MHXXXX <Test name> Cheatsheet

D Foundations sels mapeniuction andproalbaticns

Sets, quantifiers, and functions

Definition 1. Forsets A, B, a function f : A — B assigns each

a € A cxactly one value f(a) € B.ltis 1njectlve if f(a)

fla') = o', surjective if Vb € B3a € A : f(a)

and bijective if both.

Theorem 2 [FND-A] (inverse criterion). A map f A — B
T ctlve Tff there exists g : B A with g df idy and

oy The two identitics are both reqiired unless fnjac-

tivity or surjecuvlty is already known.

Prooﬁlffisb e, detine g (b) as the unique preimage. Con-

a’) =

versely, g o id implies injectivity: f(a a
g(f(a)) q(f(a )) = a’. The other identity gives SurJeclelLy
since b = f(g(b)).

Assumption. Unless stated otherwise, families indexed by the

empty set have union &, intersection oq\ml to the ambient uni-

verse, empty sum 0, and d empty producl

De Morgan: (U; A;)° = (), A® and ((}; A;)° = U, A¢. For pred-

icates P. Q, remember P = —~P V Q'and its conltrapositive
-Q Negating quantifiers swaps them: — )

ER) ﬁP(T), while ﬁ(aw P(z)) = Va —P (). A single counterex-

ample refutes a universal claim; examples cannot prove it.

Induction and extremal arguments

Principle 3. To prove P(n) foralln > ng, prove P(ng) and
P(k) = P(k + 1) for arbitrary k > ng. Strong induction may
ume P(ng), . . ., P(k); it is logically equivalent.
Example 1. Show 1 + 3 + - - - + (2n. — 1) = n?. The base case
is 1 = 12. If the claim holds at n k, then adding 2k + 1 gives
k2 42k +1 = (k+1)%. State the arbitrary k and close the quan-
tified conclusion.
Caution. Do not assume the desired statement at k + 1, and do
not hide astronger induction hypothesls For recurrences, check
every initial index needed by the step

n extremal proof selects a smallest or largest counterexample.
Verify that the candidate set is nonempty and that the order is
well founded. Minimal-counterexample template: assume fail-
ure; choose least m failing; construct a smaller failing value or
show all smaller values force P(m), contradiction.
oW1 [FND- Al] equivalence relations. Let @ ~ yiffz —y € ZonR
Describe the quotient. Sol. The relation is reflexive, symmetric,
and transitive; [z] x+Z. Every class has exactly one represen-
tativein [0, 1), sothe quotient is parametrized by that half-open
interval.
Alt. (fractlonalpart) Map [z] —

1 1.

@ — ij Inleg,er Lranslauon

* u-part to the W sids

ALG-B dimension formula: dim(U + W) = dim U +dim W —
dim(U N W)

Proof. Choose a basis ¢, ...
uy, ..., uptoU and by wy,
c,u, wspans U 4+ W.

of U n W, extend it by
 toW. T ‘he concatenated list
Ifalinear c ()nxblndh()n vanishes, move the
it 1i N W, and independence in ea

o

extended ba. all coefficients zero. Count. [m)
Wiiricos and changes ol Sasis
For ordered bas dC = (c1,.-.,cm), the

B = (b, (
matrix [T]c. g has column j equal to [T (b;)]c. Thus
[T( Ne = [Tleesv]s [SoTlpes = [SlpclTlees-
lid]s—c, then {v]s = P[v]c and the same operator ha
matnccs Ac = P~' Az P. Read arrows before multiplying.
oW2 [ALG-B] rank-nullity. Let T S have matrix A
1

0
1 1
three is the sum of rows one and two, while the first two rows are
independent, so rank A = 2 and nullity 2. Solving @; + @5 +
4 =0,z + w3 + 4 Og‘l

. Find bases

! of kernel and image. Sol. Row

—2
-1
+t| 7o

The first two columns are independent and pivot columns of the
original matrix; they form an image basis.

Caution. Pivot columns must be taken from the original ma-
trix. Row operations preserve row space and rank, but generally
change column space.

Eigenvalues and diagonalization

Theorem 6. For A € M, (F), the following are equivalent:
A s diagonalizable; F" has a basis of cigenvectors; the sum of
¢igenspace dimensions is n; the minimal polynomial splits into
distinct linear fa

Algebraic multiplicity is the multiplicity of A in x4 (1); soomet-
ric multiplicity is dim ker(A — ays 1 S}
m, (). Distinct eigenvalues vu.ld indepondent (.xg(.nveutur; A
triangular matrix exposes eigenvalues on its diagonal but is not
automatically diagonalizable.

Example 2. A (0

2)2 but eigenspace ker(A — 21) = span(e; ), hence no eigenba- ;
sis. By contrast 21 has the same characteristic polynomialand a
two-dimensional eigenspa.

inner products, and normal forms

;) has characteristic polynomial (¢ —

The determinant is the unique alternating multilinear map of
the columns with det I ,omequenuy det(AB) =
det Adet 5, A is invertible T det A #0 arow replacement

leave: n[0,1)
differin; byanlnte or differ by 0. pr()vlngunlanpne
Goal Useful start Typical finish
A =B two inclusions element chase
uniqueness  assume two objects  force equality

nonexistence suppose object exists contradiction
iff two direction: cite

Relations, cardinality, and proof diagnostics

For a relation R C A X A, distinguish reflexive, symmetric, P.
antisymmetric, and transitive. Symmetric plus :l,n'.l\ mmetr
does not mean “neither direction”: if both aRb ai a occur,
antisymmetry forces a bartial order is reflexive, anti.
symmetric, transitive; a total order additionally compares e
ery pair. An equivalence relation is reflexive, symmetric, trans
tiveand partitions A into disjoint nonempty classes. Conversely
artition defines equivalence by membership in the same cell
Theorem 2A. Gantor's diagonal argument shows thers is no
Surjection A — 7=~(A) Hence | A| < \P(A)\ for every set 4
P(A), set a ¢

Proof. Given f : f(a)}. If
f(d), then d g D d D,concradmcmm
Countablln.y patterns: a subset of a countable set is countable; a
finite product of countable sets is countable; a countable union
of countable sets needs a selected enumeration. The rationals
are countable by diagonal enumeration of integer pairs, while
binary sequences are uncountable by changing the nth digit of
the nth listed sequence.
Caution. Diagonal arguments construct an object outside an
alleged exhaustive list, Specify that the constructed object be-
longs to the target set s explain why i
listed entry.
Example 1A. To prove V2 irmtimml, assume /2 p/q in
lowest terms. Then p 242, so p is even; writing p 2r
yields q2 2r?, so g is even, contradicting lowest terms. The
lemma “even square implies even integer” follows by contrapo-
sition from odd squares being odd.
ity and congruence methods

Euclidean division gives unique ¢, rwitha = bg+rand0 < r <
[b] for b 7 0. Congruence respects addition and multiplication,
so polynomial evaluation mo. ncellation of ¢
inac = be (mod n) is valid when ged(e, n) = 1; otherwise di-
vide the modulus by the appropriate ged.

Theorem 2B. If p is primeand p | ab, thenp | aorp | b. Every
Tntegern > 1 f;-)ctorsuniquelyintn primes up to order.

