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Abstract

In cognitive modeling, understanding how an agent leverages contextual informa-
tion to learn about an adversarial environment and take what it considers good
decisions is a fundamental investigation. By observing the agent’s learning pro-
cess, can we estimate how the agent is using this contextual information? One
way of doing this is to approximate the agent’s learning behavior by contextual
bandit algorithms. The aim of this work is to provide model selection procedures
that will pick the contextual bandit procedure that best fits the agent’s learning
process. We introduce a hold-out estimator and a penalized maximum likelihood
estimator and show that both satisfy oracle inequalities. We give several examples
of bandit algorithms for which the assumptions are satisfied, and assess our results
on both synthetic and experimental learning data in a human categorization task.
We also discuss why bandits with expert advice satisfy the same type of oracle
inequalities and how they can be used to model metalearning in cognition.

1 Introduction

1.1 Cognitive models

Imagine an agent (human or animal) learning sequentially to make good decisions and having ac-
cess at each time step to some contextual information. By looking at the agent’s successive actions,
can we estimate the agent’s learning strategy, that is the way the agent used this contextual infor-
mation to make its decisions? This problem belongs to the more general framework of cognitive
modeling [12]. Cognitive models help to understand the mechanisms that occur while for instance
learning, remembering or predicting tasks. They have been widely studied in the cognition liter-
ature [32} [15]] and have a major impact on education for example. Usually in cognitive modeling
[42] 16], maximum likelihood estimation (MLE) is applied and the best cognitive model is selected
by cross-validation or an Akaike information criterion (AIC). One of the main challenges of cog-
nitive modeling on learning data is that, since the agent remembers its past actions to learn, the
data are not stationary and not independent. There are very few theoretical statistical works in this
context: in [5], the properties of the MLE are studied for the Exp3 model on learning data; in [6], a
very general model selection procedure is presented that can be applied to non stationary data, but
nothing in the setup of learning with contextual information. Our present goal is to provide model
selection procedures that are valid for learning data in this contextual setup.

1.2 Contextual bandits

The purpose of a contextual bandit algorithm [28] is to find an optimal policy for selecting actions
based on additional information (the context) given at each time step. In Machine Learning, contex-
tual bandits have many applications [[10] such as recommendation, patient follow-up in healthcare,
etc. Here, we use them as learning models. Although not traditionally employed in cognition for
modeling real behavioral data, contextual bandits are gaining popularity in the cognition literature
[27,141] and most of the cognitive psychology models of learning with contextual data such as Com-
ponent Cue [20] or Alcove [26] can be expressed as contextual bandit algorithms since they treat the
same problem: bandit feedback and choice based on past decisions and present context.
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Let us formalize the statistical problem we treat. We observe a sequence of contexts and actions
(X1,A1,...,Xp, Ar) for an integer T' > 1, where the contexts X; belong to some finite space X
and the actions A; belong to a finite set [K] = {1, ..., K} for some integer K > 1. Let F; be the
trivial sigma-algebra and for ¢t > 1, let F; = (X1, 41, ..., X}, A;) be the sigma-algebra generated
by observations until time ¢. Let p* = (p{‘)tem be the successive conditional probability distribu-
tions: Vo € X,Va € [K], pf(a,z) = P(4; = a|X; = x, F;_1). In reinforcement learning, this
vector is called the policy of the agent. Recall that here, p* is fixed, but unknown.

Our goal is to select the best model approximating p* among a family of models ({p™ =
(Pi")teir)})merm, where M is a countable set. Each p;" is a conditional distribution over [K]
given (X, F;_1) and a candidate at being p;.

1.3 Partition-based contextual bandits: an example of parametric models

The leading example of contextual bandit algorithm that we use here is partition-based contextual
bandits [28), Chapter 18]. It consists in assuming that the agent partitions the context space X" into
disjoint cells C'. This may typically happen if the agent is already familiar with the contexts and
has already built a personal opinion on their meaning. The agent only has to learn the new task
thanks to this fixed view of the space by updating elementary bandit algorithms in each cell C, that
we denote CellBandit(C), each time the context belongs to the corresponding cell. Our goal is to
estimate the partitioning of the context space that the agent is using, i.e. understanding how the agent
uses the contexts for the learning task. As an example, we illustrate numerically our approach on a
categorization task, see Section [5| where contexts are objects to classify. By selecting the partition
that best fits the learning data of a given individual, we have access to the similarity between objects
as perceived by the learner.

To formalize partition-based contextual bandits, let g = (g1,4, - - -, gr.t) € [0, 1]% be the vector of
losses (or rewards) at time ¢, which models the feedback of the environment. We make no particular
assumptions on the way losses are generated, except that g; needs to be o (X, F;—1)-measurable.
They may be adversarial or stochastic (see Section ] for some examples). In the same way, the gen-
eration of the contexts X; does not need to be specified: they can be independent of past actions or
the result of the past actions. Then, each model m € M corresponds to a partition P,, of X into D,,
cells. The model m is parameterized by a vector 6™ = (6¢)cep,,, where each CellBandit(C) is
using a procedure parameterized by a parameter 6 — for instance, the learning rate in Exp3. The re-
sulting candidate for p* is therefore pyr. = (pgin ;)ic(z)- For a given cell C' € Pp,, CellBandit(C)
is updated each time X; € C, and therefore its decision at time ¢ only depends on the contexts and
actions happening at times in F;(C) = {s € [t], X, € C}, which is of cardinality " = |F}(CO)|.

We write a +— WgCTC (a) the distribution over the set of actions [K] at time ¢ for the procedure
1t

CellBandit(C') with parameter 6¢ (see Algorithm([I). With this notation,

vt € [T],Va € [K], pjni(a, Xe) =Piu(Ar = alXe, Foor) = ) mre(@)lxec. (1)

CePm
Algorithm 1 Partition-based contextual bandit for model m [28]
Inputs: partition P, of the context space X,
parameters ™ = (0¢)cep,, € O™ = ® O¢, with O¢ compact parametric set.

CeEPm
Initialization: For all C' € Py, forall a € [K], 7(¢ (a) = 1/K.
fort=1,2,...do
Learner observes context X; € X and finds C' € P,,, such that X; € C.

Learner plays Cel1Bandit(C') with parameter ¢ and samples action A; ~ rbe

c,re”
Learner observes loss ga,: and updates the probability distribution 7
CellBandit(C).

0c

C,TFf mn

1.4 Contributions

We provide two model selection procedures for modeling learning with contextual information,
based on the partial log-likelihood ¢7(p™) of the observations (X3, Aq,..., Xr, Ar), defined
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by
T
Lr(p™) = log (p}*(As, Xy)) . )
t=1
We prove oracle inequalities for the conditional Kullback-Leibler divergence Dk, between p; (-, X3)
and p;n(7 Xt):
D (X))o (- X)) = E |1 pi(Xe)
. 9 0.7 X0) = € [log 210
In Sectionwe consider a finite family of general models {p™ = (p}"*)¢c|r], m € M} and show that
a hold-out estimator satisfies an oracle inequality with an O ((logT + log|M]|)/T) error bound,
regardless of the nature of the models. In Section [3] we focus on the partition-based contextual
bandit models defined in (I}) with possibly infinite countable family of partitions and consider a
log-likelihood criterion penalized by D,,, times some logarithmic terms. Under some assumptions
on the Cel1Bandit algorithms that are used, we show an oracle inequality with an O (log(T')3/T)
error bound. In Section[d] we prove that Stochastic Gradient Bandits and Exp3-IX are examples of
CellBandit for which assumptions of Section [3] are satisfied. Section [5]is devoted to numerical
illustrations on both synthetic and experimental learning data in a categorization task. In Section [6]
we discuss how bandits with expert advice can be used to model metalearning [9]], which refers
to the processes by which an agent acquires knowledge about its own learning abilities, strategies,
and preferences. In Appendix [B| we give the details required to obtain model selection results for
metalearning. The complete proofs of the theoretical results are given in Appendix [C]

1.5 Related work

Our objective is not to provide a method that improves the regret [[11]]. Similarly, our work is not
to be misunderstood with [[17, 18 [37] in which authors develop model selection algorithms for
contextual bandits that aim at finding the relation between context and action that best optimizes
rewards. Our goal is to understand how an agent learns, not to tell it how to learn better. Thanks
to the learning data of an agent, we select the contextual bandit algorithm that best fits the learning
curve of the agent — without necessarily assuming that the agent understands the relation between
context and actions. Hence we are not trying to find an optimal model, but the most realistic one
w.r.t. learning data. To our knowledge, this theoretical statistical problem was studied for the first
time in [5]. But in contrast with [S]], which assumes Exp3 to be true and studies MLE performances,
we want to perform model selection with contexts.

