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Uncertainty quantification when the data changes

[ So far: uncertainty quantification and propagation 1s essential for control. j

A two-step procedure for uncertainty quantification:

]. collect calibration data: y(l), . ,y(k) ~ D . % e e ® o
2. estimate uncertainty set: C(y(l), . ,y("“)) o o © A e *  °
@ e © @
O O
This procedure breaks if the data distribution changes: \
: 0 Lo : :

3. data at test time: ") ~ Dy for D # Dyoy distribution shifts break control guarantees
Two types of distribution shift:

Medium Apri4,2020 |1 New UK study reveals how pedestrians react

Distribution-Shift — the hidden to self-driving cars

reason self-driving cars aren’t safe yet. controllable

uncontrollable

(exogenous factors) (ContrOI-induced Shlft)




Safe Control in Dynamic Environments with Conformal Prediction



The sate control problem in dynamic environments

! Compute control inputs so that the system avoids :

~dynamic agents with a probability of at least 1 — 4.

Challenges:

* Uncertain and interactive agents — uncertainty quantification

» Imperfect learning-enabled predictors in control is challenging

Existing work (references omitted): — ignores dynamic agents
e “Vanilla” motion planner (e.g., graph/sampling-based)

no predictions,

“« simple systems

* Reactive control (e.g., navigation functions, DWA, CBF)

e Predictive interactive and non-interactive methods

no safety guarantees, or
(e.g., deep RL, GP-based control) — Ys

simplifying assumptions

{ Can we use efficient statistical tools for learning-enabled predictors and safe control? }




Conformal Prediction



Conformal prediction in a nutshell

no assumptions needed

Uncertainty quantification under minimal assumptions: V4
* Distribution-free (u,z) ~D
* No assumptions on the predictor needed z = p(u)

X

Assumption: Availability of i.i.d. calibration data {(u¥, 2(9) no assumptions needed

Goal *:
For a failure probability of 4 € (0, 1), we want to obtain a prediction region C' s.t. \
Prob(z € C(u)) > 1 -9

Example”:
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'Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.

2Angel()poulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021.



Conformal prediction in a nutshell

test data\ calibration data  nonconformity score (e.g., prediction error)

Quantile(
lemma:

e k + 1 1.1.d. random variables. It holds thaf
Prob(R(O) < Quantile1_5(R(1), . ,R(k), oo)) >1—0

N J

The p := | (k4 1)(1 — d) | -th smallest nonconformity score == computationally efficient

+ Example (regression): the nonconformity score R := |2(") — p(u'?)| results in

libration dat
(oSt AT 0Bz — p(w)] < Quantile, (BT, RMoo)) = 1—a oo dat

< Prob(z €|[u(u) — Quantile; s, 1(u) 4 Quantile; _ 5]pred1ct10n region

* Simple, general, and efﬁment w1th the right noncontormity score!:

Ellipsoid Prediction Regions

| | | |
(o] (0] N N o N >
1 1 1 ] ] 1 1

Ztest

—— Scp | Area: 17.67
_10 7 !:_-_-J Sbenchmark | Area: 53.41

ETRETD | 56 A
1Tumu, Cleaveland, Mangharam, Pappas, and Lindemann, “Multi-Modal Conformal Prediction Regions by Optimizing Convex Shape Templates™, L4DC, 2024.




no distribution shift
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Safe Control in Dynamic Environments



Overview

no distribution shift for now
Oftline trajectory dataset / [ Goal: Design a probabilistically safe controller. }

a » Conformal Dynamics
Prediction Tip1 = f(@e, ue)

Y1

safety constraint

Model\Predictive Control

Prob(c(x,y) >0)>1—-9

R e
Prediction region

Prob(y c@) > 1—9

Key features:

How good are these estimates?  Computationally lightweight

* Probabilistic safety guarantees
 Distribution shift

» Temporal logic constraints



Uncertainty representation in dynamic environments

/ prediction error
* Define the nonconformity score RW = max &T|‘y§-i) — Af) |

re{t+1,...,T} \
: : 1
normalization constant (see reference ')

and apply conformal prediction C' = Quantile, _ S(RW ... R®) x0)

