 Two organ pipes give 5 beats per
second whien sounded together in air at 20° C.
How many beats would be produced by thém
ad'C?

=
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Soln.

B of 4 ‘
Bo(1+:4)? 3
0w _ {1+ 293 -u.(o)( t ]

Uyt
= 2L,

- 0](20) = “2(20)::(\).(0)- uz(o)) (l + 3?2%)2 =

1 (40) = 15(40) = (v} (0) = V1 (0)) X (l +io-)2

273
40
X S(I + —2—7—5)

|
(o)
273

V;(40) - v (40) = 5.168

o | ==

11.6 Doppler's Effect :

It is a common experience that when a
train emitting whistle approaches, the passengers
on the platform hear sound of gradually
increasing pitch and as it passes away, the
passengers listen to sound fading away
gradually. Similarly when a person in a car
passes away from a stationary train, emitting
whistle, the person hears sound with pitch
gradually weakening. We also observe that
when wind blows, the obseryer listens to sound
of different pitch, either increased or decreased.

* This phenomenon of apparent change in

frequencys of a wave, due to relative motion
between source; observer. and medium is called

‘Doppler's Effect.

We consider these cises one by one.




1. Source in Motion
Consider a source emitting waves of

frequency vy . Let § be the velocity of the

wave w.r.to the medium in which the wave
travels. Let v be the velocity of the source
w.r.to the medium.
(a) Source approaching observer :

Since the source emits waves of

uency VY, so it sends similar pulses at
Y Yo P

intervals of T=1/v .

A VR N, I SBE =,

5 e " 0

< O T—¢ (x=0,T) —
Fig. 11.15

Suppose the separation between source
'S' and observer 'O’ at initial time t = 0, is x
when a pulse is emitted from the source. The
next pulse (2nd pulse) is emitted by the source
after atime T at S'. During this time the source
has moved through a distance

§§'=0,T (116.1)

Thus the 2nd pulse is emitted at a distance
( x - 8, T) from the observer. The first pulse

shall take time t, given as
t,=x/9 .(11.6.2)
and reach the observer at time t =t,. The second
. e x-9.T :
pulse will take time t5 = ~ and reach the
/i
observerat time t, given as
( —ﬂ T J A
A a,",..g.%_+r gl e
4] =TI

. The third pulse is emitted at S" after a time
2T, and S§" = 20, T. Thus the third pulse is
LN
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emitted at a distance x -29,T from the
observer and hence will take

t3 =(x~20.T)/® and reach the observer at

time Ly

time

Sx=AT

i3 2T

.(11.6.4)
Therefore the time interval between two
conseculive pulses as detected by the observer
is

-8.T
T=t;-1 =[T+‘ 3 )-1

D i)
LA
=T——8—T=[J-lz
giving
0-9
T= T .(11.6.5)
0
= -I--= B .1.
3 Yl O-ﬂsT
= v=—"_y 11.6.6
= 0 (11,6,
8-, (11.6.6)

Thus when the source approaches the observer
the apparent frequency is greater than the actual
frequency. The apparent wavelength )’ which
is equal to the distance between two consecutive
pulses (w.r.to the observer) is

0T -9, T=(H~-0,)T (i.e. appears to decrease)

—— O T (D)) T =1 —
S - s‘ 5 "‘0

«— h=u] -———>

K - Fig.11.16
(b):  Source moving away from observer ;

2150 When the source 'S* moves away from
the observer 'Q’, the situation is shown below
infig. 11.17 :
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Av J&v Av
O

s s S
— 0T —p— 0 e
Fig. 11.17
It is easily perceived that
X
t =-ﬂ_
0. T
(2 -_-2_5_1,"[‘
0
x+28.T

3= +2T

giving
Y
T'=(2—tl =T+—=T=t3-1
D
0

=1+

k)
. B

e T s B+ 90, "’0 L(11.6.7)

Thus when the source moves away the
frequency appears to decrease and the apparent

wavelength A’ = (8 + 9 )T  appears to increase.
QUG g 0

o1 — A=0T ——

— AN =(0+0,)T —>

Fig.11.18
Il. Observer in Motion :

Consider a source emitting waves of
frequency vg. Let § beits velocity w.r.to the
medium, in which the wave is propagating. Let
B be the velocity of the observer w.r.to the
* medium. - - 0O
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(a) Observer approaching Source :

As the source is stationary similar pulses
are emitted from the same point at regular
intervals of T (= 1 / V). These pulses travel
withaspeed § in the medium and at any instant
the separation betweerf two consecutive pulses
is A =9T. :

S A )

s A AN

— O —pe——0 T —y

Fig.11.19

Suppose the observer receives a pulse at time

~ t=0. Then the next pulse (at this instant) must

be at A, at adistance ) = § T from the observer

0. As the observer is moving towards the
source, so the observer receives the second pulse
after time T at position ()’ ; such that

001 - 60 TI
AO =971
and dT +9%T =0T
np) T 9 .T
ﬂ+ﬂo
0+0
= v=— 2 .vg (11.6.8)
Thus when the observer approaches the source
the frequency appears to increase.

(b) Observer moving away from source :

When the observer moves away from
source, the situation is;shown below.

oY 3
R ILEY TS S i T

— A= 0T+ BT —

— P —

Fig.11.20
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Proceeding in a similar manner it is easily
perceived that

AO = AO' - OO
=5 ﬂT-—-GT’-OOT'
T, | 2 i

-0,

9-9
= u'=—7ero (11.6.19)

Thus when the observer moves away from the
source, the frequency appears to decrease.

Il.  Source and Observer in motion :
Consider a source S, emitting waves of
frequency Uy. Let g bethe velocity of the wave

w.r.to the medium. Let v, be the velocity of

source and B, be velocity of observer, both
measured w.r.to the medium.

Then the apparent frequency of the source
as observed by the observer shall be

6’

v =—

AI

where ¢’ is the relative velocity of the wave
w.r.to the observer and 3* is the observed

wavelength (apparent wavelength).

~(11.6.20)

Now #'=010, ~(11.6.21)
with 8" =8 + 8, , when the observer is moving

towards the source; and 9" =16 -8, when the
observer is moving away from the source.
Also A" = (D20 )T .(11.622)

with A" = (8 +9,)T, when source moves away

from observer; and A" = (8 -90,)T, when
sourcc_approach'es the observer. .
Therefore
o B+, 7 4 1+, e
B0 )T  dtH, U

.(11.6.23)
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- The predictions of eqn. (11.6.23) can be

conveniently shown as below.

S__’ ‘_—O .) R 0 +ﬂo <
0 B9 ' -0 0
S 2 (9] v 0—ﬂ0
» i) V' = v
9 By L 0 -0, 0
R N e 20y
o R il W
-0
SEE S L R e ] S
B B 0+0

IV. Source, Observer and Medium in
motion:

If the motion of the medium is in the
direction of linc joining source and observer
then ¢ shall be replaced by © + 6 ; whereas if
the converse occurs, then ¢ shall be replaced
by 9-9,.

(B£6,)%0,

Thus ©' = @x0,)z0, ° (11624

Limitations of Doppler effect

If the observer moves away from the
source of sound with a speed greater than the
speed of sound, then the wave can never catch
up with the observer and the above formula
cannot be applied.

NOTE
**  Theeqn. (11.6.23) V' = %‘3— Vg can
be simply written as
VP dakd P
| 0-9,
if we take the diection from source to observer

as positive direction and treat 9y and O as



386

Ex. 11.6.3 A tuning fork of frequency 440 Hz
approaches a wall with a velocity 4 m/s, What
will be the number of beats between the direct
and reflected sound if the velocity of sound is
equal to 332 m/s.

Soln.
) lncidcnt_wnve ,,_6
O *E S_’ mﬂecm
Us

The observer ‘o’ is receiving waves from two
sources (i) direct waye from the source (ii)
reflected wave from the wall.

Let the frequency of the source be v,.
The apparent frequency of the reflected wave

o e
8-9, 0
The apparent frequency of directed wave is
: ey e
0+ 10 0

Hence the no. of beats per second is

PR ST Y R S N
B-0, B+d ) 0

248 X
n= "
2. a2 "0
87 -0
= n= 33X —'-2;—42><440
(332)% -(4)
= n= 106

Ex. 11.6.4 An engine blowing a whistle of
frequency 128 Hz moves with a velocity of 54
kmv/ hr towards a hill from which a well defined
echo is heard by the driver. if velocity of sound

in air is 330 m/s, calculate the frequency of echo.

Soln. '

Given velocity of source (engine) = 54
km/hr = 15 m/s considering the hill as an
observer, the frequency of echo shall be

Bureau's (+2) Physics

0
Ve ™ 9-0 Vo
330
& 330-15 ° 128 = 134.1 Hz

Now the driver shall perceive this echo

with a frequency

0+90
v;= i} Va
)

where ¥ = velocity of the engine

s
L= 330 + 15 1241 Ha
330
= 0, =140.211/ (Ans)

Ex. 11.6.5 A policeman on duty detects a drop
of 15% in the pitch of the horn of a motor car as
it crosses him. If the velocity of sound is 330 m/
s, calculate the speed of the car.

v

Soln.
Let v be frequency of the source.
As car approaches the frequency is
V= g v
8-, 0
as car recedes
v’ = o )
B T
v’ 85 ©#-9
— _-_-—5-
Therefore v 100 9+9,
@ 8_5___330-ﬂ§
© 100 330+90,
185. 660
= —_—
100 330+ 9
= 330+68=M
185
z ﬂs=660x100_330
185

= 0,=2676m/s (Ans)
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Summary

1. Sound is a form of energy that propagates
in a medium as a longitudinal wave. It is
produced in a material medium by a vibrating
source. i

2. Human ear is sensitive to sound waves in
the frequency range from 20Hz to 20KHZ. The
waves with frequency v<20Hz are called
infrasonics and the waves with frequency v>
20KHz are called ultrasonics.

3. Newtons formula for velocity of sound
in a gaseous medium is
.

p
where p is the pressure and p is the density of
the medium. This formula, however, does not
agree with experimental results,

V=

4. Laplace's Correction

v= B
p.
9
P
where ¥y = c,
) 1RT
For one mole of ideal gas : V = Ty
'y 5
; Lo %2
5.a) Effectofdensity: o =
a) Effectof density v, \p
V T,
b) Effect of temperature '\',':" ?;'

where T, and T, are absolute temperatures.
t K t
= V (l#——s 2 V,(l+—
o373 2= Yoll* 5ag)

6.a) Constructive interference occurs where
phase difference between two interfering waves
is even multiple of x or path different between
them is an integral multiple of ), . -

387
ie. p=2nm n=0,1,2..
orAx=na n=0,12...

b)  Fordestructive interference
o=Cn+1)x n=01,2..

-----

Oty
or Ax=(n+5)1 n=0,1,2

7.  The periodic variations in the intensity of
the wave due to superposition of two waves
having equal or nearly equal amplitude but with
slightly different frequencies and moving with
same speed in the same direction in a medium
are called beats.

8.  Beatfrequency v, = Ivl - v2|

9. Organ pipes are wind instruments in
which standing waves for sound can be

produced in its air column,
a)  Open organ pipe :
Frequence of n th harmonic :
fa=n— =
n n 2 n l. 2. 3

V = speed of sound and | is the length of the
pipe.
b) Closed organ pipe :

Frequency of n th harmonic :

v
f=2n-1)—* n=
a=02n )2l gwl2 3.0

10. The apparent change in frequency of
wave due to relative motion between source and
observer is called Dopplers effect. If v is the
frequency of wave emitted by the source, thcn
apparent frequency ' is

J

V+V, 2 2\m ¢
i
V" [V:M ]v° SUPITL o
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- MODEL QUESTIONS 3

Multiple Choice Type Questions : 6.
The temperature at which speed of sound
in airis double its speed at (° C is

(). S 1E (i) 2°C

(i) 819°C (iv) 981.9°C
Which of the following properties of
sound is affected by change in air
temperature ?

(i) wavelength (i) frequency

(iii) amplitude (1v) intensity

Sound waves are travelling in a medium
whose adiabatic elasticity is E, and

-isothermal elasticity is E,. The velocity

of sound waves is proportional to g

GV E, /B,

|;|?'o \‘ 3 1

. Sound ravels inrocks in the form of

(i) longitudinol elustic waves only
(i), . transverse elastic wave only

(ii) both longitudinal and rapsyverse

¢lastic wives

(1v)  non -elastic waves.

The fundamental frequency of an open
pipe is 'T. Higher frequencies which the

pipe can produce are 10

i  2f 31,41, 5f,......

(i)  2f,4f, 6f, 8f,......

(i) 31, 58 Mo

(iv) (n+l)f/2, where nis integer

Two tuning forks can produce distinct
beats if their frequencies are

(i) equal

(i)  slighdy different

Giii) widely different

(iv) of unconditional values.

Water in a reasonance tube is replaced by
oil up to the same level. How will its

 frequency of resonance change ?

(i) increase .

- (1)  decrease

(i) nochange

(iv) may increase or decrease
depending on the density of oil,

When a source of sound wave and an
observer approach cach other in static air
medium, then the wavelength of sound
wave appears to the observer to

(1) merease '

(1) decrease

(i) o change

(ivy fustncrease and thea decrease.

The velocity of sound wave of frequency
200 vibls when compared with the
velocily of anotber scund ‘wave of
frequency 400 cih/s 61 2 given place is
(i) twice (i) half
(i) same (iy) four times
Decibelis -

(i)  amusical instrument

(i)  amusical note

(i) ameasure of sound level

(iv) the wavé&ength of noise.
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11.

12.

13.

14,

15.

i

"w

(i)

Sound travels fastest in
(i) metal (i) air
(iii) vaccum '(iv) none of the above

The velocity of sound wave is maximum
in

(i) iron (ii) water

(i) ~ mercury (iv) air
Distance between successive nodes is
M A (i) as2

(i) A/4 (iv) 2 3

A sound has intensity level of 30 decibel.

Its intensity in watt/ cm? is
G 1070 (i) 10"
@iy 10" @iv) 103

For every 1° C rise in temperature, the
velocity of sound waves

(i)  increases by 61 cm/s

decreases by 61 cm/s

(1i1) increase by 61 m/s

(iv) decwases by 61 m/s

Very Short Answer Type Questions :
Two sound waves of frequencies 135 and

. 140 Hz are superposed on each other.

What is the number of beats produced per
second ? ;

What happens to the apparent frequency
of a note if the source of sound

- approaches the listenér ?

Is ticking of a clock musical or noise ?

Why is the roaring of lion different from

the sound of mosquito ?

Why do two musical 'sounds of same
loudness.and pitch produce different

. impressions on the human car?

6.

»Define a decibel . .

10.

1.

12.

13.

14.

15:

16.

Bureau's (+2) Physics

How can you conclude that the star is
coming towards earth ?

What is the effect of change of pressure
on velocity of sound ?

Al what temperature is the velocity of
sound in air is twice its velocity at 0° C.

Give the ratio of the frequency of the
fundamental and overtones produced in
an open pipe .

A vertical rod is hit at one end

horizontally. What kind of wave
propagates ?

A vertical rod is hit at one end vertically.
What kind of wave propagates ?

What kind of sound is produced by
clapping ?

Write an equation to represent sound
produced by clapping.

An open organ pipe of length L vibrates
in its fundamental mode. Where the
pressure vibration is maximum ?

What happens to frequency of an organ
pipe when temperature increases ?

Short Answer Type Questions :

Differentiate between musical sound and
noise.

Name the characteristics ot_’ musical
sound.

‘What are the factors upon which pitch of
a note depends ?

How does velocity of sound depend on
humidity ? :

Explain why musi¢ given by open organ
pipe is sweeter and richer than the music

given by-a closed organ pipe.

" The $peed of sound in air at 27° C is 330
/s, Calculate the speed it 127°C.
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10.

1.

12.

13.

A sound source and a listener are both at
rest on earth, but a strong wind is
blowing. I there a Doppler effect ?
Two wires, A and B are tied up between
any two points. The diameter, tension
applied and density of B are twice those
of A. Calculate the frequency of B
relative to that of A.

Write down Newton's formula for speed
of sound in air medium. Also write
Laplace's corrected formula.

Show that the second resonance length
of a closed organ pipe is three times the
first resonance length.

If you are walking on the moon, con you
hear the sound of your own foot steps ?
Why does your voice sound different over
telephone than in person ?

Two tuning' forks have identical
frequencies, but one is stationary while

the other is mounted on a rotating record
turn table. What does a listener hear ?

Unsolved Problems :

If the speed of sound in air is 332 m/s at
N.T.P., find the speed of sound at 30°C
and 0.7 m of mercury pressure.

Calculate the speed of sound in steel,
given Y steel =2 x 10" N/m? and density
of steel = 7.8 x 10" kg / m’.

How long will it take for sound waves 1o
travel a distance 7' between points A and
B if the air temperature between them
varies linearly from T, to T, ? The speed
of sound at 0° C is C,

The fundamental frequency of an open
pipe is 500 Hz, Determine the length of
the pipe, if the speed of sound is 340 m/s.

Two sound waves of wave length 100

cm and 102 cm respectively produce 6
beats per second. Determine the speed of
sound in the medium.

10,

11

12.

13.
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A train approaches a stationary observer
at a speed of 75 kms / hr sounding a
whistle of frequency 1000 Hz, What will
be the apparent frequency of the whistle
to the observer 7 (speed of sound = 332
mfs)

A man is standing beside a railway line
listening to the whistle of a passing train.
The whistle, which has a frequency of
1000 Hz suffers an apparent change of
100 Hz. What is the speed of the train ?
(speed of sound 333.3 m/s)

The frequency of an organ pipe at 40°C
is 256 Hz. What will be its frequency at
200C2?

Two tuning forks A and B give 18 beats
in 2 seconds. A resonates with a closed
column of air 15 ¢cm long and B with an
open column 30.5 cm long. Calculate
their frequencies .

A tuning fork of frequency 440 Hz is to
be mounted on a wooden box with one
end open to reinforce its sound. What
would be the length of the sounding box ?
(speed of sound in air = 332 m/s)

The first overtone of an open pipe and
the fundamental tone of a closed pipe give
5 beats per second when, sounded
together. If the length of the closed pipe
is 25 cm, what are the possible length of
the open pipe ? (speed of sound in air =
340m/s)

A siren having a ring of 200 holes is
making 132 revolutions per minute and
found to emit a note which is an octave
higher than that of a tuning fork. Find the
frequency of the latter.

Calculate the intensity of a note of
frequenty 1000 Hz if the amplitude of
vibration is 10 em. Density of air= 1.3
kg/m” and speed of sound = 340 m//s.
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14.

15.

An observer on a railway station platform
observed that as the train passed the station
at 96 km/hr. , the frequency of the whistle
appeared to drop by 400 Hz. Find the
frequency of the whistle. (speed of sound
= 1200 km/hr.)

The ratio of the apparent frequencies of
the horn of a car when approaching and
receding stationary observer is 11 : 9.
What is the speed of the car, if the velocity
of sound in air is 300 m/s.

Long Answer Type Questions :
Define Newton's formula for speed of
sound in air. Explain how Laplace
corrected it ?

Give the analytical treatment of
interference and establish the conditions
for constructive and destructive
interferences.

Give analytical treatment of beats. Explain
what would happen if the difference of
frequencies of two sources is large.

Explain the phenomenon of beats. How
can you determine the frequency of an
unknown tuning fork by method of
beats ?

. . Derive ap expression for the fundamental
.+ frequency of an open organ pipe. Also

find the frequencies of the overtones.

Derive expressions for the fundamental
and overtones of a closed organ pipe.

What is Doppler's effect ? Derive an

expression for the appanent frequency ‘

when source is in motion.

What is Doppler's effect ? Derive an

expression for the apparent t'requcncy.
when observer is in monon

What is Doppler's effect ? Derive an
expression for the apparent frequency,
when source and observer are both in
motion. :

F.
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Fill in the Blank Type

For a wave travelling from one medium
toanother ............... remains unchanged.

The velocity of sound in air is not affected
by the change in...........

At temperature ............. the speed of
sound in air becomes double of its speed
at 0°C.

On an increase of 1°C in temperature the
speed of sound in air increases by ..........

The speed of sound in moist air is ..........
than the speed in dry air.

Decibel is .............

A sound has intcnsitx level of 30 decibel.
Its intensity in watt / cm? is ...........

True - False Type

The speed of sound in water is higher than
that in air.

The changes in temperature have no effect
on the speed of sound.

The changes in air pressure have no effect
on the speed of sound.

The ratio of velocity of sound in hydrogen
gas (y =7/5) to that in helium gas (y =5/
3) at the same temperature is /21 /5

A baloon is filled with hydrogen gas. For
sound waves it acts as a convex lens.

Velocity of sound is generally greater in
solids than in gases at NTP.

The decrease in speed of sound at high
elevation is due to low pressure.
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(18 ANSWERS RS

A. Multiple Choice Type Questions :
1. (iii), 2. (i). 3. (ii), 4. (iii), 5. (i), 6. (ii), 7. (iii), 8. (i1), 9. (iii), 10. (iii), 11. (i), 12. (i), 13. (ii),

14. (iii), 15. (i).
B. Very Short Answer Type Questions :
10 ey 3 2. Increases
3.  musical 4. sound of mosquito has higher pitch and

less loudness than that of a lion
distinguished due to quality orovertones 6. See text
7. The shift of wavelengths in the spectrum 8. No change
of light coming from star, towards violet
end of spectrum indicates that the Start is

coming towards earth.

9. 819°C 10. 1:2:3:4:5....

11. Longitudinal 12. longitudinal

13. noise 14, Y= EPn sin(@,t —KkqX)

15. AtL/2 distance from either end 16. increases

C. Short Answer Type Questions :

1. Seetext 2. Seetext

3. frequency,intensity level 4. speed of sound in moist airis more. Hence
as humidity increases, spéed of sound
increases.

5.~ Open organ pipe contains all the overtones of fnndamental note. On the other hand closed
organ pipe contains only odd overtones. )

6. “YRT ‘327 “ =0n= J—ﬂnﬁﬂgn J.ﬂ30m13=38L05mls
! |
”B” J:JpBDB

7. No » ‘ 8 —' gedo 11
- : i (R4 ""‘"" o 21 1en' o
21 1o } . ,2 w A é s

BTG " .1. ' nizengxs

ol -
LR AN

M0 S e 0. U0z v

9. 0= ,": °=\@ 10. £y =h/d6=3"/4= =36 """
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D.
1.

10.
12
14,

G.

