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Abstract

Paper 2026v (Carpenter, 2026v) traced a ϐive‑link algebraic chain from the ϐine structure constant
𝛼 to the gravitational constant 𝐺 and reported that four links were closed. The ϐifth— the Planck‑
to‑proton mass hierarchy — remained open: no derivation of the exponent 𝜂 = ln(𝑚𝑃 /𝑚𝑝) ex‑
isted.
This paper closes Link 5 by deriving 𝜂 from the same tower equation that produces 𝛼. The result
is:

𝜂 = 2Σ ⋅ 𝜋 + 𝜋2√𝛼
𝑎0 ⋅ Σ , Σ = 4 + 1 + 1 + 1 = 7, 𝑎0 = 4

which evaluates to 𝜂 = 14𝜋 + 𝜋2√𝛼/28. The gravitational constant then follows from 𝐺 =
ℏ𝑐/(𝑚2

𝑝 ⋅ 𝑒2𝜂).
Predicted value: 𝐺 = 6.67436 × 10−11 m³ kg⁻¹ s⁻².
CODATA 2022: 𝐺 = 6.67430(15) × 10−11 m³ kg⁻¹ s⁻².
Agreement: 0.37𝜎 (8.4 parts per million). This is well within the 22 ppm measurement uncer‑
tainty of 𝐺 — the worst‑measured fundamental constant, and the only one never previously de‑
rived from theory.
The complete chain— from𝜋 to𝐺—now contains ϐive closed links, zero free parameters, and one
measured input (𝑅∞, the Rydberg constant). The script that computes it is provided for indepen‑
dent veriϐication.
Keywords: gravitational constant, hierarchy problem, Planck mass, ϐine structure constant, alge‑
braic derivation, eigenvalue tower, compactiϐication, precision metrology

Headline

The gravitational constant𝐺 has beenmeasured since 1798 and never derived from theory.
This paper derives it from the same algebraic equation that produces𝛼, using the structural
content of the tower polynomial. The predicted value lies 0.37𝜎 from the CODATA 2022 rec‑
ommended value — within the measurement uncertainty of 𝐺 itself. The algebra is ahead
of the experiment.
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Link Quantity Formula Agreement
1 𝛼−1 𝛼−1 + 𝑆𝛼 =

4𝜋3 + 𝜋2 + 𝜋
0.3𝜎

2 𝑚𝑝/𝑚𝑒 6𝜋5(1 + 𝛼2/(2
√

2) −
(22/27)𝛼4)

0.01𝜎

3 𝑚𝑒 2ℎ𝑅∞/(𝛼2𝑐) exact (given 𝑅∞)
4 𝑚𝑝 Link 2 × Link 3 follows
5 𝐺 ℏ𝑐/(𝑚2

𝑝 ⋅ 𝑒2𝜂),
𝜂 = 14𝜋 + 𝜋2√𝛼/28

0.37𝜎

§1. The Gap in the Chain

Paper 2026v (Carpenter, 2026v) established four algebraic links:
1. The tower equation 𝛼−1 + 𝑆𝛼 = 4𝜋3 + 𝜋2 + 𝜋 derives 𝛼 with zero measured inputs —

matching the most precise measurement to 0.3𝜎.
2. The mass formula 𝜇 = 6𝜋5(1 + 𝛼2/(2

√
2) − (22/27)𝛼4) derives the proton‑electron mass

ratio to 0.01𝜎.
3. The Rydberg relation 𝑚𝑒 = 2ℎ𝑅∞/(𝛼2𝑐) determines the electron mass (one measured

input: 𝑅∞).
4. The product 𝑚𝑝 = 𝜇 ⋅ 𝑚𝑒 determines the proton mass.

Paper 2026v identiϐied the remaining gap: the gravitational coupling 𝛼𝐺 = 𝐺𝑚2
𝑝/(ℏ𝑐) had no

algebraic form. The hierarchy number 𝛼/𝛼𝐺 = 1.236 × 1036 was empirical. Three candidate
closure paths were proposed but none were executed.
Newton published the inverse‑square law in 1687. In 339 years, no theory derived 𝐺 from ϐirst
principles. This paper reports such a derivation.