Proof. Ifp f a, then ged(p, a) = 1,s0 Bezout gives px +ay = 1
Multiply by b! both pab and aby are divisible by p, hence so
is b. Existence of factor)zatlon follows by strong induction; the

ermn Z/m  x

when ged(m, n)

For simultaneous congruences x a; (mod n;) with pairwise

coprime moduli, set N = [[n;, N; = N/n,,and choose u; N;
1 (mod n;). Thenz = Y a;u; N; (mod N).Check each modu-
lus rather than trusting arithmetic.

Example 1B. Solvex = 2 (mod 3), 2 = 3 (mod a) z =
mod 7). Here N 105 and one construction is
3(21) + 2(15) = 233 = 23 (mod 105), using inve:
into the displayed coefficients. Direct substitution verifies all

2

t. ce.
Structural proof patterns

To prove two finite sets have cqual size, a bilection i= stronger
than separate counting because it explains the identity. Inje.
o Dobh oy s o amral cardinario For arbitiny sets by
Cantor-Schroeder—_Bernstein. For recursively defined objects,
verify existence, uniqueness, and closure at every stage.
aWIC [FND-A] bijection. Show Y37 _, (7 2", Sol. Count sub-
sets of [n]. Grouping by size gives the sum; encoding member-
ship by an'n;bit word gives 27 The correspondence sonds  io
lies,
Lomima 8A. 1T a finite directed acyclic graph has at least one
Vertex, 1t has a source and a sink.
Proof. Starting at any vertex and repeatedly following an in-
coming edge cannot continue forever without repeating a vertex
and creating a cycle, 80 it ends at a source. Reverse edges for &
sink,

proof failure repair

arbitrary example
cular step

bind a general object
> earlier theorem used
p it zero case first

name well-founded measure
prove spanning/i

infinite descent
dimension count

t differs from every 0!

oS °s determinant while a row swap negate: Jofactor ex-

pansion is a theorem, not the definition required in every argu-

ment. Use the convention that a complex inner product is linear
in its hrﬁt argument.

Theorem 6A. For an inner-product space, |(u, v)| < |lull|v],
With equality iff u, v are linearly dependent. Thus [u + v| <
llwll + IIvH

Proof. nonnegativity of tu]|? at ¢

#
{u, L)/IIUH2 gives HHH
the residual is zero,
Gram-Schmidt replaces an independent list vy , .
w; = S, (v, ei)e; ande;
spans. QR factorization re
and coefficients as upper-t

l[w
— [{u, ) [2/]v ]2 > o. Bauality means

. vkbyu
w, /||lugl. It preserves suce
ords the orthonormal columns
angular R.

cle form

spectrum

real symmetric

real; onhogonalbasxs QAQT
complex normal s

orthonormal

real symmetric PD positive LLT
complex Hermitian PD positive LL*
arbitrary singular values > 0 UDV*

Caution. Similarity P -1 AP preserves eigenvalues; row re-
duction generally does not. Congruence PT AP belongs to
£ a rves inertia rather than the full spec-

Least squares and bilinear forms

For real inconsistent Az = b, minimize Az — b||>. The nor-
mal equations are AT Az ATb; over C, replace transposes
by adjoints. The residual is orthogonal to col A. Independent

columns give a unique minimizer. QR is usually preferable to
forming A A
oW2A [ALG-B] projection.

Project b = (1,2,0)7 onto the
line sp;l.nu(:d by u Fici

(1,1,1)T. Sol. The coe ont
(b, u)/(u = 1, so the projéction is u and the resid-
ual (0, 1, orthogonal to u.

Befinition 6B. A bilingar form £ has matrix M ina ba
B(z,y) M([y). Under basis change [z]5 = P[z]c, the ma-
trix changes by congruence M¢ = P* My P.

For a real symmetric form, Sylvester’s law says the counts of
positive, negative, and zero squares in a diagonal form are basi
independent. Completing squares is often faster than eigen-
value calculation. Positive definiteness tests: all eigenvalues
positive; 7 Az > 0for @ # 0; or, for symmech all leading
principal minors positivi

Caution. Normal equations characterize stationary points b
cause the objective is convex general nonlinear least-
squares problem, a zero gradient may not be the global mini-

when

Canonical form and multlinear algebra

For a linear operator, the minimal polynomial divides the char-
acteristic polynomial and has the same distinct roots. Cayley
Hamilton gives x4 (A) 0, allowing high powers to reduce
modulo x 4. If m 4 (t) t — ;) has distinct roots, spectral
projections can be written

s A= Z X P;.

A= 2T
—
They satisfy P; P; [)fnrl # ;,P2 P“andz I.
Theorem 6C. Every matrix over an algebraically closed field is
similar to a direct sum of Jordan blocks J,.(X). The exponent of
(¢ = ) in the minimal polynomial is the largest A-block size.
Example 2C. If N® 0 but N? on a four-dimensional
pace and rank N = 2, nilpotent blocks must have total size 4,
Targest size 8, and number of blocks 4 — rank N = 2. Thus the
partition is 3 + 1
Thie exterior product is alternating: v A v = Oand v,y A A
Vo(r) = sgn(o)vy A -+ A vg. Alinear map induces A¥ T; on top
Cfrec it multiplies by det T Hence determinant measures ori-
ented volume and singulari
Caution. Jordan f()rxn e Lnsitive to small perturbations and
basis choices. Use it for exact structure; use Schur or singular-
value decomp:. ocitions For atable mumerical worl.
CAL-C_ Calculus: local approximation, integration, and series

Differentiation and Taylor control

Theorem 7 [CAL-C] (Taylor with remainder). If f € C" 11

equality of maps
quotient map

evaluate arbitrary input
prove representative independence

Example 1C. The recurrence ag Tdni1 = a’ — 2defines
integers by induction. If one also claims a,, > 2, include it in the
induction invariant: equality persists from a, 2. A formula,
gue om initial terms remains c. onJertuml until substituted
and initial values checke:

G-B Linear algebr:
Subspaces and bases

Definition 4. A subset W C Vv is a sub p: ce when 0 € W and
au for all u scal b. Equivalently,
W ix nomempty and eloded snder arbitrary linear combinations
of two elements

Theorem 5 [ALG-B]| (basis extension). Every lincarly inde-
pendent Iist in a finite-dimensional vector space extends to a ba-
sis; every spanning list contains a basis. Consequently all bases
have the same length, denoted dim V.

Proof, Add vectoss from a fixed finite spanning list until the in-
dependent list spans. The exchange lemma bounds any indepen-
dent list by the spanning-list length, so this terminates. Delet-
ing redundant vectors from a spanning list gives a basis; ex-
change then shows all bases have equal length.

nd operators

Disclaimer:

onan interval containing a and @, then for some & between them,
n f(k)(a) . f(n+l)(€)

f@) = Z -t ———

k! (n+ 1)!

Hence a bound |F D] < M gives error at most M|z —
a|"*/(n + 1)L
Example 3. For || < 1/2, approximate e” by 1 + = + z%/2.
Since e < el/?
e1/2|2|3 /6. The bound follows from the theorem; decimal agree-
ment is not a proo

z — a)™ti.

on the interval, the absolute error is at mos

Product and chain rules: (fg)' = f'g + fg’. (foag)
(f' o 9)g’

Inverse derivative: (F () = l/f (f*‘(y)) (f #0)
Caution nverse rule sumes an inverse
branch, For o, spe > 0or usp or endpoint,

. y @ L
one-sided behavior may replace differentiability.
Integration patterns

/ f'gde,

h(u) du = / h(g(2)g' (a) da.

v
fg'dz = [fgl]
95"

(a)

/

For improper  integrals, introduce limits before ap-
plying algebra: [ f = limp_,o [F f. Absolute
convergence implies  convergence; conditional  con-
vergence does not justify arbitrary rearrangement.