Bureau's (+2) Physics

Unsolved Problems
349 . 8 m/s 2. 5064 m/s

2 _ Ty
Co 1+J1Tz

[Hims o= l’%"

AL
R
A B

T t, +0x )y
dt=-ﬁ ;Cx =C0(l+—-)2 CO 1+—-L—— 2
Cx 273

1 1
- 0, =Ty 4 0)2 molelT, $ )2
SR T

'dl-ix‘ e ﬁ dx

Cx Co (T + ux)-é—

e \{T—t ax o 2 [Tz%-T.%]
T

CO 0 (Tl.g,ax)'_ Co .Tz—

o 20 _2¢ Ty

- 034m=34cm 5. 306 m/s
1067 Hz 7. 16.7m/s
247.69 Hz 9. 594 Hz, 540 Hz -
18.86 cm 11. 98.55cmor 101.49 cm
220 Hz 13. 0.87 x 102 watt / m?
2484 Hz : 15. 30 mis

(1) frequency (2) pressure (3) 819°C (4)0.61 m/s. (5) larger (6) a measure of sound level
(7y 102

(1) True (2) False (3) True (4) False (5) False (6) True (7) False




Elasticity

12.1 Molecular Structure of Matter :

Matter is made of molecules and atoms.
Molecules are made of atoms; and
electromagnetic (e.m.) force between atoms is
responsible for the molecular structure. The
inter-molecular force which is also an e.m. force
binds the molecules and thus a material is
constituted.

12.2 Inter atomic and Inlermolecular

force :

The general feature of inter atomic and
intermolecular force are nearly similar. These
features are well illustrated by the curve shown
in fig. 12.1.

F(r) |

r—

f— !'c—1

e~Atthuctive force £ Repulsive force —

figl2a

(Intermolecular forcc Vs. distance of separmmn)

The curve indicates the following |

significant features :

i) The force remains attractive up
to a separation 'r,' called as

equilibrium distance. Its value is
C ~0.74x10""m.

ii) The force becomes repulsive
when the separation between
molecules falls below the

cquilibrium distance (7, ).

The potential energy curve
corresponding to the molecular force is similar
to inter molecular force curve and is shown in
fig. 12.2.

r—>

fig12.2
(Potential energy Vs. distance of separation),
The curve in fig. 12.2 indicates that ;

1) P.E. is mn,q,ndnnm when
bcpamuon distance 'r' between mojecules equals
the equilibrium distance 'f, ". At this separation
the force between molecules is zero.
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i) For r > 1, the P.E. increases

from the minimum value and approaches zero
as r — oo, In this regron force remains attractive,

i) For r < 1,, the P.E. also

increases from the minimum value and
approaches <« as r— 0 In this region a
repulsive force comes into play.

123 Elasticity :

When a force or torque acts on a body,
not free to move, a change in shape or size (or
both) i.e. deformation of the body takes place.
due to rearrangement of its constituent particles.
Depending on the response of the body to such
forces or torque, the materials from which they
are made, can be classified as (i) rigid body
(i) elastic body, (i11) plastic body.

A body which does not undergo any
deformation, under the application of force of
any value, is called a perfectly rigid body. But
such bodies are seldom found in nature.

A body which undergoes detormation
under the application of a force but regains its
original configuration, soon after the withdrawal
of force is called a perfectly elastic body. The
property of a body to restore its original
configuration, when deforming forces are
withdrawn is called elasticity.

A body which retains its deformation
even after the withdrawal of forces is called
perfectly plastic body.

Cause of elasticity :

In a body large number of molecules are
bound together by molecular force and the
molecules take up such sites in the body that it
remains in the minimum energy state, At this

equilibrium state the distance between any two

molecules is the equilibrium distance "1, .

When by application of force the
distance of separation ' is increased (ie. r, >

Burean's Physics

I ) the molecules will have a tendency to come
back to the original state. Similarly when by
application of force 'r' is decreased (ie. r, < 1.)

~ the molecules will have a tendency to separate .

out to distance T,

The tendency of the molecules (o remain
at equilibrium distance apart is the cause of
elasticity. An elastic (reaction) force thus
comes into play and opposes the deforming
force.

1.¢, elastic reaction force (g )
=- (Deforming force (f)

R=-F (12.3.1)

fig. 12.3
Stress (1)

It is defined as the elastic reaction
force (restoring foree) developed in a body,
undergoing deformation per unit area of a

12.4

surface over which the deforming force acts.

Since restoring force is numerically
equal to the deforming force (egn. 12.3.1), so

Deforming force ~ F
Area A
«(12,4.1)
: The stress may be classified as (i)
Normal stress or longitudinal stress and (ii)
Tangential stress or shearing stress,
(i)  "NormalStress:
‘ The stress is called a normal stress if
the restoring force (or deforming force) acts

Stress ()=

at right-angles to the surface and is defined




n "'( l-" l'2)

When F, is uniform over the surface area A.

Butif F, is not uniform then.

Lm AF, dF
My = L= -t (124.
n = AA-0 XA 3A (12.4.3)

gives the stress at a point.

1E,
e

(@) (b
(Normal stress) {Tangential stress)

o
‘

k)

(c)

fig. 12.4
(ii)y ~ Tangential Stress :

The stress is called a tangential stress
if the réstoring force (deforming force) acts
tangentially to the surface and is given by

F
h=-t (12.4.4)

when F, is uniform over the surface area A. If
F, is not uniform, then

Lim AF, dF
A A

gives the tangential stress at a.point

«(12.4:5)

However when the deforming foree is

applied in an arbitrary fashion, as shown in fig
124 (¢c)and (d), then
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«.(12.4.6)

F=B +F

Where, F, = Fsin. F, = F cos0

giving
=« S8 (124.7)
n - A . A Ll - .
F, _ Fcosd
Fiomet = oo (1248)

A A
Stress has dimension of ML™'T™ and
its units are (i) Nm > orPain S.L

Ex. 124.1 A load of 5.0kg. is suspended
from a ceiling with the help of a steel wire of
adius 2.0 mm. Find the tensile stress developed
in the wire when equilibrium is achieved.

Soln.

Load F, =5kg=5x98N

F‘/
e

39x10° N/m?

Stress r( = F%

5x98
= ax2x 107

Ex. 12.4.2 A rectangular black of metal has
dimension (0.4m x 0.4m x 0.5m). Its lower

surface is fixed. A tangential force 1.6x 107N

is applied to the upper surface. Compute the
shear stress.

Soln.
A = area of upper surface = (0.4m) x

(04m) = 1.6x 10" m?
Shear stress = E/A = 16x 10”7 /16x 10™

= 10°N/m?
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12.5 Strain

The deforming force acting on a body
causes a change in the configuration (length,
volume or shape) of the body; and strain is a
measure of this deformauon (change in
configuration).

The strain is defined as the ratio of
change in particular dimension of the body to
the original dimension of the body.

Omn[:c: indim msnon
Onginal dim cnsion

(125.1)
Thus strain is dimension - less and has no unit.

Strain (e ) =

Types of Strain :

Depending on the mode of application
of the deforming force different types of strains
are caused. The commonly known three types
are (i) Longitudinal strain (ii) Volume (Bulk)
strain and (iii) shear strain.

(i) Longitudinal Strmq S

When deforming force acts normally
along one direction only longitudinal strain
occurs. Longitudinal strain can be of two types
: (a) Tensile (or elongation) strain (b)
compressional strain.

2 ELE HEs

(a)
(Tensile strain)

- b = -

Bl K E

I

(Compressional strain)

fig. 12.5

Bureau's Physics

L F---- ----> F
=
l —>AL<—-
£ (b)
éTL (Compressional strain)
¥,
(a)

(Tensile strain)

fig. 12.6

A body is said to undergo tensile strain,
if its length tends to increase. The corresponding
stress is sometimes called tensile stress

( l':' = FE /A) We define tensile strain as

AL
€ = —

L -(12.5.2)

where AL is the increase in length and L is the
original length,

On the other hand a body is said to
undergo compressional strain if its length tends

to decrease.. The corresponding stress is
sometimes called compressional stress

(l; = ./A).chcﬁneoomprwsional strain as

— -AL

2l

Where ( ~AL ) is the decrease in length and L is
original length.

Itis to be noted that only. Sbhds can have _
longitudinal strain, Fluids cannot sustain
longitudinal'strain.

(ii) . NVolume strain :

“When the deforming’ foree acts
uniformly and normally at every point on the

-(12.5.3)
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surface of a body the volume strain occurs. The
corresponding stress is sometimes called volume

-~
stress (I’ﬁ = F.,/A). “q
F = F
y g (a)
IR o
40 i
/e If F +F

(b)

aj
(Compression of a cube)  (Expansion of a cube)

DD’ N-B N-,B
: s g il ) - sl 2t )
Since, tan g = AD B,N, AA,

(12.5.5)
(when @ is small), so shear strain can

c AiSpiacemeni DCLWeCt

=
(©) (b)
(Compression of a sphere) (Expansion of a sphere)

Cause of shear strain :
fig. 12.7 To understand how shear strain occurs
The volume strain is defined as we consider a rectangular slab ABCDPQRS,
AV with surface ABQP fixed on a horizontal plane.
S =V ..(12.54)  (see fig. 12.9(a)). Then two forces
where AV , the change in volume (is positive
for an expansion and is negative for > R
compression) and V is the original volume.
i)  Shear strain: BELT B8 el

: : ; y RN
When a deforming force is applied :
A ’lll'll"llll'lll""l'a

tangentially to a surface, with opposite face (a)
(surface) fixed, the shear strain (due to change
in shape) occurs. The corresponding stress is

called shear stress (T't = F./A)

The shear strain (& ) is defined as the

angle (o) through which a line originally
perpendicular to the fixed plane turns.




400

(i) W = mg, the weight of the body acts
vertically downward through its C.O.G. 'G' and
(i)  Fy, the normal reaction of the

supporting horizontal surface, acts vertically
upward, through O, such that

W - FN - 0‘
and their lines of action concide.

But when a force F, is.applied
tangentially on the face DCRS, an opposite
force F; acts over fixed face ABQP (see fig.
12.9(b)) such that F, + F, = 0. Thus the forces
now acting arc W, F . F and F.. Since now
C.0.G. has been shifted to' 7, the lines of
action of W and Fy, do not coincide. As a result

(W, Fy) and (F,F,) constitute couples and

balance each other. The rectangular slab remains
in equilibrium in the deformed state ABc’D’

PQ R’S’, Thus the shear is produced due to the
couple (F,.F, ) and remains in equilibrium due
to the balancing effect of (W, Fy ).

(iv)  Lateral strain :

When a deforming force tends to
clongate a body in one direction, there occurs a
contraction in the perpendicular directions and
vice versa. This leads to lateral strain and is
defined as

Change in perpendicular dir™

€p=
Orniginal dimension in perpeq;iiculardir"

Ar
= €p = —
r

«(12.5.6)
“The ratio of lateral smiin to longitudinal strain
is called poisson's ratio (o )

Lateral strain €p

T:Longirudinal strain €;
wA(125.7)

.. ©
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Ar/r
AL/L

«(12.5.8)

fig. 12.10

Here negative sign is introduced to ensure that
o is positive. :

12.5.1 Each edge of a cube has length 2.0m at
a pressure 1.02 x 10° Pa. When the pressure is
increased to 3.02 x 10° Pa, each edge of the

cube decreases by 1%. Calculate the volume
strain.

Soln.
Given each edge of cube = 2.0m
= Original volume V = 23 = §m?
New edge length =2 -0.01 x 2= 1.98
m

New volume v~ = (1.98)3m3

Change in volume AV = (8~(1.98)*) m*
=02376 m’

vV
Volume strain = -A‘T =00297

1_2.5.2 A steel wire of length 6 m and crogs -

sectional area 1962 is elongated by

6x10~*m. Compute the tensile strain,

Soln. '

Given ¢ =6m '
Al=6%10% m
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6x 107
6
12.5.3 A rectangular block of size (0.5m x 0.5m
x Im) is fixed at its lower surface. When a
tangential force is applied its upper surface gets

displaced by 1mm. Compute the shear strain.

Soln.

Tensile strain -f';—{ = = 10°

3
tand = ¢ = "‘:0 = 103
S 1mm &
i
Im

12.6 Hooke's law :
Hooke's Law states that for small

deformations, stress is dlrectly proportional to .

strain.

 stress .
i.e. = constant (for small strain)
train

This constant of proportionality is
known as ¢lastic modulus or modulus of

¢lasticity, Itis a measure of the susceptibility of
a body to be deformed and depends on the

nature of the material.

Since strain is dimensionless and unit-
less so dimension of elastic modulus is same as

that of stress i.e. ML™'T?; and its units are

Nm™? (= Pa) in S1. system and dyne em” in
C.G.S. system.

Typesofehsticx'nodulns:

There are three commonly known
elastic moduli, corresponding to the three types
of strain (described in sec. 12.5).

(i) Young's modulus (Y) (for
longitudinal strain)

' But

401

(i) Bulk modulus (B) (for volume

strain)

Rigidity modulus (n) (for shear

strain)

[A fourth elastic modulus is the Axial modulus.-
This arises when deforming forces are applied

in such a manner that lateral strain is not allowed

to occur in perpendicular direction. However
this is beyond the scope of this book.]

(i) Young's Modulus : (Y)

It is defined as the ratio of longitudinal
stress to longitudinal strain (for small strains)

(iii)

within proportional limit.
A long . stress
R ¥ long . strain
F /A
Y=-01— (12.6.1
=% ALTL (12.6.1)

The quantity force per unit extension (i.c.

F, /AL =Y.A/L) is called stiffness or force

constant. This shows that stiffness (or force
constant) is directly proportional to the area of
cross-section and inversely proportional to the
length.

@)  Bulk modulus(B)

It is defined as the ratio of the volume
(Bulk) stress to volume (Bulk) strain (for small
strains) within proportional limit.

; Bulk stress P
ie.B= gl smain  (AV/Y)

«(12.6.2)

The negative sign makes B positive when
volume actually decreases on applying pressure.

P

B= AViv) ..(12.6.3)
when volume increases on zipplying pressure

(e.g. filling of air into a balloon).
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Quite often the change in volume is
measured corresponding to change in pressure.
Then

AP dp
= v =- Vg ~(1264)

B

Compressibility 'K' is defined as the
reciprocal of Bulk modulus.

. I 1 dVv

ie. K= B="V dP
As solids and liquids are almost incompressible
hence K is small (i.e. B large) for solids and
liquids. But gases are easily compressible, hence
K is large (B small) for gases.

(iii)  Rigidity modulus : (n)
It is defined as the ratio of shear stress

to shear strain within proportional limit.

Shear stress E /A

Shear strain =~ 0

It is also sometimes called torsional modulus.
Fig:

-.(12.6.5)

..(12.6.6)

[ [ .

'

/ Permanent set
Vi

0 Y1

S
- i

Strain

A typical Stress ~ Strain Curve for a ductile
metal

A Proportional limit

B —> Elastic limit or yield point
D — Fracture point

O to B — Elastic region

B to D — Plastic region

Bureau's Physics

Relation among elastic constants (Y,B,n, o)

The three elastic moduli Y,B,n and
Poisson's ratio o are related to one another. It
can be shown that

Y=2n(l+0o) «(12.6.7)
Y=3B(l-20) (12.6.8)

Solving egns. (12.6.7) and 12.6.8) we obtain
2 + 2 = - «(12.6.9)
B n )

We also observe that, since Y, n, B are all
positive so

Y

-_—=] 20

>n +0 .(12.6.10)

Y

ﬁ = }=-20 2 0 L(126.11)
Relations (12.6.10) and (12.6.11) imply that

-1< o0 <0.5 ..(12.6.12)

Thus relation (12.6.12) shows that ¢ can assume
both negative and positive values. But actually
it could assume either positive value (if we
define o by (12.5.8) or negative value (if we

Ar/r

AL/L

cannot expand laterally when it is stretched
longitudinally.

The values of Y,B,n, and o are listed

for some common materials in table 12.2. Table
12.1lists compressibilities of few liquids.

define 6 = ). This is because a body
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Liquid Compressibility (K)
10" m*/N

Carbon disulphide 64

Ethyl alcohol 110

Glycerine 21

Mercury 3.7

Water 49

Table 12.1
Material Y B n o
inl0""Nm* inl0"Nm* inl0'"Nm-

Aluminium 0.7 0.78 0.26 0.35
Bismuth 0.318 0.294 0.122 0.32
Brass i1 1.07 0415 0.328
Bronze 0.81 0.435 0.34 0.19
Cadmium 0.499 0416 0.192 0.30
Conslanli!l 1.63 ' 1.637 0.611 0.334
Copper 1.3 1.4 0.483 0.345
Glass 0.738 04 0.31 0.19
Gold 0.8 1.66 0.277 0.422
Iron 2.0 1.45 0.8 0.27
Lead 0.16 0.46 ().‘.)56 0.442
Manganin 1.24 1.24 0.465 0.333
Mercury LGS 027 222 L
Nickel 2.02 176 0.77 0.309
Platinum 1.69 249 0.61 0.387
Quartz 0.52 0.14 03 =
Rubber 0.05 S 0.00016 048
Tungsten 36 2.0 ' 15" 0.2
Wood 0.1 b Chsitan A

Table 12.2
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Ex, 12.6.1  What force is required to stretch
a wire of cross-section 0.5 em? to double its
length, Given

Y = 2x 10" N/m?
BIA t
Soln,. Y=—— =F=YA—
(/L L

Since wire is elongated to double its
length, so elongation ¢ =L

kS

AF=Y.A—==Y.A=2x10" -E;xO.leO“'mz
1. ; m

=F=10'N

Ex. 12.6.2 ,Identical springs of steel and

copper are equally stretched. Compare the work
done for each spring.

Since springs are identical A, L are same and

as equally stretched so ¢ is same for both. .

1 A 2
‘v\wnl = ‘3 Y\. -i: ’ . _Y_n_
W o R A, 7
copper ~ Y. —. &£ ¢
S R
Since Y > Y .. 50 more work is done for steel
spring than for copper spring.
Ex.12.6.3  The length of a wire is increased

by 2% when loaded with 2kg weight. What is
the strain produced ? If the area of cross-section
is 0.01 mm? calculate the Young's modulus.

Soln. Letoriginal length be L.

Change in length is 2% =AL=%)L=\02L |

AL 002L , *
2. Strain pmduccd A =002

sm‘ lied = 298 N/m
’ £ o ML T Bt
eSS Apped s C IO

Bureau's Physics

2x98
- LR VY
5 001x10°°
e 2X98  _ l06xi0M
- 001x0.02x107
Y=196x 10'"" N/m?

Ex.12.6.4 The length of a wire is cut to
half of its original length (i) what will be the
effect on increase in its length under a given
load. (11) what will be the effect on the maximum
load it can bear.

Soln. :
Letoriginal length= L
Load applied =F :
F/ F.L
i i = —L=—r+
(1) clongau.on { Y YA

If the wire is cut to half its length,
keeping the load same, then new elongation /'
is given by

E. L f

tv-_._.____

YA 2 2

i.c. increase in length is also halved

(i)  Original strain =

E
5 , ¢ _u2_e
AN ST LI L

i.e the strain remains same. Since the
stress also remains same so no change will occur
for the maximum load it can bear.

Ex.12.6.5
nof brass is 4 x 10" N/m*. Calculate the Bulk
modulus for brass. ;

Soln. We have
N 2
— - — T —
: B ity
o L o 2 3 3
B Y n 9x10N/m? 4x10''N/m?

Y of brass is 9x10'° N/m?®, and
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_;_(1-2)-_&
T10ON/mL 4) 10'°N/m?
10 2
= JOTNIMT 100N m?
025
Ex.12.6.6 Y. of copper is 13 x 10" N/m?

and its poisons ratio is ().33. Calculate the Bulk
modulus.

Soln. Y=3B(1-20)

Y 13x10'"'N /m?

= B = =
3(1-20) 3(1-2x033)

13x10'"
3x034

= B = 12745 x 10" N/m?

N/m?

Ex.12.6.7 What will be the density of
copper under a pressure of 10,000 N/em®.
(Given density of copper is 8.96 x 10° kg/m’,
Bulk modulus of copper is 1.4 x 10" N/m?).

2 P
Soln. B = VIV
W (-oe E.V: l0.000};llcm*v
B 14x 10”N/m"~
P, 2
av = 10MXION/m? oV
14x10""N/m* 140
N = =139
Vi=V=-AV=V-cu=—me
New volume A 130 140
e M M
New density T QSTV
140
M/V P

= 139/140)  (139/140)

., 896x10"x140

) kg/m’
R 139 8

=9.02x10 kg/m’
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Ex.12.6.8 The elastic limit of steel is 8 x
10* N/m? and its Young's modulus is 2 x 10"
N/n¥, Find the maximum elongation of a half-
meter steel wire that can be given without
exceeding the elastic limit.

Soln.

elastic limit =8 x 10° N/m” = maximum
siress

Y =2 x 10" N/m?
Y . =) stress 2 max.stress
T strain | max.strain

max stress _ 8x10°N/m?
Y 2x10"' N /m?

=5 max strain =

=5 max.strain = 4x107* = (AL:‘max

= (AL) e = 4107 xL.
=4x 10" x05m
(aL)_ =2x10"m =02cm

Ex.12.6.9 Two persons pull a rope towards
themselves with equal force of 100 N; on the
rope. Find the Young's modulus of the material
of the rope if it extends in length by 10cm.
Original length of rope is 2m and area of cross-
section is 2 cm’.

Soln.

-

EFsF

Here force of 2F = 2 x 100 N act over every
cross-section.

Given AL = 1 em, L=2m =200cm, A =2cm’?

L E,

FL _ (2x100x10°)

T o x 200= 2 x 10°

Y =

cdyne/en?® .

Ex.12.6.10 A wire of diameter | mm and
length 2 m is hung from a ceiling. A load of 5
kg is hung at the free end, calculate the
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extension produced. What minimum diameter
is allowed so that elastic limit is not exceeded.
(Elastic limit = 1.5 x 10" dyne/cm?,Y = 1.1 x
10" dyne/cm?).

Soln.
Given
diameterd = Imm=0.1 cm
original length L = 2 m = 200¢m
F=5kg wt. = 5x9.8 N = 5x9.8x 10° dynes

[ se I NPT Sca |
L A'Y xd’ta Y
==>AL=-£2-.J-L
nd? Y

4x5x93x|05 1
= ax(01) nxlo'2

= AL = 0.1134cm

Elastic limit = maximum stress

AR,
nd?/4 md?
PR, 1 _ 4x5x98x10° S
n  elastic himit n 1.5x10”
d?=4.159 x 10*
d' = 0.0645
Ex.12,6.11  What is the density of ocean

water at a depth, where the pressure is 80
atmosphere, if its density at the surface is 1.03
x 10" kg/m’. Comprehensibility of water is 45.8
x 10" Pa', 1 atmosphere = 1.013 x 10° Pa.

Soln,
Given _

R
Comprél‘mens“bnhty

G

oo ;’ ’ !

wl-.

treedny

Bureau's Physics

=458x 107" /pPa”!
=458 x 10" m¥N

Pressure P = 80 atoms = 80 x 1.013 x
10° N/m*

consider a mass M of water whose
volume is V near surface and v at the depth.

