
FND-A Foundations: sets, maps, induction, and proof patterns
Sets, quantifiers, and functions
Definition 1. For setsA,B, a function f : A → B assigns each
a ∈ A exactly one value f(a) ∈ B. It is injective if f(a) =
f(a′) ⇒ a = a′ , surjective if ∀b ∈ B ∃a ∈ A : f(a) = b,
and bijective if both.
Theorem 2 [FND-A] (inverse criterion). A map f : A → B
is bijective iff there exists g : B → A with g ◦ f = idA and
f ◦ g = idB . The two identities are both required unless injec-
tivity or surjectivity is already known.
Proof. If f is bijective, define g(b) as the unique preimage. Con-
versely, g ◦ f = id implies injectivity: f(a) = f(a′) ⇒ a =
g(f(a)) = g(f(a′)) = a′ . The other identity gives surjectivity
since b = f(g(b)). □
Assumption. Unless stated otherwise, families indexed by the
empty set have union ∅, intersection equal to the ambient uni-
verse, empty sum 0, and empty product 1.
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. For pred-
icatesP,Q, rememberP ⇒ Q ≡ ¬P ∨Q and its contrapositive
¬Q ⇒ ¬P . Negating quantifiers swaps them: ¬(∀xP (x)) ≡
∃x¬P (x), while¬(∃xP (x)) ≡ ∀x¬P (x). A single counterex-
ample refutes a universal claim; examples cannot prove it.
Induction and extremal arguments
Principle 3. To prove P (n) for all n ≥ n0 , prove P (n0 ) and
P (k) ⇒ P (k + 1) for arbitrary k ≥ n0 . Strong induction may
assumeP (n0 ), . . . , P (k); it is logically equivalent.
Example 1. Show 1 + 3 + · · · + (2n − 1) = n2 . The base case
is 1 = 12 . If the claim holds at n = k, then adding 2k + 1 gives
k2 + 2k+ 1 = (k+ 1)2 . State the arbitraryk and close the quan-
tified conclusion.
Caution. Do not assume the desired statement at k + 1, and do
not hide a stronger induction hypothesis. For recurrences, check
every initial index needed by the step.
An extremal proof selects a smallest or largest counterexample.
Verify that the candidate set is nonempty and that the order is
well founded. Minimal-counterexample template: assume fail-
ure; choose least m failing; construct a smaller failing value or
show all smaller values forceP (m), contradiction.
W1 [FND-A] equivalence relations. Let x ∼ y iff x − y ∈ Z on R.

Describe the quotient. Sol. The relation is reflexive, symmetric,
and transitive; [x] = x+Z. Every class has exactly one represen-
tative in [0, 1), so the quotient is parametrized by that half-open
interval.
Alt. (fractional part). Map [x] 7→ x−⌊x⌋. Integer translation
leaves fractional part unchanged. Two representatives in [0, 1)
differing by an integer differ by 0, proving uniqueness.

Goal Useful start Typical finish

A = B two inclusions element chase
uniqueness assume two objects force equality
nonexistence suppose object exists contradiction
iff two directions cite both

Relations, cardinality, and proof diagnostics
For a relation R ⊆ A × A, distinguish reflexive, symmetric,
antisymmetric, and transitive. Symmetric plus antisymmetric
does not mean “neither direction”: if both aRb and bRa occur,
antisymmetry forces a = b. A partial order is reflexive, anti-
symmetric, transitive; a total order additionally compares ev-
ery pair. An equivalence relation is reflexive, symmetric, transi-
tive and partitionsA into disjoint nonempty classes. Conversely
a partition defines equivalence by membership in the same cell.
Theorem 2A. Cantor’s diagonal argument shows there is no
surjectionA → P(A). Hence |A| < |P(A)| for every setA.
Proof. Given f : A → P(A), setD = {a ∈ A : a /∈ f(a)}. If
D = f(d), then d ∈ D ⇐⇒ d /∈ D, contradiction. □
Countability patterns: a subset of a countable set is countable; a
finite product of countable sets is countable; a countable union
of countable sets needs a selected enumeration. The rationals
are countable by diagonal enumeration of integer pairs, while
binary sequences are uncountable by changing the nth digit of
thenth listed sequence.
Caution. Diagonal arguments construct an object outside an
alleged exhaustive list. Specify that the constructed object be-
longs to the target set and explain why it differs from every
listed entry.
Example 1A. To prove

√
2 irrational, assume

√
2 = p/q in

lowest terms. Then p2 = 2q2 , so p is even; writing p = 2r
yields q2 = 2r2 , so q is even, contradicting lowest terms. The
lemma “even square implies even integer” follows by contrapo-
sition from odd squares being odd.
Divisibility and congruence methods
Euclidean division gives uniqueq, rwitha = bq+r and 0 ≤ r <
|b| for b ̸= 0. Congruence respects addition and multiplication,
so polynomial evaluation descends modulo n. Cancellation of c
in ac ≡ bc (mod n) is valid when gcd(c, n) = 1; otherwise di-
vide the modulus by the appropriate gcd.
Theorem 2B. If p is prime and p | ab, then p | a or p | b. Every
integern > 1 factors uniquely into primes up to order.
Proof. Ifp ∤ a, then gcd(p, a) = 1, so Bezout givespx+ay = 1.
Multiply by b; both pxb and aby are divisible by p, hence so
is b. Existence of factorization follows by strong induction; the
lemma strips matching primes to prove uniqueness. □
Chinese remainder: Z/(mn) ∼= Z/m ×
Z/n when gcd(m,n) = 1
For simultaneous congruences x ≡ ai (mod ni) with pairwise
coprime moduli, setN =

∏
ni ,Ni = N/ni , and chooseuiNi ≡

1 (mod ni). Then x ≡
∑
aiuiNi (mod N). Check each modu-

lus rather than trusting arithmetic.
Example 1B. Solve x ≡ 2 (mod 3), x ≡ 3 (mod 5), x ≡ 2
(mod 7). Here N = 105 and one construction is x ≡ 2(70) +
3(21) + 2(15) = 233 ≡ 23 (mod 105), using inverses absorbed
into the displayed coefficients. Direct substitution verifies all
three.
Structural proof patterns
To prove two finite sets have equal size, a bijection is stronger
than separate counting because it explains the identity. Injec-
tion both ways proves equal cardinality for arbitrary sets by
Cantor–Schroeder–Bernstein. For recursively defined objects,
verify existence, uniqueness, and closure at every stage.
W1C [FND-A] bijection. Show

∑n
k=0

(
n

k

)
= 2n . Sol. Count sub-

sets of [n]. Grouping by size gives the sum; encoding member-
ship by an n-bit word gives 2n . The correspondence sends S to
(11∈S , . . . , 1n∈S ).
Lemma 3A. If a finite directed acyclic graph has at least one
vertex, it has a source and a sink.
Proof. Starting at any vertex and repeatedly following an in-
coming edge cannot continue forever without repeating a vertex
and creating a cycle, so it ends at a source. Reverse edges for a
sink. □

proof failure repair

arbitrary example bind a general object
circular step state earlier theorem used
division by expression split zero case first
infinite descent name well-founded measure
dimension count prove spanning/independence
equality of maps evaluate arbitrary input
quotient map prove representative independence

Example 1C. The recurrence a0 = 2, an+1 = a2
n
− 2 defines

integers by induction. If one also claimsan ≥ 2, include it in the
induction invariant: equality persists from a0 = 2. A formula
guessed from initial terms remains conjectural until substituted
and initial values checked.
ALG-B Linear algebra: structure, coordinates, and operators
Subspaces and bases
Definition 4. A subsetW ⊆ V is a subspace when 0 ∈ W and
au + bv ∈ W for all u, v ∈ W and scalars a, b. Equivalently,
W is nonempty and closed under arbitrary linear combinations
of two elements.
Theorem 5 [ALG-B] (basis extension). Every linearly inde-
pendent list in a finite-dimensional vector space extends to a ba-
sis; every spanning list contains a basis. Consequently all bases
have the same length, denoted dimV .
Proof. Add vectors from a fixed finite spanning list until the in-
dependent list spans. The exchange lemma bounds any indepen-
dent list by the spanning-list length, so this terminates. Delet-
ing redundant vectors from a spanning list gives a basis; ex-
change then shows all bases have equal length. □