This cheatsheet was generated by an LLM that is smarter and better than you
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Improper-integral tests

Integral/t Condition Conclusion
[ e rde p>1 converges

[} a Pda p<1 converges
compariso 0< f<g [g<oo oo
limit comparison f/g s e € (0, %) same behavior

oW3 [CAL-C] parameter integral. Evaluate I(a) = [j £—1 da fora >
o5 =

—1. Sol. Differentiate under the integral sign after domination
on compact a-intervals: I’ (a) Jg #* dz = 1/(a + 1). Since
I(0) = 0, integration gives I(a) = log(a + 1)

Alt. (Fubini). Use (z* — 1)/ logz = [ ' dt and interchange
integrals; absolute integrability on a bounded t-interval sup-
lies the justification.

Sequences and power series

Thoorom 8. A power series 3,29 an (¢ — ¢)” has a radius B €

a Pro

Theorem 13B. A continuous image of a compact space is com-
Pact; a continuous real-valued function on a nonempty compact.
space attains its maximum and minimum.

Proof. Pull back an open cover of the image to an open cover of
the domain, take a finite subcover, then push it forward. A com-
pact subset of R is closed and bounded, 50 its supremum and in-
fimum belong to it. [m]
Measure rules: countable additivity for disjoint sets implies
monotonicity, continuity from below p lim u(A“) for

1, and continuity from above for A, | Wh(.n ;L( <

Fatou gives [ lim inf £, < liminf | f, for fn

theorem functions conclusion
monotone 0< fut f [t [ F

conv

Fatou fn >0 lower semicontinuity
dominated = f, |ful € g € integrals converge
onv. 1

Fubini

absolute integrabil- iterations agree
ity

it converges absolutely for |z — ¢| < R and diverges for
Endpoints require separate tests. Inside the in-
terval it may be differentiated and integrated termwise without
changing R

(1—a)' =3 2", et =% a"/nl,
nz0 nz0
log(1+2) = Y (=)™ " /n.
ns1

valid respec
point analysis. Ratio test: if [ap 1/ay| L, then the scalar
series converges absoluv_ely for £'< Tand diverges for L >
L = 1saysnot

ol diverges although terms tend to zero. The
alternating hatmonic sorics convorges by the alternating-series
test but not absolutely. Its truncation error after m: at
most 1/(N + 1) and has the sign of the first omitted term.

ODEs and vector calculus

A first-order linear equation y’ + p(z)y
ing factor 1 el? and (puy)’
g(x)h(y) permits division by h(y) only after recording

q(x) has integrat-

= = pnq

equilibrium solutions where h(y) = 0. Fory’ = ay(l — y/K)

with0 < y(0) < K, separanongwesy(z) K/(1+ Ce °t).
Theorem 8A.If F = (P, Q) is continuously differentiable on a
Tply comnecied planar domain and P, = Q,,then F = Vo

and line integrals depend only on endpoints.

To find ¢, integrate P inz: ¢(x, y) = | P(z, y) de + C(y), then
compare ¢y with Q. On domains with holes, curl zero need not
imply a global potential; (—y/(z? + y?),z/(z? + y?)) is the
standard warning. For C! fields on suitable piecewise-smooth
oriented domains or surfaces,

Pdz + Qdy

I @: = raa,

(V X F)-nds F.dr.

Orient boundary and normal conslstently The divergence theo-

rem converts outward flux: [[,,, F - ndS = [ff, V- FdV.

nW3A [CAL-C] optimization. ]\/hnlmWF 22 + y? subject to a2y 1,
z,y 0 Lagrange equations (2, 2y A(y z) )mply

@ = y after positivity; the constraint gives « 1, value

2. Alternatively AMGM gives 22 > 2ay with equal-

= eck that the feasible set s noncompact but the
lanua 1t saglobal bound and equality case.
Numerical approximation checks

Composite trapezoidal and Simpson rules on [a, b] with mesh
h have global errors O(h?) and O(h') under their standard
derivative bounds. Simpson uses an even number of subinter-
vals. For f € C? near asimple root, Newton iteration is locally
quadratic, but may diverge from a poor initial guess.

nW3C [CAL-C] Newton step. Approximate v/2 from g 3/2. Sol.
For f(z) = a2 —2, 2,41 = (z,+2/2,)/2. Thusz; = 17/12and
@y = 577/408; both exceed V2, giving successive upper bounds.
Central f'(z) % +
O(h?®) (f" bounded near x)

The truncation estimate improves as h | 0, while floating-point
cancellation wors merical error balances bo

ANA-D_Real anblysi: limits, compactness, and continuity

Metric language and sequential tests

differenc:

ively for |z < 1.allz, and —1 < @ < 1with end- Sooion oT dense open sots is dense.

cparable equation i

Caution. Continuity from above needs a Anite starting mea-
sure. Fubini without absolute integrability can change or de-
~tr()y an iterated integral.

and

A space is connected iff it has no separation into two disjoint
nonempty open sets. Continuous images of connected sets are
connected; connected subsets of Rare intervals. Hence the inter-
mediate value theorem is a topological statement: f([a, b]) is an
inferval containing the endpoint values
Theorem 13C. In a complete metric space, a countable inter-
quently a nonempty
complete metric space cannot be a countable union of nowhere-
dense closed s

ested c ()Inpd.( c sets in a metric space: if K; 2 ... are
nonempty compact sets, then [\, K, # @.If their diameters
tend to zero in a complebe metric space, the intersection con-
mm; exactl epo

C [ANA-D] fired interval. Suppose £ : [0, 1 [0, 1] is continu-

ous. Prove f(c) = cforsome c. Sol. Let g(x) = f(z) — x. Then
g(0) = £(0) > 0and g(1) = f(T) — 1 < 0.Ifan endpoint value
s zero, finish; othexwlse the intermediate value theorem gives a

property preserved by not generally by

continuous imag
continuous imag
closed subspace:
finite unions

arbitrary unions

s arbitrary inve
subsets
continuous images
arbitrary unions
infinite intersections

se images

compactness

openness

Caution. Tongected doss Mot mean paih-connected Tn arbi-

rary s . Compact doss not mean sequentially compact
without suitable countability or metric hy potheses

MIX-H Further methods: convexity and Fourier analysts

Convexity and inequal

s

Afunction f on a convex set is convex when [ (tz + (1 — t)y) <
tf(z) + (1= t)f(y) for 0 < ¢ < 1. Strict convexity makes the
inequality strict for distinct pointsand 0 < ¢ < 1.For f € C%,
> 0 on an interval, or a positive-semidefinite Hessian on a
convex domain, implies convexit;
Theorem 2 nsen: for weights w;

> 0 summing to one,

T, wixi) < 5, wi f(z;). BEquality for strictly convex f forces

all pos tive- weight z; equal.
Proof. The two-point definition gives the finite statement by
induction, combining the first n — I normalized weights into one
p()lnt Appmxnmnon gives integral forms under suitable

o

abilit;
Example 10. Taking f(2) = — log gives weighted AM_GM.
Fora,b > Oandp, g > Lwith1/p { 1/q = 1, Young’s inequal-
ity ab < a”/p + b7 /q follows from the same convexity pattern.
SW10 (MIX H] convex optimization. ]\hnlmwe e +e¥ subject tox +y
0 sm s\m,,cmm-y —GM gives e > 2, with

e” + e

e Strict e (.onva]ty proves uniquene:
Fourier and urthogona ity

For areal 2n-periodic f € L°[—
a, ==' / f(z) cos na de,

1

o,

b, =7 f(x)sinnz dz.
Onhogon,mcy makes these least- squares coefficients in the
ric span. Bessel gives a3 /2 + + Tusi(al + b2) <