Then p = %=1.03x 10" kg/m*
.
0=

7 ]
Changg in volume AV =V'=V = M(—-—]

PP
- A!___Nl(i-l] j{L_L)
=l—_l',‘
P
P 1 -AV/V
Now B s rp
1
1-—
A VB P
P B
= p' = LP
5

103x10° kg/m’
1-(80x1013x10°)(458x10™")

=>p = 1.034x 107 kg/m?

Ex.12.6.12  Find the increase in pressure
required to diminish the volume of water sample
by 0.01% (Given Bulk modulus of water is 2.1

© o x 10" N/m?)
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Soln.
o5 s AP
B= AV/V
S S ke o"ixﬂ
\Y m? 100

AP = 2.1x lOs-N—z=2.lx105Pa.
m

Ex.12.6.13  AnIndian rubber cord 12m long
is suspended vertically. How much does it
stretch under its own weight ? Density of rubber
is 1.5 gfem’, Y = 5x10° g w/em?.

Soln. : :
Given L= 12m=1200cm
density p = 1.5 gm/cm’
Y =5 x 10* gm wi/cné?
=980 x 5 x 10¢ dyne/eny’

Let A be its cross - section
Its own weight W=AL pg=F

Since weight W acts through C.O.G.
Hence effective original length = >
BIA o
AL/(LIZ) AL/(L/Z) $
= —l:gg-
2,AL
2 2
B L pg i (1200) x15x930 = 0216cm
: 2Y 2x980x5x10 .
Ex.12.6.14  AnIndian rubber cube of side 7

cm has one side fixed while a tangential force
equal to the weight of 200 kg is applied 10 the
opposite face, Find the shearing strain produced,
and the distance through which the strained side
moves. Modulus of rigidity for rubber s 2x 107
dyne/cm’.
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Soln.

Giveneach side L=7 cm
F=200kgwt=200x9.8N
=200 x 9.8 x 10° dynes
n =2 x 10’ dyne/cm?

o F/A

o
F  200x98x10°
—» shearing strain 0=—="F——""—__
& An 73 x2x10’

0522 <02 radian
9

Now 0=-E=a fulh =702 = Licn

Ex.12.6.15 Y of iron is 2 x 10" N/m? and
interatomic spacing between two molecules is

3x 10" m. Find the inter-atomic force constant.
Soln.

F’ = K.Ar = Interatomic force
where Ar is the increase in interatomic distance

K is force constant.
|
b Y)
rq—-'rfb—. "o
. AL _Ar
long. strain = " % 3

Chain of atoms in cross -sectional area ré is
only one. No. of chains in unit cross-sectional
2 1
areais 2.
%
ey Total applied force
o Total no of chains in cross -sectional area A

Total force applied
Total no of chains in cross - sectional area A

=F=
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= F = F -rgz
Al A
= K.Ar= g —
2
B 4 ek TR [
Ar A Al'/lb AL/L

= K=r.Y.=3x10""mx2x10"" N/m?

= K=60 N/m.

Ex.12.6,16 There is no change in the
volume of a wire undergoing longitudinal
extension. Calculate the poisons ratio.

Soln.
Let initialradius be=r
initial length be=L
initial volume V = nr’L
final length =L+dL
final radius =r-dr
. final volume = g (r-dr)’(L +dL)

since there is to change in volume so

. mr'L= m(r-dn’ (L+dL)

ol 2]

| il | o |
r =t _= . ——
(R f

i3 s R s
==l — .= ¥
g b iy Poisson's rafio

Bureau's Physics

& o=035

Ex.12.6.17 A steel wire 2 mm in diameter
is just stretched between two fixed points at a

temperature of 20°C. Determine its tension
when its temperature falls to 10°C. Linear
expansivity of steel = 11 x 10%°K. Young's
modulus =2 x 10" N/m’.

Soln.
Wehave ¢,=¢ [1+o(t,-t)]

€, ~¢
= -z?"‘ = @t —1;) = long strain
stress =Y. strain=Y. (t,- ll)

=onsion=strwsxma=Y.A.a(t2-tl)

= %d’a{tz-—t,)

= Tension = (2x10') (%) (2x 1072 x

(11 x 10%) (10°)
Tension = 69.12.N

Ex.12.6.18 A load of 7.6 kg. hangs from
the lower end of a steel wire which is rigidly
clamped at the upper end. When the load is
immersed in water, the length of the wire
changes by 1 mm. Calculate the length of the
wire, '

(Y, =2x 10" N/m?, d = 0.4 mm, Pload =7600
kg/m’, g = 9.8 m/s?)

Soln.

Mg/(nd?/4)  4MgL’
Tk P Y

Y

2
=W=Mg=(’—t-:ry-)£=k[

When immersed in water the weight of load in
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water is
W' =K¢.
w P
’ W-—— =W '
W =W-V.0.g=( pp] ( p]
Wp, _ 1000 Kf 1000 £
=y p = = =
W-W Kf-KFf (-0
s 1000 ¢ _ 1000 £ -
p 7600
- Illo-_\ 3 lOOOxt
7600
% 3 -
o o JOX107 00076276107 m.
1000
Now Mg=Kr.
w K= ME_T0X98 _98x10°
£ 76x10°
2
mdY _98x10%
L
nd*Y n.(04x107)*x 2 x 10"
= L = -
4x98x10° 4x9810°
L=2.56m. ‘
Ex.12.6.19 A body of mass 3.14 kg is

suspended from one end of a wire of length
10.0 m. The radius of the wire is changing
uniformly from 9.8 x 10* m atone end 10 5.0 x
10 m at the otherend. Find the change in length
of the wire. What will be the change in length if
the ends are interchanged. (Y=2 x 10" N/m?).

Soln.

Consider an element 'dz' at a depth Z'

from the fixed end. Then change d £ in length
(extension) of, this element is given by

409

i T (1)

=r=r+2ztan g w(2)
s A= =n(r +Ztan6)’

S L
7Y (r; + Z tan 6)°

Total change in length

L Fdz
o MY (n+Ztan6)’

£
[ dl=
0

F L
=RY o ( +Zwan6)?

r+Ztang=rr=r+Ltang
= tan g dz =dr

n
enE] CROEF o f 1
nY,. r nY r

R T OE)
nY L 5o

)

FoL
nY nn

- i Cot 8 Lz.__r'.z
nY )
Oninterchanging r, and tr ! t remains
same.
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- Ex.12.6.20 A steel wire of length 1 m and
diameter 4 mm is stretched horizontally between
two rigid supports attached to its ends. What
load hung from the mid point of the wire would
be required to produce a depression of lem.
(Y =2 x 10" N/m?).

Suppose length of the wire =2 ¢
Depression 00’ = X

T = tension along the string

W = load applied.

menW=2Tcos'(§-9) =2 Tsin g=2T. -;-‘-

Where stretched length = 247

2
Now (2 = x>+ 2= 2 (H[—)

2
Cals X
2f

2

W a2
{

x2
2¢' --2¢ =change in length = S
\ 20 2 4L
Strain produced = 2(9

3280 20 ?262
,v‘zl-/ . ! '

FRIBf (Ut g2\l ey fx2)
| | s=|l== —
Now 7 ([ -c‘{2 : il
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Q0 g e
€ £ 3
Therefore W = 2T—= 2’!‘%
=Ts= e
2x
T Wi
Stress== —75 = 3
mnr 2nr°x
.y o Stess _ We/2mex
. strain x* 1262
2wet we
R A
2y’ mzx’

If M be mass to be sﬁspcnded then W = Mg

Mg ¢

2

Y, = Y
gt 4g 13

_ n(4x107)*107%)?
4(98)(0.5)°

M = 2.05 ke.

12.7  Variation of longitudinal strain with

longitudinal stress

For small deformation longitudinal strain
is directly proportional to longitudinal stress. But
for large deformations the relation of
longitudinal stress and strain is very complicated.
The curve obtained, when stress is plotted
against strain, depends on the pature of the
material. To have some idea about this, we
describe stress-strain curve for two representative
materials, atnetal wu'e anda rubber piece.

(@) Stre&s strain curve for metal wire

If we study the longitudinal strain
produced in a wire due to normal deforming

x2x10" kg
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force, then the stress - strain curve will be as
shown in fig. 12.11 & 12.12

E-I
:\f: I‘f -
=
=17
S
e
('I*I‘\-/Yl e;.*——)
Permanent set (Tensile strain)
fig. 12.11
%EI v
§ - ‘—l
gn| - 3y
E g i i
é L:: Al :M :
€ 0 Top (T Ty
(Tensile stress)
fig. 12.12

The curve can be divided into five distinctive
segments (i) OP, (ii) PE, (i) EY, (iv) YU,
(v) UD.
i) Segment OP

This segment is a straight line,
indicating that stress is directly proportional to
strain over the region. The point P on the curve
is called proportfdnal limit. In this region
Hooke's law remains valid.

Proportlonal limit is the maxxmum
stress up ‘to’ which stress-strain rela'don
remains Iinear.
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ii) Segment PE

This segment is not linear. In this region
stress is not proportional to strain (i.e. Hooke's
law is not obeyed). But when the stretching force
is removed, the wire acquires its original length.
This means the wire still remains elastic. If the
stress is increased beyond E, and then removed,
the wire does not regain its original length. So
point 'E' corresponds to the maximum stress up
to which the wire remains elastic. This point E
is called elastic limit.

Elastic limit of a material is the
maximum stress (corresponding to a
deforming force) up to which the material
remains perfectly elastic.

Elastic limit depends on the property of
the material. Elastic limit and proportional limit
are different but not far apart. In some cases’
elastic limit and proportional limit are same.

iii)  Segment EY

This segment corresponds to stress
Iy > (Cp)gax- When T, > (y)p, Strain
increases much more rapidly. This continues
until Ty=(T7), . If the stress is removed, the

wire does not regam its original length. Thus
the behaviour of the wire is now plastic and
retains a permanent set (OY ), when the stress
is removed at Y. The point ‘Y' on the curve is
called yield point.

iv) Segment YU

When stress TI', > (T, )y. the strain

increases less rapidly compared to the region
EY. This phenomenon continues until stress

I, =(T}),, the ultimate stress or breaking stress.
Material which has larger plastic range (Portion

_between elastic limit and-ultimate stmss) is

called a more ductilé material'e.g. lead, copper.

‘Material which has less plastic range is called a

brittle material. Material -which has larger
(breaking stress) ultimate stress is considered
more strong.
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v) Segment UB

When the stress exceeds the ultimate
stress, local constriction arises any where on the
wire; and strain goes on increasing, even if the

def;orming force is reduced (T, < (I ),
Ultimately the wire breaks down,
(b)  Stress - strain curve for rubber :

The stress - strain curve for galvanised

rubber is shown is fig.12.13. One finds that no
portion of the curve is linear, implying stress is
not proportional to strain and Hooke's law is
not obeyed. But the substance is elastic, even
when itis stretched to several times its original
length. In this sense rubber is more elastic than
steel. However the magnitude of stress for a
given strain is much larger in case of steel wire
than in case of rubber. This means large internal
forces appear if the steel wire is deformed. In
this sense steel is more elastic than rubber.

O A S & —
(Strain)

Another important feature to be noted
is that when deforming forces are removed the
original curve is not retraced; although the
sample finally assumes its original length. The
work done in stretching is more than the work
done in returning to its original length. Thus a
certain amount of energy is absorbed in the
cycle and this appears as. heat. This energy is
equal to the area bounded by the two curves.

This phienamenon of non-coincidence
of stress-strain curve for increasing and
decreasing stress is called as elastic hysterisis.

Bureau's Physics

Elastic hysterisis has an important

- application in shock absorbers. If a padding of

vulcanised rubber is given between a vibrating
system and say a flat board, the rubber is
compressed and released in every cycle of
vibration. An energy is absorbed in every cycle,
and only a part of the energy of vibration is
transmitted to the board.

128 Work done in stretching a wire :
(Elastic potential energy of a strained body)

o e B 1 2 R 1
J :
= ISR [l BIURSEE o RGeS | SRR
= T
Bl LA Tt#
: f‘x"&“f"f
il
fig. 12.14

Consider a wire of length L and radius
r, fixed at one end and loaded with a load Fat

the free end (fig.12.14). The deforming force F
is so chosen that the wire is stretched very
slowly. This ensures that at any instant the
external deforming force equals tension in wire.

Let the wire be stretched through 'x' at

any instant. Then at this instant

S [." —E—i
{ress Ly & 1[!'2
Sqain €?=%
giving
. r; F/A FL

-(12.8.1)
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If the wire is further stretched by dx the
work done by external deforming force F,
against the tension is

dW=F.dx=—Yl—‘Ai x dx

.(12.8.2)

Therefore the total work done by
external force in stretching the wire through ¢ is

YA

W:]' ——xdx = XX 8
o L

1 YA

< N
.(12.8.3)

This work is stored in the wire as elastic

poteniial energy. Thus elastic potential energy
of the wircis

1
= (Max. stretching foroe) (Max. extension)

L(12.8.4)
Also we can re-write (12.8.4) as
| b W7 4
os3-()(E)
= % (stress) (strain) (volume) '
..(12.8.5)

So from eqn. (12.8.5) one obtains elastic
potential energy per unit volume as

U 1

it~ (stress) (strain) ...(12.8.6)

Note: Although egn. (12.8.6) has been .

deduced for longitudinal strain, it is true for any
type of strain.
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12.9 Applications of elasticity

Elastic property of materials plays an
important role in a number of ways in our day
to day activities.

1) Thickness of metallic ropes used in
cranes is decided on the basis of elastic
limit and factor of safety.

. Breaking load
Breaking stress = T

Breaking weight =Breaking stress x e’

‘A rope is never loaded beyond —,;-rd of

its breaking load.

i) Any metallic part of a machinery is
never subjected to a stress beyond the
elastic limit of the material.

iii) A knowledge of elastic moduli, helps
in selecting materials for high pressure
tools like plier, screw driver etc.

iv) A bridge is declared unsafe after long
use as it loses its elastic strength.

v) A hollow shaft (axle) is stronger than a
solid shaft mode of same and equal
material.

[Torque required to produce unit twist
in a solid cylinder of radius r, length ¢is

t=nm’/2¢
For a hollow cylinder of external radius
r, and internal radius r, , length £ and same mass

is v =nmirs —5')/2¢
sincem=qrifp = n(rf=r7) £p

2 2 2
=$r=l‘3ol‘|

G- _ B +h
21 -2t

,tl
Hence — = 3
T r r
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Since 1'22 - rl2 .- l’z

%0 5+ >

T S
= —>1=231>"T

T
[i.e. Torque required to twist a hollow cylinder
is greater than the torque necessary to twist a
solid cylinder of same mass, length and material
through the same angle. Hence a hollow shaft
shall be stronger than a solid shaft.]

This is the reason why electric poles are
given hollow structure.

vi) A study of bending of beams shows that
while designing a beam to support load
(roofs, bridges) the depth should be
larger than the breadth.

Summary

1.  Stress is defined as the deforming force
per unit area. Stress may be classified as a)
Normal stress and b) shearing stress. Normal
stress may be called a tensile stress when it
causes stretching of a rod and it may be called a
compressional stress. when it causes
compression of the rod.

2. Strain is the fractional change in the
dimension of the body. Strain is of three types.
Longitudinal strain (25 ), shear strain and
volume strain. L
3. Hookes law:

If deformation is small, the stress in a body
is propertional to the Corresponding strain.

Stress ' =5

Strain - E (Modulus of elasticity)
There are some materials like rubber which are
elastic but does not obey Hookes law.

F/A

4.a) Youngs modulus Y = ALL

Bureau's Physics

P
b) Bulk modulus B = (AVIV)
E/A
¢)  Modulus of rigidity n = —'0—

b % Poissons ratio ( ¢ ) is defined as the ratio
of lateral strain over longitudinal strain.

_Ad/d
Al71

6. Relations between elastic Constants (Y,
B,n, o)

a) Y=2n(l+0)
b) Y=3B(1-20)
| 3_2

_+._.—
©) B n y

7.  Bulk modulus is the common proporty
of all the three states of matter. Where as Youngs
modulus and modulus of rigidity are relevant
only to solids.

8.  Reciprocal of Bulk modulus is called
|

compressibility (k). K = B

9. Elastic potential energy of a strained rod

1
is U = — maximum stretching force x

(maximnn% extension)
Energy density
u= % stress x strain
10.
Physical - Di onal | SLunit
Formula
1. Stress (ML'T? Nm*
2. Strain Dimensionless| No unit
3. Modl.nlusof 1 ML T3] Nm?
elasticity (Y, B orn)
4. Poissons ratio Dimensionless| No unit
5. Compressibility (k) | M'L'T? | N'm?
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i MODEL QUESTIONS )
A.  Muitiple Choice Questions : 6.  Young's modulus of a material is equal
1. Thefollowing four wires are made of same to the stress which will increase the length
material. Which of these will have largest Lto
extension when the same tension is L L
applied ? SR e i) L+
) ¢(=1m, d=0.1mm
L o
ii) £=0.75m,d=0.75 mm iif) & + = iv) 2L
f") $3 0.5, 4 0.5 o 7.  The product of and is two
iv) £ =025 m,d=0.25 mm. times the strain energy per unit volume.
2. What is the length of a hanging wire of i) stress,strain i) stress, stress
density (d) which will just break under iii) strain, strain  iv) None of the above
its own weight ? 8.  The relation between Y, n, and B is
.. Stress 3 o 0 A SRR ) Y
i) - ii) stress x dg i) g ii) A
stress X stress X d iii) 2"-8-+-?'- iv) —9-"-?1+l
iii)——-d U i 0k WY 2 Bh LY & B
g X -
3.  Theextension of wire by application of a 9. Factor of safety is g_'vcl,‘ by :
load is 3.0 mm. The extension in a wire ')) a::{d;f‘:gs"my'?:?'df:;m
of same material, same length but half the w . izt s
radius by same load is f“) Breaking stress/working stress
o o iv) all of the above
i) 12 ii) 0.75 mm
l) 6.0 o fl) 1.0 10. The extension in a steel wire is ¢.If a
MpoR I )3 similar wire of twice length and twice
4. When an elastic material with Young's radius is taken the extension for same load
modulus Y is subjected to a stretching shall be
stress S, the elastic energy stored per unit i) ¢ i) 2¢
volume of the material is iii) £/9 iv) 4¢
) %YS i) % S*Y 11. Iron is preferred over copper to make
. spring because
ﬁj)_s._ iv) — i) Iron is cheap
2Y 2Y " ii) Ironis easily oxidised.
5. Inordertohave an appreciable extension iii) Iron is more elastic than copper
of a wire the wire should be iv) Iron is less elastic than copper
12.

i) long and thin

ii) Thick block of any cross-section

iii) Thick block of rectangular cross-
section. '

iv) Short thin wire

Theoretical values of poisson's ratio lie
between Y

i) 0Oand 0.5 ii) 0.5and 1.0

iii) -1.0and 1.0 iv)“1.0and 05 ** -
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13.

14.

15.

13.

14,

There 1 no change in volume of a wire
undergoing extension. the value of
poisson's ratio is

i) 0.25 i) 0.5

i) 0.75 iv) 1.0
The unit of spring constant is
i) N/m i) N/m?
iii) N/kg iv) N/kg?

A force of one newton doubles the length
of a cord of cross-sectional area | cm?,
Young's modulus of elasticity is

i) 10° dyne/cm?

i) 2 x 10" dyne/cm?
iii) 3 x 10° dyne/cm?
iv) 4 x 10® dyne/cm’

Very Short Answer Type Questions :

Define Young's modulus.

Give dimension of Y.

Give unit of Y.

Define elastic limit.

State Hooke's law.

Write relation between Y, n, B.
Write relation between Y. n. o
Write relation between Y, B, o.
Define modulus of rigidity (n).
Define poissons ratio (o ).

What are the theoretical limiting values
of o.

Name a quantity which is dimensionally
similar to stress,

Name a quantity which is dimensionally
similar to strain.

What is the value of rigidity modulus of

“iquid.

10.

12,

Bureau's Physics -

Which is more elastic, steel or rubber.
Which is more elastic glass or rubber.
Which is more elastic air or water.
How does Y change with temperature.
Define Bulk modulus of elasticity.

Short Answer Type Questions :
Explain elasticity on the basns of

molecular theory.

Explain the term elastic limit

Show graphically the variation of
intermolecular force with distance of
separation between two molecules,

Show the stress-strain curve for a wire
under normal deforming force.

What force is required to stretch a wire
of cross section 1 cm’ to double its length
(given Y =2 x 10" N/m?).

Explain why a spring is made of steel not
of copper.

Identical springs of steel and copper are
equally stretched. On which more work
is done.

What happens to the work done in
stretching the wire ?

The length of a wire is increased by 1%
when loaded with 2 kg. wt. What is the
strain produced.

The length of a wire is cut into half of its
original length. (i) what will be the effect
on increase of length under the given
load. (ii) What will be the effect on the
maximum load it can bear ?

Y - for brass is 10 x 10'° N/m? and n for
brass is 3.5 x 10" N/m?, Calculate Bulk
modulus for brass.

What will be the density of copper under
a pressure of 10,000 N/em?. (density of

copper is 8.96 x 10° Kglm B e = 1-4
x 10" N/m?).
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13.

14.

15.

So

16.

17.

A thick rope of rubber of density 1.5 kg/
m’, Young's modulus 5 x 10° N/m? and
length 8 m is hung from the ceiling of a
room. Calculate the increase in its length
due to its own weight,

Steel is more elastic than rubber.

A body is said to be more elastic if it
retains its elastic behaviour for a larger
deforming force i.e. its elastic limit is
more. In case of rubber it losses its elastic
behaviour even after application of small
amount of load. i.e. it has smaller elastic
limit. On the other hand a steel wire
remains elastic for larger loads i.e. its
elastic limit is more. Hence steel is more
elastic.

Relation between elastic-limit and moduli
of elasticity.

"~ Consider a steel wire and a similar rubber

wire. If same load is applied. Then |

(AL)g =Yg (AL)g

= Y.
FIA ST L

Since (AL)gy > (AL)s 50 Y5 > Yg

We know that elastic limit of rubber

< elastic limit of steel

Ys > Yy < (elastic limit)g > (elastic
limit),,.

i) Perfectrigidbody Y =« (**AL=0)
i) Perfect elastic body Y=o (" F=w)
iti) Perfect plastic body Y=0 (- F=0)
i) (M) i =0

v) (Y) =0

Dependence of elastic moduli on
temperature.
Y, =Y, (1-af)

n, =ng (1-a't)

alr

)
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Elastic moduli decrease due to increase
of temperature. This arises due to
weakening of bonding forces.

Unsolved Problems

A load of 2kg produces an extension of
Imm in a wire of length 3m and diameter
Imm. Calculate Young's modulus of the
material of the wire. (g=9.8 m/s®).

