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88.1 CLASSIFICATION OF CONSTRAINT CONDITIONS

§8.1. Classification of Constraint Conditions

In previous Chapters we have considered structural support conditions that are mathematically
expressable as constraints on individual degrees of freedom:

nodal displacement component = prescribed value. (8.1

These are called single-freedom constraints. Chapter 3 explains how to incorporate constraints of
this form into the master stiffness equations, using hand- or computer-oriented techniques. The
displacement boundary conditions studied in Chapter 7, which include modeling of symmetry and
antisymmetry, lead to constraints of this form.

For example:
UX4 = 0, Uyg = 06. (8.2)

These are two single-freedom constraints. The first one is homogeneous while the second one is
non-homogeneous. These attributes are defined bel ow.

§8.1.1. MultiFreedom Constraints

The next step up in complexity involves multifreedom equality constraints, or multifreedom con-
straints for short, the last name being acronymed to MFC. These are functiona equations that
connect two or more displacement components:

F (nodal displacement components) = prescribed value, (8.3

where function F vanishesif al itsnodal displacement arguments do. Equation (8.3), in which all
displacement components are in the left-hand side, is called the canonical form of the constraint.

An MFC of thisform is called multipoint or multinode if it involves displacement components at
different nodes. The constraint is called linear if all displacement components appear linearly on
the left-hand-side, and nonlinear otherwise.

The constraint is called homogeneous if, upon transfering all terms that depend on displacement
components to the left-hand side, the right-hand side — the “ prescribed value” in (8.3) —is zero.
It is called non-homogeneous otherwise.

In this and next Chapter only linear constraints will be studied. Furthermore more attention is
devoted to the homogeneous case, because it arises more frequently in practice.

Remark 8.1. The most general constraint class is that of inequality constraints, such as uys — 2u,, > 0.5.
These constraints are relatively infrequent in linear structural analysis, except in problems that involve contact
conditions. They are of paramount importance, however, in other fields such as optimization and contral.
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Unmodified master stiffness
equations K u=f beforeapplying MFCs

N4

Apply MFCs

v

. . . NpnoA
Modified stiffnessequations K u = f

V4

Equation solver returns {i

V4

Recover u if necessary

penalty functions
Lagrange multipliers

master-slave
by {

F1GURE 8.1. Schematics of MFC application.

Example 8.1. Here are three instances of MFCs:

U = 3Uy2,  Ue—2Uu+Ue =7, X5+ Us—Xz— Uxa)? + (Y5 + Uys — Y3 — Uy3)* = 0. (8.4)

Thefirst oneislinear and homogeneous. It isnot amultipoint constraint because it involves the displacement
components of one node: 2.

The second one is multipoint because it involves three nodes: 2, 4 and 6. It islinear and non-homogeneous.

The last one is multipoint, nonlinear and homogeneous. Geometrically it expresses that the distance between
nodes 3 and 5 intwo-dimensional motionsonthe{x, y} planeremainsconstant. Thiskind of constraint appears
in geometrically nonlinear analysis of structures, which is atopic beyond the scope of this book.

88.1.2. Methodsfor Imposing Multifreedom Constraints

Accounting for multifreedom constraints is done — at least conceptually — by changing the
assembled master stiffness equations to produce a modified system of equations:

Ku=f "5 Kao=*F. (8.5)
The modification process (8.5) is also called constraint application or constraint imposition. The
modified system is that submitted to the equation solver, which returns Q.

The procedureisflowcharted in Figure 8.1. The sequence of operations sketched therein appliesto
all methods outlined below.

Three methods for treating MFCs are discussed in this and the next Chapter:

1. Master-Save Elimination. The degrees of freedom involved in each MFC are separated into
master and slave freedoms. The slave freedoms are then explicitly eliminated. The modified
eguations do not contain the slave freedoms.

2. Penalty Augmentation. Also called the penalty function method. Each MFC is viewed as
the presence of afictitious elastic structural element called penalty element that enforces it
approximately. This element is parametrized by a numerical weight. The exact constraint
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88.1 CLASSIFICATION OF CONSTRAINT CONDITIONS

is recovered if the weight goes to infinity. The MFCs are imposed by augmenting the finite
element model with the penalty elements.