Definition 9. In a metric space (X, d), , — =« means Ve >
03N Vn > : d(z,,x) < e. A sequence is Cauchy when
Ve > 0INVYm,n > N : d(,,, z,) < . Completeness means
every Cauchy sequence converges in
Theorem 10 [ANA-D] (closed-set criterion). A subset F ofa
metric space s closed iff every sequence (@) C F converging in
X has its limit i
Proof. It s closed and @ ¢ F, the open Cuxnpl(.lucnt contains W]
a ball about «, eventually contradicting onversely, i
Fis not closed, choose & € F\Fmdr,, €' FnB(z,1/n); then
z, >z ¢ F. (m]
Theorem 11. InR", compactness, closed-and-bounded, and se-
quential compactness are equivalent. In a general metric space,
closed-and-bounded need not imply compactnes:
Example 5. The set {e, : n > 1} C €2 is closed and bounded,
but pem — en|l = V2Zform # n,sonosubsequence is Cauchy
and hence none converges.
Continuity and uniform continuity
Definition12. 7 : X — Y is continuousat zifve > 036 > 0
dx (z,y) < 8 = dy(f(), f(y)) < e.Itisuniformly continu-
gusifone 5 worls simultancously forall, y € X
Theorem 13 [ANA-D] (Heine—Cantor). A continuous map
Trom a compact metric space to a metric space is uniformly con-
tinuous.
Proof. If not, some 0 admits pairs z,,,y, with
Ay, Yn) < 1/n but d(f(zn) F(¥n)) > o. Compactness gives
2,, 2 thehy,, — @.Contintity sends both image subse-
quences to f(z), contradicting the fixed separation.

ution. For ordinary continuity 5 may depend on the bz
point; for uniform continuity it may not. The function z? is uni-
formly continuous on every bounded interval but not on all of R.
W4 [ANA-D] epsilon proof. Prove z? is continuous at a € R. Sol.
Givene > 0,impose |z — a| < 1,50 |z +a| < |& — a| + 2|a
1 + 2\u| Choose § = min{1, 5/(1 + 2|a|)}. Then |z? 2
|z ztal <e
Contraction and interchange principles
Theorem 13A. If (X, d) is nonempty and c

= X satishes d(Tz, Ty) < qd(z,y) for some 0 < g S
Then Thosn unique fixed poinf and every iteration o, =
Louv(.rgLs toit.
Proof. The increments obey d(z,41, ©,) < ¢"d(z1, z(), so the
gcomet ic tail makes (x,,) Cauchy ompletencss gives x,,

: Lipschitz continuity gives Two fixed points
would satisfy d(z*, y*) < qd(z*, y*), Torcing equality.
For integrable f, on o compact intaival, uniform convergence
permits [ f, — [ f. Derivatives r(:quir(: more: if f, €
C'([a, b]), fn(xg) converges at one point, and f, converges uni-
formly, then f, converges uniformly to differentiable f with

im f/ .

change control warning
limit /int. uniform pointwise may fail
sum/int. domination Tonelliif > 0

deriv./limit  uniform f/ + an- uniform f, insufficient

chor
dominated conv. a.s. insufficient

Example 5A. On [0,1], 1, (z) = @7 converges pomtwise to a
discontinuous limit but [} «"dz = 1/(n + 1) — 0. The inte-
grals happen to converge; this does not upgrade pgintwise con-
vergence to uniform convergence. Indeed sup,, =

prob. limit

Topology and measure essentials

Open sets are closed under arbitrary unions and finite intersec-
tions. Clmvd sets reverse these operations. The ¢ losur(* A is the
smalle bsed set containing A; the interior A° the largest
SOA = A\ A". A point

sin A iff every neighborhood meets A.

open set contained in A the boundary

lie

x" I mz,equamy Parseval under L2 completene:
Example 11.1f fis odd all a, = 0 ifeven, all b, 0. For
cewise smooth f, the series mp converges o the mid-
Boint of the one-sided Timits, not generally the assigned point
value.

Caution. Pointwise, uniform, and L? convergence are distinct.
Parseval alone does not guarantee pointwise convergence every-
where.

f MIX-I Further worked reference: martingales and concentration

Martingales and concentration

Relative to a filtration (F,), a Ind.rf]llgrl.l(‘ satisfies integrabil-
ity, adaptation, snd E[M, 1 | Fu . Submartingales re-
place equality by >. Predictable hnnndpd ‘transforms preserve
the ulartlngdj’c property when integra
Theorem 38. 11T 18 & bounded stopping time and (M,,) a mar-
Tingale, then EM EM,. More general optional-stopping
T i e it e b e o T O P PimE
conditions.
Proof. Write My = Mo+3N_| 1irsi) (Mg —My_y) for T < N.
The indicator is 1 -MeASATADIL, 50 bvery incroment term has

xpectation zero. [m]
W12 [MIX.1] gambler's rin. Let integer N > 1. A walk starts at i
{0, . , has independent symmetric £1 steps, and stops on
hitting 0 or N. Find the upper-hit probability. Sol. Each block
of N steps reaches a boundaly with probability at least 27V, so
< (1 — 277 — 0. Apply optional stopping to
A 1 and dominated convergence since stopped positions lie in
Nl:i= NEB(Sp = N), hencei/N.
If martingale differences satisfy | My — M, < ¢k, Azuma—
Hoeffding gives F(M,, — My > t) < exp[—t?/(2Y c})]. The
bound uses bounded increments and a filtration, not indepen-
ence of the levels
Holomorphic functions
For f = u +
partials is equivalent to u,
tions are analytic.
Theorem 24. Let 7 be positively oriented, piecewise smooth,
Stm ; let a lie strictly inside it; and let f be holo-
morphic onan open neighbourhood of the curve and enclosed re-

. For every integer n > 0,
(=)

n!
R =
i Sy (2 — a)nt?
This gives Cauchy estimates, Liouville’s theorem, and the fun-
damental theorem of algebra. Contours may deform through re-
gions of holomorphy without crossing singularities.
oWI13  [MIX-] residue. Evaluate the sitively  oriented
\21=2 oD dz. Sol. Both simple poles lie inside. Their
residues are —1 and e, so the integral is 27i(e — 1).
Long worked problem with continuation
oQ5 [ANA- D] Lct (f,,) be continuous on [0, 1], suppose f, —r
time a common Lipschitz bound | f,, () —
v < L\; y\ Prcveflsrontlnucusanddﬁtermlnewhe(hﬁr
convergence is uniform
it structure [AN A-D] Show that the pointwise limit retains
the Lipschitz bound. So! r fixed z,y, pass to the limit in
| o) — Fuly )\ L Continuity of absolute value gives
|f(z) = f(#)| < L|x — y|.s0 f is Lipschitz and hence uniformly
continuous
o(b) finite-net argument [AN A-D] Prove uniform convergence using
compactness and the common bound. Sol. Fix e > 0. Choose
a finite §-net with & e/(3L) when L' > 0. Pointwise conver-
gence at the finitely many net points gives a single index after
which every net-point error is below £ /3. For arbitrary @, choose
anearby net point z; an
[fn(@) = f(@)| < |fn(@) = fulz;)]
+ 1 fn () — flz)] + | f(z5) — f(@)]
The first and third terms are at most L§, and the middle term is
controlled by finiteness. The final selection of constants and the
= 0 case continue on the next page

