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1 
VECTOR ALGEBRA 

In this chapter we define vectors and then discuss algebraic operations on 
vectors. The vector concept will be generalized in a natural way in Chapter 
2, leading to the concept of a tensor. Then in Chapter 3 we will consider 
algebraic operations on tensors. 

1.1. Vectors and Scalars 

Quantities which can be specified by giving just one number (positive, 
negative or zero) are called scalars. For example, temperature, density, mass 
and work are all scalars. Scalars can be compared only if they have the same 
physical dimensions. Two such scalars measured in the same system of units 
are said to be equal if they have the same magnitude (absolute value) and sign. 

However, one must often deal with quantities, called vectors, whose 
specification requires a direction as well as a numerical value. For example, 
displacement, velocity, acceleration, force, the moment of a force, electric 
field strength and dielectric polarization are all vectors. Operations on vectors 
obey the rules of vector algebra, to be considered below. 

Scalars and vectors hardly exhaust the class of quantities of interest in 
applied mathematics and physics. In fact, there are quantities of a more 
complicated structure than scalars or vectors, called tensors (of order 2 or 
higher), whose specification requires more than knowledge of a magnitude 
and a direction. For 'example, examination of the set of all stress vectors 
acting on all elements of area which can be drawn through a given point of an 
elastic body leads to the concept of the stress tensor (of order 2), while 
examination of the deformation of an arbitrary elementary volume of an 

I 



2 VECTOR ALGEBRA CHAP. 1 

elastic body leads to the concept of the deformation (or strain) tensor. We 
will defer further discussion of tensors until Chapter 2, concentrating our 
attention for now on vectors. 

A vector A is represented by a directed line segment, whose direction and 
length coincide with the direction and magnitude (measured in the chosen 
system of units) of the quantity under consideration. Vectors are denoted by 
boldface letters, A, B, ... and their magnitudes by IAI, IBI, ... or by the 
corresponding lightface letters A, B, . .. When working at the blackboard, 
it is customary to indicate vectors by the presence of little arrows, as in 

- -+ A, B, .... 
The vector of magnitude zero is called the zero vector, denoted by 0 

(ordinary lightface zero). This vector cannot be assigned a definite direction, 
or alternatively can be regarded as having any direction at all. 

Vectors can be compared only if they have the same physical or geometri
cal meaning, and hence the same dimensions. Two such vectors A and B 
measured in the same system of units are said to be equal, written A = B, if 
they have the same magnitude (length) and direction. 

1.1.1. Free, sliding and bound vectors. A vector like the velocity of a body 
undergoing uniform translational motion, which can be displaced parallel 
to itself and applied at any point, is called afree vector [see Fig. 1.1(a)]. In 

-
z z 

A ' , .............. c?N .... r- .............. I ............. 
I "'-1- ....... --.. M L ~. M 

a 
0 

y 
0 

y 
0 

( a 1 ( b ) ( c ) 

FIG. 1.1. (a) A free vector, which can be displaced parallel to itself; 
(b) A sliding vector, which can be displaced along its line of 

action; 
(c) A bound vector. 

y 

three dimensions a free vector is uniquely determined by three numbers, e.g., 
by its three projections on the axes of a rectangular coordinate system. It 
can also be specified by giving its magnitude (the length of the line segment 
representing the vector) and two independent angles CI. and ~ (any two of the 
angles between the vector and the coordinates axes). 

A vector like the force applied to a rigid body fastened at a fixed point, 



SEC. 1.2 VECTOR ALGEBRA 3 

which can only be displaced along the line containing the vector, is called a 
sliding vector [see Fig. l.l(b)]. In three dimensions a sliding vector is deter
mined by five numbers, e.g., by the coordinates of the point of intersection M 
of one of the coordinate planes and the line containing the vector (two 
numbers), by the magnitude of the vector (one number) and by two inde
pendent angles (J.. and ~ between the vector and two of the coordinate axes 
(two numbers). 

A vector like the wind velocity at a given point of space, which is referred 
to a fixed point, is called a bound vector [see Fig. 1.I(c)]. In three dimensions 
a bound vector is determined by six numbers, e.g., the coordinates of the 
initial and final points of the vector (M and N in the figure). 

Free vectors are the most general kind of quantity specified by giving a 
magnitude and a direction, and the study of sliding and bound vectors can 
always be reduced to that of free vectors. Therefore we shall henceforth 
consider only free vectors. 

1.2. Operations on Vectors 

1.2.1. Addition of vectors. Given two vectors A and B, suppose we put the 
initial point of B at the final point of A. Then by the sum A + B we mean 
the vector joining the initial point of A to the final point of B. This is also 
the diagonal of the parallelogram constructed on A and B, in the way shown 
in Fig. 1.2(a). It follows that the sum A + B + C + ... of several vectors 

c 

N 

(a ) ( b) ( c ) 

FIG. 1.2. (a) The sum of two vectors A + B = C; 
(b) The sum of several vectors A + B + C + ... = N; 
(c) Associativity of vector addition: (A + B) + C = A + 

(B + C) = A + B + c. 

B 

A, B, C, ... is the vector closing the polygon obtained by putting the initial 
point of B at the final point of A, the initial point of C at the final point of B, 
and so on, as in Fig. 1.2(b). The physical meaning of vector addition is clear 
if we interpret A, B, C, ... as consecutive displacements of a point in space. 
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Then the sum A + B + C + . " is just the resultant of the individual 
displacements, equal to the total displacement of the point. 

The definition just given implies that vector addition has the characteristic 
properties of ordinary algebraic addition, i.e., 

1) Vector addition is commutative: 

A + B = B + A; 

2) Vector addition is associative: 

(A + B) + C = A + (B + C) = A + B + C. 

In other words, a sum of two vectors does not depend on the order of the 
terms, and there is no need to write parentheses in a sum involving three or 
more vectors [see Fig. 1.2(c)]. 

Since the zero vector has no length at all, its initial and final points 
coincide, and hence 

for any vector A. 
The fact that a quantity is characterized by a magnitude and a direction 

is a necessary but not sufficient condition for it to be a vector. The quantity 
must also obey the laws of vector algebra, in particular the law of vector 
addition. To illustrate this remark, suppose a rigid bodyis rotated about some 
axis. Then the rotation can be represented by a line segment of length equal 
to the angle of rotation directed along the axis of rotation, for example in the 
direction from which the rotation seems to be counterclockwise (the direction 
of advance of a right-handed screw experiencing the given rotation). How
ever, directed line segments of this kind do not "add like vectors." This can 
be seen in two ways: 

1) Suppose a sphere is rotated through the angle (Xl about the y-axis in 
such a. way that one of its points Al goes into another point A 2 , as 
shown in Fig. 1.3(a), and let this rotation be represented by the 
directed line segment Cll • Suppose a second rotation of the sphere 
through the angle (X2 about the z-axis carries A2 into A 3, and let this 
rotation be represented by the directed line segment Cl2 • Then if Cll 

and Cl2 add like vectors, the rotation carrying Al into A3 must equal 
Cl l + Cl2 on the one hand, while on the other hand it must be represented 
by a directed line segment Cl3 perpendicular to the plane A l OA 3 • But 
since Cl3 does not lie in the yz-plane, it cannot be the sum of Cll and Cl2• 

This is particularly apparent in the case where 

7t 
(Xl = (X2 = - . 

2 
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c.t; 

( 0 ) 

FIG. 1.3. Rotation of a sphere about its axis. 

\ 

" \ ,,\ 

~ ~o 

( b ) 

(a) The directed ]jne segment aa does not lie in the plane of the segments 
a l and a 2 ; 

(b) Two ways of carrying a circular arc from one position (AIBI) to 
another (A 2B2 ). 

2) Both of the following operations carry a circular arc AlBion a sphere 
into a new position A2B2 [see Fig. 1.3(b)]: 

a) A rotation through IX~ radians about the axis OA I (the directed 
line segment ex~) followed by a rotation through IX~ radians about 
the axis 0 B2 (the directed line segment ex~); 
b) A rotation through IX; radians about the axis OBI (the directed 
line segment ex;) followed by a rotation through IX; radians about 
the axis OA2 (the directed line segment ex;).l 

Hence ex~ + ex~ must equal ex; + ex; if rotations. add like vectors. But 
this is impossible, since ex~ + ex~ and ex; + ex; lie in nonparallel planes. 

Remark. Unlike the case of finite rotations of a rigid body, it turns out 
that infinitesimal rotations are vectors (see Prob. 10, p. 44). 

1.2.2. Subtraction of vectors. By the vector -A ("minus A") we mean the 
vector with the same magnitude as A but with the opposite direction. Each 
of the vectors A and -A is called the opposite or negative of the other. 
Obviously, the only vector equal to its own negative is the zero vector, and 
the sum of a vector and its negative is the zero vector. 

If 
x + B = A, 
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a A-a 

A-a 

CHAP. 1 

then adding -B to both sides of the 
equation, we obtain 

x + B + (-B) = A + (-B). (1.1) 

But 

x + B + (-B) = X + [B + (-B)] 

= X + 0 = X, 

and hence (1.1) implies 

X = A + (-B). 

FIG. 1.4. Subtraction of two vectors. The right-hand side is the result of sub-
tracting B from A and is written simply 

as A - B, without any intervening parentheses. Thus subtraction of B from 
A reduces to addition of A and the negative of B, as shown in Fig. 1.4. 

1.2.3. Projection of a vector onto an axis. Given a vector A and an axis 
u (see Fig. 1.5), by the projection of A onto u, denoted by Au, we mean the 

(''''' 
I , 

+u 

( a ) 

FIG. 1.5. (a) Projection of a vector onto an axis; 

8 

( b 1 

(b) Projection of one vector onto the direction of another. 

length of the segment cut from u by the planes drawn through the end points 
of A perpendicular to u, taken with the plus sign if the direction from the 
projection (onto u) of the initial point of A to the projection of the end point 
of A coincides with the positive direction of u, and with the minus sign 
otherwise. By the unit vector corresponding to the axis u we mean the vector 
00 of unit length whose direction coincides with that of u (thus Uo = 1001 = 1). 
If cp = (A, 00) denotes the angle between A and 0 0, 2 then 

Au = A cos cp = A cos (A, 00). (1.2) 

2 Given two vectors A and B, the angle between A and B, denoted by (At B), will 
always be chosen to lie between 0 and Tt'. 
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In fact, it is clear that IA cos ([>1 always gives the length of the segment of the 
axis u between the planes drawn through the end points of A perpendicular 
to u. Moreover, the direction from the projection (onto u) of the initial point 
of A to the projection of the end point of A is the same as the positive 
direction of u if rp < n/2 and the opposite if rp > n/2. But then (1.2) auto
matically gives Au the correct sign, since cp < n/2 implies cos rp > 0 and 
hence Au / 0, while rp > n/2 implies cos cp < 0 and hence Au < O. 

Thus the projection of a vector A onto an axis u equals the product of the 
length of A and the cosine of the angle between A and the positive direction 
of u.3 

1.2.4. Multiplication of a vector by a scalar. By the product of a vector 
A and a scalar m we mean the vector of magnitude Iml times that of A, with 
the same direction as A if m > 0 and the opposite direction if m < O. Thus 

B=mA 
implies 

IBI = B = ImllAI = Iml A. 

If m = -1, then B and A are opposite vectors. In any events, the vectors B 
and A are parallel or for that matter collinear (there is no distinction between 
parallel and collinear free vectors). 

It is clear that multiplication of a vector by a scalar obeys the following 
rules: 

m(nA) = (mn)A, 

meA + B) = mA + mB, 

(m + n)A = mA + nA. 

1.3. Bases and Transformations 

1.3.1. Linear dependence and linear independence of vectors. We say that 
n vectors AI' A2 , ••• ,An are linearly dependent if there exist n scalars 
cl , c2, ••• , Cn not all equal to zero such that 

(1.3) 

i.e., if some (nontrivial) linear combination of the vectors equals zero.4 
Vectors which are not linearly dependent are said to be linearly independent. 

3 Before reading fl1rther, solve Exercise 1, p. 54. 
4 By a "trivial" linear combination of vectors we mean a combination all of whose 

coefficients vanish. 

I 
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In other words, n vectors AI' A2, ••• , An are said to be linearly independent 
if (1.3) implies 

C -c -"'-c -0 1- 2- - n- . 

Two linearly dependent vectors are collinear. This follows from Sec. 
1.2.4 and the fact that 

implies 

if CI i= 0 or 

if C2 i= O. 

Three linearly dependent vectors are coplanar, i.e., lie in the same plane 
(or are parallel to the same plane). In fact, if 

where at least one of the numbers Cb c2, C3 is nonzero, say c3, then 

where 
C=mA+nB 

C1 m= - , 
c2 n= - , 

(1.4) 

(1.5) 

i.e., C lies in the same plane as A and B (being the sum of the vector mA 
collinear with A and the vector nB collinear with B). 

1.3.2. Expansion of a vector with respect to other vectors. Let A and B 
be two linearly independent (i.e., noncollinear) vectors. Then any vector C 
coplanar with A and B has a unique expansion 

C=mA+nB (1.6) 

with respect to A and B. In fact, since A, Band C are coplanar, (I.4) holds 
with at least one nonzero coefficient, say c3. Dividing (I.4) by c3, we get (1.6), 
where m and n are the same as in (1.5). To prove the uniqueness of the 
expansion (I.6), suppose there is another expansion 

C = m'A + n'B. (1.7) 

Subtracting (1.7) from (1.6), we obtain 

(m - m')A + (n -- n')B = O. 

But then m = m', n = n' since A and B are linearly independent. In other 



SEC. 1.3 VECTOR ALGEBRA 9 

words, the coefficients m and n of the expansion (1.6) are uniquely deter
mined. 

Let A, Band C be three linearly independent (i.e., noncoplanar) vectors. 
Then any vector D has a unique expansion 

D = rnA + nB + pC (1.8) 

with respect to A, Band C. To see this, 
draw the vectors A, B, C and D from a 

common origin 0 (see Fig. 1.6). Then 
through the end point of D draw the three 
planes parallel to the plane of the vectors 
A and B, A and C, Band C. These planes, 
together with the planes of the vectors A 
and B, A and C, Band C form a parallel
epiped with the vector D as one of its diag
onals and the vectors A, Band C (drawn 
from the origin 0) along three of its edges. 
If the numbers m, nand p are such that rnA, 
nB and pC have magnitudes equal to 

mAF----+---< 

pC c 
FIG. 1.6. An arbitrary vector D has 
a unique expansion with respect to 
three noncoplanar vectors A, B 

and C. 

the lengths of the corresponding edges of the parallelepiped, then clearly 

D = rnA + (nB + pC) = rnA + nB + pC 

as shown in Fig. 1.6. 
To prove the uniqueness of the expansion (1.8), suppose there is another 

• expansIOn 
D = m' A + n'B + p'C. (1.9) 

Subtracting (1.9) from (1.8), we obtain 

(m - m')A + (n - n')B + (p - p')C = o. 

But then m = m', n = n', p' = p since A, Band C are linearly independent by 
hypothesis. 

Remark. It follows from the above considerations that any four vectors 
in three-dimensional space are linearly dependent. 

1.3.3. Bases and basis vectors. By a basis for three-dimensional space we 
mean any set of three linearly independent vectors eb e2, e3• Each of the 
vectors e1, e2, e3 is called a basis vector. Given a basis el> e2 , e3, it follows from 
the above remark that every vector A has a unique expansion of the form 
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It should be emphasized that any triple of noncoplanar vectors can serve as 
a basis (in three dimensions). 

Suppose the vectors of a basis eh e2 • e3 are all drawn from a common 

o x 

FIG. 1.7. An oblique coordinate system 
with basis e l • e2 • e3 • 

origin O. and let 0 Xk denote the line 
containing the vector ek • where k ranges 
from 1 to 3.5 This gives an oblique co
ordinate system with axes Ox!, Ox2, 

OX3 and origin 0 (see Fig. 1.7). The 
case of greatest importance is where 
the basis vectors el , e2, e3 are orthog
onal to one another and are all of 
unit length (such vectors are said to 
be orthonormal and so is the corre
sponding basis). The coordinate sys
tem is then called rectangular instead 
of oblique, and we write Xl' X 2 , Xa 

instead of Xl, X2, X3 (for reasons that 
will become clear in Sec. 1.6) and ib i2, 
i3 instead of el , e2 , e3• 

The position of a point M relative to a given coordinate system (rec
tangular or not) is uniquely determined by its radius vector r = reM), i.e., 
by the vector drawn from the origin of the coordinate system to the point M 
(see Figs. 1.7 and 1.8). Suppose M has coordinates Xl' X 2 , Xa in a rectangular 
coordinate system. Then Xl> X2' X3 are the signed distances between M and 

/ 

/ 
/ 

/ 

r--

FIG. 1.8. A rectangular coordinate system with basis il, i2, i3. 

5 The reason for writing k as a subscript in ek and as a superscript in Xk will soon be 
apparent. Do not think of Xk as x raised to the kth power! 
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the planes X 20X3, X30XI and X IOX2, and hence 

r = xliI + x2i2 + x3i3' 

The great merit of vectors in applied problems is that equations describing 
physical phenomena can be formulated without reference to any particular 
coordinate system. However, in actually carrying out the calculations needed 
to solve a given problem, one must eventually cast the problem into a form 
involving scalars. This is done by introducing a suitable coordinate system, 
and then replacing the given vector (or tensor) equations by an equivalent 
system of scalar equations involving only numbers obeying the ordinary 
rules of arithmetic. The key step is to expand the vectors ( or tensors) with 
respect to a suitable basis, corresponding to the chosen system of co
ordinates. 

Consider, for example, the case of two dimensions. The position of a 
point M in the plane is uniquely determined by its radius vector r relative to 
some fixed point 0 which can be chosen arbitrarily and is independent of any 
coordinate system. However, before making any calculations, we must intro
duce a coordinate system. Then the position of the point M is given by two 
numbers p and q (called its coordinates), which now depend both on the 
coordinate system and on the units of measurement. In a rectangular system, 
these coordinates are just the (signed) distances p == Xl and q == X 2 between 
M and two perpendicular lines going through the origin of coordinates. 
Holding one coordinate fixed, say p == const, and continuously varying the 
other coordinate, we obtain a coordinate curve. Thus there are two coordinate 
curves passing through every point of the plane. In rectangular coordinates 
these curves are simply the lines parallel to the coordinate axes. As the basis 
vectors corresponding to the coordinates p and q, we choose the unit vectors 
(i.e., the vectors of unit length) tangent to the coordinate curves at the point 
M. In rectangular coordinates these are just the unit vectors il and i2 parallel 
to the coordinate axes. 

Clearly, the basis vectors il and i2 of a rectangular coordinate system are 
independent of the point M and always intersect at right angles. Suppose, 
however, that the position of M is specified in polar coordinates, i.e., by 
giving the distance R between M and a fixed point 0 (called the pole) and the 
angle cp between the line joining 0 to M and a fixed ray (called the polar axis) 
drawn from O. The coordinate curves are then the circles of radius R and the 
rays of inclination cp, and the corresponding basis vectors are the unit vectors 
eR and etj) shown in Fig. 1.9(a). Note that although eR and etj) vary from point 
to point, they always intersect at right angles (compare the basis at M with 
that at N). Coordinate systems whose basis vectors intersect at right angles 
are called orthogonal systems, and are the systems of greatest importance in 
the applications. Coordinate systems whose coordinate curves are not 
straight lines are called systems of curvilinear coordinates (as opposed to 
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( a ) 

o 

( b) 

FIG. 1.9. Curvilinear coordinates in the plane. 

(a) Polar coordinates; 
(b) "Generalized" polar coordinates. 

CHAP. 1 

rectangular or oblique coordinates). Three-dimensional curvilinear co
ordinates will be considered in detail in Sec. 2.S. 

Given a system of polar coordinates Rand 0 with pole 0, consider a 
system of rectangular coordinates Xl and X2 with origin 0, and suppose the 
Xl-axis coincides with the polar axis of the system of polar coordinates. Then 
the relation between the rectangular coordinates Xl, X 2 and the polar 
coordinates R, cp is given by the formula 

Xl = R cos cp, X 2 = R sin cp ( 1.10) 
and 

R = .jx~ + x: (0 <: R < (0), 

X2 tan rp =- (0 <: rp < 27t). 
Xl 

More generally, consider the system of "generalized" polar coordinates u and 
o whose coordinate curves are the ellipses 

u= (0 <: u < (0) 

(a > 0, b > 0, a i= b) and the rays 

t C\ _ax-=2 an v = 
bXI 

(0 <: 0 < 27t), 

where the analogue of (1.10) is now 

Xl = au cos 0, X 2 = bu sin O. 
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The corresponding basis vectors are the unit vectors eu and ea shown in 
Fig. 1.9(b). Note that not only do eu and eayary from point to point as in the 
case of ordinary polar coordinates, but the angle between them also varies 
(compare the basis at M with that at N) and is in general not a right angle. 
F or this reason, the system of coordinates u, e is said to be non orthogonal. 

Remark. Orthogonal coordinates are the preferred coordinates for solving 
physical problems. However, many prop-
erties of orthogonal coordinates become 
clearer when they are regarded as a lim
iting case of nonorthogonal curvilinear 
coordinates. Thus, in this book, vectors 
and tensors will be considered in orthog
onal coordinates for the most part, but 
non orthogonal coordinates will also be 
used occasionally. 

1.3.4. Direct and inverse transforma
tions of basis vectors. Consider two bases 
e1, e2, ea and e~, e~, e~ drawn from the same 
point O. Then any vector of the first basis 
can be expanded with respect to the 
vectors of the second basis and conversely 

I 

82 

FIG. 1.10. Expansion of the vector e: 
with respect to the vectors el> e2, e3. 

(see Fig. 1.10). Let cx~" cx~" cx~, be the coefficients of the expansion of e~ with 
respect to the vectors e1, e2' ea, respectively. Then 

or more concisely, 

a 

e~ = cx~,el + cx~,e2 + cx~,ea = ! cx~,ek' 
k=l 
a 

e~ = cx~,el + cx~.e2 + cx~.ea = ! cx~,ek' 
k=l 

a 

e~ = cx~.el + cx;.e2 + cx~.ea = ! cx~.ek' 
k=l 

(i = 1,2,3). (1.11) 

The nine numbers cx~, (i, k = I, 2, 3) are called the coefficients of the direct 
transformation (from the unprimed basis to the primed basis). 

Similarly, let cxr, cx~', cx~' be the coefficients of the expansion of e i with 
respect to the vectors e~, e~, e~, respectively, so that 

(i = 1, 2, 3). (1.12) 

Then the nine numbers cx~' (i, k = I, 2, 3) are called the coefficients of the 
inverse transformation (from the primed basis back to the unprimed basis) . 

• 
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There are simple relations between the coefficients of the direct and the 
inverse transformations. In fact, substituting the expansions of the vectors 
eb e2 , ea from (1.12) into (1.11) and regrouping terms, we obtain 

, 1 + 2 + a ei = (Xi,e1 (Xi,e2 (Xi,ea 

(1.13) 

In just the same way, we find that 

Together this equation and (1.13) imply the following eighteen relations: 

a 0 if i -::/-= j, ! I "' (Xi'(X~ = 
1 if 

. • 
1=1 I = j, 

(1.14) 
if a 0 i -::/-= j, ! I' ; (Xi (Xl' = 

1 if • • 
1=1 I = j. 

1.4. Products of Two Vectors 

1.4.1. The scalar product. By the scalar product (synonymously, the dot 
product) of two vectors A and B, denoted by A· B, we mean the quantity 

A • B = IAI IBI cos (A, B), (1.15) 

i.e., the product of the magnitudes of the vectors times the cosine of the angle 
between them. It follows from (1.15) and the considerations of Sec. 1.2.3 that 
the scalar product of A and B equals the magnitude of A times the projection 
of B onto the direction of A [see Fig. 1.5(b)] or vice versa, i.e., 

A· B = ABB = ABA' 

Scalar multiplication of two vectors is obviously commutative: 

A· B = B· A. 

, 
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It is also distributive (with respect to addition), i.e., 

A . (B +- C) = A • B +- B . C, 

as can be seen at once from Fig. 1.11. 
A necessary and sufficient condition for two vectors A and B to be 

perpendicular is that 

A· B = 0. 

In fact, if A -.L B, then cos (A, B) = ° 
and hence A • B = 0, while if A • B = ° 
and A '* 0, B '* 0, then cos (A, B) = ° and hence A -.L B.6 

The projection of a vector A onto 
an axis u equals the scalar product of 
A and the unit vector Do corresponding 
to u: 

Au = A • Do = A cos (A, Do). 
. 

This is an immediate consequence of 
formula (1.2). 

Given a system of rectangular co

C 

\ 

/1 

\ 
B+C 

/ 

FIG. 1.11. Distributivity of the scalar 
product: 

Since ON = OM + MN, 

IAI ON = IAI OM + IAI MN, . 
I.e. , 

A • (B + C) = A • B + B • C. 

ordinates Xl, X2, x3, let iI' i2, i3 be the corresponding basis vectors. Then 
any vector A can be represented in the form 

(1.16) 

[recall (1.8)]. Since the vectors iI' i2, i3 are orthonormal (see p. 10), we have 
the orthonormality conditions 

° if j'* k, • • 
li·lk = 

1 if j = k. 
(1.17) 

But then 

A • il = (AliI + A2i2 + A3i3) • il = AliI· il +- A2il • i2 +- A3il • i3 

= Al . 1 +- A2 . ° +- A3 . ° = AI' (1.18) 

and similarly 
A -i2 = A 2 , A· i3 = A 3• (1.19) 

In other words, AI' A2 and A3 are the projections of the vector A onto the 
coordinate axes. The numbers AI' A2 and A3 are called the components of A 
with respect to the given coordinate system. It follows from (1.17)-(1.19) 
that 

(1.20) 

6 If A = 0, say, then A can be regarded as having any direction at all, in particular 
the direction perpendicular to B or parallel to B. 
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The scalar product of two vectors A and B can easily be expressed in 
terms of their components: 

A • B = (AliI + A2i2 + A3i3) . (Blil + B2i2 + B3i3) 

= AIBlil • il + A2Bli2 • il + A3Bli3 • il + AIB2il • i2 + ... + A3B3i3 • i3. 

The orthonormality conditions (1.17) then imply the important formula 

(1.21) 

1.4.2. The vector product. Given two vectors A and B, let C be the vector 
such that 

1) C is of magnitude IAIIBI sin (A, B) equal to the area of the parallelo
gram "spanned" by A and B (see Fig. 1.12); 

2) C is perpendicular to the plane of A and B; 
3) C points in the direction from which the rotation from A and B 

(through the smaller of the two possible angles) appears to be counter
clockwise. 

c = A x B 

FIG. 1.12. The vector product. 

Then C is called the vector product (synonymously, the cross product) of A 
and B, denoted by A x B. Note that the vector product A x B points in the 
direction of advance of a right-handed screw turned from A to B. 

Unlike the scalar product, the vector product is not commutative, and in 
fact 

A x B = -B x A 

(why 1), but it does obey the distributive law 

A x (B + C) = A x B + A x C 

as shown in Fig. 1.13. 
A necessary and sufficient condition for two vectors A and B to be 

parallel is that 
A x B = 0. 

In fact, if A II B, then sin (A, B) = ° and hence A x B = 0, while if A x B = ° and A*- 0, B *- 0, then sin (A, B) = ° and hence A II B (see footnote 6, 
p. 15). 
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C B+C 
I I 

A 

I 
I 
I 

d ___ f-C ~~~~~ ~~b~1 ____ _ 

I 

p 

FIG. 1.13. Distributivity ofthe vector product: A X (B + C) = A X B + 
A X C: 

Project the vectors B, C and B + C onto the plane P perpendicular to 
A. Then enlarge the sides of the resulting triangle Ocb IAI times, obtain
ing the triangle Ode. Rotate Ode through the angle Tt/2 in a way that 
would cause a right-handed screw to advance in the direction of A. 
This carries Ode into Odlel (and the points c, b into Ch bl). Draw 

-+ -+ -+ 
the vectors Odh Oel and eldl. Then the distributivity of the vector 
product follows from 

-+ -+ -+ 
Odl = A X (B + C), eldl = A X C, Oel = A X B, 

together with 
-+ -+ -+ 

Odl = Oel + eldl. 

Let iI' i2 and i3 be the basis vectors of a right-handed coordinate system 
like that shown in Fig. 1. 14(a). Then 

• • • • • • 
11 X 12 = 13, 12 X 13 = II> 

• • • 
13 X 11 = 12, 

il X il = 0, i2 X i2 = 0, i3 X i3 = 0, 
or more concisely .. . . . ° 

I; X Ik = Iz, 1m X 1m = , 

L2 
~-..... ---·..r2 B 

AxB 
B A 

AxB 

( a ) (b) 

FIG. 1.14. The vector product A X B in right-handed and left-handed 
coordinate systems. 

(1.22) 

• 
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where the indices i, j, k are a cyclic permutation of the numbers I, 2, 3. 7 

Suppose we had defined the direction of A x B as the direction of advance 
of a left-handed screw when rotated from A to B. Then the formu'as (1.22) 
would hold in a left-handed coordinate system, in which the axes have the 
relative positions shown in Fig. 1.14(b), and the vector product would have 
the direction opposite to the one it has in the original definition. From now 
on, for a reason that will be apparent later (see Secs. 3.4.2 and 3.7), we replace 
condition 3 on p. 16 by 

3') The direction of A x B is such that the vectors A, B, A x B (in that 
order) have the same "handedness" as the underlying basis iI, i2, i3 
itself (see Fig. 1.14). 

Vectors (like the moment of a force, the angular velocity, etc.) whose 
direction is established by convention, and which therefore change direction 
when the "handedness" of the coordinate system is changed (from right
handed to left-handed, say) are called axial vectors. Vectors (like force, 
velocity, etc.) whose direction depends only on their physical meaning, and 
which therefore do not change direction when the "handedness" of the 
coordinate system is changed, are called polar vectors. To determine the 
nature of a vector, imagine it reflected in a mirror perpendicular to itself. 
If the reflection preserves the direction of the quantity describing the physical 
phenomenon, then the vector is axial (see Fig. 1.15). More will be said about 

( a ) ( b ) 

FIG. 1.15. (a) Force is a polar vector, since reflection reverses the force; 
(b) Angular velocity is an axial vector, since reflection has no 

effect on the rotation. 

axial vectors (pseudovectors) and related quantities in Sec. 3.7. From now 
on, all coordinate systems and bases will be assumed to be right-handed 
unless the contrary is explicitly stated. 

By using (1.22), we can easily express the vector product of two vectors 

1 The cyclic permutations of 1, 2, 3 are 

1,2,3, 2,3,1, 3,1,2. 

They differ from 1,2, 3 by an even number of transpositions. 
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A and B in terms of their components: 

Thus 

C = A x B = (AliI + A2i2 + A3i3) X (Blil + B2i2 + B3i3) 

= (A2B3 - A3B2)il + (A3Bl - AlB3)i2 + (AlB2 - A2Bl)i3. 

Cl = (A X B)l = A2B3 - A3B2' 

C2 = (A X B)2 = A3Bl - AlB3, 

C3 = (A x B)a = AlB2 - A2Bl, 
or more concisely 

(1.23) 

where i, j, k is a cyclic permutation of the numbers 1, 2, 3. Formula (1.23) 
leads to the following simple way of writing the vector product as a deter-
minant: . . . 

11 12 13 

c = A x B = Al A2 A3 . (1.24) 

Bl B2 B3 

1.4.3. Physical examples. Vector and scalar products are intimately 
associated with a variety of physical concepts. For example, the work done 
by a force applied at a point is defined as the product of the displacement 
and the component of the force in the direction of displacement. s Thus the 
component of the force perpendicular to the displacement "does no work." If 
F is the force and s the displacement, then the work W is by definition equal to 

W = Fss = Fs cos (F, s) = F • s. (1.25) 

Suppose the force makes an obtuse angle with the displacement, so that the 
force is "resistive." Then the work is regarded as negative, in keeping with 
formula (1.25). 

The simplest physical model of a vector product is the moment M of a 
force F about a point 0, defined as 

M = r x F, 

where r is the vector joining 0 to the initial point of F. The positive direction 
of the vector M depends on the choice of the coordinate system, like the 
direction of the angular velocity vector due to the action of the moment M. 

An electric charge e in an electric field E experiences a force 

Fe = eE, 

while an electric charge e moving with velocity v in a magnetic field H 
experiences a force 

e 
Fm = - (v x H), 

c 

8 I.e., the projection of the force onto the direction of the displacement. 
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where c is the velocity of light. 9 Hence tbe total force experienced by an 
electric charge e moving with velocity v in an electromagnetic field with electric 
field E and magnetic field H is given by 

F = eE + e (v x H). 
c 

If the charge moves a distance dr in time dt, the work done by the electro
magnetic field is 

F • dr = F· dr dt = F • v dt = [eE + e (v x H)] . v dt. 
dt c 

This work goes into changing the kinetic energy U of the moving charge. 
The magnetic field does no work, since the force F m due to the magnetic 
field is perpendicular to v at every instant. Hence the work done by the 
electromagnetic field is due to the electric field alone and is done at the rate 

dU 
- = eE·v. 
dt 

The magnetic field changes the direction of the charge'S velocity, but not the 
magnitude of the velocity. 

1.5. Products of Three Vectors 

1.5.1. The scalar triple product. By the scalar triple product of three 
vectors A, Band C, we mean the scalar 

v = (A x B)· C = IA x BI CAXB = IA x BI h, 

where CAXB = h is the projection of C onto the direction of A x B (see Fig. 

Ax8 
-r----?I 

- - I - / - / -- --- ---r / /;-~--/ / 
c / /8 / 

I ---~ 

-------------
~:-.-~--

A 

FIG. 1.16. The scalar triple product 
of three vectors. 

1.] 6), i.e., the height of the parallelepiped 
"spanned" by A, Band C. Since IA x BI 
is the area of the base of this parallelepiped, 
the scalar triple product is just the volume of 
the parallelepiped taken with the plus sign 
or the minus sign depending on whether the 
angle between the vectors C and A x B is 
acute or obtuse. 

Using formulas (1.21) and (1.24), we 
deduce the following simple representation 
of the scalar triple product in terms of the 

9 Here E and H are the values of the fields at the position of the charge. In general, of 
course, E and H vary from point to point. 
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components of the vectors A, Band C in a rectangular coordinate system: 

It follows from (1.26) and a familiar property of determinants that the scalar 
triple product is invariant under cyclic permutations of the vectors A, Band 
c: 

(A x B) • C = (B x C) • A = (C x A) • B. (1.27) 

Moreover, the scalar triple product vanishes if two of the vectors A, Band C 
are identical (or parallel): 

(A x B) • A = (A x B) • B = (A x A) • B = O. 

Three vectors A, Band C are coplanar (linearly dependent) if and only if 
they span a parallelepiped of zero volume, i.e., if and only if their scalar triple 
product vanishes: 

Al A2 A3 

(A x B) • C = BI B2 B3 = O. (1.28) 

CI C2 C3 

It follows that three vectors A, Band C form a basis ifand only if(A x B)· C"* 
O. The basis is said to be right-handed if (A x B) • C > 0 and left-handed 
if (A x B) • C < O. A typical right-handed basis is shown in Fig. l.I4(a) 
and a typical left-handed basis in Fig. 1.14(b). 

1.5.2. The vector triple product. By the vector triple product of three 
vectors A, Band C, we mean the vector A x (B x C). Clearly A x (B x C) 
is perpendicular to A and lies in the plane of Band C (see Fig. 1.17). 

axe 

B 

FIG. 1.17. The vector triple product of three vectors. 

1 

I 
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Suppose the vectors A, Band Care noncollinear [otherwise A x (B x C) 
vanishes trivially]. Then A x (B x C) has a unique expansion of the form 

A x (B x C) = mB + nC (1.29) 

(recall Sec. 1.4.2). To determine the scalars m and n, we introduce the vectors 

D = B x C, E = A x D = A x (B x C), 

with components Db D2, D3 and El , E2 , E3 in the same rectangular coordinate 
system used to define the components of A, Band C. Then, according to 
(1.23), 

and moreover 

It follows that 

D2 = (B X C)2 = B3Cl - Bl C3 , 

D3 = (B X C)3 = Bl C2 - B2Cl • 

El = A2(Bl C2 - B2Cl ) - A3(B3Cl - Bl C3) 

= Bl (A 2C2 + A3C3) - Cl (A 2B2 + A3B3)· 

Adding and subtracting AlBlCl from the right-hand side and using (1.21), 
we find that 

In just the same way, it turns out that 

E2 = B2(A • C) - C2(A • B), 

E3 = B3(A • C) - C3(A • B). 

Therefore the coefficients m and n in (1.28) are 

m = A· C, n = -A· B, 

so that (1.29) finally becomes 

A x (B x C) = B(A . C) - C(A . B). 

It follows from (1.30) that 

(A x B) x C = B(A • C) - A(B • C). 

(1.30) 
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1.5.3. "Division" of vectors. The solution of 
equations usually leads to the operation of division, 
an operation which in the case of vectors is not 
unique. This difficulty appears even in the case 
of the scalar product (the simplest of the products 
introduced above). In fact, thinking of division as 
the inverse of multiplication, let 

a·x = m 

where x is an unknown vector. This equation has 
infinitely many solutions, since it merely determines 
the projection of x onto the direction of the given 
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OXo = m 
:----......;;~-~~a 

FIG. 1.18. Illustrating the 
equation a • x = aXa = m. 

vector a (see Fig. 1.18). Hence the operation of division is best avoided 
altogether in vector algebra. 

1.6. Reciprocal Bases and Related Topics 

1.6.1. Reciprocal bases. Given any vector A, let iI, i 2, i3 be three ortho
normal vectors. Then 

(1.31) 

[cf. (1.20)]. The generalization of (1.31) to the case of three orthogonal 
vectors eI, e2 , e3 (not necessarily of unit length) is immediate. We need 
merely note that the vectors 

(1.32) 

(e i = leil, i = 1,2, 3) are orthonormal, and then substitute (1.32) into (1.31), 
obtaining 

(1.33) 

We now consider the even more general problem of expanding an arbitrary 
vector A with respect to three noncop]anar vectors e!) e2, e3, which are in 
general neither orthogonal nor of unit length. Let the expansion coefficients 
be Al A2 A3 so thaPO , , , 

10 Again we point out that a superscript on a coordinate, a component or a vector has 
nothing to do with the exponent of a quantity raised to a power (cf. footnote 5, p. to). 
The significance of this notation will be apparent in Sec. 1.6.3. 
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Then the problem reduces to projecting A onto the axes of some coordinate 
system and solving the resulting system of three scalar equations for the 
unknowns AI, A2, A3. This important problem can be solved directly by the 
method of reciprocal bases. 

Two bases eI, e2, e3 and el , e2, e3 are said to be reciprocal if they satisfy the 
condition 

e .• ek = , 
o 
1 

if i =1= k, 

if i = k. 
(1.34) 

In other words, each vector of one basis is perpendicular to two vectors of the 
other basis, i.e., the two vectors whose indices have different values.u 
Moreover (1.34) implies 

and hence cos (ei , e i ) > O. Hence each vector of one basis makes an acute 
angle (possibly a right angle) with the vector of the other basis whose index 
has the same value. 

If we construct the parallelepipeds spanned by the two bases [of volumes 
I VI = leI· (e2 x e3)1 and I V'I = leI. (e2 x e3)1], then the faces of each par

FIG. 1.19. Reciprocal bases and their 
parallelepipeds. The magnitude of e3 

equals the reciprocal of the parallel 
altitude h. 

allelepiped are perpendicular to the edges 
of the other. Since (1.34) implies 

. 1 
le.~1 = i ' 

leil cos (ei , e) 

the magnitude of each vector of one basis 
eq uals the reciprocal of the corresponding 
parallel altitude of the parallelepiped 
spanned by the reciprocal basis (see Fig. 
1.19). 

To explicitly construct the reciprocal 
basis e1, e2

, e3 corresponding to a given 
basis el , e2 , e3, we proceed as follows: 
The vector e l must be perpendicular to 
the vectors e2 and e3• Therefore 

el = m(e2 x e3), 

where the scalar m can be determined from the condition 

• I.e., 

11 The term index will be used to denote either a subscript or a superscript. 
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Since e1 • (e~ x e3) i= 0 (the vectors e1 , e2 , e3 are noncoplanar, being basis 
vectors), we have 

e1 = e2 x e3 e2 x e3 , (1.35) 
e1 • (e2 x e3) V 

where I VI is the volume of the parallelepiped spanned by the basis e1, e2, e3• 

Similarly, we find that 

Together with (1.35), this gives 

(1.36) 

where i,j, k is a cyclic permutation of 1, 2, 3. 
The analogous formulas for the vectors el> e2 , e3 in terms of the vectors 

e\ e2, e3 are found in the same way and take the form 

e2 x e3 e2 x e3 

e1 = = 
e1 

• (e2 x e3
) V' 

, 

e3 x e1 

e2 = 
V' 

, 

, 

where I V'I is the volume of the parallelepiped spanned by the basis e1, e2
, e3• 

More concisely, we have 

V' 
, 

where i, j, k is again a cyclic permutation of 1, 2, 3. 
The following two properties of reciprocal bases should be noted: 

1) The reciprocal basis of an orthonormal basis e1 = it, e2 = i 2, e3 = i3 

is itself an orthonormal basis, consisting of the same vectors. In fact, 

• • 
e1 = e2 x e3 12 x 13 

e1 ·(e2 x e3) i1 ·(i2 xi3) 

[recall (1.17) and (1.22)], and similarly 

2) Two reciprocal bases are either both right-handed or both left-handed. 
This follows from the formula VV' = 1 (whose proof is left as an 
exercise). 
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We now return to the problem of expanQing a vector A with respect to 
three noncoplanar vectors eh e2, e3, i.e., of finding the coefficients AI, A2, A3 
in the formula 

(1.37) 

Let et, e2, e3 be the reciprocal basis of el , e2 , e3• 

that 
Then it follows from (1.34) 

3 
i "" k iii i A • e = £. A ek • e = A e i • e = A (i = 1,2, 3). 

k=1 

For example, 

Thus (1.37) becomes 

A I = A • el = A • (e2 x e3) • 

el • (e2 x e3) 

A = (A· e1)el + (A· e2)e2 + (A. e3)e3, 

which is the desired generalization of (1.31) and (1.32). 
Using the reciprocal basis, we can easily find the vector A satisfying the 

system of equations 

(1.38) 

In fact, it follows from (1.34) that 

A = mie l + m2e2 + m3e3 

is a solution of (1.38). Moreover, A is unique since if A' were another 
solution, i.e., if A' satisfied the system 

(1.39) 

then subtracting every equation of (1.39) from the corresponding equation 
of (1.38) would give 

(A - A') • el = (A - A') • e2 = (A - A') • e3 = O. 

But then A - A' = 0 and hence A = A', since a vector perpendicular to 
every vector of the basis eh e2 , e3 must vanish (why?). 

1.6.2. The summation convention. From now on, we will make free use of 
the following convention, universally encountered in the contemporary 
physical and mathematical literature : 

1) Every letter index appearing once in an expression can take the values 
1, 2 and 3. Thus Ai denotes the set of 3 quantities 

Aik the set of 32 = 9 quantities 
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Aik the set of 32 = 9 quantities 

All Al2 Al3 A21 A22 A23 A31 A32 A33 , , , , , , , , , 
and so on. 

2) Every letter index appearing twice in one term is regarded as being 
summed from 1 to 3. Thus 

3 

Aii = 1 Aii = An + A22 + A 33, 
i=l 

3 

AiBkCi = Bk 1 AiCi = Bk(AICI + A 2C
2 + A3C3). 

i=l 

(1.40) 

With this convention, we can drop the summation signs in (1.11) and 
(1.12), writing simply 

k' I e j = rt.jek· 

Note that in the second of these equations, the summation is over k and not 
over k'. In other words, the prime in rt.J' "attaches itself" to any value of k. 
Similarly, we can drop both summation signs in (1.13) and (1.14), obtaining 

I Z k' , 
e i = rt.i'rt.l ek, 

l' k ei = rt.i rt.l,ek· 

The value of a sum obviously does not depend on the particular letter chosen 
for an index of summation, e.g., 

Aii = Akk = All + A22 + A 33· 

For this reason, indices of summation are often called "dummy" indices. 
There is another convention that will prevail throughout this book: Let 

K and K' be two coordinate systems, and let P be an arbitrary point. Then 
the coordinates of P in K will be denoted by Xi (or by Xi if K is not a rec
tangular system), and the coordinates of the same point P in K' will be denoted 
by x; (or by X'i if K' is not a rectangular system). The same rule also applies 
to components of vectors (and, more generally, of tensors). Thus, for example, 
Al and A~ are the components of the same vector A with respect to the "first" 
axis of the systems K and K', respectively, and not the components of two 
different vectors in the same system. 

1.6.3. Covariant and contravariant components of a vector. In studying 
reciprocal bases, we found that the same vector A can be expanded as 

3 

A = AIel + A 2e2 + A 3e3 = 1 Aiei - Aiei 
i=l 
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with respect to the vectors of one basis el, C2, e3, and as 

3 

A = AIel + A 2e
2 + A3e3 = 1 Alei 

- Aiei 
I ~ 1 

(Ai = A • ei ) (1.42) 

with respect to the vectors of the reciprocal basis el, e2, e3. The numbers Ai 
are called the contramriant components of A, while the numbers A i are 
called the covariant components of A. The situation is illustrated by Fig. 1.20, 
which shows the covariant and contravarIant components of a vector A 
lying in the plane of the vectors el and e2 . 

. i2 
-- ----0---------
le 21 A 

/ I~ e1 

/ 1 1
8

11 
/ 

1 

Al 1 

I 
I ell 

FIG. 1.20. Covariant and contravariant components of a vector in the 
plane: 

The covariant components AI, A2 can be found either from the com
ponents Al lell, A~ le2 1 of the vector A with respect to the directions of 
the reciprocal basis or from the projections A lilt'll, A 2/1c21 of A onto 
tht~ axes of the original basis. The contravariant components AI, A2 
can be found either from the components AI lcd, A21c zl of A with 
respect to the directions of the original basis or from the projections 
Al/leli. A2/1c 2

1 of A onto the axes of the reciprocal basis. 

These designations of the components of a vector stem from the fact that 
the direct transformation of the covariant components involves the coefficients 
~~, of the direct transformation, i.e., 

(1.43) 
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while the direct transformation of the contravariant components involve the 
coefficients exf of the inverse transformation: 

A'i - ilAk 
- (J.k • (1.44) 

To see this, let A have covariant components Ai and contravariant com
ponents Ai in the coordinate system defined by the basis eb e2, e3, and let A 
have covariant components A; and contravariant components A'i in another 
coordinate system defined by the basis e~, e~, e~. First we observe that 
formulas (1.11) and (1.12), p. 13 imply 

k I k tv., = e· • e VIo~ , , (1.45) 

Then, forming the scalar product of the vector e~ and both sides of the 
expansion A = Ake\ we obtain 

A I A I k ·e·= ke··e , " 

which reduces to (1.43) because of (1.42) and (l.45). Similarly, forming the 
scalar product of the vector e'i and both sides of the expansion A = Akek, 
we obtain 

which reduces to (1.44) because of (1.4 1) and (1.45). We leave it as an 
exercise for the reader to verify that the inverses of the formula (1.43) and 
(1.44) are 

A k'A' . = tv. k , VIo, , 

In connection with the concept of contravariant components, it should be 
noted that the coordinates of a point in an oblique coordinate system should 
be written with superscripts: xl, X2, x3 • This is immediately clear if we recall 
from Fig. 1.7, p. 10 that the coordinates are the contravariant components 
of the radius vector of the point: 

r = x1e1 + x2e2 + x3e3 == xkek. 

1.6.4. Physical components of a vector. It will be recalled that operations 
on vectors are defined purely geometrically, with vectors thought of as 
directed line segments of length proportional to the magnitude of the 
quantities they represent and without regard for the physical dimensions of 
these q uantities. 12 Clearly the physical dimensions of the components A i and 
Ai of the same vector A = Aie i = Aiei are different, in a way determined by 
the dimensions of the basis vectors and the relations ei • ei = 1. However, it 
is possible to introduce "physical" components of vectors, whose dimensions 

12 Except for the obvious requirement that all vectors appearing as terms in the same 
equation have the same physical dimensions. 
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coincide with those of the vectors themselves. This is done by defining a new 
"unit basis" 

* ei e· =--....;.... 
t 

leil 

(the vectors ei are all of unit length) and its reciprocal basis 

e*i = ei leil . 
Then 

where, by definition, Ai and A *i are the physical components of A. 
The relation between the physical components of a vector and its co

variant and contravariant components is easily found to be 

A* = Ai 
t I ei I ' 

(no summation over i). 

As can be seen from Fig. 1.21, the A *i are the components (parallel projections) 

.4:* 
e*2 \ 

\ 
\ 
\ 

\ 
\ ,1'2 

\ 
\ 

\ 
\ 

e**2 \ 

4* \2 
\ 

.4**2 
\ 

---- A 
/ef ef* 

x' 0 .4* 1 * / I .4, 
/ 

/ I 
.4**1 I 

e**1 
I 
I 
I 
I 
I 
I 

e*' I 
.4~ * 

FIG. 1.21. The "physical" components of a vector. 

I 
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of A onto the directions of the vectors ei, while the Ai are the (orthogonal) 
projections of A onto the same directions. 

We can just as well start from the reciprocal basis, defining. the unit basis 
as 

and its reciprocal as 

We then have 

and 

** e· t 
* e l 

i.e., both definitions are essentially equivalent, with everything reducing to 
the choice of units of measurement. 

It should be emphasized that calculations are almost always done with 
ordinary covariant and contravariant components, with the transcription to 
physical components being made only at the end (if necessary). 

1.6.5. Relation between covariant and contravariant components. Taking 
the scalar product of (1.41) with ei and the scalar product of (1.42) with ei

, we 
obtain 

Then introducing the notation 

if i -# k, 

if i = k, 

we can write (1.46) in the form 

(1.46) 

(1.47) 

(l.48) 

(1.49) 

These formulas express the covariant components of the vector A in terms of 
its contravariant components, and vice versa. As will be shown in Sec. 2.9.2, 
the nine quantities gik form a second-order tensor, and so do gik and gt 
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The quantities gik (or gik) describe the fundamental geometric charac
teristics of a space "arithmetized" by introducing the coordinate system with 
basis eH e2, e3 and corresponding coordinates Xl, X2, X3. To see this, let ds 
be the arc length between two infinitely close points Xi and Xi + dxi , and let 
the vector dr joining the two points have covariant components dX i and 
contravariant components dXi. Then 

or 

(1.50) 

with the notation (1.47). The formulas (1.50) express the square of the 
element of arc length in the given coordinate system in terms of g ik (or gik), 
i.e., the quantities gik (or gik) "determine the metric" of the given space and 
hence are known as the metric tensor. 