A uniform steel wire of density 7800 kg/
m? is 2.5 m long; and weight 15.6 x 10
kg. Itextends by 1.25 mm, when loaded by
8 kg. Calculate Young's modulus for steel.
A steel rail 100m long and 40 cm? in area
of cross-section changes in length by |
¢m between summer and winter. If it is
laid in winter, what tension develops in
summer.

A steel wire of cross-section area 0.5 mm’
is held between two fixed supports. If the
tension in the wire is negligible and it is
just taut at 20°C. Determine the tension
when the temperature falls at 0°C. (Y=2.1

x 10" Nm’, a= 12 x 109°C).

Two wires of same material and length
are stretched with equal force. Find the
ratio of their elongation if their radii are
in the ratio 1:2.

Two wires of same material and same
radius are stretched by equal forces. Find
the ratio of their elongation if their lengths
are in the ratio 1:2.

A copper wire of 2.0 m long and 0.5 mm
in diameter supports a mass of 10kg. Itis
stretched by 2.38 mm. Calculate Young's
modulus of the wire.

A wire of length 3 m, diameter 0.4 mm
and Young's modulus 8 x 10" N/m?, is
suspended from a point and supports a

heavy cylinder of volume 10 m?; atits

~lower end. Find the decrease in length

when the metal cylinder is immersed ina
liquid of density 800 kg/m’.
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10.

11.

12.

13.

14.

15.

Find the greatest length of steel wire that
can hang vertically without breaking
(Breaking stress of steel = 7.9 x 10°
N/m?, density of steel = 7900 kg/m?).

A steel wire of 2 mm diameter is just
stretched between two points at a
temperature of 25° C. Determine the
tension when temperature falls to 15°C
(linear expansivity of steel = 11 x 105K,
Y, =21x 10" N/m®).

A wire of length 1 m and radius 1 mm is
welded to another wire of length 2m and
radius 2 mm. The free end of the first is
clamped and a load of 5 kg is applied at
the free end of the second wire. What is
the total increase of compound wire ? (Y
of both wire = 2 x 10" N/m?).

A uniform pressure P is exerted on all
sides of a solid cube at temperature (°C.
By what amount should the temperature
be raised in order to bring its volume back
to the value it had before the pressure was
applied. (Cubical expansivity = vy, Bulk
modulus = B). A

Two springs have their force constants
asK, and K, (K, >K,). On which spring
is more work done (a) when their lengths
are increased by same amount (b) when
they are stretched by same force.

A steel wire of length | m and diameter 3
mm is stretched horizontally between
supports attached at its ends. What load
hung from the mid-point of the wire would
be required to produce a depression of |
em ? (Y =2x 10" N/m?, g = 9.8 m/s?).
A uniform spring whose unstretched length
is ¢ has a force constant K. The spring is
cut into two pieces of unstretched lengths
¢, and ¢, where ¢,=nZ, and n is an

integer. What are the force constants K, and

K, of the two pieces in terms of nand K. .

Bureau's Physics

E. Long Answer Type Questions :

1.  a) State Hooke's law. Define moduli of
elasticity. Find the relation among
them.

b) Due to a stress of 20 N/m?, the
percentage increase in the length of a
wire is 0.01. Calculate Young's
modulus. :

2. Define stress and strain. Draw stress-
strain graph for a wire under a normal
load. Explain the terms proportional limit,
elastic limit, yield point. ultimate stress.

3.  Define stress and strain. Describe their
types. State Hooke's Law and hence the
elastic moduli.

F.  Fillin the Blank Type

1. The stress required to double the length
of a wire of Young's modulus Y is ........

2. A wire of length L and cross sectional

area A is made of a material of Young's

modulus Y. If the wire stretched by an
amount x, the the workdone is ..........

The steel is ......... elastic than rubber

The longitudinal strain in a metal bar is

0.05. If the poisson's ratio for a metal is

o

5. A wire of length L and cross-sectional
area A is made of a material of Young's
Y. If the wire is stretched by the amount
X, the work done is ............

G. »True - False type

I.  Rubber is more elastic than glass.

2.  Young's modulus increases with rise of
temperature.

3.  Springs are made of steel and not of
copper.

4. A cable is cut to half its original length.
This change has no effect on the
maximum load, the cable can support.

5.  The stretching of a coil spring is
defermined by shear modulus.
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e ANSWERS )

A. Multiple Choice Type Questions :
1.(1) 2.31) 3.(1) 4.(iii) 5.(1) 6.(1v) 7.(1) 8.(iv) 9.iii) 10.Gii) 11.(iii) 12.010) 13.Gii) 14.30) 15.31)
B. Very Short Type Questions :

1.  Seetext 2. ML'T?
3. N/mi,dyne/em? 4.. Seetext
5. Seetext 6. Seetext

7.  Seetext 8.  Seetext

9.  Seetext 10. Seetext
1. -1 <0<05 12. Pressure .
13. Specific gravity 14. Zero

15. Steel 16. Glass

17. Water . 18. Decreases with rise of temperature
19. Seetext

C. Short Answer Type Questions :

1 See text 2. See text

3.  Seetext 4. Seetext

5. 2x10'N

6 . ¥

o % g ™ Elastic limit of steel > Elastic limit of copper

U="Ystress xstrain=%Y 62'.SinceYs>Yc.somoreworkisdonein'steelspring

Stored as elastic P.E.
A ) |
10. (i) Increase in length will be halved (ii) No change
l 1:.9.. l:.g_-}_.. 12 2 - 1 2
11. B+n Y= BY u--4.286:(10 m¥N B = 2.333 x 10" N/m
§0) AV -M(1 1 RSP D
& V' <V Nl s i 2 e etz ——
e o p) TV V(p’ p) ¢ B -2

o = 396 10* kg/m?
108N /m? =9.024 x 1(¥ kg/m?
uuom Nll'ni
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Hydrostatics

13.1 Fluids :

Liquids and gases together are called
fluids, as they have the ability to flow.

A liquid has definite volume but does
not possess definite shape. It takes the shape of
the container and cannot sustain shearing stress.
Liquids are nearly incompressible and thus
density of liquids is nearly independent of
variation in pressure. Again liquids could also
be viscous and non-vicous. If there exists a force
between two consecutive layers in a direction
other than the dircction normal to the surface of
contact, then liquid is said to be viscous,
otherwise non-viscous.

Gases donot possess definite volume or
shape. They are compressible, hence their
density depends on pressure.

13.2(a) Density (Mass density) :

The mass density or simply density of a
homogeneous substance is defined as the mass
per unit volume of the substance.

(Rho) p='—3— L(132.1)

where. 'm' is mass of 'V' volume of substance.

When the material is not homogeneous the local
density p(r) is defined as

)

)= lim
p(r) A\}’—o() AV

«(13.2.2)

where Am is mass of a small element of volume
Av around the point, defined by position vector
i
Thus density is a scallar quantity. Its

dimension is ML, Its units are kg/m’ in S.I.
systemand g/ cm’ in C.G.S. system. | kg/m’ =
10" g/em’.

" Density of water at 4° C is defined to be
lg/cm’ or 10" kg /.

As discussed in Sec. 13.1, since solids
and liquids are almost incompressible, their
densities are nearly constant. But as gases are
compressible their densities vary appreciably
with change in temperature and pressure.
Therefore in case of gases it is necessary to state
the temperature and pressure while quoting
value of density.

(b) Weight density :

It is defined as the weight per unit volume
of the homogeneous substance

-

Fah

v -(13.2.3)

where 'W' is the weight of 'V' volume of
substance. When the substance is not
homogeneous, one defines local weight density

D(i) as ,

.(1324)
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where Aw is the weight of a small element of
volume Av at the point, defined by position
vector r.

The quantity, weight density, is useful
when we are concerned with the effects of
weight, while density (mass density) is useful
when mass is to be considered.

Weight density is a vector quantity. Its
dimensions are ML? T, Its units are N/m’, kg
wt /m® in S.I. system; and dyne / cm’, g wt/
cm’ in C.G.S. system.

Relation between D and p
From eqn. (13.2.3)

ng-

6'—' — I ——

'

Thusmdmsitymnéinsconstamatall plaécs
whereas weight density varies from place to
place due to variation of g.

() Relative density (specific gravity) (p,)

Relative density or specific gravity of a
substance is defined as the ratio of its density
(p, ) to that of water (p,, ) at4°C.

-(13.2.5)

densnty of substance at {"C

ke B= densnty of water at 4°C
Psi°c)
= = ——
Pe oul 40 0 ..(13.2.6)

[Here water at 4° C is taken as a standard
substance, as water assumes maximum density
at4°Cj

If we consider 'V’ volume of substance
at 1 C and 'V' volume of water at 4° C; then
from (13.2.6) we obtain

p,(t°C)x V(1°C)x g
0. (A9C)x V(4°C)x g

Pe=

Bureau's (+2) Physics

_ Weightof’ V' volume of substance at t°c
Weight of 'V'volume of water at 4°C

-(13.2.7)
So relative density can also be defined as the

"ratio of weight of 'V' volume of substance to
the weight of V' volume of water at4° C."

Also from the defining eqn (13.2.6) we
obtain

_ 8% _ pt°0) ¢ pu(10)
o0 pu(1°0) pu(’0)
(1328)

= p,=p,().p,(1) in C.G.S. system

=10° P¢(1).pw (1) inS.I system.
+(13.2.9)

We also note from (13.2.6) that specific
gravity is truly a relative density, measured
w.r.to a standard substance (water at 4° C). As
there is nothing to do with gravity so relative
density gives a more correct and precise concept
than specific gravity. -

It also follows from eqn. (13.2.7) and
(13.2.8)

D,()V__ D, (t°C)
D, (4)V D,,(4°C)

..(13.2.10)

l’

i.e. relative density is also the ratio of the weight
density of the substance to the weight density
of water at4° C.

Relative density is a scalar quantity and
has no dimension or unit.

Relation between P, and p.
We note from (13.2.6) that

p,(t"C)
Pr= po@°C)
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Since in C.G.S..systcm p,.(4"C) =1 g/em® and
in S.L. system p_(4°C) = 10" kg/m’, 50
p, = p, (p, in C.G.S. unit)
=107 p, (p, in S.L unit)

i.e. in C.G.S. system relative density (Sp.
~ gravity) is numerically equal to the density of
the substance.

Table 13.1
(Density of Substances)
Substance Density
ingm/cm3
Aluminium 2.7
Brass 8.44-8.7
Carbon, graphite 2.25
Copper 8.89
Germanium 5.46
Glass 24-28
Gold 19.3
Ice 0917
Iron 7.85
Lead 11.3
Silicon 242
Silver 10.5 -
Tungsten 19.3
Uranium 18.7
Wood 0.8
Zinc 7.1
Alchol 0.79
Ether 0.74
Gasoline 0.68
Mercury _13.595
Waterat 4" C 1.0
Water at 20" C 0998
Air 1293 x 10
CO, 1.997 x 107
H, 0.99 x 10°
He 0.178 x 10°
N, 1251 x 107
0, 1.429 x 10°
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Ex.13.2.1 Estimate the mass of air in a room of
length 4m, breadth 3m, and height 3m at 20°C.
When density of air is 1.29 kg/m’. What is the
weight of air ? '

Soln.
Volume of the room = V= 4x3x3 m* = 36 m’
Density of air p=1.29 kg/m’
Mass of air = pV= 1.29 x 36 kg = 46.44 kg
Wt of air = p Vg=46.44 x 9.8 N =455.1 N

Ex.13.2.2 Equal volumes of two liquids of sp.
gr. p, and p, are mixed together and they donot
react. What is the sp. gr. of the mixture ?

Soln.
Let volume of each liquid =V cm’

Total volume of the liquid mixture = 2V cm’

Total mass of the mixture = (p,V +p,V) g
=(p+p)V &

Sp. gr of themixture =" 7

1
= E(M"‘pz)

Ex.13.2.3 Equal weight of two liquids of
densities p, and p, are mixed together and they
donot react. What is the density of the mixture ?
Soln.
Let mass of each liquid = m
Total mass of mixture = 2m
Volume of the mixture =
4 m " 'm ( §r 84 )
—f——szm| —%—
P P2 P P2/

w2 20407
Density of mixture j-;,,-,(_:_ ;;Bg) pi+Ps
' ) 4 \ Py 1
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Ex.13.2.4 When equal masses of two metals
are mixed together, the sp.gr. of the alloy is 3.
But when equal volume of the same two metals
are mixed togther the sp.gr. of the alloy is 4.
Calculate the sp.gr of each metal.

Soln.
Let the sp.gr. of metals be p,and p,
C.G.S. units.

When equal masses of two metals are mixed,
Total volume of the mixture shall be =

m m

—_——

Pt P2
Total mass of the mixture = 2m

Hence sp.gr. of the mixture =

2mg  _ 2pp;
(3'1 + 'I,n)g P +P2
e _Z.ELp_.:_ =13 ...(l)
Py P2

When equal volume of metals are mixed, let
the total viume =V + V=2V

Total mass = VP, -trVPz

(Vo +Vp2)e _ P+

Sp. gr.of .n?i_xture= N s >

AL < ST <. D

. 2 . o)
From (1) and (2)

204y
PPz _ 4
8

= pp=12 3 SUBR & )

RIETN | ST e [
s ’%(95*8#!2;-*%9!92 =y8 - 4x12

..-"-_-‘!,_lg"(.,' = JE-4.’\;. OV L
(i“‘.}’lllvsl "J'“n . L6 10) ' » '

Pp=Py =4

22001100 '10/4

Bureau's (+2) Physics

Py*Py =
= 2p, =12
= p =6
py =2
* pp=6gm/cm’, p, =2 gm/cm’
Sp.gr. p,=6,p, =2

Ex.13.2.5 If the volume of a bédy increases by
1 %. what is the percentage change in its
density ?

Soln.

m

p=z

= logp=logm-logV

Differentiating
do__dv
p v

_ lOOxd—p=--(-i-!x100=—l%
A

13.3 Pressure:

When a body rests on a support it exerts
a force, equal to its weight, on the supporting
surface and the supporting surface also exerts
an equal and opposite force on the body.

~ The force with which a body pushes
another body in contact with it is called as
thrust. «

Similarly when a liquid comes in contact
with a solid, italso exerts a thrust on the surface
of solid and vice versa, The thrust of liquid on
solid surface and solid surface on liquid are equal
and opposite. Fora liquid at rest this thrust must
be perpendiuclar to the surface in contact.
Because if the force is not perpendicular, then
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the component (see fig. 13. l)F sin@ shall tend
to push the liquid and the quund shall tend to
flow.

F,Cos@

Fl

Fig.13.1

The effect of this thrust depends on the
area of contact. For example (i) When we stand
on a heap of sand our feet sink into the sand.
But when we lie down on the heap of sand the
body does not go deep. (ii) Similarly it is very
easy to steetch with a sharp needle than with a
blunt needle and (iii) It is easy to cut with a sharp
knife than with a blunt knife.

Thus the above discussion implies that the
ratio of force and area upon which it acts needs
to be considered, for gauging the effect of a
forge. Further since for a fluid the thrust must
act perpendicularly to a surface in contact, so
we define ""Pressure is the normal force per
unit area"

F,

i P=-2
Le. %

where F, denotes the (uniform) ﬁjrce along the
direction normal to the area A.

o 1
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f
S
(b)
Fig.13.2
i.e.F ii=PAA
= F=PA .(133.1)
If F is not uniform, then
— -
AF=<P>AA
giving average value of pressure <P >
i <P — ..(13.3.2)

AA
The local value of pressure (ie pressure:al a
point) P is defined as

o G
AA-0 AA

«(13.3.3)
Pressure is a scalar qu;nt;ty since force
on a surface AA, resulting from a pressure

depends on how surface AA is oriented.
Dimension of Pressure
[P] F] MLT. -lrz
Unit of Pressure
S.L Units:N/m’ = Pa (Pascal)
C.G.S. Units : dyneltl’ﬁ*

Sometimes we use units like | atmosphere
(latm), | bar, 1 torr (named after Torricelli)
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1 atm = 76 ¢cm of Hg = 1.01 x 10° dyne / cm*

= 1.01 x 10° N/m*
I bar = 10° N/m? = 10° dyne/cm? (used
extensively in meteorology)

ltorr = 1| mm of Hg = 1.333 x 10* N/m?
=1.333 x 10’ dyne/cm®

1 atm = 760 torr.

. Since units like atm, torr, depend on
value of g which is not constant, so these units
are gradually not preferred.

13.4 Upward Pressure of a Liquid :

At any point inside a liquid there
exists a pressure acting upwards which is equal
and opposite to that acting downwards at that

point

>C
bt
>
—Ip)

Fig.13.3

Consider some liquid contained in a
beaker (see fig. 13.3). Let ABCD be a
horizontal strip of liquid having an area A. The

force F, due to weight of the liquid lying above

it and atmospheric pressure, acts vértically
downwards. For equilibrium of the strip ABCD,

aforce F, mustact on the strip, such that

= 1 Fy = —Fy and [F) =[]

Thus the force F, must act vertically upwards,

being equal in magniftude to that of F,. This
implies that

Bureau's (+2) Physics

f:' =P‘A=F2=P2A
— P'=P2

This shows that at every point in a liquid
an upward pressure exists.

Illustrative Experiment : .
Take a hollow glass cylinder (¢) and hold

a plane glass plate G against one end, with the
help of a string S (see fig 13.4)

S

Fig.13.4

Take it into a vessel and dip it into the
liquid inside the vessel. The plate G remains in
position even if the string is released. This
indicates the existence of the upward thrust (or
pressure) inside the liquid. Now pour coloured
water gradually into the cylinder (c). It will be
noticed that the glass plate G shall remain in
position so long as the liquid levl in the cylinder
remains below the level of the liquid in the
vessel. As soon as the levels in the cylinder and
vessel become equal 'G' falls down. This implies
that the upward pressure of liquid is same as
that acting downwards.

Let us consider two points A and B
separated by a small vertical height dy. Imagine
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horizontal areas AA, and AA,containing
points A and B respectively, such that

AA, = AA, = AA ;and they form the base and
top surfaces of a liquid cylinder abed. (see fig.
13.5).

The forces acting on the liquid cylinder
abcdare:

() F=Fy=P.AAy; acting vertically
upwards due to upward thrust of liquid
on the bottom surface of the cylinder
abed.

H

;2
—-T_ g l"“,*c VA,,P +idp

s oy R S (e
H-y= l;v"
y p==d=mbAZT IR VALR
E
o o 2

Fig.13.5

(i) F=F(-§)==(p+dp).AAy; acting
vertically downwards, due to liquid
above the top surface of the cylinder, and
atmospheric pressure.

(i) W=W(=§= —(AA.dy) pgy : acting

vertically downwards through the
C.0.G. of the liquid cylinder abcd, due

to the weight of the liquid cylinder. Here

'p'is the density of liquid.
Singe the liquid is at rest, so

F+E+W=0
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= P.AA§-(P+dP)AA§—-AA.dy. pg§=0

= dP=-pgdy ..(13.5.1)

Equation (13.5.1) gives the variation of
pressure as one moves up from bottom towards
the free surface; and it is observed that as we
move downwards from the surface the pressure
shall go on increasing.

Now the presure P’ at a point 'y' above

the bottom surface is given by
P y
J dpP=- ,!, py) gly) dy .(13.5.2)

where 'P,' corresponds to atmospheric pressure
on the free surface ( y = H). If we assume
density p and acceleration due to gravity 'g' to
be constant, then equation (13.5.2) gives

P-P,=-pg(y-H) = pg(H-y) = pgh

= P=P,+ pgh -(13.53)

Where 'h' is the depth below the free surface
and as said above 'P,' is the atmospheric
pressure over the free surface.

Equation (13.5.3) leads to the following
conclusions :

(i)  Pressure atany point in a liquid increases
monotonically with depth 'h' below the free
surface. Hence (a) pressure is same at the same
level everywhere (b) pressure is exerted equally
in all directions at the same level (c) pressure is
independent of the shape and size of the
containing vessel. (d) liquid seeks its own level
every where in a communicating vessel (see
fig.13.6) -
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Fig. 13.6

(i) Pressure at any point increases
monotonically with density p.

(i) Pressure also increases monotonically
with acceleration due to gravity (g).

and
(iv) If the pressure over the free surface is

increased by P, then the total pressure at any

point within the liquid also increases by P,. This
leads to the Pascal’'s Law, stated as "Pressure
applied to an enclosed fluid is transmitted
undininished to every portion of the fluid and
walls of the container.” Pascal's law finds
application in Hydraulic press (see fig. 13.7)

..........................................

Fig.13.7
(Hydraulic Press)

Ex.13.5.1 Find the pressure in newton per
square meter at a depth of 1500 m from the
surface of an ocean. (Relative density of sea
water = 1.03)

Soln.
P=P, +p, gh

where P, =atmospheric pressure = 1.013 x10°
N/m?

Given P,=1.03 g/cm* = 1.03 x 10" kg/m’

“P= l.Ol3x105-§3-+l.03x103 xolesoo-%
m m

Rl

N Lol3xloa’l2+1.499x|o’ .

2:5

= 1mx|o’l2+l.499x|07 :

m m

P=1509x10"N/m?

Ex.13.5.2 Water is filled in a flask up to a
height of 20 cm. The bottom of the flask is
circular with radius 10 cm. If the atmospheric
pressure is 1.01 x 10° Pa, find the force exerted
by. water on the bottom (Take g = 10 m/s%,
density of water = 10" kg/m’) -
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Soln.
p Vi PII +prgh
= 10110510 2B 102 %20 %102 m
m* m- .
= 101x10° +2x|o~‘—N—,
' m- m-

= P=x.03x|o’—'i,-
=

Soforce F=P.A=P. m? =

103%10° = x (1010~ 2m)?
=

F =3235.84N.

Ex.13.5.3 A man weighing 60 kg is standing
on a floor. The area of his feet in contact with
the floor is 1.8 x 10 m". Calculate the pressure
- on the floor. :

Soln.

Weight of man W=60x gN=60x 9.8 N
Arca of the feet A= 1.8 x 107 m?
W 60x98

Pressure on the floor=—=
SUse O RE ook 30 ™ i3

P =326.7 x 10° N/m?
Ex.13.5.4 A fresh water lake is 25 m deep.
The pressure on the surface of the lake is equal
to the atmospheric pressure (1.013 x 107 Pa).
Calculate the (a) gauge pressure and (b) the
absolute pressure at the bottom of the lake.
Soln.

Absolute Pressure P= P, + pgh

N/m?

= P= |.0|3x10’lz+103x93x25—N?
m m

= 1013 1052 245105
m m-

S ] oo
=
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Gauge pressure = P — P, =2.45 x 10° N/m?,

Ex.13.5.5 The area of cross-section of two
arms of a hydraulic press are 1 cm”and 10 cm?
respectively . A force of 5 N is applied on the
water in the thinner arm what load it can lift.