N

iv, complex differentiability with continuous first
v, . Holomorphic func-

Uy, Uy

dz

°
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Q5(b) [ANA-D] continued. With§ = ¢/(3L), each summand
is at most /3. Hence || fy = fll < < forall sufficiently large
n.1f L = 0, every f, and f is constant, and convergence at on;
Tont s alteady wnitarm. Compactness is need recisely to make
the net finite

Alt. (contradiction by subsequences). If convergence were
not uniform, choose ny. 1 oo and @ with | f,, (zx) — f(x1)] >

co- A convergent subsequence i, — « and the common Lips- |
chit:

diction.
Caution, Pointwise convergence of continuous functions alone
does not imply uniform convergence or continuity of the limit:
2" — 0on[0,1)andz" — latl
nuity is the dec:
bi

he shared modulus of conti-
cisive extra hypoth

Events and conditi

Definition 14. A prohabilibv space
Sigma-algebraon Q, P : F — [0,
P(Q2) = 1. For P(B) > 0,P(A | B)
Total probability: P(4) = 5, P(A | B
b(AlB, (B
Bayes: P(B; | A) = %ﬁ%
The partition (B;) must be disjoint, exhaustive, and have pos-
itive probabilities when conditional terms are uses Bayes also
i ise independence <.on<.<.rns pairs; mu-
tf/ual independence requires the product rule for every finite sub-
a
aW5 [PRB E] Bayesian update. A device c
es .6, .4; def

(Q, F,F), where F is a
] is countably additive, and
YP’(A N B)/F(B).

)P(B:)

omes frum lines 1 and 2 with
iven a defect, find

ity b;
.032. Thus P(L, | D) = .4(.05)/.032 =

u 6(.02) + .4(.05) =
8.

Rndiom variables and expectation

For nonnegative X, Tonelli gives the tail formulas

EX = P(X > t)dt,
o
S B(x = k)

=3
For finite sums, linearity E(Y a; X;) = Y a;EX; needs integra-
bility, not independence. With finite second moments, variance
obeys Var(X) = E(X?) — (EX)? and
Var(¥; X;) = Z Var(X;)
+2Y Cov(X;, X;).
i<y
Example 6. For indicators I; = 1,4,,EY I; = Y, P(A;). Count
ing fixed points of a uxufonnly random permutation gives expec

tationn(1/n) = 1, despite dependence among the indicators.
Combinatorial probability and stopping

EX (X integer-valued).

For equally likely finite outcomes, F(A) [A1/[0T only aftor
specifying the equiprobable sample space. Sampling r obje
without replacement from N with K marked objects gives

(K) (N k)
i\ r=i ),
the feasible range is max(0, 7 — N + K < j < min(r, K). With
replacement, marked draws are binomialins
Method 14A. For a Markov model, condition i the first tran-
Sition using a state that retains the restart property. Pair the re-

B(X =) =

sulting recurrence with boundary data and prove uniqueness, or
l(l(_ntl th( xnuunm.l nonnegative solution.

simple symmetric random walk on
a7 N} Stops at 0 or N. If h; is the chance of reach-
ing N first from i, then h; = (hi 1 + hi11)/2, ho = 0, h
Second differences vanish, so h; = i/N. For a biased walk, solve

h; = phit1 + (1 — p)hi

Caution. A recurrence solution needs boundary data and
ptional stopping requires hypot unded T'
; another standard regime is ET < oo with a determin-
istic bound on martingale increments. Uniform integrability of
the stopped family is another route.

Markov chains and Poisson processes

A transition matrix P has nonnegauve rows summing to one;
(P™)ij B(Xn | Xo = distribution is

bound reduce the error to the pointwise error at «, contra- E|

Conditional expectation

PRB-E2 conditional expectation continued.

Definition 16. For X L' and sub-sigma-algebra G

[X | G is a G-measurable integrable ¥ satisfying [, ¥

o X dPforevery G € G.Itisuniquea.s.

Kcy rules: ]E(]E[X \ g]) = EX;if Zisbounded and G- mcasurablc
| 6] = X | Gl;andforH C G, E(E[X | G] | H

X \ H].

Example 7. If X, Y are jointly normal, then E[X | Y] = EX +

Cov(X,Y) Var(Y) ' (Y — EY) when Var(Y) > 0. The linear

formula relies on joint normality; zero covariance alone does not

usually imply independence.

Small dopendency diagrom

F,

<
d

latent cause H: observed X, Y;
response

Caution. A diagram records a proposed factorization only after

the graph semantics are declared. Arrows do not by themselves
rove causa

Bitimation and Hiaiihood

For independent observations with densities or masses fg,;, like-
lihood is L(0; ) = [[, fo,i(x;); iid data use one fg. With depen-
dence use the joint density. View L as a function of 0, inspect
boundanes and compare candidates. An MLE need not be un-

sed.
SR [PRB-E2] likelihood. For n > 1 i

With rate A > 0 and Yox, S 0, find the MLE. Sol. £(A)
nlogA — XY @;. The score gives A\ = 1/F and £ < 0.Ifall

Observations aré zero, no finite rate maximizes the liklihood.
T has mean 6 and variance v, the sample average of indepen-

exponential observations

@ Created with GPT-6 Astra High, Reviewed by GPT-6 Astra Pro

Q8(b) [DSP-F] continued
u(b) initial data [DSP-F] Determine constants. Sol. ay = A = 0
Thena; = (B +1/2)2 = 1,s0 B = 0. Therefore a,, = n?2""1.
Directly check both initial values and one recurrence index.
ing functi d graph algori
gral

For a sequence (a, ), the ordinary generating function A(z)
Ynz0 @nz" turns shifts into multiplication: 35, > an_12"
zA(z). Solve the resulting algebraic equation, incorporate ini-
tial terms, then extract coefficients using known expansions or
partial fractions.
Example 8A. If Fy 0, Fy 1, F, F,_i + F,_5, then
F(2) = 24 2F(2) + 22F(z), hence F(z) = z/(1 — z — 22). Fac-
toring yields Binet’s formula after coefficient extraction. The
formal- power-series derivation does not require analytic con-
vergen
Broadth.first search on an unweighted graph explores vertices
by nondecreasing distance and gives shortest paths. Depth-first
search exposes discovery/finish structure u.d cycles. Ona finite
%rdphwlth nonnegative weights, a vertex settled by Dijkstra has

o itancer avery Faite tonthtive Label it o discovered path
length, while unreached labels are oo.
Invarlant st

each Dijk

P, every s
and every fini

>ttled vertex has
ive 1

Tts true s th distan

is the 1&{;gux of a discovered path.
Ca

ution. Negative edges invalidate the greedy finalization
p. A negative cycle reachable from the source means no finite
SheRiost path to vorticon ronehable beyond it

task method cost
reachability BFS/DFS oV + B)
i S OV + B)

kstra + heap O((V + E)log V)
Floyd-Warshall O(V?)
Kruskal/Prim  O(ElogV)

spanning tree

dent copies is unbiased with variance v /n. M Juared error
decomposes as MSL(S) Var(8) + Bias(8)?.
cfinition 16A. ) confidence procedure is a random