To find the relation between the quantities gik and gik, we regard (1.48) 
as a system of three linear equations in the unknowns AI, A2, A3, with 
solution 

3 
L GikAk 

GikAk (1.51) Ai= k=l 
• 

G G 
Here 

gll gl2 gl3 

G = detgik = g21 g22 g23 

g31 g32 g33 

and Gik is the cofactor of gik in the determinant G. This quantity can be 
written in the form 

, 

where i, p, rand k, s, t are both cyclic permutations of 1, 2, 3. Thus, for 
example, 

Gll = 
g22 g23 

Gl2 = 
g23 g21 

Gl3 = 
g21 g22 

, , • 

g32 g33 g33 g3l g31 g32 
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A comparison of (1.51) with (1.49) now gives the formula 

(1.52) 

expressing gik in terms of the gik' In just the same way, it can be shown that 

where 

• 

On the other hand, by direct calculation based on (1.47) and (1.36), we 
obtain 

ik i k 1 1 g = e . e = 2 (ep x er) • (es x et ) = 2 [( ep x er) xes] • e t y y 

1 
= 2 [er(e p • eJ - eier • es)] • e t 

V 
(1.53) 

y2 e . e 
r s 

, 

where we have also used (1.27) and (1.30). Comparing (1.53) and (1.52), we 
find that 

,--

G = V2 , V = ±~G, (1.54) 

where, according to Sec. 1.5.1, the plus sign is chosen if the given basis 
el , e2 , e3 is right-handed. Similarly, it can be shown that 

In particular, 
G' = V'2 , V' = ±.J G'. 

GG' = 1 

since VV' = I. Thus the volume of the parallelepiped spanned by the basis 

el , e2 , e3 (assumed to be right-handed) equals .J G, while that of the parallele

piped spanned by the reciprocal basis el , e2, e3 equals .J G'. 

1.6.6. The case of orthogonal bases. Orthogonal bases are particularly 
important since the coordinate systems most commonly used in physics and 
applied mathematics are orthogonal. In this case, the original basis el , e2 , e3 

• 
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and its reciprocal e l , e2, e3 are both orthogonal,13 and it follows from (1.47) 

that 
g - gki - 0 ik - - if i *- k. 

As a result, (1.48) and (1.49) become 

Al = guAI, A2 = g22A2, A3 = g33Aa, 

Al = gUAI' A2 = g22A2' A3 = g33A3, 
and hence 

1 1 1 
gu = 11' 

g 
g22 = 22' 

g 
g33 = 3a' 

g 
Moreover 

3 

(ds)2 = .2 (hi dXi)2, 
i=1 

where the quantities 

hI = .Jgu, h2 = .Jg22' h3 = ~ 

are called the metric coefficients. 

Remark 1. The physical components Ai and A *i, the covariant com
ponents Ai and the contravariant components Ai all coincide in a rec
tangular coordinate system with orthonormal basis vectors. Moreover, the 
physical components Ai and A *i coincide in any orthogonal system (why?). 

Remark 2. The notation introduced in this section is governed by the 
following rule whose mnemonic character helps to keep things straight in 
writing formulas: Summation can only take place over "dummy" indices in 
different positions,14 where two indices are said to be in different positions if 
one is a subscript and the other a superscript. For example, the expressions 
AiBi, gik Ak represent sums, but not the expressions Ak B\ gik Ak. In this 
regard, we sometimes describe the equation 

as the operation of "raising" an index and the equation 

as the operation of "lowering" an index (the "operator" is the set of nine 
coefficients gik or gik). 

13 In fact, the two bases coincide if e1 , e2 , e3 is orthonormal. 
14 "Dummy" in the sense that any other letter will do just as well, e.g. Ai = gik Ak = 

gilA! = gimAm. 
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The above rule will be particularly useful later in dealing with algebraic 
operations on tensors written in curvilinear coordinates. Of course, in 
rectangular coordinates, the expressions Aw AiBi' etc. can be thought of as 
sums, as in the first of the equations (1.40). 

1.7. Variable Vectors 

1.7.1. Vector functions of a scalar argument. A vector, just like a scalar, 
can vary with respect to both spatial position r and time t, giving rise to a 
vector function A = A(r, t). Here we confine ourselves 
to the case of a vector function of a scalar argument, 
i.e., a rule assigning a unique value of a vector A to 
each admissible value of a scalar t (usually, but not 
necessarily, the time). If A is a function of t, then so 
are all its components, as well as its magnitude and 
direction. 

Suppose the vector A = A(t) is drawn from a fixed 
point O. Then as t varies, the end point of A traces 
out a curve called the hodograph of A (see Fig. 1.22). 
If A varies only in magnitude, the hodograph reduces 
to a straight line as in Fig. 1.23( a), while if A varies 

FIG. 1.22. The hodo
graph of A = A(t). 

only in direction, the hodograph reduces to a curve lying on the surface of 
a sphere as in Fig. 1.23(b). If the hodograph is a straight line, then in 
general both the magnitude and the direction of A can vary, as shown in 

A = A( tl 

A = At t) 

( a ) ( b) ( c ) 

FIG. 1.23. (a) The hodograph of a vector varying only in magnitude: 

A fAi = const; 

(b) The hodograph of a vector varying only in direction: 

IAI = const; 

(c) Representation of a vector whose hodograph is a straight 
line. 
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Fig. 1.23(c), but A can always be represented as the sum of a constant 
vector and a vector varying only in magnitude, i.e., 

A = A(t) = c + aCt), 
whereI5 

a 
c = const, - = const. 

lal 

1.7.2. The derivative of a vector function. Given a vector function ACt), 
suppose there exists a constant vector Ao such that 

lim IA(t) - Aol = 0. 
t-+ to 

Then the vector Ao is called the limit of A(t) as t approaches to. By the 
dA derivative dA/dt of a vector function A(t) we 

----r~;:_-~ dt h l' . - mean t e lmlt 

o 

lim A(t + ~t) - A(t) = lim ~A, (1.55) 
&t-o ~t &t-+o ~t 

provided it exists. Since the vector ~A/ ~t is 
directed along the secant to the hodograph, 
its limit as ~t ----+ 0, namely the vector dA/dt, is 
directed along the tangent to the hodograph 
of A (see Fig. 1.24). 

FIG. 1.24. If A(t) is a vector 
function of a scalar argument, 
then the derivative dA/dt is a 
vector directed along the tan
gent to the hodograph of A(t). Let Ak = Ak(t) be the components of A(t) 

with respect to a fixed rectangular coordinate 
system which is independent of the argument t and has orthonormal basis 
vectors iI' i2, i3• Then 

dA dA k • 
-- I 
dt - dt k' 

(~) = dA k , 

dt k dt 

i.e., the components of the derivative dA/dt are the derivatives of the com
ponents of the vector function A(t), provided the coordinate system is 
independent of t. Moreover, the derivative dA/dt has magnitude 

dA 

dt 

15 By .:x = const, C = const, we mean that ex is a constant scalar and c a constant 
vector. 
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Let r be the radius vector giving the position of a moving particle, and let 
t be the time. Then the motion of the particle is characterized by a vector 
function r = ret). The velocity v and acceleration a of the particle at time t 

are given by the first and second derivatives of r(t): 

dr 
vet) = dt ' 

dv d2r 
aCt) = - = -. 

dt dt2 

The following rules for differentiating vector functions are an immediate 
consequence of the definition (1.55): 

(1) !!. (A ± B) = ~ ± ~ , 
dt dt dt 

d de dA 
(2) - (eA) = - A + c - (c a scalar) 

dt dt dt 

(3) .E.. (A • B) = ~ . B + A • ~ , 
dt dt dt 

d dA dB 
(4) - (A x B) = - x B + A x -. 

dt dt dt 

For example, rule 4 is proved by observing that 

!! (A x B) = lim (A + 6.A) x (B + 6.B) - A x B 
dt &t--+o 6.t 

= lim (6.A x B) + (A x LlB) + (6.A x 6.B) 
&t-+O 6.t 

= lim ~ x B + lim A x ~ + lim LlA x 6.B 
&t-+O 6.t &t-+o 6.t At ..... o 6.t 

dA dB 
=-xB+Ax-. 

dt dt 

In using this rule, we must always bear in mind that the vector product is 
noncommutative. 

1.7.3. The integral of a vector function. By the (indefinite) integral of the 
vector function A(t), we mean the vector function B(t)- fACt) dt whose 
derivative equals A(t), i.e., such that 

dB 
- = A(t). 
dt 

Thus 

B(t) = f A(t) dt + C, 
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where C is a constant vector. In a fixed coordinate system which does not 
depend on t, the components of the integral B(t) are completely determined 
by the integrals of the components of the vector function A(t), i.e., 

Bi = f Ai(l) dt + Ci · 

Similarly, we can introduce the concept of the definite integral of a vector 
function. 

SOLVED PROBLEMS 

Prohlem 1. Find the formulas describing the transformation from one 
rectangular coordinate system to another. 

Solution. Suppose we introduce two rectangular coordinate systems K and 
K', with orthonormal bases iI' i2, i3 and i~, i~, i~ (see Fig. 1.25). Then the 

rl 

FIG. 1.25. Transformation of rectangular coordinates. 

problem consists of expressing the coordinates Xl, X 2, X3 of an arbitrary point 
M in the system K in terms of its coordinates x~, x~, x~ in the system K', and 

• VIce versa. 
Let rand r' be the radius vectors of the point M in the systems K and K'. 

Moreover, let the origin 0' of the system K' have radius vector r~ and 
coordinates X~k in the system K, while the origin 0 of the system K has radius 
vector ro = -r~ and coordinates X Ok in the system K'. Finally, let C1..;'k be the 
cosine of the angle between the jth axis of the system K' and the kth axis of 
the system K, so that 

(1.56) 
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Then 

and hence 

r = r' + r~, 
r' = r + rO 

(1.57) 

(1.58) 

(with summation over the index k). Taking the scalar product of (1.57) with 
il and the scalar product of (1.58) with i;, and using (1.17) and (1.56), we 
obtain the formulas 

Xl' = (iz'" ik)Xk + X OI = arkXk + X Ol ' 

expressing the transformation from the system K to the system K'. 

(1.59) 

The coefficients ak'l' an satisfy certain orthogonality conditions, which can 
be obtained by using formula (1.20) to expand the basis vectors ik of the 
system K with respect to the basis vectors i~ of the system K', and vice versa. 
In fact, setting A = i~ in (1.20) gives 

(1.60) 
and similarly 

(1.61) 

Taking the scalar product of (1.61) with im and the scalar product of (1.60) 
with i~, we obtain 

• • 
Ik • 1m = al'kal'm' 

(1.61) 

Finally, using (1.17) and introducing the Kronecker delta 

0 if k #- m, 
~ .. 

km = Ik" 1m = 
if k= m 1 , 

0 if k #- m, 3' . , ., 
km = Ik "1m = 

if k = m, 1 

we can write these conditions in the form 

(1.62) 

Prohlem 2. Use vectors to derive the law of cosines. 

-+ -+ -+ 
Solution. If ABC is a triangle with sides AB = c, AC = b, CB = a, then 

a + b = c. (1.63) 
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Squaring (1.63), we obtain 
a2 + b2 + 2a . b = c2• 

But 
a • b = ab cos ( a, b) = ab cos (7t - (X) = - ab cos (X 

where (X = LACB, and hence 

c2 = a2 + b2 - 2ab cos (x. 

Prohlem 3. Prove that 

cos ((X - ~) = cos (X cos ~ + sin (X sin ~. 

Hint. Apply the formula 

a·b cos (a, b) =--
lall bl 

CHAP. 1 

to two unit vectors a and b lying in the xy-plane and making angles (X and ~ 
with the x-axis. 

Prohlem 4. Express the scalar product of two vectors in terms of their 
covariant and contravariant components. 

Solution. By definition 

A· B = Aie . • Bkek = A ·ei • Bkek = A ·ei • Bkek = Aie . • Bkek 
, t , " 

and hence 
A B - g AiBk - gikA B - A Bi - AiB • - ik - i k - i - i 

because of (1.47). Since 

IAI = A = .J A • A = .J gikAiAk = .J gik AiAk = .J AiAi 

and similarly for B, the angle between A and B is given by 

g·kAiBk gikAiBk 
cos (A, B) = ---;====' ::-;::====== 

.J gikAiAk.J gikB;Bk .J gikAiAk.J gikBiBk 

A.Bi A'B. , , 
.J AiAi.J BiBi .J AiAi.J BiBi . 

Prohlem 5. Find the vector product of two vectors in an oblique co
ordinate system. 

Solution. By definition, 

C = A x B = Aiei x Bkek = (AIel + A2ez + A3e3) X (Ble1 + BZez x B3e3) 

= AIBl(el x e1) + AIBZ(el x ez) + AIB3(el x e3) + AZBl(ez x e1) + ... 
+ A3B3(e3 x e3) = (AjBk - AkBi)(ej x ek). 
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But according to (1.36) and (1.54), 

v = .JG, 
and hence 

c = A x B = Cei 
t 

where 

Ci = .J G(Ai Bk - AkBi). 

In the same way, it can be shown that 

. 1 
Cl = .J G (AjBk - AkB j). 

Prohlem 6. Use vectors to derive the basic formulas of spherical trigo-
nometry. 

Solution. Let ABC be a triangle on the 
sphere of unit radius, and let OABC be the 
trihedral angle subtended by ABC (see Fig. 
1.26). Let Cl, ~, Y be the angles of this tri
angle, and let a, b, c be the lengths of its 
sides. Since the sphere has unit radius, a, 
band c equal the plane angles BOC, A OC 
and AOB. 

To find the relations between the angles 
Cl, ~, Y of the spherical triangle and its 
sides a, b, c (the face angles of the trihedral 
angle OABC), we introduce unit vectors 
el , e2 , e3 drawn from the center of the 

b 
Od---he~3+-1~B 

FIG. 1.26. Illustrating the formulas 
of spherical trigonometry. 

sphere to the vertices of the spherical triangle, as shown in the figure. The 
angle (X between the planes OAC and OAB equals the angle between the 
normals to the planes, and hence 

(e1 x e2) • (el X e3) 
COS Cl = . 

leI X e2 1 leI X e31 

Since 
leI X e2 1 =-= sin b, 

it follows from (1.27) and (1.30) that 

e l • [e2 X (e l x e3)] cos Cl = . __ .---=-
sin b sin c 

e) . [e1(e2 • ea) - eaCe2 • el )] 

sin b sin c 

cos a - cos c cos b 

sin b sin c 
, 
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and hence 
cos a = cos b cos c + sin b sin c cos (X. 

In just the same way, we find that 

cos b = cos c cos a + sin c sin a cos ~, 

cos c = cos a cos b + sin a sin b cos y. 

Another group of formulas is obtained by calculating the sines of the 
angles (x, ~ and y, e.g., 

. I(el x e2) x (el x e3)1 
SIn (X = . 

leI x e211el x e31 

As an exercise, the reader should prove that 

sin (X sin ~ 
. 

SIllY 
• • 

SIll a sin b • 
SIll C 

Prohlem 7. Use vector notation to write the equation of a straight line 
in three dimensions. 

Case 1. Find the equation of a straight line going through two points A 
and B, as in Fig. 1. 27(a). 

o 
( a ) ( b) ( c ) 

FIG. 1.27. (a) A line passing through two given points; 
(b) A line specified by a point and a direction; 
(c) Illustrating the normal equation of a plane. 

Solution. Let a and b be the radius vectors of A and B with respect to some 
origin. Then the condition for an arbitrary point M, with radius vector r, 
to lie on the line going through A and B is that the vectors r - a and b - a 
be parallel, i.e., that 

r - a = A(b - a). 
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Thus, if A is regarded as a parameter, the equation of the line takes the 
form 

r = a + A(b - a). (1.64) 

The parameter A can be eliminated by taking the vector product of (1.64) 
with b - a. This gives 

(r - a) x (b - a) = 0 
or 

r x (b - a) = a x b. 

Case 2. Find the equation of a straight line going through a given point 
A parallel to a given vector e, as in Fig. 1.27(b). 

Solution. Let a be the position vector of A. Since r - a and e must be 
parallel, we have 

r = a + Ae, (1.65) 

where A is a parameter. To eliminate A, we take the vector product of (1.65) 
with e, obtaining 

r x e = a x e. 

Case 3. Find the equation of a straight line going through a given point 
A perpendicular to two given vectors e1 and ez. 

Answer. If a is the position vector of A, then 

r = a + A( e1 x ez), 

(r - a) x (el x ez) = O. 

Problem 8. Write a condition for the points A, Band C to be collinear. 

Solution. Let a, band c be the position vectors of A, B, C with respect 
to some origin O. From the preceding problem we find that 

where ai' hi' ci are the coordinates of A, B, C with respect to a rectangular 
coordinate system with origin O. 

As an exercise, show that this condition can be written in the form 

(a x b) + (b x c) + (c x a) = O. 

What is the geometric meaning of this condition? 

Problem 9. Write the equation of a plane in vector form. 

Case 1. Find the equation of the plane going through three given points 
A, Band C, with position vectors a, band c. 
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Solution. Since the vectors r - a, b - a'and c - a are coplanar, we have 

r - a = A(b - a) + fJ.(c - a), (1.66) 

where A and fL are parameters. To eliminate A and fL, we first take the vector 
product of (1.66) with c - a and then the scalar product with b - a, 
obtaining 

[(r - a) x (c - a)] • (b - a) = O. 

This condition could have been written down at once by starting from the 
coplanarity condition (1.28). 

Case 2. Find the equation of the plane going through two points A and 
B, with position vectors a and b, parallel to a given vector e. 

Answer. [(r - a) x (b - a)] . e = O. 

Case 3. Find the equation of the plane going through the point A, with 
position vector a, parallel to two vectors el and e2. 

Answer. 

Case 4. Find the equation of the plane with unit normal n whose distance 
from the origin 0 equals p, as in Fig. 1.27(c). 

Solution. Ifn points in the direction away from 0, then 

r . n = r cos (r, n) = p. 

This is called the normal form of the equation of a plane. 

Problem 10. Prove that infinitesimal rotations are vectors. 

Solution. As in Fig. 1.3(a), p. 5, suppose the first rotation CXI of the 
sphere carries the point Al into the point A 2 , and the second rotation CX2 

carries A2 into A3• If the angle exl is small, we can write 

(1.67) 
• 

SInce --.... ~ 

IcxI x OAII = exl 10AII = AIA2 = IAIA21 

~ . ~. 

and moreover CXI x OAI has the same directIOn as the vector AIA2. SimIlarly 

(1.68) 
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Substituting (1.68) into (1.67), we obtain 

(1.69) 

~ ~ ~ 

= OA I + (CX2 + CXI ) X OA I + CX 2 X (CXI x OA I ). 

If (and only if) cx.l and cx.2 are infinitesimal, we can drop the second-order terms 
in (1.69), obtaining 

On the other hand, if CX3 is the (infinitesimal) rotation carrying Al into A3 
directly, then 

(1.71) 

Comparing (1.70) and (1.71), we obtain 

Thus infinitesimal rotations are vectors, since they obey the laws of vector 
algebra (the resultant of two rotations is the geometric sum of the separate 
rotations, and the sum is independent of the order of the terms). 

Problem 11. Find the velocity of an arbitrary point of a 
rotating about a fixed point 0 (see Fig. 1.28). 

rigid body 

Solution. Suppose that during the time interval fl.t, the 
body undergoes an infinitesimal rotation fl.cp causing an 
arbitrary point M of the body to experience a displacement 
fl.r. Then, according to Prob. 10, 

fl.r = fl.cp x r, (1.72) 

where r is the radius vector of M. Dividing (1.72) by fl.! 
and taking the limit as fl.t ~ 0, we obtain 

v = W x r, 
where 

1
. fl.r 

V= Im-
At-+O fl.t 

is the velocity of the point M, and 

W = lim fl.cp 
At-+O fl.t 

FIG. 1.28. Veloc
ity v and centrip
etal acceleration 
a of a rigid body 
rotating about a 

fixed point O. 

is the instantaneous angular velocity of the body about the point O. 

Problem 12 (The Eulerian angles). Let K and K' be two (right-handed) 
rectangular coordinate systems with the same origin 0 and orthonormal bases 
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ih iz, i3 and i~, i~, i~, respectively. Then K can be carried into K' by making 
three rotations in succession: 

1) Through an angle rf (called the angle of precession) about the x 3-axis; 
2) Through an angle e (called the angle of nutation) about the line ON, 

characterized by the unit vector n; 
3) Through an angle cp (called the angle of pure rotation) about the 

(see Fig. 1.29). The angles rf' e and cp are called the Eulerian angles. The 
fact that the position of K' with respect to K can be specified by just three 

--~L~------~~--~~ 
2 

FIG. 1.29. The Eulerian angles. 

independent parameters like rf' e, cp is hardly surprising, since the nine cosines 
of the angles between the axes of K and K' satisfy the six orthogonality 
conditions (1.62). 

We now pose the problem of expressing the basis i~, i;, i~ in terms of the 
basis iI' iz, i3 and the Eulerian angles rf' e, cpo 

Solution. It will be recalled from Prob. 1 that 

Consider the spherical triangle formed on the unit sphere by the end points 
of the vectors i~, nand i 1• Then, according to the formulas derived in Prob. 6, 

(X1'1 = cos (i{, i 1) = cos rf cos cp + sin ~ sin cp cos (7t - e) 

= cos ~ cos cp - sin ~ sin cp cos e. 
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Similarly, an examination of the spherical triangles formed by the end points 
of i~, n, i2 and i~, n, i3 shows that 

cx'I'2 = cos (i~, i2) = cos (~ - ~) cos « + sin (~ - ~) sin cp cos e 

= sin ~ cos cp + cos ~ sin cp cos e.. 

cx'1'3 = cos 11' 13 = cos cp cos - + SIn cp SIn - cos --(./ .) 7t.. 7t (7t e) 
2 2 2 

= sin cp sin e. 
It follows that 

i~ = il (cos ~ cos cp - sin ~ sin cp cos e) 

+ i2 (sin ~ cos cp + cos ~ sin cp cos e) + i3 sin cp sin e. 
In the same way, it turns out that 

i~ = il (-cos ~ sin cp - sin ~ t:os cp cos e) 

+ i2 (cos ~ cos cp cos e - sin ~ sin cp) + i3 sin e cos cp, 

i~ = it sin ~ sin e - i2 cos ~ sin e + i3 cos e. 
The reader should also verify that the formulas expressing the basis 

iJ, i2, i3 in terms of the basis i~, i~, i; and the Eulerian angles are 

il = i~(cos ~ cos cp - sin ~ sin cp cos e) 

+ i~(-cos ~ sin cp - sin ~ cos cp cos e) + i~ sin ~ sin e, 
i2 = i~(sin ~ cos cp + cos ~ sin cp cos e) 

+ i~(cos ~ cos cp cos e - sin ~ sin cp) - i~ cos ~ sin e, 
i3 = i~ sin cp sin e + i~ cos cp sin e + i~ cos e. 

Problem 13. Given a system of n electric charges el' e2' ... ,en, let r k 

be the radius vector of ek (k = 1, 2, ... , n) with respect to some origin O. 
Then the vector 

is called the dipole moment of the system of charges. Moreover, by analogy 
with the center of mass, the point C with radius vector 

R= 
p 

n n 

Lek Lek 
k=1 k=1 
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is called the center of charge of the system. The point C can be defined only if 

If, on the other hand, 
n 

!ek = 0, 
k=l 

the system of charges is said to be neutral. 
Prove that the dipole moment of a neutral system is independent of the 

origin 0, and express this moment in terms of the centers of the systems of 
positive and negative charges making up the original system. 

Solution. Let 

be the dipole moment with respect to an origin 0, while 

~ 

is the dipole moment with respect to another origin 0', where 00' = roo 
Then r~, the radius vector of ek with respect to 0', equals rk + ro, and hence 

n n n n 

p' = !ekr~ = !ek(rk + ro) = !ekrk + ro !ek· 
k=l k=l k=l k=l 

But 

since the system is neutral, and hence 

n 

p' = !ekrk = p. 
k=l 

Now let the system consist of positive charges et and negative charges 
ek , so that 

n 

! ek = ! et + ! ek , 
k=l 

and let 

! et = - ! ek = Q. 

Then, by definition, the centers of the systems of positive and negative 
charges have position vectors 
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where rt and rk have the obvious meaning. Hence the dipole moment of the 
original neutral system equals 

n 

P = Lekrk = L etrt· + L ekrk 
k=1 

= R+ L et + R- L ek = Q(R+ - R-). 

Problem 14 (Collision of particles). Suppose two particles of identical 
mass have velocities VI' v2 before colliding and velocities v~, v~ after colliding 
(see Fig. 1.30). Suppose the collision is governed by the action of central 

FIG. 1.30. Collision of two particles. 

forces. Then, as is familiar from mechanics, the trajectories of the two 
particles lie in a fixed plane in a coordinate system in which the center of mass 
is at rest. Moreover, the collision conserves both momentum and kinetic 
energy (the potential energy before and after the collision equals zero). It 
follows that 

(1.73) 

Express v~, v~ in terms of VI, V2 and show that the relative velocities 

(1.74) 

before and after the collision have the same magnitude. 

Solutions. The system (l. 73) consists of four scalar equations in the six 
components of the velocities v~ and v~. Thus we can solve for v~ and v~ 
explicitly in terms of VI and V2, provided we introduce two extra parameters 
characterizing the geometry of the collision, i.e., the position of the plane of 
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the trajectories in some system of rectangular coordinates Xl' X2, xa. In other 
words, the collision of two particles is completely characterized by specifying 
two geometric parameters. We introduce these parameters in the guise of 
the unit vector k (Ikl = 1) pointing in the direction of change of the velocity 
of the first particle, i.e., 

V{ - Vl = Ak (1.75) 

(see Fig. 1.30). Any two independent angles between k and the axes of the 
Xl> X2' Xa system can then be regarded as the geometric parameters of the 
collision. 

It follows from the first of the equations (1.73) that 

V~ - V2 = -Ak. (1.76) 

To get an expression for A, we substitute v~ and v~ from (1.75) and (1.76) 
into the second equation of (1. 73), obtaining 

v~ + v~ = (Vl + Ak)2 + (V2 - Ak)2 

= v~ + 2A(Vl • k) + A2 + v~ - 2A(V2 • k) + A2 
which implies 

A = k· (v2 - Vl) = k . u. 

Then (1.75) and (1.76) give the formulas 

v{ = Vl + k(k • u), 

V~ = V2 - k(k • u); 
(1.77) 

expressing the velocities v~ and v~ after the collision in terms of the velocities 
Vl and V2 before the collision and the vector k. 

Subtracting the second of the equations (1.74) from the first and using 
(1. 77), we find that 

u' - u = v~ - v{ - (V2 - VI) = -2k(k· u) 
or 

u' = u - 2k(k • u). 

Squaring (1. 78), we obtain 

or 
U'2 = u2 - 4(k . U)2 + 4k2(k • U)2 

U'2 = u2 , 

(1. 78) 

i.e., the relative velocity of the particles has the same magnitude before and 
after the collision. Taking the scalar product of (1.78) with k, we get 

u' . k = -u . k. 

It follows that the vector k bisects the angle between u and -u; as shown in 
the figure. 
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Problem 15. Pursuing the study of collisions between two particlest let 
the particles have different masses ml and m z. Show that the relative velocity 
U = Vz - Vl is still preserved under the collision. 

Solution. The momenta of the particles before and after collision are 
given by 

in terms of their masses and the velocities before and after collision. The law 
of conservation of momentum is now 

Pl + pz = p~ + p~, 
while the law of conservation of (kinetic) energy is 

Introducing the unit vector k defined by 

p~ - Pl = Ak t p~ - pz = --Akt 

we determine A from (1.79)t obtaining 

2 2mI 
A = k • (mpz - Pl) = (k· u). 

l+m l+m 
It follows that 

,2 2mI 
Pl = PI + k[k· (mpz - Pl)] = PI + k(k· U)t 

l+m l+m 

,2 2mI 
pz = pz - k[k· (mpz - Pl)] = pz - k(k· u). 

l+m l+m 
Therefore 

mp~ - p{ = mpz - Pl - 2k[k· (mpz - Pl)] 
or 

u' = u - 2k(k . u). 

where u' = v~ - v~. Squaring (1.80)t we obtain 

(1.79) 

(1.80) 

Problem 16. Prove that if the force acting on a moving particle is always 
directed along the tangent to the trajectorYt then the trajectory is a straight 
line. 

Solution. The force equals 
dZr 

F = ma = m-. 
dt Z 
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If F is directed along the tangent, i.e., along 
• 

dr 
V=-

dt ' 
then 

rna = ex.v 
and hence 

d
2

r + ~ ~ = 0, 
dt2 dt 

(1.81) 

where ex. and ~ are constants. Integrating (1.81), we obtain 

dr dt + ~r = b, (1.82) 

where b is a constant vector. The solution of (1.82) can be written in the form 

b 
r = cf(t) + - , 

~ 
(1.83) 

where c is another constant vector and I satisfies the differential equation 

f'(t) + ~/(t) = 0. 

It follows from (1.83) that the trajectory of the moving point is a straight 
line (recall Prob. 7). The character of the motion along the straight line is 
determined by the function I(t). 

Problem 17. Prove that if the trajectory r = ret) of a moving particle 
is such that 

dr • (d
2
r x d

3

r) = ° 
dt dt2 dt3 

' 
(1.84) 

then r = ret) is a plane curve. 

Solution. It follows from (1.84) that 

d3r d2r dr 
dt3 = ex. dt2 + ~ dt ' (1.85) 

where ex. and ~ are constants. Integrating (1.85), we obtain 

d2r dr 
- = ex. - + ~r + b, 
dt2 dt 

(1.86) 

where b is a constant vector. The solution of (1.86) can be written in the form 

(1.87) 



SOLVED PROBLEMS VECTOR ALGEBRA 53 

where h1 and h2 are constant vectors and f1' f2 are two independent solutions 
of the differential equation 

f"(t) = rxf'(t) + fJf(t). 

Clearly (1.87) is the equation of a plane curve (see Prob. 9). 

Problem 18. Show that the trajectory of a particle moving under the 
influence of gravitational attraction is a conic section. 

Solution. The equation of motion of the particle is of the form 

dv r ro 
- = -rx- = -rx-
dt r3 r2 ' 

where rx is a constant, v = dr/dt and 

r 
ro =

r 

(1.88) 

is the "unit radius vector." Taking the vector product of (1.88) with r, we 
get the first integral of the equation of motion [cf. Exercise 15(c)]: 

r x v = h = const. 

The vector h can be written as 

dr d 
h = r x v = r x - = rro x - (rro) = rro x 

dt dt 
But then 

where we have used (1.30) and the fact that 

Therefore, since h = const, 

d dro 
- (v x h) = rx -. 
dt dt 

Integrating (1.89), we obtain 

v x h = rxro + P, 

where P is a constant vector. Hence 

(
dr + dro) -ro r-
dt dt 

(v x h) . r = rxr + r . P = rxr + rP cos 6, 

(1.89) 
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where 6 is the angle between the variable vector r = ret) and the constant 
vector P. Since 

(v x h) • r = h • (r x v) = h· h = h2 

[see (1.27)], we have 

or 
h2 = rxr + r P cos 6 

r= 
p 

1 + - cos 6 
rx 

• (1.90) 

As is familiar from analytic geometry, (1.90) is the equation of a conic 
section (an ellipse, parabola or hyperbola) in polar coordinates. 

EXERCISES 

1. Prove that the projection of a sum of vectors onto any axis equals the sum 
of the projections of the vectors onto the same axis. 

2. Given the vectors 

A = i1 + 2i2 + 3ia, 

C = 3i1 + 2i2 + is, 
D = 4i1 + 5i2 + 6is, 

D = 6i1 + 5i2 + 4ia, 

where i1, i2, is are an orthonormal basis, find 
a) The sums and differences 

A + D + C + D, 

A - D + C - D, 

A + D - C - D, 

-A + D - C + D; 

b) The angles between A, D, C, D and the basis vectors; 
c) The magnitudes of the vectors A, D, C, D. 

3. Find the sum of three vectors of length a drawn 
a) From a common vertex of a cube along three of its sides; 
b) From a common vertex of a regular tetrahedron along three of its sides. 

4. Given a system of n particles of masses m1' m2, ... , mn , let rk be the radius 
vector of the kth particle (k = 1,2, ... , n) with respect to some origin O. 
Then the center of mass of the system has radius vector 

n 

Lmkrk 
R = ~k ...;:1 __ • 

n 

Lmk 
k=1 
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Find the center of mass of each of the following systems: 
a) Masses equal to 1, 2, 3 at the vertices of an equilateral triangle of side 
length a; 
b) Masses equal to 1, 2, 3, 4 at the vertices of a square of side length a; 
c) Masses equal to 1, 2, 3, 4 at the lower vertices of a cube of side length a, 
and masses equal to 5, 6, 7, 8 at the upper vertices. 

s. A parallelogram has acute angle rt/3 and side lengths a = 3, b = 5. Thinking 
of the corresponding sides as vectors a and b, find 

a) The vectors a + b and a - b (what is their geometric meaning?); 
b) The area of the parallelogram; 
c) The projection of each side onto the direction of the other. 

6. Let A, D, C and D be the same as in Exercise 2. Find 
a) (A + D) • (C + D); 
b) The angles made by A with D, C and D; 
c) The projection of A onto the directions of D, C and D; 
d) The vector products A x D, D x C, C x D and the angles they make 
with D; 
e) The areas of the parallelograms spanned by the vectors A, B and by the 
vectors C, D, and also the lengths of the diagonals of these parallelograms. 

7. Show that the vectors A, D, C and D of Exercise 2 are coplanar. 

8. Let ilt i2, is be a right-handed orthonormal basis. Verify that the vectors 

A = i l + 2i2 + 3ia• B = 4il + 5i2, C = 3il + 2i2 + ia 

form a basis. Is this basis right-handed or left-handed? Find 
a) The volume of the parallelepiped spanned by A, D and C; 
b) The vectors forming two diagonals of the parallelepiped (drawn from the 
end points of A) and the lengths of these vectors; 
c) The area of the diagonal cross section of the parallelepiped going through 
the vector A. 

9. Suppose the midpoints of the sides of an arbitrary quadrilateral are joined 
(in order) by straight line segments. Show that the resulting figure is a 
parallelogram. 

Hint. If the sides of the quadrilateral are represented by vectors a, b, c and 
d, then a + b + c + d = O. 

10. Given four points with radius vectors a, b, c and d, suppose 

[(d - a) x (c - a)] • (b - a) = O. 

Prove that the points are coplanar. 

11. Let iI' i2, ia be an orthonormal basis. Is 

al = 2il + i2 - 3ia, 

a basis? How about 

bl = it - 3i2 + 2ia, b2 = 2il - 4i2 - ia, ba = 3i1 + 2i2 - ia? 
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12. Let b1, b2, ba be the same as in Exercise 11. Is 

Bl = 2b1 - 3b2 + ba, 

B2 = 3b1 - 5b2 + 2ba, 

Ba = 4b1 - 5b2 + ba 
a basis? 

CHAP. 1 

13. Prove formula (1.30), p. 22 without introducing a coordinate system. 

14. Prove that 

:!.. [A. (B x C)] = ~ • (B x C) + A· (~ x C) + A· (B x ~) . 
dt dt dt dt 

IS. Prove that 

d [ (dA d
2
A)] (dA daA) 

a) dt A· di x dt2 = A· dt x dta ; 

J 
d2A dA 

b) A x dt2 dt = A x dt + C (C = const); 

dr d 2r 
c) r x - = C if - = rf(r). dt dt2 J ' 

16. Using the formula v = w x r (see Prob. 11, p. 45), find the linear velocity 
v of the center of a rectangle of side lengths a = 2 cm and b = 4 cm rotating 
about one of its vertices if the instantaneous angular velocity w equals 5 radians 
per second and points along 

a) The short side; b) The long side. 

17. The moment Mo of a force F with respect to a point 0 is given by the 
. 

expreSSIOn 
Mo = r X F, 

where r is the radius vector of the initial point of F with respect to O. The 
projection of Mo onto an axis u going through 0, i.e., the quantity 

Mu = Mo . 00 = (r X F) • 00 

where 00 is a unit vector directed along u, is called the moment ofF with respect 
to the axis u. Prove that Mu is independent of the position of 0 on u. 

18. Find the moment of a force of 5 dynes directed along one side of a cube of 
side length 2 cm with respect to 

a) All vertices of the cube; 
b) All axes going through the given side. 

19. Given a system of n particles of masses mI , m2' ... , mn , let rk be the radius 
vector and Vk the velocity of the kth particle (k = 1, 2, ... , n) with respect to 
some origin O. Then the vector 

n 

Lo = Irk x mkvk 
k=1 
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is called the angular momentum of the system with respect to O. Given a cube of 
side length a em, find the angular momentum with respect to every vertex of 
the cube of two particles of masses m l = 1 g and m2 = 2 g moving in opposite 
directions with speed 3 cm/sec along two opposite sides of the cube. 

20. Let P be the parallelogram spanned by the vectors a and b. Then P has 
diagonals a + b and a-b. Prove that 

a) The sum of the squares of the diagonals of P equals the sum of the squares 
of the sides of P; 
b) The diagonals of P are perpendicular if and only if P is a rhombus; 
c) The area of the parallelogram P' spanned by the diagonals of P is twice 
as large as the area of P. 

21. Suppose· n springs with stiffnesses Cl> 
C2, ••• ,Cn are fastened at n points M I , 

M 2, ••• , Mn and joined at a common point M 
(see Fig. 1.31). Find the equilibrium position 
of M. 

Ans. If rM is the radius vector of M and 
r k that of M k' then 

n 

~Ckrk 
R =k~l __ • 

n 

~Ck 
k=l 

22. Verify the following identities: 

FIG. 1.31. 

a) a X (b x c) + b x (c x a) + c X (a X b) ecco 0; 

a·c a·d 
b) (a x b) . (c x d) = • , 

b·c b·d 

c) (a X b) x (c x d) = b[a . (c x d)] - a[b • (c x d)] 

= c[a . (b x d)] - d[a· (b x c)]; 

• 

Illustrating Exercise 
21. 

d) (a x b) . (c x d) + (b x c) . (a X d) + (c x a) . (b x d) , o. 

23. Given the basis 

where il, i2, i3 is an orthonormal basis, find the covariant and contravariant 
components of the vector joining the origin to the point (1, 1, 1). 

24. Express the scalar triple product (A X B) . C in terms of the covariant and 
contravariant components of the vectors A, Band C. 
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25. A scalar function f(A) of a vector argument A is said to be linear if 

f(cA) = cj(A), f(A + B) = f(A) + f(8), 

where A and B are arbitrary vectors and c is an arbitrary scalar. Prove that the 
most general function of this kind is of the form 

f(A) = exA I + ~A2 + y As, 

where AI' A2 , Aa are the components of A and ex, ~, yare scalars. 

26. Given a tetrahedron T, let Si be the vector perpendicular to the ith face 
of T (i = 1,2,3,4), of magnitude equal to the area of the face. Prove that 

SI + S2 + Sa + S4 = o. 
Hint. Represent the vectors Si as vector products. 



2 
THE TENSOR CONCEPT 

2.1. Preliminary Remarks 

It will be recalled from Sec. 1.1 that a scalar is a quantity whose specifi
cation (in any coordinate system) requires just one number. On the other 
hand~ a vector (originally defined as a directed line segment) is a quantity 
whose specification requires three numbers~ namely its components with 
respect to some basis (see Sec. 1.6). Scalars and vectors are both special cases 
of a more general object called a tensor of order n, whose specification in any 
given coordinate system requires 3n numbers~ again called the components 
of the tensor.1 In fact, scalars are tensors of order 0, with 30 = 1 components~ 
and vectors are tensors of order 1 ~ with 31 = 3 components. 

Of course~ a tensor of order n is much more than just a set of 3n numbers. 
The key property of a tensor, which will emerge in the course of this chapter~ 
is the transformation law of its components~ i.e.~ the way its components in 
one coordinate system are related to its components in another coordinate 
system. The precise form of this transformation law is a consequence of the 
physical or geometric meaning of the tensor. 

Suppose we have a law involving components a, b, c, . .. of various 
physical quantities with respect to some three-dimensional coordinate system 
K. Then it is an empirical fact that the law has the same form when written 
in terms of the components a'~ b'~ c'~ ... of the same quantities with respect 
to another coordinate system K' which is shifted relative to K ("space is 
homogeneous") or rotated with respect to K ("space is isotropic"). In other 
words~ properly formulated physical laws are "invariant under shifts and 
rotations" (see Sec. 2.7). 

1 In writing 3n we have in mind three-dimensional tensors. More generally, an m
dimensional tensor of order n has mn components (see Exercise 17, p. 133). 

59 
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Remark. Properly formulated physical laws must also be independent of 
the choice of units. In dimensional analysis, for example, one often uses the 
fact that the ratio of two values of the same physical quantity cannot depend 
on the units of measurement. 

2.2. Zeroth-Order Tensors (Scalars) 

We begin by sharpening the definition of a scalar given in Sec. 1. I: By 
a scalar is meant a quantity uniquely specified in any coordinate system by a 
single real number (the "component" or "value" of the scalar) which is 

inmriant under changes 0/ the coordinate system, 
i.e., which does not change when the coordi
nate system is changed. Thus if cp is the 

8 value of a scalar in one coordinate system and 
___ c:: cp' its value in another coordinate system, then 

, 
cp = cp. 

Example. Let A and B be two points with 
coordinates xt, xf in one rectangular coordi
nate system K and coordinates x; A, x; B in 

FIG. 2.1. Illustrating the invar
iance of the distance between 

two points A and B. 

another rectangular coordinate system K' (see 
Fig. 2.1), and let ~s be the distance beween A 
and B, i.e., the length of the line segment AB.2 
Then ~s is a scalar, i.e., its value ~s' in the 
system K' equals its value ~s in the system K. 

This geometrically obvious fact can also be verified by direct calculation. 
Let 

i\' ,E ,A ux- = x- - x 
~ t l 

(i = 1, 2, 3), 

and let the transformation from K to K' be given by 

as in Prob. 1, p. 38, where x~o are the coordinates of the old origin in the new 
system and lXi'k = cos (x;, x k ) is the cosine of the angle between the ith axis 
of the new system and the kth axis of the old system. Then 

2 Here and henceforth we assume that the units of measurement are the same in all 
coordinate systems under consideration. 
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By the Pythagorean theorem, 

and hence 

3 

(~S')2 = L (~X~)2, 
i=l 

3 

(~S')2 = L CXi'k ~XkCXi'l~X l = CXi'kCXi'l~Xk ~Xl' 
i=1 

Therefore, because of the orthogonality condition 

[recall (1.62)], 
3 

(~S')2 = akl~Xk ~Xl = L (~Xk)2. 
k=1 

But the quantity on the right is just (~S)2, and hence 

~s' = ~s, 

as asserted. 

Remark. For the time being, we confine ourselves to the case of rect
angular coordinate systems. More general coordinate systems will be con
sidered in Secs. 2.8 and 2.9. Tensors written in rectangular coordinate systems 
are often called Cartesian tensors. 

2.3. First-Order Tensors (Vectors) 

As already noted in Sec. 2.1, three numbers (scalars) are required to 
specify a vector (like displacement, acceleration, force, etc.) rather than a 
single number as in the case of a scalar (like density, pressure, temperature, 
etc.). However, a vector is much more than just a set of 31 = 3 scalars. For 
example, the state of an ideal gas is uniquely specified by two numbers (the 
density and temperature, say), but these numbers are invariant under changes 
of coordinate system, being scalars. On the other hand, a displacement in 
the plane is also determined by two numbers (the differences between the 
abscissas and ordinates of the initial and final points), but under changes 
of coordinates these numbers transform according to a definite law. More 
generally, the three components of a vector in space transform according to 
a definite law guaranteeing that the new components always determine the 
same vector. 

To find this law, let ~Xi and ~x; be the differences between the rectangular 
coordinates of two points A and B in two rectangular coordinate systems K 
and K'. Then, it will be recalled from Sec. 2.2 that 

~X' = CX'k ~Xk l l , (2.1) 

where CXi'k is the cosine of the angle between the ith axis of K' and the kth 
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axis of K. Similarly, suppose a vector A has components Ai in K and com
ponents A; in K' (see Fig. 2.2). Then, being a directed line segment, A is 
completely determined by its initial and final points, and hence its com
ponents Ai' A; must transform just like the coordinate differences ~Xi' ~x;. 
This leads to the following definition: By a vector is meant a quantity uniquely 

%3 A 

1\ 
M I \ 

I \ 
\ , I \ 
I \%3 I \ 

% I \ , I \ 
31 \ At - ,4' /- 2 

, 
%2 

FIG. 2.2. Illustrating the change of components of a vector under changes 
of the coordinate system. 

specified in any coordinate system by three real numbers (the components 
of the vector) which transform under changes of the coordinate system 
according to the law 

A~ = CI.·'kAk t t , (2.2) 

where Ab A; are the components of the vector in the old and new coordinate 
systems K and K', respectively, and Cl.i'k is the cosine of the angle between the 
ith axis of K' and the kth axis of K. 

Remark 1. Given the components of a vector in one (rectangular) 
coordinate system, we can use (2.2) to determine its components in any other 
coordinate system. In particular, a vector vanishing in one coordinate system 
vanishes in any other coordinate system. 3 

Remark 2. The definition (2.2) of a vector is equivalent to the definition 
of a vector as a directed line segment. However, (2.2) has the advantage of 
being easily generalized to the case of tensors of arbitrary order. 

2.3.1. Examples. Suppose the coordinates Xi of a point P in a system K 
are functions of time: 

8 Note that a vector vanishes if and only if all its components vanish. 
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Then the displacement of P in time ~t is given by 

xi(t + ~t) - xlt). (2.3) 

The quantities (2.3) determine a vector (the displacement vector), since they 
become 

X~(t' + ~t') - x~(t') 

in a new coordinate system K'. But using (2.1) and the fact that t ' = t, 
~t' = ~t (time is a scalar), we find that 

X~(t' + ~t') - x~(t') = an[xit + ~t) - xk(t)], 

i.e., the quantities (2.3) transform like a vector. Similarly, the ratios 

xi(t + ~t) - xi(t) 

~t 

determine a vector (the average velocity of P during the interval from t to 
t + ~t). Moreover, the limits 

I
, xlt + ~t) - xi(t) 

Vi = 1m , 
At-+O ~t 

provided they exist, also determine a vector (the instantaneous velocity of P 
at time t). In fact, 

1 ,X/( t' + ~t') - x /( t') 
v. = hm t t 

t At'-+O ~t' 

= an lim xk( t + ~t) - xk( t) = ai'kvk 
At-+O ~t 

(the quantities ai'k are independent of t), which is again the transformation 
law of a vector. 

In just the same way, it is easily verified that the limits 

I
' viet + ~t) - Viet) a, = 1m ~---'----'-'-'-

t At-+O ~t 

determine a vector (the instantaneous acceleration of P at time t), Therefore, 
since Newton's second law 

F=ma· t 1 

holds in all coordinate systems, the force Fi must also be a vector. 

2.4. Second-Order Tensors 

Second-order tensors are next in order of complexity after scalars and 
vectors, By a second-order tensor is meant a quantity uniquely specified by 
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nine real numbers (the components of the tensor) which transform under 
changes of the coordinate system according to the law 

where AIm' A;k are the components of the tensor in the old and new coordinate 
systems K and K', respectively, and (Xi'l is the cosine of the angle between the 
ith axis of K' and the lth axis of K (similarly for (Xk'm)' Note the sense it: 
which (2.4) generalizes (2.2). 

Remark 1. Given the components of a second-order tensor in one 
(rectangular) coordinate system, we can use (2.4) to determine its components 
in any other coordinate system. In particular, if all the components of a 
tensor vanish in one coordinate system, they also vanish in any other coordi
nate system. 

Remark 2. The components of a second-order tensor are often written as 
a matrix: 

2.4.1. Examples. We now give some examples illustrating the meaning 
of the transformation law (2.4). 

Example 1. Given two vectors A and B, there are nine products of a 
component of A with a component of B: 

Suppose we transform to a new coordinate system K', in which A and B have 
components A; and B~. Then, by (2.2), 

A' = (X·'IA I ~ ! , 

and hence 

(2.5) 

Comparing (2.5) and (2.4), we find that AiBk is a second-order tensor. 

Example 2. The equation of a quadric surface (e.g., an ellipsoid) centered 
at the origin is of the form 

(2.6) 

in the old system K and of the form 

(2.7) 
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in a new system K' with the same origin as K. To find the relatibn between 
the old coefficients Aik and the new coefficients A:k , we note that 

and 

(2.8) 

as in formula (1.59), p. 39. Substituting (2.8) into (2.6), with i, k replaced by 
I, m, we obtain 

(2.9) 

Then comparing (2.9) and (2.7), we get 

which is identical with (2.4). It follows that Aik is a second-order tensor. 

Example 3. A vector function B = f(A) of a vector argument A is said 
to be linear if each component Bi is linear. It follows from Exercise 25, p. 58 
that the most general function of this kind is of the form 

or more concisely 

The coefficients aik transform like a second-order tensor. 
coordinate system, (2.10) is replaced by 

8 ' , A' i = Q ik k' 

Multiplying (2.10) by Cl..l'i and summing over i, we get 

(2.10) 

In fact, in a new 

(2.11) 

( 2.12) 

where, by (2.2), the quantity on the left is the lth component of the vector 
B in the system K'. Thus (2.12) becomes 

But 

(why?), and hence 

or equivalently 
Bl' = Cl..l,·CI.. 'kQkA' 1 m I m 

(2.13) 
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Since the vector B is arbitrary, a comparison of (2.13) and (2.10) shows 

i.e., the coefficients aik have the same transformation law as (2.4) and hence 
define a second-order tensor. 

2.4.2. The stress tensor. The state of stress of an elastic medium is 
specified once we know the force acting on an arbitrary element of area dcr 

P2 : p(r, n2) 

Cf------ X2 

FIG. 2.3. The stress acting on an element of area in an elastic medium 
depends on both the position and the orientation of the element. 

passing through· an arbitrary point M of the medium. Let r be the radius 
vector of M and n the unit normal to dcr. Then the force acting on dcr equals 
P dcr, where the stress P is a function per, n) of the two vectors rand n (see 
Fig. 2.3). As we now show, the function per, n) can be deduced from a certain 
second-order tensor called the stress tensor, which depends on r but not on n. 