ALG-B dimension formula: dim(U+W ) = dimU+dimW−
dim(U ∩W )
Proof. Choose a basis c1, . . . , cr of U ∩ W , extend it by
u1, . . . , up toU and byw1, . . . , wq toW . The concatenated list
c, u, w spansU +W . If a linear combination vanishes, move the
u-part to theW side; it lies inU ∩W , and independence in each
extended basis makes all coefficients zero. Count. □
Matrices and changes of basis
For ordered basesB = (b1, . . . , bn) and C = (c1, . . . , cm), the
matrix [T ]C←B has column j equal to [T (bj )]C . Thus

[T (v)]C = [T ]C←B [v]B, [S ◦ T ]D←B = [S]D←C [T ]C←B.
If P = [id]B←C , then [v]B = P [v]C and the same operator has
matricesAC = P−1ABP . Read arrows before multiplying.
W2 [ALG-B] rank-nullity. Let T : R4 → R3 have matrix A =(
1 0 1 2
0 1 1 1
1 1 2 3

)
. Find bases of kernel and image. Sol. Row

three is the sum of rows one and two, while the first two rows are
independent, so rank A = 2 and nullity 2. Solving x1 + x3 +
2x4 = 0,x2 + x3 + x4 = 0 gives

x = s

−1
−1
1
0

 + t

−2
−1
0
1

 .
The first two columns are independent and pivot columns of the
original matrix; they form an image basis.
Caution. Pivot columns must be taken from the original ma-
trix. Row operations preserve row space and rank, but generally
change column space.
Eigenvalues and diagonalization
Theorem 6. For A ∈ Mn(F ), the following are equivalent:
A is diagonalizable; Fn has a basis of eigenvectors; the sum of
eigenspace dimensions is n; the minimal polynomial splits into
distinct linear factors.
Algebraic multiplicity is the multiplicity of λ inχA(t); geomet-
ric multiplicity is dim ker(A − λI). Always 1 ≤ mg(λ) ≤
ma(λ). Distinct eigenvalues yield independent eigenvectors. A
triangular matrix exposes eigenvalues on its diagonal but is not
automatically diagonalizable.
Example 2. A =

(2 1
0 2

)
has characteristic polynomial (t −

2)2 but eigenspace ker(A − 2I) = span(e1 ), hence no eigenba-
sis. By contrast 2I has the same characteristic polynomial and a
two-dimensional eigenspace.
Determinants, inner products, and normal forms
The determinant is the unique alternating multilinear map of
the columns with det I = 1. Consequently det(AB) =
detA detB,A is invertible iff detA ̸= 0, and a row replacement
preserves determinant while a row swap negates it. Cofactor ex-
pansion is a theorem, not the definition required in every argu-
ment. Use the convention that a complex inner product is linear
in its first argument.
Theorem 6A. For an inner-product space, |⟨u, v⟩| ≤ ∥u∥∥v∥,
with equality iff u, v are linearly dependent. Thus ∥u + v∥ ≤
∥u∥ + ∥v∥.
Proof. For v ̸= 0, nonnegativity of ∥u − tv∥2 at t =
⟨u, v⟩/∥v∥2 gives ∥u∥2 − |⟨u, v⟩|2/∥v∥2 ≥ 0. Equality means
the residual is zero. □
Gram–Schmidt replaces an independent listv1, . . . , vk byuj =
vj −

∑
i<j⟨vj , ei⟩ei and ej = uj/∥uj∥. It preserves successive

spans. QR factorization records the orthonormal columns as Q
and coefficients as upper-triangularR.

class spectrum form

real symmetric real; orthogonal basis QΛQT
complex normal orthonormal basis UΛU∗
real symmetric PD positive LLT

complex Hermitian PD positive LL∗

arbitrary singular values≥ 0 UΣV ∗

Caution. Similarity P−1AP preserves eigenvalues; row re-
duction generally does not. Congruence PTAP belongs to
quadratic forms and preserves inertia rather than the full spec-
trum.
Least squares and bilinear forms
For real inconsistent Ax = b, minimize ∥Ax − b∥2 . The nor-
mal equations are ATAx = AT b; over C, replace transposes
by adjoints. The residual is orthogonal to colA. Independent
columns give a unique minimizer. QR is usually preferable to
formingA∗A.
W2A [ALG-B] projection. Project b = (1, 2, 0)T onto the

line spanned by u = (1, 1, 1)T . Sol. The coefficient is
⟨b, u⟩/⟨u, u⟩ = 3/3 = 1, so the projection is u and the resid-
ual (0, 1,−1)T is orthogonal tou.
Definition 6B. A bilinear formB has matrixM in a basis when
B(x, y) = [x]TM[y]. Under basis change [x]B = P [x]C , the ma-
trix changes by congruenceMC = PTMBP .
For a real symmetric form, Sylvester’s law says the counts of
positive, negative, and zero squares in a diagonal form are basis-
independent. Completing squares is often faster than eigen-
value calculation. Positive definiteness tests: all eigenvalues
positive; xTAx > 0 for x ̸= 0; or, for symmetricA, all leading
principal minors positive.
Caution. Normal equations characterize stationary points be-
cause the objective is convex. In a general nonlinear least-
squares problem, a zero gradient may not be the global mini-
mum.
Canonical form and multilinear algebra
For a linear operator, the minimal polynomial divides the char-
acteristic polynomial and has the same distinct roots. Cayley–
Hamilton gives χA(A) = 0, allowing high powers to reduce
modulo χA . If mA(t) =

∏
(t − λi) has distinct roots, spectral

projections can be written

Pi =
∏
j ̸=i

A − λjI

λi − λj
, A =

∑
i

λiPi.

They satisfyPiPj = 0 for i ̸= j,P 2
i

= Pi , and
∑
Pi = I.

Theorem 6C. Every matrix over an algebraically closed field is
similar to a direct sum of Jordan blocks Jr(λ). The exponent of
(t − λ) in the minimal polynomial is the largestλ-block size.
Example 2C. If N3 = 0 but N2 ̸= 0 on a four-dimensional
space and rankN = 2, nilpotent blocks must have total size 4,
largest size 3, and number of blocks 4 − rankN = 2. Thus the
partition is 3 + 1.
The exterior product is alternating: v ∧ v = 0 and vσ(1) ∧ · · · ∧
vσ(k) = sgn(σ)v1 ∧ · · · ∧ vk . A linear map induces

∧k T ; on top
degree it multiplies by detT . Hence determinant measures ori-
ented volume and singularity.
Caution. Jordan form is sensitive to small perturbations and
basis choices. Use it for exact structure; use Schur or singular-
value decompositions for stable numerical work.
CAL-C Calculus: local approximation, integration, and series
Differentiation and Taylor control
Theorem 7 [CAL-C] (Taylor with remainder). If f ∈ Cn+1

on an interval containinga andx, then for some ξbetween them,

f(x) =
n∑
k=0

f(k) (a)

k!
(x − a)k +

f(n+1) (ξ)

(n + 1)!
(x − a)n+1

.

Hence a bound |f(n+1)| ≤ M gives error at most M|x −
a|n+1/(n + 1)!.
Example 3. For |x| ≤ 1/2, approximate ex by 1 + x + x2/2.
Since eξ ≤ e1/2 on the interval, the absolute error is at most
e1/2|x|3/6. The bound follows from the theorem; decimal agree-
ment is not a proof.
Product and chain rules: (fg)′ = f ′g + fg′, (f ◦ g)′ =
(f ′ ◦ g)g′
Inverse derivative: (f−1 )′(y) = 1/f ′(f−1 (y)) (f ′ ̸= 0)
Caution. The inverse rule is local and assumes an inverse
branch. For x2 , specify x > 0 or x < 0. At a cusp or endpoint,
one-sided behavior may replace differentiability.
Integration patterns ∫ b

a
fg
′
dx = [fg]b

a
−
∫ b
a
f
′
g dx,∫ g(b)

g(a)
h(u) du =

∫ b
a
h(g(x))g′(x) dx.