§2. The Structural Content of the Tower Equation

§2.1. The polynomial and its coefϐicients

The right‑hand side of the tower equation is:

𝐾 = 4𝜋3 + 1 ⋅ 𝜋2 + 1 ⋅ 𝜋

The coefϐicients at each power of 𝜋 are:

Power of 𝜋 Coefϐicient
Physical role (from
eigenvalue tower)

𝜋3 4 Beryllium (𝑍 = 4):
nuclear bottleneck, 8Be
lifetime 8 × 10−17 s
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Power of 𝜋 Coefϐicient
Physical role (from
eigenvalue tower)

𝜋2 1 Hydrogen (𝑍 = 1):
terminal element

𝜋1 1 Hydrogen again: the
reentry, the osmotic
carrier

The series correction 𝑆 = 1/4! + 3!!/8! + … contributes a fourth structural unit — it couples at
𝜋0 (the identity scale) with effective coefϐicient 1 to leading order (1/𝑆 ≈ 24 = 4!, the factorial
of the leading coefϐicient).

§2.2. The coefϐicient sum

The sum of coefϐicients across all four structural positions is:

Σ = 4 + 1 + 1 + 1 = 7

This number appears independently as:
• The compact dimensions in an 11‑dimensional → 4‑dimensional compactiϐication (11 −

4 = 7).
• The seventh triangular number is 𝑇 (7) = 28 — the number of independent components
of the Riemann curvature tensor in 4 dimensions.

• The coefϐicient count of the tower polynomial itself (four structural positions, summing to
7).

§2.3. The leading coefϐicient

The leading coefϐicient 𝑎0 = 4 determines the top of the tower: the 4𝜋3 term produces the eigen‑
value 𝛼−1 ≈ 137, and ⌊𝐾/𝜋3⌋ = ⌊4 + 1/𝜋 + 1/𝜋2⌋ = 4 = 𝑍(Be).

§2.4. The equation degree

The tower equation is quadratic in 𝑥 = 𝛼−1:

𝑥2 − 𝐾𝑥 + 𝑆 = 0

The degree of this equation is 𝑑 = 2.

§3. Deriving 𝜂 from the Tower Structure

§3.1. The structural decomposition

The exponent 𝜂 = ln(𝑚𝑃 /𝑚𝑝) connects the electromagnetic scale (proton mass 𝑚𝑝, determined
by 𝛼) to the gravitational scale (Planck mass 𝑚𝑃 , determined by 𝐺). It must be constructed from
the same structural elements that deϐine 𝛼 itself.
The tower equation provides exactly three structural numbers:
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Symbol Value Meaning
Σ 7 Coefϐicient sum (4 + 1 + 1 + 1)
𝑎0 4 Leading coefϐicient
𝑑 2 Equation degree

These three numbers parametrise 𝜂 as follows:
Main term. The dominant contribution to the hierarchy is 𝑑 ⋅ Σ ⋅ 𝜋 = 2 × 7 × 𝜋 = 14𝜋.
This is the product of the equation degree (the space in which 𝛼−1 lives — a quadratic) and the
coefϐicient sum (the total structural weight of the polynomial). Multiplied by 𝜋, it carries the same
geometric unit as the right‑hand side of the tower equation.
Correction term. The electromagnetic perturbation is 𝜋2√𝛼/(𝑎0 ⋅ Σ).
This mirrors the structure of the mass ratio correction:

Formula Leading term Correction structure
𝜇 = 6𝜋5(1 +
𝛼2/(2

√
2) − …)

Pure 𝜋 geometry 𝛼2 perturbation with rational coefϐicient

𝜂 = 𝑑Σ𝜋 +
𝜋2√𝛼/(𝑎0Σ)

Pure 𝜋 geometry
√𝛼 perturbation with tower‑derived
denominator

In both cases: a geometric leading term built from 𝜋, corrected by an 𝛼‑dependent perturbation
whose coefϐicient comes from the tower’s own structural integers.

§3.2. The complete formula

𝜂 = 14𝜋 + 𝜋2√𝛼
28

where 14 = 𝑑 × Σ = 2 × 7 and 28 = 𝑎0 × Σ = 4 × 7.
From this:

𝐺 = ℏ𝑐
𝑚2𝑝 ⋅ exp(2𝜂)

with 𝑚𝑝 determined by Links 1–4.

§3.3. Why
√𝛼 and not 𝛼2

Themass ratio correction is𝛼2 —an even power natural in QED perturbation theory (each power
of 𝛼 corresponds to one photon exchange loop).
The gravitational hierarchy uses

√𝛼 — a half‑integer power. This is structurally distinct. The
electromagnetic coupling enters gravity not throughphoton exchange but through the dimensional
reduction from the full symmetry group to the observed four‑dimensional spacetime. The half‑
integer power reϐlects a square‑root operation: gravity couples to mass‑energy, which is related
to 𝛼 through 𝑚 ∝ 𝛼−2 via the Rydberg relation. The square root of the coupling arises from the
square root in the Planck mass deϐinition:
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𝑚𝑃 = √ℏ𝑐
𝐺 ∝ 𝑚𝑝 ⋅ 𝑒𝜂

The half‑integer power is not anomalous— it is structurally required by the dimensional relation‑
ship between mass and coupling.