Xtv]:t—1:| .

From an Imitation Learning (IL) or Inverse Reinforcement Learning (IRL) point of view, this prob-
lem could be seen as a learner trying to reproduce the learning curve of an expert. Usually in IL [23]],
we observe an expert who has already mastered the task, so the input data of a classic IL algorithm
are not learning data. In IRL [4], MLE might be used on data [38]] but the IRL learner’s goal is
to infer the underlying reward function that best explains the expert’s observed behavior thanks to
multiple trajectories and then use this inferred reward function to guide its own decision-making. In
our setting, the experimentalist already knows the reward function and the goal is to infer the agent’s
perception of the contexts, thanks to a single learning trajectory.

Our goal is close to [24], who estimate how a learner’s behavior evolves over time and how it priori-
tises choices for applications to healthcare, except that [24]] is in a Bayesian framework. Similarly,
authors in [40] and [41] try to predict the behavior of participants in contextual multi-armed bandit
tasks. The main difference is that they work in specific stochastic bandit settings with a Bayesian
approach whereas we do model selection in a non-stationary and adversarial framework.

On a more technical level, hold-out estimators are often used in cognition for learning data [33} 25]].
Hold-out procedures have been studied theoretically in the literature in a stationary and independent
data framework [29, 13 2]. Few results exist for time dependent data [36] and they are quite far from
our setup. Here, the main issue is that the training set is not independent from the validation set, so
more advanced tools such as V'-fold cross-validation cannot be used.

Section is very similar in design to the framework of [13]] for selecting the best histogram for
density estimation or more generally to non asymptotic model selection [29]]. The main difference
is that we are in a non stationary and non independent framework. Therefore, to prove the oracle
inequality of Section [3we use instead a recent result for penalized log-likelihood estimators which
is valid in this framework [6].
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2 Hold-out estimator
In this section, we assume that M is finite as it is often the case for hold-out estimators [29, Chapter

8], and |[M| > 2. Let T > N > 1 and select /i € arg max ZthN log pi* (As, Xy).
meM

Theorem 1. Assume that for allm € M andforallt € {N,...,T}, p{" depends only on (X, F;—1).
There exists a positive numerical constant {, such that for any k € (0, 1),

(1-k)E 5

T A~
1 p§(7XS) +p;n(7Xs)
m G:ZNDKL (p§(',Xs)7 XN, Fn-1

T

1
Z DkL (p:('aXS)ap;n('aXs» ’XNa}-N—l‘|
=N

fFE|——
: T-N+1:

<(1 i
(L+r) inf

+Qlog(T—N+1)+log|M|
K T-N+1 '

This result can hold for arbitrary p™ as long as it is adapted to F;, for ¢ > N. In particular it allows,
as usual for hold-out estimator, to use p™* = pf' , where 6™ € %{%efgﬁlsi Zivzil log pgin ¢ (A, Xt),
whatever the parameterization of the model m — not necessarily partition-based. This result is the
equivalent of Theorem 8.9 in [29] for this learning framework, adding only a multiplicative log T’
factor in the error bound. It justifies the use of hold-out procedures to model learning data in cogni-
tive experiments such as [33} 25]], using classical cognitive models as Alcove [26], Component-Cue
[20] or Activity-based Credit Assignment (see [25] and the references therein).

Limitations. Due to the strongly dependent structure of the data, we perform a single split of the
sample between training and testing data at t = NV, unlike the classical hold-out. As usual, a careful
trade-off has to be performed between N large enough to properly estimate each model and not too
large, in order to reliably compare them. This also means that this approach is unsuited to situations
where the learner learns differently at the start and at the end of the experiment, for instance by
switching models once it has grasped how the task worked.

3 Penalized maximum likelihood estimator

In this section, we restrict ourselves to partition-based contextual bandit (see (I)). Following [3], we
need to assume that the probabilities do not vanish.

Assumption 1. There exists € > 0 and an integer 7. > 2, such that, almost surely,

Vi< T, Ve e X, Va€[K], pila,z)>c¢ 3)
and that for all m € M and all C' € P,,, the Cel1Bandit(C) satisfies, for all parameter ¢ € O
Vt<T., Va€ [K], w.c(a)>e. (4)

Let pen : M — R, be a penalty function. For each m € M, let ™ € arg max £, (pgh) be
gmeem

a MLE of model m, with ¢ defined as in @, and select a model 7 that minimizes the penalized

log-likelihood stopped at 7T:

V2 mn
m € arg min (_TE(PW) + pen(m)) . )
meM TE

To prove oracle inequalities, we also need a smoothness assumption on the parameterization of
CellBandit(C') which can then be propagated to the p™ in Proposition

Assumption 2. With the notation of Assumption[I} there exists L. > 0 such that, almost surely, for
allm e M,all C € P,,,

oc
Tore (a)
Véc,0c € Oc, Vt < T, sup llog | —p=—— || < Lc[|dc — Oc|lz. (6)
a€[K] 7TC7T‘C (a‘)
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Proposition 2. Assume that p™ is a partition-based contextual bandit as in (I) or Algorithm|I|and
that there exists T, such that for all C € P,,, CellBandit(C) satisfies ([Z_f[) and @ Then, almost
surely, for all 9™ 6™ € O™, for all t < T, forall x € X, forall a € [K],

log P (a, )
Py ot (a, )
Assume that the numbers of parameters of all Cel1Bandit procedures are uniformly bounded, and

let d = sup,,c o SUPcep,, dim(O¢). Since the models are smooth enough and the probabilities
are lower bounded, by applying [|6], one can prove the following result.

pym 4(a,r) > € and sup
a€[K]

g Ls sup H(SC 790”2.
CeP,

m

Theorem 3. Let M be a countable set, and for each m € M, consider a partition-based contextual
bandit model {py}.,0™ € ©™} (see Algorithmand (). Let R and r be such that all coordinates

0;.c’s of 0c € O¢, for C € Py, and m € M, satisfy r < 0;c < Rand let A, = LE\/E(R -
)+ 2log(e ™). Let ¥ =log(A) Y, ep € P < +o0. Under Assumptionsand there exist
positive numerical constants ¢ and ¢’ such that for all k € (0, 1], the following holds: if for all

m e M, D
pen(m) > = A2log(e™1)*/? log(TL A.)? 22,
K T

then,

TE

1:/_;{ Z E [DKL (p:('vXt)’pg?h,t(.’ Xt)ﬂ

t=1

T,
. . 1 - m
<o, <<1 #0), DLE [Diw (7 X0 X)) + 2pen<m>>

18¢/ —~143/2
+TA52510g(5 )= log(T: A:)

2 log(Te)
T.

This result is very similar to model selection "a la Birgé-Massart" [29, Section 7.4] with a trade-off
between bias and variance represented by the penalty in D,, /T, with additional logarithmic terms
in log2 T: in the penalty and in 1og3 T: in the residual error. It is obtained by applying the recent and
very general result of [6] which holds even for dependent non stationary data. However it is quite
tedious to validate the assumptions of [6]. The partition-based contextual bandits are an example
where this holds easily thanks to the partition which involves easier assumptions (namely @) and
(6)) to check on the CellBandit (see Section E] for examples of CellBandit that satisfy them).
Another example of contextual bandit where the assumptions of [6] are satisfied is given Section [f]
in metalearning.

Limitations. Compared to the hold-out procedure, this approach does not require to split the sample.
While this estimator can still work well when using all data, as shown in Section E} the oracle
inequality only holds when using the data from the time interval [T.], which can be significantly
less: in the models of Section |4} T is of order \/T . Moreover, this theorem does not cover every
kind of cognitive models. Finally, while the penalty is in clogQ(Te)Dm /T, the constant ¢ in this
theoretical result is not known a priori and one needs to calibrate it by numerical simulations (see
Section [5). We could use the hold-out procedure described in Section [] to choose it, with similar
issues, or other heuristics such as the dimension jump method or slope heuristics [7, [1]].