To this end, we construct an ele
mentary tetrahedron about the point 
M with its edges directed along the 
axes of a rectangular coordinate system 

I K (see Fig. 2.4). Let dcrb dcr2' dcra 
M dda-n denote the areas of the faces perpen-
~:-d_(J".",-l -----::?>----x

2 
dicular to the axes Xl' X 2, Xa, and let 
dan denote the area of the inclined face 
with unit exterior normal n. Moreover, 
let P-I dcr1, P-2 dcr2, P-a daa and Pn dan 
be the forces exerted by the rest of the 
medium on the areas dab dcr2, daa 
and dcrn' respectively. Here the minus 

FIG. 2.4. Stresses on the faces of a tetra
hedron. 
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signs mean that the stresses P-I, P-2 and P-a act on the outside faces of the 
tetrahedron, whose exterior normals point in the directions opposite to those 
of the coordinate axes. By the law of action and reaction, the forces PI dcrl, 
P2 dcr2, Pa dcra acting on the inside faces of the tetrahedron are equal and 
opposite to those acting on the outside faces, and hence 

N ow let a be the acceleration of the center of mass of the tetrahedron, and 
let f be the body force per unit mass. Then, by Newton's second law, 

a dm = f dm + Pn dcrn + P-I dcri + P-2 dcr2 + P-a dcra 

= f dm + Pn dcrn - PI dcri - P2 dcr2 - Pa dcra, 

where dm is the mass of the tetrahedron. 4 In the limit as the tetrahedron 
shrinks to the point M, we find that 

a 
Pn dcrn = PI dcri + P2 dcr2 + Pa dcra = 2 Pi dcri, 

i=1 

since the terms containing dm are proportional to the volume of the tetra
hedron and hence are of a higher order of smallness compared to the terms 
containing elements of area. Therefore, 

• SInce 

dcri = dcrn cos (0, Xi) = ni dcrn , 

the stress on an element of area with 
unit normal 0 is given by 

a 
Pn = 2 Pini Pini' 

i=l 

Projecting Pn onto the axes of the system 
K, we obtain 

(2.14) 

where Pik (i, k = 1, 2, 3) is a set of nine 
normal (i = k) and tangential (i"* k) 
stresses acting on three orthogonal ele
ments of area at the point M (see Fig . .)'t 

Pt 

M 

2.5). Although themselves independent FIG. 2.5. The stress tensor as a set of 
of the orientation 0 of the area on which three stress vectors Pi> P2, Pa acting on 

. . three orthogonal elements of area. The 
the stress acts, these nine quantitIes, projections of these vectors onto the co-
which depend only on the point M, ordinate axes give the nine components 
allow us to determine Pn for arbitrary of the stress tensor. 

, No summation over n is implied in the expression Pn dan. 
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n. Thus the physical quantity with components Pik, called the stress tensor, 
uniquely specifies the state of stress at every point of the elastic medium. 

It only remains to verify the tensor character of Pik' Since the definition 
of Pik involves no restriction on the normal n, we can assume without loss of 
generality that the ith axis of the new coordinate system K' is directed along 
n, so that . , 

n = I· l 

(K and K' have orthonormal bases il, i2, i3 and i~, i~, i~, respectively). Then 
projecting n onto the lth axis of K gives 

• • I • 

n l = n· II = Ii· II = (Xi'I' 

where (Xn is the cosine of the angle between the ith axis of K' and the lth 
axis of K, and hence 

Finally, projecting p~ onto the kth axis of K', we obtain 

or 

(2.15) 

Comparing (2.15), and (2.4), we find that Pik transforms like a second-order 
tensor, as anticipated. 

2.4.3. The moment of inertia tensor. The angular momentum L of a 
system of n particles with respect to the origin of a coordinate system K is 
given by 

It 

L = :Lm/rj x Vj), 
j=1 

(2.16) 

where the jth particle has mass mi , radius vector rj and velocity Vj' Suppose 
that both the distances between particles and the distances between the 
particles and the origin 0 are fixed, so that the system is a rigid body with the 
origin as a fixed point. Then, according to Prob. 11, p. 45, 

V· = 00 x r J ]' 

where 00 is the instantaneous angular velocity of the system. Substituting 
this expression for Vj into (2.16), we obtain 

n n 

L = Imj[r j x (00 x r j)] = Imj[oo(r j • r j} - r/oo. r j )], 

j=1 )=1 

where we have used formula (1.30). Projecting L onto the axes of K, 
we obtain 

n 

Li = I m/wix~j)xij) - x1J)wkxij)) 
j=1 

(summation over k and I), 
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where the jth particle has coordinates x!j). Writing Wi = 8ikWk (8 ik is the 
Kronecker delta defined on p. 39), we have 

where 
n 

lik = ~m;(8ikx~j)X~j) - x!j)xk
j
))· (2.17) 

j=1 

Suppose the system has moments of inertia lXI' Ix2 , IX3 about the coordinate 
axes and products of inertia I

x1x2
' I

x1x3
' I

x2x3
' Then these moments are related 

to the nine quantities lik (i, k = 1, 2, 3) as follows: 

n 

122 = ~ m j [(xi
j
))2 + (X~j))2] = I x2' 

j=1 

n 

133 = ~mj[(xij)l + (x~j)l] = I x3 , 
j=1 

n 

I I -""'m,.xl{J)X2(j) = 12 = 21 = k., -
j=1 

n 

113 = 131 = - ~ mjxij)x~j) = 
j=1 

The quantities (k form a second-order tensor, called the moment of 
inertia tensor (about the origin 0). To see this, we note that (2.17) becomes 

in another rectangular coordinate system K' with the same origin. But 

(invariance of the scalar product), while 

Moreover 

Cl..l'iCl..l'k = ?)ik' 

Cl..i'rCl..k'r = 8~k 

in terms of the Kronecker delta [recall (1.62)], and hence 

• SInce 
(2.18) 



70 THE TENSOR CONCEPT CHAP. 2 

Therefore 

which is the same transformation law as (2.4). 
It follows from (2.18) that the Kronecker delta ~ik is also a second-order 

tensor. The tensor ~ik is often called the unit tensor, since its matrix is of the 
form 

100 

010 

001 

in every rectangular coordinate system. 

2.4.4. The deformation tensor. Given any two neighboring points A and 
B of an elastic body, suppose a deformation carries A and B into new posi
tions A' and B'. Let A and B have radius vectors rand r + ~r, while A' and 

--------->----, 
'-

M 8 

8' 

./ --- -........ _--", 

FIG. 2.6. Deformation of an elastic body. 
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B' have radius vectors r + u(r) and r + ~r + u(r + ~r), as shown in Fig. 
2.6, where the vectors u(r) and u(r + ~r) describe the displacement of the 
points A and B as a result of the deformation. 

As shown in the figure, the relative position of the points is given by ~r 
before the deformation and by 

~r' = A'B' = ~r + u(r + ~r) - u(r) 
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after the deformation. The change in magnitude of ~r by can be found 
calculating the quantity (~r')2 - (~r )2. Suppose u is a sufficiently smooth 
function of position, with components Ui = Ui(X1, X 2, X3)' Then 

or 

(2.19) 

after using Taylor's theorem and neglecting terms of the second order of 
smallness. Noting that 

~X' ~x' = (~r')2 
~ ~ , ~X· ~x· = (~r)2 l l , 

where 

(2.20) 

Thus the change in the distance between any two points of the elastic 
body is uniquely determined by the quantity U ik, called the deformation 
tensor. 

To verify the tensor character of Uik , we transform to a new coordinate 
coordinate system K', obtaining 

It follows from the formula 

describing the transformation from K' back to the old coordinate system K 
(X~i are the coordinates of the new origin in the old system) that 

(2.21) 
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Repeatedly using (2.2), (2.21) and the chain rule for partial differentiation, 
we find that 

• l.e., 
. 

ttik = C't.i'mC't.k'nUmn· 

It follows that Uik is a second-order tensor [recall (2.4)]. In the linear theory 
of elasticity, the term (oulloxi)(oulloxk) is dropped in (2.20), leaving just 

1 (OU i OUk) U ik = - + . 
2 oXk oXi 

2.4.5. The rate of deformation tensor. Suppose the velocity at the point 
M of a moving fluid (liquid or gas) is v = v(M). Then it can be shown that 
the motion of any element of the fluid is the sum of a "quasi-rigid" motion in 
which the element acts like part of a rigid body and a deformational motion. 5 

The latter is determined by the rate of deformation tensor 

(2.22) 

in the sense that the part of the velocity of the element of the fluid at M relative 
to the point 0 which is due entirely to the element's ability to undergo defor
mation is equal to 

(2.23) 
where 

5 See e.g., R. Aris, Vectors, Tensors and the Basic Equations of Fluid Mechanics, 
Prentice-Hall, Inc., Englewood Cliffs, N.J. (I 962), p. 89. 



• 

SEC. 2.4 THE TENSOR CONCEPT 73 

is the distance between the points M and 0, Vdef(M) is the deformational 
velocity of the element at the point M, and V ik( 0) is the value of the tensor 
(2.22) at the point O. The tensor character of Vik is verified in just the sa;ne 
way as that of the deformation tensor U 1k in Sec. 2.4.4. 

We now investigate the physical meaning of the components of the tensor 
(2.22). Consider two points of a fluid 
element which have positions A, B before 
the deformation and positions A', B' after 
the deformation (see Fig. 2.7). More-
over, let 

,-~ -~ 

OA = .1r, o A' =-= .1r', 
~ ~ 

OB = .1R, OB' = .1R'. 

Then the deformation of the given fluid 
element is characterized by the change 
in length of the vectors .1r, .1R and the 
change in angle between them. 

I 

FIG. 2.7. Deformation of a fluid ele-
ment. 

Due to the deformation of the fluid, the displacements of the points A 
and B in time .1t are given by 

-~ 

AA' =--= v<il'c(A) .1t, 
~ , 

BB' dPl('B) ,\ =c::: V Lll. 

Hence, consulting the figure, we find that 

~r' = ~r + AA' = ~r -+ v<ief(A) ~t, 

Taking components and using (2.23) to l'xprcss the deformation velocities 
in terms of the rate of deformation tensor, we get 

AX' --- \.. -t- /' ,\ X ~t Lli-t-"~"., -ll·.,i..l.~/t' , 

~x;= ·~XI1 Vlk ~Xk /:).t, 

where ~Xi' ~x;, ~Xi' ~X: are tl1(' ftb Cl::lt'h'1lknts of the vectors ~r, Ar', 
~R, ~R', respectively, and th . dcriv.lt'ves i:J r,i. [recall (2.22)] are evalu.tLcd 
at the point O. Then, using the symmC(;:, ..... ' . !k (1'/1, - - 'kJ and neglecting 
terms of order higher than on ~ i '; _\t. we r" ,'; I thE' SC,I'~: ( product 

~":.24) 

Now let nand N be the unit vectors corresponding to L\r and ~R, so that 

~r ~r 
D=---'-

I~rl ~r ' 
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By definition, the relative elongation of the fluid element during the time bat 
in the direction n is 

e: = n 
bar' - bar bar' 

--1. 

Hence the rate of relative elongation in the same direction is 

. I' e: n I' bar' - bar e: n = 1m - = 1m . 
Llt-+Obat Llt-+O bar bat 

Let cp be the angle between the vectors bar and ~R, and let cp' be the angle 
between the vectors bar' and baR'. Then the quantity E: n characterizes the rate 
of elongation ("linear deformation") of the fluid element, while the quantity, 

, 
y = lim cp - cp 

Llt-+O bat 

characterizes its rate of "angular deformation." Dividing (2.24) by bar baR, 
we find that 

• SInce 

bax' baX'· l l 

n. =~ _X-..::i 

t ~r' 

~r' baR' cos cp' 

bar baR 
, 

Dropping the term of order two in e: n and e:N' we can write (2.25) as 

(l + e: n + e:",.) cos cp' = cos cp + 2vikniNk bat. 

To interpret (2.26), we examine two special cases: 

(2.25) 

(2.26) 

1) Suppose the points A and B coincide and lie on the xl-axis before the 
deformation. Then 

cp = 0, cp' ~ 0, 

so that (2.26) becomes 

1 + e: l + e:2 = 1 + 2Vll ~t, 
which implies 
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Similarly, choosing the points A and B before the deformation on the 
x2-axis, and then on the xa-axis, we obtain 

• oV2 
e:2 = V22 = - , 

oX2 

• OVa 
e:a = Vaa = - . 

oXa 

Thus the diagonal components Vn , V22, Vaa of the rate of deformation 
tensor are the rates of relative elongation of a fluid element along the 
three coordinate axes. 

2) Suppose that before the deformation, the point A lies on the xcaxis, 
while the point B lies on the x2-axis. Then 

so that (2.26) becomes 

(l + e:l + e:2) cos q/ = 2v12 tJ.t. (2.27) 

Let Yii be the decrease in angle (in time tJ.t) between two line segments 
"embedded" in the fluid, directed along the Xi and xj-axes before the 
deformation. Then if i = 1, j = 2, 

7t , . (7t ') , Y12 = "2 - cp ~ sm 2 - cp = cos cp • (2.28) 

Substituting (2.28) into (2.27) and dropping small terms of the second 
order, we obtain 

It follows that 

and similarly 
. oVl OVa 
YIa = + = 2Vla' 

oXa oXl 

• oV2 OVa 
Y2a = + = 2v2a • 

oXa OX2 

Thus the nondiagonal components V12 = V2l ' VIa = Val, V2a = Va2 of the 
rate of deformation tensor equal half the rates of angular deformation of a 
fluid element, i.e., half the rates of change of the angles between line 
segments directed along appropriate axes before the deformation. 
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2.5. Higher-Order Tensors 

In Sees. 2.2-2.4 we found that tensors of orders 0, I, 2 have the trans
formation laws 

(2.29) 

respectively. The first formula does not involve the coefficients (1,.n at all, 
the right-hand side of the second formula is a homogeneous linear form in 
the (1,.i'k, while the right-hand side of the third formula is a homogeneous 
quadratic form in the (1,.n.

6 The natural generalization of (2.29) is the follow
ing: By a tensor of order n is meant a quantity uniquely specified by JIt real 
numbers (the components of the tensor) which transform under changes of 
the coordinate system according to the law 

A I . . = (1,. 'k (1,.. 'k •.• (1,.. 'k Ak k k 
ZI Z2··· 1 n 111122 In'n 12···n' 

(2.30) 

where AkJk2" .kn ' A;l i 2'" in are the components of the tensor in the old and 
new coordinate systems K and K', respectively, and (1,.il'k

1 
is the cosine of the 

angle between the i 1st axis of K' and the kIst axis of K (similarly for (1,.i2'k2' ••• , 

(1,.i
n
'kJ. The right-hand side of (2.30) is a homogeneous form of degree n in 

the quantities (1,.i
1
'k

1
' (1,.i

2
'k2' ••• , ("J.in'k n ' 

Remark. Given the components of a tensor of order n in one (rectangular) 
coordinate system, we can use (2.30) to determine its components in any 
other coordinate system. In particular, if all the components of a tensor vanish 
in one coordinate system, they also vanish in any other coordinate system. 

Example 1. If A, Band C are three vectors, the 33 = 27 quantities 

form a tensor of order 3 (why?). 

6 Given n variables x), X 2, ••• , x," the expression 

n 

C,X, ~~ L CiXi 

1=1 

is called a hom(zr.:eneous linear form (in the x,), the expression 

n n 

C'kX,Xk = L L C,,,X,Xk 

;=1 k=1 

is called a homogeneous quadratic form, the expression 

n n n 

CiklX,XkXI = L L L CiklXiXkXI 

lclk co l1=1 

is called a homogeneous form of degree 3, and so on. 
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Example 2. Suppose one second-order tensor Aik is a linear function of 
another second-order tensor Bik,7 so that 

where Aik1m is a set of 34 = 81 coefficients. Just as in Example 3, p. 65, it 
can be shown that Aik1m is a tensor of order 4, i.e., 

(the details are left as an exercise). 

2.6. Transformation of Tensors under Rotations about a 
Coordinate Axis 

One is often interested in coordinate transformations of a special kind, 
i.e., rotations about one of the coordinate axes which for simplicity we take 
to be the z-axis (here we write x, y, z instead of Xl> X2, x3 ). Let cp be the angle 
between the new x' -axis and the old x-axis (see Fig. 2.8). Then the general 
formula 

[recall (1.59)] reduces to 

x' = x cos cp + y sin cp, 

y' = -x sin cp + y cos (P, 

I 
Z = Z , 

(2.31) 

I 

Y y 
I 

FIG. 2.8. Rotation about a 
coordinate axis. 

Therefore the complex number x + iy determining the radius vector of the 
point (x, y) in the xy-plane transforms according to the formula 

X' + iy' = (x + iy)e-itp
• 

In fact, writing out (2.32) in full, we have 

x' + iy' , (x + iy)(cos cp - i sin cp) 

= (x cos 9 + y sin 9) + i(-x sin cp + Y cos cp), 

(2.32) 

and then taking real and imaginary parts, we get the first two of the formulas 
(2.31). On the other hand, the complex conjugate x - iy transforms as 
follows: 

x' - iy' = (x - iy)e1tp
• 

7 In the sense of Exercise 25, p. 58 and Example 3, p. 65. 
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Similarly, given a vector A with components Ax, All' A z , the quantities 
Ax + iAII' Ax - iAy, A z transform under the rotation (2.31) according to the 
formulas8 

(2.33) 

Introducing the notation 

we can write (2.33) as 

(no summation over ~), (2.34) 

where ~ takes the values -1, 0, + 1. 
The formulas (2.34) can be derived in another way by introducing the 

modulus and argument of the complex number A+l: 

Then rotating the axes through the angle cp in the counterclockwise direction 
gives a new value of the argument equal to 

, 
y = y - cpo 

Therefore 

in keeping with (2.34). 
Given two vectors A and B with components Ax, All' A z and Bx, BII, Bz 

respectively, we have 

B I = B e-i(J. (J. (J. (no summation over ~). 

Moreover, 

A I B I = A B e- i «(J.+f3> 
(J. f3 (J. f3 (no summation over ~ and ~), (2.35) 

where ~ and ~ separately take the values -1, 0, + 1. The relation between the 

8 If A. = 0, the vector A lies entirely in the xy-plane and its components transform 
according to the first two of the equations (2.33). 
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quantities AaBf3 and the components of the vectors A and B is given by 

AoBo = AzBz, 

A+1B+1 = (Ax + iAlI)(Bx + iBlI) = AxBx - AlIBlI + i(AxBlI + AlIBx), 

A_IB_l = (Ax - iAlI)(Bx - iBlI) = AxBx - AyBlI - i(AxBlI + AlIBx), 
, 

AoB+1 = AlBx + iBlI ) = AzBx + iAzBlI, 

AoB_l = Az(Bx - iBlI ) = AzBx - iA zBlI, 

A+IBo = (Ax + iAlI)Bz = AxEz + iAlIBz' 

A_lBO = (Ax - iAlI)Bz = AxEz - iAlIBz' 

(2.36) 

A+IB_l = (Ax + iAlI)(Bx - iBlI ) = AxBx + AlIBlI - i(AxBlI - AlIBx), 

A_IB+1 = (Ax - iAlI)(Bx + iBlI) = AxEx + AlIBlI + i(AxBlI - AlIBx)· 

Formula (2.35) tells how certain combinations of the components of A 
and B transform under rotations about the z-axis. For example, setting 
IX = +1, ~ = -I, we obtain 

or 

A;B; + A~B~ - i(A;B~ - A~B~) = AxBx + AyBlI - ;(AxBlI - AlIBx). 

Taking real and imaginary parts then gives 

A;B; + A~B~ = AxBx + AyBy, 

A;B~ - A~B~ = AxBli - AlIBx. 

The first formula together with 

obtained from (2.35) by setting IX = ~ = 0, expresses the fact that the scalar 
product A . B is invariant (i.e., does not change) under rotations of the given 
type (or, for that matter, under any coordinate transformation). The second 
formula expresses the invariance of the z-component of the vector product 
A x B. This could have been predicted from the fact that the z-axis is fixed 
under a rotation about the z-axis. The same conclusions are obtained if we 
consider the case IX = -I, ~ = + I instead. 

Next we turn our attention to the behavior under rotations about the 
z-axis of a symmetric second-order tensor with components9 

Pxx, Pyy, Pzz, PXY = PYX' Pxz = Pzx. PyZ = PZY· 

9 If p,.. = PIl Z = p .. = 0, the tensor is said to be two-dimensional. For example, the 
state of stress of an elastic body is completely determined by a two-dimensional tensor if 
the stresses are independent of z and have no z-components. 
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Guided by (2.36), we form the combinations 

po.o = Pzz, 

P+1.+l = Pxx - P1I1I + 2ipx1l' 

P-1.-1 = Pxx - P1I1I - 2ipx1l' 

po.+l = P+1.0 = Pxz + iP1Iz, 
• 

PO.-1 = P-1.0 = Pxz - 'P1Iz, 

P+1.-1 = P-1.+l = Pxx + P1I1I' 

Then the natural generalization of (2.35) is 

CHAP. 2 

(2.37) 

P~[3 = Pa[3e-
i
(,x+[3) (no summation over a and ~), (2.38) 

where a and ~ separately take the values -1, 0, + 1. It follows from (2.38) 
that 

, 
Po.o = Po.o, 

, _ e2i'fJ 
P-1 -1 - P-1 -1 , • • 

,_ i'fJ 
PO.-1 - PO.-1e , 
, 

P+1.-1 = P+1.-1, 

or, in terms of the components Pxx, P1I1I' Pzz, PX1l' Pxz, P1IZ' 
, 

pzz = Pzz, 

p~x - P~1I + 2ip~y = (Pxx - P1Iy + 2ipxy)e-2i'fJ, 

, , 2" - ( 2 . ) 2i(p Pxx - PY1I - 'px1l - Pxx - Pyy - 'px1l e , 

p~z + ip~z = (Pxz + ipyz)e-i'fJ, 
(2.39) 

, ., _ ( .) i'fJ Pxz - lpyz - Pxz - lP1IZ e , 

p~x + p~y = Pxx + pyy· 

The second, third and last equations (which do not involve the subscript z) 
are important in two-dimensional elasticity theory. Substituting 

e-2i
'fi = cos 2cp - i sin 2cp 

into the second equation and then taking real and imaginary parts, we find 
that 

P~x - P~y = (Pxx - pyy) cos 2cp + 2pxy sin 2cp, 

2p~y = 2pXY cos 2cp - (Pxx - pyy) sin 2cp. 
(2.40) 
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It follows from (2.40) and the last of the equations (2.39) that 

P' = Pxx + Pyy + Pxx - Pyy cos 2m + P sin 2m 
xx 2 2 T XY T' 

P' = Pxx + Pyy - Pxx - PYY cos 2m - P sin 2m 
YY 2 2 T XY T' 

I .. Pxx + Pyy . 2 + 2 PXy = - SIn cp PXy cos cpo 
2 

2.7. I nvariance of Tensor Eq uations 

Let 
(2.41) 

be an equation involving scalars cp, ~, •.. , vectors ai' hi' ... , second-order 
tensors Cik , dib .•• ,etc., written in a rectangular coordinate system K. 
Suppose we shift and rotate K, thereby obtaining a new rectangular co
ordinate system K'. Then (2.41) is replaced by 

(2.42) 

where all components of scalars, vectors and tensors are now written in K'. 
In general, (2.41) and (2.42) are not of the same form, i.e., F=j. G. However, 
supppose (2.42) has the same form as (2.41), so that (2.42) be;:omes 

Then the equation (2.41) is said to be invariant under the transformation 
from K to K'. All properly formulated physical laws must be invariant under 
shifts and rotations, since real space is homogeneous and isotropic (see 
p. 59). In particular, all tensors appearing as (additive) terms in an equation 
expressing a physical law must be of the same order. Another requirement 
satisfied by properly formulated physical laws has already been noted in the 
remark on p. 60. 

Example 1. According to Prob. 7, p. 42, the equation of a straight 
line is 

X k - a k - Aek = 0 (2.43) 

in a rectangular coordinate system K. Multiplying by IXi'k and summing over 
k, we obtain 

IXi'kXk - IXi'kak - AIXi'kek = O. 

But X k , a k , e k are components of vectors, and hence 

(2.44) 
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where x:' a;, e; are the components of the same vectors in the new system 
K'. Comparison of (2.43) and (2.44) shows that (2.43) is invariant under the 
transformation from K to K'. 

Example 2. Newton's second law has the same form in any two rec
tangular coordinate systems, or for that matter, in any two inertial systems 
(moving with respect to each other with constant translational velocity). 
To see this, we first write Newton's law 

d 
Fk = - (mvk) 

dt 

in one system K. We then multiply by IXi'k and sum over k, obtaining 

d d 
IXi'kFk = - (mIXi'kvk) = - m(IXi'kvk + VOi)' 

dt dt 

where the VOi are components of a constant vector. But then 

F' = ~ (m'v~) = ~ (mv~), 
t dt' t dt t 

since m' = m, t' = t and 

(the term VOi describes the constant translational velocity). 

2.8. Curvilinear Coordinates 

Any three numbers q\ q2, qa uniquely specifying the position of a point 
M in space are called (generalized) coordinates of M.IO 

Example 1. In a rectangular coordinate system with origin 0, ql = XJ, 

q2 = X2, qa = Xa are the (signed) distances between M and three perpendicular 
planes going through O. 

Example 2. Given an underlying system of rectangular coordinates 
Xl> X2, Xa with origin 0, let ql = R be the distance between M and the Xa
axis, let q2 = cp be the angle between the half-plane determined by the xa-axis 
and the positive xl-axis and the half-plane determined by the x3-axis and the 
point M, and let qa = z be the distance between M and the xlx2-plane [see 
Fig. 2.9(a)]. Then R, cp and z are called the cylindrical coordinates of M. 
They are related to the rectangular coordinates Xl' X2, Xa by the formulas 

ql = R = J xi + x:, tan q2 = tan cp = =:' qa = Z = X3 (2.45) 

x1=Rcoscp, x2=Rsincp, Xa=Z. 

10 The numbers 1, 2, 3 appearing in q1, q2, q3 are superscripts, not exponents. 



SEC. 2.8 

R 

z 

:--+r--.(2 

( a ) 

THE TENSOR CONCEPT 83 

R: const 

Z : const 

-'" c: 
o 
u 
II 

............ __ ~9-

( b) 

FIG. 2.9. Illustrating cylindrical coordinates. 

Example 3. Given an underlying system of rectangular coordinates 
Xb X2, X3 with origin 0, let ql = R be the distance between M and 0, let 
q2 = e be the angle between the positive x3-axis and the vector OM, and let 
q3 = ({) be the angle between the half-plane determined by the x3-axis and the 
positive xl-axis and the half-plane determined by the x3-axis and the point 
M [see Fig. 2.1 0 (a)]. Then R, ({) and e are called the spherical coordinates of 

O~::---t-+--- .(2 

( a ) ( b) 

FIG. 2.10 Illustrating spherical coordinates. 
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M. They are related to the rectangular coordinates Xl, X 2, X3 by the formulas 

ql = R = ~ xi + x~ + x~, 
~X2 + X2 

tan q2 = tan 6 = I 2 , 

tan q3 = tan cp = X2 , 
Xl 

X3 
(2.46) 

Xl = R sin 6 cos cp, X2 = R sin 6 sin cp, X3 = R cos 6. 

2.S.1. Coordinate surfaces. Suppose one coordinate qi is held fixed, 
while the other two are varied continuously. Then we obtain three families 

3 of coordinate surfaces, with equations 

83 

82 

ql = const (q2, q3 variable), 

q2 = const (q3, ql variable), 

q2 q3 = const (ql, q2 variable). 

It will always be assumed that a unique 
(q2) surface of each family goes through any 

given point M (see Fig. 2.11), in keeping 
with the hypothesis that M is uniquely 
determined by its coordinates ql, q2, q3. 

Example 1. In a rectangular coordi
nate system, the coordinate surfaces are 
three perpendicular planes. 

Example 2. In a cylindrical coordi

FIG. 2.11. Coordinate surfaces, curves 
and axes in a system of generalized 

coordinates. nate system, the coordinate surfaces 
are the circular cylinders R = const of radius R with generators parallel to 
the x3-axis, the half-planes cp = const going through the x3-axis and making 
angle cp with the half-plane determined by the x3-axis and the positive xcaxis, 
and the planes z = const perpendicular to the x3-axis [see Fig. 2.9(b)]. 

Example 3. In a spherical coordinate system, the coordinate surfaces 
are the spheres R = const of radius R centered at the origin, the same half
planes as in Example 2, and the right circular cones e = const of angle 
26 with vertex 0 and axis along the x3-axis [see Fig. 2.10(b)]. 

2.8.2. Coordinate curves. Suppose two coordinates qi and qi are held 
fixed, while the other one is varied. Then we obtain three families of co
ordinate curves, with equations 

q2 = const, 

q3 = const, 

ql = const, 

q3 = const 

ql = const 

q2 = const 

(ql variable), 

( q2 variable), 

(q3 variable). 
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These are the curves denoted by (ql), (q2), (q3), respectively, in Fig. 2.11. The 
coordinate curve (qi) is clearly the intersection of two coordinate surfaces 
q; = const and qk = const, where j and' k are the values of 1, 2, 3 other than i. 
By the positive direction along the coordinate curve (qi), we mean the direc
tion in which a variable point of the curve moves as qi is increased. 

Example 1. In a rectangular coordinate system, the coordinate curves 
are perpendicular straight lines. 

Example 2. In a cylindrical coordinate system, the coordinate curves 
are the straight lines 

R = const, cp = const, 
the straight lines 

cp = const, z = const, 
and the circles 

R = const, z = const. 

Example 3. In a spherical coordinate system, the coordinate curves 
are the circles 

R = const, cp = const, 

the circles 
R = const, e = const, 

and the straight lines 
cp = const, e = const. 

2.S.3. Bases and coordinate axes. By a basis of a system of generalized 
coordinates ql, q2, q3, we mean any set of vectors el , e2, e3 of fixed length 
pointing in the positive directions of the coordinate curves. The vectors el, 
e2, e3 themselves are called basis vectors. Thus el is tangent to the coordinate 
curve (ql) and points in the direction of increasing ql. The basis el , e2, e3 

is said to be local, since in general it varies from point to point, as shown in 
Fig. 2.12(a). It should be noted that in general the basis vectors are neither 
perpendicular nor of unit length. 

82 

e2 
e2 

( a ) ( b) 

FIG. 2.12. Local bases. The local basis varies from point to point except 
in the case of rectangular or oblique coordinates. 
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The tangent to the coordinate curve (qi) is called the qi-axis (i = 1, 2, 3), 
and the positive direction along the qi-axis is the direction of the basis 
vector e i . 

In rectangular and oblique coordinates, and only in such coordinate 
systems, the basis vectors do not vary from point to point [see Fig. 2.12(b)]. 
As on p. 11, a coordinate system is said to be curvilinear (as opposed to 
rectangular or oblique) if its coordinate curves are not straight lines. Thus 
the basis of a curvilinear coordinate system is "local" in the full sense of the 
word, since it does vary from point to point. 

Coordinate systems whose basis vectors intersect at right angles are 
called orthogonal systems, just as on p. II. Thus rectangular, cylindrical 
and spherical coordinates are all orthogonal systems. As already noted, 
the coordinates most widely used in the applications are orthogonal. 

2.8.4. Arc length. Metric coefficients. The fundamental geometric char
acteristics of a space "arithmetized" by introducing the generalized co
ordinates q1, q2, qa are given by its metric, i.e., by the expression for the 
square of the element of arc length 

(dS)2 = gik dqi dqk 

(recall Sec. 1.6.5). Here gik = e i • ek is the metric tensor (see Sec. 2.9.2). 
The element of arc length along the coordinate curve (qi) is 

dSi = leil dqi = J gii dqi (no summation over i), 

while the element of area in the coordinate surface ql = const is 

da1 = le2 x eal dq2 dqa 

= J(e2 x ea) • (e2 x ea) dq2 dqa 

= J(e2 • e2)(ea · ea) - (e2' ea)(e2 • ea) dq2 dqa 

I 2 2 a 
= "j g22gaa - g2a dq dq . 

Similarly, we have 

or briefly 

dcr2 = J ga3gn - g;3 dq3 dq \ 

dcr3 = J gUg22 - g;2 dql dq2, 

(no summation over j and k), 

where i,j, k is a cyclic permutation of the numbers 1, 2, 3. Moreover, using 
formula (1.54), p. 33, we find that the element of volume equals 

dV = J G dql dq2 dqa, 
where 
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The basic quantities describing an orthogonal coordinate system are the 
metric coefficients hI' h2' h3. These are defined as 

hI = &, h2 = .J g22, h3 = .J g33' 

and satisfy the formula 

(ds)2 = (hI dql)2 + (h2 dq2)2 + (h3 dq3)2 

(recall Sec. 1.6.6). In this case, we have 

ds. = h· dqi , , (no summation over i), 

dcri = hjhk dqi dqk (no summation over j and k), 

dV = hlh2h3 dql dq2 dq3. 

Example 1. In rectangular coordinates, 

(dS)2 = (dXI)2 + (dX2)2 + (dX3)2 
and hence 

hI = 1, h2 = I, h3 = 1. 

Example 2. In cylindrical coordinates, 

(dS)2 = (dR)2 + (R dr.p)2 + (dZ)2 
and hence 

hI = I, h2 = R, h3 = 1. 

Example 3. In spherical coordinates, 

(dS)2 = (dR)2 + (R d6)2 + (R sin 6 dr.p)2 
and hence 

hI = 1, h2 = R, h3 = R sin 6. 

(2.47) 

(2.48) 

Suppose the relation between a system of generalized coordinates ql, 
q2, qS and an underlying system of rectangular coordinates Xl' X2, Xs is given 
by the formulas 

qi = ql(XI' X2, x s), q2 = q2(Xh X2, xs), qS = qS(XI' X2, xs) (2.49) 
and 

where the lacobians 
oqi 

J = det 

are neither zero nor infinite. For example, (2.49) and (2.50) take the form 
(2.45) with J = I/R in the case of cylindrical coordinates, and the form 
(2.46) with J = I/R sin 6 in the case of spherical coordinates. Writing (2.50) 
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more concisely as r = r(ql, q2, q3), where r = xliI + x2i2 + xai3 is the radius 
vector of an arbitrary point M, we find that 

dr = dr d 1 + dr d 2 + dr d 3 _ dr d i 
dql q dq2 q dq3 q - dqi q, 

where in using the summation convention in the last expression, we agree to 
regard a superscript in the denominator as a subscript in the numerator and 
vice versa. It follows that 

dr dr . 
(ds)2 = dr. dr = . . df dqk. 

dq' dqk 

Therefore the vectors of the local basis are 

dr 
e·=-, dqi' 

and the metric tensor is 

dr dr dX z dX z g'k = -. = - . 
Z dqi dqk dqi dqk 

In the case of orthogonal coordinates, this implies the following expression 
for the metric coefficients: 

(dXI)2 + (dX~)2 + (dX~)2. 
dq' dq' dq' 

(2.51) 

As an exercise, the reader should deduce (2.47·) and (2.48) from (2.45), (2.46) 
and (2.51). 

2.9. Tensors in Generalized Coordinate Systems 

2.9.1. Covariant, contravariant and mixed components of a tensor. In a 
generalized coordinate system, a first-order tensor (vector) A is uniquely 
determined either by its three covariant components Ai or by its three con
travariant components Ai (recall Sec. 1.6.3). Under changes of basis the 
quantities Ai transform differently than the quantities Ai, i.e., 

A~ = Ot~Ak 
Z " 

A 'i - i'Ak - Ot k 

[see (1.43) and (1.44)]. Nevertheless, the covariant and contravariant com
ponents are not independent, and are in fact related by the formula 

A· = g'kAk 1 Z , 

Ai = gikAk 

[see (1.48) and (1.49)], where the coefficients gik (gik) are determined by the 
basis of the coordinate system in which the components of A are taken. 



SEC. 2.9 THE TENSOR CONCEPT 89 

In just the same way, tensors of order two or higher can have various 
kinds of components in a generalized coordinate system. These com
ponents differ in the way they transform under changes of basis. Moreover, 
just as in the case of vectors, there exist formulas relating the various kinds 
of components. 

Thus we now reexamine the concept of a second-order tensor, this time 
relaxing the requirement that the coordinate system be rectangular: By a 
second-order tensor is meant a quantity uniquely specified by nine numbers 
(the components of the tensor). These components can be covariant Aik' 
contravariant Aik or mixed A/, A\, and transform according to the formulas 

A' t mA ik = t:Xi't:Xk' 1m' 

A'ik i' k'Alm = t:X t t:Xm , 
(2.52) 

where t:X~, and t:X~' (i, k = 1,2,3) are the coefficients of the direct and the inverse 
transformations [see (1.11) and (1.12)]. The relation between the various 
components of a tensor, considered in a coordinate system with metric 
(dS)2 = gik dXi dxk, are given by the formulas 

A A tm A·I Al ik = gilgkm = gkl i = gil .k' 

Aik = gilgkmA = gilA·k = gklAi 
1m I .1' 

A ·k kl A Alk 
i = g .I':1il = gil , 
iiI i I A.k = g Alk = gklA . 

(2.53) 

The dot in the mixed components emphasizes the order of occurrence of the 
indices. Thus in A/ the first index is "covariant" and the second "contra
variant," while in A\ the first index is contravariant and the second covariant. 

2.9.2. The tensor character of gik' gik and g/. We now show that the 
quantities gik, gik, g/ defined in Sec. 1.6.5 are actually the components of a 
second-order tensor, called the metric tensor. First we observe that formulas 
(1.11), (1.12) and (1.47) imply the following transformation laws for gik, 
gik, g/ under changes of basis: 

, " I m 1m 1m gik = ei • ek = t:Xi,e l • t:Xk,e m = IXi,IXk,e l • em = IXi,IXk,glm' 

g'ik = e'i. e'k = IXrIX~el • em = IXrIX~glm, 

'.k , ,k I k' m I k' .m g . =e··e = (J.·,IX el·e =IX·,IX gl 111m zm' 

Comparing these formulas with (2.52), we see that the gik are the covariant 
components of some tensor, the gik are contravariant components of some 
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tensor, and the gik are mixed components of some tensor. To vetify that all 
these quantities are components of the same tensor, we need only show that 
they are connected by relations of the form (2.53). But it follows from the 
definition of gik and the properties of the basis eh e2, e3 and its reciprocal 
e1, e2, e3 that 

[recall (1.42)]. Therefore 

etc., in keeping with (2.53). 

Remark. The components of gik are the same as those of the Kronecker 
delta defined on p. 39, i.e., 

o 

[recall (1.47)]. 

if i =1= k, 

if i = k 

2.9.3. Higher-order tensors in generalized coordinates. In a generalized 
coordinate system, a tensor of order n has 3n components as in Sec. 2.5, but 
now it can have various kinds of components, i.e., covariant, contravariant 
and mixed components of various kinds. For example, a third-order tensor 
has 33 = 27 components, with mixed components Ai~' A~icl' ... which trans
form according to the formulas 

etc. Here we say that Ai;.;l is a mixed tensor with two covariant indices and 
one contravariant index (and similarly for A~iD. 

The requirement for in variance of tensor equations given in Sec. 2.7, i.e., 
that all tensors appearing as (additive) terms in an equation expressing a 
physical law be of the same order, must now be strengthened by the require
ment that all terms have the same "covariance." In other words, covariant 
components cannot be added to contravariant components, and mixed 
tensors can be added only if they have the same structure (like Aikl and B;,kl). 

2.9.4. Physical components of a tensor. The case of orthogonal bases. 
The concept of "physical" components of a vector has a natural generaliza
tion to the case of tensors of order two or higher. In the general case, this is 
a consequence of the fact that the components of a tensor of order n can be 
written as a sum of products of components of n three-dimensional vectors 
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(see Prob. 5, p. 97), In particular, the physical components A~k and A *ik 
of a second-order tensor are given by the formulas 

A* _ Aik Aik ik - (no summation over i and k), 
leillekl J giigkk (2.54) 

*ik ik ik / A = A leillekl = A \I giigkk (no summation over i and k), 

generalizing the expressions for A~ and A *i on p. 30. 
In the case of orthogonal bases, it follows from (2.53) and (1.47) that 

A ik _ A ii kk _ Aik 
- ikg g - h~h~ 

(no summation over i and k), 

(no summation over i and k) 

(recall from Sec. 1.6.6 that giigii = 1). In this case, we see from (2.54) that 

Ai~ = A*ik = ::k = Aikhihk (no summation over i and k). 

Remark. Again, as in Remark 2, p. 34, summation can only take 
place over "dummy" indices in different positions, where two indices are 
said to be in different positions if one is a subscript and the other a superscript. 
For example, 

The operations of "raising" and "lowering" indices have the same meaning as 
on p. 34. Moreover, an equation like 

Aik = gilAlk 

is sometimes described as "renaming" an index. 

2.9.5. Covariant, contravariant and mixed tensors as such. In describing 
a tensor arising in a physical or geometric problem, it is sometimes most 
natural to start from a particular set of components, say covariant com
ponents. The tensor itself is then said to be "covariant," but formulas like 
(2.53) can always be used to deduce all the contravariant and mixed com
ponents of the same tensor, which is to be thought of as a single object with 
no more than 3n independent components (if it is of order n). 

Example 1. Let I(xl , X2, x3) be a scalar function of the generalized 
coordinates Xl, X2, x3 (not to be confused with the rectangular coordinates 
Xl, x 2, X3). Then, by the chain rule for partial differentiation, 
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where we use the fact that 

(see p. 29). Therefore the three quantities aflaxi transform like the covariant 
components of a vector [see (1.43)], and in this sense form a "covariant 
vector." However, it would be more accurate to describe aflaxi as the co

e, 

n 

variant components of an underlying 
vector (the gradient vector defined in 
Sec. 4.3.2), which has perfectly well
defined contravariant and mixed com
ponents as well, found by using 
formulas like (2.53). 

1 Example 2 (The stress tensor in 
~.!e~1d~x __ --r e3 generalized coordinates.) Again let 

~-d(J", 

O~~;::; ~~-----~e2 
e2dx2 e 3dx 3 - e2dx2 

FIG. 2.13. The stress tensor in generalized 
coordinates. 

Xl, X2, x3 be generalized coordinates, 
and let eb e2 , e3 be the corresponding 
(right-handed) basis. Consider the 
elementary tetrahedron with edges 
el dxl, e2 dx2, e3 dx3 drawn from the 
origin 0 and "bottom" of area d(Jw 

Let n be the unit exterior normal to d(Jm and let the areas of the faces of the 
tetrahedron be d(JI' d(J2, d(Ja. Then, as shown in Fig. 2.13, 

and 

d(J1 = le2 X e31 dx2 dx3, 

d(J2 = le3 X ell dx3 dx\ 

d(J3 = lei X e2 1 dxl dx2
, 

n d(Jn = (e2 dx2 - el dx l ) X (e3 dx3 - e2 dx2) 

= (e2 x ea) dx2 dx3 + (e3 x el) dx3 dx l + (el x e2) dx l dx2. 

(2.55) 

Introducing the vectors el, e2, e2 of the reciprocal lattice, and taking 
account of (1.36), (1.54) and (2.55), we find that 

say, and hence, 

It follows that 

Therefore 

e2 x e3 = e1.j(j:, 

3 ei 
n d(Jn = L i d(Ji· 

i=lle I 
d(J 

ni d(Jn = ---.!:. , 
I e' I 

where ni are the covariant components of the vector D. 

(2.56) 
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Just as in Sec. 2.4.1, the stress vector Pn acting on dan equals 

3 1 
Pn = I Pi da i , 

i=l dan 
or 

3 

Pn = I Pi leil ni 
i=l 

after substituting from (2.56). The components of the stress vector Pn with 
respect to the basis el> e2, e3 are of course contravariant [recall (1.41)), and in 
this sense the vector Pi leil itself is contravariant. Denoting the contravariant 
components of Pi leil by pik, so that 

3 

Pi leil = I pikek, 
k=l 

we have 

Therefore the contravariant components of the stress vector Pn are 

p~ = pikni· 

The nine quantities lk are the contravariant components of a single 
physical quantity, namely the stress tensor, and allow us to determine (in 
the given system) the stress at an arbitrary point acting on an arbitrary ele
ment of area characterized by the vector D. The covariant and mixed com
ponents of pik are found in the usual way, e.g., 

Remark. Just as the vector A with components Ai is denoted by the bold
face letter A without subscripts, we can use A to denote the tensor with 
components Aik' Aik~' etc. The analogue of the representation 

A = A·ei 
t 

is then 
(2.57) 

and so on. Given two vectors A and B, the second-order tensor C with 
components Cik = AiBk (recall Example 1, p. 64) can then be written as 

C = AB = AiBkeiek = Cikeiek. 

Here the quantity AB, called a dyad, has no multiplication sign and is not to 
be confused with the scalar or vector product. Note that AB i=- BA, and in 
fact the matrix corresponding to AB (see Remark 2, p. 64) is the transpose 
of that corresponding to BA. The natural generalization of (2.57) to tensors 
of higher order is 
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SOLVED PROBLEMS 

Problem 1. Find a formula for the moment of inertia of a system of n 
particles of masses m1, m2' ... , mn about an axis u characterized by the unit 
vector Uo. 

First solution. Let rk be the radius vector of the kth particle with respect to 
some origin 0 lying on u. Then Irk x uol is the distance from the kth particle 
to the axis u, and hence the moment of inertia of the system of particles 
about u is given by 

n 

Iu = Imk(rk x UO)2. 
k=l 

It follows from (1.27) and (1.30) that 

n n 

Iu = I mk(rk x Uo)· (rk x Uo) = I m~k· [Uo x (rk x 00)] 
k=l k=l 

n n 

= I m~k • [rk - UO(rk • Uo)) = I mk[r~ - (rk • UO)2], 
k=l k=l 

where r k = Irkl. In a coordinate system K with origin 0, we have 

n 

I u = L mk[x~k)x~k) - (x1k)uoZ)2], 
k=l 

where 

rk = x~k)il + x~k)i2 + x~k)i3 
and Uo has components Uoz (I = 1, 2, 3). 

(2.58) 

(2.59) 

Second solution. Let u be the x~-axis of a new coordinate system K'. 
Then 

where Irs is the moment of inertia tensor about 0 in the system K. But 

and hence 
(2.60) 

which gives (2.59) after substituting from (2.17). 

Problem 2. Show that the kinetic energy of a rigid system of n particles 
of masses mh m2' ... ,mn rotating with instantaneous angular velocity 
w about a fixed point 0 equals 

T = ~I 6)2 
"2" eo ' 

where leo is the moment of inertia of the system about the instantaneous axis 
of rotation (the axis with the direction of w). 
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Solution. Let rk be the radius vector (with respect to 0) and Vk the in
stantaneous velocity of the kth particle. Then, using Prob. 11, p. 45, we 
have 

Let 

n n n 
T =! Lmkv~ =! Lmk(w x r k)2 =! Lmk(w x r k) o(w x r k) 

k=l k=l k=l 

n n 

-'! 1mkw 0 [rk x (w x r k)] = ! Lmkw 0 [r~w - rk(rk 0 w)] 
k=l k=l 

n 

= ! 1mk[r~w2 - (rk oW)2]. 
k=l 

W 
W o =-

w 

be the unit vector characterizing the axis ufrota+~on, and let fro be the moment 
of inertia about this axis. Then 

n 

T = !w21mk[r: - (rk oWO)2] = !Ic.>w2 
k=l 

[recall (2.58)). Using (2.60), we can also write 

in terms of the components of wand the moment of inertia tensor ab"ut O. 

Problem 3. Let I", be the moment of inertia of a system of n particles 
of masses mh m2, ... , mn about an axis u through the center of mass of the 
system. Find the moment of inertia of the system about an axis v parallel 
to u. 

Solution. Let R be the radius vector of the center of mass (which lies on 
u) with respect to some origin 0 on v. Suppose rk is the radius vector of 
the kth particle with respect to 0, while r~ is its radius vector with respect to 
the center of mass. Then 

and hence 
n n 

Iv = 1 mk(rk x VO)2 = 1 mk[(r~ + R) x VO]2 
k=l k=l 

n n n 
= 1 mk(R x VO)2 + 1 mk(r~ x VO)2 + 21 miR x yo) 0 (r~ x Yo), 

k=l k=l k=l 

where Vo is a unit vector along v. But 

n n 

1 mk(r~ x VO)2 = L mk(r~ x UO)2 = I"" 
k=l k=l 
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where 00 is a unit vector along u, since Vo = 00 (the axes are parallel). More
over 

• 
Since 

n 

~m~~ = 0, 
k=l 

by the definition of the center of mass. Therefore 

Iv = Iu + M IR X v012
, 

where M is the total mass of the system and IR x vol is the distance between 
the axes. 

Problem 4. Find the most general linear function relating the viscous 
stress tensor Ptk to the rate of deformation tensor Vik in an isotropic fluid.ll 

Solution. The most general linear function relating Pik and Vik is of the 
form 

" Pik = "fJiklmVlm, 

where "fJiklm is a fourth-order tensor characterizing the properties of the fluid. 
Since the properties of the fluid must be the same in all directions, the com
ponents of "fJiklm must be invariant under arbitrary rotations of the coordinate 
system. Such a tensor is said to be isotropic. It can be shown12 that the most 
general isotropic tensor of order four is of the form 

where 
"fJiklm = Aaikazm + BaUakm + Caimakl , 

o if i =I- j, a .. = 
t1 'f 11 i = j 

is the Kronecker delta. It follows that 

Ak = AaikazmVzm + BaUakmVlm + caimaklVlm 

= AaikVl1 + BVik + CVki • 

Since Vik = Vki [recall (2.22)], we have 

where 
B + C = 2!L, A = !L'. 

(2.61) 

11 The viscous stress tensor Pile is the part of the stress tensor Pile which vanishes when the 
fluid is at rest. The relation between Pile and Pile is pile = -p'8ile + pak> where p is the 
hydrostatic pressure. See R. Aris, op. cit., p. 107. 

n Ibid., pp. 33-34. 
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Formula (2.61) is basic in hydrodynamics. The constants !.L and !.L' (called 
viscosity coefficients) characterize the properties of the isotropic fluid.13 

Problem 5. Show that an arbitrary second-order tensor can be repre
sented as a sum of products of the components of three vectors, taken two at 
a time. 