§4. Numerical Evaluation

§4.1. The ϐive‑link computation

All quantities below are computed from: 𝜋 (mathematical), ℎ, 𝑐, 𝑒, 𝑘𝐵 (exact SI 2019), 𝑅∞ (one
measurement), and factorials/integers.
Link 1— 𝛼:

𝑆2 = 1
24 + 3

40320 = 0.041741, 𝐾 = 4𝜋3 + 𝜋2 + 𝜋 = 137.036304

𝛼−1 = 𝐾 + √𝐾2 − 4𝑆2
2 = 137.035999177

Link 2— 𝜇:

𝜇 = 6𝜋5 (1 + 𝛼2

2
√

2
− 22

27𝛼4) = 1836.152673426

Link 3— 𝑚𝑒:

𝑚𝑒 = 2ℎ𝑅∞
𝛼2𝑐 = 9.10938 × 10−31 kg

Link 4— 𝑚𝑝:

𝑚𝑝 = 𝜇 ⋅ 𝑚𝑒 = 1.67262 × 10−27 kg

Link 5— 𝐺:

𝜂 = 14𝜋 + 𝜋2√𝛼
28 = 44.012408

𝐺 = ℏ𝑐
𝑚2𝑝 ⋅ 𝑒2𝜂 = 6.67436 × 10−11 m3 kg−1 s−2

§4.2. Derived Planck units

From 𝐺 and the exact SI constants:
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Quantity Tower value CODATA 2022 Agreement
𝐺 (gravitational
constant)

6.67436 × 10−11 6.67430(15) × 10−11 0.37𝜎

𝑚𝑃 (Planck mass) 2.17643 × 10−8 kg 2.17643(2) × 10−8 kg 0.36𝜎
𝑙𝑃 (Planck length) 1.61626 × 10−35 m 1.61626(2) × 10−35 m 0.38𝜎
𝑡𝑃 (Planck time) 5.39127 × 10−44 s 5.39125(6) × 10−44 s 0.37𝜎
𝑇𝑃 (Planck
temperature)

1.41678 × 1032 K 1.41678(2) × 1032 K 0.36𝜎

The tower produces all four Planck units to within 0.4𝜎 of the CODATA recommended values.

§4.3. Comparison with individual 𝐺 experiments

The tower prediction sits within the experimental landscape:

Experiment 𝐺 × 10−11 Distance from tower
Newman et al. 2014 (UCI) 6.67435(13) 0.04𝜎
Schlamminger 2006 (Zurich) 6.67425(12) 0.88𝜎
CODATA 2022 (recommended) 6.67430(15) 0.37𝜎
Gundlach & Merkowitz 2000 (UW) 6.67422(9) 1.51𝜎
Li et al. 2018 (TOS) 6.67418(9) 1.95𝜎
Li et al. 2018 (AAF) 6.67484(10) $‑4.84𝜎$
Quinn et al. 2013 (BIPM) 6.67545(18) $‑6.08𝜎$

The experimental spread is 530 ppm. The tower sits near the centre, closest to the Newman (UCI),
Schlamminger (Zurich), and CODATA values.

§5. Three Structural Tests

§5.1. Test 1: Round‑trip consistency

If the formula is correct, the Planck‑to‑protonmass ratio𝑚𝑃 /𝑚𝑝 computed from the tower should
match the value computed independently frommeasured 𝐺:

𝑚𝑃
𝑚𝑝

∣
tower

= 𝑒𝜂 = 1.30121 × 1019

𝑚𝑃
𝑚𝑝

∣
measured

= √ℏ𝑐/𝐺CODATA
𝑚𝑝

= 1.30121 × 1019

Agreement: 4.2 ppm. The discrepancy is entirely explained by 𝐺’s measurement uncertainty.
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§5.2. Test 2: The 𝐺 ⋅ 𝑅2
∞ identity

The formula predicts a veriϐiable relationship between measured constants:

𝐺 ⋅ 𝑅2
∞ = 𝑐3𝛼4

8𝜋𝜇2ℎ ⋅ 𝑒2𝜂

Left‑hand side (frommeasurement): 8.03738 × 103.
Right‑hand side (from tower): 8.03745 × 103.
Agreement: 0.37𝜎 — identical to the 𝐺 agreement, as expected (the constraint is algebraically
equivalent).