4 Examples of CellBandit

In this section we provide examples of Cel1Bandit satisfying (@) and (6). All the algorithms below
are written for a cell C' and a Cel1Bandit(C) parameterized by fc € ©¢ compact subset of R?
such that R > supg_co.. [|0c||oo-

4.1 Example 1: Exp3-IX

This algorithm is a generalization of Exp3 and was introduced in [35]. Following [5], we write
Exp3-IX with parameters decreasing as a square root of the sample size to ensure a good MLE
estimation of the parameters. Note in addition that, for Exp3 and its variants, it is well known that
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sublinear convergence of the regret occurs when the learning rate n and the exploration term -y are
decreasing as a square root of the sample size. This renormalization ensures that the learner is able
to learn at a good pace and at the same time be robust to changes in the environment.

Algorithm 2 Exp3-IX[35] as a Cel1Bandit(C)

Inputs: T (Sample size), 0c = (1,7) € O¢ (Parameter), K (Number of actions).
Initialization: 7r‘90 =(F, %)
for t € Fp(C), the set of times where X € C, do

Draw an action A; ~ W%?th and receive a loss g4, ¢ € [0, 1].

Update for all a € [K],

P <_\/n 2seRn(©) gZ’CS) here §7¢ 9b,s
whnere =
S ek exp (——= 3 goc Fo.e V/IVT + 78,0 (b)
be[K] XP\ T T 2useFi(C) Ib,s C.T¢

0
CCT +1( a) = la,=p

In this case, O C R?. When v = 0, we recover the classical Exp3 algorithm, studied from the
MLE point of view in [3]. Note that while g4, ¢ is observed and known, the estimated loss gg,s
depends on the parameterization. The following result shows that one can choose Exp3-IX as a
CellBandit in the partition-based contextual bandits to perform partition selection.

Proposition 4. Let ¢ € (0,1/K) and let ©c C [0, R)> with R > 0. Then Exp3 — IX can be a
CellBandit(C') with parameterization ¢ € O that satisfies @) and (6)), as soon as

1 T JVRIT + &2
TFKK—s)‘g AT and L= YEITHE 1y

e3R
This shows that one can apply Theorem [3| with Exp3-IX as CellBandit as long as we stop us-
ing observations after v/7 time steps. The dependence in € in not very critical, since it has been
proved at least for Exp3 in [5], that in practice, we may take e quite large (non-vanishing) with
almost no impact on 7. This is a good thing since the theoretical dependency of L. in ¢ is quite
pessimistic.

Limitations. This algorithm considers the horizon 7" fixed in order to renormalize the parameteriza-
tion. From Proposition {4} it follows that Theorem holds when only the first /7" observations are
used in the MLE, but this in no way means that the estimator will perform poorly when based on
all data. Taking /T observations compounds on the usual issue that if the number of cells is large,
only a small amount of data may be available for each cell, making estimation difficult.

4.2 Example 2: Gradient Bandit

Gradient Bandit is another possible algorithm. We still choose for similar reason a parameteri-
zation in 7/ /T, which echoes the Robbins-Monro conditions [39] even if [31]] proved convergence
in a stochastic bandit framework even for non renormalized parameters.

Algorithm 3 Gradient Bandit [31] as a CellBandit

Inputs: T (Sample size), ¢ € [r, R] (Parameter), K (Number of actions).

Initialization: %, = (3,..., %)

fort € Frp(C) do
Draw an action A; ~ szth and receive a reward g4, ¢ € [0, 1].

Update for all a € [K],

exp ( \f ZseFt ga%)

0
ZbE[K] exp (—7% ZseF,,(C) Gvs

) where gec = (1,4 = — T Tc(b)> 9As,s




219
220

221
222
223

224

225
226
227
228

229

231
232

233
234

Proposition 5. Let ¢ € (0,1) and let O¢ C [0, R]? with R > 0. Then, Gradient Bandit can be a
CellBandit(C) with parameterization 6 € O that satisfies @) and (6), as soon as

T, := \}og( 1) \/TJ AT and L. = ﬁ%

Ke| R ° " Re VKe

This theoretical result has the same interpretation as before: the theoretical guarantees of Theorem

with Gradient Bandit as CellBandit hold when we stop using observations after /71" time
steps. In practice, we can use the observations up to time 7' (see Section 3).

5 Numerical illustrations

We consider an experiment on the following categorization task: learners have to classify nine ob-
jects in two categories A and B in a sequential way. Figure[T|presents the objects and the classifica-
tion rule the learners have to learn. It is a quite difficult task that has been experimented for instance
in [34], where the learners needed about 300 trials to learn the classification rule.

Shape

(a) Representation in 4D space (b) Category attribution

Figure 1: Experiment presentation: classic 5-4 category structure, widely used in cognition [30].
In[Ta] the 9 objects to classify represented in a 4D space with respect to their attributes: Color, Size,
Filling Pattern, and Shape. In |T_B|, by position in the 4D space, the category attribution (A or B).

The reward is fixed: 1 if the learner finds the good category and O in the other case. We focus on 6
different models (described in Table [I)) that have a good cognitive interpretation.

Table 1: Description of models and their learning abilities

Number Learns cate-
Model of Description of the cells .
cells gorization
OneForAll 1 One giant cell No
ByShape 2 One for circles, one for squares Partly
ByPattern 2 One for striped items, one for plain items Partly
ByShapeExc 4 Cells from ByShape model with exceptions iso- Yes
lated
ByPatternExc 4 Cells from ByPattern model with exceptions iso- Yes
lated
OnePerItem 9 One cell for each item Yes

On synthetic data. We have not been able to run the simulation with Exp3-IX. Indeed, as also

shown practically in [S] for the simple Exp3 case, the probabilities ﬂsztc can go to zero extremely

fast. When the agent learns over an horizon 7" = 500, only v/T' = 22 observations would be usable
and the estimations even of just the MLE is unreliable. So all the simulations were performed with
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T = 500 and for Gradient Bandit as CellBandit, for all the 6 models described in Table[T] The
way synthetic data are generated can be found in Appendix [A]

Figure 2a] shows that despite the conservative theoretical bound given in Proposition [5] with 7
of order /T, Gradient Bandit provides good results when the MLE is applied to all T data
points. The truncation at v/T' ~ 20 required in the theoretical results does not seem necessary in
practice, and actually looks suboptimal for Gradient Bandit. Figures 2B and 2c| show that the
hold-out is almost systematically outperformed by the penalized MLE. Both struggle to identify the
significantly more complex model OnePerItem, preferring simpler alternatives.

80 Group S ] .
€5 OneForAll < 7
B3 OnePerltem o | o
o C! —
40 . ©
f t o 7] g _
H <,
. . < ] <
20 s R o U
i cyoL ~ o
LI ° ° ]
cm i wmadal e o |
20 50 100 150 200 250 500 ° T T T T T e T T T T T
01 02 03 04 05 000 005 010 015 0.20
(@) (b) (c)

Figure 2: Errors of the procedures as a function of the tuning parameters. In average of the |éc —
0¢c|/6c over all cells C' in model OneForAll and OnePerItem for the data generated respectively
by the same models, where f¢ is the MLE with likelihood truncated at N (in abscissa). Inand
percentage of mismatch between 7 and the simulated model over 100 simulations. The colors for
each model are the ones given in Figure [3] whereas the average error on the models in the dash
line. In for the hold-out estimator as a function of N/T. In for the penalized MLE with
pen(m) = clog(T)%D,, /T, as a function of c.

a: Hold-out criterion b: Penalized MLE criterion c:Hold-out  d: P.MLE
1.00- 1 ] J
0.751 1 . 1 Models
. byPattern
. byPatternExc
0.50- I b 1 . byShape
. byShapeExc
. OneForAll
0.25- 7 J J . OnePerltem
0.00- 1 4 i
o o o A o o < s o o ' '
¥ ol T P e e A N > @
R P T BT e e X o
) o2 o o o o & o o® oe? B

Figure 3: Distribution of the model choices. In a, hold-out with N = 250 over 100 simulations.
In b, penalized MLE with ¢ = 0.012 over 100 simulations. In ¢, hold-out on the data recorded in
[34]-176 participants. In d, penalized MLE on the same experimental data.

Given these results on simulated data, we use N = 250 for the hold-out and ¢ = 0.012 for the
penalized MLE. The proportion of mismatches for each model are reported in Figure [3a for the
hold-out and [3p for the penalized MLE. Both methods manage to recover the true model with less
than 35% of mistakes, except for the model OnePerItem, for which only the penalized MLE is able
to achieve a successful match more than 60% of the time. The models that are confused the most
are the ones that are able to correctly learn the categorization, that is ByPatternExc, ByShapeExc
and OnePerItem.
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On real data. The data have been collected for [34ﬂ and we focus only on the learning data. We
use only the 176 participants that needed at least 7' = 100 trials. In Figure 3, we see that most
of participants are attributed one of the 3 models able to learn. The most frequent is OnePerItem
(about 70% for the penalized MLE) and this percentage is larger than the one obtained on sim-
ulation, probably meaning that a significant proportion of the participants do not see the division
along the dimensions Shape or Pattern. It would be interesting for further study to see if this is
linked to the presentation order of the objects, as it has been proved for Alcove and Component Cue
in [34].