Solution. Introduce an orthogonal coordinate system (in general, non
rectangular) with orthonormal basis e 1, e 2, e 3. Let Tik be the covariant com
ponents (say) of the tensor in this system, and suppose the vector e lX has 
covariant components elXi and contravariant components e~.14 Consider the 
scalars 

Multiplying (2.62) by eape{3o and summing over ~ and ~, we 0 btain 

But 

3 3 3 
~ _~ ~ i k 
k T(IX[3)elXpe[3o - k ~k k elXelXlle[3e[3o· 

1X.[3=1 i.k=1 IX. [3=1 

3 

e lX • e[3 = 1 e~e[3i = ~1X[3' 
i=1 

(2.62) 

(2.63) 

(2.64) 

since the basis e 1, e 2, e 3 is orthonormal. Multiplying (2.64) by e~ and sum
ming over ~, we find that 

333 

L ~1X[3e~ = 1 e~ 1 e[3ie~ 
[3=1 i=1 [3=1 

or 
3 3 

e~ = 1 e~1 e[3ie~. 
i=1 [3=1 

On the other hand, since gt = 1 if i = ~ and 0 otherwise, 

3 

e~ = 1 gte;. 
i=1 

A comparison of this formula with (2.65) shows that 

3 

g .1X ~ IX 
i = k e[3ie[3' 

[3=1 

Therefore the right-hand side of (2.63) equals 

and hence 

3 

~ To g.i.k T k ik pgo = pO' 
i.k=1 

3 

Tpo = 1 T(IX[3)elXpe[3O' 
IX. [3=1 

13 R. Aris, op. cit., pp. 111-112. 

(2.65) 

(2.66) 

(2.67) 

14 Do not think of e lX • and e~ as tensors. A somewhat "safer" but clumsier notation 
would be e(lXli and etlX). 
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which is a representation of the required form. Analogous representations for 
Tik and T;,k are easily deduced from (2.67). 

The natural generalization of (2.67) to the case of tensors of order n is 

3 

L 
Problem 6. Find representations analogous to (2.66) for the components 

gik and gik of the metric tensor. 

Solution. Using (1.48), we find that 

(a = 1,2,3). 

Multiplying each of these formulas by erxi and summing over ~, we obtain 

It follows from (2.66) that 

and hence 

Similarly, we find that 

333 

L g;k L erxie~ = L erxierxk· 
;=1 rx=1 rx=1 

3 3 

L g;kg:/ = L erxierxk , 
;=1 rx=1 

3 

gik = L erxierxk• 
rx=1 

3 

gik = Le~e~. 
rx=1 

Problem 7. Given a rectangular coordinate system K with orthonormal 
basis i h i 2, i3, consider the second-order tensor with components 

213 

IIAikil = IIAikil = IIAikil = IIA~kll = 2 3 4 . 

1 2 1 

Let K' be a nev coordinate system with basis vectors 

(2.68) 

Express the ccvariant, contravariant and mixed components of the given 
tensor in the system K'. 

Solution. According to (2.52), 

A , I mA 
ik = ~i'~k' 1m' 
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where ~h ~;(, are the coefficients of the direct transformation (2.68), i.e., 

and hence 

~~, = 1, 

1 - 1 ~2' - , 

~~, = 1, 

~~, = 0, 

~~, = 1, 

~~, = 1, 

~~, = 0, 

~~, = 0, 

~~, = 1, 

236 

IIA~kll = 4 8 15 . 

5 11 19 

To find A'ik, A;·k and A~~, we use the formulas 

A'·k - gklA' i-iI' 

A ,i - gilA I 
.k - lk 

[see (2.53)], after first noting that 
111 

IIgtkll = Ilei . ekll = 1 2 2 , 

123 

2 -1 0 

IIgikll = -1 2 -1 

o -1 1 

[see (1.47) and (1.52)]. As a result, we obtain 

2 -1 -1 

o -2 3 , 

-1 1 1 

1 -2 3 

o -3 7 , 

-1 -2 8 

o -2 -3 

2 

3 

5 . 

4 
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EXERCISES 

1. Given a rectangular coordinate system K, let K' be the coordinate system 
obtained from K by rotating K first through the angle rt/6 about the x3-axis 
and then through rt/2 about the x~-axis so that the x~ and x3-axes coincide 
(see Fig. 2.14). Find 

a) The components of the vectors %3 

A = il + 2i2 + 3i3, 

B = 4iI + 5i2 + 6i3 

in the system K'; 
b) The tangential and normal stresses 
on elements of area perpendicular to 
the axes of K' if the stress tensor in 
the system K is of the form 

Ilpikll 

PI 0 0 

o P2 0 

o 0 P3 

• , 

rr 
6 

FIG. 2.14. Illustrating Exercise 1. 

c) The stress on an element of area passing through the bisector of the first 
quadrant of the XIx2-plane and making angle rt/4 with the x3-axis. 

2. The moment of inertia tensor of a right circular cylinder with respect to 
axes passing through its center of mass (the x3-axis is parallel to the generators) 
is of the form 

10 0 0 

o 10 0 • 

o 0 I} 

Find the moment of inertia of the cylinder about the bisectors of the angles 
between the various coordinate axes. 

3. What are the analogues of formulas (2.37) and (2.38) for tensors of order 3 ? 
Of order n? 

4. If Aikl is a covariant tensor of order 3 and Bpqmn is a contravariant tensor 
of order 4, prove that AiklBklmn is a mixed tensor of order 3 (with one covariant 
and two contravariant indices). 

5. If Vi is a covariant vector and xk are generalized coordinates, prove that the 
quantities 

form a second-order tensor. 
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6. Let ql, q2, q3 be coordinates related to rectangular coordinates Xl> X2' Xs 

with orthonormal basis iI' i2, i3 by the formulas 

ql = Xl + X2' q2 = Xl - X2' q3 = 2X3. 

a) Prove that ql, q2, q3 are themselves rectangular coordinates; 
b) Find the corresponding basis vectors; 
c) Find the metric tensor gik; 
d) Find the covariant and contravariant components of the vectors 

2il , A = il + i2, B = 2il - 3i3; 

e) Calculate G = det Ilgik II ; 
f) Find the components of A x B in both coordinate systems. 

7. Show that the vectors with contravariant components 

(l, 0, 0), ( 0, ~ , 0), ( 0, 0, R s~n 0) 
in a spherical coordinate system are perpendicular to each other. 

8. Given a system of rectangular coordinates Xl' X2 with orthonormal basis 
il> i2, the coordinates ql, q2 defined by the formulas 

a sinh ql 
X = ----:--=------: 

I cosh ql + cos q2 ' 

a sin q2 
X - ---::----=-----:: 

2 - cosh ql + cos q2 
(a = const) 

are called bipolar coordinates. Find 
a) The basis vectors el' e2 (are they orthogonal?); 
b) The metric tensor g ik; 
c) The covariant and contravariant components of iI' i2 in bipolar coordinates. 

9. Two tensors have components 

Al = X IX2, A2 = 2X2 - x~, A3 = X 1X3 

and 

IITik " 1 

° 1 

in rectangular coordinates. Find the covariant, contravariant and physical 
components of these tensors in cylindrical and spherical coordinates. 

10. Show that the angles 612, 623, 613 between the coordinate axes of a generalized 
coordinate system with metric tensor gik are given by the formulas 

Find the angles between the vector with components Ai and the coordinate 
axes. 
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11. Given a scalar function <I> = <I>(x1, x 2, x 3), do the quantities 

02<1> 

OXt OXk 

form a tensor? 

12. Solve Prob. 7, p. 98 if K' has basis vectors 

• • e1 = -11 + 13, 

e2 = i2 + i3, 

instead of (2.68). 

CHAP. 2 

13. Given two generalized coordinate systems K and K', with local bases 
el> e2' e3 and e~, e;, e;, respectively, let cx~, be the coefficients of the direct 
transformation and cxf the coefficients of the inverse transformation, so that 

[cf. (1.45)]. Prove that 
cxk = e' • ek 
i' i ' 

g .k = ,..l',..k 
i ""i ""l' • 



3 
TENSOR ALGEBRA 

3.1. Addition of Tensors 

Let Aik and Bik be the components of two second-order (Cartesian) 
tensors, and let 

Cik = Aik + B ik• 

Then the numbers Cik are themselves the components of a second-order 
tensor, called the sum of the tensors with components Aik and B ik• In fact, 
Aik and Bik transform according to the formulas 

(3.1) 

and hence Cik transforms in the same way: 

C:k = A:k + B:k = \J.n\J.k'm(A lm + B lm) = \J.n\J.k'mClm· 

Addition of any number of tensors of arbitrary order is defined similarly, 
i.e., the sum of two or more tensors of the same order is the tensor whose 
components are the sums of the corresponding components of the sum
mands. Note that tensors of different orders cannot be added. Subtraction 
of tensors of the same order is defined in the obvious way. 

In the case of generalized coordinates, the tensors must have not only the 
same order but also the same structure, i.e., the same numbers of covariant 
and contravariant indices in the same places. For example, the sums 

ck = A·k + B· k 
I I I , 

C ik = Aik + Bik 
•• 1 .. 1 •• 1 

103 
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all make sense, and each expression on the left is a tensor of the same order 
and structure as the terms on the right. This is a consequence of the fact that 
any transformation law for a tensor is homogeneous in the transformation 
coefficients and linear in the components of the tensors. 

3.2. Multiplication of Tensors 

Again let Aik and Bik be the components of two second-order tensors, but 
this time consider all possible products of the form 

Then the numbers CikZm are the components of a fourth-order tensor, called 
the (outer) product of the tensors with components Aik and B ik• In fact, it 
follows from (3.l) that 

It is easy to see that tensor multiplication is noncommutative, e.g., 

CikZm = Ai~Zm -=F Clmik = AZmBik· 

Multiplication of any number of tensors of arbitrary order is defined 
similarly, i.e., the product of two or more tensors is the tensor whose com
ponents are the products of the components of the factors. The order of a 
tensor product is clearly the sum of the orders of the factors. 

In the case of generalized coordinates, some of the indices may be co
variant while others are contravariant. For example, the product of the tensors 
with components A~kZ and Bik is the tensor with components 

ci .. mn _ Ai Bmn 
.k! - .kZ , 

where the fact that C~ktn is a fifth-order tensor of the indicated structure is 
an immediate consequence of the transformation laws of A~k! and Bik. Note 
that tensors of arbitrary order and structure can be multiplied (but not 
added). 

3.3. Contraction of Tensors 

The operation of summing a tensor of order n (n ;> 2) over two of its 
indices is called contraction. For example, contraction of the first and second 
indices of a third-order tensor A ikZ gives the quantity 

3 

Aiil = .2 Aiil = Am + A 2u + A33! 
i=l 

(1 = 1, 2, 3). 
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The two other possible contractions of Aikl are Aiki and Aw. Each such 
contraction is a first-order tensor, i.e., a vector. In fact, being a third-order 
tensor, AikZ transforms according to the formula 

Hence, setting k = i and summing over i, we obtain 

[recall the orthogonality conditions (1.62)], i.e., the quantities A;iZ transform 
like a vector, as asserted. 

More generally, it is clear that contraction of a tensor of order n (n > 2) 
leads to a tensor of order n - 2. This tensor of order n - 2 can then be .. 
contracted again (provided that n > 4), giving a tensor of order n - 4, and 
so on, until we obtain a tensor of order less than 2. In fact, repeated con
traction of a tensor of order n eventually gives a scalar if n is even and a 
vector if n is odd. 

The result of multiplying two or more tensors and then contracting the 
product with respect to indices belonging to different factors is often called 
an inner product of the given tensors. For example, the expressions AikBk 
and AikZmBZm are both inner products, and so is the scalar product AiBi of 
two vectors A and B. 

In the case of generalized coordinates, it is important to note that con
traction (like summation itself) can be performed only on pairs of indices in 
different positions (recall Remark 2, p. 34), i.e., one contracted index 
must be covariant and the other contravariant. Otherwise, the result of con
traction will not be a tensor. For example, suppose we contract the tensor 
A/I in the indices i and k. Then Aiil is a tensor (in fact, a contravariant vector), 
since it follows from (2.52) and (1.14) that 

However, contracting Aikl in the indices k and I gives a quantity whose 
transformation law 

is not that of a vector. Similarly, in forming inner products in generalized 
coordinates, we can only sum over indices in different positions, obtaining 
expressions like AiBi, Ai~k, Aioim B zm, AiokomBt, etc. 

3.4. Symmetry Properties of Tensors 

3.4.1. Symmetric and antisymmetric tensors. A tensor Sikl. ° 0 (of order 2 
or higher) is said to be symmetric in the indices i and k (say) if 

SOkZ = SkoZ 1. • • • t •.•• 
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i.e., if interchanging i and k has no effect on the corresponding components. 
Thus 

S -S 121. .. - 21l ...• S -S 23l .'. - 32l ...• 

and so on. 
A tensor Aikl ... (of order 2 or higher) is said to be antisymmetric in the 

indices i and k (say) if 
A·kl = -Akol 1. • • • 1. •••• (3.2) 

i.e., if interchanging i and k changes the sign of th .. e corresponding compo
nents. Thus 

A - A 12l ... - - 21l ...• A 23l ...• = -A32 l. ..• 

and so on. If A ikl ... is anti symmetric in a pair of indices, then the components 
obtained by equating these indices must vanish. For example, (3.2) implies 
A lll ... = -Au!. .. and hence Au!. .. = O. 

Example 1. In a system of rectangular coordinates Xl' X 2, X3 with ortho
normal basis i h i 2, i3, the element of arc length is given by 

(dS)2 = 3jk dX j dXk 

in terms of the symmetric second-order tensor 3jk = i j • i k called the Kron
ecker delta (see p. 39) or the unit tensor (see p. 70). 

Example 2. Given two vectors A and B, with components Ai and B i , 

the second-order tensor with components 

Cik = AiBk - AkBi 

is antisymmetric. 

A tensor which is symmetric (or antisymmetric) in one coordinate system 
remains symmetric (or antisymmetric) in any other coordinate system. In 
fact, if Tik is symmetric in a given system, i.e., if Tik = T ki , then 

and similarly for antisymmetry and tensors of higher order. 
A symmetric second-order tensor Sik has a matrix of the form 

Sl1 Sl2 Sl3 

II Sikll = S12 S22 S23 , 

Sl3 S23 S33 

while an antisymmetric second-order tensor Aik has a matrix of the form 

o Au Al3 

o 
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Thus a symmetric second-order tensor has 6 independent components, while 
an antisymmetric second-order tensor has only 3 independent components. 

Any second-order tensor Tik can be represented as a sum of a symmetric 
tensor and an antisymmetric tensor. In fact, let 

Tik = Sik + Aik' 
where 

Then obviously Sik is symmetric and Aik is antisymhletric. Sik is called the 
symmetric part of Tik and Aik is called the antisymmetric part of Tik. 

Remark. The operation leading from an arbitrary tensor with components 
Tik to the tensor with components Tik + Tki is called symmetrization, while 
the operation leading to the tensor with components Tik - Tki is called 
antisymmetrization. 

In generalized coordinates, the concepts of symmetry and antisymmetry 
apply only to pairs of indices in the same positions. Thus Aiicl is symmetric 
in i and k if A:·I = A· ,,1 while Bik is antisymmetric in i and k if Bik = - Bki . ak kt' .. 1 .. 1 •. 1 

Example. In a system of generalized coordinates Xl, x2, x 3 with basis 
el' e2, e3, the element of arc length is given by 

(dS)2 = gikdxidxk 

in terms of the symmetric second-order tensor gjk = ej • ek, called the metric 
tensor (see Sec. 2.9.2). 

3.4.2. Equivalence of an antisymmetric second-order tensor to an axial 
vector. Let Ajk be an antisymmetric second-order tensor. Then the trans
formation law of Ajk is 

(An = A22 = A33 = 0). Since AIm = -AmI' we can write (3.3) in the form 

(3.4) 

where the indices 1 and m are restricted to the values 1, 2 or 2, 3 or 3, 1. 
Suppose we introduce the notation 

Al2 = -A2l == A3, A 23 = -A32 == Ah A3l = -Al3 == A2, 

or more concisely, 
AIm == An 

where I, m, n is a cyclic permutation of the numbers 1,2,3 and similarly 

A' = A' ik - r 
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where j, k, r is also a cyclic permutation of 1, 2, 3. Then (3.4) can be written 
as 

A~ = .2 (ex.J'Iex.k'm - ex.;'mex.k'z)An, (3.5) 
l tm,n 

where the indices r,j, k and I, m, n are both cyclic permutations of 1,2, 3. 
To simplify (3.5) further, we first expand the orthonormal basis i~, i~, ~ of 

the new coordinate system KJ with respect to the orthonormal basis ih i2, is 
of the old coordinate system K: 

Then we calculate the vector products i; x i~, obtaining 

(3.6) 

where the vector products are both taken in some underlying right-handed 
coordinate system (say K itself) and the sum on the right is over all values 
of 1 and m. Forming the scalar product of (3.6) with im we find that 

where in the right-hand side only two terms differing in sign survive for 
each fixed value of n. Specifically, if the old system K is right-handed, then 

(3.7) 

where I, m, n is a cyclic permutation of 1, 2, 3. Moreover, if the new system 
K' is right-handed, like K itself, then 

while if K' is left-handed, 

where in both formulas j, k, r is a cyclic permutation of 1, 2, 3. It follows 
that 

if K' is right-handed (like K), while 

(0, 0') 0 0, 0 
I· X Ik 01 = -I 01 = -ex. ' , n r n rn 

if K' is left-handed. Therefore formula (3.7) finally becomes 

(3.8) 

where j, k, rand n, I, m are both cyclic permutations of 1, 2, 3 and we choose 
the plus sign if K' is right-handed and the minus sign if K' is left-handed. 

Returning now to the transformation law (3.5) and using (3.8), we find 
that 

(3.9) 
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under transformations from a right-handed coordinate system to another 
right-handed system, while 

(3.10) 

under transformations from a right-handed system to a left-handed system. 
It can be shown (see Sec. 3.7.1) that the law (3.9) also governs transforma
tions from a left-handed coordinate system to another left-handed system, 
while (3.10) governs transformations from a left-handed system to a right 
handed system. Vectors transforming according to formulas (3.9) and (3.10) 
are called axial vectors, and have already appeared on p. 18. Thus we have 
finally shown that the components of an antisymmetric second-order tensor 
transform like the components of an axial vector. 

Axial vectors are a special case of a class of tensors, called pseudo
tensors, whose components change sign when the "handedness" of the coor
dinate system is changed. Pseudotensors will be discussed in detail in Sec. 3.7. 

3.5. Reduction of Tensors to Principal Axes 

3.5.1. Statement of the problem. We now consider a problem of great 
physical importance. Given a fixed second-order tensor with components 
Tik and any vector A with components Ai' we form the inner product 

TkAk = R· t P 

thereby obtaining a new vector B with components Ri • In general, the 
vector B differs from A in both direction and magnitude, Le., the operation 
TikAk both rotates B and changes its length. Suppose we pose the problem of 
finding all vectors A which are not rotated by inner multiplication with Tik' 
i.e., all vectors A such that 

TkAk = AA· t t' (3.11) 

where A is a scalar (the length of A is changed if A =1= ± 1). Such vectors, if 
they exist, are called the characteristic vectors or eigenvectors of the tensor 
Tik, and their directions are called the characteristic or principal directions 
of Tik. Moreover, the axes determined by the princi pal directions are called 
the principal axes of Tik . The problem of finding the principal axes of Tik 

is often called the problem of reducing Tik to principal axes (more exactly, 
to principal axis form). 

The values of the components Tik in the coordinate system determined by 
the principal axes are called the characteristic values or eigenvalues of the 
corresponding tensor. It will turn out that these are just the values of A 
for which equation (3.11) has solutions. 

We now give two examples illustrating the physical meaning of these 
concepts. 
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Example 1. If Pik is the stress tensor, then the stress Pn on the element 
of area with unit normal D has components 

(see p. 67), where in general Pn is not parallel to D, i.e., in general there are 
tangential as well as normal stresses on any element of area. Suppose we are 
interested in finding elements of area on which there are only normal 
stresses, with no tangential stresses at all. For such elements of area, Pn is 
parallel to D and hence 

P = p·n. = AD n l t 

or 

In other words, the normals to these elements of area lie along the principal 
directions of the tensor Pik' 

Example 2. The displacement vector D in a dielectric medium is a linear 
vector function (recall Example 3, p. 65) of the electric field E, i.e., 

where Eik is the dielectric tensor. In general, D and E have different directions. 

em, 
m· 

J 

However, for special choices of E, 
determined by the solutions of the 
equation 

the directions of D and E coincide. 

I 3.5.2. The two-dimensional case. 

~~dlx~J~j )::::::::::::::::E::X' Before studying the problem of re-
<P ducing three-dimensional tensors to 

:::::~ x, o x( j ) principal axes, we consider the simpler 
, em4 problem obtained when the number 

FIG. 3.1. The principal axes of the moment 
of inertia tensor of a plane system of par

ticles. 

of dimensions is only two. Thus, to 
be explicit, consider a system of n 
particles of masses ml> m2, ••• , mn 
distributed in a plane, and let Jik be 

the moment of inertia tensor of the system with respect to a system of 
rectangular coordinates Xl' X 2 with origin 0 (see Fig. 3.1). Being two
dimensional, the tensor Iik has only four components. Its matrix is of the 
form 

IIIikll = , 
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where 

n 

I - I - "" (j) (j) 12 - 21 - - ",-m;x1 x 2 . 
;=1 

TENSOR ALGEBRA III 

If the vector A lies along a principal axis of the tensor Iik' then its com
ponents must satisfy the homogeneous system 

or 

InA l + I21A2 = AA1, 

(In - A)A1 + I12A2 = 0, 

I12A1 + (/22 - A)A2 = 0 

(3.12) 

(3.13) 

[cf. (3.11)]. The system (3.13) has a nontrivial (Le., nonzero) solution if and 
only if 

=0 

or 

(3.14) 

Therefore (3.13) has a nontrivial solution if and only if A = Al or A = A2, 
where 

'\ _ In + 122 _ 
A2 -

2 

are the roots of equation (3.14). 

(3.15) 

If 112 = 0, it follows from (3.12) that the original Xl and x2-axes are the 
principal axes, since then A is not rotated by inner multiplication with I ik• 

Thus suppose 112 -=F O. Then Al -=F A2 and there are two distinct principal 
axes, determined by vectors A (1) and A (2). Using (3.13), we find that the 
directions of A (1) and A (2) have slopes 

Al - In 112 
- , 

112 Al - 122 

A2 - III 112 
- , 

112 A2 - 122 
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where CPl and CP2 are the angles between the xl-axis and the principal axes of 
the tensor I ik• Therefore 

2 
2 tan CPl 

tan CPl = 2 
1 - tan CPl 

and similarly for tan CP2 with A2 instead of AI. Substituting from (3.15) and 
carrying out some elementary calculations, we find that 

2112 
tan 2cpl = tan 2cp2 = . 

In - 122 
Hence 

7t 

CP2 = CPl + 2" ' 

i.e., the principal axes are perpendicular to each other. 
In the coordinate system determined by the principal axes, the tensor Iik 

has components 

(3.16) 

Rather than verify (3.16) by direct calculation, we need only write (3.12) in 
the principal axis (primed) system, obtaining 

AlAP)' = I~IAP)' + I~2A~1)', 
"I A(1)' - If A(l)' + If A(1)' 
1\1 2 - 12 1 22 2 , 

and 
A A (2)' - l' A (2)' + l' A (2)' 2 1 - 11 1 12 2 , 

"I A(2)' - If A(2)' + If A(2)' 
1\2 2 - 12 1 22 2 , 

which immediately give (3.l6) since All)' i=- 0, A~l)' = 0 'and A12)' = 0, 
A~2)' i=- O. 

The principal axes of Iik can be found more simply ifit is known in advance 
that the principal axes are perpendicular and that I:k vanishes in the prin
cipal axis system. Thus, introducing new rectangular coordinates x~ and x~, 
we have 
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where all the cosines (X.1'k' (X.2'L can be expressed in terms of one parameter 
cp, the angle between the new x~-axis and the old xl-axis (see Fig. 3.1). In 
fact, 

• 
(X.1'1 = cos cp, (X.1'2 = SIn cp, 

• (X.2'l = -SIn cp, (X.2'2 = COS cp, 
and therefore 

= -In cos cp sin cp + 112 cos2 cp + 121 sin2 cp + 122 COS cp sin cp 

I - I 
22 11 sin 2cp + 112 cos 2cp. 

2 

Hence, to make 1;2 vanish, we must set 

21 tan 2cp = 12, 
111 - 122 

thereby uniquely determining the positions of the principal axes of the tensor 
l ik• Moreover, the characteristic value 1;1 is given by 

and similarly 

I 1 + cos 2 cp I 1 - cos 2 cp I . 2 
= 11 + 22 + 12 sm cp 

2 2 

111 + 122 + 111 - 122 2 + I . 2 cos cp 12 sm cp 
2 2 

= 111 + 122 + 
2 

, 111 +122 122 = (X.2'k(X.2'llkl = -
2 

Thus the moment of inertia tensor in the principal axis system is 

• 

3.5.3. The three-dimensional case. We now consider the problem of 
reducing a three-dimensional tensor Tik to principal axes. According to 
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(3.11), the components Ai of the vectors A determining the principal axes of 
Tik satisfy the homogeneous system 

or 
TikAk - Mi = (Tik - Aaik)Ak = 0, 

(Tn - A)A1 + T12A2 + T13AS = 0, 

T21A1 + (T22 - A)A2 + T2SAs = 0, 

T31A1 + TS2A2 + (Tss - A)As = 0, 

(3.17) 

when written out in full. The system (3.17) has a nontrivial solution if and 
only if its determinant vanishes: 

= o. (3.18) 

The equation (3.18), called the characteristic equation of the tensor Tib is 
clearly cubic in A. 

Remark. In the case of generalized coordinates, there are various ways 
of reducing a tensor to principal axes, depending on how the components are 
chosen. For example, choosing covariant components, we have 

T. .dk = AA. 
t~ t 

instead of (3.11). Since Ai = gikA\ (3.19) implies 

(Tik - Agik)Ak = O. 

(3.19) 

(3.20) 

However, to bring (3.20) into a form resembling (3.17), we must use mixed 
components of the tensor. In fact, replacing the dummy index i by I in (3.20), 
multiplying by gH and summing over I, we obtain 

(T~k - Ag~k)Ak = 0 

[recall (2.53)]. This gives the following characteristic equation for deter
mining the eigenvalues of the tensor: 

T1 - A .1 
T1 

.2 
T1 .s 

T2 
. 1 T2 - A .2 

T2 .s = O . (3.21) 

T S 
.1 T S 

.2 T S - A .s 

Henceforth we shall assume that Tik is a symmetric Cartesian tensor, i.e., 
a tensor written in rectangular components whose components satisfy the 
condition Tik = Tki. In this case, the roots of the characteristic equation 



SEC. 3.5 TENSOR ALGEBRA II 5 

(3.18) are all real. To see this, let A be any root of (3.18) and let Ai be the 
corresponding eigenvector, so that 

TikAk = AA t • 

Multiplying this identity by Ai (the overbar denotes the complex conjugate) 
and summing over i, we obtain . 

TkAkA. = AA.A 1 t 1 ,. 

The left-hand side of (3.22) is real. In fact, since Tik = Tki , 

TikAkAi = l(TikAkAi + TikAkAi) 

= l(TikAkAi + TkiAkAi) 

= ! Tik(AkAi + AkA i)' 

(3.22) 

where the last expression is the product of two real numbers (Tik is real by 
hypothesis and AkAi + AkAi is real by inspection). But AiAi is obviously 
real, and hence (3.22) implies that A itself is real. 

Suppose now that the eigenvalues AI, A2, A3 are all distinct (the case of 
multiple eigenvalues will be treated later). Then each eigenvalue Ar is 
characterized by a set of numbers Air), A~r), A~r) (the components of the 
eigenvector A (r» determined to within a constant factor by the system of 
equations 

F or example, 

which implies 

(Tn - Al)A~l) + ~2A~1) + Tl3A~l) = 0, 

T21All) + (T22 - A1)A~1) + T23A~1) = 0, 

T31Al1) + T32A~1) + (T33 - A1)A~1) = 0, 

A~l) A~l) A~l) 

T22 - Al T23 T23 T21 T21 T22 - Al 

T32 T33 - Al T33 - Al T31 T31 T32 

(3.23) 

The relations (3.23) uniquely determine the direction (but not the magnitude) 
of the vector A (1), i.e., the direction of one of the principal axes of the tensor 
Tik. The other two principal directions are determined by the vectors A (2) 

and A(3). 

It is easy to see that the principal axes of the tensor Tik are perpendicular. 
In fact, let A (r) and A (8) be the eigenvectors corresponding to the eigenvalues 
Ar and A8 (r ::j=. s), respectively, so that 

T: A (r) = A A~r) 
'k k r. , 

T: A(a) = A A~8) 
'k k 8' • 

(3.24) 

(3.25) 
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Multiplying (3.24) by Ais ) and (3.25) by At), summing over i and sub
tracting the second equation from the first, we obtain 

~ A(r)A(s) - T A(s)A(r) = (A _ ... )A(r)A~s) 
.1 ik k' tk k t r I\s , ,. 

Since Tik = Tki , it follows that 

O=(A -A)A(r)A(s) 
r S t t' 

and hence 
A(rlA~s) = A(r). A(s) = 0 

t , 

since Ar =I=- As (the eigenvalues are distinct, by hypothesis). In other words, 
A (r) is perpendicular to A (8), as asserted. 

There is another way of proving the existence of three perpendicular 
principal axes which works even when the characteristic equation (3.18) has 
multiple roots. Let Al be a root of (3.18) and let AU) be the corresponding 
eigenvector describing a principal axis of the tensor Tik' so that 

'T' AU) - ... AU) 
.1 ik k - 1\1 i • 

Let M be the plane through the initial point of A (1) perpendicular to A (1). 

Then Tik carries every vector in M into another vector in M. In fact, let 
P be a vector in M, so that 

Then 
T k A k(1) p. = AlA (1) p. = 0 , , " , 

i.e., the vector Q with components Qk = TikPi is perpendicular to A (1) 

(since Q011 ) = 0) and hence lies in the plane M (see Fig. 3.2). 

x* 3 

p Q 

FIG. 3.2. Illustrating the three principal axes of a symmetric tensor. The 
existence of such axes does not depend on the multiplicity of the roots of 

the characteristic equation. 
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Now consider a system of rectangular coordinates xi, x:' x: such that 
the x: -axis lies along A (1), while the other two axes lie in the plane M, as in 
Fig. 3.2. In this coordinate system, a vector A in the plane M has com
ponents Ai, A:, 0, and the effect of the tensor on A is described by a matrix 
of the form 

* * * II Tikll = T2l T22 0 * *) (T12 = T2l . 

o 0 1 

Suppose we look for vectors A in the plane M which are not rotated by Tik' 
but only have their lengths changed. Then we get two equations 

(i = 1, 2) 

(the third equation Ts~A: = A: reduces to the trivial identity 0 = 0), and a 
corresponding characteristic equation 

=0 

which is quadratic instead of cubic in A. Let A2 be a root of this equation, 
and let A (2) be the corresponding vector, so that 

T *A(2)* - ""I A(2)* 
ik k - 1\2 i 

Then A (2) determines a second principal axis of the tensor. Moreover, 
A (2) is perpendicular to A (1), since it lies in the plane M. 

Finally, let A(S) be a vector perpendicular to both A(l) and A(2). Then the 
vector with components Ti~A~S) * is perpendicular to A (1) (since it lies in the 
plane M) and also perpendicular to A (2) (since the orthogonality of A (2) 

and A(S) implies Ti~A~S)* Ak2)* = A2Aj2)* AjS)* = 0). Therefore the vector 
with components I:~A~S)* is collinear with A (3), i.e., 

T *A(S)* - ""I A(S)* ik i - I\s k 

for some constant As. But then 

T *A(3) - ""I A(3) 
ki i - I\s k 

since I:~ = Tk~' i.e., A (S) determines a principal axis of our tensor. Thus, 
since it was nowhere stipulated that the numbers AI' A2, As be distinct, we have 
finally proved that a symmetric tensor has three perpendicular principal 
axes regardless of the multiplicity of the roots of the characteristic equation 
(3.18). 

Suppose the tensor Tik is originally written in a system of rectangular 
coordinates Xl, x 2, Xs. Then the principal axes of Tik determine a new system 
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of rectangular coordinates x~, x~, x~ with a corresponding orthonormal basis 

A(r) 
n(r) =--

IA (r) I (r = 1, 2, 3) 

(see Fig. 3.3). In the old coordinates we have 

~::::::::::~-----X2 

7: n(r) - ... n(r) 
ik k - I\k i (i, r = 1, 2, 3), 

where nir) is the ith component of n(r). 

Similarly 

T ' n(rl' - )n(r)' 
ik k -''1' i (i, r = 1, 2, 3) (3.26) 

in the new coordinates. Since np)' = 

n~2)' = n~3)' = 1 and nlr)' = 0 if i =F r, the 
nine equations (3.26) reduce to 

T~1 = 1, T~2 = 0, T~3 = 0, 

FIG. 3.3. The principal axes of a 
symmetric tensor. 

T~1 = 0, 

T~1 = 0, 

T~2 = 1, T~3 = 0, 

T~2 = 0, T~3 = 1. 

Therefore in the principal axis system our tensor has a diagonal matrix of 
the form 

Al 0 0 

o A2 0 , 

o 0 A3 

with the eigenvalues of the tensor (the roots A1> 1..2, A3 of its characteristic 
equation) along the main diagonal and zeros everywhere off the main 
diagonal. 

3.5.4. The tensor ellipsoid. Suppose the tensor Tik carries a vector P 
into a vector Q, so that 

Qi = TikPk· 

In the principal axis (primed) system, (3.27) becomes 

or 

Q{ = TilP{ = A1P{, 

Q~ = T~2P~ = A2P~, 

Q~ = T~3P~ = A3P~, 

(3.27) 

(3.28) 

when written out in full. If the eigenvalues AI' A2 , A3 are all distinct, then Tik 

has three unique principal directions (those determined by A1> A2, A3)' In 
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fact, it follows from (3.28) that the effect of applying Tik to P is to rotate P 
as well as change its length unless P lies along one of the principal axes. 

Next suppose 1.1 = A2 ::j=. As, so that the characteristic equation has one 
simple root and one double root. Then (3.28) implies 

Q; = AIP~, 

Q~ = AIP~, 

Q~ = AsP~, 

and hence the effect of applying Tik to any vector P in the x~x~-plane is 
merely to change the length of P but not to rotate P. In other words, the 
whole x;x~-plane is a characteristic plane in the sense that every direction in 
this plane is a principal direction. Thus if one principal direction has been 
determined (corresponding to the eigenvalue As, say) and if the other two 
eigenvalues coincide, then any two directions perpendicular to each other 
and to the first direction can serve as principal axes of the tensor. 

Finally, suppose the characteristic equation has a triple root Al = A2 = 

As = A. Then (3.28) becomes 

Q~ = AP~, 

Q~ = AP~, 

Q~ = AP~, 

i.e., the effect of applying Tik to any vector at all is now to change its length 
(if A ::j=. 1) without rotating it. In other words, in this case every direction is a 
principal direction of the tensor Tik' which is said to be isotropic (as in Prob. 
4, p. 96). 

There is a one-to-one correspondence between vectors A and planes of the 
form 

A • r = A iXi = 1. 

In the same way, there is a one-to-one correspondence between symmetric 
tensors Tik and quadric surfaces of the form 

(3.29) 

(recall Example 2, p. 64).1 The principal axes of this surface are clearly 
the same as the principal axes of the tensor Tik • In the coordinates x~, x~, x; 
corresponding to the principal axes, equation (3.29) takes the form 

T~I(xD2 + T;2(X~)2 + T~3(X~)2 = A1(xD2 + A2(X~)2 + AaCx~)2 = 1 

1 The correspondence is no longer one-to-one if T;k is not symmetric. In fact, let T i(;) 

and Ti~) be two tensors with the same symmetric part Sik but with different antisymmetric 
parts A:!) and A;;) (see p. 107). Then Ti(~) and T i(:) have the same quadric surface, since 

T (llXiXk = S· XiXk + A(IlXiXk = S XiXk = I 'k 'k ,k ,k , 

Ti:)XiXk = S.kXiXk + A;;)XiXk = S.kXiXk = l. 
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or 

- -
A1 A2 A3 

If Ai' A2, A3 are all positive (the case of greatest practical importance), the 
surface (3.29) is an ellipsoid, called the tensor ellipsoid, with semiaxes of 
length 

111 
JA1 ' JA2 ' Jf;. 

The tensor ellipsoid is an ellipsoid of revolution if A1 = A2 and a sphere if 
A1 = A2 = As (see Fig. 3.4). 

X, 

X, 

X, I 
X, fi I 

X, I 

X, 

( a ) ( b ) ( c ) 

FIG. 3.4. Illustrating the tensor ellipsoid of a symmetric tensor T,,,. The 
principal axes of the ellipsoid coincide with those of the tensor. 

(a) The case of distinct eigenvalues A17 A2 , A3: the tensor has a matrix 
of the form 

in principal axes; 

o o 

II T;"II = 0 A2 0 

o 0 A3 

(b) The case of a double eigenvalue (AI = A2 i= A3): 
a matrix of the form 

in principal axes; 

o o 

IIT;"II = 0 Al 0 

o 0 A3 

the tensor has 

(c) The case of a triple eigenvalue (AI = A2 = A3 = A): the tensor is 
isotropic and has a matrix of the form 

1 0 0 

II Tikll = A 0 1 0 

I 0 0 1 

in any rectangular coordinate system. 
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3.6. I nvariants of a Tensor 

Given a vector A, let Ai be the components of A in one rectangular 
coordinate system K and let A; be its components in another rectangular 
coordinate system K'. Although the components of A change in going from 
K to K', we can easily form an expression which does not change under this 
transformation, namely the square of the length of A: 

AiAi = (Al)2 + (A2)2 + (A3)2 = (A{}2 + (A~)2 + (A~)2 = A~A~. 

An expression like AiAi which does not change under transformations from 
one coordinate system to another is called an invariant of the vector A. It is 
easy to see that tensors of any order also have invariants. 

For example, given a second-order tensor Tik' consider the characteristic 
equation 

=0 , 

or 

)..3 - )..2(Tn + T22 + T 33) 
Tn T12 T13 

T22 T32 Tn T2l Tn T3l 
T23 =0 +).. + + Tn T22 

T23 T33 T12 T22 T13 T33 
T33 T3l T32 

(3.30) 

after expanding the determinant. The numbers ).., )..2, )..3, being scalars (think 
of their geometric meaning !), are independent of the choice of the coordinate 
system, and hence so are the coefficients in (3.30). Therefore the quantities 

II = Tn + T22 + T 33, 

T22 T32 
12 = 

T23 T33 
+ + , (3.31) 

Tn T12 

13 = T2l T22 

T3l T32 T33 

are all invariants of the tensor Tik . Using (3.31), we can form infinitely 
many other invariants, e.g. 

and so on. 
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Tensors for which the invariant II vanishes are called deviators. Any 
tensor Tik can be written as the sum of a deviator and an isotropic tensor. 
In fact, 

Tik = Tik - iTnaik + iTnaik = Dik + iaikTzz, 

where !aikTn is clearly isotropic and Dik is a deviator since 

Dii = Du + D22 + D33 = Tii - iTn . 3 = O. 

3.6.1. A test for tensor character. Suppose Tik (i, k = 1, 2, 3) is such 
that the quantity 

TikAiBk 

is the same for all choices of the vectors A and B with components Ai and 
Bi. Then Tik is a second-order tensor. In fact, introducing a new (primed) 
coordinate system, we have 

or 

But then 

T:k - C1.i 'lC1.k 'mTzm = 0 

since A and B are arbitrary, i.e., Tik is a second-order tensor, as asserted. As 
an exercise, the reader should state and prove the analogous criterion for 
Tili2".in to be a tensor of order n. 

3.7. Pseudotensors 

In Sec. 1.4.2 we distinguished between polar vectors whose direction is 
independent of the handedness of any underlying rectangular coordinate 
system K and axial vectors whose direction reverses if the handedness of K 
is changed. Correspondingly, it will be recalled from Sec. 3.4.2 that the 
transformation law of an axial vector differs from that of a polar vector by 
the presence of a minus sign in the case where the transformation changes 
the handedness of the underlying coordinate system. We now discuss a class 
of mathematical objects called pseudo tensors, which generalize axial vectors 
in the same way that ordinary tensors generalize polar vectors. 

3.7.1. Proper and improper transformations. According to Probe 1, p. 38, 
an orthogonal transformation, i.e., the transformation from one rectangular 
coordinate system to another is described by the formulas 

x; = C1.i'kX k + XO'i 

'-+ ' Xi = C1. k 'iX k ~ X o, 

C1.l'iC1.l'k = aik, 

C1.i' lC1.k , I = ~:k 

(direct transformation), 

(inverse transformation), 

(orthogonality conditions), 
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where the old and new systems need not have the same handedness. The 
determinant of such a transformation, i.e., the quantity 

(3.32) 

can only take one of the two values -1, + 1. In fact, it follows from the 
orthogonality conditions and the law for multiplication of determinants 2 

that 

But 

and hence 

det 1I~~kll = det (iCt.flCt.k'Z) = det lICt.nll . det liCt.k'lli 
1=1 

= (det 1iCt.i'k11)2 = ~2. 

1 0 0 

det II ~:kll = 0 1 0 =1 , 

0 0 1 

~2 = 1 or ~ = ±l. 

We can now divide all orthogonal transformations into two classes: 
proper transformations for which ~ = + 1 and improper transformations 
for which ~ = -1. Suppose a given orthogonal transformation carries the 
old system K into a new system K'. Then K' has the same handedness as K 
if the transformation is proper and different handedness if the transformation 
is improper. In fact, let K and K' have orthonormal bases iI' i2, is and 
i~, i~, i;, respectively. Then a little algebra shows that 

(3.33) 

where the vector products are both taken in some underlying right-handed 
coordinate system. But it will be recalled from p. 21 that a basis il> i2, i3 
is said to be right-handed if (i1 x i2) • i3 > 0 and left-handed if(il x i2)· i3 < 0, 
and similarly for i~, i~, i;. It follows from (3.33) that the bases il> i2, i3 
and i~, i~, i; have the same handedness if and only if ~ = + 1 and different 
handedness if and only if ~ = - 1. 

Example 1. The transformation 

2 See e.g., G. E. Shilov, An Introduction to the Theory of Linear Spaces (translated by 
R. A. Silverman), Prentice-Hall, Inc., Englewood Cliffs, N. J. (1961), p. 81. 
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I I 

X2 
Cl------~ 

XI 
a------~ 

)'2 

( a ) (b) 

FIG. 3.5. Illustrating proper and improper orthogonal transformations. 

corresponding to rotation through 90° about the xa-axis [see Fig. 3.5(a)], 
is a proper transformation. 

Example 2. The transformation 

corresponding to reflection in the x2xa-plane [see Fig. 3.5(b)], is an improper 
transformation. 

3.7.2. Definition of a pseudotensor. By a pseudo tensor of order n is 
meant a quantity specified by 3n real numbers (the components of the pseudo
tensor) which transform under changes of coordinate system according to the 
law 

A I . • = iX, 'k iX, 'k ••• iX, 'k Ak k k Ll 
1112' • . 1n tl 1 12 Z 1n n 1 Z· •• n ' 

(3.34) 

where Ak1k2 ... k n
' A:

1i2 
... i

n 
are the components of the pseudotensor in the old 

and new coordinate systems K and K', respectively, iX i1'k
l 

is the cosine of the 
angle between the iist axis of K' and the kIst axis of K (similarly for iXiz'k

z
' ••• , 

ix. 'k)' and Ll is the determinant (3.32). The transformation law (3.32) 
tn n 

differs from the law (2.30) for an ordinary tensor only by the presence of the 
factor Ll. Thus pseudo tensors behave the same way as ordinary tensors 
under proper transformations, but the transformation laws differ in sign 
if the transformations are improper. 

The following algebraic properties of pseudotensors are easily verified: 

1) The sum of two pseudotensors of order n is a pseudotensor of order n; 
2) The product of two pseudo tensors of orders m and n is an ordinary 

tensor of order m + n; 
3) The product of a pseudotensor of order m and a tensor of order n is a 

pseudo tensor of order m + n; 
4) Contraction of a pseudotensor gives a pseudotensor of lower order. 
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Example. Let C = A x B be the vector product of two vectors A and 
B. Then 

C· = A·Bk - AkB. t J J (3.35) 

in some rectangular coordinate system K, where i,j, k is a cyclic permutation 
of the numbers 1, 2, 3 [recall formula (1.23)]. In another rectangular co
ordinate system K', we have 

and hence 

c; = (Xj'l(Xk'mAlBm - (Xk'z(Xi'mAzBm 

= «(Xn(Xk''fTI - (Xj'm(Xk'z)AzBm , 

where the sum is over all values of I and m (the terms with 1= m vanish). 
We can also write C~ in the form 

C; = «(Xj'l(Xk'm - (Xj'm(Xk,z)(AzBm - AmBz), (3.36) 

where the indices I and m are now restricted to the values 1,2 or 2,3 or 3,1. 
But according to (3.8), 

where j, k, i and I, m, n are both cyclic permutations of 1, 2, 3, and we choose 
the plus sign if K and K' have the same handedness and the minus sign if K 
and K' have different handedness. In other words, 

(Xj'Z(Xk'm - (Xj'm(Xk'Z = (Xi'n~' (3.37) 

where ~ is the determinant of the transformation from K to K'. It follows 
from (3.35)-(3.37) that 

i.e., that C is a pseudovector. Note that the concepts of a pseudovector and 
an axial vector are equivalent (why 1). 

3.7.3. The pseudotensor EjkZ ' Given a rectangular coordinate system K 
with orthonormal basis iI' i2, i3, let 

EjkZ = (i j x ik ) • iz. 
Then 

+ 1 if j, k, I is a cyclic permutation of 1, 2, 3, 

Ejkl = -1 if j, k, I is a cyclic permutation of 2, 1, 3, (3.38) 

o otherwise, 

so that the only nonzero components of EjkZ are 

E123 = E23I = E312 = 1, 

E132 = E321 = E213 = -1. 
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The quantity C,jkl is a pseudotensor of order 3 (called the unit pseudotensor). 
To see this, we first note that 

, (., .')., 
C,jkl = Ij X lk • II' 

where i~, i~, ~ is the orthonormal basis of a new rectangular coordinate 
system K'. Therefore 

where the vector products are both taken in the system K'. But the vector 
product in K' is the same as that in Kif K and K' have the same handedness 
and the negative of that in Kif K and K' have different handedness. It follows 
that 

where 6 is the determinant of the transformation from K to K', i.e., C,jkl is 
a pseudotensor of order 3, as asserted. Note that (3.38) remains true if 
C,jkl is replaced by C,;kl' i.e., C,jkl has the same components in every rectangular 
coordinate system. 

Example 1. The formula 

gives the components of the vector product C = A x B. In fact, 

C1 = C,1klA kB l = C,12SA 2B S + C,lS2A SB 2 

= A2Bs - AsB2' 

and so on. 

Example 2. Let q:> be a scalar, Tjk a second-order tensor and Tikl a third
order tensor. Then the quantities 

C,jklq:>, C,jkITkl' C,iklTikl 

are a pseudotensor of order 3, a pseudo vector and a pseudoscalar, respectively 
(verify this assertion). 

SOLVED PROBLEMS 

Problem 1. Let 

OVi oVk 
Vo k =- -

t oXk oXi 

(3.39) 

be the rate of deformation tensor in a viscous fluid [cf. (2.22)], with deviator 

( 
OVI) 

V n = ox~ , (3.40) 

and let 
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be the viscous stress tensor, where fL and ~ are constants [cf. (2.61)], Calcu
late the quantity 

D 
A OVi 

= Pik 
oXk 

called the dissipation function of the viscous fluid. 

Solution. We have 

D - A OVi _! (A OVi + A ~) 
- Pik :l - 2 Pik:l Pik :l 

uXk UXk uXk 

1 (A OVi + A OVk) 
= 2 Pik OX

k 
Pki OX

j 
, 

and hence, since Pik = Pki' 

But, according to (3.39) and (3.40), 

Therefore 

D = PikVik = AkV?k + Aklvll3ik 

= 2fLV?kV?k + ~Vll3ikV~k + lAivw 
and hence 

• SInce 

Pii = 2fLV?i + ~Vll3ii = 3~Vll' 

Problem 2. Prove that any axis of symmetry of a system of n particles 
is a principal axis of the moment of inertia tensor with respect to any point 
of the axis. 

Solution. Let K be a system of rectangular coordinates Xl> X 2, Xs with 
the xs-axis as an axis of symmetry of the system. Then for every particle of 
mass mj with coordinates xi

j
), x~j), x~j), there is a particle with the same mass 

m k = mj and coordinates 

X
(k) - x{j) 
S - - s . 

Hence 
n n/2 n 

112 = ! mjx~j)x~il = - ! mjx~j)x~i) - ! mkx~k)x~k) 
j=1 j=1 k=(n/2)+1 

n/2 n/2 

= ! mjxij)x~j) + ! mjxij)x~j) = 0, 

(3.41) 

j=1 j=1 
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and similarly 113 = O. Therefore the moment of inertia tensor lik in the 
system K is 

III 0 0 

Il/ikll = 0 122 1 23 , 

o 132 133 

i.e., the xl-axis is a principal axis of the tensor. 

(3.42) 

Problem 3. Prove that any axis I perpendicular to a plane of symmetry 
P of a system of n particles is a principal axis of the moment of inertia tensor 
with respect to the point of intersection of I and P. 

Solution. Let K be a system of rectangular coordinates Xl' X 2, X3 such 
that I is the xl-axis and P is the x2x3-plane. Then the origin of K is the point 
of intersection of I and P. Since the x2x3-plane is a plane of symmetry of the 
system, for every particle of mass mj with coordinates xli), x~j), x~j), there is a 
particle with the same mass m k = mj and coordinates 

X
(k) - -x<i> X(k) - x(j) X(k) - x(j) 1- 1,2-2,3-3' 

Therefore we again have 112 = 0, just as in (3.41), and similarly 113 = O. 
Hence the moment of inertia tensor lik in the system K is again given by 
(3.42), i.e., the xl-axis is a principal axis of the tensor, as before. Suppose 
the system K is rotated through the angle 

2/23 
q:> = ! arc tan 

122 - 133 

about the xl-axis (cf. p. 113). Then in the new system K', whose x~-axis 
coincides with the xcaxis, we have 

, 

i.e., K' is the principal axis system. 

Problem 4. Let lik be the moment of inertia tensor of a system of n 
particles of masses mb m2' ... , mn with respect to the center of mass of the 
system of particles, and let K be the principal axis system of lik' Suppose K 
is given a parallel displacement along any of its coordinate axes. Prove that 
the resulting coordinate system K' is still a principal axis system of the 
moment of inertia tensor. 