For improper integrals, introduce limits before ap-
plying algebra:

∫∞
1 f = limR→∞

∫R
1 f. Absolute

convergence implies convergence; conditional con-
vergence does not justify arbitrary rearrangement.

Improper-integral tests

Integral/test Condition Conclusion∫∞
1 x−pdx p > 1 converges∫ 1
0 x
−pdx p < 1 converges

comparison 0 ≤ f ≤ g,
∫
g < ∞

∫
f < ∞

limit comparison f/g → c ∈ (0,∞) same behavior

W3 [CAL-C] parameter integral. Evaluate I(a) =
∫ 1

0
xa−1
log x dx for a >

−1. Sol. Differentiate under the integral sign after domination
on compact a-intervals: I′(a) =

∫ 1
0 x

a dx = 1/(a + 1). Since
I(0) = 0, integration gives I(a) = log(a + 1).
Alt. (Fubini). Use (xa − 1)/ log x =

∫ a
0 x

t dt and interchange
integrals; absolute integrability on a bounded t-interval sup-
plies the justification.
Sequences and power series
Theorem 8. A power series

∑
n≥0 an(x − c)n has a radiusR ∈

[0,∞]: it converges absolutely for |x − c| < R and diverges for
|x − c| > R. Endpoints require separate tests. Inside the in-
terval it may be differentiated and integrated termwise without
changingR.

(1 − x)−1 =
∑
n≥0

x
n
, e

x =
∑
n≥0

x
n
/n!,

log(1 + x) =
∑
n≥1

(−1)n+1
x
n
/n.

valid respectively for |x| < 1, all x, and−1 < x ≤ 1 with end-
point analysis. Ratio test: if |an+1/an| → L, then the scalar
series converges absolutely for L < 1 and diverges for L > 1;
L = 1 says nothing.
Example 4.

∑
n−1 diverges although terms tend to zero. The

alternating harmonic series converges by the alternating-series
test but not absolutely. Its truncation error after N terms is at
most 1/(N + 1) and has the sign of the first omitted term.
ODEs and vector calculus
A first-order linear equation y′ + p(x)y = q(x) has integrat-
ing factor µ = e

∫
p and (µy)′ = µq. A separable equation

y′ = g(x)h(y) permits division by h(y) only after recording
equilibrium solutions where h(y) = 0. For y′ = ay(1 − y/K)
with 0 < y(0) < K, separation gives y(t) = K/(1 + Ce−at).
Theorem 8A. IfF = (P,Q) is continuously differentiable on a
simply connected planar domain and Py = Qx , then F = ∇ϕ
and line integrals depend only on endpoints.
To findϕ, integrateP inx:ϕ(x, y) =

∫
P (x, y) dx+ C(y), then

compare ϕy with Q. On domains with holes, curl zero need not
imply a global potential; (−y/(x2 + y2 ), x/(x2 + y2 )) is the
standard warning. For C1 fields on suitable piecewise-smooth
oriented domains or surfaces,∮

∂D
P dx + Qdy =

∫∫
D

(Qx − Py) dA,∫∫
S

(∇× F ) · n dS =
∮
∂S
F · dr.

Orient boundary and normal consistently. The divergence theo-
rem converts outward flux:

∫∫
∂V
F · n dS =

∫∫∫
V
∇ · F dV .

W3A [CAL-C] optimization. Minimize x2 + y2 subject to xy = 1,
x, y > 0. Sol. Lagrange equations (2x, 2y) = λ(y, x) imply
x = y after positivity; the constraint gives x = y = 1, value
2. Alternatively AM–GM gives x2 + y2 ≥ 2xy = 2 with equal-
ity at x = y. Check that the feasible set is noncompact but the
inequality supplies a global bound and equality case.
Numerical approximation checks
Composite trapezoidal and Simpson rules on [a, b] with mesh
h have global errors O(h2 ) and O(h4 ) under their standard
derivative bounds. Simpson uses an even number of subinter-
vals. For f ∈ C2 near a simple root, Newton iteration is locally
quadratic, but may diverge from a poor initial guess.
W3C [CAL-C] Newton step. Approximate

√
2 from x0 = 3/2. Sol.

Forf(x) = x2−2,xn+1 = (xn+2/xn)/2. Thusx1 = 17/12 and
x2 = 577/408; both exceed

√
2, giving successive upper bounds.

Central difference: f ′(x) = f(x+h)−f(x−h)
2h +

O(h2 ) (f ′′′ bounded nearx)
The truncation estimate improves ash ↓ 0, while floating-point
cancellation worsens; numerical error balances both.
ANA-D Real analysis: limits, compactness, and continuity
Metric language and sequential tests
Definition 9. In a metric space (X, d), xn → x means ∀ε >
0 ∃N ∀n ≥ N : d(xn, x) < ε. A sequence is Cauchy when
∀ε > 0 ∃N ∀m,n ≥ N : d(xm, xn) < ε. Completeness means
every Cauchy sequence converges inX.
Theorem 10 [ANA-D] (closed-set criterion). A subsetF of a
metric space is closed iff every sequence (xn) ⊂ F converging in
X has its limit inF .
Proof. IfF is closed and x /∈ F , the open complement contains
a ball about x, eventually contradicting xn ∈ F . Conversely, if
F is not closed, choosex ∈ F \F andxn ∈ F ∩B(x, 1/n); then
xn → x /∈ F . □
Theorem 11. In Rn , compactness, closed-and-bounded, and se-
quential compactness are equivalent. In a general metric space,
closed-and-bounded need not imply compactness.
Example 5. The set {en : n ≥ 1} ⊂ ℓ2 is closed and bounded,
but ∥em − en∥ =

√
2 form ̸= n, so no subsequence is Cauchy

and hence none converges.
Continuity and uniform continuity
Definition 12. f : X → Y is continuous atx if∀ε > 0 ∃δ > 0 :
dX (x, y) < δ ⇒ dY (f(x), f(y)) < ε. It is uniformly continu-
ous if one δworks simultaneously for allx, y ∈ X.
Theorem 13 [ANA-D] (Heine–Cantor). A continuous map
from a compact metric space to a metric space is uniformly con-
tinuous.
Proof. If not, some ε0 > 0 admits pairs xn, yn with
d(xn, yn) < 1/nbutd(f(xn), f(yn)) ≥ ε0 . Compactness gives
xnk → x; then ynk → x. Continuity sends both image subse-
quences to f(x), contradicting the fixed separation. □
Caution. For ordinary continuity δ may depend on the base
point; for uniform continuity it may not. The function x2 is uni-
formly continuous on every bounded interval but not on all of R.
W4 [ANA-D] epsilon proof. Prove x2 is continuous at a ∈ R. Sol.

Given ε > 0, impose |x− a| < 1, so |x+ a| ≤ |x− a|+ 2|a| <
1 + 2|a|. Choose δ = min{1, ε/(1 + 2|a|)}. Then |x2 − a2| =
|x − a||x + a| < ε.
Contraction and interchange principles
Theorem 13A. If (X, d) is nonempty and complete and T :
X → X satisfies d(Tx, Ty) ≤ qd(x, y) for some 0 ≤ q < 1,
thenT has a unique fixed point and every iterationxn+1 = Txn
converges to it.
Proof. The increments obey d(xn+1, xn) ≤ qnd(x1, x0 ), so the
geometric tail makes (xn) Cauchy. Completeness gives xn →
x∗ ; Lipschitz continuity gives Tx∗ = x∗ . Two fixed points
would satisfy d(x∗, y∗) ≤ qd(x∗, y∗), forcing equality. □
For integrable fn on a compact interval, uniform convergence
permits

∫
fn →

∫
f. Derivatives require more: if fn ∈

C1 ([a, b]), fn(x0 ) converges at one point, and f ′
n

converges uni-
formly, then fn converges uniformly to differentiable f with
f ′ = lim f ′

n
.

change control warning

limit/int. uniform pointwise may fail
sum/int. domination Tonelli if≥ 0
deriv./limit uniform f ′

n
+ an-

chor
uniform fn insufficient

prob. limit dominated conv. a.s. insufficient
Example 5A. On [0, 1], fn(x) = xn converges pointwise to a
discontinuous limit but

∫ 1
0 x

ndx = 1/(n + 1) → 0. The inte-
grals happen to converge; this does not upgrade pointwise con-
vergence to uniform convergence. Indeed supx<1 x

n = 1.
Topology and measure essentials
Open sets are closed under arbitrary unions and finite intersec-
tions. Closed sets reverse these operations. The closureA is the
smallest closed set containing A; the interior A◦ is the largest
open set contained inA; the boundary is ∂A = A \ A◦ . A point
lies inA iff every neighborhood meetsA.