SOln' .
Force applied in the thinner arm = SN
SN
1%107*m? =
5x10°N/m?
Hch_ce upward force in the larger arm =

=> Pressure applied =

5><1o‘;'”‘?><(10x10"‘)m2

50 50
H = —kg=—=5102
Load it can lift g £=08 kg

Ex.13.5.6 What is the hydrostatic blood
pressure difference between the head and the
foot of a 2m tall man standing straight ? (The
density of blood is 1.06 x 10 kg /m°)

Soln. :
P-P, =hpg
= P-P, =2mx(106x10 kg/m*)x(98m/5%)
=208 x 108 N/'m*

Ex.13.5.7 Calculate the maximum height over
which a liquid can be siphoned at atmospheric
pressure of 76 cm of mercury. (Given sp. rg. of
liquid = 0.6) A

Soln.

hpg =76 cm of Hg = 76 x 13.6 x 980

76x136x980 _76x136

06x980 06
=> h=1722.67 cm.
Ex.13.5.8 How high would water rise in the
pipes of a building, if waler pressure gauge
shows the pressure of the ground level to be
270 k Pa.

= sth=
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Soln.
P-P, = Gauge pressure = 270 k Pa
=270 x 10° N/m?
S P=P,=hpy.8

_P-P, 270x10°N/m?

h
Pu-8  10° X8 wogm
m s

h=2755m

13.6 Atmospheric Pressure :

Earth is surrounded by an ocean of
air, called atmosphere, spreading upto a height
of about 200 km. This atmosphere exerts
pressure on the surface of bodies, lying on earth's
surface. This thrust of air on any body on earth's
surface acts perpendicularly to the surfaces of
the bodies.

If we consider a small surface area AA |

in contact with air, near earth's surface and KF
be the force (thrust) exerted on this area, then
atmospheric pressure P, , near earth's surface
is given by

—t

AF
P, = lim l—-l
AA-0 AA
Topmost
/— layer of
:: ‘"’w‘m
ydyenncnees =8 "_’f%::::, AA,, P+dp
o
: ”””””””” g .
) L ::-A.- _.JAA,, P__ Earth's
f'ﬁ Surface
0 Fig.13.8
Imagine horizontal areas AA,.

Containing point A and AA, containing point
B.Let AA, =AA, =AA and form the base and
top surfaces of the air cylinder of height dy. Let
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the pressure at level y and y+dy be P and P+dP
respectively. Then proceeding as in Sec. 13.5
(for liquid), we obtain (as inegn. 13.5.1)

dp=-pgdy ..(13.6.1)

where 'p' is the density of air and 'g' is
acceleration due to gravity at height y above
earth's surface. In general p = p(y); g = g(y),
)

dP = —p(y) gly) dy ..(13.6.2)

So the atmospheric pressure near the earth's
surface is given by

0 H
l,Idp = -(I)p(y) g(y) dy .(13.6.3)

The upperlimit on Lh.s is taken to be zero, as

pressure at the topmost layer of atmosphere must
be zero. Equation (13.6.3) gives atmospheric

pressure p_ as

O X

P = | p(y) g(y) dy -(13.6.4)
The pressure 'P' at any height y above

earth's surface is given by

p y
| dp=-] p(y) g(y) dy
P 0

giving

P=P, -(I: P(y) 8(y) dy +(13.6.5)

Equation (13.6.5) gives the variation of
atmospheric pressure with height (y) above
earth’s surface. This can be exactly studied if
we know variations of p and g with height y,
above the earth's surface. So we consider the
following cases :
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(i)  p,gnearly constant

In this case the integration on r.h.s of eqn.
(13.6.5) can be easily carried out and we obtain

y
P= Pa 'pg‘j)d)'= P. - pgy (1366)

9
This implies that as we go up vertically the
pressure should decrease linearly. This actually
happens upto small heights above earth's
surface.

(ii) glsco‘fnstant.p vary with y

assumed to remain constant, so p a P, Hence if
p, bedensity of air near earth's surface and p(y)
be density of air at height y, then

«(13.6.7)

Using eqn. (13.6.7) in eqn. (13.6.2) we obtain

dp=—‘:,—"l’gdy
a
fdp_ 80,7
= —=-=2 d
¥ B

 los(p/r)=-Eay

= P=P, eP8YE 0368

Equation (13.6.8) shows that pressure should.
decrease exponentially as we, move up from

carth's surface. : hvods

e
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Fig.13.9
(iii) p and g both vary with height

We know from our knowledge on
gravitation that

& GM
(R +y)2

where R is radius of earth and y is the height
above the surface of earth. Then

dP = —p(y) gly) dy

5 ‘-’lp) oM 14
' {Pa ((l?n*y)2 4
GM

R+y)?
Integrating both sides

LS

P P,
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P8 AR
-t
Giving
-1
2 _Pagy ,+.>;)
P-Pdexp[ P, )’( R

.{13.6.9)
But atmosphere almost extends to 8 kms and

R, radius of earth ~ 6380 km. Hence% <<,

-1
thcreforc)’(“‘l—yz') =y , and eqn. (13.6.9)

boils down to

Pag '
P=P_ exp [-—;:ly] .(13.6.10)

Equation (13.6.10) is same as (13.6.8) implying
variation of g with y has little effect on the
variation of atmospheric pressure.

Height of atmosphere :
From eqn. (13.6.8) or (13.6.10) we have

P=P, exp [‘ p;f’ Y]

But -&‘l;gi=l25|xlO""cm’l
a

Paga Pala
erfore  exp [ P, Pﬂ |
Hence
Pala
= | -2=8
P= Pn [ P, Y] L(13.6.11)

At the topmost level of atmosphere ( y= H)'
pressure P =0, Therefore
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1-2&&&. !
P, H=0
P.
= - He—A- +(13.6.12
Paga {13042
Equation (13.6.12) gives

H =—76—"-'-3icm =7994 x 10" cm =7994Km

1293x%107°

Ex. 13.6.1 The density of air in the atmosphere
decreases with height and can be expressed by
the relation

P =Py i

where p, is the density at sea level, « is a

constant and h is the height. Calculate the
atmospheric pressure at sea level assuming ‘g’

to be constant (g = 9.8 m/s%, p,= 1.3 kg / m’,
a=12x10"m")

Soln.

0 H
Jdp=~] ply) gly) dy

prEEY

Since 'g'is constant

H ; G
Py=g/p(y) dy = gp, fe "®dy
(4} 0

H
=£ﬁ[e-ayl ]: gﬁ(c-aﬂ-l)
-0 o o ! 4

Dot

= pﬂ=&ﬁ (l -e_aH) b
o o

Ex.13.6.2 Calculate the atmospheric pressure
at a height of about 6 km from sea level,

Soln,

(i) Assumilié ‘e’ (0 be constant but density
varying
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< [_Pata
P=P exp =%, Y]
; l.3-"% x98m x6x10°m
A P 2 m )
=S 1013x10°N/m?

=P x047= 0.476 x 10° N/m? =
(i) Assuming p and g both vary

2
Pa
P=Paexp ["‘%:l[Y’ zﬁ']]

_13x9sx6x10* (| 6xi0®
1013x105 | 638x108

o

= Pa x 0.4705 = 0.4766 x 10° N/m?
P=0477 x 10° N/m*

Fx.13.6.2 Thedensity of air near earth’s surface
is 1.3 kg/m’, and the atmospheric pressure is
1.0 x10° N/m?. If the atmosphere had uniform
density, same as that near the surface, what

would be the height of the atmosphere to exert

the same pressure ? What do you learn from
this calculation ?

Soln.
0 H
fdP =~ | ply) gly) dy
P, 0
i
P, = {’ ply) gly) dy

H
=p.g {,dv=ng

P 10x10°N/m? .
pe l..'ikg/m3 x9.8m /s>

H=007849x 10° m=7849m. '

433

This calculation shows that such an
atmospheric height cannot contain Mount
Everest i.e. Mount Everest shall be outside the
atmosphere which is not a fact. Hence 'p ' varies.

13.7 Barometer (Principle) :

Torricelli devised a simple instrument
'barometer’ to measure atmospheric pressure.

A barometer consists of a glass tube of
nearly 1m. length, with one end sealed. Itis filled
with mercury. Then keeping the thumb at the
open end, it is inverted and kept vertically in
another vessel, containing mercury (see
fig.13.10). The mercury within the tube falls
down and remains at level A, leaving a vaccum,

called Torricelli Vaccum) aboveit.
Torricelli's

vaccum

Fig.13.10

Since pressure in a liquid is same at one
level, so pressure at B, C and D are same.

ie P,=P. =P =P = Atmospheric
pressure.

Pressure at A is zero (i.e. P, = 0), as there is
vaccum above it and the end is sealed, (so that
no communication with atmosphere). So using
eqn (13.5.1) we obtain

jdp ==[ply) gly) dy
Ay =P, 0

As p and g can be taken as constant over this
small height h, so we obtain
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h ;
-Py =-pgjdy =-p gh
0

(13.7.1)

This is the guiding relation for a liquid
barometer. It is seen experimentally that for
mercury barometer h =76 cm. Therefore

P, = hpg =76 x 13.6 x 980 dyne/cm’®

= P, =pgh

= P, =1.013 x 10°dyne /em®
= 1.013 x 10° N/m?
13.8 Manometer :

Manometer is a simple device to
measure pressure of a confined gas or air.

It consists of a U-tube, containing some
liquid. One end of the U-tube (see fig. 13.11) is
connected to the vessel containing gas, whose
pressure is to be measured and the other end is

open (o air.

—

Gas

Fig.13.11

Itis observed that the liquid levels in the
two limbs 1 and 2, are different. The difference

in the level is a measure of the pressure of the

gas as shown below.
From eqn. (13.5.1) it follows that

P, Y
[dp= -pg[dy
P, 0
ELEL
giving

Bt i s | (138:1)
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Similarly

Pg - Pp = —pgy, .(13.82)
But P.=P_ as Cand D are at same level

P, =P_=atmospheric pressure

P, =P = pressure due to confined gas.
Hence from (13.8.1) and (13.8.2) we obtain

(Py = Pc)=(Pg = Pp)=pgly, - y,)

= (P=Pc)-(P,-Pc)=pgly; ~yy)
= P-P,=pgly, -y,)=pgh ..(13.8.3)
= P=P,+pgh (13.8.4)

Equation (13.8.4) gives the pressure of the
confined gas. Sometimes the pressure difference
(P-P ) is called Gauge Pressure.

Ex.13.8.1 A mercury manomeler is connected
to a gas tank (as shown in fig. 13.W.1) compute
the pressures at A, B and within the tank.

Gas

Fig.13.W.1

Soln.

PA =P, = atmospheric Pressure = 1.013 x
: 10° N/m?

P.=P.+.pgh=

N 5x107 mx136x10 X 08 ms™
m

(0135010° =
J m

= 1.013x10° lz+ 006664 x10° 11
m m
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P = l.07964><l0’—ri,-
: B m-

Pressure within the tank is same as that at B.

Ex.13.7.2 The liquids shown in fig. 13.W.2in
the two arms are mercury (sp.gr. = 13.6) and
water. If the difference of heights of mercury
column is 2 cm. Find the height '’ of water
column,

Soln.
Pressureat B= Py =P, + hp,g
Pressure at D = p, =P, + h'pg

Since Pp =Py => hp,g=h'pg

= h=-L n=ph

w

Given p, =136, " =2cm

- Height of water column =h=13.6x2cm

= h=272cm

13.9 Buoyancy : |

When a body is wholly or partly
immersed in a fluid at rest, the fluid exerts forces
on the body, in a direction perpendicular to
every element of the surface of the body. The
force on an element of the body is the product
of pressure at the point and the element of area.
The resultant of all these forces is called buoyant
force and it acts vertically upwards.

4 |
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Fig. 13.12

This phenomenon is called buoyancy. The
upward direction of buoyant force can be
explained as follows. The portions of lower
hemisphere are at greater depths than the
portions of upper hemisphere. Threfore the
pressure over the lower hemisphere is more than
the pressure over the upper hemisphere. Hence
the net upward force on the lower hemisphere
is more than the net downward force on the
upper hemisphere. This explains the upward
nature of buryancy.
13.10 Archimede's Principle

Archimede's principle states that "when
a body is wholly or partly immersed in a fluid
at rest, it appears to lose some weight (due

to buoyancy force) and this apparent loss of
weight is equal to the weight of the fluid

displaced by the immersed part".

-

Free surface Fy = —P,A
of liquid 7l

b/

\s.-..----q..r-q s

{W|h=oC

!

~hidd T
15 =nal

Fig. 13.13

For simplicity consider a rectangular
block, suspended from a spring balance and



436

immersed in a liquid of desityp, . The block

could be partially immersed (as shown in fig.
13.13) or wholly immersed.

Case I (Block Partially immersed)

Suppose the block (a x b x ¢) is immersed
partly so that a fraction cof its height ¢ is
immersed. Then immersed height is h = «c.
The forces acting on the block are :

i) W=-mg ], the weight of the block

acting downward, vertically through
C.0.G. ’

ii) Fy=-F,j=-P,Aj, due to atmospheric
pressure P, acting on the upper surface
of the block of area A = ab; in the
vertically downward direction.

i) F =F j=PA j.due toupward pressure
of the liquid lying below the block and
acting on the lower surface in vertically
upward direction.

iv)  T=Tj, acting along the string in the
vertically upward direction.

Since the block is at rest, therefore

W+E+F+T =0
=3 —mg]-o-l’,A:i-P,A:HT:i =0
= T =mg+(P,-P)A ~(13.10.1)
Using egn. (13.5.3) we obtain
Pl = Pa * hp[g
= P| -P. = hp,g .(13.10.2)
Using eqn (13.10.2) in r.h.s of eqn. (13.10.1)
we obtain apparent weight W ZTas
W, =mg-(hp.g)A
=Wo-tcApg  (vh=qC)
= Wq - cab peg

Bureau's (+2) Physics

= Wy -aVypie=W, -aWy

=Wo- Vpe=W,-W,
i.c. W. - Wo - W, = W‘, s QW,:O

.(13.10.3)

where we have put (i) V = abc as the volume
of the block (i) V = @V, as the fraction of
volume immersed. (iii) W, , as the weight of
velume of liquid displaced and (iv) W, as the
weight of V volume of liquid.

Equation (13.10.3) is a proof of
Archimede's principle, when the body is
partially immersed.

Case I1 (Block fully immersed)

When the block is fully immersed a =1,

equation (13.10.3) reduces to :

W, = Wy - Wy -(13.10.4)

This again is a proof of Archimei's
principle when it is fully immersed.
B Vaifontion.

A hollow cylinder H and a solid cylinder
S, such that the internal volume of H and
external volume of S are same; are taken. The
solid cylinder S is hung below the hollow
cylinder H and their weight W, is taken, with
the help of a physical balance. Then the solid

cylinder is fully immersed in water kept in a
beaker. Then weight W, is required to counter

A
¢
0
»
. Fig. 13.14

_ balance H and S. It is noticed that W, <W,

confirming that a body loses weight when
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immersed. Then water is gradually poured into
the hollow evlinder until it is just filled up. Then
weight W has to be again put on the pan for
counter balancing. This proves that the weight
lost is equal to the weight of equal volume of
water.

Application of Archimede's Principle :
i)  Determination of density of a
homogeneous body

~ Consider a homogeneous body of
volume V and density o, submerged in a liquid

of density p, . Then the apparent weight W,
of the body is given by

w“ = WU 573 vOp' g
3 _P:
—r Wy-W,=Vpe= '?)“wo

W,
= p=—>=2_p,

W, - W

a

«(13.10.5)

This helps in determining density of the body.
ii)  Testing of purity of substance :

As discussed in (i) above, if
calculated density does not match with standard
value for a given substance, then it will be
suspected to be impure.

i)  Explains floatation of bodies.

Ex.13.10.1 A metal block having an internal
cavity weighs 110 g in air and 80 g in water. If
the density of metal is 5.5 g/cm”.Find the volume
of the cavity.

Soln.
Weight loss = (110 2 80)g=30gwt
= wi. of water displaced
=V. p,.8

Since p, = | g/lem’ _ 1
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So V =external volume of the block = 30 cm®.
Now volume of the metal in the block =

110g
5‘5g/cm3 = 20em’

. Volume of cavity = (30 - 20)em*= 10 cm’.

Ex.13.10.2 A crown made of gold and copper
weights 210 g in air and 198 g. in water. Find
the weight of gold in crown. (Given

Pold =193glem?, p  =8.5g/em?)
Soln.
Let mass of gold =m, g
mass of copper =m, g
am+m=210g=M

11
Volume of gold V, = o
m>
Volume of copper V, = E“
m m
Net volume V=V, + V, = T+ %

Loss of weight = weight of displaced water
=>(210 -198)g=(V, +V,). p,
=>(V,+V).p, =V=12cn’

mp i3 ’
= |—+—=|p,=12=M-M
(PI Pz) 2

gl_l_+M—m! vk !M—-M'

Tmoop Ou

M-M M (1 | )
=> IR =S| | (IR ¢
Py .pl P P2
: m, = 0102 (M-AM'-ﬁJ
A e eE P ba
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my = PiP2 [.&_M-M']
P1=P2\P2 Pw

l9.3x8.5(210 K 210-193)
" 193-85\ 85 1

=>m, = 186.107 g
m,=23.893¢g

Ex.13.11.3 Two metal blocks are suspended
from the arms of a balance. When immersed in
water, these blocks are in equilibrium. The mass
of one piece is 35 g and its density is § g/cm®. If
the density of other picce is 8 g/cm’ then what
is the mass of this piece.

Soln.

o I}
moZ—vy0,.8
(ml- lpw)g=(m2-v2pw)g

- ml(l‘;';Pw)“mz(l'Pw/pz)

a m2=m|(P|‘Pw)/pl =ml.2_1.21‘0w

mE—ViPg

(P2 =Py /Py Py P2 Py
8§ 5-1 8 4
= my=3 ><5x8_l 3 x5x7 32g

Ex.13.11.4 Determine the quality of pure gold
in 50 g of alloy of gold and copper. Given

Pgota =Py =19g/em” , Peopper =P2 = 9g/cm’

Palloy =P =16g/cm”.

Soln. :
Let m, be mass of gold in the alloy

Mbe fass oﬂﬁ)ppg in the alloy
Maggpf alloy 571 =m; +my = 50g

w
Volume of gold =V, =

Py

m
T vz"'l

" Volume of coppe P2

Bureau's (+2) Physics

Volume of alloy = V=V +V,

; D ey L
density of alloy V Vi +V,

e M(p2-p)=mj(p2 =Py)

P P2 Pi P2
o Mp-p) _ mypy-py)
P PL
m; =M 227P = 50><1?-><—9-16
P P2-P 16 9-19
3 SOXEX-(———?l
U6 (-10)
Sx19x7
s =41.563 g
.m, =41.563 g
= m,=8437¢g
13.11 Flotation of Bodies : :
Consider an arbitrary volume V of

liquid at rest, being bounded by surface S.

Fig. 13.15
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- —3 -
Forces Af . AF,» - AF, ©tc. act on each

element of surface due to pressure of liquid,
existing near the surface and its weight

m,g=V.p,.g acts vertically downwards
through C.0.G. 'G". Since the fluid is at rest.

(13.11.1)

Resolving the forces along the horizontak (X-
dir®) and vertical (Y-dir")

- - -
AR, +AFy, ...+ AR, =0 -A13.11.2)

and
2D = - "
(AFyy + AFyy +......+ AFy ) + mg(~)) =0
«(13.11.3)
This implies

«(13.11.4)

where F, is the net force acting vertically

upward and passing through a point, called
Centre of Buoyancy (C.O.B). For equilibrium

3 S
the line of action of F, and mg must pass

through C.0.G. i.e. C.O.G. and C.0.B. must
lie on the same vertical line or coincide.

‘ Now when volume V is replaced by a
body of same surface S, the submerged body
need not be in equilibrium. Because now

(i) |mg may be equal, less or greater than l?,l

(the net upward force of the liquid on the body)
(i1) If the body is not homogeneous the C.0.G.
of the body may not coincide with the C.O.G.
of the liquid of same surface S, in which case a
torque could exist. Therefore in general there
may be a resultant force or a resultant torque as
a result of which it may move up or down; or
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rotate or remain in equilibrium. The following
cases may arise.

) mg>F, (=V p.g)=>body will sink

i) mg < F, (=Vp,g) => body will float
being fractionally immersed so that mg
= V; p,a. where vV, = a V = fraction of
volume immersed. '

: w) mg=F, (=V p,g)=>body will float

being fully immersed anywhere inside
the liquid.

Conditions of floating & equilibrium of
floating bodies

) Weight of the body must be equal to the
weight of fluid displaced by the
immersed part of the body.

i) C.0.B. and C.0.G. must lie on the same
vertical line or coincide.

iii) The metacentre, (a point at which a
vertical line through displaced position
B’ of C.0.B., intersects the line joining
the C.0.B. and C.0.G.) should lie above
C.0.G.

iy \
Bl Bll
G G
%
- (W SR ({,)
« Fig. 13.16 1 viru

Ex.13.11.1 An ice cube floats in a glass of .
water filled to the brim. What percentage of the
volume of'ice is below the surface of water ?
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Soln.
Let m be mass of ice, V be its volume.

Let a fraction ‘o' of its volume be immersed
while floating . Then volume of water displaced
V=a V.

For floating
Vipu-g=Vipi 8
=  aVip,=Vip,
= q=f
Pw
% of volume immersed =

-v\-’-x 100 = 100x a =100-g‘-

i Pw

= l(l)x-oi—9=

Ex.13.11.2 A body floats with 1/3 rd of its
volume outside water and 3/4 the of its volume
outside another liquid. Find the density of the
other liquid.

Soln. e
Let the body be of mass m and volume V
When floating in water, water displaced=2/3 V

2
:~—3-V.p.,.s = mg =Vpg

R o

] .'.l

N w

= py =

When floating in liquid, liquid displaced = -4-V

1
—~V.p,.e=Vpg -
3 Pe-8=VPE
[ PO et S T R B (A v
= p=4 «(2)
Frlty i

Bureau's (+2) Physics

Pe =_;‘_Q=§
P 2P 3
848
Pe=7Pw=7Em lem?® .(3)

Ex.13.11.3 A piece of wood of relative density
0.25 floats in a pool containing oil of relative
density 0.81. What is the fraction of volume of
the wood above the surface of the oil.

Soln.
Let mass of wood=m g

=V =——cm
volume of wood =V 025

Let ¢ fraction of it be immersed while floating

so liquid displaced = aV = a%s-cm’

For floating
Ve-pe-g=mg

= . x08l=m
025

=5 a=%=0.30864
081

fraction lying above = 1 - =0.691

Ex.13.11.4 A cube of wood floating in water
supports a mass of 200 g resting at the centre of
its top surface, When the mass is removed it
rises 2 cmi Find the volume of the cube.