Solution. Since the origin of K is at the center of mass, we have 

n n n 

L m;xlj) = L m;x~;) = L m;x~j) = O. (3.43) 
;=1 ;=1 j=1 
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Moreover 
(3.44) 

since the axes of the system K are principal directions of I ik • Suppose K is 
given a parallel displacement along the xl-axis moving its origin to the point 
Xl = a, X 2 = 0, Xa = 0. Then 

n 

I - - "m xU)'xU )' 
ik - k j i k 

j=l 

in the resulting system K', where 

xi;)' = xi;) - a, 

X U)' - x{j) 
2 - 2' 

(j)' - xl;) Xa - a . 

(i i= k) (3.45) 

(3.46) 

But substituting (3.46) into (3.45), and taking account of (3.43) and (3.44), 
we find that I/k = ° (i i= k), i.e., K' is still a principal axis system of the 
moment of inertia tensor. The same is true if K is shifted along the X 2 or 
xa-axis instead. 

Problem 5. Let Tik be a second-order symmetric Cartesian tensor, with 
positive eigenvalues, and let 

(3.47) 

be the associated tensor ellipsoid (see p. 120). What is the geometric meaning 
of the invariants (3.31) in terms of this surface? 

Solution. Let a, b, c be the semiaxes of the ellipsoid (3.47), regardless of 
its orientation relative to the system with rectangular coordinates Xh X2, Xa, 

and let ii, b, c be the half-lengths of the segments cut off from the coordinate 
axes by the ellipsoid. Setting X 2 = Xa = 0, we have 

and hence 

Similarly 

- 1 
b = JT

22
' 

_ 1 
c = JT

aa
' 

and hence 

1 1 1 
II = Tn + T22 + Taa = -=2 + b-2 + -2 

a c 

1 lIT' + T' T' = 2 + -b2 + 2 = 11 22 + aa, 
a c 
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where T;l' T;2' T;a are the components of Tik in the principal axis system. 
Thus the sum of reciprocals of the squares of the half-lengths of the segments 
cut off by the tensor ellipsoid from a rectangular trihedron centered at the 
origin is independent of the orientation of the trihedron and equals the first 
invariant II of the tensor determining the ellipsoid. 

The equation of the elliptical cross section of the ellipsoid (3.47) cut off 
by the plane Xa = 0 is 

Tux~ + 2T12XIX2 + T22X~ = 1. 

The principal semiaxes of this ellipse are l/~;: and l/~~, where !J.I and !Lz 
are the roots of the equation 

-0 - , 

so that 

!J.I!J.2 = Tu T22 - T~2' 

Correspondingly, the area of the elliptical cross section is 

7t 
Aa= . 

~ !J.1!J.2 

Let Al and A2 denote the areas of the cross sections cut off by the planes 
Xl = 0 and X2 = O. Then the invariant 12 equals 

2( 1 1 1 ) 12 = !J.1!J.2 + !J.I!J.a + !J.2!J.a = 7t ~ + ~ + ~ 

! 2 + ! 2 + : 2 = A1A2 + A1Aa + A2Aa, 
ab ae be 

where AI> A2, Aa are the roots of the equation 

= O. 

Thus the sum of the reciprocals of the squares of the areas of the ellipses 
cut off by three perpendicular planes intersecting at the center of the ellipsoid 
is independent of the orientation of the planes and equals 1/7t2 times the 
second invariant 12 of the tensor determining the ellipsoid. 

Finally we note that the volume of the tensor ellipsoid equals 

47t 
V = - abc. 

3 
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But Is has the form 

o o 

I, = 0 

in principal axes, and hence 

o o 

V= ~ 1_. 
3 .JIs 

Thus the invariance of Is merely expresses the fact that the volume of the 
tensor ellipsoid is the same in all coordinate systems. 

Problem 6. Represent the symmetric second-order covariant tensor Tile 

in terms of the orthonormal basis e1, e2, es of its principal axis system. 

Solution. Let ecx have covariant components eCXi and contravariant com
ponents e~. It follows from (3.20) that 

(i = 1,2,3), (3.48) 

where Acx is the eigenvalue corresponding to ecx• Multiplying (3.48) by ecxl 

and summing over ex, we obtain 

s s 

7;k2 e!ecx, = 2 Acxgike!eCX'· 
cx=1 cx=1 

Therefore finally 
S 

7;k = 2 AcxeCXieCXk 
cx=1 

after using formula (2.66). 

EXERCISES 

1. Form scalars by contracting the tensors with matrices 

1 0 5 5 0 1 3 5 3 

0 6 3 , 3 6 3 , 4 4 4 • 

2 4 3 4 5 4 3 2 6 

2. Given that 
1 0 2 

IITikl1 = 3 4 1 , A = i1 + 2i2 + 3is. 

1 3 4 
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3. Let Tik and A be the same as in the preceding problem, and let 

B = 4il + 5i2 + 6is. 

Find the inner product TikAiBk. 

4. Prove that if Sik is a symmetric tensor and Aik an antisymmetric tensor, then 
SikAik = O. 

5. Given that 
123 

II Tik II 4 5 6 , C = il + 2i2 + 3is, 

789 

find the symmetric part Sik and antisymmetric part Aik of the tensor Tik. 
Calculate 

a) TikC k' TikCi, TikCiC k; 

b) AikTik> AikSik> AikCi, AikCiC k; 

c) Tik8ik, Aik8ik' Sik8ik; 

d) Tik - 18ikT ll, (Tik - ~8ikTzz)Ci' (Tik - !8ikT ZZ)CiCk· 

6. Find the invariants of the tensors in Exercises 1 and 5. 

7. Find the characteristic vectors and principal directions of the following 
tensors: 

100 

o 2 3 , 

034 

120 

220 , 

003 

001 

021 

1 1 1 

, 

412 

1 5 0 . 

200 

8. Prove the following formulas expressing the invariants (3.30) in terms of the 
eigenvalues AI' A2, AS: 

II = Al + A2 + AS' 

12 = Al A2 + )'1 AS + A2AS' 

Is = )'1 A2AS· 

Hint. The characteristic equation can be written as 

(A - A1)(A - A2)(A - AS) = O. 

9. Prove that in generalized coordinates the analogues of the invariants (3.31) 
are given by 

I - T· t 
1 - i' 

12 = i[(Tii)2 - TikTicz], 

Is = det liT/II. 

to. Prove that the roots of the characteristic equation (3.21) are all real if the 
covariant tensor Tik is symmetric. 
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11. Show that if AIo A2, A3 are the characteristic values of a symmetric tensor 
Tib then 

3 3 

! Ai = gklTkh ! A: = TklTkh 
i=l i=l 

3 

"'" A 3 = TklT T m 
"'" i lm .k· 
i=l 

12. Prove that the analogue of the deviator 

Dik = Tik -lTll~ik 

in generalized coordinates has components 

Dik = Tik - !Tilgih 

Dik = Tik - !Tilgik, 

D/ = T/ - !Tilg/. 

Comment. Note that D/ = O. 

13. Suppose Tih Tik and T/ are such that the quantities 

T A iBk TikA B T·kAiB ik , i h i k 

are the same for all choices of the vectors A and B. Prove that Tib Tik and 
Ti·

k are the covariant, contravariant and mixed components, respectively, of a 
second-order tensor. 

14. Show that if T.iklAkBlCi is a scalar for arbitrary vectors A, Band C, then 
T.ikZ is a mixed third-order tensor of the indicated structure. 

15. Suppose A ikZ dXi dxk dx z = 0 for arbitrary differentials dxi, dxk and dXl. 
Prove that 

A123 ~ A231 ~ A312 ~ A 132 ~ A321 ~ A 213 = O. 
16. Let 

_ ~ (OUi ~) Uik - 2 :l ~:l uXk uXi 

be the linear part of the deformation tensor in an elastic medium (cf. p. 72) 
with deviator 

(ULZ = 

and let 
Pik = 2AU~k ~ KUZZ~ik 

be the stress tensor, where A and K are constants. Calculate the quantity 

F = lpikuih 

called the free energy of the elastic medium. 

17.3 Outline a theory of m-dimensional vectors, tensors and pseudotensors. 
Discuss the notions of linear dependence and linear independence, bases, 
coordinates, components, transformation laws, etc. in m dimensions. 

8 See e.g., G. E. Shilov, 0p. cit., Sec. 39. 



4 
VECTOR AND TENSOR 
ANALYSIS; RUDIMENTS 

We now make a systematic study of the differential and integral calculus 
of vector and tensor functions of space and time, a subject known as vector 
and tensor analysis. 

4.1. The Field Concept 

4.1.1. Tensor functions of a scalar argument. By a tensor function of a 
scalar argument we mean a rule assigning a unique value of a tensor Ailiz ... ifl 

to each admissible value of a scalar t (usually, but not necessarily, the time). 
To indicate such a function, we simply write 

(4.1) 

For example, suppose the state of stress of an elastic medium varies in time. 
Then the stress tensor Pik defined in Sec. 2.4.1 becomes a function of time: 

Pik = Pik(t). 

By the derivative of the function (4.1) with respect to t we mean the tensor 
with components 

dAiliz ... in = lim Ailiz ... in(t + ~t} - Ailiz ... in(t) , (4.2) 
dt <1t .... o ~t 

calculated in a coordinate system which does not vary in time. The derivative 
(4.2) is clearly of the same order as the tensor (4.1) itself. 

134 
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4.1.2. Tensor fields. By a tensor field we mean a rule assigning a unique 
value of a tensor to each point of a certain volume V (V may be all of space). 
Let r be the radius vector of a variable point of V with respect to the origin 
of some coordinate system. Then a tensor field is indicated by writing 

A·. . = A.· . (r) 
tl'Z· .. '" 'llZ···t" 

(4.3) 

if the tensor is of order n. The scalar field 

cp = cp(r) 
and vector field 

A = A(r) 

are the special cases of (4.3) corresponding to n = 0 and n = 1, respectively. 

Example 1. The state of the atmosphere is described by scalar fields 
like the pressure P = p(r), the temperature T = T(r) , the density p = p(r), 
and by vector fields like the wind velocity v = v(r) and the wind acceleration 
a = a(r). 

Example 2. The state of stress of an elastic medium is described by a 
tensor field Pik = Pik(r). 

We shall also consider fields, called nonstationary fields, which are 
functions of both space and time, i.e., of both the vector r and the scalar t: 

cp = cp(r, t), A = A(r, t), Pik = Pik(r, t), ... (4.4) 

These fields can be regarded as functions of a four-dimensional vector with 
components Xl' X 2, X3, t varying over a region in "space-time." 

A tensor field is said to be homogeneous if it has no spatial dependence. 
In this case, (4.4) reduces to 

cp = cp(t), A = A(t), Pik = Pik(t), ... 

The tensor fields A.. . = A.. . (r) considered in this book will 
IllZ.··tn 11Iz ... In 

always be continuous, i.e., such that 

'

lim, [Ailiz ... in(r + ~r) - Ailiz ... i,,(r)J = o. 
~r -+0 

Remark. The algebraic operations considered in Chap. 3 apply equally 
well to tenSOr fields, provided the operations involve tensors associated with 
the same point of space. For example, the sum of two tensor fields of the 
same order n (and the same physical dimensions) is a new tensors field of 
order n. 

4.1.3. Line integrals. Circulation. Let MIM2 by any curve in a vector 
field A = A(r), as in Fig. 4.1. Suppose we subdivide MIM2 by introducing 
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FIG. 4.1. Illustrating line integrals and circulation of a vector field. 

n - 1 points of subdivision ro, r l , r 2, ••• , r n , where Ml and M2 have position 
vectors ro and rno respectively. Consider the sum 

n 

2: Ai • ~ri' 
i=l 

where ~ri = ri - ri- l and Ai is the value of the field A at any point of ~ri 
(we ignore the difference between ~ri and the arc of which it is the chord). 
The limit of this sum (provided it exists) as n ---+ 00 and the maximum 
length of the ~ri goes to zero is called the line integral of A along M l M 2, 

denoted by 

lim f Ai • ~ri = fA. dr = f Al dXl + A2 dX2 + A3 dx3· 
maxlAr,l-+o i=l 11[I J [2 .lf1 :U2 

n-+ 00 

Here the vector dr is directed along the tangent to the curve at every point, 
and its magnitude equals the element of arc length along the curve: 

A case of particular interest is where the line integral is taken over a closed 
contour, like the contour L in Fig. 4.1 ('t' is the unit tangent to Land dr = 

't'ds). The integral 

is then called the circulation of the vector A around the contour L. If A 
is a force field, then r is the work done by the force in moving a particle 
around L. 



SEC. 4.2 VECTOR AND TENSOR ANALYSIS: RUDIMENTS 137 

4.2. The Theorems of Gauss, Green and Stokes 

We now prove two key theorems of mathematical analysis. One, called 
Gauss' theorem, expresses the value of a certain integral ove~ a volume V 
bounded by a closed surface S in terms of a related integral over S. The 
other, called Stokes' theorem, expresses the value of a' certain integral over a 
surface S bounded by a closed contour L in terms of a related integral along 
L. As a prelude to proving Stokes' theorem, we shall also prove Green's 
theorem, to which Stokes' theorem reduces if S is a plane region. 

4.2.1. Gauss' theorem. First we prove 

GAUSS' THEOREM. Given a volume V bounded by a closed surface S, 
suppose the functions 

P(Xl' x 2, x 3 ), Q(xl , X2' x 3 ), R(xl' x 2, x 3 ) 

and their derivatives 

oP oQ oR , , 
oXl oX2 oX3 

are continuous in V U S.l Then 

f f f( oP + oQ + OR) dV 
v oXl oX2 oX3 

= f f [P cos (0, Xl) + Q cos (0, x 2) + R cos (0, x 3)] dS, 
s 

where ° is the unit exterior normal to S (see Fig. 4.2). 

n(M/l 

~-------Kt o 
.r-~-__ Vi 

S" " 5111 

FIG. 4.2. Illustrating Gauss' theorem. The theorem is valid for volumes 
bounded by piecewise smooth surfaces of arbitrary shape. The volumes 

may contain "holes" (see V'). 

( 4.5) 

1 Given two sets A and B, A v B denotes the union of A and B, i.e., the set of all points 
belonging to A or to B (or to both). 
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Proof Suppose no line parallel to the xl-axis intersects S in more 
than two points M' and M",2 with unit exterior normals oeM') and 
o(M") as shown in Fig. 4.2. Then, if S23 is the projection of S onto the 
x2x3-plane, we have 

But the element dS23 of the projection S23 can be expressed in terms of 
the elements of the surface S at the points M' and M": 

dS23 = dS(M') cos [oeM'), Xl] = -dS(M") cos [o(M"), Xl]' 

Therefore 

f f f oP dV = f f P(M) cos [oeM), Xl] dS(M), (4.6) 
17 OX I s 

where M is a variable point of the surface S. The formulas 

f If oQ dV = J I Q cos (0, x 2) dS, 
v oX2 S 

(4.7) 

I I I oR dV = I I R cos (0, x 3) dS 
v oX3 s 

(4.8) 

are proved. in the same way, provided no line parallel to the X 2 or X3-

axis intersects S in more than two points. Adding (4.6), (4.7) and (4.8), 
we obtain (4.5). 

Remark 1. It is assumed that the surface S is two-sided, i.e., that S has a 
unique interior and exterior normal at each of its points. 

Remark 2. The requirement that no line parallel to the coordinate axes 
intersect S in more than two points is not essential and can be dropped. In 
fact, suppose the given volume does not satisfy this condition, but can be 
partitioned into a finite number of subvolumes which separately satisfy the 
condition, like the volume Vo shown in Fig. 4.2. We then apply Gauss' 
theorem to each subvolume and add the formulas so obtained. The left-hand 
side of the result is an integral over the whole volume Yo, while the right
hand side is an integral over the surface So bounding Vo since the integrals 

over adjacent faces of the subvolumes (S and S in the figure) cancel each 
other, being counted twice but with oppositely directed normals. The surface 
of the original volume (or of any of its subvolumes) can also have pieces 
parallel to the coordinates planes (why?). 

Remark 3. It is assumed above that the surface S bounding the volume V 
is smooth, so that the direction of the normal to S varies continuously from 

I This restriction will be removed in Remark 2 below. 
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point to point. Gauss' theorem continues to hold in the case where S is 
piecewise smooth, i.e., where S is made up of a finite number of smooth 
pieces (e.g., prisms, pyramids, cylinders with caps, etc.). In fact, we can 
always partition V into a finite number of subvolumes each of which is 
bounded by a smooth surface. We then apply Gauss' theorem to each sub
volume and add the resulting formulas, just as in Remark 2. Analytically, 
each smooth piece of a piecewise smooth surface has an equation of the 
form X3 = f(x h x2} in a suitable coordinate system, where fis a function with 
continuous first partial derivatives. 

Remark 4. Gauss' theorem continues to hold for volumes with "holes," 
i.e., for volumes like V' in Fig. 4.2 which are bounded by several closed 
surfaces (S', S", Sill). It is only necessary to draw a surface inside V'inter
secting V' in its "holes" (like the plane P in the figure) and then apply Gauss' 
theorem to the neighboring "hole-free" volumes which result. 

Given a vector field A = A(r), let 

Al = P(Xb X2, x3 ), 

A2 = Q(xh X2, x3}, 

A3 = R(xI' X2, x3) 

be the components of A in a system of rectangular coordinates Xh X2, X3' 
Then Gauss' theorem takes the form 

I I I(OAI + OA2 + OA3) dV 
v oXI oX2 oX3 (4.9) 

= II [AI cos (0, Xi) + A2 cos (0, x2) + A3 cos (0, X3)] dS. 
s 

Bearing in mind that the components of the unit exterior normal ° are 

nl = cos (0, Xl), n2 = cos (0, X2), n3 = cos (0, x3), 

we can write (4.9) as 

I I I (OA I + OA2 + OA3) dV = I I A • odS. 
v oXI oX2 oX3 s 

(4.10) 

The integrand of the volume integral also has a vector interpretation, which 
will be given in Sec. 4.4.3. 

4.2.2. Greeo's theorem. We now prove a result which is the specialization 
of Stokes' theorem to the case of plane surfaces: 

GREEN'S THEOREM. Given a plane region S bounded by a closed contour 
L, suppose the functions 
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and their derivatives 
oP OQ 

are continuous on S U L. Then 

JJ(OQ - OP) dS = ~ P dXl + Q dx 2, 

S oX l oX2 L 
(4.11 ) 

where L is traversed in the direction such that S appears to the left of an 
observer moving along L. 

Proof Suppose no line parallel to the Xl or x2-axis intersects L in more 
than two points,3 as in Fig. 4.3. Then 

X2 f f oP dS = f f oP dX1 dX 2 
X2 = Cf2{x,) S oX2 S oX2 

f3 

A 5 
8 

a 

oo---~----------+---o b x, 

FIG. 4.3. Illustrating Green's theo-
rem. 

- fb d fX2 ='Il2(Xl) oP d - Xl X 2, 
a X2='Il1(Xl) oX2 

where the meaning of a, b, qJl(X) and 
qJ2(X) is shown in the figure, and hence 

(f oP dS =fb{p[Xb qJ2(X I )] . ox a 
S 2 

- P[Xl' qJl(X1)]} dX1 (4.12) 

= f: P[Xl' qJ2(X1)] dX I 

- tp[x1, qJl(X1)] dx1 · 

But the integrals on the right will be recognized as the line integrals of 
the function P{xl , x 2) along the curves A~B and ArxB, respectively. There
fore (4.12) becomes 

(4.13) 

The formula 

is proved in the same way. Subtracting (4.13) from (4.14), we obtain 
(4.11). 

3 It can be shown that this restriction is unnecessary, just like the analogous restriction 
in the proof of Gauss' theorem (cf. Remark 2, p. 138). For the details, see R. C. Buck, 
Advanced Calculus, second edition, McGraw-Hill Book Co., Inc. (1965), p. 408. 
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4.2.3. Stokes'theorem. We are now in a position to prove 

STOKES' THEOREM. Given a surface S bounded by a closed contour L, 
suppose the functions 

and their derivatives 

oP oQ oR 

are continuous on S U L. Then 

J J{ (OR - OQ) cos (0, Xl) + (OP - OR) cos (0, x2) 
S oX2 oX3 oX3 oXI 

+ (OQ _ OP) cos (0, X3)} dS = t P dX I + Q dX 2 + R dx3 , 
oX I oX2 L 

(4.15) 

where ° is the unit exterior normal to S (see Fig. 4.4).4 Here L is traversed 
in the direction such that S appears to the left of an observer moving 
along L with the vector ° at points near L pOinting from the observer's 
feet to his head. 

n 

:'. . .: '. 
:. _-':":;.1 . . " .. ,.. 

". r .• ~. 
" -'"f-.....-/ .' .~. . . 
~ __ --.J~+"n 

L I 
I 

o-l------~,x2 
___ I 

;:;~ 

n 

5' 

.A 

FIG. 4.4. Illustrating Stokes' theorem. The theorem is valid for piecewise
smooth surfaces, bounded either by one contour (like S) or by several 
contours (like S'). The direction of traversing an elementary contour 
about any point of the surface is consistent with the direction of traversing 
the boundary and would cause a right-handed screw to advance along D. 

4 It is assumed that S is a two-sided surface, with one of its sides singled out by the 
choice of n. 
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Proof5 Suppose no line parallel to the x3-axis intersects S in more 
than one point, as in Fig. 4.4. Then the projection of S onto the X 1X 2-

plane is a plane region 0"12' and the projection of L onto the x1x2-plane is 
a closed contour 1 which is the boundary of 0"12. Let 1 be traversed in the 
direction such that 0"12 appears to the left of an observer moving along 1 
(a right-handed screw turned in this direction would advance along th{" 
positive x3-axis). This establishes a corresponding direction of traversing 
L and a corresponding direction of the exterior normal D to the surface S 
such that D makes an acute angle with the positive X3-axis. The relation 
between the elements of area on 0"12 and S is then 

dO"12 = dS cos (D, xa), cos (D, X3) > o. (4.16) 

We now use the fact that the contour L belongs to a surface whose 
equation can be written in the form X3 = l(x1• X2) to replace the integral 
along L by an integral along I: 

~L P(Xl' X2, x3) dXl = ~l P[x1• X2, f(x!> x2)] dx1· (4.17) 

Applying Green's theorem to the right-hand side of (4.17) and bearing in 
mind that X 2 appears in the expression for P both directly and via 
X3 = l(x1• x2). we obtain 

{P[x1• x2,f(x1, x 2)] dX1 

_ -II[ap[X1, X2,f(X1, x 2)] ap[x1, x 2,f(x1, x 2)] a f ] d - + 0"12· 
h2 ~ h2 

012 

Using (4.16) and returning to integrals over S and along L, we then have 

~ LP(X!> X2, X3) dX 1 

= -I I [ap(Xb x 2, x3) + ap(Xl' x 2, x3) af(xt> X2)] cos (D, x3) dS. 
s aX2 aX3 aX2 

( 4.18) 

But, as is familiar from calculus, 

(4.19) 

where 

5 Another, less rigorous proof of Stokes' theorem will be given in Sec. 5.2.2. 
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Therefore, choosing the bottom signs in (4.19) [since cos (n, X 3) > 0], 
we have 

'OJ 
---'0- cos (n, X 3) = -cos (n, X 2). 
aX2 

Then (4.18) takes the form 

f P dXl = f f[ ap cos (n, x2) - ap cos (n, X3)] dS. 
L S aX3 aX2 

The formulas 

f Q dX2 = J J[a
Q 

cos (n, x3) - aQ cos (n, Xl)] dS, 
L S aX I aX3 

(4.20) 

f R dX3 = J J[aR cos (n, Xl) - 'OR cos (n, X2)] dS (4.21) 
L s ax2. aX I 

are proved in the same way. Adding (4.18), (4.20) and (4.21) we obtain 
Stokes' theorem (4.15). 

Remark 1. As in Gauss' theorem, it is assumed that the surface S is 
smooth or piecewise smooth. 

Remark 2. The requirement that no line parallel to the coordinate axes 
intersect S in more than one point is not essential and can be dropped (none 
of the surfaces S, So and S' shown in Fig. 4.4 satisfy this requirement). In 
fact, suppose the given surface does not satisfy this condition, but can be 
partitioned into a finite number of subsurfaces which separately satisfy the 
condition. We then apply Stokes' theorem to each subsurface and add the 
formulas so obtained. The left-hand side of the result is an integral over 
the whole surface, while the right-hand side is an integral over the boundary 
of the surface since the integrals over adjacent sides of the subsurfaces cancel 
each other, being counted twice but with opposite signs. 

Remark 3. Stokes' theorem continues to hold for surfaces like S' in 
Fig. 4.4 which are bounded by several closed curves (L', L" in this case). 
In fact, cutting S' along the curve AB, we get a new surface bounded by 
L', L" and the two edges of AB. Applying Stokes' theorem to the cut surface, 
we then glue the surface back together again along AB. When this is done, the 
line integrals along the two edges of AB cancel each other (since they go in 
opposite directions), leaving just the integrals along L' and L". 

Given a vector field A = A(r), let 

Al = P(x I , X 2 , x 3 ), 

A2 = Q(XI' X2, x3), 

Aa = R(xI' X2, x3) 
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be the components of A in a system of rectangular coordinates Xl' X2' X3 
with orthonormal basis iI, i2, ia. Then Stokes' theorem takes the form 

+ (aA 2 _ OAI) cos (n, X 3)} dS 
aX I aX2 

= ! Al dX I + A2 dX2 + A3 dX3 = fA. dr, h L 

whc,re in the last step we use the fact that 

dr = i l dX I + i2 dX2 + i3 dX3' 

(4.22) 

The integrand of the surface integral also has a vector interpretation, which 
will be given in Sec. 4.4.5. 

4.2.4. Simply and multiply connected regions. In using Stokes' theorem 
to transform a contour integral into a surface integral, we must always make 
sure that both the closed contour L and the surface S of which L is the 
boundary lie entirely inside the region where the hypotheses of Stokes' 
theorem are satisfied. However, there are regions such that a surface S 
lying entirely inside the region cannot be found for certain closed contours 
L lying entirely inside the given region. For example, if the region is the 
interior of a torus, there is no surface which is bounded by the contour LI 
shown in Fig. 4.5 and lies entirely inside the torus. Similarly, if the region is 
the exterior of a torus, there is no surface which is bounded by the contour 
L2 and lies entirely outside the torus. 

FIG. 4.5. The multiply connected region inside the torus can be made 
simply connected by adding a "pattition" (j to its boundary. The multiply 
connected region outside a torus can be made simply connected by adding 
a "soap film" ~ to its boundary, thereby closing the hole in the torus. 

A region is said to be simply connected if every closed contour in the 
region can be shrunk continuously to a point without leaving the region. 
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In this case, every closed contour is the boundary of some surface lying 
entirely in the region (why?) For example, all of three-dimensional space, 
the whole plane, the interior of a closed plane curve, the interior or exterior 
of a sphere, cube, etc. are all simply connected regions. 

A region is said to be multiply connected if it contains a contour which 
cannot be shrunk to a point without leaving the region and hence a contour 
which is not the boundary of a surface lying entirely in the region. For 
example, both the interior and exterior of a torus are multiply connected, 
and so are the regions shown in Figs. 4.6(b) and 4.6(c). A multiply con
nected region can be made simply connected by enlarging its boundary in 

L 

( a ) ( b) ( c ) 

FIG. 4.6. (a) The region outside a sphere is simply connected, since any 
contour L can be shrunk to a point without leaving the region. (b) The 
three-dimensional region outside an infinite filament and the two
dimensional region outside a closed curve are multiply connected, since the 
indicated contours L cannot be shrunk to a point without intersecting the 
filament or the curve. (c) The three-dimensional region outside two infinite 
filaments and the two-dimensional region outside two closed curves are 

multiply connected in a more complicated way. 

such a way as to "block off" contours which cannot be shrunk to a point 
without leaving the region. How this is done in the case of a torus is described 
in the caption to Fig. 4.5. 

4.3. Scalar Fields 

4.3.1. Level surfaces. Given a scalar field 

~ = ~(r) = ~(Xl' x2, X3) 

(in a system K of rectangular coordinates Xl> X 2, x 3 ), those points for which ~ 
takes a fixed value C form a surface 
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called a level surface of the field. By giving C various values, we obtain a 
family of level surfaces as shown in Fig. 4.7. These surfaces serve to char
acterize the field geometrically. For example, in places where the level 
surfaces crowd together, the function cp changes rapidly in the direction 
perpendicular to the surfaces. 

cp = C1 

!:r----"""""'---- K2 o . 

FIG. 4.7. Level surfaces of a scalar field qJ. 

Remark. The level surfaces of a single-valued field <p cannot intersect, 
since otherwise <p would take several values at the points of intersection, 
which is impossible. 

4.3.2. The gradient and the directional derivative. The most important 
characteristic of a scalar field is its gradient, which is the analogue for 
functions <per) of a vector argument of the notion of a derivative for functions 
J(t) of a scalar argument. 

In studying the behavior of a function f(t) of a scalar argument near 
some point M with abscissa to, the derivative 

(4.23) 

if it exists, tells us how rapidly f(t) changes as t is given values exceeding to. 
Thus (4.23) serves as a measure of the rate of change off(t) at the point M. 
By analogy, in the case of a scalar field <p = <per) it might be expected that 
the three partial derivatives 

(~)M' (~)M' (~)M' 
evaluated at some point M, would serve to describe the rate of change of 
<p = <per) as we move away from M in any direction. This is in fact the case, 
as we now show. 
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First we recall from Example 1, p. 91 that the three quantities ocp/ox i 

are the components of a vector. This vector is called the gradient of the 
field cp and is denoted by grad cpo Thus 

d 
• ocp • ocp • ocp • ocp 

gra cp = II - + 12 - + 13 - = Ik - , 
oX I OX2 OX3 oXk 

(4.24) 

in terms of the orthonormal basis vectors ih i2, i3 of the rectangular coordinate 
system K. 

Now, given any two points M and M' in the field, let / be a unit vector 
in the direction from M to M'. Then the average rate of change of cp in the 
direction / equals 

cp(M') - cp(M) 

M'M 
, (4.25) 

where MM' = IMM'I (see Fig. 4.8). As shown in the figure, let M" be 
another point on the level surface of M'. 
Then, although cp(M') = cp(M,,) it is clear 
that the ratio 

cp(M") - cp(/vl) 

M"M 
, 

giving the average rate of change of cp in the 
direction /1 (from M to M"), is different 
from (4.25), since M'M #- M"M. In other 
words, the field cp changes more rapidly in 
some directions than in others. 

The limit of the ratio (4.25), if h exists, 
as M' approaches M along M'M is called 

L 

FIG. 4.8. The directional deriva-
tive and the derivative along a 
curve. The field changes more 
rapidly in the direction 11 than in 

the direction I. 

the directional derivative of cp at M in the direction / and is denoted by dcp/dl: 

dcp . cp(M') - cp(M) 
- = hm , . 
dl 111'-+,11 M M 

This derivative describes the rate of change of the field cp at the point Min 
the direction /. If cp(M) = CP(Xl' X2, X3)' then 

cp(M') = cp[xi + M'M cos (I, Xl), X 2 + M'M cos (/, X2), X3 + M'M cos (I, x3)]. 

Hence, expanding cp(M') in a Taylor series, we have 

<p(M') = cp(M) + [E!£ cos (/, Xl) + ~ cos (/, X 2) 
OX1 OX2 

+ ~ cos (/, X 3)]M'M + O{(M'M)2}, 
oX3 
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where O{(M'M)2} is a quantity of the second order of smallness in the dis
placement M'M. Thus, calculating dcpjdl, we find that 

dcp ocp ocp ocp ocp 
- = cos (/, Xl) + COS (I, X2) + COS (/, X3) = lk . (4.26) 
dl oXI oX2 oX3 oXk 

Together (4.26) and (4.24) imply 

~ = /. grad m 
dl T' 

(4.27) 

i.e., the directional derivative of cp in the direction characterized by the unit 
vector / equals the scalar product of / altd grad cpo In the right-hand side of 
(4.27), grad cp characterizes the field cp while the vector I is independent of cp 
and characterizes the direction in which the derivative is evaluated. Thus, 
if grad cp is defined at a point M in the field cp, we can always find the rate of 
change of cp at M along any direction at all. In this sense, grad cp describes 
the inhomogeneity of the field cpo 

Examp/e. Let L be the curve specified by the parametric equations 

Xl = xI(s), X2 = X2(S), X3 = X3(S), 

where s is the arc length along L measured from a fixed point of L. Suppose 
a scalar field cp = cp(r) is defined at every point of L. Then by the derivative 
of cp along the curve L at the point M is meant the limit 

~ = lim cp(M*) - cp(M) 
ds M*-+M ~s 

(provided it exists), where M* is a variable point of L (see Fig. 4.8), and ~s 
is the length of the arc M M* of the curve L. If / is the unit tangent vector to 
L at the point M, as in the figure, then 

dcp dcp 
-=- • 
ds dl 

In fact, on the curve L we have 

and hence, by the chain rule of partial differentiation, 

~ = ~ dX I + ocp dX2 + ocp dX3 
ds oXI ds oX2 ds oX3 ds 

(4.28) 

ocp ocp ocp dcp 
= cos (/, Xl) + cos (/, X 2) + cos (/, X3) = - . 

OXI OX2 OX3 dl 
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4.3.3. Properties of the gradient. The operator V. Writing (4.27) in the form 

~ = Igrad cpl cos (I, grad cp), 
dl 

we arrive at the following important conclusions: 

1) The rate of change of the field cp is greatest in the direction of grad cp 
[since then cos (I, grad cp) = 1], and equals 

(~) = Igrad cp/ = 
dl max 

4 

( 
OCP)2 + (OCP)2 + (OCP)2 . 
oX l oX2 oX3 

2) The vector grad cp at the point M points in the direction of increasing 
cp along the normal to the level surface cp = C (say) containing M. 
To see this, let I lie in the plane tangent to the level surface cp = C. 
Then, by the definition of a level surface, dcpjds = 0 along any curve 
lying in the surface cp = C, and hence by (4.28), 

~ =0. 
dl 

But then grad cp is directed along the normal to the level surface cp = C 
(Igrad cpl "* 0), in fact in the direction of increasing cp since 

(~\ = Igrad cpl > 0 
dl'max 

(see Fig. 4.9). In particular, if n is the unit vector normal to the level 
surface cp = C, we have 

dcp 
- =<= Igrad cpl, 
dn 

dcp 
grad cp = n -. 

dn 

The vector field obtained by taking the gradient of a scalar field cp has 
a number of special features to be dis
cussed in Sec. 5.4. At this point, we 
merely note that taking the gradient 
of cp entails the following sequence of 
operations [cf. (4.24)]: 

1) Form the partial derivatives of cp; 
2) Multiply them by the corre

sponqing unit basis vectors of the 
underlying rectangular coordi
nate system; 

3) Add the resulting expressions. 
The effect of these three operations can 
be described by a single differential 
operator, denoted by the symbol V and 

n 

M 

~----

grad cp 
'\ 
\ 

\ 
\ 
\ 

cp=C 
I 

cp=C<C,...-

Fig. 4.9. The gradient of the scalar 
function qJ is directed along the normal 
to the level surface qJ = C in the direc-

tion of increasing qJ. 
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read "del" or "nabla," which takes the form 

\"7 .0 .0 +.0 
v - 11 + 12 13-

OX I OX2 oX3 

(4.29) 

in rectangular coordinates. When applied to a scalar cp, this operator pro
duces the vector field grad cp, i.e., 

\"7 d . ocp 
v cp gra cp = Ik . 

oXk 

4.3.4. Another definition of grad cpo We now give a way of defining the 
vector grad cp which is independent of any coordinate system. Applying 
Gauss' theorem (4.10) to a vector field of the special type 

A = CCP(Xb X2' x 3 ), 

where the vector C is fixed but arbitrary, we find that 

C· (I I I grad cp dV - I I cpn dS) = O. 
v s 

Since c is arbitrary, the fact that the scalar product of C with another vector 
vanishes implies that the other vector vanishes, i.e., that 

I J J grad cp dV = J J cpn dS. (4.30) 
s 

Now let V be a small volume surrounding some point M in the field cp, 
and consider any component of grad cp, say ocpjoxl. Then, by the mean-value 
theorem for integrals, 

I II ocp dV- (oCP) V 
V oXl - oXl .11' ' 

whe:-e M' is a suitable "average point" in the volume V. It follows that 

( OCP) =.!. I I cp cos (n, Xl) dS. 
OX I .11' V s 

Next let the volume V and its surface S shrink to the point M in an arbitrary 
fashion. Then the "average point" M' approaches M because of the con
tinuity of OcpjOXl' and hence 

( OCP) = lim.! I J cp cos (n, Xl) dS, 
oX l JI v .... o V s 

and similarly for the other two components of grad cpo Thus we have 

grad cp = lim 1. J r cpn dS (4.31) 
v .... o V • s 
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(at the point M). This formula can serve as a definition of grad ~, provided 
the limit on the right exists. The advantage of (4.31) is that it is independent 
of the choice of coordinate system and hence can be used to define the com
ponents of grad ~ in any coordinate system at all (oblique, curvilinear, etc.). 
This will be done in Sec. 4.7. 

4.4. Vector Fields 

4.4.1. Trajectories of a vector field. A curve whose tangent at every 
point has the same direction as a vector field A = A(r) is called a trajectory 
of the field (see Fig. 4.1 0). 

Example 1. The trajectories of the field 
A = grad ~ are the curves orthogonal to 
the level surfaces ~ = const at every point, 
i.e., the lines of most rapid change of the 
function ~ = ~(r). 

Example 2. The trajectories of the veloc
ity field of a rigid body rotating about an 
axis are concentric circles with centers on 
the axis, while the trajectories of the velocity 
field of a rigid body moving in a straight 
line are themselves straight lines. 

A( r) 

r 0 

FIG. 4.10. Trajectories of a vector 
field A = A(r}. 

Example 3. The trajectories of the velocity field v of a moving fluid are 
called streamlines. In general, the streamlines change with time [v = Ve', t)] 
and do not coincide with the paths of the fluid particles. However, if the 
velocity field is stationary [v = Ve,)], the streamlines do not change in time 
and represent the actual paths of the fluid particles. 

Let r = res) be a trajectory of a vector field A = A(r), in terms of some 
parameter s (usually the arc length). Then the condition for the tangent to 
the trajectory to be collinear with A can be written concisely as 

dr x A(r) = o. (4.32) 

This is the vector form of the differential equation of the trajectories of the 
field A(r). Since the components of collinear vectors must be proportional, 
the trajectories of the field A(r) also satisfy the system of scalar differential 
equations 

Al(xl, X 2, x 3) A 2(X l , X 2, x 3) A 3(Xl , X2, x 3) 
(4.33) 

in a system of rectangular coordinates Xl! X2, X3 [note that (4.33) is an im
mediate consequence of (4.32)]. 
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Integration of (4.32) or (4.33) gives the family of trajectories of the field 
A(r). If the field is non stationary, (4.32) and (4.33) are replaced by 

dr x A(r, t) = 0 (4.32') 
and 

dXl dX2 dXa (4.33') • 
Al(Xb X2, Xa. t) A2(X I , X2, Xa, t) Aa(xl , X2, XS, t) 

In other words, in the case of a nonstationary field A(r, t), the differential 
equations of the trajectories have the same form except that t appears as a 
parameter determining a family of trajectories at every given instant of time. 

If A =1= 0 at some point M, there is a unique trajectory passing through 
M, whose tangent at M has a well-defined direction coinciding with that of 
A.6 This trajectory can be found by choosing suitable constants of integra
tion in the general solution of (4.33). 

If A = 0 at some point M, all the denominators in (4.33) vanish. At such 
a singular point of the system (4.33), the direction of the trajectory is in
determinate and the behavior of the trajectories becomes more complicated 
(there may be infinitely many trajectories through M or even none at all). 

4.4.2. Flux of a vector field. Let S be a two-sided piecewise-smooth 
surface (which mayor may not be closed) immersed in a vector field A = 
A(r). Let dS be an element of S, and let D be the unit normal to dS at one of 
its points. Then by the flux of the field A(r) through the element dS we mean 
the quantity 

where A is taken at the same point as D. Similarly, by the flux of A(r) through 
the whole surface S we mean the integral 

f J A· DdS = f J An dS. 
s s 

This surface integral is independent of the choice of coordinate system. In a 
system of rectangular coordinates Xl> X2, Xa, it takes the form 

J fA. D dS = f J [At cos (D, Xl) + A2 cos (D, X2) + As cos (D, Xa)] dS, 
s s 

where AI, A2 , Aa are the components of the vector A. 
The following physical example clarifies the meaning of the concept of 

the flux of a vector field: 

• It is assumed that A has the smoothness required to invoke the appropriate existence 
and uniqueness theorems for the system (4.33). 
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Example. Consider the stationary flow of an incompressible fluid totally 
occupying a certain region of space. Such a flow is characterized by a con
tinuous velocity field v = v(r). Let S be a smooth surface immersed in the 
flow. Then, according to (4.33), the flux of the field v(r) through S is given by 
the integral 

Q = I Iv. DdS. (4.34) 
s 

As we now show, this is just the amount (i.e., volume) of fluid flowing through 
dS per unit time. 

In fact, let dS be an element of S, with unit normal n (see Fig. 4.11). The 
boundary of dS defines an elementary tube offlow AB, i.e., the surface formed 

A 

n 

.. 
' .. : . . . 

. ' ".": Co ... : .... _ 
,J, ..... __ 

.".: ... . . " ... . . 
.' 0":' 

FIG. 4.11. The flux of the velocity field of a moving fluid through a 
surface S equals the amount of fluid flowing through S per unit time. 

by the trajectories of the velocity field going through points of the boundary 
of S (a small closed contour). Clearly, the same amount of fluid flows through 
every perpendicular cross section of this tube per unit time. To calculate 
this quantity, we note that the amount of fluid flowing through dS in time 
dt equals the volume of the cylinder with base dS and generator Ivl dt. The 
altitude h of this cylinder obviously equals the projection of vdt onto the 
normal to the base, i.e., 

h = Ivl dt cos (v, 0) = Iv . 01 dt. 

Therefore the amount of fluid flowing through dS in time dt equals 

dQ = Ivl cos (v, 0) dS = v • 0 dS. ( 4.35) 

Integrating (4.35) over the whole surface S, we obtain (4.34), as required. 
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Thus the flux of the velocity field vCr) through S equals the amount of fluid 
flowing through S per unit time. 

If the fluid is incompressible, then the mass m of fluid flowing through the 
surface S per unit time is obtained by multiplying (4.34) by the density p 
of the fluid: 

m = pQ = p f f v • 0 dS. (4.36) 
s 

On the other hand, if the fluid is compressible with density p = per), itself 
a (scalar) field, equation (4.36) must be replaced by 

m = f f pv • n dS, (4.37) 
s 

i.e., p must appear inside the integral since it is also a function of r. 
The quantity A· 0 dS is positive if A and 0 form an acute angle and 

negative if they form an obtuse angle. Therefore the quantity (4.34) repre
sents the net amount of fluid flowing through S in the direction determined 
at each point of S by the positive direction of the normal 0, rather than the 
absolute amount of fluid crossing S regardless of the direction of flow. 

Suppose S is closed, like the surface So shown in Fig. 4.11, and let V be 
the volume enclosed by S. Moreover, suppose we always choose 0 to be the 
unit exterior normal. Then flow of fluid in the positive direction (the direc
tion of +0) corresponds to efflux out of V, while flow in the negative direction 
(the direction of -0) corresponds to influx into V. Hence the (net) flux 
Q equals the difference between the amount of fluid flowing out of the volume 
V enclosed by the given surface and the amount of fluid flowing into the 
volume. In particular, vanishing of Q means that just as much fluid flows 
into V as flows out of V. 

If Q is positive, there are sources in V, i.e., places where fluid is somehow 
"created" (e.g., by little pipes introducing extra fluid, bits of melting ice, 
etc.). On the other hand, if Q is negative, there are sinks in V, i.e., places where 
fluid is somehow "annihilated" (e.g., by freezing, evaporation, etc.). 

If the fluid is compressible, so that p = per), then places where rare
faction or density drops occur act like sources, while places where condensa
tion or density rises occur act like sinks. For example, a density drop means 
that the same mass of fluid occupies a larger volume near the point of rare
faction. But this causes a greater mass of fluid to appear in the rest of the 
volume occupied by the fluid. 

Thus the flux of a vector field through a closed surface allows us to form 
some idea of the behavior of the field in the volume V bounded by the surface. 
However, since V is finite, such estimates can be very crude. For example, 
the fact that the flux of the velocity field of a moving fluid through a closed 
surface vanishes can mean the absence of sources and sinks inside the volume 
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V bounded by the surface. But it can also mean that V contains sources and 
sinks of equal strength,7 or a distribution of sources and sinks whose total 
strength is zero. This suggests introducing a quantity characterizing the 
"local" or "pointwise" distribution of sources and sinks. In this way, we are 
led naturally to the concept of the divergence of a vector field, which is the 
subject of Sec. 4.4.3. 

4.4.3. Divergence of a vector field. Given any point M in a vector field 
A = A(r), let S be an arbitrary closed surface surrounding M and enclosing 
a volume V. Calculating the flux of A through S and dividing by V, we obtain 

l I I A· n dS. 
V s 

(4.38) 

Interpreted geometrically, the quantity (4.38) is the average strength of the 
sources and sinks inside V. The limit of (4.38) as the volume V and its 
surface S shrink to the point M in an arbitrary fashion (if the limit exists) 
is called the divergence of the field A (at the point M), denoted by div A. 
Thus, by definition, 

div A = lim! II A· n dS. 
V-+O V s 

(4.39) 

Note that the divergence of a vector field A(r) is a scalar function of rand 
hence a scalar field. 

Remark. Just like the analogous definition (4.31) of grad cp, the definition 
(4.39) of div A is independent of the choice of coordinate system and hence 
can be used to define div A in any coordinate system at all (see Sec. 4.7). 

The field div A does not exist for every field A. However, div A exists 
at every point where the components AI, A 2, As of A (in a system of rec
tangular coordinates Xl' X 2, xs) and their derivatives 

oAI oA2 oAs , , 
OXI OX2 OXs 

are continuous. In fact, it follows from Gauss' theorem in the form (4.10) that 

l {I A • n dS = ! I J J (OA I + oA2 + OAs) dV. 
V Ws V V oXI oX2 oXs 

As V shrinks to some interior point M, the right-hand side obviously has a 
limit equal to the value of 

7 By the strength of a source (or sink) we mean the amount of fluid emitted (or absorbed) 
by the source (or sink) per unit time, as on p. 160. 
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at the point M. Therefore the left-hand side a.lso has a limit equal by defini
tion to the divergence of A at M. Hence 

d· A OAI OA2 + OA2 
lV = +--= 

OXI OX2 oXs 
(4.40) 

in rectangular coordinates Xl> X2, Xs. 
Formula (4.40) can also be derived directly by choosing the arbitrary 

volume V in (4.39) to be an infinitely small parallelepiped with faces per
pendicular to the coordinate axes (see Fig. 4.12). The unit normals of the 

_ I 6.00s,-.:::l:t---!n~: L 1 
J-----

/' 
,/ 

P--..... --------.. "'1 o Ll 

FIG. 4.12. Calculation of the flux of a vector field A through an elementary 
rectangular parallelepiped. 

faces perpendicular to the xk-axis are i k and -ik' where i k is the unit vector in 
the direction of the positive xk-axis. Hence 

div A = lim.! f fA. n dS 
V-+O V s 

= lim 1. ([il • A(XI + ~Xl' X2' Xs) - il • A(Xl' X2, Xs)] ~Sl + ... } 
v-+oV 

= lim 1. ([Al(Xl + ~Xl' x2, Xs) - Al(Xl, X2, Xs)] ~Sl + ... } 
V-+O V 

(4.41) 

where ~Sk is the area of the two faces perpendicular to the xk-axis and ~Xk 
is their distance apart. But then (4.41) implies (4.40), since 

~Xl ~Sl = ~X2 ~S2 = ~xs ~Ss = V. 



SEC. 4.4 VECTOR AND TENSOR ANALYSIS: RUDIMENTS 157 

Using the concept of divergence, we can write Gauss' theorem (4.10) as 

I I I div A dV = I I A· n dS. (4.42) 
v s 

This form of Gauss' theorem, often called the divergence theorem, has wide
spread physical applications. Geometrically, (4.42) means that the integral 
of the divergence of a vector field over a volume V equals the flux of the field 
through the surface S bounding V (provided the field is suitably smooth 
inside Vand OD S). 

The expression (4.29) for the operator V implies the following represen
tation of the divergence of A: 

div A = oAk = ik 0 • A = V • A. 
oXk oXk 

In other words, div A is just the scalar product of V and the vector A. 
A coordinate-free symbolic representation of the operator V is 

V(· .. ) = lim 1. II n(' .. ) dS, (4.43) 
v~o V s 

where ( ... ) is some expression (possibly preceded by a dot or across) on 
which the given operator acts. In fact, according to (4.31) and (4.39), 

V cp = lim 1.. II n<p dS, 
v~o V s 

V • A = lim 1. [I n • AdS. 
v~o V . s 

(4.44) 

(4.45) 

4.4.4. Physical examples. We now give some examples clarifying the 
physical meaning of the concept of divergence. 

Example 1 (Divergence of the velocity field of a fluid). Let v(r) be the 
stationary velocity field of a moving fluid. Choosing any point M in the field, 
we surround M with a surface S enclosing a volume V. If the flux of the 
velocity field through S is positive, i.e., if 

1. I I v • n dS > 0, 
V s 

then a larger volume of fluid flows out of V (through S) than into V. Suppose 
V contains neither sources nor sinks. Then the fluid inside V must expand, 
i.e., its density must decrease. The quantity 

1.. I I v • n dS (4.46) 
V s 

characterizes the average expansion of the fluid inside V per unit time, or 
equivalently, the average rate of volume expansion [contraction if (4.46) is 
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negative] of the fluid inside V. Let V and its surface S shrink to the point M. 
Then the limit 

div v = lim III v . n dS, 
v-+o V s 

if it exists, characterizes the rate of change of the volume of the fluid at the 
point M. Thus a fluid element at the point M which originally had volume 
tl. V has volume 

tl. V' = tl. V(1 + div v) 

one unit of time later. Naturally, if the fluid is incompressible and contains 
no sources or sinks, then 

div v =--: 0 

at every point of the velocity field. 