Theorem 13B. A continuous image of a compact space is com-
pact; a continuous real-valued function on a nonempty compact
space attains its maximum and minimum.
Proof. Pull back an open cover of the image to an open cover of
the domain, take a finite subcover, then push it forward. A com-
pact subset of R is closed and bounded, so its supremum and in-
fimum belong to it. □
Measure rules: countable additivity for disjoint sets implies
monotonicity, continuity from below µ(

⋃
An) = limµ(An) for

An ↑, and continuity from above for An ↓ when µ(A1 ) < ∞.
Fatou gives

∫
lim inf fn ≤ lim inf

∫
fn for fn ≥ 0.

theorem functions conclusion

monotone
conv.

0 ≤ fn ↑ f
∫
fn ↑

∫
f

Fatou fn ≥ 0 lower semicontinuity
dominated
conv.

fn → f, |fn| ≤ g ∈
L1

integrals converge

Fubini absolute integrabil-
ity

iterations agree

Caution. Continuity from above needs a finite starting mea-
sure. Fubini without absolute integrability can change or de-
stroy an iterated integral.
Connectedness and completeness consequences
A space is connected iff it has no separation into two disjoint
nonempty open sets. Continuous images of connected sets are
connected; connected subsets of R are intervals. Hence the inter-
mediate value theorem is a topological statement: f([a, b]) is an
interval containing the endpoint values.
Theorem 13C. In a complete metric space, a countable inter-
section of dense open sets is dense. Consequently a nonempty
complete metric space cannot be a countable union of nowhere-
dense closed sets.
Nested compact sets in a metric space: if K1 ⊇ K2 ⊇ · · · are
nonempty compact sets, then

⋂
n Kn ̸= ∅. If their diameters

tend to zero in a complete metric space, the intersection con-
tains exactly one point.
W4C [ANA-D] fixed interval. Suppose f : [0, 1] → [0, 1] is continu-

ous. Prove f(c) = c for some c. Sol. Let g(x) = f(x) − x. Then
g(0) = f(0) ≥ 0 and g(1) = f(1) − 1 ≤ 0. If an endpoint value
is zero, finish; otherwise the intermediate value theorem gives a
zero between them.

property preserved by not generally by

compactness continuous images arbitrary inverse images
connectedness continuous images subsets
completeness closed subspaces continuous images
closedness finite unions arbitrary unions
openness arbitrary unions infinite intersections

Caution. Connected does not mean path-connected in arbi-
trary spaces. Compact does not mean sequentially compact
without suitable countability or metric hypotheses.
MIX-H Further methods: convexity and Fourier analysis
Convexity and inequalities
A function f on a convex set is convex when f(tx + (1 − t)y) ≤
tf(x) + (1 − t)f(y) for 0 ≤ t ≤ 1. Strict convexity makes the
inequality strict for distinct points and 0 < t < 1. For f ∈ C2 ,
f ′′ ≥ 0 on an interval, or a positive-semidefinite Hessian on a
convex domain, implies convexity.
Theorem 21. Jensen: for weights wi ≥ 0 summing to one,
f(
∑
i wixi) ≤

∑
i wif(xi). Equality for strictly convex f forces

all positive-weightxi equal.
Proof. The two-point definition gives the finite statement by
induction, combining the firstn−1 normalized weights into one
point. Approximation gives integral forms under suitable inte-
grability. □
Example 10. Taking f(x) = − log x gives weighted AM–GM.
For a, b ≥ 0 and p, q > 1 with 1/p + 1/q = 1, Young’s inequal-
ityab ≤ ap/p + bq/q follows from the same convexity pattern.
W10 [MIX-H] convex optimization. Minimizeex+ey subject tox+y =

0. Sol. Substitute y = −x. AM–GM gives ex + e−x ≥ 2, with
equality iffx = 0. Strict convexity proves uniqueness.
Fourier and orthogonality
For a real 2π-periodic f ∈ L2 [−π, π],

an = π
−1

∫ π
−π
f(x) cosnx dx,

bn = π
−1

∫ π
−π
f(x) sinnx dx.

Orthogonality makes these least-squares coefficients in the
trigonometric span. Bessel gives a2

0/2 +
∑
n≥1 (a2

n
+ b2

n
) ≤

π−1 ∫ |f|2 ; equality is Parseval underL2 completeness.
Example 11. If f is odd, all an = 0; if even, all bn = 0. For
piecewise smooth f, the series at a jump converges to the mid-
point of the one-sided limits, not generally the assigned point
value.
Caution. Pointwise, uniform, andL2 convergence are distinct.
Parseval alone does not guarantee pointwise convergence every-
where.
MIX-I Further worked reference: martingales and concentration
Martingales and concentration
Relative to a filtration (Fn), a martingale satisfies integrabil-
ity, adaptation, and E[Mn+1 | Fn ] = Mn . Submartingales re-
place equality by ≥. Predictable bounded transforms preserve
the martingale property when integrable.
Theorem 23. If T is a bounded stopping time and (Mn) a mar-
tingale, then EMT = EM0 . More general optional-stopping
forms require uniform integrability or appropriate boundedness
conditions.
Proof. WriteMT = M0 +

∑N
k=1 1{T≥k}(Mk−Mk−1 ) forT ≤ N.

The indicator isFk−1 -measurable, so every increment term has
expectation zero. □
W12 [MIX-I] gambler’s ruin. Let integerN ≥ 1. A walk starts at i ∈
{0, . . . , N}, has independent symmetric±1 steps, and stops on
hitting 0 or N. Find the upper-hit probability. Sol. Each block
ofN steps reaches a boundary with probability at least 2−N , so
P(T > kN) ≤ (1 − 2−N )k → 0. Apply optional stopping to
T ∧ n and dominated convergence since stopped positions lie in
[0, N]: i = EST = NP(ST = N), hence i/N.
If martingale differences satisfy |Mk − Mk−1| ≤ ck , Azuma–
Hoeffding gives P(Mn − M0 ≥ t) ≤ exp[−t2/(2

∑
c2
k

)]. The
bound uses bounded increments and a filtration, not indepen-
dence of the levelsMk .
Holomorphic functions
For f = u + iv, complex differentiability with continuous first
partials is equivalent toux = vy ,uy = −vx . Holomorphic func-
tions are analytic.
Theorem 24. Let γ be positively oriented, piecewise smooth,
simple and closed; let a lie strictly inside it; and let f be holo-
morphic on an open neighbourhood of the curve and enclosed re-
gion. For every integern ≥ 0,

f
(n) (a) =

n!

2πi

∮
γ

f(z)

(z − a)n+1
dz.