6 Metalearning

By looking at the experiment above, it is hard to believe that learners start directly with a model like
ByPatternExc. It is more likely that they start with a model like ByPattern and realize that there
are too many exceptions, so that they progressively end up with ByPatternExp. One way to model
this progressive switch from one strategy to the other is to use bandits with expert advice. In this
framework, there is a finite set £/ of randomized policies called experts, (£;,¢(.))+<[7], probabilities
over the set of actions [k], that are modeling the different strategies the learner might have. No
assumptions are made here on the way experts compute their randomized predictions: they might
be the result of contextual bandits like ByPattern or more generally any kind of computations that
depend on the learner’s past choices. Exp4 (see Algorithm ) is an adaptation of Exp3 to this case
(see [28]] for regret convergence and variants such as Exp4.P [8]).

Algorithm 4 Exp4 [11]

Inputs: T (Sample size), 6 € [r, R] (Parameter), K (Number of actions), E (Set of experts).
Initialization: q%,l uniform distribution over the experts E.
fort=1,2,...do
Receive experts advice a — & +(a) probability distribution over [K] for all j.
Draw an action A; ~ W%vt(.) =Y icE qu,t(j)fj,t(.) and receive a reward g4, + € [0, 1].
Update for all j € E,

exp (~ L S0, 00,

9 t .
ZieE exp (_ﬁ D1 yig,s

Q%,t+1(j) =

. ~ Ga,s
Wlth yf’s = E gi’t(a) 7-[-0 (a) 1A5:a
) a€[K] E,s

In this setting, a model m is defined by a finite set E,,, representing the different experts/strategies
the learner is learning from. Since there is only one parameter by model (namely 6 € [r, R]), the
penalty plays no role, nor the calibration of c¢. So there is no need for hold-out and one can prove
that the model with the smallest log-likelihood on the first 7. ~ /T time steps satisfies an oracle
inequality if M is finite, as well as |F'| := max,,eq |Er|. Details are given in the Appendix
This shows that one can select the set E,,, of strategies which is the closest to reality among the sets
of strategies that are put in competition.

Limitations. The only limitation with this approach is that we need at first to know the eventual
parameters of each strategy. Again we could split the data in a hold-out fashion to make the injection
of estimated parameters possible. However, it would be then nearly impossible to correctly estimate
the parameters of strategies that are not used at the beginning of the learning. We refer to [9] for
other methods in meta-learning for cognition.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We describe our contributions in the abstract and introduction. They are
mainly theoretical in nature, with oracle inequalities for two model selection procedures
(hold-out and penalized maximum likelihood) in Sections [2|and 3] We also show that the
assumptions of these results are satisfied for some common reinforcement learning models
in Section]and[6]and finally illustrate the procedure on synthetic and real data in Section[3]

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: After each theoretical result, we wrote a paragraph named limitations to dis-
cuss the issues we thought of with respect to each result. Note that since our focus is on the
theoretical properties of the methods, with the experimental sections serving as illustration
of these properties, we do not care about the computational complexity of the algorithms
considered and do not discuss them beyond their execution time discussed in Appendix

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.
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* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We stated precisely all our theoretical results with assumptions that are clearly
referenced. Only the last section about metalearning is written slightly more informally due
to lack of space but formally written in the supplementary material. We give intuition about
how each assumption is used. The proofs are given in the supplementary material.

Guidelines:
* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The simulation of data according to each model is precisely explained in
Appendix [A] and the code to produce it is given. The codes to compute both estimators
(hold-out and penalized MLE) are given and commented, also in the supplementary mate-
rial. The real data are taken from a published paper [34] and we asked the authors of [34] to
provide us with these data. We don’t think it is possible to make these data public because
the ethics agreement that has been signed by the authors of [34], prior to data collection,
might not include this possibility. However, this application to real data is mainly to prove
that this can be done in practice. Since there is not a truth to be compared to in these data
and since even cross validation is hard to perform, this real dataset cannot be used as a
benchmark to compare methods anyway.

Guidelines:
* The answer NA means that the paper does not include experiments.

» If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
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* If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All codes to generate synthetic data and to perform penalized MLE and hold-
out are provided, so that all the numerical part on the calibration of both methods can
be faithfully reproduced.Only the real dataset, as explained before, cannot be given for
reproduction (Figure 3).

Guidelines:
* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The whole purpose of our numerical study in Section[3]is to explain the choice
of hyperparameters (such as the splitting in the hold-out of the calibration of the constant ¢
in the penalty).

Guidelines:
* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We have run our simulations on 600 independent simulated learners and we
show with a boxplot (Figure [2a) and mismatch proportion graphs (Figure 2b] [2c| and [3))
the proportion of erroneous selections. This cannot be done on real data, since each real
participant to the categorization task is unique.

Guidelines:
* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.
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8.

10.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: It is not central in our analysis so it is just mentionned in the supplementary
material in Appendix [A]

Guidelines:
* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: Up to the real data that are used in this paper, there is absolutely nothing that
would be in violation to the Code of Ethics. For the real data that are used, they are human
categorization data. They have been recorded for another publication and just transmitted to
us. The experimental procedure was approved by the local ethics committee of the authors.
We do not want to share these data publicly since we do not want to breach the Privacy rule
of the Code of Ethics.

Guidelines:
¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This work is theoretical. The methods that are validated theoretically here
have already been in use in practice for a long time (see for instance the rules to follow
for cognitive modeling in [42]) and so the expected societal impact of the present work is
negligible.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

e The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|
Justification: We do not think this applies to our research.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We clearly stated that the real data come from [34]. The code has been
developed by us solely, using classical packages in R that are clearly mentioned in the code
and supplementary material.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.
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13.

14.

15.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: We do not provide new packages associated to our results.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

e At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer:

Justification: We did not collect data for the present article but used data collected for [34],
a work that is already published. In this article, all the details are given and we do not think
it makes sense to reproduce it here for our illustration. We only kept the main description
of the task so that the readers can understand what was done.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer:

Justification: The data collection done for [34]] had the approval of the local ethic committee
as mentioned in their article. Here we do not feel necessary to reproduce this here but rather
point towards [34] for additional information about the task and its ethic agreement.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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A Code and data description

A.1 Details on numerical illustrations

In this section, we give details on the numerical illustrations of Section[5} The images were obtained
using the ggplot2 package of R. Two types of analyses were conducted, on synthetic data and on
real data.

On synthetic data. The simulations of the synthetic data helped us calibrate the tuning parameters
choices for the hold-out and the penalized log-likelihood procedure. In Section 2] the parameter N
must be calibrated for choosing the correct training data sample size. In Section [3] as said in the
Limitations, since the constant c in the penalty term is not known a priori, it must be calibrated as
well. To do this, we follow the guidelines of [42]. The procedure is as follows.

1)
2)

3)

4)

5)

Sample size: T = 500. It is of the same order of magnitude as real data.

Objects generation: periodic sequence of the nine objects repeated through the 7" trials. We
generate a sequence of objects following the same structure as in [34]]. Due to the periodic
pattern, each object is therefore seen roughly the same number of times for all time ¢.

Actions generation: for each model in Table [T} we generated 100 sequences of actions
called synthetic agents with respect to the procedure given in Algorithm [I| with Gradient
Bandit as CellBandit. The parameters 6~ we used were the same for each model and
the same for each cell, equal to 0.03 X VT , except for the OnePerItem model where we
changed slightly the values of the parameter in each cell to make the model identifiable.
For m =0nePerItem, we took 8™ = ((0.03/10 + k x 0.007) x \/T)ke{o,i..,s} following
the same order of presentation of the sequence of objects defined earlier.

Parameters estimation: we then fitted each of the six models on all the synthetic agents
generated data, and we estimated the associated parameters using (MLE) and the pack-
age DEoptim in R with range (0,1) for the parameters ¢ /+/T and with the default
parameters and a maxiter value equal to 20. We then computed the log-likelihood as-
sociated to the estimated parameters. We did this for the likelihood stopped at time
N € {25, 50,100, 150, 200, 250, T'}.