Multi-step prediction regions: Prob(||ly. — 9.|| < C/a,, VT e {t+1,...,T})>1—-90

0.4
1.50 —— Our approach —— Our approach
03 Union bound 0.4 Union bound
1.25 1 ) 575 N \ W\LY 021 e Prediction Errors e Prediction Errors
2727 /1 [ TSRO AL 0.2 o
1.00 4 ///// [ | LT N , 0.1 - .
// /.'/ '/’/ 'l/' 1" | ™ 2 ! g/ 4 »
0.75 + [ || XA / 0.0 n 0.0
,‘ \ . o®
0504 | | \ A\ 57 : =0.4 ,
Actual locations . =0.2
0.25 1 « Predicted locations 0.2
0.00 Our approach -0.3 - -0.4
—Union bound
. v v ' 2 . 3 ' 2 » _04 T T T T T T T T T T T ]
0.0 0.5 1.0 1.5 2.0 -0.4 -0.2 0.0 0.2 0.4 -06 -04 -02 00 02 04 06
1.25 second ahead prediction error 1.8 second ahead prediction error

'Cleaveland, Lee, Pappas, and Lindemann, “Conformal Prediction for Time Series using Linear Complementarity Programming”, 4A4AAI, 2024.



Uncertainty-aware predictive control

Model predictive control': ( min ) J(x,u) robust safety constraint
| s.t. xTH:f(xT,uT),/ Tedt,..., T —1}
enforced via inf ez, y,) > 0, re{t+1,....t+H) A
c(xr,7;) > LC; yr €87 Br:={ys.t. [ly—g-| <C-}
ur €U, x:41 € X, red{t,..., T —1}

[If the MPC is recursively feasible*, we find a safe controller with a probability of at least 1 — § J

Toy example: Animated:

4 (oo

1Lindemann, Cleaveland, Shim, and Pappas, “Safe Planning in Dynamic Environments using Conformal Prediction”, R4-L, 2023.
*Stamouli, Lindemann, and Pappas, “Recursively Feasible Shrinking-Horizon MPC in Dynamic Environments with Conformal Prediction Guarantees”, L4DC, 2024.
3Yu, Zhao, Yin, and Lindemann, “STL Control Synthesis among Uncontrollable Agents with Conformal Prediction”, Automatica, 2026.



Case Study: CARLA

Results:
* 99.985 % correct one-step ahead predictions (at least 99.83 % expected)

* 99/100 test runs without constraint violation (at most 5 expected)

Comparison with Gaussian Process:

» Largely undercovers

Lindemann, Cleaveland, Shim, and Pappas, “Safe Planning in Dynamic Environments using Conformal Prediction™, R4-L, 2023.



controllable distribution shift
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Safe Control in Interactive Environments



Interaction-induced distribution shifts

[ What if interaction between the control system and the dynamic agents changes the distribution?j

« Example: self-driving vehicles among pedestrians

N

no safety guarantees

 Chicken-and-egg problem:

Dynamics

Ti+1 — f(mt, Ut)

a function of

/ ()

u = m(Pred.Region(x)) Y1

Prediction Region

( Can we iteratively update our controller to break circularity? J




Iteratively breaking circularity

Collect data under 7(Cyp)

Y
x%&ﬁ

TI‘aJ ectory Controller m (C 0 )

Prab(( y) >0)>1-9

—>

predlctor

Prediction Region



Iteratively breaking circularity

Collect data under 7(Cyp)

£ @ A Conformal
k % Prediction

- TraJ ectory | Controller W(C())
predlctor Pmb( (z,y) >0)>1—-§

Pledlctlon Region




Iteratively breaking circularity

Collect data under 7(Cyp)

£ @ A Conformal
k % Prediction

- TraJ ectory | Controller 7 (C 1)
predlctor Pmb( (z,y) >0)>1—9§

Pledlctlon Region




Iteratively breaking circularity

Collect data under 7(C1)

£ @ A Conformal
k % Prediction

- TraJ ectory | Controller 7 (C 1)
predlctor Pmb( (z,y) >0)>1—9§

Pledlctlon Region




Iteratively breaking circularity

Collect data under 7(C1)
% @ A Conformal
k % Prediction
v C’Q
_ | Trajectory | Ya / Controller m(C)
predictor ?_—6\./. Prob(c(xz,y) >0)>1-19
Y3

Prediction Region

™~

rinse and repeat, until convergence!



Safe iterative control design

e Iterative controller updates: 7(C;) := argmin J(z,u) | | |
/ (w0, sur—1) iterative safety constraint
episode J s.t. Tri1 = flar, ur), /
- D ] >
Controller-agnostic: any yTIEanjﬂ_ c(x7,yr) 2 0
controller 7(C; ) could be used! )
\ J ) B, =Ayst. |[|ly—9.| <C;}

* Design goals: update the radius C; such that: trajectories under controller m(C';)

(1) Prob { c >0} > 1—4 forallj, «— episodic satfety
(2) Jiv1 < J; — ¢; forallj — improved performance
(3) C1j+1 ~ Cj aS ] — OO e CONvergence

[Can we use robust conformal prediction to update the radius C; safely? J




Robust conformal prediction for non 1.1.d. data

(Let R(O), R(l), . ,R(k) be|k + 1 i.i.d. random variables| It holds that\

Prob(R(O) < Qua,ntilel_(;(R(l ....R¥) 00)) >1—0

What 1f the data 1s dependent or not identically distributed?