(4.47) 

Example 2 (Equation of continuity). Let S be any closed surface immer~ed 
in the stationary velocity field of a moving fluid, and suppose S encloses a 
volume V. Then the amount of fluid flowing into V per unit time equals the 
amount of fluid flowing out of V, provided V contains no sources or sinks. 
Hence, taking account of (4.37), we find that 

I I pv· n dS = 0 
s 

for any closed surface S immersed in the fluid. 
If the density and velocity of the fluid can vary in time, so that 

p = per, t), v = vCr, t), 

then the change in mass of the fluid inside V per unit time equals 

~ I I I p dV. at v 

Since the position of V does not change in time, 

E.. I I I p dV = I I I ~ dV. 
dt v v at 

This change in the mass of fluid inside the fixed volume V must equal the 
mass flowing into V through its fixed surface S, i.e.,s 

III~dV= -II pv·ndS. (4.48) 
v at s 

8 We must put a minus sign before the surface integral since 

+ I I pv· n dS 
s 

is the mass flowing out of V (n is the unit exterior normal to S). 
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Using Gauss' theorem to transform the right-hand side of (4.48), we obtain 

J J J(~ + div (PV») dV = O. 
v at 

But (4.49) must hold for an arbitrary volume V, and hence 

op + div (pv) = 0, at 

(4.49) 

(4.50) 

provided the integrand of (4.49) is continuous. Equation (4.50) is the familiar 
hydrodynamical equation of continuity. 

Example 3 (Fields due to sources and sinks). Consider a vector field of 
the form 

r 
A(r) = q - (4.51) 

r S 

where q = const and r = ilxl + i2x2 + isxs is the radius vector. Calculating 
the divergence of this field, we obtain 

oAI q(r2 - 3xD 

OX I r5 
, 

oA2 q(r2 - 3x~) 

oX2 r5 
, 

oAs q(r2 - 3x~) 

r5 • 

oXs 
Therefore 

div A = oA I + oA2 + oAs = 3 .!I. _ 3qr
S 

= 0 
oXI oX2 oXs r S r 5 

everywhere except at the origin of coordinates (r = 0). The origin does not 
belong to the field, since div A (like A itself) is not defined at the origin. 

If S is any closed surface which does not surround the origin, then the 
flux of the field A(r) through S vanishes. This 
follows at once from Gauss' theorem (4.42), since 
div A vanishes throughout the volume V enclosed 
by S. 

On the other hand, if S is a closed surface 
surrounding the origin, then the volume enclosed 
by S contains a "singular point" where both A 
and oAk/oXk are undefined, so that Gauss' theorem 
is not applicable to S. To calculate the flux of the 
field A = A(r) through S, we first surround the x, 
origin with a little sphere e of radius plying 

5 

entirely inside S, as shown in Fig. 4.13. We can FIG. 4.13. Isolation of a 
then apply Gauss' theorem to the volume V singular point at the origin. 
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between Sand e. Since div A = 0 everywhere in V, we have 

But on the sphere e 

f fA. 0 dS + f fA. 0 de = O. 
s E 

AlE = Alr=p = q ~ , 
P 

olE = - P , 
P 

CHAP. 4 

(4.52) 

where p is the radius vector of a variable point on e. It follows from (4.52) 
that 

f fA. 0 dS = - f fA. 0 de = f f ~ . ~ de = ~ f f de = 47tq. (4.53) 
SEE P P P E 
According to (4.53), the flux of the field (4.51) through a surface S 

surrounding the origin is nonzero and equals 47tq. The field (4.51) is called 

A 
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FIG. 4.14. (a) A source; (b) A sink. 

the field of a point source if q > 0 or the field of a point sink if q < O. Figure 
4.14 shows the general nature of the trajectories of fields of this kind. The 
field of a point source is usually written in the form 

Q r 
A= --, 

47t ,3 
where Q is called the strength of the source, equal to the flux of A through 
any closed surface surrounding the source. Thus the strength of a source 
equals the volume of fluid emitted by the source per unit time. If Q is 
negative, we have a sink of strength I QI, where I QI is now the volume of 
fluid absorbed by the sink per unit time. 

It is easy to see that the field due to n points sources of strengths Qb 
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Q2' ... , Qn at the points with radius vectors rh r2, ... , rn equals 

A=~(QI r-!L+Q2 r-r2 + .. '+Qn r-rn ) 
47t Ir - rI I3 Ir - r21 3 Ir - rnl 3 

= ~ ~Q r - rk 
£.. k 3 • 

47t k=l Ir - rkl 
4.4.5. Curl of a vector field. Besides the divergence of a vector field 

A = A(r), there is another important differential characteristic of A, namely 
the curl of A, denoted by curl A. Given a point M in the field A, let S be a 
closed surface surrounding M with unit exterior normal n, and suppose S 
encloses a volume V. Then by the value of curl A at M is meant the limit 

curl A = lim 1 II n x AdS, (4.54) 
V--+O V s 

(provided it exists) where both Vand its surface S shrink to the pointM in an 
arbitrary fashion. Since n x A is an axial vector (pseudovector), so is curl A. 
Note the similarity between (4.54) and the definition (4.31) of the gradient 
and the definition (4.39) of the divergence. In each case, the definition is 
independent of the choice of coordinate system. Moreover, comparing (4.54) 
and (4.43), we find that 

v x A = lim 1 II n x AdS 
V--+O V s 

[cf. (4.44) and (4.45)], and hence 

curl A = V x A. 

(4.55) 

In other words, curl A is just the vector product of the operator V and the 
vector A. 

To explain the geometric meaning of curl A, we choose the surface S to 
be a right cylinder of infinitesimal cross section, whose generator is of length 
h and points in the direction specified by the unit vector I (see Fig. 4.15). 

t ", 
T 1 

curl A 5, 
L I 

50 

--s; 

"2 
FIG. 4.15. Illustrating the definition of curl A. The contour L is traversed 

in the direction causing a right-handed screw to advance along I. 
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Let So be the lateral surface of the cylinder, and let Sl and S2 be its end faces 
of common area tl,(j. Moreover, let the lateral surface and the faces have unit 
exterior normals 0 0 and 0 1, O2, respectively, where 1= 0 1 = -02. 

We now calculate the projection of curl A onto the direction I of the 
generator of the cylinder, obtaining 

I· curl A = curl z A = lim 1 J J I· (01 X A) dS l 
v-+o htl,(j S1 

+ J J I· (02 X A) dS2 + J J I· (00 x A) dSo , 
So 

(4.56) 

where V is the volume enclosed by S. Since 01 = - O2, the integrals over the 
faces Sl and S2 cancel each other. As for the integral over the lateral surface 
So. we first note that 

I· (00 x A) = A • (I x 0 0 ) = A • (01 X 0 0) 

[cf. (1.27)] and then that 

where 't is the unit tangent to the contour L bounding any perpendicular 
cross section of the cylinder. But 

dSo = hds 

(see Fig. 4.15), where ds is the element of arc length along L. Therefore the 
right-hand side of (4.56) reduces to 

lim 1 J J I· (00 x A) dSo = lim ~ f .\ . dr, 
h-+O h tl,(j ~(j-+O tl,(j L 
~(j-+O So 

where dr = 't ds as on p. 136 and we can choose L to be the boundary of the 
perpendicular cross section of the cylinder containing M. Hence, finally, 
the projection of curl A onto any direction is given by 

I. curl A = lim J... fA. dr, 
~(j-+O tl,(j L 

(4.57) 

where L is traversed in the direction causing a right-handed screw to advance 
along I. 

Thus, given any point M of the field A and any direction I, consider any 
element of plane area through M perpendicular to I. Then, according to 
(4.57), the projection of curl A onto I is the limit of the ratio of the circulation 
around the boundary of the element to the area of the element as the element 
shrinks to the point M. Since I· curl A achieves its maximum value when I 
coincides with the direction of curl A, this limit takes its maximum value, 
equal to Icurl AI, when the area is perpendicular to curl A. 
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The components of curl A in a rectangular coordinate system can be 
found in two ways, One way consists in choosing the surface S to be a 
rectangular parallelepiped with faces perpendicular to the coordinate axes, 
and then explicitly calculating the right-hand side of (4.54 ), just as was done 
on p. 156 for the case of the divergence (the details are left as an exercise). 
Another way is to use the fact that 

V=ik~ 
aXk 

in rectangular coordinates [recall (4.29)] to deduce the representation 

• • • 
11 12 13 

curl A = V x A = 
a a a 

aXl aX2 aX3 

Al A2 A3 
It follows from (4.58) that 

aA3 aA2 curl l A = 
aX3 

, 
aX2 

aAl aA3 curl2 A = 
aXl 

, 
aX3 

aA2 aAl curl3 A = 
aX2 

, 
aXl 

or more concisely, 

curl
i 
A = aAk - aA; (i = 1, 2, 3), 

ax; aXk 

where the indices i,j, k are a cyclic permutation of the numbers 1,2, 3. 

(4.58) 

(4.59) 

Example. Consider a rigid body rotating about a fixed point 0 with 
angular velocity w. Then the point with radius vector r has velocity 

v = w x r 

(see Prob. 11, p. 45), and hence 

curl v = curl (w x r). 
Therefore 

aV3 aV2 a a 
curl l v = (WlX2 - W2Xl) - (W3Xl - W l X3) = 2Wl 

aX2 aX3 aX2 aX3· 

(w is independent of r), and similarly 

curl2 V = 2w2, 

CUrl3 V = 2w3• 
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It follows that 
curl v = 2w, 

i.e., the curl of the velocity field of a rotating body equals twice the angular 
velocity of the body. 

U sing the concept of curl, we can write Stokes' theorem (4.22) in the form 

I In. curl A dS = fL A· dr. (4.60) 
8 

This form of Stokes' theorem has widespread physical applications. Geo
metrically, (4.60) means that the flux of the curl of a vector field through a 
surface S bounded by a contour L equals the circulation of the field around 
L (provided the field is sufficiently smooth on Sand L). 

4.4.6. Directional derivative of a vector field. Given a vector field 
A = A(r), let M and M' be two points in the field and let 1 be a unit vector 
in the direction from M to M'. Then by the directional derivative of A at M 
in the direction I, denoted by dA/dl, we mean the limit 

~ = lim A(M') - A(M) 
dl M' .... M M'M ' 

provided it exists. Suppose A has components AI> A 2, A3 in a system of 
rectangular coordinates. Then, recalling Sec. 4.3.2, we find that dA/dl is 
the vector with components9 

dAl 
dl ' 

dA3 

dl 
• 

Just as formula (4.27) expresses the directional derivative of a scalar field 
(j) in any direction 1 in terms of the scalar product 

d«( 
- = I . grad «( 
dl 

we can express the components dAJdl of the directional derivative dA/dl 
in terms of the scalar product 

dA· 
--.:;1 = I • grad A '. 
dl 1 

We can also write (4.61) as an inner product 

dAi _ I OAi 
dl - k oX

k 
' 

, Note that 

(~) = ( lim A(M') - A(M}) = lim A,(M'} - A,(M} = ~ 
dl. M'-M M'M . M'-M M'M dl . • • 

(4.61) 

(4.62) 
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where Ih 12, la are the components of I and oAiloxk is a second-order tensor 
• SInce 

oA; oAl oAl OXm OAl 

O 
,= oti'l::l ,= oti'l ::I 0' = oti'zotk'm 0 . 

x k uXk uXm x k Xm 

Another way of writing (4.61) is 

dA 
- = (I. V)A 
dl ' 

(4.63) 

in terms of the differential operator 

I. V = (lIiI + 12i2 + laia). (il a + i2 a + ia a) 
oX I OX2 oXa 

000 
= 11 + 12 + la . 

OX l OX2 oXa 

Example (Acceleration field of a moving fluid). Let v = v(r, t) be the 
velocity field (in general, inhomogeneous and nonstationary) of a moving 
fluid. Suppose that in time dt a fluid particle moves from M to M', thereby 
undergoing a velocity change dv. Then there are two contributions to the 
increment dv. One is a "local" increment 

ov 
dVIOC = - dt 

ot 
(4.64) 

(stemming from the nonstationarity of the velocity field) equal to the change 
in the velocity at M in the time dt it takes the particle to go from M to M' 
[see Fig. 4.l6(a)]. The other contribution is a "convective" increment 

dv 
dvconv = - dl 

dl 

(stemming from the inhomogeneity of the velocity field) equal to the differ
ence in velocities at the points M and M' at the same time t [see Fig. 4.16(b)]. 

,/ 
,/ 

//.....-

v(!, r) 

~.:rdVloc 
v(t + dt, r) 

'\ 
\ 

\ 

r 

( a ) 

vIr, t) u' 
vIr + dr, t) 

dvconv 

r 

( b) 

FIG. 4.16. Local and convective increments of the velocity of a moving 
fluid. 
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Here dv/dl is the directional derivative of the velocity field in the direction 
from M to M' (characterized by the unit vector I), and dl = Idrl is the dis
tance between M and M'. But clearly 

I=~ 
lvi' 

since the particle moves in the direction given by its velocity. Therefore, 
using (4.63), we have 

and hence 
dvconv = (v· V)v dt (4.65) 

since dl = Ivl dt. Adding (4.64) and (4.65), we find that the total velocity 
increment is 

OV 
dv = - dt + (v· V)v dt. 

at 

Therefore, finally, the acceleration field of the moving fluid is 

dv OV 
- = - + (v . V)v. 
dt at 

In component form, (4.66) becomes 

dv· ov· ov· 
t t + t -=- Vk • 

dt at oXk 

4.5. Second-Order Tensor Fields 

(4.66) 

(4.67) 

Let Tik = Tik(r) be a second-order tensor field (see Sec. 4.1.2), and let S 
be a two-sided piecewise smooth surface in the field of Tik with variable unit 
normal D. Then by the flux of Tik through S we mean either of the vectors 
W with components 

or 

~ = II ~knkdS 
s 

~ = I I Tkink dS, 
s 

(4.68) 

(4.69) 

where nH n2, n3 are the components of D. This is the natural generalization of 
the integral 

I I A· DdS, 
s 

which can be written in the form 

I I Aknk dS. 
s 
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Note that whereas the flux of a vector field is a scalar, the flux of a second
order tensor field is a vector. 

Example 1. Let Tik = Pik be the stress tensor of an elastic medium. 
Choosing a surface S in the medium (S mayor may not be closed), we calcu
late the resultant P of all stresses acting on S. If Pn is the stress on the 
element dS with unit normal n, then P is the vector 

P = I I Pn dS, 
s 

with components 

Pk = I I Pnk dS. 
s 

But according to (2.14), Pnk = Pikni and hence 

Pk = I I Pikni dS, 
s 

i.e., the total stress on S is the flux [as defined by (4.68)] of the stress tensor 
Pik through S. 

Example 2. Given a closed surface S, the flux of the unit tensor 8ik 
through S, this time defined by (4.69), is the vector W with components 

~ = I I 8kink dS = I I ni dS. 
s s 

It follows that 

W = I I n dS. 
s 

But 

I I n dS = 0, 
s 

as can be seen at once by setting qJ = const in (4.30). Therefore the flux of 
the unit tensor through any closed surface vanishes. 

Next let S be a closed surface surrounding a point M in a tensor field 
Tik(r) and enclosing a volume V. Then, by analogy with (4.39), we define the 
divergence of Tik(r) at M as either of the Iimits lO 

or 

(div T)i = lim..! II 7;knk dS (4.70) 
v .... 0 V s 

(div T)i = lim 1: I I Tkink dS 
v .... o V 

S 

(4.71) 

10 The definition (4.70) corresponds to (4.68), while (4.71) corresponds to (4.69). Con
cerning the meaning of T, see the remark on p. 93. 
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(provided they exist) as the volume Vand its surface S shrink to the point M 
in an arbitrary fashion. Note that whereas the divergence of a vector field is a 
scalar field, the divergence of a second-order tensor field is a vector field. 
In a system of rectangular coordinates Xl' X 2, X S' we have 

(div T)i = 01ik 
oXk 

with the definition (4.70) and 

(div T)i = OTki 
oXk 

with the definition (4.71), by the same arguments as on pp. 155-156. 
Finally, by the natural generalization of (4.26) and (4.62), the directional 

derivative of a tensor field Tik(r) along the direction I is defined as 

d~k _ I O~k 
dl - ; OX; , 

where it is easily verified that OTikloxj is a third-order tensor. 

Remark. The operation of taking the curl of a vector field has no analogue 
for the case of higher-order tensor fields. 

4.6. The Operator V and Related Differential Operators 

The first-order differential operator V has already been encountered in 
the expressions 

Vq> = grad q>, 

V. A = div A, 

V x A = curl A. 

(4.72) 

Applying V once again to (4.72), we obtain the following expressions in
volving second-order differential operators:11 

V . Vq> = div grad q> == V2q> == ~q>, 
V x Vq> = curl grad q> 

V(V • A) = grad div A, 

V . (V x A) = div curl A 

V x (V x A) = curl curl A. 

11 As we will see in a moment, two of these expressions vanish identically. 
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It will be recalled that the operator V has the coordinate-free representation 

V(· .. ) = lim.! J J n(" .) dS 
v-o V s 

[cf. (4.43)] and the particularly simple representation 

t"i • Q 
v = lk 

QXk 

(4.73) 

in rectangular coordinates [cf. (4.29)]. Using (4.73), we find that the ex
pressions curl grad q> and div rot A both vanish in rectangular coordinates, 
and hence in any coordinate system (why?). The operator V' V - V2 == ~ 
is called thp. Laplacian. In retangular coordinates, it takes the form 

so that 

Clearly the result of applying the operator V to a sum of two or more 
terms is the sum of the results of applying V to each term separately. Thus 
we have 

grad (q> + X) = grad q> + grad X, 

div (A + B) = div A + div B, 

curl (A + B) = curl A + curl B, 

grad div (A + B) = grad div A + grad div B, 

curl curl (A + B) = curl curl A + curl curl B. 

On the other hand, when applied to the expressions 

q>x, q>A, A· B, A x B, 

the operator V acts on each factor separately with the other held fixed. Thus 
V should be written after any factor regarded as a constant in a given term 
and before any factor regarded as variable. In this way, we obtain the 
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following formulas (the subscript c denotes that the quantity to which it is 
attached is momentarily being held fixed) :12 

grad (q>X) = V(q>X) = Vq>cX + Vq>Xc = q>c Vx + Xc Vq> 

= q> V X + X V q> = q> grad X + X grad q>, 

div (q>A) = V. (q>A) = V· q>cA + V· q>Ac = q>c V· A + Ac· Vq> 

= q> V • A + A· V' q> = q> div A + A • grad q>, 

div (A x B) = V· (A x B) = V· (Ac x B) + V· (A x Be) 

= -Ac • ( V' x B) + Be· ( V' x A) 

= -A • ( V x B) + B • ( V x A) 

= B . curl A - A . curl B, 

curl (q>A) = V X (q>A) = V X (q>cA) + V X (q>Ac) 

= q>cC V X A) + Vq> X Ac = q>( V' X A) + V'q> X A 

= q> curl A - A X grad q>. 

A case of great practical importance is where q> and A are composite 
functions, i.e., 

q> = q>[f(r)], A = A[f(r)], 

where fer) is a scalar function of the radius vector r. Then we have 

grad q>[f(r)] = ~ gradf, 
df 

div A[f(r)] = gradf· ~ , 
df 

dA 
curl A[f(r)] = grad f X -. 

df 

To prove (4.74), say, we start from the definition 

(4.74) 

(4.75) 

12 The reader should bear in mind the explicit nature of the operator V', involving first 
partial differentiation, then multiplication by the basis vectors and finally addition (cf. pp. 
149-150). 
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and expand the integrand in a neighborhood of a point M, obtaining 

A = A(M) + ~ [f - f( M)] + .... 
df M 

Substituting (4.76) into (4.75) and bearing in mind that 

I In dS = 0 
s 

(see Example 2, p. 167), we find that 

div AI M = lim 1. ~ . f f fn dS = dA • lim 1. f f fn dS. 
V-+O V df M S df M V-+O V s 

(4.76) 

Using the definition (4.31) and dropping the explicit dependence on M, we 
finally obtain 

as required. 

div A = ~. gradf, 
df 

4.6.1. Differential operators in orthogonal curvilinear coordinates. We 
now derive expressions for the quantities1a 

grad f, div A, curl A, df 

in a system of orthogonal curvilinear coordinates qI, q2, q3 with orthogonal 
local basis e1, e2, ea. By the natural generalization of the argument given in 
Sec. 4.3.2, we find that 

of 0 oj 0 oj 0 
gradj = - e1 + - e2 + - ea, (4.77) 

OSI OS2 oSa 

where dS i = leil dqi is the element of arc length along the coordinate curve 
(qi) [recall Sec. 2.8.4J and e? is the unit vector ei/leJ In fact, with this 
definition of grad f, the directional derivative off along any direction / is still 
given by the formula 

dj 1 oj 2 oj a oj 
- = / . grad j = I - + I - + I -
dl OSI OS2 dSa 

(/ = lle~ + l2e~ + f3e~), and is a maximum in the direction of grad f But 
on p. 87 we found that 

dSi = hidqi (no summation over i), 

in orthogonal curvilinear coordinates, where 

hi = .;g;; 
13 Here we prefer the symbol f for a scalar field (to avoid confusion with the angle cp 

in cylindrical and spherical coordinates). 
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Therefore (4.77) can be written in the form 

1 'OJ 0 1 'OJ 0 1 'OJ 0 
grad j = - I el + - 2 e2 + - 3 e3• 

hI 'Oq h2 'Oq h3 'Oq 
(4.78) 

To calculate div A in orthogonal curvilinear coordinates, we use the 
definitionl4 

div A = lim! ffA. n dS, 
v .... 0 V s 

choosing V to be an elementary "curvilinear parallelepiped" of volume 

3 ------ 2 
/1 /1 

/ !!!.L __ 7/ 0 
4 - -1 (~~n : e, n : -e? _-t-b ds, 

\ ~,,"l M I / 
I I / 

------...V 

q' 

6 

FIG. 4.17. Calculation of the flux of a vector field A through an elementary 
curvilinear parallelepiped. 

(4.79) 

with faces perpendicular to the coordinate curves (see Fig. 4.17). To calculate 
the flux 

f fA. n dS, 
s 

we first consider the face M345, with exterior normal n = -e~. The flux 
through this face is clearly 

-A . e~ dS2 dS3 = -Alh2h3 dq2 dq3, (4.80) 

where Al = A· e? On the face 1276, with exterior normal n = e~, ql 
increases by dql and correspondingly (4.80) is replaced by 

(
A h h + 'O(A 1h2h3) dql) d 2 d 3 

I 2 3 'Oql qq. 

14 As usual, V and its surface S shrink to some point M in an arbitrary fashion. 
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Calculating the flux through the other two pairs of faces in the same way, 
adding the resulting expressions and dividing by (4.79), we finally find that 

div A = 1 [a I (AIhzha) + a z (AzhIha) + a a (A ahI h2)] (4.81) 
hIhzha aq aq aq 

(Az = A • eg, Aa = A • e~). 

Similarly, we can calculate curl A, starting from the formula 

curl A = lim.l (In x A dS 
v~o V' s 

(the details are left as an exercise). The result is 

curl A = 1 [-; (Aaha) - -; (Azhz)]e~ 
hzha aq aq 

+ h~hJa:a (AIhI) - ~ (Aaha)] e~ (4.82) 

+ 1 [~(Azhz) - ~z (AIhI)]e~. 
hIhz aqi aq 

Finally, to find an expression for 

Do! = V· V! = div grad! 

in curvilinear coordinates, we use (4.78) and (4.81), obtaining 

Dof = 1 [~(hzha af
) + ~ (hiha J1.) + ~ (hIhz af )]. (4.83) 

hIhzha aqi hI aql aqZ hz aqZ aqa ha aqa 

Example 1. In cylindrical coordinates 

qi = R, qZ = <p, qa = z, 

hI=I, hz=R, ha =1 

(see Sec. 2.8), and hence in this case (4.78) and (4.81)-(4.83) give 

grad f=E1 eR +1E1 e +E!e 
aR R a<p cp az Z' 

1 a 1 aAcp aAz div A = --(RA ) + - +----'-
R aR R R a<p az' 

curl A = (-.! aAz _ aAcp)eR + (aA R _ aAz)ecp 
R a<p az az aR 

+ .!(~ (RA ) _ aAR)e , 
R aR cp a<p z 

Dof= l~(R af
) + l.~ +?J. 

R aR aR RZ a<pz azz ' 
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where e~ = eR , e~ = ecp' e~ = ez is the local orthonormal basis, and A has 
components Al = AR , A2 = Acp, A3 = A z with respect to this basis. 

Example 2. In spherical coordinates 

qi = R, q2 = 8, q3 = cp, 

hI = 1, h2 = R, h3 = R sin 8, 
so that 

grad f - §1 e +.1 ~ e + 1 §1 e 
- oR R R 08 e R sin 8 ocp cp' 

div A = ~ ~ (R2AR) + 1 ~ (Ae sin 8) + 1 OAcp, 
R oR - R sin 8 08 R sin 8 ocp 

curl A = ~ (~ (Acp sin 8) - OAe)eR 
R Sill 8 08 ocp 

+ ( 1 OAR -.!. ~ (RA »)e 
R sin 8 ocp - R oR cp e 

+ .1(~ (RA ) _ OAR)e , 
R oR e 08 cp 

I:1f = 1 [~(R2 sin 8 El) + ~(sin 8 Of) + ~(1 Of)J 
R2 sin 8 oR oR 08 08 ocp sin 8 ocp , 

where e~ = eR , e~ = ee' e~ = ecp is the local orthonormal basis and A has 
components Al = A R , A2 = Ae, A3 = Acp with respect to this basis. 

SOLVED PROBLEMS 

Problem 1 (The Frenet-Serret formulas). Let 

r = res) (4.84) 

be the equation of a (directed) sPJlce curve, where r is the radius vector of a 
variable point M on the curve and s is the arc length measured from some fixed 
point on the curve (s increases in the direction chosen to be positive). 
Suppose that with each point M there is associated a unique trihedral, 
consisting of a unit tangent 't", a unit normal n and a unit binormal b, as 
shown in Fig. 4.18. Then 

dr 
't" =-

ds' 

since 't" and dr/ds have the same direction (recall Sec. 1.7.2) and 

dr I:1r I 
= lim - = 1. 

ds As--+O I:1s 
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b 

T( 5) 
b(s + Lls) 

,/ ""'i~-tt-;:f,~~..JT(S + Lls) 
~ M' 

t:.T M -

p 

FIG. 4.18. The tangent "t, normal nand 
binormal b to a space curve. 

FIG. 4.19. The moving trihedral of a space 
curve. As M' -+ M, the plane P ap

proaches the osculating plane at M. 

The vector 0 is orthogonal to -r and lies in the osculating plane15 at M point
ing in the direction of concavity of the curve, while the binormal b is defined 
as the vector product 

b = -r x o. 

We now pose the problem of finding the derivatives16 

d-r do db -
ds' ds' 

• 
ds 

Solution. According to Fig. 4.l9, 

2 l-rl sin ~ 
~ = liml~-rl = lim 2 = lim ~E = 1 
ds ~S""O ~s ~S""O ~s ~S""O ~s p 

, ( 4.85) 

where ~E is the angle between two neighboring tangents -res) and -r(s + ~s), 
and the quantity 11 p is called the curvature of the curve (p itself is called the 
radius of curvature). The vector ~-r/~s lies in the plane P whose limiting 
position is the osculating plane. Since l-rl = const, d-rlds is orthogonal to -r 
and points in the direction of concavity of the curve, as shown in the figure. 
In other words, d-rlds points in the direction of o. Together with (4.85), 
this implies 

d-r 0 
• (4.86) 

ds p 

15 Let M and M' be two points of the curve (4.84). Then the osculating plane of the 
curve at M is the limiting position as M' approaches M of the plane P through the tangent 
at M parallel to the tangent at M' (see Fig. 4.19), provided this limit exists. A plane curve 
lies in its osculating plane. 

16 Clearly, each of the vectors "t, nand b is a vector function of the scalar argument s 
(the arc length). The three functions "t(s), n(s) and b(s) are called the moving trihedral of the 
space curve. 
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The curvature 1/ p can be calculated from the formula 

1 d~ d~ -- - - - -
p ds 

Next, inspecting Fig. 4.19 again, we find that 

21bl sin ~ 
~ =liml~bl = lim 2 =lim ~ = 1, 
ds 48-+0 ~s 48-+0 2 48-+0 ~s T 

CHAP. 4 

where ~~ is the angle between two neighboring binormals b(s) and b(s + ~s), 
and the quantity I/T is called the torsion of the curve (T itself is called the 
radius of torsion). Moreover 

db d d~ do do 
ds = ds (~ x 0) = ds x 0 + ~ x ds = ~ x ds ' 

and hence the vector db/ds must be orthogonal to both ~ and b (since 
Ibl = 1), i.e., db/ds and 0 have parallel directions. Therefore the osculating 
plane of the curve rotates about the tangent to the curve as the point M 
moves along the curve. The torsion will be considered positive if the osculat
ing plane rotates in the direction from 0 to b as s increases, and negative if 
it rotates in the direction from b to o. It follows that 

db 0 
-=-- • (4.87) 
ds T 

Finally, the quantity do/ds is found by the following simple calculation: 

do d db d~ 1 1 
- = - (b x ~) = - x ~ + b x - = - - (0 x ~) + - (b x 0), 
ds ds ds ds T P 

• I.e. , 
do b ~ 
-==--- • 

ds T P 

Together, formulas (4.86)-(4.88) are called the Frenet-Serret formulas. 

Problem 2. Find the torsion of the curve r = r(s). 

Solution. It follows from (4.87) that 

1 db 
- = -0· -. 
T ds 

But 

b = ~ x 0, 
dr 

~=-

ds ' 

(4.88) 

(4.89) 
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and hence 

b= 

SO that 

dr d~ -x-
ds ds2 

dr d~ -x-
ds ds2 

(dr d~) 
= p ~ X ds2 ' 

Problem 3. Find the components of the acceleration of a particle with 
respect to the moving trihedral of its trajectory. 

Solution. Let 
r = r(t) (4.90) 

be the equation of the particle's trajectory, where the parameter t is the time. 
Then the velocity and acceleration of the particle are 

dr 
v=

dt' 

Starting from (4.90), we can always find the function s = s(t) relating the arc 
length s (measured from some fixed point) to the value of the parameter t. 
Then, writing 

we have 
r = r(t) = r[s(t)], 

dr dr ds 
v = - = - - = 't'v , 

dt ds dt 

where v = ds/dt is the speed. Hence 

dv d't' dv d't' ds dv v2 dv 
a = - = - v + 't'- = - - v + 't'- = -0 + -'t', 

dt dt dt ds dt dt p dt 

whe ! (4 Q6) is used in the last step. Thus the acceleration lies entirely in the 
osculating plane, and its components with respect to the moving trihedral 
are 

dv 
a=-

t' dt ' 

Problem 4. Let gl ( rp) and g2( rp) be two unit vector functions (I gIl = 
\g2\ = 1) which lie in the x1x2-plane and make angles q> and rp + t1t with 
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- ~---to"'::""---X2 

respect to the xl-axis (see Fig. 4.20) .. Expand 
gl ( <p), g2( <p) with respect to the fixed ortho
normal basis iI, i2, ia, and express dgl/d<p, 
dg2/d<p in terms of gl and g2' 

Solution. By definition, 

gl(<P) = il cos <p + i2 sin <p, 

g2( <p) = -il sin <p + i2 cos <po 

Differentiating with respect to <p, we have 

FIG. 4.20. Illustrating the vector 
functions gl(<P) and g2(<P). 

Problem 5. Find the radial and tangential 
components of the velocity and acceleration of a particle moving in the 
plane,17 given that the particle's trajectory has a parametric equations 

r = r(t), <p = <p(t), 

where r is the radius vector of the particle, t is the time, r = Irl and <p is the 
angle between r and the xl-axis. 

Solution. Let gl ( <p) and g2( rp) be the same as in the preceding problem, 
so that r = rgl(<p). Then, using (4.91), we have 

dr . + dg1 .• . v = - = rgl r rp = rgl + rrpg2' 
dt drp 

dv _ . dgl • + (. . ") + . 2 dg2 a = - = rgl + r <p rrp + rrp g2 r<p 
dt drp drp 

= (f - rcp2)gl + (2fCP + rrp)g2' 

where the overdot denotes differentiation with respect to t. Hence the radial 
and tangential components of v and a are 

Vcp = rep 
and 

2 .. +" Id(2.) acp = rrp rip = - -- r <p • 
r dt 

Problem 6. A point simultaneously undergoes uniform rotation about 
the xa-axis and uniform translation along the xa-axis. Find the equation of 

17 Given a vector A in the plane, the radial component of A is the projection of A onto the 
direction of the radius vector r, while the tangential component of A is the projection of A 
onto the direction of the vector obtained by rotating r through 90° counterclockwise. 
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the resulting helical trajectory. Find the arc length of the helix and show 
that the unit tangent to the helix makes a constant angle with the xlx2-plane. 

Solution. As in Prob. 4, let gl( cp) be the unit vector making angle cp with 
the xl-axis, and let r be the radius vector of a 
variable point M of the helix (see Fig. 4.21). %3 

Then 

where R is the radius of the circle representing 
the projection of the helix onto the xlx2-plane 
and c( cp) is the projection of r onto the x3-axis. 
By definition of the helix, 

cp = wt, c = vt, 

where M rotates about the x3-axis with constant 
angular velocity wand simultaneously moves 

FIG. 4.21. A helix. 

along the x3-axis with constant speed v. Therefore the equation of the helix is 

r = r(cp) = RgI(cp) + vti3 = RgI(cp) +.E.. CPi3' 
w 

If v = 0, (4.92) reduces to 
r = RgI ( cp), 

(4.92) 

which is the equation of a circle of radius R in the xlx2-plane with its center 
at the origin. 

To find the arc lengths of the helix., we note that 

s = f: :~ d cp = f: 
The unit tangent 't" equals 

R 
v • 

g2 + -13 dr dr dcp w 
't" = - = - - = -;:==== 

ds d cp ds ( )2' 
R2 + : 

which implies 

v -
. W 

't" • 13 = ~===:=. = const, 

R2 + (:r 
i.e., T makes a constant angle with the x3-axis and hence with the X IX 2-

plane. 
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Problem 7. Find V(A. B). 

Solution. Clearly 

V(A. B) = V(Ae' B) + V(A. Be), 

CHAP. 4 

where the subscript c has the same meaning as on p. 170. According to 
formula (1.30), 

c(a . b) = (a· c)b - a x (b x c) 
or 

c(a· b) = (a. c)b + a x (c x b). 
Hence, setting 

a = Ae , b = B, c = V, 
we have 

V(Ae • B) = (Ae' V)B + Ae x (V x B), 
and similarly 

V(A. Be) X V(Be' A) = (Be' V)A + Be X (V x A). 

Thus, finally, 

V(A. B) = (A. V)B + (B· V)A + A x curl B + B x curl A. (4.93) 

Problem 8. Find curl (A x B). 

Solution. Clearly 

curl (A x B) = V x (A x B) = V x (Ae x B) + V x (A x Be), 

and moreover 
V x (Ae x B) = AeCV • B) - (Ae' V)B, 

V x (A x Be) = (Be' V)A - Be(V • A), 

where we write each vector triple product in a form such that the operator 
V acts only on the vector regarded as variable. It follows that 

curl (A x B) = (B· V)A - (A. V)B + A div B - B div A . 
. 

Problem 9. Show that the rays drawn from the foci Fl and F2 of an 
ellipse to an arbitrary point M of the ellipse make equal angles with the 
tangent at M. 

Solution. First we note that the gradient of the magnitude of the vector 
rAM drawn from a fixed point A = (xIO ' X20, x 30) to a variable point M = 

(Xl' X 2, X 3) is just the unit vector in the direction from A to M, since 

Vr AM = V.J(x l - XlO)2 + (X2 - X20)2 + (X3 - X30)2 

(Xl - x1o)i1 + (X2 - x2o)i2 + (X3 - x30)i3 

.J(x l - XlO)2 + (X2 - X 20)2 + (X3 - X30)2 
• 
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The ellipse is the locus of all points the sum of whose distances from the 
foci is a constant, and hence 

'F M + 'F M = const. 1 2 

Since V('F M + 'F M) is directed along the normal to the ellipse at M, we 
1 2 

have 

where 't"M is the tangent at M. Therefore 

, 

i.e., the angle between r F1M and 't"M equals the angle between rF
2
M and 

-'T M. Thus, if the ellipse is made of reflecting material, a ray of light leaving 
one focus is reflected back through the other focus. 

Problem 10. Find the components of the velocity v and acceleration a 
of a particle with respect to the local basis el , e2, ea of a system of orthogonal 
curvilinear coordinates ql, q2, qa. 

Solution. The total differential of the radius vector r = r( ql, q2, qa) can 
be written in the form 

ord l ord 2 orda h d l h d 2 h d a dr = q + - q + a q = leI q + 2e2 q + aea q 
oql oq2 oq 

(recall p. 88), and hence 

v = ~ = hI q1el + h2q2e2 + haqaea. 
dt 

(4.94) 

It follows, for example, that the components of v in a cylindrical coordinate 
system are 

vR = hlR = R, V~ = h2ip = Rip, Vz = hat = t. 

To find the components of the acceleration a, we write 

dv 1 or a -a·e --.--
i - i - dt hi oqi 

(no summation over i). 

Therefore 

dv or d ( or ) d ( or ) 
hiai = -:it . oqi = "it V· oqi - V ."it oqi . (4.95) 

But differentiation of (4.94) with respect to qi gives 

~-he -~ 
oqi - i i - oqi ' 
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and moreover 

.!! or = ± a (or)tl = ± ~(or )il dt oqi k=l oqk oqi k=l oqi oqk 

=~.±~{l=~.!!!=E! .. 
OqZk=10qk oqZ dt oq' 

Therefore, in (4.95) we can replace or/oqi by ov/oi/ and (d/dt)(orfoqi) by 
OV/oqi, obtaining 

d( OV) ov d a (V2) a (V2) 
hiai = de V· oqi - V • oqi = dt Oft 2" - oqi 2" 

or finally 

(no summation over i), 

where 

is the kinetic energy of the particle (assumed to have unit mass). 

EXERCISES 

1. A particle with radius vector r has the law of motion 

r = a cos wt + b sin wt, 

where a, band ware constants. Show that the force acting on the particle is 
central, i.e., is always directed toward the origin. 

2. Prove that 
k k r 

a) grad r = - ; 
r 

b) grad rn = nrn- 2r; c) grad - = - - r; 
r r3 

r 
d) grad In r = "2 ; 

r 

r 
e) grad ~(r) = ~'(r) - ; 

r 

f) grad (a • r) = a; 
r~'(r) 

g) grad [a • r~(r)] = a~(r) + (a. r) , 

where n, k and a are constants. 

3. Prove that 

a) div r = 3; b) div (kr) = 3k; 
r 

c) div- =0' r ' 
d) div (rnr) = (n + 3)rn; e) div [~(r)r] = 3~(r) + r~'(r); 
f) div (rne) = nrn- 2(r • e); g) div (e x r) = 0; 

r 

h) div [r(e • r)] = 4(e • r); i) div [a(e. r)] = div [e(a. r)] = a • e; 
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j) div [(r x a) x c] = -2(a· c); k) div [(r x a) x r] = -2(a· r), 

where n, k, a and c are constants. 

4. Prove that 

a) curl r = 0; b) curl [rcp(r)] = 0; c) curl [r(c • r)] = c x r: 

d) curl (c x r) = 2c; e) curl [c(a • r)] = a x c; 

f) curl [(c x r) x a] = a x c; g) curl [(c x r) x r] = 3c x r, 

where a and c are constants. 

s. Find the divergence and curl of the velocity field v and acceleration field a 
of a rigid body rotating about a fixed point, given that 

v = w x r, a = E X r + w x (w x r), 

where w (the angular velocity) and E are constant vectors. 

6. Show that the flux of the radius vector r through any closed surface S 
bounding a volume V equals 3 V. 

7. Find the circulation of each of the following fields A = A(r) around a circle 
of radius R with its center at the origin: 

a) A =t(-X2il +xli2); 

b) A = (XIX2 + l)i2 + (txr + Xl + 2)i2. 

8. Find the flux of the field 

A = 4XIXaii - X~i2 + X2xaia 

through the surface of the unit cube bounded by the planes 

Xl = 0, Xl = 1, X2 = 0, X2 = 1, xa = 0, Xa = 1. 

Ans. ~. 

9. Find the flux of the curl of the field 

A = (xr + X2 - 4)il + 3XI X2i2 + (2XIXa + xi)ia 

through the hemisphere xr + x~ + xi = 16, Xa > O. 

Ans. -167t. 

10. Prove that 
curl curl A = grad div A - ~A. 

11. Starting from the formula 

~A = grad div A - curl curl A 

(4.96) 
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implied by (4.96), find the components of ~A in cylindrical coordinates. 

AR 2 oAcp 
Ans. (aA)R = aAR - 2 - 2 Ol , 

R R ucp 

Acp 2 oAR 
(aA)cp = ~Acp - Ji2 + Ji2 ocp , 

(~A)z = aAz• 

12. Find the components of aA in spherical coordinates. 

2AR 2 oAs 2As 2 oAcp 
Ans. (~A)R = aAR - 2 - 2 Ole - 2 cot e - 2 . e Olrn ' R R u R R sm U T 

2 cos e oAcp 
R2 sin2 e ocp , 

(aA) = aA _ ~cp + ~ oA R + 2 c~s e oAs. 
cp R2 sm2 e R2 sm e ocp R2 sm2 e ocp 

13. What is the relation between the unit vector functions gl( cp), g2( cp) of Prob. 4, 
p. 177 and the local orthonormal basis eR • ecp (cf. p. 11) of a system of polar 
coordinates R, cp? 

14. Find the curvature and torsion of the helix (4.92). 

1 R 
Ans. - = (V)2 ' 

P R2 + -
(U 

v 

1 
-=---~ 

( 
V)2'. T 

R2 + -
(U 



5 
VECTOR AND TENSOR 

ANALYSIS: RAMIFICATIONS 

5.1. Covariant Differentiation 

5.1.1. Covariant differentiation of vectors. Suppose a vector field A = A(r) 
has components AI' A2 , A3 in a system of rectangular coordinates with 
orthonormal basis iI, i2 , i3 • Then the differential of A equals 

dA = d(A.i.) = i· dA· J J J J 

in terms of the differentials of the components of A, where di j = 0 since the 
basis iI, i2, i3 does not vary from point to point in a rectangular coordinate 
system. Similarly, suppose a vector A has covariant components AI' A 2 , A3 
and contravariant components AI, A2, A3 in a system of oblique coordinates 
with basis el , e2 , e3 . Then the differential of A equals 

dA = d(Ajei ) =e j dA j , 

dA = d(Ajej) = ej dAi, 

where now dej = de j 
= 0 since the bases el , e2 , e3 and el , e2 , e3 do not vary 

from point to point in an oblique coordinate system. I 
On the other hand, in a system of generalized coordinates Xl, X2, x3, the 

basis el , e2 , e3 is local, i.e., in general each basis vector is a vector function of 
Xl, X2, x3 : 

1 The basis e b e 2• ea does vary from point to point unless the coordinate system is 
rectangular or oblique (see Fig. 2.12). 

185 
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It follows that 
dA = d(A .ej) = ej dA· + A· de j 

J J J , 

(5.1) 
dA = d(Ajej) = ej dAj + Aj de j• 

Thus, besides a term expressing the change of the components of the vector 
in going from point to point, the differential dA contains a term Aj de j or 
Ai de j stemming from the fact that the basis of the generalized coordinate 
system also varies from point to point. 

Since 

dA = oA dx\ 
oxk 

(5.1) implies the following formula for the partial derivatives of the vector 
A with respect to the generalized coordinate Xk: 

(5.2) 

It will be shown presently that the covariant or contravariant components of 
the vector oAjoxk (k = 1,2, 3) are themselves the components of a second
order tensor called the covariant derivative of the given (covariant or con
travariant) vector. The covariant derivative of the covariant vector has 
components 

(5.3) 

while the covariant derivative of the contravariant vector has components 

oA i-Ai • e - k oxk -. 
(5.4) 

Example. A vector field A = A(r) is said to be homogeneous if it does 
not vary from point to point, i.e., if its magnitude and direction are constant. 
Suppose A is homogeneous. Then 

A(xl, X2, x 3) = A(x1 + dxI, x2 + dx2 , x3 + dx3 ) 

at any two neighboring points Xi and Xi + dxi , even though the components 
of A and the local basis vary from point to point. Therefore 

A = Aiei = (Ai + dAi)(e i + dei ), 

and hence 
ei dA i + Ai dei + dA i dei = O. 

Retaining only first-order terms, we have 

e dA i + A i de = dA = 0 , t , 
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where dA is the total differential of the vector A. Hence 

or 

But then 

A\= 0, 

since the increments dxk are arbitrary. In other words, the covariant deriva
tive of a homogeneous vector field vanishes. 

A homogeneous vector field can be regarded as the result of displacing the 
vector A parallel to itself at every point of the field. With this interpretation, 
A:k = 0 becomes the parallel displacement condition. 

5.1.2. Christoffel symbols. It follows from (5.2) and the definitions (5.3) 
and (5.4) that 

i_a A. i_a A i Ai oe i. i 
A.k - k e - k + k e. ox ox ox 

(5.5) 

Bearing in mind that the components of g/ = ei • ei are either zero or one, 
we have 

and hence 

(5.6) 

Introducing the notation 

{ 
i } _ i oei 

= e . , 
j k oxk (5.7) 

called the Christoffel symbol of the second kind (with 27 components) and 
using (5.5) and (5.6), we find that the formulas (5.5) can be written in the 
form 

A - OAi - { j }A 
i.1e - oxk i k i' 

Ai = OAi + { i }Ai . 
. k oxk j k 

(5.8) 

According to (5.8), the covariant derivative of a vector field involves not 
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only the rate of change of the field itself, as we move along the coordinate 
curves (the terms oAi/oXk, oAi/oXk), but also the rate of change of the local 

basis (the terms - t j J A j, C i kl A j). If the basis does not vary from point 

to point (as in rectangular or oblique coordinates), it follows from (5.7) 
that all the Christoffel symbols of the second kind vanish. Then the co
variant derivatives Ai,k and A:k reduce simply to oAJoxk and oAi/oxk, 

respectively. { . } {'} 
Thus the terms - i } k Aj and j l k Ai are due entirely to introducing a 

local basis which varies from point to point. Therefore, as we now show, 
it must be possible to express the Christoffel symbols (5.7) in terms of deriva
tives of components of the metric tensor. 

First we note that (5.7) implies 

(5.9) 

so that the quantities C i J are the expansion coefficients of the vector oe j / oXk 

with respect to the basis el , e2, e3. Let the quantities [i, jk], called the 
Christoffel symbols of the first kind, be the expansion coefficients of oe)oxk 
with respect to the reciprocal basis el , e2 , e3 : 

oe j [. 'k] i = I, J e. 
oXk 

(5.10) 

Then (5.9) and (5.10) imply 

(5.11) 

[i, jk] = gilL 
1 

k}' 
{ . j } = gi 1[1, j k ]. (5.12) 
J k 

Since 

oe j a or a or oek (5.13) 
oxk oxk ox) oxjoxk ox) 

(r = xlel + x2e2 + X3e3), we see from (5.7) and (5.11) that the Christoffel 

symbols C i k} and [f,jk] are symmetric in the indices} and k, i.e., 

[i, jk] = (i, kj], 
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Using the symmetry of [i,jk] and (5.13), we find that 

[ . 'k] oej 1 (oe j oek) l,j = e· - = - e· - + e· ----'" 
l oxk 2 l OXk l OXi 

Therefore 

and hence, by (5.12), 

(5.14) 

(5.15) 

Formulas (5.14) and (5.15) express the Christoffel symbols of the first and 
second kinds in terms of the components of the metric tensor of the under
lying curvilinear coordinate system. 

Under changes of coordinate system, the Christoffel symbol of the first 
kind transforms as follows: 

. . ] , , oe; z a ( n ) a x m 
[/ jk =e·- =1X·,ez- 1X·,e 

, l OX,k l oxm ,n OX,k 

Similarly, the transformation law of the Christoffel symbol of the second 
kind is 

(5.16) 

Thus the Christoffel symbols are not tensors. 
As already noted, the covariant derivatives Ai,k and A:k are second-order 
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tensors. In fact, using (5.16), we have 

A' - U i - ] A' ~A' {'}' 
i.k - OX 'k i k ; 

and 

A Ii _ OA
'i 

{ 
.k - OX 'k + j 

• } I 
1 k A'; 

1 }An) i' mAl m = ell elk' .m' (5.17) 

where in (5.17) we have used the relation 

obtained by differentiating the identity elr el7' = g~n. 2 Thus the quantities 
Ai •1c transform like the covariant components of a second-order tensor, and 
the quantities A:k like the mixed components of a second-order tensor. 
Moreover, it follows from (5.3) and (5.4), together with 

that 

A. k = g·IA 1
k t • t, ' 

iiI 
A.k = g Al. k • 

Hence A i •k and A~k are the (covariant and mixed) components of the same 
tensor, called the covariant derivative of the vector A. 

5.1.3. Covariant differentiation of tensors. The following formulas for 
the components of the covariant derivative of a second-order tensor are a 
natural generalization of the corresponding formulas (5.5) for covariant 

2 Itself another way of writing the transformation law 
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differentiation of a vector (first-order tensor): 

T = O~k _ { m}T _ { m }T 
tk.1 ax! i 1 mk k 1 tm' 

Ti _ oT\ {i 
.k.l - ox l + m T m - T Z } { m} . 

l·k k I .m· 

(5.18) 

It can easily be shown that these quantities transform under coordinal~ 
changes like the components of a third-order tensor (Tik • l like covariant 
components, T,\k like mixed components with two contravariant indices and 
one covariant index, etc.). The covariant derivative of a tensor of arbitrary 
order n is defined similarly: The first term is a partial derivative of the com
ponents of the tensor with respect to the coordinate Xl (say) and the remain
ing terms, n in all, are sums of components of the tensor multiplied by 
Christoffel symbols of the second kind with each index of the tensor and the 
"opposite" index of the Christoffel symbol being in turn an index of summa
tion (if this dummy index is a subscript of the tensor it is a superscript of the 
Christoffel symbol, and vice versa). Moreover, a given sum involving tensor 
components and Christoffel symbols appears with a minus sign if the dummy 
index is a covariant index (subscript) and with a plus sign if it is a contra
variant index (superscript). It can be shown that the covariant derivative of a 
tensor of order n is a tensor of order n + 1. 

Example 1. The covariant derivative 

" .. l _ O"'i'~ _ { n }" .. l _ { n }" .. I + { 1 }" .. n 
ik.m - oxm i m nk k m m n m zk 

is a mixed fourth-order tensor, with three covariant indices and one contra
variant index. 

Example 2. In the case of a zeroth-order tensor, i.e., a scalar, the co
variant derivative reduces to the partial derivative with respect to the co
ordinates 

oj 
f.i = OXi . 

Thus the covariant derivative of a scalar f is a covariant vector, with com
ponents equal to the covariant components of grad f (recall Example 1, 
p. 91). 