- With such data, we were able to plot Figure 2a] and Figure [2b] with the hold-out crite-
rion defined in Section[2} In Figure [2a] we computed the average error made in each
cell by the model fitting of the same model that generated the data. For the Figure [2b]
we simply counted the number of times each model verified the hold-out criterion for
all the synthetic agent and for each model that generated the data.

- With the log-likelihood stopped at time 7" for the estimated parameters, we were able
to plot Figure [2d according to the penalized log-likelihood criterion defined in (3).
In the same way we counted the number of times each model satisfied the penalized
log-likelihood criterion for all the synthetic agent and for each model that generated
the data.

Choice of the parameters N and c for the real data: Given the results of Figure [2b] and
Figure we chose to use IV to be equal to half of the data length and ¢ = 0.012 to
account for a reasonable error for model OnePerItem, even if in average ¢ = 0.04 gives
better results. With this data, we were able plot the two first chart of Figure E}

On real data. For the real experimental data, here is the process we followed.

1)
2)

3)

Sample size: dependent on each agent, the average data sample size is 300.

Objects and Actions: we collected for each agent their objects sequence and associated
choices.

For each agent, we fitted the 6 models and estimated the parameters associated to each
model. To perform hold-out and penalized log-likelihood model selection, we used the
parameters [NV and c chosen thanks to the synthetic data. With this data, we were able to

plot Figure
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A.2 About the code and the data

In this section, we give explanations about the code and data (e.g. computation time, link between
code and data). All the data, code and images used are provided in the zip file associated to sub-
mission, called ContextualBanditsCode. We run all the simulations in R and used the following
packages: DEoptim, crayon, magrittr, dplyr, tidyr, ggplot2, gridExtra.

For the sample size we chose, all the simulations can run on a PC in a reasonable time of execution
(detailed hereafter). Overall, computing the different data and running the code took approximately
6 hours excluding the time needed for the real data. The biggest file is 373 kilobytes. The PC
we used was a Gigabyte - AORUS 15G XC, with processor: Intel(R) Core(TM) i7-10870H CPU
2.20GHz, 2208 MHz, 8 cores, 16 logical processors.

On real data. As mentioned earlier, we could not provide the experimental data used in [34]],
since they have already been published in another paper and we do not want to break the ethic
agreement. We can only provide the results and estimated data resulting from the experimental
data. Note however that the procedures to obtain the following RData files are the same as for
the synthetic data which we detail later. The three RData files on the real data are realdatamle,
realdata_holdout_trainingset, realdata_holdout_testingset.

* realdatamle is a list of estimators and associated log-likelihood for each model and each
agent.

* realdata_holdout_trainingset is a list of estimators and associated log-likelihood on
the first half of the sample for each model and each agent.

* realdata_holdout_testingset is a list of log-likelihood on the testing part
of the sample for each agent and each model with parameters estimated in
realdata_holdout_trainingset.

On synthetic data. All the synthetic data obtained in the other files can be computed by running
the code ContextualbanditsCodebis. The code is commented and starts with a list of functions
which are necessary to run the different procedures. In the code, we explain how the different
procedures lead to the following list of files. We have commented with # the parts of the code that
would moditfy the files so that running the code now would give the same images as the ones used in
the article. If one wants to generate new data, one should uncomment these lines of code. However,
we advise the reader that some of the procedures take a certain time, and would recommend not to
do so. We detail hereafter the content of the different csv and RData files and the time it took to run
them.

* To begin with, we generate a csv file called databis_500. csv of 500 trials and associated
list of objects in the file synthetic_data.

* In the same synthetic_data file we create the different model files and within each of
them generate 100 csv files of actions, rewards, and objects according to the procedure
described in [A.T} This procedure takes around 5 minutes. Then, we begin to compute the
MLE for each of the synthetic data csv file.

* Datalikelihood100agents6modeletabis500horizon is a nested list of estimators,
associated log-likelihood stopped at time 7" for each model fitted to the data of all the
synthetic agents. Computing these data took approximately 2 hours .

* holdoutbis100agents6models_horizon_20 is the same nested list of estimators but
computed on a log-likelihood stopped at time N = 20. Computing these data took approx-
imately 10 minutes .

* holdoutbis100agents6models_horizon_50 is the same nested list of estimators but
computed on a log-likelihood stopped at time N = 50. Computing these data took approx-
imately 20 minutes .

* holdoutbis100agents6models_horizon_100 is the same nested list of estimators but
computed on a log-likelihood stopped at time N = 100. Computing these data took ap-
proximately 30 minutes .
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* holdoutbis100agents6models_horizon_150 is the same nested list of estimators but
computed on a log-likelihood stopped at time N = 150. Computing these data took ap-
proximately 40 minutes .

* holdoutbis100agents6models_horizon_200 is the same nested list of estimators but
computed on a log-likelihood stopped at time N = 200. Computing these data took ap-
proximately 50 minutes .

* holdoutbis100agents6models_horizon_250 is the same nested list of estimators but
computed on a log-likelihood stopped at time N = 250. Computing these data took ap-
proximately 1 hour .

* alldataholdoutbis is a nested list of errors on estimation for the training data and log-
likelihood function on the testing data for all synthetic agents, all models and all training
data sample size N € {20, 50,100, 150,200, 250}. Computing these data took approxi-
mately 10 minutes .

B Assumptions for metalearning

Since we work in a more general setting and not simply with contexts, we assume that we observe
a process (A;)1<i<r adapted to a general filtration (F;)1<i< Where for all ¢ € [T], A; € [K]. In
particular, for all ¢ € [T'], F; is generated by the past actions (Ay, ..., A;) and any other additional
variable which might be observed or not — such as a context at time ¢ + 1 for instance. We write, for
alla € [K],and all ¢ € [T

p;(a) = P(A; = alFi—1)
the true conditional distribution we wish to estimate.

Additionally, we consider the family of models {(77%2 Jter,m € M} where M is a finite set,

0™ € [r, R], and for all m € M, (7% )te[r) is the sequence of mixtures of probability distribu-
tions over actions defined recurs1vely in Algorithm [] for the finite set E,,,. Each model m is thus
defined by a set of experts (£;¢(.))jeE,, te[r) Where for all m € E,,, t € [T], {;; can be any
probability distribution over arms [K] as long as it is measurable with respect to F;_1.

Let |F| := maxmem |En|. The goal is to select the set E,, of policies — that we see as learning
strategies — with which the agent learns to learn. This approach is again based on partial log-
likelihood £ (7%, 9" ) of the observations (A1, ..., Ar) defined by

TrEm Zlog (7TE (Ay) ) 7

To achieve a model selection result, we need the following assumption on the policies given by the
experts.

Assumption 3. There exists p > 0, such that almost surely, for all m € M, for all ¢ € [T] and all
i€ [K], ZjeEm gjt(z) = p.

Then, with Assumption[3] we can deduce a result similar to Propositions[d]and [5|because of the very
structure of Algorithm 4] which mimics Exp3.

Proposition 6. Assume Assumption 3| holds. Let p be the associated constant. Let ¢ € (0,

and let
1 e\ VT 1 1
T.=|(—= —Z) = | AT d L.=— — .
Km p) RJ o Rp()

Then, for all t € [T,], for allm € M, 8™,6™ € [r, R, forall k € [K],

o el
o (k)

Finally, we still assume that the true distribution is bounded away from 0 (as in (3)).

),

%m (k) >e and sup < L 0™ — 6™

ke[K]
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Assumption 4. Assume that Assumption [3] holds. Let € and 7T be the constants of Proposition [6]
Assume that
vVt < Te,Va € [K], pf(a) > e.

Assumptions [3] and [ allow us to verify Assumptions 1 and 2 of [6]. As for Section [3] it is thus
possible to put into competition different sets of experts. Let A, = L.(R — ) + 2log(e ). Since
all the models have the same dimension, there is no penalty term to account for. So the term ¥ in
Theorem 3 becomes log(A.)|M|e~!. The result of [6, Corollary 2] states that there exist constants
¢, ¢ such that, for all x € (0, 1],

T,
1 —n - * ém : . 1 = * om
< =
T. 2 E |:DKL (pt;ﬂ'Em,t)} S mlgfvt <(1 + k) Gelcf)lgm T t:ZIE [DKL (pt,ﬂEm,th)
¢ - 1
+ EAi log(e~1)3/? 1og(TE,46)2i
18¢~ ¢! log (T,
eﬁ < A log(A.)| M| log(e 1)/ log (T A.)? OgT( 2)
C Proofs

C.1 Proof of Section 2]
Proof of Theorem[I} For any m € M, and k € [K], let

gon (k. X) = —2 log (M)

2 p;(k‘aXt)
p?(k%Xt) +p;ﬂ(k,Xt))
m(k, X)) =—1o - .
f ( t) g ( 2pt (k,Xt)

For any function h : [K] x X — R, let

T K
21(A) = g 2 2 kO ) (L =i 0 X0).
i ) T K

Pr(h) = T-N+1 ;\I; h(k, X)L a,=k,

i . T K

Cr(h) = T-N+1 21:\71;—:1 h(k, X¢)p; (k, X¢).