. e e . . Formal Venfication and Gontrol
Conformal prediction in the non 1.i.d. case: With Conformal Prediction

* Adversarially robust conformal prediction , PRACTICAL SAFETY GUARANTEES | __ Lo syt v o s,
summary in '
 Distributionally robust conforinal prediction |

» Adaptive conformal prediction '

* Weighted conformal prediction

TRAJECTORY

Today!



Safe control with robust conformal prediction

* Adversarial conformal prediction!: Let sup R(y + A) < R(y) + M for all trajectories y.
A

[It holds that Prob (R(y(o) A) M, VA) >1—§ with g := Quantile, _s(R(y'Y, ..., R(y(k))]

* Our approach?: iterative robustification

ROb u Stify : Predicted trajectory
compute M [ a _,
1 ’. | | | : 2 ] B .
| R o -
-2 p S -2 i
e 0 ° -2 7 '*25 9 B '—2.5
Initialize: Update control.: o N
" 6 05 " o o / 6 05 " o
Safe Contr()ller ]T(q _I_ M) Conformal Tube: Episode #3, Radius 1.39 (m) Conformal Tube: Episode #5, Radius 1.13 (m)
oo oo
cees+ Predicted trajectory redicted trajectory
6
E
Deploy: E o2
0
collect data ; f 5
start conservative yet sate ,
2
Y

1Gendler, Weng, Daniel, Romano, “Adversarially Robust Conformal Prediction”, ICLR, 2022.

2Mirzaeedodangeh, Shekhtman, Matni, Lindemann, “Safe Planning in Interactive Environments via Iterative Policy Updates and Adversarially Robust Conformal Prediction™, L4DC, 2026.

Conformal Tube: Episode #1, Radius 3.79 (m) Conformal Tube: Episode #2, Radius 2.07 (m)

robustify

Calibrate:
compute ¢

calibrate




Algorithm for controller updates

* Collect new calibration data ?Jj(-l)a X ,?/J(-k) ~ D(x;)

Robustify: Ciy1 2 g+ My,
compute M,

Calibrate: Initialize: Update control:
compute 9; safe controller 7(Ciyy)

14



Algorithm for controller updates

* Collect new calibration data y](-l)7 X ,?/J(-k) ~ D(x;)

Robustify: Ciy1 2 g+ My,
compute M,

safe controller (Ciyy)

Update control:

~ R
Deploy:

collect data 14
_ D




Algorithm for controller updates

(1)

* Collect new calibration data ¥; * - -

* Apply conformal prediction g;

k
Ly~ D(xy)

= Quantile; _4(R\", ...

T
Anconformity score

(k)
7}27 y

(i)
Rj

o)

. — max

Te{l

Robustity:

compute M,

safe controller

lliiiiiiill

(

\_

Deploy:
collect data

\

W,

lys) — 59|

Update control:
71'( Cj+ 1)

14




Algorithm for controller updates

(1) (K)

* Collect new calibration data ¥; "5--.,Y; = ~ D(z;)

* Apply conformal prediction g;

= Quantile; _4(R\", ...

s

\

~
Calibrate:

compute 9

-

R .— max
J re{l,.... T}
Anconformity Score
(k)
y RJ ) OO)

Initialize:
safe controller

~ R
Deploy:

lys) —

collect data
\_ )

A(%)H

Update control:
71'( Cj+ 1)

14



Algorithm for controller updates

* Collect new calibration data ?Jj(-l)a X ,?/J(k) ~ D(x;)

+ Observe that R\, — R@ < L,||7m(Cit1) — m(C))||cc =

7+1

(i)
Rj

T
Anconformity score

* Apply conformal prediction q; = Quantilel_a(Rﬁ-”, X

R}, 00)

7+1

Lipschitz constant of dynamics

. — max

Te{l

lys) — 59|

[ Adversarially conformal prediction guarantees that Prob(R;+1 < ¢q; + M+1) > 1 -9 }

s

\

~
Calibrate:

compute 9

N

Initialize:
safe controller

\_

Deploy:
collect data

W,

Update control:
71'( Cj+ 1)



Algorithm for controller updates

(1)

* Collect new calibration data ¥; *» - - - (k)

y; "~ D(z;)

* Apply conformal prediction g;

+ Observe that R\, — R@ < L,||7m(Cit1) — m(C))||cc =

j+1

= Quantile; _4(R\", ...