This gives Cauchy estimates, Liouville’s theorem, and the fun-
damental theorem of algebra. Contours may deform through re-
gions of holomorphy without crossing singularities.
W13 [MIX-I] residue. Evaluate the positively oriented∮
|z|=2

ez

z(z−1) dz. Sol. Both simple poles lie inside. Their
residues are−1 and e, so the integral is 2πi(e − 1).
Long worked problem with continuation
Q5 [ANA-D] Let (fn) be continuous on [0, 1], suppose fn →
f pointwise, and assume a common Lipschitz bound |fn(x) −
fn(y)| ≤ L|x−y|. Provef is continuous and determine whether
convergence is uniform.
(a) limit structure [ANA-D] Show that the pointwise limit retains

the Lipschitz bound. Sol. For fixed x, y, pass to the limit in
|fn(x)− fn(y)| ≤ L|x− y|. Continuity of absolute value gives
|f(x)− f(y)| ≤ L|x− y|, so f is Lipschitz and hence uniformly
continuous.
(b) finite-net argument [ANA-D] Prove uniform convergence using

compactness and the common bound. Sol. Fix ε > 0. Choose
a finite δ-net with δ = ε/(3L) when L > 0. Pointwise conver-
gence at the finitely many net points gives a single index after
which every net-point error is below ε/3. For arbitraryx, choose
a nearby net pointxj and split
|fn(x) − f(x)| ≤ |fn(x) − fn(xj )|

+ |fn(xj ) − f(xj )| + |f(xj ) − f(x)|.
The first and third terms are at mostLδ, and the middle term is
controlled by finiteness. The final selection of constants and the
L = 0 case continue on the next page.
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Q5(b) [ANA-D] continued. With δ = ε/(3L), each summand
is at most ε/3. Hence ∥fn − f∥∞ < ε for all sufficiently large
n. IfL = 0, every fn and f is constant, and convergence at one
point is already uniform. Compactness is used precisely to make
the net finite.
Alt. (contradiction by subsequences). If convergence were
not uniform, choose nk ↑ ∞ and xk with |fnk (xk) − f(xk)| ≥
ε0 . A convergent subsequence xkj → x and the common Lips-
chitz bound reduce the error to the pointwise error at x, contra-
diction.
Caution. Pointwise convergence of continuous functions alone
does not imply uniform convergence or continuity of the limit:
xn → 0 on [0, 1) and xn → 1 at 1. The shared modulus of conti-
nuity is the decisive extra hypothesis.
PRB-E Probability: conditioning, expectation, and transforms
Events and conditioning
Definition 14. A probability space is (Ω,F, P), where F is a
sigma-algebra on Ω, P : F → [0, 1] is countably additive, and
P(Ω) = 1. For P(B) > 0, P(A | B) = P(A ∩ B)/P(B).
Total probability: P(A) =

∑
i P(A | Bi)P(Bi)

Bayes: P(Bj | A) = P(A|Bj )P(Bj )∑
i P(A|Bi )P(Bi )

The partition (Bi) must be disjoint, exhaustive, and have pos-
itive probabilities when conditional terms are used; Bayes also
requires P(A) > 0. Pairwise independence concerns pairs; mu-
tual independence requires the product rule for every finite sub-
family.
W5 [PRB-E] Bayesian update. A device comes from lines 1 and 2 with

probabilities .6, .4; defect rates are .02, .05. Given a defect, find
the probability it came from line 2. Sol. The defect probability
is .6(.02) + .4(.05) = .032. Thus P(L2 | D) = .4(.05)/.032 =
5/8.
Random variables and expectation
For nonnegativeX, Tonelli gives the tail formulas

EX =
∫ ∞

0
P(X > t) dt,

EX =
∑
k≥1

P(X ≥ k) (X integer-valued).

For finite sums, linearity E(
∑
aiXi) =

∑
aiEXi needs integra-

bility, not independence. With finite second moments, variance
obeys Var(X) = E(X2 ) − (EX)2 and

Var(
∑
i Xi) =

∑
i

Var(Xi)

+ 2
∑
i<j

Cov(Xi, Xj ).

Example 6. For indicators Ii = 1Ai , E
∑
Ii =

∑
P(Ai). Count-

ing fixed points of a uniformly random permutation gives expec-
tationn(1/n) = 1, despite dependence among the indicators.
Combinatorial probability and stopping
For equally likely finite outcomes, P(A) = |A|/|Ω| only after
specifying the equiprobable sample space. Sampling r objects
without replacement fromN withKmarked objects gives

P(X = j) =

(
K

j

)(
N−K
r−j

)
(
N

r

) ;

the feasible range is max(0, r−N +K) ≤ j ≤ min(r,K). With
replacement, marked draws are binomial instead.
Method 14A. For a Markov model, condition on the first tran-
sition using a state that retains the restart property. Pair the re-
sulting recurrence with boundary data and prove uniqueness, or
identify the minimal nonnegative solution.
Example 6A. A simple symmetric random walk on
{0, 1, . . . , N} stops at 0 or N. If hi is the chance of reach-
ingN first from i, thenhi = (hi−1 + hi+1 )/2, h0 = 0, hN = 1.
Second differences vanish, sohi = i/N. For a biased walk, solve
hi = phi+1 + (1 − p)hi−1 .
Caution. A recurrence solution needs boundary data and
uniqueness. Optional stopping requires hypotheses: boundedT
suffices; another standard regime is ET < ∞ with a determin-
istic bound on martingale increments. Uniform integrability of
the stopped family is another route.
Markov chains and Poisson processes
A transition matrix P has nonnegative rows summing to one;
(Pn)ij = P(Xn = j | X0 = i). A distribution is stationary
when πP = π. Detailed balance πiPij = πjPji implies sta-
tionarity by summing over i, but stationarity need not imply re-
versibility.
W5A [PRB-E] stationary law. For P =

(
.8 .2
.3 .7

)
, find π. Sol. Solve

π1 = .8π1 + .3π2 with π1 + π2 = 1. Thus .2π1 = .3π2 , so
π = (.6, .4).
First-step analysis for a hitting probability hi gives hi =∑
j Pijhj away from target boundaries. Expected hitting times

satisfymi = 1 +
∑
j Pijmj . Infinite-state chains require care:

a formal solution may not be the desired minimal nonnegative
one. For a rate-λ Poisson process, N(t) ∼ Poisson(λt), incre-
ments on disjoint intervals are independent, and waiting times
are iid exponential(λ). Conditional onN(t) = n, the unordered
event times behave as iid uniform points on [0, t]; ordered times
are their order statistics.
Example 6B. Superposing independent Poisson processes of
rates λ1, λ2 gives rate λ1 + λ2 . Given an arrival, its source la-
bel is 1 with probabilityλ1/(λ1 + λ2 ), independently across ar-
rivals.
Entropy and information inequalities
For finite-alphabet variables,H(X) = −

∑
x p(x) log p(x) with

0 log 0 = 0. Conditional entropy averagesH(X | Y = y); mu-
tual information

I(X;Y ) =
∑
x,y

p(x, y) log
p(x, y)

p(x)p(y)
,

= H(X) −H(X | Y ) ≥ 0.
It vanishes exactly when X, Y are independent. Chain rule:
H(X, Y ) = H(X) + H(Y | X). Conditioning cannot increase
entropy on average.
Theorem 14C. Gibbs’ inequality: D(p∥q) =∑
p(x)>0 p(x) log[p(x)/q(x)] ≥ 0, with D = ∞ if some

q(x) = 0 < p(x), and equality iff p = q.
Proof. Otherwise use logu ≤ u − 1 with u = q(x)/p(x) over
p(x) > 0:−D(p∥q) ≤

∑
p>0 q(x) − 1 ≤ 0. □

Example 6C. A fair bit has entropy log 2. If it passes through
a binary symmetric channel flipping with probability ε, then
H(Y ) = log 2 andH(Y | X) = h(ε), so I(X;Y ) = log 2−h(ε).
Information falls to zero at ε = 1/2.
Caution. Differential entropy may be negative and changes
under coordinate scaling. Mutual information and relative en-
tropy retain invariant operational meaning under bijective
reparametrization.
PRB-E2 Probability continued: distributions and inequalities
Transforms and named laws

Law support mean variance

Bernoulli(p) 0, 1 p p(1 − p)
Binomial(n, p) 0:n np np(1 − p)
Poisson(λ) N0 λ λ
Geometric(p) 1, 2, . . . 1/p (1 − p)/p2

Exponential(λ) x ≥ 0 1/λ 1/λ2

Normal(µ, σ2 ) R µ σ2

Parameters: binomial n ∈ N0 , Bernoulli/binomial p ∈ [0, 1],
geometric p ∈ (0, 1], Poisson/exponential λ > 0, and non-
degenerate normal σ2 > 0. The moment generating function
MX (t) = E(etX ), when finite on a neighborhood of 0, de-
termines the law and satisfies M(k)

X (0) = E(Xk). Indepen-
dence givesMX+Y = MXMY . Probability generating functions
GX (s) = E(sX ) are often safer for nonnegative integer-valued
variables.
Theorem 15. Markov: for X ≥ 0 and a > 0, P(X ≥ a) ≤
EX/a. Chebyshev: if Var(X) < ∞, then P(|X − EX| ≥ a) ≤
Var(X)/a2 .
Proof. SinceX ≥ a1{X≥a} , take expectations for Markov. Ap-
ply Markov to (X − EX)2 for Chebyshev. □
Q6 [PRB-E2] LetX1, . . . , Xn be independent with meanµand

variance σ2 < ∞. For ε > 0, bound P(|X̄n − µ| ≥ ε) and iden-
tify the limiting conclusion.
(a) variance scaling [PRB-E2] Compute the variance of the sample

mean. Sol. Independence kills covariance terms, so Var(X̄n) =
n−2 ∑

i σ
2 = σ2/n.