From the definition of m,
Pr(gm) < Pr(gm) -
Since, fa(k, Xt) < gm(k, Xt) by concavity of log, it holds that
Ur (fi) + Cr (fm) = Py (fm) < Py (gm) = Ur (gm) + Cr (gm) -
That is
Or (fn = fn) + Cr (fin) < P2 (9m = fim) + Cr (9in) -
Let Uy, = Ur (gm — fm), then

Cr (fin) < Cr (9m) — o0 (fi — ) + Un. (8)

Note that U, is centered. For m’ € M, let M}{’}/ =0,andfort > N + 1, let

t—1 K

M == 37N (o (B, Xo) = fon(k, X)) (La,=k — P} (K, X0)).

s=N k=1
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szs Forallt > N, let H; = o(Xy, Fy—1). Then, (th/)@N is an (H¢)¢>y-martingale. For £ > 2, let
879 Bf\, =0,andfort > N + 1, let

t—1

Bl:=YE [(M;ﬁ’l - M;”')Z ‘H} .

s=N
sso Fort € {N,...,T — 1}, note that

1g,=k + p;(kv Xt)
2 b

K
M = M) <2 | for (B, Xe) = fn(B, X))

g8t so that, by convexity of z + z* on [0, +-00),

£ ]-At,:k +p:(k7Xt)

K
M7 = MY <20 | for (B, X)) = fon(, X

— 2
gs2 Thus,
t—1 ) N
:ZE[( sTH_Msm) 'Hs]
s=N
t—1 K
<Y for (b, Xo) = fn (e, X[ D5 (K, X,)
s=N k=1
t—1 K ¢
+ py (kva)
— o log [ e Xs) *(k, X,). 9
22 g<s X )| X ©)
883 We now need the following Lemma to continue.
ssa Lemma 7. [29 Lemma 7.26] Forall ¢ > 2 and all x > 0,
¢ 2
log(@)l’ _ 0 ( 1)*
2! 64 x
885 Proof. The complete Lemma and proof of the Lemma can be found in [29]. O
pi(k, Xs) + ' (k, Xs)
Appl L t = leads to, for all k € [K],
ss6  Applying emmalox \/ Stk X) eads to, for a [K]
log ps(k X )+ps (kaXS)
pi(k, Xs) + pi(k, Xs)
, 2
0., (b (k. X,) = 92 (k. X,))

< oty : .
64 " (pr(k, Xs) + pi(k, X)) (pi(k, Xs) + p2¥' (k, X))

ss7 Plugging this in Equation (9) leads to

t—1 K
‘BZ‘ < 22(( 2)€| Z
s=N k=1 p‘s

( (k X)) - (k. X)) ik X)
pE(k. X2)) (03 (k X) 4 2 ( X2))'

gss Forall z,y,z > 0,

(Vz+ \/37)2,2 < (z+y)(z+ ),
sso therefore, with z = p*(k, X,), x = p”(k, X,) and y = p™ (k, X,),

t—1 K 2
1 ’
|Bf| < 45 0y (\/pg (k, X)) — +/p™ (K, X) ) < 545*26!1/;", (10)
s=N k=1
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where

o 9 t—1 K

=2 :ZN kg(m o (e X0) )
t—1 , )

=93 H (p'( X5 (1 X)) an
s=N

where H is the Hellinger distance between the two probability distributions pZ*(-, X) and
p™ (-, X,). Lemma 3.3 of [22] gives that for all A > 0,

/ A
& =exp | AM" = B
=2
is a supermartingale and that in particular E(£741) < 1. By Equation (T0), for A € (0,1/4),
M A2 / A2 /
7B€ <= A\ £=2y,m’ _ m’
sz ¢ 22( )V 2(1—4)\)Vt

22 =2

Let U(\) = (1 4/\) for A € (0,1/4). Then,

’NL/ ’!YL/
E I:eAMTJA YNVl

HN:|<1

By Markov’s inequality, for all z > 0 and A € (0,1/4),

- T(A
P (MTJrl VT+1% +

HN> <e " (12)

Therefore, for all z,u > 0 and A € (0,1/4),

’ WA
o (3>

and VT’”+1

7‘[1\/) <e .

> 8

To choose the optimal A, we use Lemma 2 from [21]].

Lemma 8. /21| Lemma 2] Let a,b and x be positive constants and let us consider on (0,1/b),

a& x
9(&) . + z
Then minge(o,1/5) 9(§) = 2V ax + bx and the minimum is achieved in &(a, b, ) = Vbt v

Fora = 5 and b = 4, Lemmashows that for all z,u > 0,

P (M;ﬁl > V2ur +4r and Vi, <

HN) S e "
Let us use a peeling argument similar to [21]]:

Lemma 9. Let X,V be real-valued random variables and o, b, v, w be positive numbers such that
V' € [w,v] a.s. and such that for all x > 0 and u € [w,v),

P(X > Vur+br and (1+a)lu<V <u)<e ™™,

then for any z > 0,

P(X > V(1 +a)Va+br) < (1 + k)g(v/w)) e "
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Proof. Letvy = w, vg4+1 = (14 a)vg, and D the smallest integer such that vp > v. Foralld € [D]
and z > 0,
P(X > ugx+br and v4-1 <V <vg)<e ™.

In particular, since V > vg_1 = (1 + a)_lvd on this event,

P (X >vV{0+a)Ve+br and v4_; <V < vd) <e ™
Taking the union bound,
P (X > VI +a)Vz+ bx) < De @,

log(v/w)

=LV O
log(1+ «) +

and by definition D <

We may apply Lemma |§I to X = M}"il and b = 4. Since V{Jil does not have an obvious lower

bound, we consider V' = 2(V}"! +1 + ) for some 8 > 0 to be chosen later. We may therefore take
w = 2(. For the upper bound v on V, by (T1), since the Hellinger distance is upper bounded by 1,
we may take v = 2(8 4+ 9(T — N + 1)). With these choices, for any 5, o,z > 0,

9(T—N+1)
N | X

P (M%"H = \/2(1 + oz)(VT"il + Bz + 4z a1 1 o) +1]e =,
For o = v/2,
’ , 9T — N +1 _
P <M1T"n+1 2 \/5(Vi + Ble + 4w HN) < (2 log ((BJF) + 1) + 1> e " (13)
By definition of VT”il and the triangle inequality,

vT+1—9Z (v X002 0

182 ( Xs).p; <,Xs)>2+H(p;(-,Xs),pT’<-,Xs>)2). (14)

We now use [29, Lemma 7.23] giving a connection between the Kullback-Leibler divergence Dk,
and the Hellinger distance H.

Lemma 10. /29 Lemma 7.23] Let P and Q be some probability measures. Then,
P
D1, (R +Q> > (2log2 — 1) H*(P, Q).

Moreover, whenever P < (),

2H?(P,Q) < D1 (P, Q).