slc T(X) with FU(S e C(X)) > 1 — a for every allowed 6.
The parameter is fixed; the interval is random before data are
observe:

object varies with claim
likelihood parameter relative support
estimator sample sampling law

confidence set sample
posterior parameter

coverage
conditional law

Testing and asymptotic pivots

A test specifies a null hypothesis, alternative, statistic, and r.
jection region. Type 1 error is rejection under the null; re-
mum 2 pe Il error is nonrejection under an alterna-
s tive; po one tinus Type IT error. A small povalue measures
fncompatibility of the observed statistic with'the mull, not the
posterior probablhty that the null is tru
Defin 16B. A statistic T'(X) is sufﬁclent for 6 if the con-
Trtional Taw of the full data given T does not depend on 6. The
factorization criterion writes fo (x) = q,,(T( ))h(x)
Example 7A. For iid Bernoulli(p) o vations, [ p®i (1
p)lT prTi(l — p)" LT so T Xx, is sufficient. It is
Hso the matural basis for exact binomial (6stg and intervals.
If X; are iid with mean p and variance 0 < o> < oo, the central
limit theorem gives vi(X, — 1)/ = N(0, 1). Slutsky permits
replacing o by a consistent estimator. The approximation con-
cerns distributions, not pointwise density equality.

quantity interpretation depends on
level o false-positive bound procedure
prvalue tail extremeness under Hy  data

powe rejection probability alternative
Confidence long-run coverage procedure

Caution. TaleTple tosthig Tnatos lamilywioe crror. DonTerroni

controls it by sting each of m claims at level a /m, re; of
dependen

Conpugacy and decision rules

when' P = " Dethiled balance 7, Py, 7, P;; implies sta-
tionarity by summing over i, but stationarity need not imply re-

.8
3

oW5A [PRB-E] stationary law. For P =
™ 87 + 3wy with m + 7
= (.6,.4).
First-step analysis for a hitting probability h; gives h;
,; Pijh; away from target boundaries. Expected hitting times
satisfy m; = 1 + E, P;jm;. Infinite-state chains require care:
a formal solution may not be the desired minimal nonnegative
one. For a rate-\ Poisson process, N t) Poisson(At), incre

2), find 7. Sol. Solve
. Thus .27,

— = .3ma, s0

ments on disjoint intervals are independent, and waiting times

areiid exponential(X). Conditional on N(t) = n, the unordered
event times behave as iid uniform points on [0, L] ordered times
are their order statistics.

Example sB Superposlng mdependem Poisson processes of
rates Ay, Ay rat n an arrival, its source la-
belis L with probablln.y A /(A, + Az), independently across ar-
rivals.

Entropy and information inequalities

For finite-alphabet variables, H(X) =

-, p(x) log p(@) with

0log0 = 0. Conditional entropy averages H(X [ Y = y); mu-
tual inf()rmrl.tl()n ( )
p(z,y
I(X;Y) = Zp(z y) log ﬁ
Y

= H(X) —H(X|Y)>0

It vanishes exactly whe are independent. Chain rule:
H(X) + H(Y \ x) Conditioning cannot increase

emropy on average.

Theorem _14C. Gibbs’ D(plla)
0 P(@) Toglp(x) /a(x)] = oo if some
q(x) = 0 < p(x), and equality iff p =
Proof. Otherwice nse log u & u o 1withu = g(2)/p(x) over

p(z) > 0: —D(pllg) < ¥, 5 a(z) —1 < 0.

Example 6C. A fair bit has entropy log 2. If it passes ummgh
a binary symmetric channel fAipping wn.h probability e, then
H log 2and H(Y | X) = h(e), 50 1(X;Y) = Tog2 2 n (),
[nicrn—xahnn falls to zero at &
Caution. Differential entropy y be negative and changes |y
under coordinat. Mutual lnformahon and relative en-

incquality:

tropy retain mvanam ®perational meaning under bijective
reparametrization.
PRB-E2 y and it

Transforms and named laws

Law support mean variance

Bernoulli(p) 0,1 P p(1 — p)
Binomial(n, p) 0:n np np(l—p)
Poisson (A No A A
Geometric(p) 1,2,...1/p (1 —p)/p?
Exponenualg)\) x>0 1/Xx 1/x?
Normal(p, o R m o?

=1|a)

Witha,b >0 and conditionally independent Bernoulli trials
the prior p ~ Beta(a, b) updates after s succe d f failures
to Beta(a + s,b + f). Fors + f > 0, its mean is a weighted
average of prior mean and sample proportion.
oW6C ﬁ’RB E2] posterior prediction. Under the beta-Bernoulli model,
find the probability the next trial succeeds. Sol. Integrate the
Bernoulli success probability against the posterior: B(X 41
Elp | 2] = (a+5)/(a+b+n).
For loss L(6, a), a Bayes action minimizes posterior expected
loss. Squared error chooses posterior mean; absolute error
c ses a posterior median; zero-one loss on a discrete param-
cter chooses a posterior mode. These conclusions follow by opti-
mizing the conditional risk, not by naming a favorite estimato
Theorem 16C. Neyman Pearson: for a simple null versus sim-
Te alternative, a likelihood-ratio threshold gives a most power-
ul test; randomize on the threshold boundary when exact size
requ

loss

Bayes action summary
(a — 0)? posterior mean balances tails
la —0 posterior median half mass each side
Lazo posterior mode largest atom
asymmetric posterior quantile cost ratio

Poséts, matchings, and flows

In a finite poset, a chain consists of mutually comparable el-
ements and an antichain of mutually incomparable elements

linear extension is a total order respecting the partial or-
der. Topological sorting constructs one by repeatedly deleting
aminimal element; a.directed cycls is precisely the obstruction.
Theorem 18B. Hall’s theorem: a finite bipartite graph with left
parct L has a matching saturating L iff [N(S)| > |S| for every
s

Gessity follows because distinet matched neighbors of S lie in
N(s) For sufficiency, augmenting-path algorithms either en-
large the matching ot expose a deficient set; this is the algorith-
ificate. For counting perfect matchings, existence alone
Sno enumeration formula. Network ow uses capacity con-
50 < f(e) < c(e)and conservation at internal vert
cquals niet outflow from the source. Max-flow/min-
cut =tates that the maximum value equals the minimum cut ca-
acity; residual paths certify whether more flow can be sent
aW8A [DSP-F] double counting. Prove 37_ k(] n2n-t
Count pairs (S,z) with S C [n]andx € S.Bys
o The 157 ST EY Ghoosing o firh and ther any sapoet of
the other n 1elements, it is n2" "
Caution. When double counting, define one finite set of objects
and prove both expressions count every object exactly once.
Partitions and asymptotic counting

Sol

final checks continued. Before reporting a numerical result,
retain exact form, check sign and scale, and test a simple spe-
Cial case. Grose-rdference examples by [FND-A], [CAL-C], or
concept label finite-net argument; tags remain readable when
PDF links are unavailable.

Rings, fields, and modular arithmetic

Let R be a commutative ring with identity. An ideal I 4 R is an
additive subgroup absorbing multiplication, so operations on
R/I are well-defined. Proper maximal ideals correspond to field
quotients; proper prime ideals correspond to integral-domain
quotients.