Soln.

Let the volume of the wood be =V
mass of wood =m

Letits each sidebe=a

Then'™'=a* oo (1)
When the block is alone floating let the block
be immersed by X €19, .- -

Then immersedl volume = a° x = volume of
water displaced.
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For floating

a’x.p,.g=mg= a".p.g

pa
= =p—-Pa cm (D

w

when mass 200 g is placed on it, it further sinks
by 2cm. So volume of water displaced = a*
(x42) "

Now for floating
B (X +2).py -2 =(m +200)g

m+200 m+200
=%, X¥2= -

alp,  a?
_m 200 _a’.p 200
--a_2+ a?  a? X a?
200
X+2=pa +-aT w(2)
Using (1)in (2)
) 20
=y
= a*=100
givinga=10cm
So volume of the cube = 10° cm3 = 10’

13.12 Emm.dﬂ:mmndﬂmm
force in accelerated fluids

Eqn. 13.5.3 and 13.1 .4 were derived by
assuming that the fluid under consideration is
in equilibrium in an intertial frame. If there is
deviation from this, these equations need to be
modified. We shall discuss a few special cases
to throw some light on this aspect. .. .

A. Liquid placed in an elevator

(a)  Pressure difference SN
Suppose a beaker, containing some'

liquid is placed in an elevator which is moving
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with an acceleration @, Let A and B be two
points separated by a small distance dy. Imagine
horizontal areas AA, and AA, containing A

and B respectively, such that AA; = AA, = AA .
Let us imagine a cylinder with AA, as base
and AA, as top surface. (see fig. 13.17)

Fig. 13.17

Then forces acting are
@ §

(ii) By = Fy(-§)=-P, AA, § s~(P.% AP)AA Y,

=FR§=P AA; §=P AA§

(i) W =w(-9)=— AA.dy.ply).g(y). §
Where 'p' is the density of the liquid.

Underﬂwamwofthcsefawsﬂlehqmd
is accelerating. Therefore

p,+p,+w mi = AA.dy.p(y) @
= PAAY -(P+dP)AA)" AA.dy.p(y)g(y) ¥
= AA.dy.ply)a

= -dPy = D(y)(g(y)i+i)dy «(13.2.1)
If the elevator is accelerating upwnrds (hc

ot

i=ay
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and eqn. (13.12.1) reduces to

dp = - p(yXg(y)+a)dy «(13.12.2)
On the otherhand if the elevator is accelerating
downwards, than & =-a y andeqn. (13.12.1)
gives
dp = —p(yXg(y)-a)dy «(13.12.3)
(b) Buoyant force :
As discussed in Sec, 13.11.

consider an arbitrary volume V of liquid, being
bounded by surface S.

Fig. 13.18

! — o - A
SO AR +AF,..+AF, + W =mi

As there is no horizontal motion

3 > =) -
= AR, +AF...=0

and

- - N
ARy + AF,, +....+AF,,,+mg =ma

|

= F =-mg+mi .(13.12.14)

— y y .
Since F, =F,§, mg=-mgy

So  F§5 mgy +mi=m(gy+3) ..(13.12.5)
(i)~ Ifthe elevator is moving upwards, then
i= ay and

F, =m(g+a) «(13.12.6)

Bureau's (+2) Physics

(i) If the elevator is moving down, then
a=-ay and

Fy =m(g-a) «(13.12.7)

2o :
N h, '
i, P |3
A B
(o oo d
Fig. 13.19

Consider a liquid placed in a beaker let
A and B be two points in the liquid on the same
horizontal line AB and separated by a distance
x. Imagine a liquid cylinder with face areas A4 ,
containing A and B.

The forces acting on the liquid cylinder
along the horizontal direction are

(i) E: P,.AA % towards right on the face
"~ Aduetoliquid, lying to its left.

(i) ;':; =-P,AA %, towards left on the face
B, due to liquid, lying to its right.
Therefore

11 Sompergaline
F +F =ma

= PAAX-P,AA & = AA.x.p.d
(13.12.8)

(i)  Iftheliquid is on a frame accelerating in
X - dirn, then d=ak and

= (PR-P)x=xpd

«(13.12.9)

(i)  Ifthe liquid is on a frame accelerating in
-ve x - dirn, then & =-aX and
«(13.13.10)

Pl = P2 = xpa

Pp=P; ==xpa ~ -
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Eqns. (13.12.9) & (13.12.10) imply that P, # P,
As there is no vertical acceleration
Py =P, +hpg
Py =P, +hypg
Therefore

Pi~Py=(h ~h))pg

«(13.12.11)

where 'g' is the inclination of the free surface
with the horizontal line.

C.  Principle of Hydrometer :

Let 'm' be mass of hydmmefer.

(13.12.12)
‘where 'V' is volume of liquid desplaced

Thenmg=V. Pr.g

p. is density of liquid
Eqn. (1) gives

m

V=E

«(13.12.13)

Let '£,' be length of stem immersed when
immersed in water, then

Vp+a.b, =V, =——

D .(13.12.14)
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Let'¢, " be the length of stem immersed, when

immersed in staandard liquid, then
m
Votal, =V, 2% «(14.12.15)
s
From (13.12.14) & (13.12.15)
a(l‘,-t,)=m(—l--L]
) w Ps
a(f\,,-l‘). w
= ms= el .(13.12.16)

Py —Pw
Now using (13.12.16) in (13.12.14)

m a(fy = £,).p,
Vom gt g 2inl)B
e Pw i Ps = Pw 3

= P _a‘p [(lw -ts»s—lw(pg-p\v)]

VO = a(twpw g l‘p!)
Ps —Pw

For any other liquid let length immersed be ' ¢'.
Then

-(13.12.17)

m
Vo+al=—
S p

= MQ+3(=MXM
Ps —Pw Ps = Pw P

M+£=_9'L((. -4,)
Ps —Pw PPs =Pw)

= LPu-bP PPy

Y bl
Ps = Pw PPully =€)

PuPlly 0) P

LuPw—bps | PsPw 1
PuPs(Cy =) Pyp(ly — L) P

.(13.12.18)
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Summary
1. Pressure is the normal force per unit area.
2. Pressure due to a liquid column at a depth
'h'is
P=P +pgh
where p_is the atmospheric pressure and p is

the density of the liquid. P-Pa is called the gauge
pressure and P is the absolute pressure.

3.a) Pressure of aliquid is the same at all points
having same depth.

b)  The shape of the vessel does not affect
the pressure,

4. Archimede's Principle :

When a body is wholly or partly
immersed in a fluid at rest, it appears to lose
some weight and this apparent loss of weight is

Bureau's (+2) Physics

equal to the weight of the fluid displaced by the
immersed part of the body.

5. Floatation of bodies

A body floats in equilibrium when the net
force and net torque acting on the body is zero.
This is possible if '

a)  the weight of the body is equal to the
weight of the fluid displaced by the immersed
part of the body and

b)  weight acting at the centre of gravity (G)
of the body and upthrust acting at the centre of
buoyancy (B) lie on one line, with G below B.

Physical quantity | Dimensional SI unit
Formula
Pressure (P) IML'T?) Nm?
or pascal (p,)




Hydrostatics

g

A.

)

445

MODEL QUESTIONS

D

MULTIPLE CHOICE TYPE :

A liquid can easily change its shape but a
solid cannot because

(i) thedensity of a liquid is smaller than
that of a solid

(ii) the forces between the molecules
is stronger in solid than in liquids

(iii) the atoms combine to form bigger
molecules in solid.

(iv) the average separation between the
molecules is larger in solids.

Consider the equaitons

P=AlJi\r30-:—i and P, - P, =pgz

In an elevator accelerating upward

(i)  both the equations are valid

(ii) the firstis valid but not the second
{iit) the second is valid but not the first
(iv) both are valid.

The three vessels shown in fig. 13.Q.1
have same base area. Equal volumes of
a liquid are poured in the three vessels.
The force on the base will be

(i)  maximum in vessel A
(i)  maximum in vessel B
(ni) maximum in vessel C

(iv) equal in all the vessels.

4.

Equal mass of three liquids are kept in
three identical cylindrical vessels A, B

and C. The densities are Pa-Pa-Pc with

Pa <Py <Pc. The force on the base will
be
(i)  maximum in vessel A
(i)  maximum in vessel B
(i) maximum in vessel C
(iv) equal in all vessels.
A beaker containing a liquid is kept in a
big closed jar. If the air inside the jar is
continuously pumped out, the pressure
in the liquid near lhc hottom of the liquid-
will
(i) increase
(i) decrease
(ii)) remain constant

(iv) first increase and then decrease.

The pressure in a liquid at two points in
the same horizontal plane are equal,
Consider an elevator accelerating upward
and a car accelerating on a horizontal
road. The above statement is correct in
(i) thecaronly

(i) the clevator only

(i) both of them

(iv) neitherof them

Suppose the pressure at the surface of
mercury in a barometer tube is P, and
the pressure at the surface of mercury in
: d;e cupis P,

i P=0, P atmospheric pressure
(i1) P atmosphcnc pressure, P,=0
(1ii) P,=l’z = atmospheric pressure

(iv) P=P=0

A barometer kept in an elevator
nccclcmtmg gpgy;\rd reads 76 cm. The

air pressure in the clevator is
(i) 7T6hcm (i < 76 cm
(m) =>76cm (iv) zero
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- 10.

llo

12.

A 20 N metal block is suspended by a
spring balance. A beaker containing
some water is placed on a weighing
machine which reads 40 N, The spring
balance is now lowered so that the block
gets immersed in water. The spring
balance now reads 16 N. The reading of
the weighing machine will be

() 36N (i) 60N

(i) 44N (iv) 56 N.

A metal cube is placed in an empty
vessel. When water is filled in the vessel,
so that the cube is completely immersed

in the watdr, the force on the bottom of
the vessel in contact with the cube

(i)  will increase
(i1)  will decrease
(i)  will remain the same

(iv) will 'become Zero.

‘A solid floats in a liquid in a partially

dipped position.
(1) the solid exerts a force equal to its
weight on the liquid

(i) the liquid exerts a force of
buoyancy on the solid which is
equal to the weight of the solid

the weight of the displaced liquid
equals the weight of the solid

the weight of the dipped part of the
solid is equal to the weight of the
displaced liquid.

Two solids A and B float in water. ‘A’

(iii)

(v)

floats with half of its volume immersed -

and 'B' floats with 2/3 of its volume

immersed. Compare the densities of A

andB i .'L'»'"H s 10"
(i) 4:3 i) ;2:3. .
(ni) 3:4 0 ki¥) (133 0

13.

14.

15.

16.

17.

Bureau's (+2) Physics

A cork is pushed into water kept in a jar
inside a satellite rotating around earth.
What will happen to the cork when
immersed

(i) slowly rise up

(i) quickly rise up

(iii) remain stable

(iv) stick to the wall of the jar.

How much length of mercury column
could exert pressure equal to that of 136
cm of water column of same cross -
section

(i) lcm (i) 10cm

(iii) 136cm (iv) 100cm

A piece of ice is floating in a glass of
water and another in a glass of milk.
When ice melts the level (s)

(i)  inthe glasses will rise
(i) of milk will rise and that of water
will fall

of milk will rise and that of water
will remain unchanged

(iv) intwo glasses will fall.

Two identical beakers A and B are taken.
A is completely filled with water and B
filled with water but it has a piece of cork
floating in water. The beaker

(i) B will weigh more than A

(i) A will weigh more than B

(i)

(1)) The difference in weight is equal
to the weight of cork

(iv) Both will have same weight
Some kerosine is poured inside a glass
containing some ice. When ice melts, the
level of kerosine will

(i) . ]ncr_ease i & >

(i) femain unchanged '~ ©*
(iii) ; decrease - -\ = 2izitob 1
(iv) first decrease and then increase
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18.

19.

20.

21.

22.

It is easier to swim in sea water than in
river because

(i) seahas large quantity of water

(ii) sea water has waves

(iii) see water pushed the man to the
shore quickly

sea water is more dense than river
water. '

A balloon filled with air is weighed so
that it just floats in water. Itis just pushed
down to certain depth and then released.
The balloon will

(i) come up again slowly to its former
position

(i) . remain in the position it is left

(iif) sink to the bottom

(iv) emerge out of the liquid quickly.
A block of wood weighs 4 N in air and 3
N when immersed in a liquid. The
buoyant force is

() IN (i) ON
(i) 3N (iv) 4N

A block of steel has size 5 cm x 5¢m x
Scm. Itis weighed in water. If the relative
density of steel be 7, its apparent weight
shall be N

(i) 6x5x5x5¢g
(i) 4x4x4x7¢g
(i) 5x5x5x7¢g
(iv) 4x4x4x6¢g

The density of ice is 920 kg/m*. Density
of water is 1030 kg/m’. Percentage of
volume of an ice berg submerged is

@ 920 (i) 103
(iii)) 89 (iv) 193

(iv?

VERY SHORTANSWER TYPE :

If density of water is 1 glem?in C.G.S.
system. Express itin S.1. system.

B O o o

10

11
12.
13.

14.

17.

18,
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Define specific gravity.
Write the expression for liquid pressure.
State Archimede's principle.

A block of ice is floating in a liquid of
specific gravity 2 contained in a beaker,
when ice melts completely what happens
to the liquid level.

A man is sitting in a boat which is floating
in a pond. If the man drinks some water
from the pond, will the level of water in

the pond change ?

A boat with iron scrap is floating in a lake.
If the iron is thrown into the lake what
will happen to water level of the lake.

Which is heavier, one kg of iron or one
kg of cotton ?

A piece of ice is floating in water
contained in a vessel. Inside ice there is
a bubble of air. Will the level of water in
the vessel change when the ice melts ?

A submarine is 50m below the surface of
the ocean, with its weight exactly
balanced by the buoyant force. If it
descends to 100m, does the buoyant
force increase, decrease or remain the
same ?

Define torr.

Define bar.

What is the practical unit of pressure in

“meteorological science ?

Give the factors affecting atmospheric
pressure.

What does the fall in barometer reading
indicate ?

Why do fluids exert pressure on the wall
of containing vessel ?

What happens to barometer reading if a
drop of water is introduced in a mercury
barometer tube ?

What is buoyancy ?
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ra

10.

12.

13.

14.

SHORT ANSWER TYPE :

Explain why pressure is treated as a scalar
quantity. even though it is defined as
normal force per unit area.

Explain why the blood pressure in a
human body is greater near the feet than
at the brain .

Explain why the force required by a man
to move his limbs in water is less than
the force for the same movement in air.
What is the effect of temperature on
specific gravity ?

Explain why water cannot be used in a

. barometer ?

Explain why it is casier to swim in a sea
water than in ordinary pond water ?

Although an averageman experiences a
thrust of 2 x 10° N due to atmospheric
pressure, why one does not feel it ?

Why passengers in an acroplane are
advised to remove ink from their
fountain pen ?-

To empty an oil tin two holes are made,
why ?

Explain why straws are used to take soft
drinks ?

A piece of ice floats in a liquid. What will
happen when it melts.

A block of ice is floating in a liquid of
sp.gr. 12 ; contained in a beaker. When
ice melts completely what happens to the
liquid level ?

Twenty persons are sitting in aboat, which
is floating in a tank. If each of them drink
some water from the tank, will the level
of water in the tank change ?

A boat with iron scrap s floating in a lake.
If the iron is thrown into the'tank, what

will happen to water level in the lake ?

15.
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A piece of ice is floating in water,
contained in a vessel. Inside ice there is
a bubble of air. Will the level of water in
the vessel change when ice melts ?

UNSOLVED PROBLEMS :

A rectangular tank 2m deep, Sm broad

and 10m long 1s filled with water.

Calculate the thrust on each sides and on
the base (density of water = 1000 kg/m?,
g=9.8 m/S?)

A cube floating on mercury has 1/4 of its
volume submerged. If enough water is

" added to cover the cube, what fraction

of its volume will remain immersed in
mercury ?

A block of wood weighs 4 kg and has a
relative density 0.6. It s to be loaded with
lead so that it will float completely
immersed. What weight of lead is
needed ? (a) If the lead is on top of the
block (b) if the lead is attached below
the block ? (density of lead = 11.34 x
107 kg/m?)

A spherical iron shell floats almost
completely submerged in water. If outer
diameter is 0.5 m and the relative density
of iron is 8, find the inner diameter.

A cylinder of iron floats vertically and
fully immersed in a vessel containing
water and mercury. Find the ratio of the

length of cylinder immersed in water to,

that in mercury. (Relative density of
mercury = 13.6 and that of iron = 7.78)

A stem of a common hydrometer is
cyclindrical and the highest graduation
corresponds to relative density 1.0 and

. the lowest to 1.3. What relative density

corresponds (o a point exactly mid-way
between the division ?
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[

10.

11

12,

o

4,

The stem of hydrometer is divided into
100 equal parts; it reads 0 in water and
100 in a liquid of relative density 0.8. Find
the relative density of liquid in which it
reads 50.

An omament weighing 36 g in air, weighs
only 34 g in water. Assuming that some
copper is mixed with gold to prepare the
omament. Find the amount of copper in
it. Specific gravity of gold is 19.3 and
that of copper is 8.9.

A cubical block of ice floating in water
has to support a metal piece weighing 0.5
kg. What can be the minimum edge of
the block so that it does not sink in
water ? (sr.gr. of ice =0.9)

A cube of ice floats in water and partly in
Kerosene oil. Find the ratio of the volume
of ice immersed in water to that in k. oil,
(sp.gr. of k-oil is 0.8 and that of ice is 0.9)

A cubical block of wood weighing 200 g
has a lead piece which will just allow the
block to float in water. Specific gravity of
wood is 0.8 and that of lead is 11.3.

A hollow spherical body of inner and
outer radii 6 cm and 8 cm respectively
floats half submerged in water. Find the
density of the material of the sphere.

LONGANSWERTYPE: -

What do you mean by pressure ? Derive
an expression for pressure exerted by
liquid column of height h.

(a) State and prove Archimede's pnnc:ple

(b) Show how you can verify it
experimentally.

What are the conditions of floatation of
bodies in static equilibrium ? Explain.

“ Explain the working of a ldctometer,
" giving its necessary principle. '
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Explain with necessary theory, the
working of a barometer.

What is a manometer ? Explain its
working with necessary theory.

Fill in the Blanks Type

The pressure at all points lying at the same
height in a liquid is ...........

The value of g at a place decreases by
2% the barometric height of mercury at
that place .............

A block of ice is floating in a liquid of
specific gravity 1.2 contained in a beaker.
When the ice melts completely the liquid
level would .............

A piece of cork is embeded inside an ice
block which floats in water. When ice
melts the level of water will ..........

A cubical wooden block of density 500
kg/m*® floats in water in a tank. Oil is
poured into the tank until the surface of
the oil is in level with the upper surface
of the block. The desity of il is .......... X
10" kg/m".

True False Type

A picce of ice floats in water. The level

of water remains unchanged when the
ice melts completely.

A plastic bag weigh the same when empty
as when filled with air at atmospheric
pressure.

A man is sitting in aboat which is floating
on a pond. If the man drinks same water

from the pond, the level of water in the
pond decreases.

A baloon filled with helium does not rise
in air indefinitely but halts after a certain
height (neglect wind).

Air passengers prefer a ball pen over a
fountain pen.
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f ANSWERS g

A. MULTIPLE CHOICE TYPE :
L. (i), 2. (i1), 3. (iii), 4. (iv), 5. (ii), 6. (ii), 7. (i), 8. (iii),

9. (iii) [Hints : - The upward thrust on the block by the liquid is 4 N. So the block exerts a
thrust of 4 N on the wats. Hence weight increases by 4N i.e. weighing machine will record
44 N.)

10. (Gii), 11. (i), (i) & (iii), 12. (iii), 13. (iii), 14. (i), 15. (iii), 16. (iv), 17. (iii), 18. (iv),
19.(ii), 20. (i), 21. (i), 22. (iii).

B. VERYSHORTANSWERTYPE:
1. 10°kg/m’ 4 2. Seetext
"3.  P=h.p.g p =density, h=liquid

height, g = accln due to gravity.

4. Seetext 5. Liquid level rises
No . 7.  Water level will go down
8. Onekg of iron : 9. Nochange in the level
10. Remain same 11, Seetext
12.  Seetext 13. Seetext
14.  Seetext 15. Rain
16. Due to collision of fluid molecules
on the walls
17. 18. Seetext
C. SHORTANSWERTYPE:
1.  Sectext

2. Height of the blood column is quite large at the feet than at brain.

3. The upthrust of water is more than that of air. Therefore the limb appears to lose more
weight in water, hence the force required is less.

t%) :
4. spgr= pp(( 200" S0 as temperature increases p(t) decreases, hence sp.gr. decreases.

Pa . . .
5. Py=hpgrg = hy =?= 10.34 m i.e. tube shall ~ 10 m long, which is

inconvenient.

6. Density of sea water is more than that of ordinary pond water. Therefore buoyant
force is more in case of sea water. Hence it is easier to swim in sea water.
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7. Inahuman body blood circulates under a pressure caused by the regular pumping out
of blood due to heart thrombing. Hence external pressure being less than this pressure
one does not feel the force due to atmospheric pressure.

8. At high attitudes atmospheric pressure is low. Hence air and ink within the pin kept
under normal atmospheric pressure shall try to come out to the low pressure zone.

9. By making two holes and tilting the tin air rushes into the tin through one hole and
thus atmospheric pressure now acts on the oil, which forces oil to flow out.

10. While taking soft drinks with a straw one tries to draw out air from the straw, thus
causing low pressure within the straw. Hence atmospheric pressure acting on the drink
in the bottle forces the liquid into the straw and thus helps in drinking.

11. Let mass of ice be = m, volume of ice V, =m /p;

Let the vol. of liquid be = V, = £A

where 'A' is base area of the container 'C'

Original level of liquid is AA

When ice block floats level of liquid is BB’ '
Vol. of liquid desplaced V = Vol. of ice immersed

=aV, =am/p, e (R)

For floating

Voprg=V.pi8

V_pi
= —=l=q :
s v, e «(2)
Now (h+ DA -aV, ‘?;Vo

aV, am ‘ 1IN

h=—"_t=—e — )

= : «(3)
ad ;Mmoo i isw )I-A'; ' A."Rh"- Yo wadt ficdt o2 10 2010

L e T L ' 1O

I Using (2)in(3) for'ar '
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14.

Extra volume of water displaced =V

This tends to increase the level by h' = m_f:)_!,_
=>  h=h'ie level will remain unaffected.

Water level will go down.