5.1.4. Ricci's theorem. The covariant derivative of the metric tensor 
vanishes. This result, known as Ricci's theorem, is proved by the following 
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simple calculation, based on (5.18), (5.12) and (5.14): 

= ~~~ - [i, kl] - [k, ill 

= Ogik _ ! (Ogik + Ogi1 _ Ogk1) 
ox l 2 ox l oxk oxi 

_ 1 (Ogik + Ogk.1 _ Oga) = O. 
2 ox 1 OXZ OXk 

Moreover, we have 

In particular, (5.19) implies the useful formula 

Ogik = [i, kl) + [k, ill. ox/ 

CHAP. S 

(5.19) 

(5.20) 

Because of Ricci's theorem, the components of the metric tensor can be 
regarded as constants under covariant differentiation. Thus, for example, 

gilA~k= (gilA1).k = Ai.k, 

T Im (TIm) T·m 
gil .k = gil .k = i.k' 

T.: gimgkn = (T.: gimgkn) = T mn 
zk.1 zk. I . I , 

and so on. 

5.1.5. Differential operators in generalized coordinates. Next we define 
the quantities grad cp, div A, ~cp and curl A in a system of generalized co
ordinates Xl, x2, X 3 : 

1) By the gradient of a scalar field cp = cp(XI, X2, x 3) we mean the vector 
with covariant components 

Thus, introducing the "del" operator 

we have 

.ocp 
grad cp = V cp = et ~ • oxz 

(5.21) 
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According to Sec. 1.6.4, the physical components of V q> are 

* 1 aq> 
(Vq»i =..;-~ 

g .. ax' H 

(no summation over i). (5.22) 

In the case of orthogonal coordinates, (5.22) becomes 

in terms of the metric coefficients hi' All the properties of the gradient 
established in Sec. 4.3 continue to hold in generalized coordinates. In 
particular, the directional derivative of q> in the direction / equals 

dq> 
- = /. Vm 
dl T' 

where / = /iei . 

2) The divergence of a vector field A = A(x1 , X2, x3) is defined as the 
contraction of the (mixed) covariant derivative of A, i.e.,3 

(5.23) 

The sum { i } can be expressed in terms of the metric tensor. In 
i j 

fact, using (5.12) and the symmetry of gik, we have 

where 

{i i A = gik[k, ij] = !gik([k, ij] + [i, kjD, 

[k, ij] + [i, kj] = agi
.
k 

ax] 

(5.24) 

because of (5.20). Expanding the determinant G = det Ilgikll with 
respect to elements of the ith row, we obtain 

(no summation over i), 

where Gik is the cofactor of gik in the determinant G. But Gik is inde
pendent of gik, and hence 

Therefore 

ik Gik 1 aG g =--- , 
G G agik 

(5.25) 

3 Thus div A is the first invariant of the tensor A:i (see Exercise 9, p. 132). 
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where we have used (1.52). It follows from (5.23)-(5.25) that 

{ 
i} 1 aG agik 1 aG 1 a()G) 

i j = 2G agik axi = 2G iJxi = )G axi . 

Thus, finally, 
. a A i Ai a() G) 1 a ._ 

dlV A = . +)_ . )_ . (At)G) 
ax t G ax1 G ax t 

1 a ik - 1 3 a (A*i)G) 
= )G axi (g Ak)G) = )ei~a.0 ~ , 

(5.26) 

where the A *i are the physical components of the vector A. In partic-
ular, 3 * 

div A = 1 L ~(Ai hlh2h3) 
hlh2h3i=1 ax1 hi 

in orthogonal coordinates, where Ai can be replaced by Ai if the local 
basis is orthonormal. 

3) By the Laplacian of a scalar field <p we mean the quantity 

Ll<p = div grad <po 

Combining (5.21) and (5.26), we have 

Ll = 1 ~(ik le~) (5.27) 
<p )G axi g v axk ' 

In orthogonal coordinates, (5.27) becomes 

Ll<p = 1 ~(hlh2h3 ~). 
hlh2h3 ax1 hi ax t 

4) In generalized coordinates, the curl of a vector field A is defined as the 
vector product of the operator V and the vector A. Thus 

• SInce 

t7 . a . aA . k 
curl A = v x A = e' xA = e' x = e' x eA· (5.28) ax j axi k.1' 

aA 
--:. ek = Ak . 
ax' .1 

[see (5.3)]. But it will be recalled from Secs. 1.6.1 and 1.6.5 that 

e 1 if i, j, k is a cyclic permutation of 1, 2, 3, 

)G 
if i, j, k is a cyclic permutation of 2, 1, 3, 

o otherwise, 
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where G = det Ilgikll. Therefore (5.28) takes the form 

e· 
curl A = L /~ (Ak,i - Ai,k)' 

i.i,kyG 

where the indices i,j, k are a cyclic permutation of the numbers 1,2, 3. 
Moreover, 

A - aAk _ { 1 }A k,j - ax j k j z, 

A - aA j _ { 1 }A 
j ,k - axk j k I' 

and hence 

A _ A _ aA k aA j 
k,j j,k - axi axk ' 

since C I kl = (k I J Thus, finally, 

curl A = L e~(aA~ _ aA;), 
i.i,k.JG ax' axk 

(5.29) 

where i, j, k is a cyclic permutation of 1, 2, 3. 
Formula (5.29) leads to the following expressions for the contra

variant and physical components of curl A (there is no summation over 
j and k): 

(curl A)i = l_(aA~ _ aA j), 
.JG ax' axk 

(curl A)*i = .JiJ:(aA~ _ aA;) 
.JG ax' axk 

(5.30) . 

= .J~[a(A:.Jfu) _ a(A:.J~)J . 
.JG ax; axk 

In the case of orthogonal coordinates with an orthonormal local basis, 
(5.30) reduces to 

h· [a(Akhk) a(A ·h .)] (curl A)i = t . - 'k ' (no summation over j and k). 
hIh2h3 ax' ax 

In Sec. 3.7.3 we introduced the unit pseudotensor E;kl' defined as 

C
o 0) 0 Ejkl = I j X Ik 0 II 

in a system of rectangular coordinates with orthonormal basis iI' i2, i3. 
In a system of generalized coordinates with local basis el , e2, e3, we 
replace this definition by 

Ejkl = (e j x ek) 0 e1, 
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SO that 

.. ./G if j, k, I is a cyclic permutation of 1, 2, 3, 

if j, k, I is a cyclic permutation of 2, 1, 3, 

o otherwise. 

The contravariant components zjkl then turn out to be 

jkl 
Z = 

(why?) 

1 

.JG 
1 

Ie 
" o 

if j, k, I is a cyclic permutation of 1, 2, 3, 

if j, k, I is a cyclic permutation of 1, 2, 3, 

otherwise 

In terms of the unit pseudotensor, the vector product C = A x B 
has covariant and contravariant components 

. k 
Ci = ZijkAJB , 

Ci = ZiikAjAk 

(see Problem 5, p. 40), while curl A has components 

(curl A)i = ZjkiA . 
k, " 

5.2. I ntegral Theorems 

The integral theorems of vector and tensor analysis are essentially rela
tions between the values of a vector or tensor field inside a volume and the 
values of the field on the boundary of the volume. In this sense, they are 
generalizations of the fundamental theorem of calculus 

(b dA(x) dx = A(b) - A(a), 
• a dx 

expressing the definite integral of the derivative of a function in terms of the 
values of the function at the limits of integration (under the assumption that 
the derivative exists and is continuous). 

In Sec. 4.2 we proved two of the most important integral theorems of 
vector analysis, i.e., Gauss' theorem and Stokes' theorem, which in vector 
notation take the form 

J J J div A dV = J J A • n dS, 
v s 

J J n· curl A dS = f
L

A • dr. 
s 

(5.31) 
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These theorems are of basic importance and are widely used in theoretical 
physics, particularly in hydrodynamics, elasticity theory and electromagnetic 
theory. Moreover, as we now show, they can be used to deduce a number 
of related integral theorems. 

5.2.1. Theorems related to Gauss' theorem. Suppose A = c~ in (5.31), 
where c is a fixed but arbitrary vector and ~ is a scalar field. Then (5.31) 
implies 

c • (f [f grad ~ d V - ~f ~o dS) = 0, 
• Since 

div(c~)= V.(c~)=c. V~=c.grad~. 

It follows that4 

f f f grad ~ dV = J f ~o dS, (5.32) 
v s 

a relation we have already encountered [recall (4.30)]. 
Similarly, substituting A = A' x c into (5.31), where A' is another vector 

field and c is a constant vector, we find that 

• Since 

c· f f f curl A' dV = c· f f (0 x A') dS, 
v s 

div (A' x c) = V· (A' x c) = c· ( V x A') = c . curl A', 

(A' x c) . 0 = c· (n x A'). 

Hence, since c is arbitrary, 

f f f curl A dV = f fox AdS, 
v s 

after dropping the prime. 
Finally, suppose the vector A in (5.31) has components 

Ak = T-kc. t P 

(5.33) 

where Tik is a tensor field and c is an arbitrary vector with components Ck • 

Then the same argument 2.S before shows that 

f f f a7;k dV = f f 7;knk dS, 
v aXk S 

(5.34) 

where the nk are the components of o. 

, Since c is arbitrary, the fact that the scalar product of c with another vector vanishes 
implies that the other vector vanishes. 
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Remark. Formulas (5.32)-(5.34) all stem from the operator identity 

II I V(· .. ) dV = I I D(- .. ) dS, 
v s 

where ( ... ) denotes some expression (possibly preceded by a dot or a cross) 
on which the given operator acts. 

Example 1. If the field A is such that div A vanishes everywhere inside a 
volume V bounded by a surface S, then (5.31) implies that the flux of A 
through S vanishes: I I A· D dS = O. (5.35) 

s 
Example 2. If div- A vanishes everywhere except at some "singular 

point" M where the divergence is either nonzero or fails to exist, then (5.35) 
has the same value for every surface S containing M and vanishes for every 
S which does not contain M (cf. Example 3, p. 159). 

Example 3. If q> = const, then, just as in Example 2, p. 167, it follows 
from (5.32) that I I D dS = 0 

s 
for every closed surface S. 

Example 4. If the field A is such that curl A vanishes everywhere inside 
a volume V bounded by a surface S, then (5.33) implies 

I I D X AdS = O. 
s 

5.2.2. Theorems related to Stokes' theorem. We begin by giving another 
proof of Stokes' theorem, which is less rigorous but more intuitive than that 
given in Sec. 4.2.3. Let S be a surface bounded by a closed contour L, and 
let A = A(r) be a vector field which, together with its derivatives aAJaxk , is 
continuous on S U L. Partitioning Sinto N small pieces Si (i = 1, 2, ... ,N), 
let Di be the exterior normal to Si at some point Mi and let Li be the boundary 
of Si traversed in the direction corresponding to Di (see Fig. 5.1). Then, 

--
.. -

FIG. 5.1. Illustrating an alternative proof of Stokes' theorem. 
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according to (4.57), 

(Oi· curl A)M
i 

= lim! fA. dr, 
8i-+O Si Li 

where Si and its boundary Li shrink to the point M i, and hence 

(5.36) 

where le:I can be made arbitrarily small by decreasing the size of Si. More
over, given any e: > 0, there is a partition of S into N = N(e:) parts such that 

max e: i < e: 
1';;; i .;;; N 

[the convergence in (5.36) is uniform]. Therefore 

N N 
! (Oi • curl A)Mi Si - ! fA. dr 
i=l i=l Li 

where e: -- 0 as N -- 00. But 

N 

! ~ A· dr = fA. dr, 
i=l Li L 

N 

< e:! Si = eS, (5.37) 
i=l 

(5.38) 

since every part of the contours L1 , ••• , LN appearing in the sum on the left 
is traversed twice in opposite directions, except for the parts making up 
the contour L. Thus 

• t.e. , 
N 

lim ! (Oi • curl A)M. Si = ~ A· dr. 
N-+oo i=l L 

But the limit on the left equals 

f f n· curl AdS, 
8 

by definition, and hence, finally, 

Jf n· curl A dS = fL A . dr, (5.39) 
s 

which is just the vector form of Stokes' theorem [recall (4.60)]. 
Just as in Sec. 5.2.1, we can now deduce further integral theorems from 

(5.39) by making appropriate choices of the vector field A. First suppose 
A = ccp, where c is a fixed but arbitrary vector and cp is a scalar field. Then 
(5.39) implies 

f f n x grad cp dS = fL cp dr, 
8 

(5.40) 
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• SInce 
o· curl (c~) = O· V x (c~) = C· (0 x V~) = C· (0 x grad ~). 

Similarly, substituting A = A' x c into (5.39), where A' is another vector 
field and c is a constant vector, we find that 

• SInce 

c • f f (0 x V) x A'dS = c . tL dr x A', 
8 

o· curl (A' x c) = o· V x (A' x c) = c· ((0 x V) x A'). 

Hence, since c is arbitrary, 

f f (0 x V) x A dS = tL dr x A, 
8 

after dropping the prime. 

(5.41) 

Remark. Formulas (5.39)-(5.41) all stem from the operator identity 

f f (0 x V)(· .. ) dS = tL dr(' .. ), 
8 

where ( ... ) denotes some expression (possibly preceded by a dot or a cross) 
on which the given operator acts. 

Example 1. If the field A is such that curl A vanishes everywhere, then 
(5.39) implies that the circulation of A around any closed contour L vanishes. 5 

Example 2. The flux of the curl of a field A through any closed surface 
8 vanishes. In fact, divide 8 into two parts 8 1 and 8 2 bounded by the same 
closed contour L, and let the direction of traversing L correspond to the 
exterior normal to 8 1, Then 

while 

f f o· curl A dS = fL A· dr, 
8 1 

f f o· curl A dS = - fL A • dr 
82 

(explain the minus sign). Adding (5.42) and (5.43), we obtain 

f f o· curl A dS + f f o· curl A dS = 0, 

or 

f f o· curl A dS = f f o· curl A dS = O. 
8 1 V82 8 

(5.42) 

(5.43) 

5 Provided L can be shrunk continuously to a point without leaving the field (see 
Sec. 4.2.4). 
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5.2.3. Green's formulas. Suppose we choose 

A = i?VX 

in Gauss' theorem (5.31), where i? and y; are continuous scalar functions 
with continuous first and second partial derivatives. Then 

div A = div (i? Vy;) = V . (i? Vy;) == i?V' Vy; + Vi?' Vy; = i?dl~ + Vi? . Vy;, 

ay; 
A • n = rpn· V y; = i? an ' 

and hence (5.31) becomes 

III (i? dy; + Vi?' Vy;) dV = II i? ~ dS, 
v s an 

a result known as Green's first formula. Similarly, choosing 

A = i?Vy; - ~Vi? 

in (5.31), we obtain Green's second formula 

III (i?dy; - y;di?)dV = II('i?~ - y;~) dS. 
v s an an 

(5.44) 

(5.45) 

Formula (5.45) can also be obtained by interchanging i? and y; in (5.44) and 
subtracting the result from (5.44) itself. 

Example 1. If i? = y;, (5.44) becomes 

I I I [i? di? + (Vi?)2] dV = I I i? ~ dS. 
~. s 

Example 2. If i? = const, (5.44) reduces to 

I I I ~ y; d V -= J J ~a~ dS. 
v s n 

(5.46) 

Formula (5.46) implies the following symbolic representation of the Laplacian 
operator: 

1 "I a de· .. ) =.: lim - I - ( ... ) dS, 
1' .... 0 V' an s 

Next we prove an import<- dl c(lnse'il.~n(,f of Green's second formula: 

THEOREM. Given a volume V bounde i hv a closed surface S, ht 
i? = i?(x1, X 2, xa) be a conti iW/US ,~calar ,fi' i.~· Il'llh ontinuou's .first (,I' l 

second partial derivatives. Then the value of i? at any interior point M 0 

of V is given by 

i?(Mo) == _1-. J'II! ~i? d V _1-. I r [i? -~(!) - ! ~J dS. (5.47) 
41t r 41t~,) an r r an v j\, 
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Proof Let Mo have coordinates X lO , X 20 , XaO , and let f be the radius 
vector drawn from Mo to a variable point M, so that 

r = J (Xl - XlO)2 + (X2 - X20)2 + (Xa - xao)2. 

Surround Mo by a little sphere of radius p with surface E lying entirely 
inside S (see Fig. 5.2), and let V' be the volume between the surfaces E 

and S. Then, setting y; = l/r, V = V' 

Vi 

-------5 
FIG. 5.2. Isolation of a singu

point Mo. 

in (5.45),6 we have 

+ J J [q> ~(!) - ! ~J dE, (5.48) 
e: an, , an 

since, as can easily be verified by direct 
calculation, 6.(1/r) = 0 except at the 
"singular point" Mo where r = O. 

The exterior normal to the inner surface of V'is just the exterior 
normal to the surface E, and has the same direction as the radius vector f. 
Therefore the second integral in the right-hand side of (5.48) becomes 

= J J (1 - !~) dE. 
e: ,2 , an 

Passing to the limit as p -- 0, i.e., as the sphere E shrinks to the point M 0' 

we have 

lim J I (~ - !~) dE = lim [q>(~/) - !(~) J47t p2 = 47tq>(Mo)· 
p ... O e: r , an p ... O p p an M' 

M' .... l1o (5.49) 

Letting p -- Oin (5.48) [so that V' approaches Vl and using (5.49), we find 
that 

47tq>(Mo) = - J J J ! t1q> dV - J J [q> ~(!) - ! ~J dS, (5.50) 
v's an, , on 

which is equivalent to (5.47). 

S Like Gauss' theorem itself, Green's formulas hold for volumes bounded by several 
closed surfaces (recall Remark 4, p. 139). 
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Remark. An analogous formula holds for a (suitably smooth) vector field 
A = A(r) with components AI, Az, Aa. In fact, setting 

Tk = A. 0 (l) _! OAi 
~ ~ OX" r r oXk 

in (5.34) and repeating the argument leading to (5.50), we find that 

or 

A(Mo) = - ~ III l~AdV - ~ II [A~(l) _l(n. V)A] dS 
47t v r 47t s on r r 

(5.51) 
(concerning expressions for ~A, see Exercises 10-12, pp. 183-184). 

5.3. Applications to Fluid Dynamics 

5.3.1. Equations of fluid motion. Given a moving fluid (liquid or gas) 
described by a velocity field v = vCr, t), let V be a "material volume," 
i.e., a volume moving with the fluid and hence always consisting of the same 
fluid particles. Then V and its surface S are in general functions of time. 
The total momentum of the volume V is 

I I I pv dV, 
v 

while the total body force acting on V is 

I I I f dV, (5.52) 
v 

where f is the body force per unit mass. 7 Besides (5.52), V is also subject 
to internal forces acting across its surface S. Let Pn be the stress acting on an 
element of area dS with unit exterior normal n. Then the total force acting on 
V due to the stress on S is 

I I Pn dS. 
s 

It follows from Newton's second law that 

!! I I J pv dV = I I I pf dV + I I Pn dS. 
dt v v s 

(5.53) 

7 For example, in a gravitational field, f equals the acceleration g due to gravity. 
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To transform (5.53) further, we note that 

~ f f f pv dV = f f f p ~ dV. 
dt v v dt 

(5.54) 

This can be seen as follows: Let Vo be the volume occupied by V = V(t) 
at time t = 0, and let r = r(;, t) be the position at time t of the fluid particle 
which had radius vector ; at time t = 0. Then 

.E. f f f pv dV =!! f f f p(r, t)v(r, t) dV 
dt v dt v 

= !! f f f p[r(;, t), t]v[r(~, t), t] dV dVo 
dt Vo dVo 

= f f f [~(Pv) dV + pv~(dV)J dVo 
Vo dt dVo dt dVo 

= f f f [!! (pv) + pv div vJdV dVo, 
Vo dt dVo 

where we use the fact that8 

d (dV) d' "'it dVo = IV V. (5.55) 

8 Clearly 

OX2 oX2 oX2 -
0;1 0;2 0;3 ' 

OX3 oX3 oX3 - --
0;1 0;2 0;3 

and hence 
d OXI d oXI d OXI 
-- -- --
dt 0;1 dt 0E;2 dt OE;3 

d(dV) -- - = 
dt dVo 

+ two similar terms 

(involving differentiation of the second and third rows). 
After a bit of algebra based on the properties of determinants and the formulas 

d OX; oV; OV, OVi OXk ----
dt 0;; 0;, ' as - OXk 0;, ' 

we obtain (5.55). For the details, see R. Aris, op. cit., pp. 83-84. 
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Therefore 

!! I I I pv dV = I I I [!! (pv) + pv div v] dV 
dt v v dt 

= III [p~ + v(~ + diVV)] dV = III p~dV, 
v dt dt v dt 

in accordance with (5.54), because of the equation of continuity 

dp d' op T'7 d' op d' () 0 - + p IV V = - + V· v p + p IV V = - + IV pv = 
dt ot ot 

[recall (4.50)]. 9 

Using (5.54), we can write (5.53) as 

I I I p ~ dV = I I I pf dV + I I Pn dS 
v dt v s 

= I I I pf dV + I I Pknk dS 
v s 

(recall p. 67), or, in component form, 

II I p ~ dV = I I I P!i dV + I I Piknk dS, 
v dt v s 

(5.56) 

where Pik is the stress tensor.10 To obtain a differential equation describing 
the motion of the fluid, we use Gauss' theorem in the form (5.34) to trans
form the surface integral into a volume integral: 

Then (5.56) becomes 

If I (p~- P!i_
OPik

) dV=O. 
~ dt oXk 

Since the volume V is arbitrary, we have 

dVi _ .I' + OPik 
P d - PJi ~ , 

t UXk 

(5.57) 

9 Note that 
dp op op dX i op op op 
- = - + - - = - + Vi - = - + v· yo p. 
dt at oX i dt at oX i at 

10 The tensor Pik is symmetric (see below). 
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assuming that the integrand is continuous. Here dvJdt is the total derivative, 
which, as shown on p. 166, can be written in the formll 

dv· OV OV 
t t + t - = - Vk • 

dt ot oXk 

(5.58) 

Thus, finally, combining (5.57) and (5.58), we find that the motion of the 
fluid is described by the differential equation 

(i=1,2,3). (5.59) 

Next we make the usual hydrodynamical assumption that the viscous 
stress tensor Pik is a linear function of the rate of deformation tensor Vik . 

Then recalling formula (2.61) and footnote 11, p. 96,12 we have 

(5.60) 

where p is the hydrostatic pressure, fl and fl' are constants of proportionality 
(called viscosity coefficients), and 

OV1 d' V11 = = IVV 
oX l 

[recall (2.22)]. Under certain circumstances,13 it can be assumed that 

fl' + ~fl = 0, 
and then (5.60) becomes 

Pik = -P~ik + 2flvik - ifl~ikVI£. 

If the fluid is incompressible, div v = 0 and hence 

Pik = -P~ik + 2flVik · 

(5.61) 

(5.62) 

If the fluid is at rest or if the fluid is "ideal" with no viscosity (fl = 0), we 
have just 

(5.63) 

Substituting (5.61)-(5.63) in tUrn into (5.59), we deduce the equations of 
motion for three kinds of fluids: 

11 From a formal standpoint, (5.58) is an immediate consequence of the chain rule for 
partial differentiation: 

dv; oV i oV i dXk oV i oV i 
- = - + - - = - + Vk - • 
dt ot OXk dt ot OXk 

12 Cf. also Prob. 1, p. 126. 
13 R. Aris, op. cit., p. 112. 
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1) The ideal fluid (!J. = 0). In this case, (5.59) becomes 

oVi . OVi op 
P -;- T PVk ~ = P!i - ;-

ut UX k UX i 
or 

ov 
P - + p(v. V')v = pf - V'p at (5.64) 

in vector notation. 

2) The viscous incompressible fluid (!J. = const # 0, div v = 0). We now 
have the Navier-Stokes equation 

ov· ov· op 02V· 
P ~ + PVk a t = P!i - ;-- + !J. a ; , 

ut xk uXi xk xk 
• SInce 

a (2) a (OVi OVk) !J. V 'k =!J. + ---.:: oXk ' oXk oXk oXi 

02Vi + 0 (OVk) 02Vi 
=!J. !J. =!J. . oXk oXk oXi oXk oXk oXk 

The vector form of the Navier-Stokes equation is 

ov 
P ot + p(V' • v)v = pf - V'p + !J. ~v. 

3) The viscous compressible fluid (!J. = const # 0, div v =1= 0). In this case, 
(5.59) becomes 

or 

P ~ + p(v. V')v = pf - V'p + !J. ~v + i!J. grad div v. ot 

(5.65) 

(5.66) 

Example (Archimedes' law). The force F exerted by a fluid on a body 
of volume V and surface S immersed in the fluid is 

with components 

F = II Pn dS = IJpknk dS , 
s s 

Fi = f f Piknk dS. 
s 

If the fluid is at rest (v = 0), then, according to (5.63) and (5.66), 

Pik = -P'Sik' 
Vp = pf= pg, (5.67) 
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where g is the acceleration due to gravity (recall footnote 7, p. 203). It 
follows that 

or 

F = - f f pn dS = - f f f Vp dV, 
s v 

where (5.32) has been used in the last step. Substituting from (5.67), we find 
that 

F = - f f f pg dV = -g f f f p dV = -gm, 
v v 

where m is the mass of fluid displaced by the body. Thus we have proved 
Archimedes' law, i.e., the force exerted by a fluid on a body immersed in 
the fluid equals the weight mlgl of the displaced fluid and points in the direc
tion opposite to the force of gravity. 

5.3.2. The momentum theorem. Consider a fixed volume V immersed in 
a velocity field v = vCr, t). Then the amount of fluid in V equals 

f f f pv dV. 
v 

This quantity changes in time, at the rate 

.?- f f f pv dt = f f f .?- (pv) dV. 
at v v at 

with components 

~ f f f PVi dV = f f f .?- (pvi) dV = f f f (Vi ~ + p~) dV. 
at v v at v at at 

Suppose there are no body forces, so that f = O. Then determining ap/at 
from the equation of continuity (4.50) and pavilat from the equation of 
motion (5.59), we obtain 

.?- f f f PVi dV = f f f [-Vi a (pvk) - PVk ~Vi + ~PikJ dV 
at v v aXk Xk Xk 

= - f f f ~ (PViVk - Pik) dV. 
v aX k 

Using formula (5.34) to transform the integral on the right, we find that 
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where S is the closed surface bounding V and 

The left-hand side of (5.68) is the rate of change of the ith component of 
the momentum of the fluid in the fixed volume V, while the right-hand side 
is minus the flux of the ith component of the tensor llik through the surface 
S. Thus iliknk is the rate at which the ith component of the momentum of 
the fluid leaves V through the surface element dS whose unit normal has 
components nk, while llik itself is the rate at which the ith component of the 
momentum flows through a unit area perpendicular to the xk-axis. For this 
reason, ilik is called the tensor of momentum flux density, and in fact, the 
total momentum flux through any surface S has components 

f f lliknk dS. 
s 

Remark. The momentum flux should not be confused with the flux 

f f f pv· DdS (5.69) 
s 

of the vector pv (the momentum of a unit volume of the fluid). As noted on 
p. 154, (5.69) is the rate at which mass is lost through S. Correspondingly, 
pv is called the (mass) flux denSity of the fluid. 14 

If the velocity field is stationary, the left-hand side of (5.68) vanishes, and 
we have the momentum theorem 

f f lliknk dS = J f (PViVk - Pik)nk dS = O. (5.70) 
s s 

According to this theorem, in the absence of body forces the flux of the 
tensor 

through any closed surface S immersed in a stationary velocity field vanishes. 
Let V be any volume immersed in a stationary velocity field, and let S 

be the surface of V. Then, in the absence of body forces, the momentum 
theorem allows us to express the total force F acting on V in terms of the 
fluid's velocity and density on S. In fact, the ith component of F is 

Fi = f f Piknk dS, 
s 

a Note that PVk is the rate at which mass flows through a unit area perpendicular to 
the x k-axis. 
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and hence, by (5.70), 

or 

in vector notation. 

Fi = f f pvivknk dS, 
S 

F = f f pv(v· n) dS 
S 

CHAP. 5 

Similarly, in the absence of body forces, the momentum theorem can be 
used to find the force F acting on a solid body of arbitrary shape immersed 
in a stationary velocity field. Suppose the body has surface S. In the fluid 
we choose a "control surface" So, i.e., a closed surface completely sur
rounding the surface S (see Fig. 5.3). Applying the momentum theorem to the 

50 

5 

., .... 
:" :.' : ..... ~: ..... ~ .. : .... :::,.. 

FIG. 5.3. In the absence of viscosity. the force exerted by a moving fluid 
on a body with surface S can be expressed in terms of the velocity. 

density and pressure on a suitable "control surface" So surrounding S. 

volume between the surfaces S and So, we find that 

f f Piknk dS + f f Piknk dSo - f f pvivknk dS - f f pvivknk dSo = O. 
S ~ S ~ 

The first integral is the ith component of the force exerted by the body on the 
fluid, and hence its negative is the ith component Fi of the force exerted by 
the fluid on the body: 

Fi = - f f Piknk dS. 
S 

The third integral vanishes since v • n = vknk = 0 on the surface S (no fluid 
flows through the surface of a solid body). It follows that 

(5.71) 
So 

Thus to find the force acting on a solid body immersed in a stationary flow, 
we need only take some surface So, which can be chosen for its experimental 
convenience, and then measure the surface stresses and the fluid's velocity 
and density on So. 
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In the absence of viscosity, 

Pik = -P'Sik 

[recall (5.63)] and (5.71) takes the particularly simple form 

Fi = - f I (pni + PViVknk) dSo 
So 

or 

F = - II [po + pv(v· 0)] dSo (5.72) 
So 

in vector notation. Thus, to find the force acting on the body in this case, 
we need only measure the velocity, density and pressure on the control 
surface. 

5.4. Potential and Irrotational Fields 

Suppose a vector field A = A(r) is the gradient of a (single-valued) scalar 
field cp: 

A = grad cp = V cp. (5.73) 

Then A is said to be a potential field, and cp is called the (scalar) potential of 
the field A. Clearly, the potential (( is defined only to within an additive 
constant. In rectangular coordinates, a po
tential field A has components 

A-~ 1 - ~ , 
UX! 

--------?M 

~---A / 
I 

/ 
/ 

The great importance of potential fields stems // 
from the fact that they are completely speci- .-_ .. // 
fled by a single scalar, namely the potential. Mo ~ --

THEOREM 1. If a field A has a single
valued potential, then the value of the line 

integral I..:11 
A· dr 

21f 0 

FIG. 5.4. The line integral of a po
tential field A is independent of the 
path of integration and vanishes if 

the path of integration is closed. 

is independent of the path of integration , and depends only on the end points 
Mo and M of the path (see Fig. 5.4). 

Proof If cp is the potential of A, then 

f..:ll I-11 I111 (OCP ocp OCP) A • dr = V cp . dr = - dX 1 + - dX2 + - dX3 
Mo J10 11/0 OX l OX 2 OX3 

J111 
= Mo dcp = cp(M) - cp(Mo)· 



212 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS CHAP. 5 

COROLLARY. If a field A has a single-valued potential, then the line 
integral of A along any closed contour L vanishes. 

Proof We need only note that 

§LA • dr = fL Vcp· dr = cp(Mo) - cp(Mo) = O. 

Remark. If a force field has a single-valued potential, then calculation of 
the work done by the force simply involves finding the potential difference 
between the end points of the path. Hydrodynamical problems become 
much simpler if the velocity field of the moving fluid is potential, since we 
can then use powerful methods like the theory of functions of a complex 
variable (in the case of two-dimensional flow). 

THEOREM 2. A necessary and sufficient condition for a vector field A 
occupying a simply connected region R to be potential is that A be irrota
tional, i.e., that 

curl A = O. 

Proof Suppose A is potential, so that A = V cpo Then 
• • • 
11 12 13 

0 0 0 
curl A = curl Vcp = oX I oX2 OX3 

ocp ocp ocp 

oX I oX2 OX3 
[recall (4.58)]. It follows that 

I A . ( 0
2 

cp 0
2 

cp ) + . ( 0
2 

cp 0
2 

cp ) cur = 11 - 12 - --"'--
oX2 OX3 OX3 OX2 OX3 OX 1 OX1 OX3 

+ i3 ( 0
2 

cp - 0
2 

cp ) - 0 
OX1 OX

2 
OX

2 
ox} - , 

where we assume that cp has continuous first and second partial deriva
tives. This proves the necessity. 

To prove the sufficiency, let L be any closed contour in the region R 
occupied by the field A, and suppose curl A = 0 everywhere in R. Then, 
since R is simply connected, L is the boundary of some surface S lying 
entirely in R (see Sec. 4.2.4). Hence, by Stokes' theorem, 

§LA • dr = f f n· curl A dS = 0, 
s 

Since L is arbitrary (in R), it follows that given any fixed point M o, 
the line integral 

r M A • dr =fM A} dx} + A2 dX2 + A3 dX3 JMo Mo 

• 
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is independent of the path of integration and is a function only of the 
variable point M = (Xl' X 2, xs). Denoting this function by qJ(XI' X 2, xs), 
we have 

A.=~ 
, ax. , 

(i = 1, 2, 3). (5.74) 

In fact, 

aqJ = lim 1 {f X1+&Xl.X2.
X

3) A • dr _ f<Xl.X2.
X

3) A • dr} 

aX I &Xl-+0 ~XI Mo Mo 

1· 1 {<Xl+&Xl.X2. X3)A d 
= 1m J, • r 

&Xl-+0 ~XI (Xl. X2, X3) 
(5.75) 

where (j is the line segment joining (Xl' X 2, Xs) to (Xl + ~XI' X 2, xs). But, 
by the mean value theorem for integrals, 

lim 1 f Al dXI = lim 1 AI(XI + e ~XI' X 2, xs) ~XI' 
&Xl-+0 ~XI a &Xl-+0 ~XI 

where 0 < e < ~x, i.e., 

lim 1 f Al dX I = AI(x!> X2' Xs), 
&Xl-+0 ~XI a 

(5.76) 

by the continuity of A (recall p. 135). Together (5.75) and (5.76) imply 
(5.74) for i = 1, and the proof is similar for i = 2, 3. Hence A is a 
potential field, as asserted. 

5.4.1. Multiple-valued potentials. If the region R occupied by the field 
A is multiply connected, then there exists at least one closed contour L 
which is not the boundary of any surface lying entirely in R (see Sec. 4.2.4). 
In this case, we can no longer use Stokes' theorem to deduce that 

fL A· dr = 0, 

and in fact it may turn out that 

f LA. dr = c*-O. 

If so, it is no longer possible to construct a single-valued potential qJ such 
that A = V qJ, since the integral . 

fM A· dr 
Mo 

(5.77) 

will no longer be path-independent. To see this, let M' be a point of L 
distinct from Mo and M', let I be a path joining Mo to M' and let /' be a path 

, 
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joining M' to M (draw a figure). Then 

[ A • dr =f=. [ A • dr = J A • dr + 1. A • dr = fA. dr + c, JHZ' JZ+L+ Z' Z+I' jL HZ' 

where, for example, 1+ L + I' means the path going from M to M' along I, 
then from M' to M' along L, and finally from M' to M along 1'. Thus the 
value of (5.77) depends on the path joining Mo to M, i.e., we can talk about a 
"potential" 

~ = JM A· dr 
Mo 

only if ~ is allowed to be multiple-valued. 

Example. According to the Biot-Sat'art law, a current I (measured in 
electromagnetic units) flowing in an infinite 

K3 straight wire along the xs-axis produces a 
magnetic field 

I 
I 
I 
I 
I 
I 
I 

FIG. 5.5. The potential of the 
magnetic field H due to an 
electric current in an infinite 

wire is multiple-valued. 

H 
21. 

= -Is X r 
r2 

(measured in oersteds), where 

It follows that 

Xl 
H2 = 21 2 2 ' 

Xl + X2 

Hs = O. 

(5.78) 

The field H is defined everywhere except on 
the xs-axis where r = 0 (see Fig. 5.5). There
fore the field occupies a doubly connected 
region, i.e., all of space minus the xs-axis. It is 

easily verified that curl H = 0 everywhere except on the xs-axis, where curl H 
is undefined (like H itself). 

The field H can be derived from the multiple-valued potential 

X 2 
~ = 21 arc tan - , (5.79) 

Xl 
• sInce 

X2 1 

O~ 2 O~ Xl O~ Xl _ H = 0 = Hs· = H 2, 

OXI 1 + (~)' - I. 
oX2 

1 + (~)2 oXs 
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If L is a closed contour surrounding the xs-axis, then 

f L H . dr = 21 f L V cP • dr, 

where cp is given by (5.79). Therefore 

fLH . dr = 21 x (the change in polar angle in traversing L), 
• 
I.e. , 

fLH. dr = 21· 27t = 47tl, 

even though curl H = 0 everywhere in the region occupied by the field! 
In other words, if we start from a point Mo in the field and go around the 
wire once in the counterclockwise direction (see Fig. 5.5), we return to Mo 
with a new value of the potential exceeding the old value by 47tI. 

Remark 1. The gradient of a single valued potential cannot have closed 
trajectories, since if L were closed, we would have 

fL V cP • dr = the change in cp in traversing L -::j=. O. 

On the other hand, the gradient of a multiple-valued potential can have 
closed trajectories (see Fig. 5.6), as in the case of the magnetic field (5.78). 

~--
----------....... 

( a ) ( b) 

FIG. 5.6. (a) The gradient of a single-valued potential cannot have closed 
trajectories; (b) The gradient of a multiple-valued potential can have 

closed trajectories. 

Remark 2. A multiple-valued potential can always be made single
valued by enlarging the boundary of the multiply connected region occupied 
by the field in such a way as to make the region simply connected. The 
new boundary then excludes closed contours which cannot be shrunk to a 
point without leaving the region (recall Fig. 4.5, p. 144). Once the region has 
been made simply connected, it follows from curl A = 0 that A is a potential 
field in the ordinary sense, i.e., A = V cp where the potential cp is single
valued. 

• 
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s.s. Solenoidal Fields 

Suppose a vector field A = A(r) is the curl of another vector field 
~ = ~(r): 

A = curl ~ = V x ~. 

Then A is said to be a solenoidal field, and ~ is called the vector potential 
of the field A. Clearly, the vector potential ~ is defined only to within the 
gradient of an arbitrary function f, since ~' = ~ + grad f implies 

curl ~' = curl ~ + curl grad f = curl ~ 
and hence 

A = curl ~ = curl ~/. 

In rectangular coordinates, a solenoidal field A has components 

Al = a<l>s a <I> 2 

axs 
, 

aX2 
(5.80) 

A2 = a<l>l a<l>s 
aXl 

, 
axs 

(5.81) 

As = a<l>2 a <I> I 
• 

aXl aX2 
(5.82) 

THEOREM 1. A necessary and sufficient condition for a vector field A • 
to be solenoidal is that the divergence of A vanish: 

div A = aAl + aA2 + aAs = o. 
aXI aX2 axs 

(5.83) 

Proof Suppose A is solenoidal, so that A = curl~. Then 

div A = div curl ~ = a (a<l>s _ a<l>2) + a (a<l>l _ a<l>s) 
aXl aX2 axs aX2 axs aXI 

+ a (a<l>2 _ a<l>l) = 0 
axs aXl aX2 ' 

where we assume that the components of ~ have continuous first and 
second partial derivatives. This proves the necessity. 

To prove the sufficiency, let <1>1 be an arbitrary function of Xl: 

<1>1 = f(x l ). 

Then, integrating (5.82) and (5.81), we obtain 

<1>2 = J As dXl + q>(X2' xs), 

<l>s = -J A2 dXI + ~(X2' xs), 
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where the functions q> and ~ must satisfy a condition implied by (5.80) 
but are otherwise arbitrary. Substituting these expressions for <1>2 and <l>s 
into (5.80), we find that 

A! = - JaA2 dx! + a~ - J aAs dx! - ~ . 
aX2 aX2 axs axs 

But (5.83) implies 

It follows that 

a~ _ aq> = o. 
aX2 axs 

(5.84) 

In other words, the vector ~ with components 

f(x!) , J As dx! + q>(X2' xs), -J Az dx! + ~(X2' xs), 

subject to the condition (5.84), is a vector potential for the field A. Hence 
A is a solenoidal field, as asserted. 

Example. Let v = vex!, X2) be the stationary velocity field of an in
compressible fluid flowing in the x1x2-plane. The trajectories of the field 
v, called streamlines, satisfy the differential equation 

(5.85) 

[cf. (4.33)]. Since the fluid is incompressible, 

d· av! aV2 0 
IV V = + =, 

ax! aX2 
and hence 

But this is just the condition for the left-hand side of (5.85) to be the total 
differential of some function ~(Xl' x 2): 

ar~ a~ 
VI dX 2 - v2 dX l = dXI + dX2' 

aX I aX2 

It follows that 

where the function y, called the stream function, is constant along the 

, 
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streamlines. Therefore v is a solenoidal field with vector potential 

«It = ist¥. 
In fact, we have 

• • • 
11 12 Is 

curl «It = 
a a a • o~ • o~ = 11 - 12 = v. 

oX l OX 2 OXS OX 2 OX l 

0 0 ~ 
Note also that 

v = Vy X is 
and 

curl v = -is ~y. 

Given a closed contour L in a vector field A, the surface formed by the 
trajectories of A going through L is called a vector tube, and the flux of A 
through any cross section of the tube is called the intensity of the tube. 
The last definition relies on 

THEOREM 2. The intensity of a vector tube of a solenoidal field A 
is constant along the whole tube. 

Proof Applying Gauss' the-
orem to the volume bounded by 

M two cross sections SI and S2 and 
by the surface (j of the tube 
between Sl and S2 [see Fig. 
5.7(a)], we have 

( a ) ( b ) 

FIG. 5.7. (a) The intensity of a vector tube 
of a solenoidal field is constant along the 
whole tube; (b) A vector tube of a solen
oidal field cannot begin or end at a point 

of the field. 

J J f div A dV = f fA. 0 d(j 
v a 

The integral on the left vanishes, 
since div A = O. The first inte
gral on the right also vanishes, 
since A is perpendicular to n on 
the surface of the tube and hence 

A . nla = O. Therefore, replacing n by -0 in the second integral (so that 
the flux through Sl is calculated in the same direction as that through S2)' 
we find that 

as asserted. 
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COROLLARY. The vector tubes of a solenoidal field can neither begin 
nor end inside the field. Hence there are only three possibilities: 

1) The tubes are closed; 
2) They terminate on the boundary of the region occupied by the field; 
3) They go off to infinity (if the field is unbounded). 

Proof Suppose a vector tube terminates at a point M inside the field, 
as shown in Fig. 5.7(b). Then IAI must become infinite at M, since the 
cross section of the tube vanishes at M although its intensity remains con
stant. But this is impossible, since A is continuous at every point of the 
field, as assumed on p. 135. Moreover, the tubes cannot terminate in a 
cross section of finite area So inside the field, since this would again 
contradict the continuity of A. 

5.6. Laplacian Fields 

A vector field A = A(r) is said to be Laplacian if 

curl A = 0, div A = 0 

at every point of the field. Thus a Laplacian field is both potential and 
solenoidal. In a simply connected region a Laplacian field is completely 
determined by a scalar potential q> satisfying Laplace's equation 

~q> = O. 

In fact, curl A = 0 implies A = V q> in a simply connected region, and then 
o = div A = div V q> = ~q>. 

5.6.1. Harmonic functions. A continuous function q> with continuous 
first and second partial derivatives is said to be harmonic if it satisfies 
Laplace's equation ~q> = O. 

Example 1. The functions 

are all harmonic, and so is 

(x; + x:)kI2{a sin (k arc tan~) + b cos (k arc tan~)} . 

Example 2. The function 

1 1 
- - -:=========== 
r .j x; + x~ + x~ 
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is harmonic everywhere except at the origin (r. = 0). In fact, 

and hence 

(1) 02 (1) + 0
2 (1) + 0

2 (1) = 3x~ + 3x~ + 3x~ - 3r
2 

= O. 
~ r = ox~ ~ ox~ r ox~ r r5 

Example 3. The function 

In y' x~ + x~ 
(but not In y' x~ + x~ + x~) is also harmonic everywhere except at the origin. 

We now prove a number of important properties of harmonic functions: 

1) The integral of the normal derivative of a harmonic function ~ over 
a closed surface S vanishes if the function is harmonic everywhere in 
the volume V bounded by S. This follows at once from the identity 
(5.46), which reduces to 

II~ dS = 0 
s an 

if ~ is harmonic (~~ = 0) in V. 

2) It follows from (5.45) that the functions ~ and ~ satisfy the relation 

I I ~ ~ dS = I I ~ ~ dS 
s an s an 

on a closed surface S if the functions are harmonic in the volume V 
bounded by S. 

3) A function ~ harmonic in a volume V can be expressed in terms of the 
function and its normal derivative on the surface S bounding V. In 
fact, if ~ is harmonic (~~ = 0), formula (5.47) reduces to 

~(Mo) = - ~ II [~~(!) _1 ~J dS. 
47t s an r r an 

(5.86) 

4) If the surface Sin (5.86) is a sphere Sp of radius p with center at the 
point M o, then 

(5.87) 

• SInce 

II 1 o~ 1 II o~ --dS=- -dSp=O 
s r an p s an 

p p 
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by Property 1 and 

:nG) s,= :neL-, = -;'. 

According to (5.87), the value of a harmonic function qJ at a point Mo 
is the average of its values on any sphere with center Mo lying in the 
region where qJ is harmonic. 

5) A nonconstant harmonic function qJ harmonic in a region R can have 
neither a maximum nor a minimum in R. In fact, suppose qJ ¥=- const 
has a maximum at a point Mo in R. Then, by the continuity of qJ, there 
is a sphere Sp of radius p and center Mo lying entirely in R such that 
cp(M) ~ cp(Mo) for every point of Sp and qJ(M) < qJ(Mo) for some 
points of Sp. But then 

qJ(Mo) = 1 2 I I qJ dM < qJ(Mo), 
47tp s 

p 

which is impossible. Since - cp is also harmonic in R, - qJ cannot have 
a maximum in R, i.e., qJ cannot have a minimum in R. 

6) If qJ is harmonic in a volume V bounded by a surface S and if qJ = c = 

const at every point of S, then qJ = c at every point of V. In fact, 
setting cp = c in the right-hand side of (5.86), we obtain 

c II dS qJ(Mo) = -4 2' 
7t S r 

where Mo is any interior point of V. But 

.l II dS = 1, 
47t r2 s 

as we see at once by substituting the harmonic function qJ - 1 in both 
sides of (5.86). It follows that qJ(Mo) = c and hence qJ == c in V, 
since Mo is arbitrary. 

7) Laplace's equation ~ qJ = 0 has a unique solution in a volume V taking 
given values on the surface S bounding V. To see this, let qJl and qJ2 

be two harmonic functions taking the same values on S. Then 
cp = qJl - CP2 is also harmonic (by the linearity of Laplace's equation) 
and vanishes identically on S. But then, by Property 6, qJ == 0 in V 
and hence qJl == qJ2 in V. 

8) If cp is harmonic in a volume V bounded by a surface S 'and if a cp / an = 0 
at every point of S, then qJ = const at every point of V. In fact, setting 
cp = ~ in (5.44), we obtain 

I I I [qJ ~qJ + (V qJ)2] dV = I I qJ ~ dS, 
v s an 
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which reduces to 

• smce 

f f f(V~)2 dV = 0, 
f' 

~~ = 0 in V, a~ = 0 on S. 
an 

It follows that V ~ = 0 in V and hence ~ = const in V. 

CHAP. 5 

9) If ~1 and ~2 are two solutions of Laplace's equation in a volume V 
whose normal derivatives take the same value on the surface S bounding 
V, then ~1 and ~2 can differ only by a constant. In fact, ~ = ~1 - ~2 
satisfies Laplace's equation in V, while 

a~ a~l a~2 --

vanishes identically on S. It follows from Property 8 that ~ --= canst 
in V, i.e., ~1 = ~2 + const in V. 

5.6.2. The Dirichlet and Neumann problems. The problem of solving 
Laplace's equation 

~~ = 0 

in a volume V, subject to the boundary condition 

on the surface S bounding V, is called the Dirichlet problem. According to 
Property 7 above, such a function ~, if it exists, is unique. On the other 
hand, the problem of solving Laplace's equation subject to the boundary 
condition 

a~ 
= !(x!, X2, xs) an s 

is called the Neumann problem. According to Property 9, such a function ~, 
if it exists, is determined only to within an additive constant. 

Example. Consider a stationary velocity field v describing an irrotational 
flow of an incompressible fluid. Since curl v = 0, we have 

v = V~, 

where the velocity potential ~ is harmonic since 

divv = div (V~) = ~~ = o. 
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The normal component of v must vanish on the surface S of any solid body 
immersed in the flow, i.e., 

oq> 
v = v· n = n· Vq> = - = 0 on S. an 

In the case of two-dimensional flow, we have a vector potential 

~ = i3~' 

where ~ is the stream function and 

o~ 
Vl = , 

oX2 

(see the example on pp. 217-218). Since curl v = 0, it follows that 

L1~ = O. 

The function ~ must take a constant value on any rigid contour, since any 
such contour must be a streamline. Thus the velocity potential q> is the 
solution of a Neumann problem, while the stream function ~ is the solution 
of a Dirichlet problem. I5 

S.7. The Fundamental Theorem of Vector Analysis 

We now prove the following key 

THEOREM (Fundamental theorem of vector analysis). Let A = A(r) 
be a continuous vector field with continuous divergence and curl, such that 
IAlfalls off at infinity like l/r1+& while Idiv AI and Icurl AI fall off at infinity 
like l/r2+& where E > O. Then A has a unique representation (to within 
constant vectors) as a sum of a potentialfield Al = Al(r) and a solenoidal 
field A2 = A2(r), i.e., 

where 
curl Al = 0, div A2 = O. (5.88) 

Proof First we construct Al. It follows from (5.88) that 

div A = div AI, curl A = curl A2, (5.89) 
so that 

curl Al = 0, div Al = div A. (5.90) 

The first of these equations implies 

Al = V q> + c I , 

15 In the two-dimensional case, these problems are often solved by the method of 
conformal mapping. 

• 
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where Cl is a constant vector and cp is a single-valued potential (we 
assume that the region occupied by A and hence by Al is simply con
nected). The second of the equations (5.90) then gives 

div (Vcp + c1) = div A, 

L1cp = div A. (5.91) 

Thus the constant vector C1 plays no role in determining the potential cpo 
To solve (5.91) for cp, we use formula (5.47), where V is all of space (in 
the limit). The functions cp and ocp/on both approach zero at infinity, 
with ocp/on going to zero faster than l/r. It follows that the surface 
integral 

J J[cp ~(1) - 1 ~J dS 
s an r r an 

vanishes in the limit as V becomes all of space, so that (5.47) reduces to 

cp = - .!. J J J div A dV 
47t v r 

(here div A is regarded as known). It follows that 

1 J rJ div A Al = V cp + C1 = - - grad dV + Cl' 
47t • r v 

Next we construct A2• According to (5.88) and (5.89), 

div A2 = 0, curl A2 = curl A. 