Fheorem 20A. For integers a, b, there exist @,y with az +
by = sgcd(a, b Hence, forn > 2, a is invertible modulo n iff
ged(a, n) =

Broot. Phe Euctidean algorithm preserves the set of common
divisors. Back-substitution expresses the final nonzero remain;
der as an integer combination. =1,

(mod m): converscly an Invorse congruence rearranges to such a
combination. ()
Example 9A. Solve 14z
divides 8, divide to

8 (mod 30) Smccgcd(14 30) = 2
4 (mod 15). T of 7 modulo

1511, s00 = 52= 7 (mod 15), prndurlngtwore idue cla:
modulo 30:

Complex nmbers and geometry

Write z = re’® with r = Prcducts multiply moduli and

add argumcnh, nth roots of rel? are rl/mei(0+27k)/n ¢
Mibius maps  — (a24b)/(cs+d) with ad—bc #

0'send generallzed circles to generalized circles.

Caution. Arguments are defined modulo 27. A chosen princi-

pal branch is discontinuous along a cut, and identities such as

Log(zw) og w need branch control.

Polynomials and field extensions

For F[z], division by a nonzero polynomial works because its
leading coefficient is invertible. Thus the Euclidean algorithm
, irreducibles are prime, and for nonconstant p,
2]/(p) is a field iff p is irreducible. Over an algebraically
e field, irreducibles are linear; over K, they have degree one
or two.
Theorem 20B.
nomial m. of (l(_gnu d,

If a is algebraic over F with minimal poly-
then F(a) o Flz]/(m,) and

o ad an F-ba;

Proof. Evaluanon F[ ] = F(a) has kernel (m,) and image
[a]. Division by m,, reduces every expression to degree below

d. Because the quotient is a field, F'[a] = F(a); independence

follows from minimality. [m]

Example 9B. Over @, z* — 2is irreducible by the rational-root

test, so [Q(¥/2) : Q] = 3. Bvery element is uniquely a + b¥/2 +
7

The tower law says [K
C EC

[K : E][E : F]for finite ex-
tensions . intermediate degrees divide
the total degree. This divisibility is necessary, not sufficient for
exlstenceo[an intermediate field.

ution. A polynomial reducible over one field can be irre-
ducibleovera mmus-r ways state the coe t field be-
fore applying a criter:

 Representations and character checks

A finite-dimensional complex reprosontation is » homomor-
phism p : —  GL(V). Its character x(g) rp(g) is
constant on conjugacy classes; equivalent 1cprc>cntab10n> l\avc
gqual characters,

The exponential generating function A(z) = 5. a,z"/n! suits
labeled structures. If a labeled obje an unordered set of con-
nected components counted by C(z), the exponential formula
often gives A(z) = exp C(z). Ordinary and exponential gener-
ating functions encode di t combinatorial products.
Theorem 18C. Stirling’s approximation: n! ~ v2rxn(n/e)™.

~ 4"/ JFm.
Example8C. Forn, k > 0, the number of surjections [n] — [k]
is Ok ,,(71)'( )(k — j)" = Kk!S(n, k), with 0° = 1. Inclusion
exclusion remdves maps missing target values; the second form
partitions the domain into k nonempty fibers, then labels them.
For integer partitions p(n), ¥,50 p(n)z" = [[,s, (1 — 2™) "'
the factor for part size m chooses its multiplicity. Restricting to
distinct parts replaces it by 1 + =

oWBC [DSP-F] recurrence extraction. If A (%) = Ya-2zcs ) derive
arecurrence. Sol. Multiplying gives (1 — 22)Ya
Coefficient comparison yields ag

2a,-1 + an-—2
Caution. An asymptotic equivalence a, ~ b, controls the ra-
tio, not the difference. It need not justify rounding for small n

ABS-G_Abstract struc and compact reference tables

Hence

:1a‘ 2,

and a,)

20C. For a finite group and finite-dimensional com-

plex representations, (X, ¥) = |G| ™' ¥ cq x(9)¥(9) makes ir-
reducible characters orthonormal. Multiplicity of irreducible U
inVis (xv, xv

Example 8C. For the permutation action on a finite set X, the
character value x(g) equals the number of points fixed by g: the
representing matrix permutes the basis e, , and diagonal ones
occur exactly at fixed points. Averaging x recovers the number
of orbits

It G is finite, each p(g) has finite order, so its eigenvalues are
roots of unity. Therefore character values are sums of roots of
unity, not generally roots of unity themselves.

construction  space character

direct sum xv + xw

tensor product v ® W Xv X

dual X Tor finite G

restriction saxneV subgroup xv |g
Cautlon

Tate the group, Neld, generators, and action before
nterpreting a matrix or geometric symmetry.
MIX 13 Further worked reference: optimization and PDES

DS, ot ead At singularity ~Laurent principal part  test
Definition 19. A group is a set G with an associative product, removable none bounded nearby
identity e, and inverse g~ for each g. A subgroup H < G is poleorder m finite through (z — a)~" Q)" f — ¢ #0
nonempty and closed under zy~!. A normal subgroup satisfies essential  infinitely many negative neither above

Hg~!' = H forall g, precisely the condition making coset mul- powers
tiplication wellgeBﬁned residue coefficient of (z — a)~ contribu-

Theorem 20 [ABS. G] (first isomorphism theorem). For a
Tiomomorphism ¢ : G — K, the kernel is normal, the image
is asubgroup, and G/ Fer @ = impviagkerp — @

Proof. Well-definedness: g ker ¢ = g’ ker ¢ iff g _q € ker g,
iff ©(9) = ©(g'). The induced map is a homomorphism, surjec-
tive onto the image, and injective by the same equivalence.

Caution. Construct the quotient in order: raw cosets or equiv-
alence classes, equivalence relation, quotient set, induced op-
eration, well-definedness, then group structure. Do not mult.
ply representatives before proving the result is representative-

Caution. A prior 1s part of the model. Report sensitivity when

plausible prior choices materially change the posterior or ac- |,

tion.
DSP-F Discrete structures: counting, graphs, and recurrence
Counting toolkit

Binomial theorem: (z + y)" =

Vandermonde: 3, (7)(,”,)
Ooutside 0 < b < a)
Inclusion—exclusion:

O Zozrcm (=D Mgy A

Forn > 0,k > 1,stars and bars gives (“::') nonnegative
n. Positive solutions number (2’:

solutions of 3~ @; .
12k otherwise zero. Shift lower bounds and check the remain-

when

ing t
W7 [DSP ¥] bounded compositions. Count solutions of @1 + @ + 3
12 with0 < z; < 5.Sol. Unrestricted count is (]2") = 91.1f

= 28 for
each of three events. Two coordinates at least 6 force the unique
remainder total 0, so cach pair contributes 1; three are impossi-
ble. Answer 91 — 3(28) + 3

Alt. (generating functlon) Exmu.c [22] (1424 - - +2%)°
[2'2](1—2%)3(1—2)%. Thesame alternating coefficients encode
inclusion—exclusion.

Graphs and trees

2, > 6, shift that coordinate to leave total 6, giving

= square with g colors are distinct under rotations? Sol.

in
F‘nranactlonc ~ X, stabiliz {9 : gz = =} and or-
it Ga G}. For Tatto G.Srbit wtabilier gives
(Gl = (G L G £55 finite G and X, Burhside connte orbite:

1

I1X/Gl = — ¥ | Fix(g)|.

1G| gec
GI] Bumside. How many colorings of the vertices of a
heiden-

tity fixes g*. Rotations by 90° and 270° each force one color,
contributing ¢ each. The 180° rotation has two vertex cycles,
contributing g2. Average over four rotations: (¢* + ¢ + 2q) /4.
Multivariable differential patterns
Fo : — R, differentiability at a means f(a + h)
F(a) + Df(a)h + o(J|~l))- Partial derivatives at one point do
not suffice. If f € C® near a, Vf(a) 0, and the Hessian is
nonsingular, posluvedeﬁnlteglvesastnctlocal minimum, neg-
ative definite a maximum, and indefinite a sad.