Volume of water displaced when iron scrap is in the boat = V.
Mass of iron scrap =m,

mass of boat =m,
for floating V. p,,.g=(m +m,) g

m;, -m,
. Sw“;: (1)

So val. of water in the lake appears to be Vo + V i.e rise of water level due to floating.

m
When iron scrap is thrown into lake, change in water volumels V) = EL...(Z)

Where p, is density of iron scrap.

- Letnow V' be the water displaced by the Bogl.wuh&n iron scrap. Then for floating

Py 8=M,E -y ;-*, o
vl m2 . S ‘.. ‘\’ i :'2° L
e wimko g e 00

1
Now volume of water in the la_ke}:hﬂ_ll appear to be =

Vo+Vi+V = v0+’:s' +p— (4
m m

Oldvolume = Yo +V=Vo+=4=2 _(5)
w w

Thus change in volume = Old vol -~ New vol.

= AV = (Vug+V)=(Vu+V; +V")

»
5

= E“_l-ﬂ!.—"‘l(L—_l._J>o
pw pn p‘ pl

=>  New volume < Old volume ' :

Hence water level will fall.

s
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15. Nochange in the level.

Let 'm' be mass of ice

Let 'V, be original volume of liquid = ¢ A
V, be water displaced by ice.

For floating V,.p,.g=mg=V,.p;.8 + V,.p,.8

Where V, is actual vol. of ice and V. is actual volume of air in the ice.

v,=ﬂ=!£l+2*9l=a(vi+v,)=£‘-+5‘-n-
Pe Py Ps Pr Ps
\
- - - - =
lT1 el et [
IR R spopedestaden; |
tb-—-- $pt—- e
A s i IRt el
l e e et acand = IR i RN L e - | B e ni g e S

Now Vy=(h+HA-a(V,+V,)

o HASGV+ V) =Ly Yoy
Pe Pe

A AN =y A

When ice melts new volume of liquid is

V=V, + Vi=Vy +—
w

= (WO A=Ve+ E)'“—

w
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.ll:. oomilApy mp,
h L(3+ml] (m +m, )Py
Alp: P

LG ) e S 113
h' pull+r) P

(em/m=0)

(i) So if the liquid is water then p, = p,, and h'=h implying no change of level.

G Ifp,>p, h'>h ie level will rise

i) Ifp, <p, h'<h ie level will fall

D. UNSOLVED PROBLEMS :

1.

08 S R o

98x 10°N, 19.6x 10°N, 98 x IO°N

[Hints : - Average pressure ( = Pressure at the centre)

=1 mx 10" kg/m’ x 9.8 m/s* =9.8 x 10° N/m’.
Thrust on sides (i) 9.8x 10°x(2x5)=98x 10'N

() 98xI10°x(2x10)=196x 10N

Thrust on bottom  Pressure on the bottom x (5 x 10 ) m?
=(100kg/m'x98m/s*x2m)x (5x10)m*=98x 10°N ]
0.19

. 4
[Hints : 7 Pu- 8 = w

e
aVp, g+ (1-0)Vpg=W=2pg

= o=0809 1-a=01904]

(a) 2.667 kg. (b).2.92 kg
0478 m
54 :46
1.13
m

[Hints:mg=Vp,g =>V=_

V.

w

w 1
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Surface Tension

Introduction :

For study of surface phenomena of
liquids one needs some knowledge about (a)
adhesive force (b) cohesive force (c) molecular
range (d) sphere of influence (¢) surface film
etc. So we give brief notes on the above terms.

The inter-molecular force between two
similar molecules is called cohesive force and
the molecular force between two dissimilar
molecules is called adhesive force.

The maximum distance between two
molecules so that the molecular force between
them still remains attractive is called molecular
range (r,). It is of the order of 107 Cm.

The sphere drawn with a molecule as its
centre and radius equal to the molecular range
of that molecule, is called sphere of influence
of the molecule at the centre. Any other
molecule lying within the sphere of influence
experiences a force of attraction due to the
molecule at the centre.

The portion of liquid lying between the
free surface and a parallel layer at a depth r, (
=molecular range) below is called surface film.

14.1 Surface phenomena :

The free surface of a liquid exhibit several
features, which we notice in our day to day life.

el

[i1~_It takes different shapes under different
- hu{i@ns - (some times: concave

N
N
~

-
s

[ii]

[iii]

[iv]

upwards, some times convex upwards,
sometimes horizontal etc.)

A greased steel needle, whose density is
much higher compared to that of water,
so that buoyant force of water cannot
support its weights, floats on still water
when gently placed.

A spring supporting a bent wire gets more
stretched when the wire is dipped into a
soap solution and raised. The stretching
of the spring is proportional to the length
of the horizontal portion of the bent wire, to

- which the spring is attached. (see fig 14.1)

et

fig 14.1
A zig-zag thread loop, kept gently on a
soap film clinging to a wire gauge takes a
circular loop, when the soap film within
the thread-loop is pierced. (See fig. 14.2)
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(vl
[vi]

Small mercury drop, rain drop, assume
spherical shape.
When a U-shaped wire ABCD with a

~ sliding wire AB, on arms AD and BC

(a).

(see fig. 14.3) is dipped into a soap

solution (so that a soap film clings to it)
and brought out, the sliding wire AB,
moves upwards.

' ’
: gt |
o, " 'O‘l‘.
A e TR .

?1? B
l—-)
W

A tt‘t

fig. 14.3
This sliding is resisted by loading a
weight W on the sliding wire. It is also
seen that the same weight W prevents
sliding irrespective of the area of the
surface film (ABCD) provided length of
AB does not change.

These surface phenomena suggest that :

There exists a force on the surface of a
liquid (i.e. liguid surface is in a state of
stress) such that it exerts a force
perpendicular to any line on the surface
and acts tangentially to the surface. If

“ liquid surface lies on both sides of the line

(b)-

the force exists on enher side. (e.g.
phenomenon -iv)

coofigi 144
“This foﬁce is perpendicular to the length
of the line. (e.g. phenomenon -iii)

Bureau's (+2) Physics

(¢) The free surface tends to assume
minimum surface area (e.g. phenomenon
V).
The above observations lead one to define
"Surface tension is the magnitude of force
per unit length of an imaginary line, drawn
on the liquid surface, acting
perpendicularly to the line and
tangentially to the liquid surface.”

Thus S = ; ~(14.1.1)

Where, F is the magnitude of force acting

across the line of length (. (on either side)
Unit : It is measured in

i) S.L Unit-N/m

i) C.G.S. Unit-dyne/cm

Dimension :
[F] MLT? 2
S|l= == ——=MT"
Factors affecting Surface Tension :

(i)  Surface tension of a liquid depends upon
the nature of the media in contact with its
free surface.

Surface tension decreases with increase
of temperature. This happens because the
molecular force decreases and liquid
molecules move faster.

Presence of impurities changes surface
tension.

In-organic impurities normally increases
surface tension while organic impurity
decreases surface tension. (e.g. water with
NaCl has S.T. = 84 dyne/Cm. while
ordinary water has S.T.= 72 dyne/Cm).
Water with detergent lowers surface
tension (S.T.)

Ex.14)1 A wu'c.l 10 cm long. is placed
horizoptally on the surface of water and is gently

(ii)

(iii)

! pulled up with a force of 1,456 X 107 N to

keep the wire in equilibrium. What is the surface
tension of water ?
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Soln. The film has two surfaces

F 1456x10"N

= ——

20 2x10x107m
= 0.0728 N/m
Ex.14.1.2 A ring of 3 cm diameter is
dipped and pulled out slowly in the vertically
upward direction. If a force of 0.1 N is needed
to break the film, calculate the surface tension

of the liquid.
Soln. The film has two surfaces
F 01N
oo i m o SR S
2 x (nd) 2xmx 3x107
= (.53 N/m

14.2 Molecular theory of surface tension :

r—' Frcc Surface

qg @ e \Surface film
E
' J

— p — .

—_— 2 —

fig. 14.5

The following discussion shall give an
idea about the basic cause of surface tension.

Consider a liquid in equilibrium in a
vessel. Let A,B.C and D be four molecules (as
shown in Fig. 14.5) drawn with their sphere of
influence. Molecule D, lying in the interior of
the liquid is attracted uniformly from all sides.
Hence molecule D experiences no net force.
Molecule C, lying within the surface film,

experiénces a netdownward force (F ) as there

are less number of molecules in the upper
hemisphere thin in the lower hcmnspherc
Molecule B, 1ying just below the surface film,
also experiéncés nonet force as it contains equal
numbers of ‘molecules in’ lower and upper

s [u]=
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hemisphere. Molecule A, lying on the surface
experiences a maximum downward force (F A),
as the upper hemisphere contains no liquid
molecules and lower hemisphere contains only
liquid molecules.

Thus liquid molecules lying within the
surface film experience a net downward force
due to inter-molecular forces, this being
maximum for molecules lying on the surface.
This downward force on surface-molecules
tends to compress the surface layer; and thus
the liquid surface behaves as a stretched
membrane. So work has to be done to stretch
the free surface in order to accommodate
molecules brought from within the liquid on to
the surface, against downward force. This work
increases the potential energy of the surface
molecules. Since every system, in equilibrium,
tries to remain in minimum energy state, so the
liquid surface tends to take a shape, so that its
surface area is minimum.

143 Surface energy :
Potential energy stored in a surface is

called (free) surface energy. The free surface
energy stored per unit area of the surface is

called free surface energy density (Ug). -

1f under isothermal conditions dW work
is required to stretch the surface area by dA .
amount, then free surface cnergy densxty is
given by

& J
uS::A L% (1431)

- Thusegn.(14.3.1) revealsthatﬁ'eeauface
energy density is defined as the work required
to increase the surface area by one unit, under
isothermal conditions. -

It is a scalar quantity. Its dimension

p AR

2
#_Ml"'j.jdfneas

L2 -

 that of surface tension. It is@xpressed in erg/
. Cm?in C.G.S. system and joul/m? in .1, mits. -
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Relation between Surface tension & Surface
energy : :

Consider a U-shaped wire ABCD (fig.
14.6), with AB, capable of sliding on arms AD
and BC. The system is dipped into soap solution
and raised gently, so that a soap film is formed

- b e

D

]
p g Al — — — = B
AL el ¥ 3
i w )
o « fig. 14.6

S 7 ;\V’nlhm lhc region ABCD. The sliding wire

_ begins 10 move; “up (towards CD). To keep AB

. .‘ v positionza suitable load W is applied (see fig.
" 14.6)! Tt will be séen that thcsame load prevents

" the motion of AB, irrespective of the area of
- surface film ABCD, provided length of AB is
kept fixed and temperature is maintained constant.

~ Thusunder equilibrium condition
W=S(2¢)=2s¢ .(14322)

. [Since the soap film has two surfaces, so force
orrthe sliding wireis S¢ +S¢ =S (2¢)).

Now if-the sliding wire is pulied slowly

» o
. through a distance dy , then work done against
- surface tension is

dW=$.dy = W.dy =Wdy=(@s()dy

= dW= S(Z(d'y) = SdA’ ..(143.3.)
[Whuch (dy + (dy.astherearetwo

- _surfaces of the soap film). Therefore eqn.

(14. 3.3) gives
dw .,
| = T‘;‘t‘ ug’ .(14.34)
Thus surface tension and surface energy.density

are _numerically, equal under isothermal
conditions. btk ,

Bureau's (+2) Physics

Ex. 14.3.1 Calculate the work done in blowing
a soap bubble of radius 5 mm (S.T. of soap
solution = 28 dyne/cm)

Soln. Soap bubble has two surfaces
Hence work done = energy stored

W . .= us.2(41tr2)=5.81tr:

28x8xmX(5x 107" erg

W = 17593 erg

Ex. 14.3.2 Calculate the work done in blowing
up a soap bubble from an initial surface area of

0.5 Cm? 1o a final surface arca of 1.10 Cm?.
Given S.T. of soap solution = 30 dyne / Cm.

Soln. Increase in surface area
=(1.1- 0.5) Cm* = 0.6 Cm?
Work done
=S.dA=30x 0.6ecrg=18crg.
Ex. 14.3.3 Calculate the work done in blowing
up a soap bubble from a radius of 2.0 Cmto 3.0
Cm.
Given: S.T. =30 dyne/Cm
Soln. Work done = S . 8n '(r22 -1,
=30x8xm(3 -
=3769 .91 erg

Ex. 1434 A water drop of radius 1 Cm is
broken into 1000 equal droplets. Calculate the
gain in surface energy (S.T. of water = 0.075
N/m).

Soln. The volume of the water drop

2’)erg

4
VO = 3 uroS
If’r' be radius of the droplets then
4 4
A £3 %13 =3 2 x1000
Y
= =0 A1)

Surface energy or the drop E =S.4ﬂr§

Surface encrgy of the droplets
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E, =S x4mr'x 1000

2
= E =Sx4 ri le
: 10

So gain in Surface energy

A Eg = Sx4m*(10-1))
= Sx41tr02 x9

=75 x 4n x 1* x 9=8492 erg

=8.492 x 107 J

Ex. 14.3.5  Calculate the amount of energy
evolved when eight droplets of mercury of
radius 1 mm each combine into one.

Soln.

Surface energy of each dropie( =S4nr
4

Volume of each droplet = sﬂ:r’

4

3’70" x 8
403

Volume of the final drop = -§1tR

Volume of eight droplets =

:inR" =im’x8
s 3

-

= R=2r
Surface Energy of 8-droplets

=8 x S x4nr
Surface energy of final drop

=S x 4xr?

= §x4n(2r)?

=4 x S.x4n’
So energy evolved

=8.S.4mr° ;'.f’g.ﬁ._ﬁm'z
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=4. 8. 4nr
& 4>,<o-555><4x1:x(1x10'3)2
m .

= 2.765107°%]

Ex. 14.3.6 Two spherical bubbles of radius 3.0
Cm and 4.0 Cm coalesce to form another
spherical bubble. Calculate the surface tension
of the bubble. The radius of the bubble formed

=4.498 Cm and atmospheric pressure P, =10°
N/m?

Soln. Letr, be radius of Ist bubble, and let it
contain n, moles of gas. Let r, be radius of 2nd
bubble and let it contain n, moles of gas.

Then pressure inside 1st bubble
4S5

S
=t ty
Now,
4 3
P|V|=.n'RT. Wy 3™
L =
P,V,=nRT, V,= 3an

Let 't' be radius of final bubble then

_ 4s
PV ; (n,-o- "z) RT, withP = P, + :
and V= 3!!‘3

PV=(n+n)RT= PV + PV,
(P +-—) = (P +—) —m-,
Q(P +—)vm§



[(4.498)“ =@y - (4)’] x10°

- ———mx10° N/m?
[32 +47 - (4.498)|x10

S =0.745 N/m

Ex. 143.7  If anumber of droplets, each of
radius r, coalesce to form a single drop of radius
R, show that the rise in temperature will be

3 35¢1. 2
given by Bs—(;-k—] where S = Surface

tension, p = density of liquid, s = specificheat
capatity of liquid in joule per kg per kelvin.
Soln. Let 'n’ be no of droplets

Then n x %nr‘ = %RR’
= R.= n"’;r
Energy released
=0 X 4nr’S-4nR’S
= nx4nAS=4nSxn s

= AE= 4nr28(n -n2’3)

So 41tr25(n—nm)= [%m’xn)p.s.AB

P b it & LR
%‘i’ﬁ;,;[;’i]mw Ans;
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14.4 Angle of contact, Shape of liquid film

& Wetting
(a) Angle of contact :

When a liquid surface touches a solid
surface, the shape of the liquid surface near the
contact is generally curved. “The angle between
the tangent planes at the liquid surface and solid
surface is called the angle of contact,” for the
given pair of solid and liquid. Thus angle of
contact depends upon the shape of the liquid
surface.

0

(a) (b)

fig. 14.7
(b) Shape of liquid surface :
The shape of liquid surface can be
explained on the basis of the basic principle:
“A liquid in equilibrium cannot sustain
tangential stress and the resultant force on any

small part of the surface must be perpendicular
to the surface there."

fig. 14.8

Consider an elementary part of the liquid
surface near the point P (a point of contact).
The forces acting at this point are :

) & ) ] 1 =)
i) Fa, the adhesive force, acting

perpendicular to the solid surface. The
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magnitude of this force shall depend on
the nature of the solid and liquid and their
densities. '

i)  F,the cohesive force, acting along any
direction within the liquid. The magnitude
and direction of this force shall depend
on the nature of the liquid and its density.

i) W, the weight of the liquid, acting
vertically downwards.

Therefore resultant force R is given by
R=F +F+W
Resolving the above forces along X-
direction and Y- direction (as shown in fig 14.8).
We find components of resultant R as.
Ry =F, +F; Cos(90 + @) = F, - F,Sinct
.(14.4.1)

Ry = W + F; Cosat ..(144.2)

The resultant R of F,.w and F, makes an
angle B with X-direction given by

R, W+F, Cosa

I ..(14.4.3)

tanf =L -
R, F,-F, Sina

Now resolving the forces along tangential
direction (¢, ) and direction perpendicular to it
(€,) . (See fig. 14.8), we find
R, =~-F, sin0+F, Cos(8-a)+W Cosf

.(14.4.4)
R, = F,Cos0 +F; Sin (8 -a)+ W Sin@
..(14.4.5)

Since the liquid is in equilibrium, it cannot
sustain tangential stress, hence

R =0, wv.vhich gwes gL

Rz ESin0+F, Cos(o5 )

o +WCosg =0 ..(14.4.6)
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and, R = Rp
Equation (14.4.6) simplifies to -
~F, Sind + F,Cos0.Cosa + F,Sin0Sina + WCos6 = 0

= -SinB(F, - F¢Sina)

= -CosB(W + F;Cost)
W+ F( Coso
= tanB =
E,-F, sno .(144.7)

Comparing (14.4.3) and (14.4.7) we find
that § = . This implies that the resultant is
perpendicular to the liquid surface. We further
note that eqn. (14.4.5), on using eqn (14.4.7)
gives '

R, = F,Cos0 + Fysin0-Cosa
~F; -Cos0 -Sina + WSin8
= CosB(F, - F;Sina)
+SinB(W + F,Cost)
= CosB(F, - F;sina)
" +Sin6(F, - F,Sincr) tan 0
_ Cos*0+5in%
Cos6
=(F, - F;Sina)sec@

(F, - F;Sinat)

= R =(F, - F;Sina)sec®

~ Jnf +R} =R .(14.4.8)

The above analysis shows that when,

i) B> F ¢ (i.e. adhesive force is larger than
the cohesive force), so that F, > F , sina,
eqn. (14.4.7) indicates that tan @ is greater
than zero. This implies that 0'< 6 < 90.

This in turn implies that resultant R lies
outside the liquid and the liquid surface
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must be concave upwards, so that it lies
perpendicular to the resultant. The liquid

rises near the solid. 3

As a result of this the liquid spreads over
the solid (see fig. 14.9)

v F a
fig 14.10
(e.g. mercury drop on glass plate)
fig. 14.9 . iii)  If a solid surface is inserted in a liquid
(c_g‘ water sprcading on g]ass surface) such that it does not pl’OjOCt out of the

" liquid (see fig. 14.11). The adhésive force

i) F < F; sin & (which is satisfied when
F, shall not be perpendicular to the solid.

F; is sufficiently large compared toF ),

tan § is negative. (as given by eqn 14.4.7).

This implies that

180" > @ > 90" and resultant R lies

within the liquid. This in tum implies that o
liquid surface must be convex upward, < F
so that it lies perpendicular to the resultant
R . The liquid is depressed near the solid. \ / R
As a result of this the liquid does not wet v

the solid surface.

fig. 14.11

The actual angle between solid surface
.+ +and liquid surface may be different from

the angle of contact for the given pair of

solidand liquid. Lo
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14.5. Excess Pressure : (Pressure difference
across a liquid surface)

fig. 14.12

Consider any liquid molecule 'P'. One
finds that there exists a net force on the concave

side. This is the cause of excess pressure on the
concave side.

Now we shall find expression for excess
pressure in few simple cases,

(a) Liquiddrop:

Consider a liquid drop of radius r. If the
drop is small, then the effect of gravity may be
neglected and the shape may be assumed
spherical, Its total surface arca A is given as :

.(14.5.1)

If the radius of the drop increases by dr,
isothermally, then the surface arca increases by

dA=  Smrdr ..(14.5.2)
The increase in surface energy of liquid drop is
then
dE, = ugdA = SdA =88 rdr

A = 4n’

«..(14.5.3)
This must have increased due to work done
against the pressure difference between pressure
'P’ inside the drop and pressure ' P, ' outside the
drop (which is equal to atmosphre pressure).
" Therefore

OB, =dW=(P=P) AV [1:(1454)

Where AV = increase involume = lmrzdr
..(14.5.5)

465

So from eqns (14.5.3), (14.5.4) and (14.5.5.)
we obtain

dE = 8nsrdr=(P—Pa)-41tr2dr

= AP:P-P :-2—s
S

..(14.5.6)

giving
2s

P=Pn+7

-..(14.5.7)

Equation (14.5.6) gives ' AP ' the excess pressure
or gauge pressure and eqn (14.5.7) gives the
pressure 'P' on the concave side.
(b) Soap bubble:

In case of soap bubble there are two
surfaces and there is air inside the bubble. The
total surface area is -

A=2 x 4m? .(14.5.8)

If the bubble expands and its radius
increases by dr, then increase in its surface area
1S

dA =167 rdr .(14.5.9)

So increase in surface cnergy due to this
i ' |

dEg = u,dA =S.dA = 167 Srdr ...(14.5.10)
This must be equal to the workdone against
the excess pressure i.c.

dE=dW=(P-P) A V (14.5.10)
where AV =4 nr* dr= increase in
volume L 145.11)

Using ( 14.5.11) in ( 14.5.10) and comparing
with ( 14-5-10 ) we have :

dE=16 n Srdr=(P-P, )4n rdr
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45
= AP=P-P, = = ..(14.5.12)
giving
48
P= Pa e ..(14.5.13)

r

Eqn. ( 14-5-12) gives excess pressure or gauge
pressure and eqn. (14.5.13) gives pressure on
the concave side.

Experimental demonstration

fig. 14.14

Two soap bubbles of different sizes P and Q
are made at the two ends x and y respectively
(see fig 14.14 ). The stop cock A is closed and
stop-cocks B and C are opened. It is observed
that the small bubble 'Q' shrinks and larger
bubble 'P' expands. This indicates that air from
smaller bubble flows towards the larger bubble,
which in turn implies that pressure inside the
smaller bubble is more than that inside the larger
bubble. This is in accordance with the theoretical

inference Ap & %

Ex.14.5.1 Calculate the excess pressure
inside a mercury drop of radius 2.0 mm. The
surface tension of mercury is 0.464 N/m.

Bureau’s (+2) Physics

Soln.
28  2x0.464
AP=— = E 2
Excess pressure - e N/m
AP =464 N/m’
Ex.1452 A 0.02 cm liquid column

balances the excess pressure inside a soap
bubble of radius 7.5 mm. Determine the density
of the liquid S.T of soap solution = 0.03 N/m.