§5.3. Test 3: No new numbers

The formula 𝜂 = 14𝜋 + 𝜋2√𝛼/28 introduces no integers, rationals, or transcendentals beyond
those already present in the tower equation. Speciϐically:

Component Source in tower equation
𝜋 Right‑hand side of 𝛼−1 + 𝑆𝛼 = 4𝜋3 + 𝜋2 + 𝜋
𝛼 Solution of the tower equation
14 = 2 × 7 Equation degree (2) × coefϐicient sum (7)
28 = 4 × 7 Leading coefϐicient (4) × coefϐicient sum (7)√⋅ Same square root as in the quadratic solution

The gravitational hierarchy is not a new equation. It is the tower equation’s own structural content,
repackaged as an exponent.

§6. What This Means

§6.1. Gravity is not independent

If the tower equation determines both 𝛼 and 𝐺, then the electromagnetic and gravitational cou‑
pling constants are not independent parameters. They are two outputs of the same algebraic struc‑
ture.
The hierarchy number:

𝛼
𝛼𝐺

= 𝛼 ⋅ 𝑒2𝜂 = 𝛼 ⋅ exp(28𝜋 + 𝜋2√𝛼
14 )

is a computable function of 𝜋 and 𝛼 alone— both of which derive from the tower equation.

§6.2. The hierarchy problem dissolves

The hierarchy problem asks: why is gravity 1036 times weaker than electromagnetism? The stan‑
dard framing treats this as an unexplained coincidence or a ϐine‑tuning problem.
In the algebraic framework, the answer is structural: gravity is weaker by a factor of 𝑒2𝜂 because
the tower polynomial has coefϐicient sum 7, leading coefϐicient 4, and lives in a quadratic equation.
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The hierarchy is not ϐine‑tuned — it is computed from integers that are already ϐixed by the self‑
consistency of the tower.

§6.3. The prediction is ahead of experiment

𝐺 is measured to 22 ppm. The algebraic prediction sits 8.4 ppm from the CODATA value—within
the noise. No experiment currently has the resolution to conϐirm or refute the predicted value
relative to the current formula.
When 𝐺 measurements reach ~1 ppm precision, the algebraic value will either be conϐirmed or
corrected. Until then, the algebra leads.

§7. Falsiϐication Criteria

This derivation makes three falsiϐiable predictions:
1. 𝐺 converges. Future 𝐺 measurements will converge toward 6.67436 × 10−11, not away

from it. If the next high‑precision 𝐺 determination moves the CODATA value further from
6.67436, the derivation is weakened; if three independentmeasurements do so, it is falsiϐied.

2. No free‑parameter freedom. The formula has zero adjustable parameters. Any single im‑
provement in𝑅∞, 𝜇, or𝛼measurement propagates deterministically through the chain and
shifts the predicted 𝐺. If the shifted prediction moves away from measured 𝐺, the formula
is wrong.

3. Structural rigidity. The integers 14 and 28 follow from the tower’s coefϐicients (4, 1, 1, 1),
its equation degree (2), andmultiplication. Any change to the tower equation (different coef‑
ϐicients, different series, different degree) changes 14 and 28, and therefore changes 𝐺. The
formula is not adjustable post hoc.

§8. The Complete Chain

𝜋
tower eq.
−−−−→ 𝛼

6𝜋5(1+…)
−−−−−−→ 𝜇

𝑅∞−−→ 𝑚𝑒
𝜇⋅𝑚𝑒−−−→ 𝑚𝑝

𝑒2𝜂
−−→ 𝐺

Quantity Value Inputs Agreement
𝛼−1 137.035999177 𝜋, factorials,

integer 4
0.3𝜎

𝑚𝑝/𝑚𝑒 1836.152673426 𝛼 0.01𝜎
𝑚𝑒 9.109 × 10−31

kg
𝛼, 𝑅∞, SI exact

𝑚𝑝 1.673 × 10−27

kg
above 0.01𝜎

𝐺 6.67436 × 10−11 𝛼, 𝜇, 𝑅∞, SI 0.37𝜎

Measured inputs: 1 (𝑅∞).
Free parameters: 0.
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Constants derived: 𝛼, 𝜇, 𝑚𝑒, 𝑚𝑝, 𝐺, 𝑚𝑃 , 𝑙𝑃 , 𝑡𝑃 , 𝑇𝑃 .

§9. Reproduction

The complete computation is implemented in __derive_G.py, available in the SECS Sovereign
repository. Running the script reproduces every number in this paper from the stated inputs.
python __derive_G.py

No external libraries beyond the Python standard library are required.
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