(7) ._
R

Lipschitz constant of dynamics

— IMax
re{l,..., T}
Anconformity Score
(k)
y RJ ) OO)
7+1

lys) —

A(%)H

[ Adversarially conformal prediction guarantees that Prob(R;+1 < ¢q; + M+1) > 1 -9 J

~

-

s

\

~
Calibrate:

compute 9

-

\_

Robustity:

~

compute M,

_/

Initialize:
safe controller

v

(

\_

Deploy:
collect data

\

W,

Ci129+M,,

14



Algorithm for controller updates

Collect new calibration data ?Jj(-l), e

Apply conformal prediction g;

Observe that R\, — R@ < L,||7m(Cit1) — m(C))||cc =

j+1

k
Y~ D(ay)

= Quantile; _4(R\", ...

(i)
Rj

T
Anconformity score

R 00)

7+1

Lipschitz constant of dynamics

. — max

Te{l

lys) —

A(%)H

[ Adversarially conformal prediction guarantees that Prob(R;+1 < ¢q; + M+1) > 1 -9 J

This motivates the rule C;4+1 > q; + %{Mﬁ( 3+1

( The policy 7(C';+1) guarantees episodic safety. }

1. Solve via numerical solver (e.g., bisection)

2. Solvevia Cj11 > q; + L:L,|Cj41

- O

~

IIK'

\

Calibrate:
compute 4;

-

\_

Robustity:

~

compute M,

_/

Initialize:
safe controller

v

(

\_

Deploy:
collect data

\

W,

Ci129+M,,

14



Academic example: car-pedestrian collision avoidance

Empirical tube coverage

100 f_

o Robust CP (explicit)

Empirical safety coverage

100 f=

\\\\\

@ 0
= :
&) .
S = Split CP >
8 50 On.e—time CP 8 o Robus licit) PrOb(C(xjj y]) Z O) 2 1 o 5
O & Naive CP S 80 + =Split CP ]
= = Target (1 — o) R One-time CP
© « Naive CP ~
= L, . | & 0 et | . ._ Prob(mTaXHyj,T —y;[| <Cj) >1-46
0 D 10 15 20 0 D 10 15 20
Episode (j) Episode (j)
Planned radius Planner cost
2 . - - 0.016 - - - - - .
_? o Robust CP (explicit) f o Robust CP (explicit) Convergence COndltlonS
= Split CP 0.014 -n-%plittCP op |
One-time CP ' ne-time °
1.5/ ¢ One-tinne o Que-time presented 1n reference!
< -
1t
0.01+ 1
0.5 - 0.008

0 D

1Mirzaeedodangeh, Shekhtman, Matni, Lindemann, “Safe Planning in Interactive Environments via Iterative Policy Updates and Adversarially Robust Conformal Prediction™, L4DC, 2026.

10 15

Episode (j)

20

6 5 1I0 1I5 2I0
Episode (j)

15



* We use Quadswarm! with five uncontrollable dynamic RL agents

« Ego drone deploys 7(C;) filtered through a tracking CBF

e Metrics:

* Agent 2:

1Huang et al., “QuadSwarm: A Modular Multi-Quadrotor Simulator for Deep Reinforcement Learning with Direct Thrust Control”, ICRA (Workshop), 2023.

Tube coverage

Quadswarm drone simulator

Empirical tube coverage

4w [ 1 1 T 1 T
100 -~~~ e
98_ /
96 .
—l— Robust CP (explicit)
94 - = Split CP
One-time CP
92- —@®— Naive CP
o701 R ——— ---- Target (1 —a) |

0 2 4 6 8 10
Episode (3)

Prob(max ||g;» — y;|| < C;) >1 -6

Conformal Tube: Episode #1, Radius 3.79 (m)

—— Agent 2
— [Ego agent

Predicted trajectory

(m) z

Empirical safety coverage

1004 =—o—8—s—n—o—n—o—n—»—=n
)
%0 98 -
o
> 96- -
3 —— Robust CP (explicit)
> 941 —%¥— Split CP
:qj One-time CP
& 927 —@— Naive CP
70T ---- Target (1 —a) |

0 2 4 6 8 10
Episode (j)

Prob(c(zj,y;) >0) >1—-19§

Conformal Tube: Episode #2, Radius 2.07 (m)