(b) weak law [PRB-E2] Give a bound and limit. Sol. Chebyshev
yields P(|X̄n − µ| ≥ ε) ≤ σ2/(nε2 ) → 0. Thus X̄n → µ in
probability. This proof does not assert almost-sure convergence
or a central-limit approximation.
Alt. (bounded observations). If independent Xi ∈ [a, b]
with a < b, Hoeffding gives 2 exp[−2nε2/(b − a)2 ]. If a = b,
the variables are deterministic.

Conditional expectation
PRB-E2 conditional expectation continued.
Definition 16. For X ∈ L1 and sub-sigma-algebra G ⊆ F,
E[X | G] is a G-measurable integrable Y satisfying

∫
G
Y dP =∫

G
X dP for everyG ∈ G. It is unique a.s.

Key rules: E(E[X | G]) = EX; ifZ is bounded andG-measurable,
E[ZX | G] = ZE[X | G]; and forH ⊆ G, E(E[X | G] | H) =
E[X | H].
Example 7. IfX, Y are jointly normal, then E[X | Y ] = EX +
Cov(X, Y ) Var(Y )−1 (Y − EY ) when Var(Y ) > 0. The linear
formula relies on joint normality; zero covariance alone does not
usually imply independence.
Small dependency diagram

H

X Y

Z
latent cause H; observed X, Y ;

response Z
Caution. A diagram records a proposed factorization only after
the graph semantics are declared. Arrows do not by themselves
prove causality.
Estimation and likelihood
For independent observations with densities or massesfθ,i , like-
lihood isL(θ; x) =

∏
i fθ,i(xi); iid data use one fθ . With depen-

dence use the joint density. View L as a function of θ, inspect
boundaries, and compare candidates. An MLE need not be un-
biased.
W6A [PRB-E2] likelihood. For n ≥ 1 iid exponential observations

with rate λ > 0 and
∑
xi > 0, find the MLE. Sol. ℓ(λ) =

n logλ − λ
∑
xi . The score gives λ̂ = 1/x̄ and ℓ′′ < 0. If all

observations are zero, no finite rate maximizes the likelihood.
If T has mean θ and variance v, the sample average of indepen-
dent copies is unbiased with variance v/n. Mean-squared error
decomposes as MSE(θ̂) = Var(θ̂) + Bias(θ̂)2 .
Definition 16A. A (1 − α) confidence procedure is a random
set C(X) with Pθ(θ ∈ C(X)) ≥ 1 − α for every allowed θ.
The parameter is fixed; the interval is random before data are
observed.

object varies with claim

likelihood parameter relative support
estimator sample sampling law
confidence set sample coverage
posterior parameter conditional law

Testing and asymptotic pivots
A test specifies a null hypothesis, alternative, statistic, and re-
jection region. Type I error is rejection under the null; its supre-
mum is the size. Type II error is nonrejection under an alterna-
tive; power is one minus Type II error. A small p-value measures
incompatibility of the observed statistic with the null, not the
posterior probability that the null is true.
Definition 16B. A statistic T (X) is sufficient for θ if the con-
ditional law of the full data given T does not depend on θ. The
factorization criterion writes fθ(x) = gθ(T (x))h(x).
Example 7A. For iid Bernoulli(p) observations,

∏
pxi (1 −

p)1−xi = p
∑
xi (1 − p)n−

∑
xi , so T =

∑
Xi is sufficient. It is

also the natural basis for exact binomial tests and intervals.
IfXi are iid with meanµ and variance 0 < σ2 < ∞, the central
limit theorem gives√n(X̄n−µ)/σ ⇒ N(0, 1). Slutsky permits
replacing σ by a consistent estimator. The approximation con-
cerns distributions, not pointwise density equality.

quantity interpretation depends on

levelα false-positive bound procedure
p-value tail extremeness underH0 data
power rejection probability alternative
confidence long-run coverage procedure

Caution. Multiple testing inflates familywise error. Bonferroni
controls it by testing each ofm claims at levelα/m, regardless of
dependence.
Conjugacy and decision rules
With a, b > 0 and conditionally independent Bernoulli trials,
the prior p ∼ Beta(a, b) updates after s successes and f failures
to Beta(a + s, b + f). For s + f > 0, its mean is a weighted
average of prior mean and sample proportion.
W6C [PRB-E2] posterior prediction. Under the beta–Bernoulli model,

find the probability the next trial succeeds. Sol. Integrate the
Bernoulli success probability against the posterior: P(Xn+1 =
1 | x) = E[p | x] = (a + s)/(a + b + n).
For loss L(θ, a), a Bayes action minimizes posterior expected
loss. Squared error chooses posterior mean; absolute error
chooses a posterior median; zero-one loss on a discrete param-
eter chooses a posterior mode. These conclusions follow by opti-
mizing the conditional risk, not by naming a favorite estimator.
Theorem 16C. Neyman–Pearson: for a simple null versus sim-
ple alternative, a likelihood-ratio threshold gives a most power-
ful test; randomize on the threshold boundary when exact size is
required.

loss Bayes action summary

(a − θ)2 posterior mean balances tails
|a − θ| posterior median half mass each side
1a̸=θ posterior mode largest atom
asymmetric posterior quantile cost ratio

Caution. A prior is part of the model. Report sensitivity when
plausible prior choices materially change the posterior or ac-
tion.
DSP-F Discrete structures: counting, graphs, and recurrence
Counting toolkit

Binomial theorem: (x + y)n =
∑n
k=0

(
n

k

)
xkyn−k

Vandermonde:
∑
k

(
r

k

)(
s

n−k

)
=

(
r+s
n

)
(r, s, n ∈ N0 ;

(
a

b

)
=

0 outside 0 ≤ b ≤ a)
Inclusion–exclusion:

∣∣⋃n
i=1 Ai

∣∣ =∑
∅̸=I⊆[n] (−1)|I|+1 ∣∣⋂

i∈I Ai
∣∣

For n ≥ 0, k ≥ 1, stars and bars gives
(
n+k−1
k−1

)
nonnegative

solutions of
∑
xi = n. Positive solutions number

(
n−1
k−1

)
when

n ≥ k, otherwise zero. Shift lower bounds and check the remain-
ing total.
W7 [DSP-F] bounded compositions. Count solutions ofx1 + x2 + x3 =

12 with 0 ≤ xi ≤ 5. Sol. Unrestricted count is
(

14
2

)
= 91. If

xi ≥ 6, shift that coordinate to leave total 6, giving
(

8
2

)
= 28 for

each of three events. Two coordinates at least 6 force the unique
remainder total 0, so each pair contributes 1; three are impossi-
ble. Answer 91 − 3(28) + 3 = 10.
Alt. (generating function). Extract [z12 ](1+z+· · ·+z5 )3 =
[z12 ](1−z6 )3 (1−z)−3 . The same alternating coefficients encode
inclusion–exclusion.
Graphs and trees
Theorem 17. For a finite graph G = (V,E),

∑
v∈V deg(v) =

2|E|.
Corollary 17.1. In a finite graph, the number of odd-degree
vertices is even.
Theorem 18. For a finite nonempty simple graph, the following
are equivalent: connected and acyclic; connected with |V | − 1
edges; acyclic with |V | − 1 edges; a unique simple path joins ev-
ery pair.
Proof. The singleton is the base case. A tree with at least two
vertices has a leaf; delete it and induct for the edge count.
Adding any missing edge creates a cycle, while removing any
edge disconnects. □
Example 8. Every tree with at least two vertices has at least two
leaves: take a longest simple path. An endpoint with another
neighbor would extend the path; a neighbor already on the path
would create a cycle.
Linear recurrences
For a genuine order-k recurrence an = c1an−1 + · · · + ckan−k
with ck ̸= 0, solve rk − c1r

k−1 −· · ·− ck = 0. A nonzero root r
of multiplicitym contributes (A0 + · · · + Am−1n

m−1 )rn ; zero
roots require separate transient handling.
Q8 [DSP-F] Solvean = 4an−1 − 4an−2 + 2n ,a0 = 0,a1 = 1.
(a) resonant recurrence [DSP-F] Find the general form. Sol. The

characteristic polynomial is (r − 2)2 , so a(h)
n

= (A + Bn)2n .
Since the forcing 2n resonates with multiplicity two, try a(p)

n
=

Cn2 2n . Substitution gives 2C 2n = 2n , henceC = 1/2.