D(go f)(a) = Dg(f(a))Df(a)y

oW [ABS-

contour
tion

Caution. A simply connected cut domaln avolding zero sullices
to choose a branch of =% or logarithm. Residues still require ori-
entation and boundary-pole checks.

Constrained optimization and duality

For differentiable convox 7 and differentiable convex con-
straints g 0, the Lagrangian is L(z, A +
SN () Wit A, > T combines primal and dual
fasibility, stationarity, and complementary slackness. Under
later’s condition, KK'T characterizes an optimum

oW14 [MIX-I] KKT. Minimize 2? + y? subject to@ + y > 1. Sol.
Write g x 0. Stationarity gives 2z —

X = 0, The unconsirained point is infeasible, so comple.
memary slackness makes the boundary active: @ +y ence
z=y=1 = 1, and the minimum is 1/2.

Five fuat furicrion a(n) infy L(z, ) gives lower bounds.
Weak duality requires no convexity. Convexity plu
cation such as Slater gives standard sufficient Conditions for
strong duality; some nonconvex problems also have zero gap.
Finite differences and PDE patterns
For_the one-dimensional Poisson o
Dirichlet endpoints, a centered grid
Tuion 22Uy — i
- )
The matrix is symmetric positive definite. Consistency is local
truncation error; stability controls amplification; convergence
needs both in standard well-posed linear settings.
Principle 25. If D is bounded and connected and real u €

F with

uation —u’

Theorem 17. For a finite graph G = (V, B), >,cy deg(v) =
2[E].

Corollary 17.1. In a finite graph, the number of odd-degree

Parameters: binomial n_€ Ng, Bernoulli/binomial p € [0, 1],
geometric p € (0, 1], Poisson/exponential A 0, and non-
degenerate normal o The moment generating function
Mx(t) E(etX), when finite on a neighborhood of 0, de-
E(X*). Indepen-
ting functions
r-valued

Theorem 15. Markov: for X > Oanda > 0,B(X > a) <
EX/a. Cl)v_byahcv if Var(X) < oo, thenP(|X — EX| > a) <
Var(X)

Proof. binde X > al(x>a), take expectations for Markov. Ap-
ply Markov to (X — EX)? for Chebyshev.

0Q6 [PRB-E2] Let X, .. ., X,, beindependent with mean pand
variance o2 < oc. For ¢ > 0, bound P(| X, — | > e) and iden-
tify the limiting conclusion.

2(a) variance scaling [P R B~ E2] Compute the variance of the sample
mean. Sol. Independence kills covariance terms, so Var(X,) =

n2Y. 0% =o%/n
a(b) weak Tow [PRB B2] Give a bound and limit. Sol. Chebyshev
y)eldﬂFg\X — n| > e) € 0?/(ne?) — 0. Thus X,, —
Probability Thib proof does not assert almost-sure conversance
or a central-limit approximation.

Alt. (bounded observations). If independent X; € [a,b]
with a < b, Hoeffding gives 2 e-xp[ 2ne? /(b — a)?]. Ifa b,
the variables are deterministic

: This

verticesiseven.

Theorem 18. For a finite nonempty simple graph, the followlng

are equivalent: connected and acyclic; connected with [V| —

edges; acyclic with |V| — 1 edges; a unique simple path joins ev-

pair.

Blgut The singleton is the base case. A tree with at least two

vertices has a leaf; delete it and induct for the edge count.

Adding any missing edge creates a cycle, while removing an;
edge disconnects.

Example 8. Every tree with at least two vertices has at least two

leaves: take a longest simple An endpoint with another

HeEhbor would extend the path: a nelghbor already on the path

would create a cycle.

Linear recurrences

—raeipe 25 1 ! . ne =
e~ 4 CZ(D) n C(D) is harmonic, its maximum and minimum on D
(Fom) () = DF(x()Y' (1) ur on 9D, Uniqueness for Dirichlet data follows by applying
- X > this to a differenc
2 X 2Hessian fou D = fuoufyy — 12, type For s = Riag with k> 0, forward Euler with centered space
uses u” 1 S r(uf_y = 2ul +ul ), = kA t/h%. Onthe
>0 >0 minimum standard one-dlmenslonalgrid,stabllity requires0 < r < 1/2.
<0 >0 maximum Caution stable discrefization may still solve the wrong
any <0 saddle equation if inconsistent. Mesh refinement studies should com-
any =0 inconclusive pare errors at fixed physical data and account for boundary ap-
Case spiit and aligned derivation proximation.
P '8 Final proof and audit
Example0. For parameicr a, solve [ —al < @+ 1. N iy
z + 1 > 0.Squaring is then safe: stage question
x> (a—1)/2, a>—1,
(=) < @+ D* allz > —1, Z 4] statement Are domains, quantifiers, and conven-
“Hetha<i-d? @< (e—1/2, a<—1 hypotheses B SR fheorem  assumption get
! Intersec overy branch with @ > —1.Ata = —1, the original /P Ty ! ption &

inequality is equality forallz > —
Symbols and final checks

symbol meaning |symbol meaning

= two directions| <

— sur_] (cw u
(z,y) oduct [span S
0(a)  bounded ratio|o(9)

For a genuine order-k recurrence a, = cia,_1 + -
with e, # 0,solver® —c;r - —cj = 0. Anonzeroroot r
of multiplicity m contributes (Ag + - - - + A,,_1n™ 1)r"; zero
roots require separate transient handling.

0Q8 [DSP-F|Solvea, = 4a,_; — 4a,_, + 2",
o(a) resonant recurrence [DSP-F] Find the general form. Sol. The
soal = (A + Bn)2".
Since the forcing 2" resonates with multiplicity two, try a(?)
Cn?2". Substitution gives 2C 2™ = 2", hence C = 1/2.

ct+ Chan_k

ag =0,a, = 1.

charact

¢ polynomial is (r — 2)

d by an LLM that is smarter and better than you.

Before using a formula: identify iy potheses, domains, boundary
cases, and zero denominators. Before ending a proof: bind every
{ntroduced vatiable, state the quantified conclusion, and sepa
rate necessity from sufficiency.

checked locally?
Is each division, limit interchange, or
representative choice valid?

transformation

computation Do dimensions, units, signs, and bound-
ary cases agree?

conclusion Does the result answer every requested
part at the right strength?

verification Can a spe; -ase, inverse step, or inde-

pendent method detect error?

For Tong solutions, Iabel the Invariant or target before algebra,
preserve exact expressions until the final line, and attach every
alternative method to the same hypotheses. A correct calcula-
tion without its adm ncomplete; a correct theo-
rem name without n; assumptions is not an argument.
Counterexample construction

To test a universal Implication, probe empty,
ary, slnguld.r, and in ’ for elaborate

bjects, To refute “ P implies Q,” e objct with P true
andd @ false, then verify both claims explicitly. For failed con.
verses, reuse the same definitions rather than a nearby infor-
mal property. Negating Va 3y R(z, y) gives 3z Vy - R(x, y); the
witnesses change order. A numerical experiment suggests a can-
didate but does not establish the quantified counterexample un-
til exact values and adm ility are checked.

ingleton, bound-
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