—— Agent 2
— Ego agent

Predicted trajectory

() z

Planned radius

Cumulative reward

~—~3.04
8- ..
—l— Robust CP (explicit) é t/I *—5—5——S—N—3—3
—¥— Split CP = 2.5 : ~ 3 : : : : , :
i
. One-time CP S
0 | 22047 /7T
—®— Naive CP O
s =&~ Robust CP q; O 1.5-
4 : > —l— Robust CP (explicit)
=&+ Naive CP g; i
® 1.0 1 —¥— Split CP
g One-time CP
= 0.57 —®— Naive CP
1
O
T T T T T T T T T T T
0 2 4 6 8 0 2 4 § 8 10
Episode (j) Episode (j)
Conformal Tube: Episode #3, Radius 1.39 (m) Conformal Tube: Episode #5, Radius 1.13 (m)
—— Agent 2 —— Agent 2
— [Ego agent — Ego agent
""" Predicted trajectory ===+ Predicted trajectory
] 6
s 8) . (
i 0 =
)
L 00 . 71.5—2.0_2'5
/ 05 v 4 05 o
4 6 . 0.0 AN ) 6 0 0.0 N

16




uncontrollable distribution shift

“

Safe Control in Changing Environments



Uncontrollable distribution shifts

* Design and deployment conditions may be different

Examples: data from simulators

<+——no safety guarantees

Assumption: design and deployment conditions are e-close

[ ° \
e Robust conformal prediction’:2: Let R\D, ... . R® ~ & and R ~ R, as well as Df(%o, R)<Le€

[It holds that Prob(R"”) < C) > 1 — § with C := Quantile,_5 (R",...,RYW).

/

mmlp [ncreased data requirements

adjusted confidence level §(e) < &
(solution of convex optimization problem)

* Idea: perform control design with robust conformal prediction regions!

1Cauchois, Gupta, Al1, and Duchi, “Robust validation: Confident predictions even when distributions shift”, JASA, 2024,

onlarltel, Wang, Zhu, Jordan, and Marzouk, “Conformal Prediction under Levy-Prokhorov Distribution Shift”, NeurIPS, 2025. /



Safe control with generative priors

° E l 1 l ° o Prediction Regions =~ =—— True Obstacle Trajectory = —— MPC-Predicted Ego Trajectory ——— Predicted Obstacle Trajectory
xample! (wrong-lane drivers): 1 1
@
e
E —1 | | | ! ! 1 | I —1 1 | I | | I !
S 50 7.5 10.0 12,5 15.0 17.5 20.0 225 25 50 75 10.0 125 15.0 17.5 20.0
G 1 1
o
a
> I
&
o..
-1 -1

50 75 10.0 125 15.0 175 20.0 225 25 50 75 10.0 125 15.0 17.5 20.0

X position (m)

» We use conditional diffusion models to generate calibration data R\M (€),..., R (&)~ R

observable parameter (here averaged velocity)

Prediction Coverage Safety Guarantees

 Result (summary): o 2 2 2 m m » =m B B B 100] mu o a m m oW oW B.m.
0.75 4 0.75 A
our method w. different ways of ‘w5 050
estimating distribution shift 0.25 - 0.25-
. | . . | | | | | | 0.00 - | | | | | | | | | |
1 &> E3 Ex Es Ee Ey Es E  Elo &1 &2 &3 ) Es Ee &7 &g & &0

only synthetic data

(no robust CP) /¥)mb(m§X 195 —yill <C5) >1—=9 Prob(c(x;,y;) >0)>1—9

only a static dataset

1Rahaman, Deshmukh, Hota, and Lindemann, “When Environments Shift: Safe Planning with Generative Priors and Robust Conformal Prediction”, L4DC, 2026.



Adaptive control when the distribution shifts

« What if distributions shift “too much”?

)

learning rate

S~

desired coverage level

Otr1 := 0 +y(0 — ey)

adaptive CP P %
from online o
updated coverage level empirical coverage
datastream 0 ifr, <O,
: : : .. : T 1 otherwise
* We can design an MPC using adaptive conformal prediction regions
.

-

-

T—1

If the MPC 1s recursively feasible, we find an on average safe controller, 1.e.,

1 0o + 7

— Prob(c(x >0)>1—96

T Z ( ( t—I—layt—l—l) = ) = T~

t=0 )
« Example: Drone avoiding a flying frisbee l'
Frisbee
Case ) 0.025 0.05 - <= "
UQ method |} Proposed | Weietal. (2022) w/EKF |} Proposed | Wei et al. (2022) w/EKF q N T~

Frisbee YeSucc. 100 100 100 100 e "i’,é‘
w/drag dmin 14.2 5.27 4.97 4.25

Dixit, Lindemann, Wei, Cleaveland, Pappas, and Burdick, “Adaptive Conformal Prediction for Motion Planning among Dynamic Agents”, L4DC, 2023. 19
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