Since L < 48,
2log(2) — 1
T *
m’ S X + w i XS 1 m
Vit <48y (DKL <p:<-7xs>, PO R G ’) + 3 i, (22 Xo), P ,Xs»)
s=N
= oW (15)

Let 8 = 9(T — N + 1)y?, where y > 0 is to be chosen later. Replacing z by x + log(|M|) leads to

M wm' z+log(IM|)  x+log(|M])
Pl —1F >3 /5 —TL 4,2 4
<T—N+1 T-N+1 ¥) TonNt1 T tTroNg |

< (2 log (y_2 + 1) + 1) e~ (z+log(IM]))
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Let k1 € (0,1/(8v/5)], then, using 2v/ab < k1a + #7 'b and taking y> = (;j\‘;i%‘fogQ > T—11V+1
since z > 0 and M| > 2,

Mm
p T+1 3\f WT + 4 3\[ + ﬁ;1 x + log(|/\/l|) Hy
T — N+1 2 T N +1 2 log2 T—-—N+1

+7

< (2log (T — N 4 2) + 1) e~ @Hos(MD) = (16)

By the union bound on all m’ € M, the previous inequality holds with probability at least 1 —
(2log(T — N +2) + 1)e~“ for all m’ € M. It holds in particular for /. Recall with (8) that,

T N
1 * : '7XS + T '7Xs

T-N+1% 2
1 T Mﬁl
<— 3D LX), p (- X)) + —— (17

Plugging (T5) and (T6) in (I7) leads to, conditionally on H n, with probability at least 1 — (2 log (7 —
N+2)+ e

Ps(, Xs) + (-, Xs)
T _ N+1ZDKL(S’ s)a 2 *Um

T
(1+C.,) z + log(|M])
1 E D m( X, e
T N+1 KL ps ) )7p5(v ))+Cr€1 T — N+1
where
° Clil :8\/5"4/19
3V5 [ K 104v/5
el =44 22 L) <Rt = ,
f1 + 2 (logQ—H€1 ) 1 Ch,

Integrating on = > 0 and noting that E[U,,,|H x| = 0 leads to, for all m € M,

( p*(~,Xs) +p7,h(',XS)
D S S
T N+1 Z kL | p5 (-, Xs), 5 Hn
J'_C/i 777
<T( N+11 ZDKL Py Xs) it (s s))"HN]
104v/5 2log(T — N +2) + 1 + log(|M|)
Ch, T—-N+1 '
To conclude k = f’ so that C, = K. O

C.2 Proof of Section[3

Proof of Proposition[2] The proof is straightforward with the definition of pj. , in (I). Let
0", me @™t < Ty,v € X,and k € [K ]

pom (K, ) E 7TC TC locc 2 E elgec =€
CEPm CEPp

For the second part of the proof, it holds that, almost surely, for all ¢t < T

5c
P?m.t(h@ CT (k)
log | =2 "2 ) | = log | ——— | |1,
g(pz%,xm 2 for| 1w (k) || ¢

CePm C T

<L: Y |Ide = Oclaluce < Le sup |6 — bcllo.
CEPm CEPm
O
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Proof of Theorem[3] Our goal is to apply [6].

Assumption 1 of [6] is satisfied for n = T since with Proposition 2] there exists ¢ > 0 such that
as., for all t € [T.], for all k € [K], p;(k, X;) € [¢,1] and for all m € M and all 9™ € ©Pm,
P ¢ (K, Xt) € [e,1].

Assumption 2 of [6] is satisfied since with Proposition [2] there exists a positive constants L. such
that a.s., for all ¢ € [T.], for all m € M and all §™,0™ € @Pm,

log p?m,t (k7 Xt)
p$717t(k7 Xt)

and by Assumption, for all §™,§™ € @Pm
sup ||6c — Ocl2 < VA(R — ).
CceP

m

< Le sup [|0c — Oc|l2
CeP

sup
ke[K]

Note in particular that the Lipschitz constant in Proposition 2 does not depend on m.

Assumption 3 in [6] is always satisfied because the set of actions [K] is finite.

Setting A. = L.Vd(R — ) + 2log(¢~"), Corollary 2 in [6] simply reads as follows. There exist
positive numerical constants C' and C” such that the following holds. Assume that

Y. = log(A:) Z e Pm < oo
meM
Let x € (0,1]. If for all m € M,

pen(m) > < A2 log(="1)¥/ log(T. 4. )2 22,
K T’
then,
— K I
Ta o E |:DKL (Pt Xt),pévhvt(.)Xt)>:|
1 T,
< i p— m
< inf ((1 +r) inf ZE Dk, (p7 (-, Xt), P o (- X)) ] +2pen(m)>

186”

A.Z. log(e 1) log(T. A, )QIOgT(TE).

C.3 Proof of Section 4.1

Proof of Proposition[d] Let ¢ € ©¢. Write Oc.r = (no,r,vor) = 0c/VT € ©. To ease the
notations in the proof, we remove the C' from the notations. §c becomes 6 and ¢ 1 becomes 6.
In the same way, 07 = (1, yr) now.

Lett € Fr(C). Then,

1=k

0
more (k) =

(k)e*ﬁTgk f/(“/T+7fc e (k))
) *nTgk,t/('YT‘Fﬂ'g‘th (k))

=g, ()+WTA)6

i Wg)TtC (k)]‘Af:j
 —nrgie/(yr+m? @
J]z 1_7Tth (]))+7TCTC(.])6 o

For any q € [0, 1], since gj.+ € [0,1], 1 — g + ge~"9%¢/(a+7) < 1. Therefore,

— t +7r9 k
W%,th-l,-l(k) > Wéth (k)e gk /(Y +me 2o ))1At:k7 + ZW?),TF (k)1a,=;.

Gk
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967
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969

970

Since einTgk't/(7T+ﬂec’TtC(k)) <1
meze41 (k)
K
— t ﬂ'e k - t 7T9 k
> Wec,TtC(k)e o/t g ))1At:k +Z7T00,Tp(/€)€ o/ e ))]‘At:j

Jj=1
J#k
_nTgk,t/('YT"F‘ng,TF(k)) _77T/('YT+7TZ,th(k?))

6 6
= 7TC’th (/{)6 2 ﬂ'C,th (k’)@

since gi; € [0,1]. Then,

NT9k,t
71-2«’th+1(]€) 2 Wg’th (k) <1 - '}Wc‘(@) 2 Trg’th (k) —nr-
C,T!
Summing for all s € F;(C), since 7}, = %,
1
T%,th (k) > i ﬂTTtC.
1 T
Note that TtC <t <T.. Since, T, < {<K — 5) \;;J,for allt <T.and1 < k < K,
1 R 1 1
\7_7T5<7_ TE\*_ t k
K T K K ¢ e (k).

For the second part of the proof, let 6 = (1,7),0' = (1',7') € ©¢. Fort > 2 Let b, =
N Y ser, () 95 Then ngth = softmax(h?,). The function softmax is 1-Lipschitz with respect

to the || - ||2-norm in R¥ (see [19] for a proof). Therefore,
||7T€C,TC 7Tc TC||2 ||h9 - h0t||2

Since g; s € [0, 1], by the triangle inequality

9 4
Imere = Torellz < Z

seF(C)

nr Nt 14
7T+W%,T£(.) ’)/T+7TCTC() o )

Again, using the triangle inequality,

0 0’
H7Tc7TtC - 7rc,TtC”? < Z

nr _ nr 1
+ 6 /! 0 Ag=-
Yr+Tere Yt Teore

sEF(C) 2
+ 1a._. (18)
SE%%C) <7T + 7rC TC ’YT JF 7rC TC )
Forl>q>e¢,letf: (z1,22) € [0,Rr] x [0, Ry] — x;cj_ . where Ry = %. The function f is

continuously differentiable, and

_ b (zatg
vIi= (z2 + q)? ( —x )

The ¢?-norm of the gradient can be upper bounded by

1
IVflle < 5/ BE +e2 =i e

By the mean value theorem, for all £k € [K]

nr _ nr

A A
vr+ a7 pe(k)  vp Tl pek)| T ’
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As a result,

nr _ nr 1
) / 0 As
Yr+Tore Ot T e

K , 2
—\r+ 7rC re (k)  ~p+ WZ‘,TSC (k) 5T

< E[|0r — 0[5 Z 1a,=k
k=1

= cz|lor — 073

2

Therefore,
nr 77/T
Z 0 Y, 0 1a.=
seroy I \T T ere Y0 T 7 e >
< Y0 el = 0plle =T c.)|0r — 0712 < Tece||07 — 7). (19)
SEF(C)
For (n,v) € [0,Ry] x [0,Rr], letg : ¢ € [e,1] — % The function g is continuously
YT 4a
differentiable, and
7 Ry
0< fl(q) = —1 < 2T
) (v+q? = &

By the mean value theorem, for all k& € [K],

77&“ 77T (ki)

R /
< 7‘7#’ e (k) — 7% o (k ‘
Tt B Ao r e | S e [Teas (V) meae ()

Therefore,

Mw

2
T 14 s
Pt 7T+7T0T0(k) Vr + 7 re )

R? K , 2
< % Z ‘WC Tc(k) Wg TC(k)’ 1a,—k
k=

)

i 1a_
”YTJ”TCTC VTJ”TCTC ’

2
<Ir /
ST 7TC T¢ — Tere

Thus,

RT ’

0 6
S €2 Z HWC’TSC_WC’TSC 2
2 SEF(C)