Q8(b) [DSP-F] continued.
(b) initial data [DSP-F] Determine constants. Sol. a0 = A = 0.

Then a1 = (B + 1/2)2 = 1, soB = 0. Therefore an = n2 2n−1 .
Directly check both initial values and one recurrence index.
Generating functions and graph algorithms
For a sequence (an), the ordinary generating function A(z) =∑
n≥0 anz

n turns shifts into multiplication:
∑
n≥1 an−1z

n =
zA(z). Solve the resulting algebraic equation, incorporate ini-
tial terms, then extract coefficients using known expansions or
partial fractions.
Example 8A. If F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 , then
F (z) = z+zF (z) +z2F (z), henceF (z) = z/(1−z−z2 ). Fac-
toring yields Binet’s formula after coefficient extraction. The
formal-power-series derivation does not require analytic con-
vergence.
Breadth-first search on an unweighted graph explores vertices
by nondecreasing distance and gives shortest paths. Depth-first
search exposes discovery/finish structure and cycles. On a finite
graph with nonnegative weights, a vertex settled by Dijkstra has
final distance; every finite tentative label is a discovered path
length, while unreached labels are∞.
Invariant 18A. At each Dijkstra step, every settled vertex has
its true shortest-path distance, and every finite tentative label
is the length of a discovered path.
Caution. Negative edges invalidate the greedy finalization
step. A negative cycle reachable from the source means no finite
shortest path to vertices reachable beyond it.

task method cost

reachability BFS/DFS O(V + E)
unit shortest path BFS O(V + E)
nonnegative weights Dijkstra + heap O((V + E) logV )
all pairs Floyd–Warshall O(V 3 )
spanning tree Kruskal/Prim O(E logV )

Posets, matchings, and flows
In a finite poset, a chain consists of mutually comparable el-
ements and an antichain of mutually incomparable elements.
A linear extension is a total order respecting the partial or-
der. Topological sorting constructs one by repeatedly deleting
a minimal element; a directed cycle is precisely the obstruction.
Theorem 18B. Hall’s theorem: a finite bipartite graph with left
part L has a matching saturating L iff |N(S)| ≥ |S| for every
S ⊆ L.
Necessity follows because distinct matched neighbors of S lie in
N(S). For sufficiency, augmenting-path algorithms either en-
large the matching or expose a deficient set; this is the algorith-
mic certificate. For counting perfect matchings, existence alone
gives no enumeration formula. Network flow uses capacity con-
straints 0 ≤ f(e) ≤ c(e) and conservation at internal vertices.
The value equals net outflow from the source. Max-flow/min-
cut states that the maximum value equals the minimum cut ca-
pacity; residual paths certify whether more flow can be sent.
W8A [DSP-F] double counting. Prove

∑n
k=0 k

(
n

k

)
= n2n−1 . Sol.

Count pairs (S, x) with S ⊆ [n] and x ∈ S. By set size, the
count is the left side. By choosing x first and then any subset of
the othern − 1 elements, it isn2n−1 .
Caution. When double counting, define one finite set of objects
and prove both expressions count every object exactly once.
Partitions and asymptotic counting
The exponential generating function A(z) =

∑
anz

n/n! suits
labeled structures. If a labeled object is an unordered set of con-
nected components counted by C(z), the exponential formula
often givesA(z) = expC(z). Ordinary and exponential gener-
ating functions encode different combinatorial products.
Theorem 18C. Stirling’s approximation: n! ∼

√
2πn(n/e)n .

Hence
(

2n
n

)
∼ 4n/√πn.

Example 8C. Forn, k ≥ 0, the number of surjections [n] → [k]
is
∑k
j=0 (−1)j

(
k

j

)
(k − j)n = k!S(n, k), with 00 = 1. Inclusion–

exclusion removes maps missing target values; the second form
partitions the domain into k nonempty fibers, then labels them.
For integer partitions p(n),

∑
n≥0 p(n)zn =

∏
m≥1 (1 − zm)−1 :

the factor for part sizem chooses its multiplicity. Restricting to
distinct parts replaces it by 1 + zm .
W8C [DSP-F] recurrence extraction. IfA(z) = 1/(1− 2z− z2 ), derive

a recurrence. Sol. Multiplying gives (1 − 2z − z2 )
∑
anz

n = 1.
Coefficient comparison yields a0 = 1, a1 = 2, and an =
2an−1 + an−2 forn ≥ 2.
Caution. An asymptotic equivalence an ∼ bn controls the ra-
tio, not the difference. It need not justify rounding for smalln.
ABS-G Abstract structures and compact reference tables
Groups, quotients, and actions
Definition 19. A group is a set G with an associative product,
identity e, and inverse g−1 for each g. A subgroup H ≤ G is
nonempty and closed under xy−1 . A normal subgroup satisfies
gHg−1 = H for all g, precisely the condition making coset mul-
tiplication well defined.
Theorem 20 [ABS-G] (first isomorphism theorem). For a
homomorphism φ : G → K, the kernel is normal, the image
is a subgroup, andG/ kerφ ∼= imφ via g kerφ 7→ φ(g).
Proof. Well-definedness: g kerφ = g′ kerφ iff g−1g′ ∈ kerφ,
iffφ(g) = φ(g′). The induced map is a homomorphism, surjec-
tive onto the image, and injective by the same equivalence. □
Caution. Construct the quotient in order: raw cosets or equiv-
alence classes, equivalence relation, quotient set, induced op-
eration, well-definedness, then group structure. Do not multi-
ply representatives before proving the result is representative-
independent.
For an actionG ↷ X, stabilizerGx = {g : gx = x} and or-
bit Gx = {gx : g ∈ G}. For finite G, orbit–stabilizer gives
|Gx| = [G : Gx ]; for finiteG andX, Burnside counts orbits:

|X/G| =
1

|G|

∑
g∈G
|Fix(g)|.

W9 [ABS-G] Burnside. How many colorings of the vertices of a
square with q colors are distinct under rotations? Sol. The iden-
tity fixes q4 . Rotations by 90◦ and 270◦ each force one color,
contributing q each. The 180◦ rotation has two vertex cycles,
contributing q2 . Average over four rotations: (q4 + q2 + 2q)/4.
Multivariable differential patterns
For f : Rn → R, differentiability at a means f(a + h) =
f(a) + Df(a)h + o(∥h∥). Partial derivatives at one point do
not suffice. If f ∈ C2 near a, ∇f(a) = 0, and the Hessian is
nonsingular, positive definite gives a strict local minimum, neg-
ative definite a maximum, and indefinite a saddle.

D(g ◦ f)(a) = Dg(f(a))Df(a),
(f ◦ γ)′(t) = Df(γ(t))γ′(t).

2 × 2 Hessian fxx D = fxxfyy − f2
xy

type

> 0 > 0 minimum
< 0 > 0 maximum

any < 0 saddle
any = 0 inconclusive

Case split and aligned derivation
Example 9. For parametera, solve |x−a| ≤ x+ 1. Necessarily
x + 1 ≥ 0. Squaring is then safe:

(x − a)2 ≤ (x + 1)2

−2(a + 1)x ≤ 1 − a2
.


x ≥ (a − 1)/2, a > −1,
allx ≥ −1, a = −1,
x ≤ (a − 1)/2, a < −1.