The first of these equations 

A2 = curl ~ + C2 , 

(5.92) 

(5.93) 

(5.94) 

where C2 is a constant vector and ~ is a vector potential. Since ~ is 
determined only to within the gradient of an arbitrary function! (recall 
p. 216), ~ can be subjected to the extra condition17 

div ~ = 0. (5.95) 

Substituting (5.94) into the second of the equations (5.93), we obtain 

curl (curl ~ + c2) = curl A 

16 An equation like (5.91), of the form ~<p = f(r) , is called Poisson's equation. If 
!(r) ~ 0, Poisson's equation reduces to Laplace's equation. 

17 In fact, if div ~ = X i= 0, we need only replace ~ by ~ + grad f, where f satisfies 
the Poisson equation ~f = ~X, since then 

div (~ + grad f) = div ~ + ~f = X ~ X = 0. 

• 
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(the constant vector C2 plays no role in determining the vector potential 
~). Thus 

curl curl ~ = curl A, 
which implies 

L1~ = -curl A (5.96) 

because of (4.96) and (5.96). Just as we used (5.47) to solve (5.91) for cp, 
we can use (5.51) to solve for~, obtainingI8 

and hence 

1 III curl A A2 = - curl dV + C2. 
47t v r 

(5.97) 

Combining (5.92) and (5.97), we finally have the representation 

A = Al + A2 = - ~ grad I I I div A dV + ~ curl I I I curl A dV, 
47t v r 47t v r 

(5.98) 

where the constants CI and C2 have been dropped since A is assumed to 
vanish at infinity. By construction, Al is a potential field (curl Al = 0), 
while A2 is a solenoidal field (div A2 = 0). 

We must still prove the uniqueness of the representation (5.98). 
Suppose A has another representation A = A~ + A~ where curl 
A~ = 0, div A~ = O. Then, since div A = div Al = div A~, we have 

div (AI - AD = 0, curl (AI - AD = O. 

Similarly curl A = curl A2 = curl A~, and hence 

div (A2 - A~) = 0, curl (A2 - A~) = O. 

But then the same argument leading from (5.90) and (5.93) to (5.92) and 
(5.97) shows that 

where CI and C2 are constant vectors. Thus the representation A = 

Al + A2 is unique to within constant vectors, and the proof of the 
theorem is complete. 

18 The surface integral vanishes for the same reason as before. 

• 
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Remark. Roughly speaking, the sources and sinks of the given field A 
all appear in A1 (since div A = div A1), while all the "vorticity" of A appears 
in A2 (since curl A = curl A2)' 

5.8. Applications to Electromagnetic Theory 

5.8.1. Maxwell's equations. Just as nonrelativistic mechanical phenomena 
are described by Newton's equations, electromagnetic phenomena are 
described by a set of four equations called Maxwell's equations. An electro
magnetic field is characterized by two vector fields (both time-dependent in 
general), the electric field E = E(r, t) and the magnetic field H = H(r, t). 
The charges and currents producing the electromagnetic field are themselves 
characterized by two fields (one scalar, the other vector), the charge density 
p = p(r, t) and the current density j = j(r, t).19 

We begin by considering electromagnetic phenomena in vacuum. Then, 
regardless of the charge and current distributions, it is an experimental fact 
that the electric and magnetic fields are related by Faraday's law of induction 

! ~ IIH . n dS = - i E • dr, 
cat YL 

s 
(5.99) 

where c = 3 X 1010 cm/sec is the velocity of light and S is any surface 
bounded by a closed contour L. According to (5.9~), the rate of change of the 
flux of the magnetic field through a surface "supported" by a contour L 
equals minus the electromotive force around L, i.e., the circulation of the 
electric field around L. Moreover, the magnetic field always satisfies the 
relation 

I IH. n dL = 0, (5.100) 
r 

where L is an arbitrary closed surface. In other words, the flux of the 
magnetic field through any closed surface vanishes. 

Applying Stokes' theorem (5.39) to (5.99), we obtain 

1 ~ I I H . n dS = - I In. curl E dS 
cat s s 

or 

I I (1 aH + curl E) . n dS = O. 
scat 

19 We will use Gaussian units, in which electric quantities (like E and p) are measured 
in electrostatic units, while magnetic quantities (like Hand j) are measured in electro
magnetic units. 
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But S is arbitrary and hence 
aH 
-= -ccurlE. at 

Similarly, applying Gauss' theorem (S.31) to (S.100), we find that 

f f f div H dV = 0, 
v 

where V is the volume bounded by ~, and hence 

div H = 0, 

(S.101) 

(S.102) 

since V is arbitrary. Equations (S.101) and (S.102) are two of the four 
Maxwell equations (the homogeneous pair). They are the differential forms 
of equations (S.99) and (S.100).20 

The relation between the fields E and H and the charge and current 
densities p and j is given by the following two experimental laws : 

~ f f E • n dS = cf H • dr - 47t f f j • n dS, 
at s L s 

• (5.103) 

f f E • n dL. = 47t f f f p dV. (S.l04) 
I V 

Here S is again any closed surface bounded by a closed contour L, and L. is 
any closed surface bounding a volume V. According to (S.103), the rate of 
change of the flux of the electric field through a surface S "supported" by 
a contour L equals c times the magnetomotive force (i.e., the circulation of 
the magnetic field around L) minus 47t times the flux of the current density 
through S. Similarly, (S.104) states that the flux of the electric field through 
any closed surface equals 47t times the charge enclosed by the surface. 

To get the other two Maxwell equations, we apply Stokes' theorem to 
(S.103) and Gauss' theorem to (S.104), obtaining 

~ f f E • n dS = c f f n· curl H dS - 47t f f j • n dS 
at s s s 

and 

f f f div E dV = f f f p dV. 
v v 

It follows that 

aE = c curl H - 47tj, at 
div E = 47tp, 

(S.10S) 

(S.106) 

20 Alternatively, we might have regarded (5.101) and (5.102) as given and then deduced 
(5.99) and (5.100), called Maxwell's equations in integral form. 
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since S and V are arbitrary. Equations (5.105) and (5.106) are the remaining 
two Maxwell equations (the inhomogeneous pair). 

So far we have only considered electromagnetic phenomena in vacuum. 
In the presence of a medium with dielectric and magnetic properties, two 
more vector fields are needed to complete the description of the electro
magnetic field, the polarization P = P(r, t), equal to the electric moment 
per unit volume, and the magnetization M = M(r, t), equal to the magnetic 
moment per unit volume. Alternatively, the effect of polarization and 
magnetization can be taken into account by defining two new vector fields, 
the electric displacement 

D = E + 47tP 
and the magnetic induction 

B = H + 47tM. 

It then turns out that Maxwell's equations (5.101)-(5.102), (5.105)-(5.106) 
in empty space (vacuum) are replaced by 

aB 
- = -ccurlE at ' 

div B = 0, 

aD = c curl H - 47tj, 
at 

div D = 47tp 

in a medium with dielectric and magnetic properties. 

, 
(5.107) 

(5.108) 

(5.109) 

(5.110) 

Remark. The relations between the various fields E, D, B, Hand j that 
hold in media other than empty space are called constitutive relations. For 
example, 

D = e:E, B = fLH 

in a medium of dielectric constant e: and magnetic permeability fL, while in a 
medium of conductivity (J we have Ohm's law 

j = (JE. 

Constitutive relations of a more complicated kind are often encountered, in 
particular in anisotropic media where, for example, e: may be a tensor (recall 
Example 2, p. 110). To solve an electromagnetic problem involving media 
other than empty space, Maxwell's equations (5.107)-(5.110) must be 
supplemented by the relevant constitutive relations. 

5.8.2. The scalar and vector potentials. In electromagnetic theory, a 
very important role is played by two auxiliary functions, the scalar potential 
q> = q>(r, t) and the vector potential A = A(r, t). Confining ourselves to the 
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case of empty space (so that D = E, B = H), we begin by considering the 
homogeneous Maxwell equations 

aH - + c curl E = 0, at 
div H = O. 

(5.111) 

(5.112) 

Since the divergence of the curl of any vector vanishes, we can satisfy (5.112) 
by setting 

H = curl A. 

Then, substituting (5.113) into (5.111), we obtain 

curl (1 aA + E) = O. 
c at 

(5.113) 

(5.114) 

Since the curl of the gradient of any function vanishes, we can satisfy (5.114) 
by setting 

, 

or 
1 aA E = - -- - Vcp, 
c at (5.115) 

where cp is an arbitrary function of rand t. It should be noted that replacing 
A by 

A+ VI (5.116) 
and cp by 

(5.117) 

where I is an arbitrary function of rand t, has no effect on the fields E and 
H, since 

_1 a(A + Vf) _ v(cp _ 1 af) = _ 1 aA _ IV £( _ Vcp + lv Y 
c at c at c at c at c at 

1 aA 
=----Vcp=E 

c at ' 
while 

curl (A + VI) = curl A + curl grad I = curl A = H. 

Next we substitute (5.113) and (5.115) into the inhomogeneous Maxwell 
equations 

aE = c curl H - 47tj, 
at 

div E = 47tp. 
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This gives the following equations satisfied by the scalar and vector po
tentials: 

- - - - - v q> = c curl curl A - 47t), a ( 1 aA) . 
at c at 

div (_1 aA - v q» = 47tp. 
c at 

(5.118) 

(5.119) 

To simplify (5.118) and (5.119) further, we impose the Lorentz condition 

d· A 1 aq> 0 
IV + - - = 

c at 

on the potentials A and q>. This entails no loss of generality, since we need 
only choose the arbitrary function f in (5.116) and (5.117) to satisfy the 
equation 

. 1 a ( 1 af ) diV (A + Vf) + - - q> - - - = 0 
cat c at 

, 

(5.120) 

Using (4.96) and the Lorentz condition, we transform (5.118) and (5.119) 
into 

(5.121) 

and 

(5.122) 

An equation of the form (5.120)-(5.122) is called an inhomogeneous wave 
equation. In terms of the D' Alembertian operator 

1 a2 

o ==~---, 
c2 at2 

(5.121) and (5.122) take the form 

DA = - ~ j, (5.123) 
c 

o q> = -47tq>. 

5.8.3. Energy of the electromagnetic field. Poynting's vector. First we 
consider the case of empty space. Adding the scalar product of (5.101) with 

21 The solution of equations (5.120)-(5.122) is discussed in Prob. 10, p. 242. 
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H to the scalar product of (5.105) with E, we obtain 

aE aH . 
E • - + H· = cE • curl H - 47tJ • E - cH • curl E. (5.124) at at 

Noting that 
div (E x H) = H • curl E - E • curl H, 

we can write (5.124) in the form 

- = -div - (E x H) - j. E. a E2 + H2 [c ] 
at 87t 47t 

After integrating over an arbitrary volume V, this becomes 

~ J J J E2 + H2 dV = - J J J div P dV - J J J j . E dV, (5.125) 
at v 87t v V 

where 
, 

c 
P = - (E x H). 

47t 
(5.126) 

Using Gauss' theorem, we can write (5.125) in the form 

a E2 + H2 - J J J dV = - J J P • n dS - J J J j . E dV, at v 87t S V 

(5.127) 

where S is the surface bounding the volume V. If P = 0 and j = 0, the 
integral in the left-hand side of (5.127) is a constant. It represents the 
energy of the electromagnetic field, distributed with density22 

E2 + H2 
• (5.128) 

87t 

In the general case where P "* 0 and j "* 0, (5.127) states that the rate of 
change of the energy of the electromagnetic field inside V equals the flux 
of the vector P across S into V minus the rate at which work is done by the 
electric field on the moving charges inside V. 23 Thus if conservation of energy 

22 See e.g., J. B. Marion, Classical Electromagnetic Radiation, Academic Press, Inc., 
New York (1965), p. 118. 

23 If v = vCr, t) is the velocity field of the moving charges, then j = pv and 

J J J j . E dV = J J J pv' E dV. 
v v 

The quantity pE dV is the force exerted by the electric field E on the charge element p dV. 
Hence the scalar product of v and pE dV is the rate at which E does work on the charge 
element, and the rate at which E does work on all the moving charges in V is given by 

J J J pv' E dV. 
v 

This is also the rate at which energy is dissipated in Joule heat (J. B. Marion, op. cit., 
p. 119). 
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is to hold, the vector P, called Poynting's vector, must represent the density 
of flow of energy in the electromagnetic field (attributable to the phenomenon 
of radiation). 

In the case of a medium of dielectric constant €, magnetic permeability 
!l. and conductivity (J, we have 

D = €E, B = !l.H, j = (JE, 

and (5.127) is replaced by 

~ I I I €E
2 

+ !l.H2 dV = - I I P . n dS - I JI (JE2 dV. 
at v 87t S v 

The energy density of the electromagnetic field is now 

€E2 + !l.H2 

87t 
, 

• 

which reduces to (5.128) is € = 1, !l. = 1, i.e., in vacuum. The flux of 
electromagnetic energy into V is given by the same integral as before, in
volving the Poynting vector (5.126), and the last term again represents the 
rate at which energy is dissipated in louIe heat. 

SOLVED PROBLEMS 

Problem 1. Prove that if t./J is a harmonic function (~t./J = 0), then the 
vector rt./J satisfies the biharmonic equation 

Solution. Clearly 

and hence 

or 

Therefore 

a (rt./J) = ~ (i1x1t./J) = ikt./J + r ~ , aXk aXk aXk 

~ (rt./J) = 2 V t./J + r ~ t./J. 

~(rt./J) = 2 V t./J, 
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since ~t./J = 0 by hypothesis. But the operators ~ and V commute (why?), 
and hence 

as asserted. 

Problem 2. Prove that if a velocity field v is potential (v = V~), then 
the acceleration field dvld! is also potential. 

Solution. Setting A = B = v in formula (4.93), we obtain 

V(v 2) = 2(v· V)v + 2v x curl v. 

Therefore the acceleration field 

dv av 
- = - + (v· V)v 
dt at 

can be written in the form 

- = - + V - - v x curl v. dv av (V2) 
dt at 2 

But 
v = V~, curl v = curl V ~ = 0, 

and hence 

-=-(V~)+V - =V -+- . dv a (V2) (a~ V2) 
dt at 2 at 2 

Therefore dvldt has a potential <l>, equal to 

<l> = ~ + v
2 

• 

at 2 

, 

(5.129) 

Problem 3. Integrate the equation of fluid motion (5.64) if the flow is 
irrotational (curl v = 0) and barotropic [p = pep)], while the body forces are 
derivable from a potential (f = - VO). 

Solution. Using (5.129) and the fact that curl v = 0, we can write (5.64) 
in the form 

~ + V (V2) = f _ ~ . 
at 2 p 

(5.130) 

But curl v = 0 implies v = V~, while 

Vp = VJ dp 
p pep) 

(the flow is barotropic). Therefore (5.130) becomes 

V(~ + v
2 

+ 0 + f dP ) = 0, 
at 2 . pcp) 
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with solution 

(5.131) 

where t.jJ(t) is a function of time only. In the case of stationary motion of an 
incompressible fluid (p = const) subject to no body forces, (5.131) reduces to 
Bernoulli's law 

pv2 

- + p = const. 
2 

• 
(5.132) 

Problem 4 (The Kutta-loukowski theorem). Let L be a rigid plane contour 
immersed in a stationary flow v, where v is incompressible, irrotational (curl 
v = 0) and plane (i.e., dependent on only two coordinates, say Xl and x2). 

Suppose the velocity of the fluid far from L has the constant value v 00' and 
suppose there are no body forces (f = 0). Suppose finally that the "per
turbational velocity" v' = v - v 00 due to the presence of L falls off like 1 Ir, 
where r is the distance from the origin 0 chosen to lie inside the contour L 
(see Fig. 5.8). 

2 

P ... T 
~/ ~\ 
)J 

l2 "'-\ 
/ \ \ n~ 

/ Voo ~ I 

L--l 
.6@ ~z t---.. v 
/O~ ___ XI 

Voo 
~ \ L ~ 
~ /L1) 

Poo x{ / 

FIG. 5.8. Illustrating the Kutta-loukowski theorem on the force acting 
on a rigid contour immersed in a stationary flow of an ideal fluid. 

Voo 

~ 
Vi 

Prove that the force F exerted by the moving fluid on the contour L is 

where p is the density of the fluid, ia is a unit vector along the xa-axis, and 

r = fL V· dr 
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is the circulation of the velocity field around L. In other words, show that 
the lift experienced by the contour L is perpendicular to v 00 and is of magni
tude pv 00 r, a result known as the Kutta-Joukowski theorem. 

Solution. Applying the momentum theorem (5.72) to the volume of fluid 
contained in a cylinder of unit height with faces in the shape of the plane 
region between the contour L and a circle Lo of radius r surrounding L (see 
Fig. 5.8), we find that the force F acting on a unit length of an infinite right 
cylinder intersecting the x1x2-plane in the contour L equals24 

F = -! po ds -! pv(v· ~) ds, 
1Lo 1Lo 

(5.133) 

where ds is an element of arc length along Lo, P is the pressure and p is 
the density. Since Bernoulli's law applies here, we can substitute (5.132) 
into (5.133), obtaining 

F = £! v20 ds - p! v(v· 0) ds 
2 fLo 1Lo 

(p is constant), where we use the fact that 

! 0 ds =! (-il dy + i2~) ds =! (-il dy + i2 dx) = O. (5.134) 
fLo 1Lo ds ds fLo 

Then, replacing v by v 00 + v', where v 00 is the velocity of the fluid at infinity 
and v' is the perturbational velocity due to the presence of L, we have 

F = pv~ 1: 0 ds + p! (voo • v')o ds + £! V,2 0 ds - pVoo ! (v· 0) ds 
2 jLo 1Lo 2 1Lo 1Lo 

- p! v'(voo .0) ds - p! v'(v'· 0) ds. 
1Lo 1Lo 

The first integral vanishes because of (5.134), while the fourth integral 
vanishes because of the incompressibility of the fluid (explain this further). 
The third and sixth integrals are both of order l/r, and their sum will 
accordingly be denoted by O(I/r). It follows that 

F = fL/[(v oo • v')o - v'(voo • 0)] ds + o(~) , 
and hence 

24 The integrals over the faces of the cylinder vanish since v -L n and hence v • n = 0 on 
the faces, while the value of IS pn dS on one face is the negative of its value on the other 
face. 
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by the formula (1.30) for the vector triple product. But 

fLovoo x (0 X voo) ds = Voo x (£00 dS) x Voo = 0, 

and therefore 

F = P fLOVoo x (0 X v) ds + o(~) 

= pVoo x fLo(O x v) ds + 0(;) . 
Now let 't' be the unit tangent vector to Lo, so that 

• o = 't' X 13 
(see Fig. 5.8), and 

o x v = ('t' x i3) x v = ia('t'· v) - 't'(ia· v) = ia(v· 't'). 

Thus (5.135) becomes 

where dr = 't'ds, or 

where 

F = pvoo X i3 fLoV. dr + o(~) , 
F = prvoo x ia + o(~) , 

r = ,( V· dr 
fLo 

CHAP. 5 

(5.135) 

(5.136) 

is the circulation of v around Lo. Since the radius of the circle Lo is arbitrary, 
we can take the limit as r -- 00 in (5.136), obtaining 

F = p (lim r)v 00 x ia. 
r .... 00 

But, since the motion is irrotational, the circulation around any circle Lo 
surrounding L is the same as the circulation around the contour L itself, 
and hence 

It follows that 

where 

lim r = r = ~ v • dr. 
r .... 00 L 

r = 1. v. dr. jL 

This completes the proof of the Kutta-Joukowski theorem. 

Prohlem 5. The equation for equilibrium of a fluid is 

pf= \lp (5.137) 

[set v = 0 in (5.66)], where f is the body force per unit mass. Prove that 
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equilibrium of a fluid is possible only in a force field such that the lines of 
force (the trajectories) of f are orthogonal to the trajectories of curl f. 

Solution. Taking the curl of both sides of (5.137), we obtain 

curl (pf) = V p x f + p curl f = O. (5.138) 

Then taking the scalar product of (5.138) with f, we find that 

f· curl f = O. 

Therefore f must be orthogonal to curl f at every point of the field. This is 
always the case in a plane force field. Obviously, equilibrium is also possible 
in a potential field (curl f = 0). The equipotential surfaces of such a field are 
also surfaces of equal density (since V p x f = 0) and surfaces of equal 
pressure (since Vp x f = 0). 

Problem 6. Consider two parallel infinite plates a distance h apart, 
where the top plate moves with velocity Ul and the bottom plate with velocity 
u2• Then the stationary velocity field of an incompressible fluid of viscosity 
[1. moving between the plates is of the form 

V = VIII = - (X2 - hx2) + X 2 + U2 11, 
o [1 dp 2 U l -U2 ]0 

2[1. dX l h 
(5.139) 

where Xl lies in the lower plate and points in the common direction of motion 
of the two plates, X 2 is perpendicular to the plates, and dp/dxl is a constant 
pressure gradient. Find the circulation r of the velocity around a circle 
LR of radius R perpendicular to the flow with its center halfway between the 
plates. 

First solution. By direct calculation, we have 

In terms of the polar angle cp, 

Xl = R cos cp, hR' X = - + sin m 
2 2 T' 

and hence 

,( dX
l 

= -R f21tsin cp dcp = 0, :rLE Jo 

t X2 dX l = -R f21t(h + R sin cp) sin cp dcp = _7tR2, 
.LE Jo 2 

f
L
/; dx. ~ -R I:IT G + R sin cp)' sin cp dcp ~ -R'h7t. 
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It follows that 

r = _ U 1 - U 2 7tR2. 

h 

Second solution. Applying Stokes' theorem to the disk S bounded by 
L R , we find that 

r = I I(curl V)s dS = -I I aVl dS 
s s aX2 

= -I I [~ dp (2X2 - h) + U
1 

- U
2
] dS 

s 2[1. dX1 h 

{R{21t[1 dp . U1 -U2] 
= -J, J, - (h + 2rsm cp - h) + rdrdcp 

o 0 2[1.dxl h 

= _ U1 - U 2 7tR2. 

h 

Problem 7. Express the kinetic energy of a stationary irrotational flow 
of an incompressible fluid of density p occupying a volume V in terms of an 
integral over the surface S bounding V. Prove that if the fluid is at rest on 
the surface S, then it is at rest throughout the volume V. 

Solution. Let v be the velocity field. Since curl v = 0, we have v = V cp, 
where cp is the velocity potential. Thus the kinetic energy is 

2 

T = £ I I I ~ dV = £ I I I (V cp)2 dV. 
2 v 2 2 v 

Using the incompressibility condition 

div v = div (Vcp) = ~cp = ° 
and the formula 

div (cpA) = cp div A + A· Vcp, 
we find that 

T=£ III div(cp Vcp)dV- p III cpdiv(Vcp)=£ III div(cp Vcp)dV 
2 v 2 v 2 v 

(set A = V cp). Using Gauss' theorem to transform the volume integral into 
a surface integral, we obtain 

T= £ II cp(n.Vcp)dS = p II cp acp dS. 
2 s 2 s an 

If the fluid is at rest on S, then vIs = ° and hence 

acp = v . nls = 0, 
an s 

which implies T = 0, i.e., the fluid is at rest throughout V. 
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Problem 8. Let v = vCr, t) be the velocity field of a moving fluid, and let 
A = A(r, t) be another vector field occupying the same region of space. 25 

Find a necessary condition for conservation of the trajectories of A, i.e., a 
condition for the trajectories of A to always consist of the same fluid particles. 

Solution. Let MN be a trajectory of A at time t, and suppose MN is 
deformed into M'N' at time t' while remaining a trajectory. Let a and d be 
two neighboring particles of MN, which go into two neighboring particles 
band e of M' N' (see Fig. 5.9). Then A x 3r = 0 at time t, while A' x 
3r' = 0 at time t' = t + 6.t, where the meaning of A, A', 3r and 3r' is shown 

c A' 

M'--~ 8r' 

v(r, t)~t ~;t:0 ~ ____ N 

FIG. 5.9. If the trajectories of the field A are conserved, then the particles 
forming the trajectory MN at time t move in such a way as to again form 

a trajectory M'N' at any other time t'. 

in the figure. From the quadrilateral abed we find that 

3v 
3r' = 3r + vCr + 3r, t) 6.t - v(r, t) 6.t = 3r + 3Xk 6.t 

OXk 

= 3r + (3r . V)v 6.t, 
if only linear terms are retained. Therefore 

(A + ~6.t) x [3r + (3r. V)v 6.t] = 0, 
since M'N' is a trajectory. Expanding the vector product, recalling that 
A x 3r = 0 and retaining only linear terms, we have 

tJ.! x 3r + [A x (3r . V)v] = 0 (5.140) 
dt 

or 

[:~ - (A • V)vJ x A = 0, 

25 For example, A might be the acceleration field dv/dt or the "vorticity field" curl v. 
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since 8r is parallel to A. This is the required necessary condition for con
servation of trajectories of A. 

Remark. It can be shown26 that 

c!.! - (A • V)v + A div v = 0 
dt 

(5.141) 

is a necessary and sufficient condition for conservation both of trajectories 

Sf + 6.f n 

n 

of A and of the intensity of vector tubes of A. 
Note that~ (5.141) implies (5.140). 

Problem 9. Let v = v(r, t) and A = A(r, t) 
be the same as in the preceding problem. At 
time t, let ret) be the circulation of A around 

Lf a closed contour L t , and at subsequent times 
t + 6.t let r(t + 6.t) be the circulation of A 

dr around the new contour LHilt (see Fig. 5.10) 
made up of the same fluid particles as L t 

(such a moving contour will be called a "fluid 
contour"). Derive an expression for dr fdt. 
Find a necessary and sufficient condition for 

FIG. 5.10. Illustrating the change 
of circulation around a fluid 

contour. 

conservation of the circulation of A around any fluid contour. 

Solution. Since 

we have 

ret) = i A(r, t) . dr, YLt 

~ = lim ~(fL A(r, t + 6.t) . dr - fL A(r) . dr} 
dt At-+O 6.t t+M t 

= lim l.{ fL [A(r, t + 6.t) - A(r, t)] . dr 
At-+O 6.t HAt 

+ fLt+At A(r, t) . dr - fLtA(r, t) . dr} 

= fL aA. dr + lim ~ {iL A(r, t) . dr - iL A(r, t) . dr}. (5.142) 
t at At-+O 6.t 'Y t+At 'Y t 

To calculate the last limit on the right in (5.142), we consider the flux of the 
vector curl A through the closed surface fonned by two "caps" St, SHilt 

supported by the contours L t , Lt+ilt and the lateral surface So made up of the 

26 See N. E. Kochin, I. A. Kibei and N. V. Roze, Theoretical Hydrodynamics (translated 
and edited by D. Boyanovitch and J. R. M. Radok), John Wiley and Sons, Inc., New York 
(1964), Sec. 5.5. 
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segments of the trajectories of the fluid particles "swept out" in time 6.t 
(see Fig. 5.10). Since curl A is a solenoidal vector, it follows from Gauss' 
theorem that 

J J n· curl A dS + J J n· curl A dS + J J n· curl A dS = 0, 
St+M St So 

where dS denotes a generic surface element. Applying Stokes' theorem to the 
first two integrals on the left and bearing in mind that the interior normal to 
St points in the direction of advance of a right-handed screw turned along 
L, we obtain 

J, A(r, t) . dr - J, A(r, t) . dr = - J f n· curl AdS. 
JLt+~t JLt S 

But 
n dS = dr x v 6.t 

on the lateral surface So. It follows that 

o 

J, A(r, t) . dr - J, A(r, t) . dr = 6.t J, (curl A x v) . dr, (5.143) 
JLt+M JLt JLt 

where we have used formula (1.27). 
Next, substituting (5.143) into (5.142), we find that 

- = - + (curl A x v) . dr dr f {OA } 
dt Lt at 

(5.144) 

or 

dr = J J{~ curl A + curl (curl A x V)} . n dS, 
dt St at 

after applying Stokes' theorem again. Writing B = curl A and then using 
Prob. 8, p. 180 to expand curl (B x v), we finally obtain 

dr = J J{~ - (B. V)v + B div v) . n dS. 
dt St dt 

Since S t (like L t ) is arbitrary, it follows that dr / dt = 0 and hence r = const 
if and only if 

dB _ (B. V)v + B div v = O. 
dt 

Recalling the remark on p. 240, we conclude that a necessary and sufficient 
condition for conservation of the circulation of a vector field A = A(r, t) 
around an arbitrary fluid contour is that the trajectories of curl A and the 
intensity of vector tubes of curl A both be conserved. In particular, (5.144) 
implies Thomson's theorem, which states that the time derivative of the 
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circulation of the velocity field v around any fluid contour equals the circula
tion of the acceleration field dvfdt around the same contour. In fact, setting 
A = v in (5.144) and noting that 

V(~) = (v· V)v + v x curl v 

(recall Prob. 2, p. 233), we have 

~ = i {~+ (v • V)v - V (~)} • dr = f dv. dr, dt JLt at 2 L t dt 
• SInce 

fL' V (~') • d r ~ 0, 

being the integral of a single-valued function around a closed contour. 

Remark. Given a vector field A = A(r, t), a trajectory of the field curl A 
is called a vortex line of A, and a surface formed by the vortex lines going 
through some closed contour is called a vortex tube. Thus we have shown 
that a necessary and sufficient condition for conservation of the circulation 
of A around an arbitrary fluid contour is that the vortex lines of A and the 
intensity of vortex tubes of A both be conserved. 

Problem 10. Show that if r is the distance between the points (Xl> X2' xs) 
and (~1' ~2' ~s), then the function 

r 

where g is twice differentiable but otherwise arbitrary, satisfies the equation 

Df= 0, 

where D is the D'Alembertian operator 

a2 a2 a2 1 a2 

D - ax~ + ax~ + ax~ - ~ af . 

Solution. Calculating t1.f, we have 

1 1 
t1.f = - V g + g V - . 

r r 

Using (4.74) and denoting differentiation with respect to the argument 

t - r by a prime, we obtain 
c 

f=- --Vr --Vr=- -+- Vr=- -+--1 ( g' ) g ( g' g) ( g' g) r 
r c r2 cr r2 cr r2 r 
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(recall Exercise 2a, p. 182). It follows that 

~f = div 'If = -div[r(~ + !a) ] 
= - - + - dlV r - r . V - + -( 

g' g). ( g' g) 
er2 r3 er2 r3 

( 
g' g) r( gil 2g' g' 3g ) gil 

= - 3 er2 + r3 - r· r - e2r2 - er3 - er3 - r4 = e2r 

(recall Exercise 3a, p. 182). But 

gil = (J2g (J2g (J"l 

(J (t _ ;)' = at' = r at' ' 

and hence 

• I.e. , 
Of= 0, 

as required. 

Remark. Consider the equation 

Of = -47tg(XI' X2, x3 , t), (5.145) 

where g vanishes outside of some finite volume V. Then by an argument like 
that used to solve Poisson's equation in the proof of the fundamental 
theorem of vector analysis (see Sec. 5.7), it can be shown that the solution of 
(5.145) can be written in the form 

g( ~l' ~2' ~3' t - :) 

f(x l, X2, X3, t) = f f f d~l d~2 d~3' 
v r 

where 

r = .J (Xl - ~1)2 + (X2 - ~2)2 + (X3 - ~3)2. 
In particular, the solutions of the equations (5.123) satisfied by the vector 
and scalar electromagnetic potentials can be written as 
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These solutions show that the current and charge at the point (;1' ;2, ;3) 
influence the potentials at the point (Xl' X 2, X3) with a time delay ric equal 
to the time it takes a signal travelling with the velocity of light to traverse the 
distance r between the two points. For this reason, (5.146) and (5.147) are 
often called retarded potentials. 

Problem 11. Show that electromagnetic disturbances propagate with 
velocity 

c 

Jfl.E 
in a medium of dielectric constant e: and magnetic permeability fl., provided 
there are no free charges or currents (p = 0, j = 0). 

Solution. Taking the curl of the third Maxwell equation (5.109) with 
D = e:E, we have 

e: aE e: a 
curl curl H = - curl - = - - curl E. 

c at cat 
Together with the first and second Maxwell equations (5.107) and (5.108), 
this implies 

(5.148) 

where we use (4.96) and the constitutive relation B = fl.H. 
it is easily verified that 

In the same way, 

~E = ~ a2

E. 
c2 at2 

It follows that the initial values 

Elt=to = Eo(r), Hlt=to = Ho(r) 

(5.149) 

of the electromagnetic field at time t = to propagate with velocity cj,r;;;, 
as asserted. In other words, (5.148) and (5.149) describe the propagation 
of electromagnetic waves, and hence are called wave equations. 

Problem 12. Show that the function 

H = HoeiCcut-k.rl 

satisfies equation (5.148) if 

(Ho = const) 

k = Ikl = wJ/iE . 
c 

Solution. Clearly, we have 

aiH = (iw)2HoeiCcut-k.rl = _w2HoeiCcut-k.rl = -w2H 
at2 

(5.150) 

(5.151) 
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and 
~H = Ho ~ei(wt-k·r) = Hoeiwt ~e-ik·r. 

Moreover the jth component of Ve -i(k'r) is 

SO that 

and similarly 

Therefore 

n -ik'r 'k -ik'r ve = -l e , 

A -ik'r r7 n -ik'r ( 'k 'k) -ik'r k 2 -ik'r ue = v . v e = l • l e = - e . 

It follows from (5.151) and (5.152) that 

~H - ~ a
2H = (_k2 + ~CE2 (

2)H, 
c2 at2 

and hence (5.148) is satisfied if 

w -
k = Ikl = - )r-E• 

c 

(5.152) 
~ 

Remark. The vector k is called the wave vector, and its magnitude k can 
be expressed in terms of the wavelength ).." i.e., the distance (along k) between 
consecutive points where H takes identical values at any fixed time. In other 
words, ).., satisfies the relation 

which implies 

or 

ei(k'r) = ei [k' (r+ A~)] = eik.re iAk, 

)"'k = 27t 

)..,=27t. 
k 

The solution (5.150) of equation (5.148) and the similar solution 

E = Eoei(wt-k'r) 

of equation (5.149) describe a plane monochromatic electromagnetic wave. 27 

In fact, the wave front (the surface of constant phase) belongs to the family 
of planes 

k . r = const. 

Since these planes are perpendicular to the vector k (see Prob. 9, Case 4, 

27 The adjective "monochromatic" refers to the fact that the (angular) frequency w 

is constant. 
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p. 44), a plane wave always propagates in the direction of the wave vector k. 
Using the Fourier integral, we can represent an arbitrary electromagnetic 
wave as a superposition of plane monochromatic waves with different 
frequencies (U and wave vectors k. 

Problem 13. Describe the propagation of electromagnetic waves in 
a medium of dielectric constant E, magnetic permeability f1. and conduc
tivity cr. 

Solution. Inside a conducting medium we have 

p=o 
(no free charge) and 

j = crE 

(Ohm's law). Therefore l\1axwell's equations (5.107)-(5.110) can be written as 

f1. aH 
curlE = ---

c at ' 
div E = 0, 

curl H = e: aE + 47tcr E, 
c at c 

div H = O. 

It follows from these equations that28 

and similarly 

f1.E a2E _ ~E + 47tf1.cr aE = O. 
c2 at2 c2 at 

Suppose we look for a solution of (5.153) of the form 

(5.153) 

( 5.154) 

(5.155) 

Substituting (5.155) into (5.153), we find that k must satisfy the equation 

(5.156) 

It follows that k must be complex, i.e., 

k = kl + ik2• (5.157) 

28 Take the curl of the third equation, and then use the first and second equations. 
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Substituting (S.IS7) into (S.IS6), we obtain 

(S.1S8) 

where cos 8 = cos (k1' k 2) and nl2 < 8 <; n (since k1k2 > 0). Solving 
(S.IS8) for k1 and k2' we find that 

~E[ 

~E[ 

1+ 

1+ 

( 4nO' )2 + IJ 1/2, 
EW cos 8 

( 
41t(j )2 _ IJ 1/2. 

EW cos 8 

Combining (S.ISS) and (S.IS7), we find that 

and similarly 

since equations (S.IS3) and (S.IS4) are of exactly the same form. 

EXERCISES 

(S.1S9) 

(S.160) 

1. Prove that the rules for covariant differentiation of sums and products of 
tensors coincide with the corresponding rules for ordinary differentiation of 
tensors. For example, if Aik and Bik are second-order tensors, prove that 

(Aik + B ik) I = Aik l + Bik I, 
• • • 

2. Show that 

og ij ogjk [. k] [k "] 
oxk oxi ~ l,j - , lj . 

3. Prove that in orthogonal coordinates L i k} =~ 0 if the indices i, j, k are 

distinct, while 

{ i} = ~ In h. 
i i ox~ z. 

o 
=--:Inh· ox} H {/A = 

h· oh· } } 

in terms of the metric coefficients hi (no summation over repeated indices 
i of- j). 

4. Show that 
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5. Prove that the covariant derivative of the magnitude of a vector A equals 

1 0 

IAl,i 0-= IAI Aj,i
AJ

• 

6. Prove that the analogues of equations (5.59), (5.61) and (5.65) in generalized 
coordinates Xl, X 2, x 3 are ' 

av i 
0 0 Ok 

P - + pVkV~ = pn + p~ of ,k 'J ,k' 

Write the last of these equations in terms of the covariant components of the 
velocity field. 

Hint. The contravariant components of the rate of deformation tensor are 

V ik = gilgkmv = gilgkm(v + V ). 1m I,m m,l 

7. Prove that each of the fields 

B = Yip x Y~ (ip and ~ scalar functions) 
is solenoidal. 

8. Find the general form of the function fer) such that the field A = f(r)r is 
solenoidal. 

Ans. fer) = c/r3 where c is an arbitrary constant. 

9. Prove that each of the fields 

A = (6XIX 2 + X~)il -+- (3xi - x 3)i2 + (3XIX~ - x2)i3, 

B = ipYip (ip a scalar function) 

is irrotational. Find the potential of the field A. 

Ans. A = (3xix2 + XIX~ - X2X3 + const). 

10. Prove that if the fields A and Bare irrotational, then the field A x B is 
solenoidal. 

11. Let V be a finite volume bounded by a surface S. Suppose we have found a 
vector field A = A(r) in V, with prescribed divergence and curl, satisfying the 
boundary condition 

A . nls = fer). 

Prove that A is unique. Is f completely arbitrary? 

12. Deduce (5.139) from the Navier-Stokes equation. 
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13. Let v = vCr) be the stationary velocity of a moving incompressible fluid. 
Prove that the flux of curl v is the same through every cross section of a vortex 
tube (of v). Prove that the intensity of a vortex tube (see p. 218) equals the 
circulation of v around any closed contour bounding a cross section of the tube. 

14. Let v = vCr, t) be the velocity field of a moving fluid. Prove that the 
circulation 

1: v. dr '!L t 

around any closed fluid contour L t (see p. 240) is independent of the time, 
provided the body forces have a potential and the fluid is barotropic (i.e., 
the density of the fluid is a function of the pressure). 

Hint. Use Thomson's theorem. 

15. Under the same conditions as in the preceding problem, prove Helmholtz's 
theorem which states that the vortex lines (of v) and the intensity of vortex tubes 
are both conserved (in time). 

Hint. Use the remark on p. 240. 

16. Show that the waves (5.159) and (5.160) are attenuated, i.e., that IHI and 
lEI decrease as Irl increases (for sufficiently large Irl and sufficiently narrow 
wave fronts). 



• 

• 
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A 

Acceleration field of a moving fluid, 165-

Characteristic directions, 109 
Characteristic equation, 114 
Characteristic plane, 119 
Characteristic values, 109 
Characteristic vectors, 109 
Christoffel symbols, 187-190 

166 
Angular momentum, 57 
Angular velocity, 45 
Antisymmetrization, 107 
Arc length, 32, 86 
Archimedes' law, 208 
Aris, R., 72, 96, 97, 204, 206 
Axial vector, 18, 109 

B 

Barotropic flow, 233 
Basis, 9 

left-handed, 21 
local, 85 
orthogonal, 34 
reciprocal, 24 
right-handed, 21 

Basis vectors, 9, 85 
direct transformation of, 13 

coefficients of, 13 
inverse transformation of, 13 

coefficients of, 13 
Bernoulli's law, 234 
Biharmonic equation, 232 
Biot-Savart law, 214 
Bipolar coordinates, 101 
Bound vector, 3 
Royanovitch, D., 240 
Buck, R. C., 140 

c 

Cartesian tensors, 61 
Center of charge, 48 
Center of mass, 54 

of the first kind, 187 
of the second kind, 188 

Circulation, 136,235,236 
Collinearity condition, 43 
Collision of particles, 49-51 
Components, 15 

contravariant, 28 
covariant, 28 
physical, 30 

Constitutive relations, 228 
Contravariant components, 28 

relation of, to covariant components, 
31 

Control surface, 210 
Coordinate curve, 11, 84 

positive direction along, 85 
Coordinate surface, 84 
Coordinate system(s): 

nonorthogonal, 13 
oblique, 10 
orthogonal, 11, 86 
rectangular, 10 ff. 

transformation of, 38-39 
Coordinates, 11 

curvilinear, 11, 82-88 
cylindrical, 82 
generalized, 82 

basis of, 85 
orthogonal, 11, 86 
polar, 11, 12 

generalized, 12 
spherical, 83 

Covariant components, 28 

253 

relation of, to contravariant compon
ents, 31 
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Covariant derivative, 186 
Covariant differentiation, 185-196 

of tensors, 190-191 
of vectors, 185-187 

Cross product (see Vector product) 
Curl, 161-164 
Current density, 226 
Curvature, 175 
Curvilinear coordinates, 11, 86 
Cylindrical coordinates, 82 

D 

D'Alembertian operator, 230 
Deformation tensor, 2, 70-72 
Del operator (see Operator 'V) 
Deviators, 122 
Dielectric tensor, 100 
Differential operators, 168 ff. 

in generalized coordinates, 192--196 
in orthogonal curvilinear coordinates, 

171-174 
Dipole moment, 47 
Directional derivative: 

of a scalar field, 147-148 
of a vector field, 164-165 

Dirichlet problem, 222 
Dissipation function, 127 
Divergence, 155-161, 193-194 

of the velocity field of a fluid, 157-
158 

Divergence theorem, 157 
Dot product (see Scalar product) 
Dummy indices, 34, 91 
Dyad,93 

E 

Efflux, 154 
Eigenvalues, 109 
Eigenvectors, 109 
Electric displacement, 110, 228 
Electric field, 19, 110, 226 
Electromagnetic waves, 244 

plane monochromatic, 245 
Electromotive force, 226 
Equation of continuity, 159 
Eulerian angles, 46 

F 

Faraday's law of induction, 226 
Finite rotations, 4-5 
Fluid contour, 240 
Fluid dynamics, 203-211 
Fluid motion, equations of, 203-208 
Flux density, 209 
Free energy, 133 
Free vector, 2 
Frenet-Serret formulas, 176 
Fundamental theorem of vector analysis, 

223 

G 

Gauss'theorem, 137-139 
Gradient, 92, 147, ISO-lSI, 192-193 
Green's formulas, 201 
Green's theorem, 139-140 

H 

Harmonic functions, 219 
properties of, 220-222 

Helmholtz's theorem 249 , 
Higher-order tensors, 76-77 

in generalized coordinates, 90 
Hodograph, 35 
Homogeneous form of degree, 3, 76 
Homogeneous linear form, 76 
Homogeneous quadratic form, 76 

I 

Ideal fluid, 207 
Infinitesimal rotations, 5, 44 45 
Influx, 154 
Inhomogeneous wave equation, 230 
Integral theorems, 196-203 

related to Gauss' theorem, 197-198 
related to Stokes' theorem, 198-200 

Invariance of tensor equations, 81-82 
Invariants of a tensor, 121 
Isotropic tensor, 96 

K 

KibeI, I. A., 240 
Kochin, N. E., 240 



Kronecker delta, 39 
Kutta-Ioukowski theorem, 235-236 

L 

Laplace's equation, 219 
Laplacian (operator), 169, 194-196 
Laplacian field, 219 
Left-handed basis, 21 
Level surface, 146 
Line integral, 136 
Lorentz condition, 230 

M 

Magnetic field, 19, 226 
Magnetic induction, 228 
Magnetization, 228 
Magnetomotive force, 227 
Marion, J. B., 231 
Matrix, 64 
Maxwell's equations, 226 
Metric coefficients, 34, 87 
Metric tensor, 32, 86 

verification of tensor character of, 90 
Moment of a force, 19,56 
Moment of inertia tensor, 68-70, 110-

113 
Momentum flux density, 209 
Momentum theorem, 209 
Motion under gravitational attraction, 

5r54 
Movi trihedral, 175 
Mult"ple-valued potential, 213 
Mu iply connected region, 145 

N 

Nabla operator (see Operator \l) 
Navier-Stokes equation, 207 
Neumann problem, 222 
Neutral charge &ystem, 48 
Newton's second law, 82 

invariance of, 82 
Nutation, 46 

o 
Ohm's law, 228 
Operator \l, 149, 168 ff. 
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Orthogonal bases, 34 
Orthogonal coordinates, 11, 86 
Orthogonal transformation, 122 

improper, 123 
proper, 123 

Orthogonality conditions, 39 
Orthonormality conditions, 15 
Osculating plane, 175 

p 

Parallel displacement condition, 187 
Physical components, 30 
Poisson's equation, 224 
Polar axis, 11 
Polar vector, 18 
Polarization, 228 
Pole, 11 
Potential, 211 

multiple-valued,213 
Potential field, 211 
Poynting's vector, 232 
Precession, 46 
Principal directions, 109 
Pseudotensor(s), 109, 122-126 

Q 

components of, 124 
unit, 126 

Quadric surface, 64 

R 

Radius of curvature, 175 
Radius of torsion, 176 
Radok, J. R. M., 240 
Rate of deformation tensor, 72-75 
Reciprocal bases, 24 
Retarded potentials, 244 
Ricci's theorem, 191 
Right-handed basis, 21 
Roze, N. Y., 240 

s 

Scalar fields, 145 ff. 
Scalar potential, 211, 228 
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Scalar product, 14 
commutativity of, 14 
distributivity of, 15 
invariance of, 79 

Scalar triple product, 20 
Second-order tensors, 63-75 

components of, 64 
transformation law of, 64 

Shilov, G. E., 123, 133 
Silverman, R. A., 123 
Simply connected region, 144 
Singular point, 152 
Sink, 154, 155, 160 

strength of, 155, 160 
Sliding vector, 3 
Solenoidal field, 216 
Source, 154, 155, 160 

strength of, 155, 160 
Spherical coordinates, 83 
Spherical trigonometry, 41-42 
Stokes'theorem, 137, 141-144 
Strain tensor (see Deformation tensor) 
Stream function, 217 
Streamline, 151, 217 
Stress tensor, 1,66-68, 110, 167 

in generalized coordinates, 92 
viscous, 96 

Summation convention, 26-27 
Symmetrization, 107 

T 

Tensor analysis, 134 ff. 
Tensor ellipsoid, 118-120 
Tensor field, 135, 166 

continuous, 135 
flux of, 166 
homogeneous, 135 
nonstationary, 135 

Tensor function of a scalar function, 134 
derivative of, 134 

Tensor(s) : 
addition of, 103 
anti symmetric, 106 

equivalence of, to axial vector, 107-
109 

antisymmetric part of, 107 
Cartesian, 61 
characteristic directions of, 109 
characteristic equation of, 114 
characteristic values of, 109 

Tensor(s) (colli.): 
characteristic vectors of, 109 
contraction of, 104 
contravariant, 91 
contravariant components of, 89 
covariant, 91 
covariant components of, 89 
covariant differentiation of, 190-191 
deformation, 70-72 
eigenvalues of, 109 
eigenvectors of, 109 
equations, 81 

invariance of, 81-82 
first-order, 61-63 
in generalized coordinate systems, 88 
invariants of, 121 
isotropic, 96 
mixed,91 
mixed components of, 89 
moment of inertia, 68-70 

in two dimensions, 110-113 
multiplication of, 104 
of order n, 59, 76 

components of, 59, 76 
transformation law of, 76 

physical components of, 91 
principal directions of, 109 
product of, 104 

inner, 105 
outer, 104 

rate of deformation, 72-75 
reduction of, to principal axes, 109-

120 
second-order, 63-75 
stress, 66-68, 110 
symmetric, 105 
symmetric part of, 107 
transformation of, under rotation 

about a coordinate axis, 77-81 
two-dimensional, 79 
unit, 70 
zeroth-order, 60-61 

Thomson's theorem, 241 
Torsion, 176 
Trajectory, 151 
Tube of flow, 153 

u 
Unit tensor, 70 
Unit vector(s), 6, 11 



v 
Vector analysis, 134 ff. 

fundamental theorem of, 223 
Vector field(s), 151 ff. 

flux of, 152 
homogeneous, 186 
trajectories of, 151 

Vector function (s) : 
of a scalar argument, 35 

derivative of, 36 
integral of, 37 
rules for differentiating, 37 

of a vector argument, 65 
linear, 65 

Vector potential, 216, 228 
Vector product, 16 

distributivity of, 16 
Vector triple product, 21 
Vector tube, 218 

intensity of, 218 
Vector(s) : 

addition of, 3 
associativity of, 4 
commutativity of, 4 

axial, 18, 109 
basis, 9 
bound, 3 
collinear, 7, 8 
components of, 15, 62 

transformation law of, 62 
contravariant components of, 28 
coplanar, 8 
covariant components of, 28 
"division" of 23 , 
expansion of, with respect to other 

vectors, 8-9 
as first-order tensors, 61-63 
free, 2 
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Vector(s) (COllt.): 

linearly dependent, 7 
linearly independent, 7 
multiplication of, by a scalar, 7 
orthonormal, 10 
physical components of, 30 
polar, 18 
projection of, onto an axis, 6 
radial component of, 178 
radius, 10 
scalar product of, 14 
scalar triple product of, 20 
sliding, 3 
subtraction of, 5 
tangential component of, 178 
unit, 6, 11 
variable, 35 
vector product of, 16 
vector triple product of, 20 
zero, 2 

Velocity potential, 222 
Viscosity coefficients, 97 
Viscous compressible fluid, 207 
Viscous incompressible fluid, 207 
Viscous stress tensor, 92 
Vortex line, 242 
Vortex tube, 242 

w 
Wave equation, 244 
Wave vector, 245 
Wavelength, 245 
Work, 19 

z 

Zero vector, 2 
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