Soln.

Excess pressure inside soap bubble AP = e
_ =

Pressure due to liquid column AP=hpg

Since soap bubble balances the liquid column

4S5
—=hpg
r
4S 4x0.03 3
= - = 3 kg/m
r.h.g 75x1070.02x 10° x9.8

p =0.082 x 10 ** kg/m*
=8.2 x 10’ kg/m®

Ex.1453  What would be the pressure
inside a spherical air bubble of 0.1 mm radius
situated at Im below the surface of water ?(S.T.

of water = 0.07 N/m, atmosphere pressure =
10° N/m?

Soln. .
2 e
P, Bl = ::::
P =P +hpg
2
P, =P+ o
=P
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2x.07
7 — 3 )N/m?

=(10° + Ix 103x98+

P,=1.112 x 10° N/m” = Pressure inside the air
bubble.

14.6 Capillarity :

The phenomenon of rise or fall of liquid in
a capillary tube (tube of small radius) w.r. to
the level of liquid in which the tube is dipped is
called as capillarity.

If angle of contact @ is acute (6 <90”) then
the liquid rises in the tube; while if § is obtuse
(9>90") the liquid falls inside the tube. This
arises due to existence of excess pressure on
the concave side of a liquid meniscus, (which
is again due to surface tension effect as discussed
in sec. 14.5)

i

Water Mercury
Fig. 14.15

Expression for Capillary-rise

Consider a tube of radius '’ dipped into a
liquid of density 'p " and surface tension S. Let
the angle of contaci between the solid and liquid
be §. When radius of the tube is small, the free
surface of the liquid within the tube is nearly

speherical.
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Vertical

>1
Horizontal

Fig. 14.16

Now let us consider the equilibrium of the
part of the liquid raised within the tube (i.e.
contained within ADBFE). The forces acting
on this liquid are :

i) F . the force exerted by the surface of
the tube on the surface ACBD of the
liquid.

i)  F, the force exerted by the pressure of
air above the surface ACBD. (i.c. due to

atmospheric pressure Py ).

iii)  Fy, the force due to upward thrust of the
~ liquid acting at EF.
iv) w. the weight of the liquid within
ADBFE.
. -« The liquid surface meets the tube along

the periphery ACBD of length 27r. If we
consider unit length of the periphery, then

force due to surface tension is S, acting
along the tangent (see fig. 14.16).
Therefore the reaction force of the tube

" onthe liquid is Rssuch that
ReRtig ousRniv

=|R| = |s| .(14.6.1)
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Now resolving this (reaction) force on the
liquid, acting at A along horizontal and vertical
directions we obtain

R(a)= Rsin6(-1) + RCos0j. ..(1462)

Similarly considering a diametrically opposite
element at B we obtain

Regy= Rsin 0l + Rcos 0] ..(14.6.3)

On addition of (14.6.2) and (14.6.3) we find
that :

Ra)+Rp) = 2R cos0(f)  ..(14.64)

The force on the entire periphery ACBD can
be calculated by adding forces on diametrically
opposite elements; and eqgn. (14.6.4) shows that
the net force on the liguid by the tube shall be

cffcctivbly along the (Vertical) ] - direction,
Therefore .

F; = 27tr.R Cosfj = 27r.S.CosB(j) ...(14.6.5)
The force F; due to atmospheric pressure shall
" be given'by -

FZ = Pam,z(—])

The force Fy, due to upward thrust at EF, is

given by

= An\T

Fy = P,.mr?() (146.7)

Finally the weight W of the raised liquid is
given by

W = Volume of liquid x density x g (~ )

2 [mzh +(nr® —%m:’ )] p.8.(=))

SW= M(M%};ﬁg{-})

. V) x TOL - s U1 ) =
For equilibrium 5(‘ the r?usccf ilquld‘. we should
have 19

‘=4

...(14.6.6)

(14.68)

2NBIGOIT
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- = - -

Fi+ Fat F3+w =0 .(14.69)

Using eqns. (14.6.5)t0 (14.6.8) inegn. (14.6.9)
we obtain

[21::5 cosd~ P, mw? + P,mr -nr2(h+§) p.g]:izo

=> 2nr S CosO = mz(h +§).p.g

b 25Cost r
P8 3 ..(14.6.10)
and
i‘u-: .p.
S m .(14.6.11)
2 CosH

Equation (14.6.10) gives the capillary rise of a
liquid of density p, and S.T. S, in a tube of
radiusr, and egn. (14.6.11) gives the expression
for determining surface tension.

(1) - If the angle' of contact § be small
enough so that cosf =1, then

' h-+1)p
8 = _:(3_g .(14.6.12)
2
and
h = B 14.6.13
By <o s
(ii) If radius of capillary tube be very
©ot ot small then
g ﬂhﬂg ’
Bt (14,6,
2 Cosh )..(14614)
. .and
S TR e g5 rsen ol vl
1P -0 Ltz C_Ojﬁ y
boriashSRBEE A b1 i 1(1?_615)
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(i) If angle of contact @, as well as
capillary tube radius r, are both small,

then
hep.
g = DB .(14.6.16)
2
and
e 14.6.17
s (14617)

Experimental determination of S.T. :

A capillary tube is fixed on a glass
plate with help of fixing wax, and an index pin
is also fixed by its side. The glass plate is held
by a clamp stand and the height is adjusted so
that the index pin just touches the surface of
water in the beaker.

" Fig. 14.17
The position A is observed through a
travelling microscope and its reading 'L,' is

noted. Then the beaker is removed and lower ’

end B of the index rod is observed through the
travelling microscope. Its reading L., is noted.
The difference L,~ L, gives the height 'h' of
the liguid column in the capillary tube.

Then the radius r of the capillary tube is
determined by the travelling microscope. Using
the observed values of 'h' and 'r' in egn.
(14.6.12) or (14.6.11) as deemed appropriate,
S is determined.
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Examples of Capillarity :

i) Blotting paper soaks ink by action of
capillarity. ;

ii) Oil rises in the wick of a lamp by action of
capillarity. :

iii) Ink flows into the tip of the fountain pen
by the action of capillarity.

iv) While constructing a wall we lay a layer
of concrete and coal tar at the ground level
to stop rise of water from ground by
capillary action.

v) After taking bath we soak our body witha
porous towel, so that water particles rise
through the pores of the towel.

vi) Plants and trees receive water from earth
due to capillarity and osmotic action of
roots.

vii) We plough land so that distance between
* two consecutive soil particles increases and
capillary action is resisted. This helps in
 restraining ground water coming to the
surface.

Ex. 14.6.1 A capillary tube of radius 0.2
mm is dipped vertically in water. Calculate the
height of water column raised in the tube. (S.T.

of water = 0.075 N/m, density of water = 10°
kg/m®, g= 10m/s?)

Soln.
L 28Cw0 &
r.p.g ¥ -2
For water égo =z T
% e G .- S _02x107

rpg 3 0.2x10'3x103x10 3
=0.075m - 0.67 x 10°* = 0.075m
h=75cm. ~
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Ex. 14.6.2 By how much will the surface
of aliquid be depressed in a glass tube of radius
0.2mm if the angle of contact of the liquid is
135° and the surface tension is 0.547N/m.

Density of liquid is 13.5 x 10° kg/m’.
Soln.

Neglecting liquid in the meniscus

L. 25Cosd
rpg

£ 2 x 0.547 x Cos 135
02x107 135x10° x9.8
=0.029m = 2.9 x 10?m =2.9cm

14.7 Rise of liquid in a tube of insufficient
length :

27N
/\

- - - - -
- - .-

- Suppose a capillary tube of radius 'r' whe
dipped in a certain liquid, the liquid rises to a
height h. Now if an identicabgJpillary but of
~-height £ <h, is dipped into the liquid then the
liquid does not overflow but adjusts its curvature

and takes up a shape such that the tangent to

the surface (free surface) makes an angle 8

not equal to the angle of contact for the given
- liquid and capillary tube.

Actually angle 8 is such that

2nr S Cosf, = weight of the liquid
~(14.7.1)
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withr=R cos8, (14.7.2)

where  r=radius of the tube
R = radius of curvature of free surface.
From egn. (14.7.1)

2nr S CosBg = (mzt).p.g

répg

S=
= 2 Cosfly ..(14.7.3)
Using (14.7.2) on r.h.s of (14.7.3), we obtain
s _ RCosf.tpg
2 CosByy
2s
=Rl ="—_ '
pe constant ...(14.74)

Thus egn. (14.7.4) shows that when length of
the tube is sufficient, ' /' adjusts itself (and
assumes the value h); but when '/' is

insufficient, R adjusts itself so that (14.7.4) is
satisfied.

14.8 Depression of liquid :

Fig.14.19

We proceed as in sec 14.6. The forces
acting are.

i) F,duetoS.T, givenas,

F= 2nr S Cost’(~ ) (148.1)

ii) F,,due to atmospheric pressure P,

givenas By = P, (mr?) (=))--(14.8.2)



S‘mface Tension

iii) W, due to wt. of the liquid, given as

- 2 A
W= 3 . p.g(-j) ..(1483)

iv) Fjy,due to upward thrust, given as

Fy = [Pa + (h+r) pg]~ ()

. ..(1484)
For equilibrium
F}| + F} oy li‘1 - ) W — 0
, g2 3
= 2nr Cost’ + P, mr +§ o P.g

=[P, +(h+1) pg] r

r.p.g (h+£) pg (h+£)
3 3
= § = = -
-2 cosO

2 cosB’
..(14.8.5)

( -+ Angle of contact
0= 180-0")
Eqgn. (14.8.5) shows that the expression remains
unaltered (same as obtained in case of rise). This
gives depression
2scos®” "

h = -
rpg 3

..(14.8.6)

_2scos® 1

rpg _3
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Table No. 14.1 (S.T. of Some Ligquids)
Liquids Temp. | Sin
in 0°c | dyne/cm
Benzene 20 27.6
50 24.7

Cadmiumtetra- | 20 26.8
chloride
Ethyl alcohol 20 223

50 19.8
Glycerine 20 630
Methylalcohol | 20 = | 22.6
50 20.1
Mercury 20 465
Soap solution 20 30
Water 10 74.2
20 72.8
30 67.9
Table No. 14.2 (Angle of Contact)
Liquid Sofid | Angle of
4 contact in deg.
Water glass | 0
Ethylalcohol | glass 0
‘Kerosine glass 26° '
Mercury glass 140 °
Methyl iodide | glass 29°
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Summary

1. Surface tension is the magnitude of force
per unit length of an imaginary line drawn on
the liquid surface acting perpendicular to the line
and tangentially to the liquid surface.

f

S=—

1
2. Potential energy stored in a surface is
called surface energy. The force surface energy
stored per unit area of the surface is called free
surface energy density.

3.  The surface tension and surface energy
are numerically equal under isothermal
- conditions.

4.  The angle between the tangent planes at
the liquid surface and solid surface is called the
angle of contact.

5.a) Excess pressure inside a liquid drop or
air bubble.

. (s — surface tension
r —radius of the drop)
b)  Excess pressure inside a soop bubble.

ap= 2
2

s

8501 ¢
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ap= 22
r

6.  The phenomenon of rise or fall of liquid
in a capillary tube with respect to the level of
liquid in which the tube is dipped is called as
capillarity.

7. If s is the surface tension, r is the radius
of the tube and @ is the angle of contact, then

r
r(h+3)vs

2cosO
a)  If radius of capillary tube is very small,
then

S=

rhpg 2 s cosB
B, et or h=
2cos6 rpg
by If g isalso very small thencos § = |
2s
h=s —
pg
Physical = i onal TSLam
Formula
1. Surface tension (s) MT? Nm'
2. Surface encrgy density | MT? Im?
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MODEL QUESTIONS

)

Multiple Choice Type Questions :

A liquid drop breaks into several droplets.
Its surface energy

(a) increases

(b) decreases

(c) remains the same

(d) 1s unpredicrable

Soap helps in cleaning clothes because
(a) it gives strength to the solution

(b)it reduces surface tension of the solution
(c) it absorbs the dirt

(d) chemicals of soap change.

In a capillary tube, a liquid rises upto 10
cm. If a capillary tube of same bore and
length 5 cm is dipped in liquid then

(1) afountain of liquid will be obtained
(b) there will be no rise of liquid in the tube

(¢) the excess of liquid will slowly ooze
out

(d) the liquid rises to the top of tube and
will stay there.

"Vhen a capillary tube is dipped in a liquid,
the level of liquid inside the tube rises
becauses of

(a) viscosity

(b) surface tension
(c) Osmosis

(d) Diffusion

If two soap bubbles of different radii are
in communication with each other

(a) air flows from larger bubble till the
sizes are equal

(b) airdoes not flow from one to the other

10.

{¢) air flows from smaller bubble to
larger bubble

(d) none of the above.

Two soap bubbles have their radii in the
ratio 2:1. The ratio of the excess pressure
inside the bubbles is

(@) 1:2(b) 1:4
{c) 2:1(d) 4:1

The lower end of a capillary tube is at a
depth 12 cm and water rises 3 cm. in it.
The mouth pressure required to blow an
air bubble at lower end will be x cm of
water column where x is

(@ 3 ® 9

() 12 (d) 15

When temperature is increased, surface of
aliquid

(a) increases

(b) decreases

(c) remains unchanged

(d) completely vanishes

Which of the following will rise to
maximum height in a given capillary tube

(a) pure water at4°c
(b) pure waterat2°c
(c) asolution of salt in water at 2%
(d) asolution of salt in water at 4.

A needle floats on water surface because
of

(a) surface tension
(b) hghter weight
(c) adhesive force
(d) viscosity
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11. What is the effect on size of a soap bubble
when some electric charge is given to it ?

(a) - it will not change

(b) it will decrease

(¢) it will increase

(d) itwill increase on one side only

12. A number of small drops of mercury
adiabatically coalesce to form a single
drop. The temperature of drop will

(a) increase
(b) decrease
(c) remainsame
(d) depend on size

13. A soap bubble has radius Scm. If the soap
solution has a surface tension 30x10~ N/

m, what is the gauge pressure within the
bubble ?

(@ 1Pa(b) 2Pa
(c) 24Pa (d)  Zero
14. The spherical shape of rain drops is due to
(a) density of liquid
(b) surface tension
(c) gravity
..+, (@ atmospheric pressure ¥
15. ‘What is'surface tension of boiling water?
' .(a) sémemmmmtemmm
(b) infinity
(¢) zero
(d) - its value depends on pressure.
‘B. Very Short Answer 'l‘ype Questions :

1. Whylstheshapeofasmalldropofwater
sphencal? X, S
JI0 210

2. What is the pgmrc 03' force t‘hat makw a

piece of paper stick to apother piece of
paper y means of gum ?

10.

11

12.

13.

14.
15.

16.

17.

18.

19.
20.
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State the principle which explains the
absorption of ink by blotting paper.

Define surface tension

A liquid rises to a particular height in a
capillary tube. Will the liquid overflow if
the tube is of insufficient length ?

How does tree draw water from ground?

Is the pressure inside a soap bubble,
smaller thaa, equal to or greater than
atmospheric pressure ?

How does surface tension vary with
temperature ?

If a brush is dipped in water and raised,
hairs get greezed, why this happens ?
How can you distinguish pure water from

saline water from the property of
capillarity ?

What happens when a capillary tube is
dipped into a mercury in a container ?
What is the difference between bubble and
drop ?

Under what conditions surface energy
density is numerically equal to the surface
tension ?

Why do we plough our lands ?

The pressure just below 4 surface is less
than the atmospheric pressure. What is the
shape of the surface ?

Write expression for excess pressure inside
a soap bubble, water drop and air bubble
in a liquid.

You have a drop of soap solution and a
soap bubble of same radius, which of the
two has a greater pressure in it ?

What are the units of sorface energy ?
What are the units of surface tension?

2.0 cm could.be joined by a tube without
bursting what would happen ?
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. If more air is pushed into soap bubble what

happens to the pressure inside the soap
bubble ?

Short Answer Type Questions :

A water drop has a diameter 2x10°m
Calculate the excess pressure inside,
compared to that outside.

(S.T. of water = 0.072 N/m?)

What is the nature of inter-molecular force
at very short distance and at long
distance ?

Explain why water spreads out but not
mercury on a glass plate.

Show that S.E. is numerically equal to S.T.
at isothermal condition.

What will be the rise of water in capillary
tube of radius 0.5 mm.

Distinguish between cohesive and
adhesive force.

Calculate the excess pressure inside a soap
bubble of radius 0.5cm if S.T. of soap
solution is 3.2x10% N/m.

If radius of a soap bubble is doubled, then
calculate the percentage change in excess
pressure inside the soap bubble.

Air is pushed into a ’soap. bubble what
happens to the pressure inside it. Explain.

10. In the given figure what is the pressure

difference between points A and B.

11.

12.
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Which of the following graphs may
represent the relation between capillary

rise h and radius of the capillary tube.
h

—_ d

c \

b .
a
K ey
Fig. 14.Q.2

When sbme wax is rubbed on a cloth, it
becomes water proof. Explain.

13. The contact angle between pure water and

14,

15.

16.

D.
l.

2'

pure silveris 90°. If a capillary tube made
of silver is dipped at one end in pure water,
will the water rise in the capillary ?

When a glass capillary tube is dipped at
one end in water, water rises in the tube.
The gravitational potential energy is thus
increased. Is it a violation of conservation
of energy ?

If a mosquito is dipped into water and
released, it is not able to fly till it is dry
again. Explain.

When the size of a soap bubble is increased
by pushing more air in it, the surface area
increases. Does it mean that the average
scpmnonbetwemmesurfacemoleculeo
is increased ?

Unsolved Problems :

A soap bubble of radius 1 cm. expands into
a bubble of radius 2 cm. Calculate the
increase in total surface energy if S.T. for
soap solution is 25 dyne/cm. '

How much work must be done i in biowmg
bubblé' of fadius Icm. of S.T. for
soap mluuon Ms dYne‘Icm

v .
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Calculate the work done in splitting a
water drop of radius Imm into 1000
similar droplets. (S.T. of water is 70
dyne/cm)

Calculare the height to which water will
rise in a tube of diameter 0.2 mm (S =
0.072 N/m, p = 10° kg/m’)

A glass capillary tube of diameter 0.2 mm
is dipped in mercury (S =465 dyne / cm).
What is the amount of capillary descent
(angle of contact is 135°)

Two drops of water of radius 2x107 m

coalesce. What risc of temperature will
result ?

(S.T. of water = 74 x 10* N/m, sp. heat
capacity of water =4200 Jkg' ok™")

To what height can mercury be filled in a
vessel without leak occurring if there is a

pin hole of diameter 0.1 mm at the bottom
of the vessel ?

(density of mercury = 13.6 x 10%kg/m’,
S.T. of mercury = 550x10°N/m neglect
angle of contact)

" Atube of Imm bore is dipped into a vessel

containing a liquid of density 800 kg/m’,
ST=30x107 N/m,and angle of contact

zero. Calculate thense of liquid in the tube
when the tube is held.

(a) vertical, (b) inclined to the vertical at,

an angle of 30°.

The end of a capillary tube of radius ris,
immersed into water of surface tension
T and density p. What amount of heat

will be evolved when water rises in the

tube ?

[ Hirts : Heatevolyed = workdqpcb S.T.
- grav. pot, cne;gyﬂg;ed in thestapdmg_

column] Ny

—
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A clean glass tube of conical bore is dipped
vertically into pure water, with apex
upwards. The length of the tube is 24 cm.
The radii of upper and lower ends arc 0.01
cmand 0.04 cm respectively. Calculate the
height to which the water rises in the tube,

(S.T. of water = 75 dyne / cm)

. Calculate the pressure inside an air bubble

of radius 0.01 mm situated at a depth of
30 cm below the free surface of a liquid
of density 0.9gm/cm* and surface tension
72 dyne/cm. Given atmospheric pressure
=76 cm of Hg.

Long Type Questions :

Explain the terms surface tension and
surface energy of a liquid. Show that
surface energy per unit area is numerically
equal to surface tension under isothermal
conditions.

What do you mean by excess pressure ?
Derive an expression for excess pressure
inside a soap bubble.

Derive an expression for excess pressure
inside a water drop.

Define surface tension and angle of
contact. Derive an expression for rise of

“water in a capillary tube.

Define adhesive force and cohesive force.
Explain the shape of curves in terms of
these forces.

Fill in the Blanks Type

The surface tension of aliquid ........... with
rise of temperature,

When there is no external forces, the shape
of a small liquid drop is determined by

.......... Of the Ilqu‘d.’u ~

Two cagdlq‘nﬁ‘g{m deiare held
vertically in.a liquid. The height of the
liquid will be more in ik ,(ube o) .




| Surface Tension

4.

Kerosine oil rises up in the wich of a lantern

A soap bubble has radius 5 cm. If the soap
solution has a surface tension 30x10” N/
m, the gauge pressure within the bubble

True - False Type ;
When a soap bubble is charged it contracts.

If a drop of oil is placed on the surface of
water, it will spreed as a thin layer.

477

A liquid does not wet the surface of a
solid if the angle of contact is an obtuse
one.

Soap helps in cleaning the clothes because
it reduces the surface tension of the
solution.

When a drop of water breaks into two
droplets of equal size, there is loss in
surface energy.
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¢ ANSWERS 3
A. Multiple Choice Type Questions :

1.(a) 2.(b) 3.(d) 4.(b) 5.(c) 6.(a) 7.(d) 8.(b) 9.(b) 10.(a) 11.(c) 12.(a) 13.(c) 14.(b) 15.(c)

B. Very Short Type Questions : |

1. Due to surface tension the free surface acquires minimum surface area so that it has minimum
surface energy.

2.  Adhesive force

3. Inkrises through the small pores of the blotting paper- capillary action.

4. Seetext |

5. Nooverflow, the meniscus will adjust its curvature.

6.  Trees draw water from ground through the roots by capnllary action,

7.  Greater than atmospheric pressre.

8.  S.T.decreases as temperature increases.

9.  Due tosurface tension. When the brush is dipped in water and brought out, a water membrance
is present between consecutive hairs. Due to S.T. the membrance tries to shrink. Hence
hairs stick together.

10.  Saline water has less gapillary rise than pure water,

11. The mercury inside capillary falls below the level of mercury in the contajncr.

12. In the case of bubble air is on the concave side and hquld on the convex snde. whereas in
case of drop just the converse.

13. Isothermal condition.

14. Seetext. | A~

15. Cencave upwards. shiriin

16. Water drop = 2$ ; soap bubble =» ﬁ?‘ air bubble = — 2S

17. Soap bubble.

18. Seetext.

19. Seetext. ' ' . ” :

20. Air from the smaller bubble will flow to the larger bubble.

21.

The soap bubble size increases, hence excess pressure and pressure inside it decreases.