Intersect every branch with x ≥ −1. At a = −1, the original
inequality is equality for allx ≥ −1.
Symbols and final checks

symbol meaning symbol meaning

⇐⇒ two directions ↪→ injective
↠ surjective ⊔ disjoint union
⟨x, y⟩ inner product spanS linear span
O(g) bounded ratio o(g) ratio→ 0

Before using a formula: identify hypotheses, domains, boundary
cases, and zero denominators. Before ending a proof: bind every
introduced variable, state the quantified conclusion, and sepa-
rate necessity from sufficiency.

final checks continued. Before reporting a numerical result,
retain exact form, check sign and scale, and test a simple spe-
cial case. Cross-reference examples by [FND-A], [CAL-C], or
concept label finite-net argument; tags remain readable when
PDF links are unavailable.
Rings, fields, and modular arithmetic
LetR be a commutative ring with identity. An ideal I ◁ R is an
additive subgroup absorbing multiplication, so operations on
R/I are well-defined. Proper maximal ideals correspond to field
quotients; proper prime ideals correspond to integral-domain
quotients.
Theorem 20A. For integers a, b, there exist x, y with ax +
by = gcd(a, b). Hence, for n ≥ 2, a is invertible modulo n iff
gcd(a, n) = 1.
Proof. The Euclidean algorithm preserves the set of common
divisors. Back-substitution expresses the final nonzero remain-
der as an integer combination. If ax + ny = 1, then ax ≡ 1
(mod n); conversely an inverse congruence rearranges to such a
combination. □
Example 9A. Solve 14x ≡ 8 (mod 30). Since gcd(14, 30) = 2
divides 8, divide to 7x ≡ 4 (mod 15). The inverse of 7 modulo
15 is 13, sox ≡ 52 ≡ 7 (mod 15), producing two residue classes
modulo 30: 7, 22.
Complex numbers and geometry
Write z = reiθ with r = |z|. Products multiply moduli and
add arguments; nth roots of reiθ are r1/nei(θ+2πk)/n for k =
0, . . . , n−1. Möbius mapsz 7→ (az+b)/(cz+d) withad−bc ̸=
0 send generalized circles to generalized circles.
Caution. Arguments are defined modulo 2π. A chosen princi-
pal branch is discontinuous along a cut, and identities such as
Log(zw) = Log z + Logw need branch control.
Polynomials and field extensions
For F [x], division by a nonzero polynomial works because its
leading coefficient is invertible. Thus the Euclidean algorithm
computes gcds, irreducibles are prime, and for nonconstant p,
F [x]/(p) is a field iff p is irreducible. Over an algebraically
closed field, irreducibles are linear; over R, they have degree one
or two.
Theorem 20B. If α is algebraic over F with minimal poly-
nomial mα of degree d, then F (α) ∼= F [x]/(mα) and
1, α, . . . , αd−1 is anF -basis.
Proof. Evaluation F [x] → F (α) has kernel (mα) and image
F [α]. Division bymα reduces every expression to degree below
d. Because the quotient is a field, F [α] = F (α); independence
follows from minimality. □
Example 9B. Over Q, x3 − 2 is irreducible by the rational-root
test, so [Q( 3√2) : Q] = 3. Every element is uniquely a + b 3√2 +
c 3√4.
The tower law says [K : F ] = [K : E][E : F ] for finite ex-
tensions F ⊆ E ⊆ K. Therefore intermediate degrees divide
the total degree. This divisibility is necessary, not sufficient for
existence of an intermediate field.
Caution. A polynomial reducible over one field can be irre-
ducible over a smaller field. Always state the coefficient field be-
fore applying a criterion.
Representations and character checks
A finite-dimensional complex representation is a homomor-
phism ρ : G → GL(V ). Its character χ(g) = tr ρ(g) is
constant on conjugacy classes; equivalent representations have
equal characters.
Theorem 20C. For a finite group and finite-dimensional com-
plex representations, ⟨χ, ψ⟩ = |G|−1 ∑

g∈G χ(g)ψ(g) makes ir-
reducible characters orthonormal. Multiplicity of irreducibleU
inV is ⟨χV , χU ⟩.
Example 9C. For the permutation action on a finite setX, the
character valueχ(g) equals the number of points fixed by g: the
representing matrix permutes the basis ex , and diagonal ones
occur exactly at fixed points. Averaging χ recovers the number
of orbits.
If G is finite, each ρ(g) has finite order, so its eigenvalues are
roots of unity. Therefore character values are sums of roots of
unity, not generally roots of unity themselves.

construction space character

direct sum V ⊕W χV + χW
tensor product V ⊗W χV χW
dual V ∗ χV for finiteG
restriction sameV , subgroup χV |H

Caution. State the group, field, generators, and action before
interpreting a matrix or geometric symmetry.
MIX-I2 Further worked reference: optimization and PDEs

singularity Laurent principal part test

removable none bounded nearby
pole orderm finite through (z − a)−m (z − a)mf → c ̸= 0
essential infinitely many negative

powers
neither above

residue coefficient of (z − a)−1 contour contribu-
tion

Caution. A simply connected cut domain avoiding zero suffices
to choose a branch of zα or logarithm. Residues still require ori-
entation and boundary-pole checks.
Constrained optimization and duality
For differentiable convex f and differentiable convex con-
straints gi(x) ≤ 0, the Lagrangian is L(x, λ) = f(x) +∑
i λigi(x) with λi ≥ 0. KKT combines primal and dual

feasibility, stationarity, and complementary slackness. Under
Slater’s condition, KKT characterizes an optimum.
W14 [MIX-I] KKT. Minimize x2 + y2 subject to x + y ≥ 1. Sol.

Write g = 1 − x − y ≤ 0. Stationarity gives 2x − λ = 0,
2y − λ = 0. The unconstrained point is infeasible, so comple-
mentary slackness makes the boundary active:x+y = 1. Hence
x = y = 1/2,λ = 1, and the minimum is 1/2.
The dual function q(λ) = infx L(x, λ) gives lower bounds.
Weak duality requires no convexity. Convexity plus a qualifi-
cation such as Slater gives standard sufficient conditions for
strong duality; some nonconvex problems also have zero gap.
Finite differences and PDE patterns
For the one-dimensional Poisson equation −u′′ = f with
Dirichlet endpoints, a centered grid gives

−uj−1 + 2uj − uj+1

h2
= f(xj ).

The matrix is symmetric positive definite. Consistency is local
truncation error; stability controls amplification; convergence
needs both in standard well-posed linear settings.
Principle 25. If D is bounded and connected and real u ∈
C2 (D) ∩ C(D) is harmonic, its maximum and minimum on D
occur on ∂D. Uniqueness for Dirichlet data follows by applying
this to a difference.
For ut = κuxx with κ > 0, forward Euler with centered space
usesun+1

j
= un

j
+ r(un

j−1 − 2un
j

+ un
j+1 ), r = κ∆t/h2 . On the

standard one-dimensional grid, stability requires 0 ≤ r ≤ 1/2.
Caution. A stable discretization may still solve the wrong
equation if inconsistent. Mesh refinement studies should com-
pare errors at fixed physical data and account for boundary ap-
proximation.
Final proof and computation audit

stage question

statement Are domains, quantifiers, and conven-
tions explicit?

hypotheses Did every theorem assumption get
checked locally?

transformation Is each division, limit interchange, or
representative choice valid?

computation Do dimensions, units, signs, and bound-
ary cases agree?

conclusion Does the result answer every requested
part at the right strength?

verification Can a special case, inverse step, or inde-
pendent method detect error?

For long solutions, label the invariant or target before algebra,
preserve exact expressions until the final line, and attach every
alternative method to the same hypotheses. A correct calcula-
tion without its admissible cases is incomplete; a correct theo-
rem name without its assumptions is not an argument.
Counterexample construction
To test a universal implication, probe empty, singleton, bound-
ary, singular, and infinite cases before searching for elaborate
objects. To refute “P impliesQ,” exhibit one object withP true
and Q false, then verify both claims explicitly. For failed con-
verses, reuse the same definitions rather than a nearby infor-
mal property. Negating∀x ∃y R(x, y) gives∃x ∀y¬R(x, y); the
witnesses change order. A numerical experiment suggests a can-
didate but does not establish the quantified counterexample un-
til exact values and admissibility are checked.
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