>

77/T 77T 1
/ + 6 + A=
sero) |\ T Tcre W’T Wc e

Plugging Equations (T9) and (20) in Equation (T8)

(20)

i

RT :
I8, ze = Tlegelle < Tecellbr = Orla+ =F S ||7re — 7o
sEF(C)

Using the discrete Gronwall Lemma [14] leads to, for all ¢t < T,

Ry
”71'?;«7Tc 7TC Tc||2 T, Cs||0T 9,3.,”2 H (1 + 52)
SEF(C)

RrT.
Tc€||9T—0T|2exp( = )

But, since & — & < 1,



981 Therefore, RtT. < 1andfort < T,

0 9’ Ce 1/¢2 ,
Ime.re = 7erella < 2= 110 = 0o

9s2 To conclude note that log is 1/e-Lipschitz on [, 1] and that

?}CT (k) 1,4
e e | R A e
ke[K] e (F) €
983 O

9s4 C.4 Proof of Section[d.2]

e85 Proof of Proposition[5] We take the same notations as the previous section. The updated probability
986 can be written

6 CTy
ﬂ-C»TtCWLl(k) = Or(1—
70, o (Ap)e

(At))gaq .t N =0l L ()gage”
U Y, Tl geGe OTETT

)
e, TC
987 Therefore,

0 (k)eeT(“t:k‘”?wf““))“”

- (k) > Terg
C,TC+1 O (1—7% o (Ae))ga,.e .
Tere (Aye o T4 Do itaA, 778th 2
ore (K)e™"T
7 T e (R)er + Tl o ()
7-‘-C«’th‘ t)€ ﬂ-C,TtC t
9 —26
> 7o e (ke 20
988 Wwhere
s — i
989 * the first inequality holds because e Mo (Dga,.e <1,
990 » the second inequality holds because g, ; € (0,1), for j € [K],
991 * the last inequality holds because 7%, . (A;)e’” + 1 — 7TC e (Ay) e
Tt
992 Thus, forall t < T,
1
W%,th(k) > Z ¢ 20T T
993 Since T¢ < t and since by definition, 7. < log (, / I;E) vL | itholds that for all ¢t < T,
1 _ 1 _ 1 ,gil 1\ VT 1 _ 1
ﬂgthc(k) > e 207t 5 = 2Rrt 5 275 og( KE) o> e log( #2) > e

9e4 For the second part of the proof, for ¢ > 2 and j € [K], let h’?,Tf =0r> . F.(C) gf.ws. Then

995 = softmax(h?,). The function softmax is 1-Lipschitz with respect to the || - ||2-norm in R¥

0
Tere =
996 (see [19] for a proof). Therefore,

||7TC,TC 7TCT0||2 ||h(S _h9t||2

997 Then,
B0, =B lla < [6r = 0r] D Ngllla+0r > ga,slmdre —7&rela
seF1(C) seF1(C)
<V2IL16r — 07|+ 00 Y 78 1o — 7 rella
SEF(C)
SV2TLor — 0|+ 60 Y 17810 — & gella:
SEF(C)
998 Where
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* the first inequality holds because of the triangle inequality,

* the second inequality holds because for all j € [K], g, s € [0, 1] and

11955112 (1_7TCTC 2 Z 7TCTC ’<2,
J#As

+ the last inequality holds because T¢ < Tv.
By the discrete Gronwall Lemma [[14], for all ¢ < T

17 ro = 7 pells <V2I6r — 00T T (1 +60r) < V267 — 0p[Tee’ ™,
seF:(C)

Since T, < {bg (\/KI) QJ 0,T. < RyT. < log (\/KI) therefore,
cvaes(Vae)

0
Imeze = meaelle < T
Finally, log is %-Lipschitz on [g,1]. Thus, forall k € [K],t < T.,
7l (k) log ( )
g [ "2 ®) : vale\e) o
ﬂ-C,TtC(k)

c.re (k) = mg e () < R Vi
C.5 Proof of Section[Bl

Let us recall that |F'| = max,,eam | Ern|. For this Section, we drop the dependence m of the model
and simply write E and 6 generic set of policies and parameter in [r, R).

1
< =l
9

Proof of Proposition|6] For any 0 € [r, R], write 7 = 0/ VT. Assume that Assumption holds.
Let’s write ¢, ,; as

N —0gf

qu t(.?) O350

)
ZzEEth()e 70l

Since ¢4 , 18 a probability distribution over the experts,

ZQEt _eTy”<Z(IEt

i€l i€E

Q%,Hl (J) =

Therefore, ¢%, , 1 (j) = q%t(j)e_eT@?,t. By definition,

-0 gkt _ GA. ¢t
Yje = Zﬁgt )1At:k—§],t(At)m-

Using that e > 1 — z for any x > 0, leads to

. . ga,,
an,tJrl(J) > an,t(]) <1 - 9T§N(At)7m> .

Since g4, € [0, 1] and q% 1 (7)&5,6(Ar) < 7TE +(A),

qE,t+1(j> 2 qE,t(j) — 0.

Summing for all s from 1 to ¢,
1
0 .(j) = — — Ort.
) t(]) |E| T

)
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Since

it holds that,

Therefore, for all t < T,
q9 (j)>1_Rt>1_R<1_€)\/T_€
PUUTIEL VT T Bl VT \IEL p) R g
Finally, for all t < T, for all k € [K],

7rEt Zth )&t (k ijt

JjEE jEE

For the second part of the proof, let 1,6 € [r, R], and write 7 = 7/+/T and likewise for d7.
Fort > 2,let g}, = nr st 4] .- Then, ¢y , = softmax(g;') where g/ = (g},)jer- Since the

function softmax is 1-Lipschitz with respect to the || - ||2-norm in RIZI,
s s
gy — dmell2 < llg — g7 l2-
Therefore, by the triangle inequality,

1) ~ ~4
gk, — el <D lnrdl, — ori 2
s=1

<Y (Inr = 67l ll2 + 671157 — 92 4l2) - 2D

s=1

Since &; ; is a probability distribution,

19 t||2 Z( Z(nyt gkt)].At_k>

JjEE JjEE
2 2
QA JA, ¢t
= Ei(A) =~ | <IBl| =7 ] -
Z( o (AD) 78 (A7)

Since g}, , € [0,1] and 7, ,(A;) > e forall t < T,

LLE' (22)

||gj,t||2 <

Similarly,

) 2
1 1

27' Z/ s - E ’ SJ a ! .

197 s — 95, 13 = Z <kz (K kt( %t(k) w%ﬂk)) A k)

JjeEE 1

K 1 1 ?
ZE@E ( ) ‘wgt%))“t‘k) '

Thus, for all ¢t < 1%,

2
K
1
~ ~5 )
195 — yj,t”% < e <Z &ie(k ( (k) — 7TE7t(k)) 1At—k> .
E 1

JjE
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1028 Since & (k) < 1,

\/EH n

[ Th o — T illa- (23)

yR g;'s,t”Q < 22
1020 Injecting (22) and 23) in (21)) leads to
T T t—1

gk, — di.ell2 < Sl = 0|t = 1) +0r Bos = Thsll2:

s=1
1030 On the other hand,
2
K K
) ) 7 . ) .
Hﬂ-%,t - 7TE7t||§ = Z(ﬂ'z,t - 7Tk7t)2 = Z Z fj,t(k)(QE],t(J) —dp, (7))
k=1 k=1 \jEE
K
<D &R Y (4, 0) — ab(9))?
k=1jCE JjEE
<|Elllgh, — a3
s
<Pk, — i3
1031 where
1032 * the first inequality holds by the Cauchy-Schwarz inequality,
1033 * the second inequality holds because ;¢ is a probability distribution over the actions set
1034 K],
1035 * the last inequality holds because |E| < |F|

1036 Therefore,

t—1
|F|
||7T7~7E,t—7T§E,t||2<?2 elnr = or|(t = 1)+ 67 > _[lnf, — 7l | -

s=1

1037 Using the discrete Gronwall Lemma, for all ¢t < 7,

t—1
5 |F| |F| |F| ||
||7T%,t - 7rE,t||2 < ?\ﬂT —or|T: £[1 <1 + 575T < ?WT — O[T exp 675TT8 :

1038 If Assumptionis satisfied, then since o7 < Ry = <& and 7. < (i — §) VT

VT [FI — p) R”
Fl (1 ¢ FI| (1 ¢
no_ 0 < L - _ = A -5
I~ wbale < 1 (= 2) e (B (- 5) -l
1038 To conclude note that x — In(z) is 1/e-Lipschitz on [e, +00). O
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