3. Lagrange Multiplier Adjunction. For each MFC an additional unknown is adjoined to the
master stiffness equations. Physically this set of unknowns represent constraint forces that
would enforce the constraints exactly should they be applied to the unconstrained system.

For each method the exposition tries to givefirst the basic flavor by working out the same example
for each method. The general technique is subsequently presented in matrix form for compl eteness
but is considered an advanced topic.

Conceptually, imposing MFCsis not different from the procedure discussed in Chapter 3 for single-
freedom constraints. The master stiffness equations are assembled ignoring all constraints. Then
the MFCs are imposed by appropriate modification of those equations. There are, however, two
important practical differences:

1. The modification process is not unique because there are aternative constraint imposition
methods, namely thoselisted above. These methodsoffer tradeoffsin generality, programming
implementation complexity, computational effort, numerical accuracy and stability.

2. Intheimplementation of some of these methods— notably penalty augmentation — constraint
imposition and assembly are carried out ssmultaneously. In that case the framework “first
assemble, then modify,” is not strictly respected in the actual implementation.

Remark 8.2. Thethree methods are also applicable, as can be expected, to the simpler case of asingle-freedom
constraint such as (8.2). For most situations, however, the generality afforded by the penalty function and
Lagrange multiplier methods are not warranted. The hand-oriented reduction process discussed in Chapters 3
and 4 isinfact aspecia case of the master-slave elimination method in which “there is no master.”

Remark 8.3. Often both multifreedom and single-freedom constraints are prescribed. The modification
process then involves two stages: apply multifreedom constraints and apply single freedom constraints. The
order in which these are carried out is implementation dependent. Most implementations do the MFCs first,
either after the assembly is completed or during the assembly process. Thereasonispractical: single-freedom
constraints are often automatically taken care of by the equation solver itself.

§8.1.3. *MFC Matrix Forms

Matrix forms of linear MFCs are often convenient for compact notation. Anindividual constraint such asthe
second onein (8.4) may be written

ux2
[1 —2 1]| uxs | =0.25. (8.6)
Uxe
In direct matrix notation:
a0 =g, (nosumoni) (8.7

inwhichindexi (i = 1,2,...) identifies the constraint, & is arow vector, U; collects the set of degrees of
freedom that participate in the constraint, and g; isthe right hand side scalar (0.25 in the foregoinf example).
The bars over a and u distinguishes (8.7) from the expanded form (8.9) discussed bel ow.

For method description and general proofsit isoften convenient to expand matrix forms so that they embody all
degrees of freedom. For example, if (8.6) is part of atwo-dimensional finite element model with 12 freedoms:
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Uy, f, us f U, f, Us, f5  Ug, f ug, f

D) J\_>3) J\_>4) J\_>5) J\_%) JJ_> > X

2

l—\O

FIGURE 8.2. A one-dimensional problem discretized with six bar finite
elements. The seven nodes may move only along the x direction. Subscript
x isomitted from the u’sand f’sto reduce clutter.

Ux1, Uy, . . . Uy, the left-hand side row vector may be expanded with nine zeros as follows

Ux1
Uy1
[0 O1 0O0O0 -20001 0] Ux2 | =0.25, (8.8)
Uys
in which case the matrix notation
GquU=g (8.9)

isused. Finally, all multifreedom constraints expressed as (8.9) may be collected into asingle matrix relation:
Au=g, (8.10)

inwhich rectangular matrix A isformed by stacking the g’ sasrowsand column vector gisformed by stacking
the gisasentries. If thereare 12 degrees of freedom in u and 5 multifreedom constraintsthen A will be 5 x 12.

§8.2. The Example Structure

The one-dimensional finite element discretization shown in Figure 8.2 will be used throughout
Chapters 8 and 9 to illustrate the three MFC application methods. This structure consists of six bar
elements connected by seven nodes that can only displace in the x direction.

Before imposing various multifreedom constraints discussed below, the master stiffness equations
for this problem are assumed to be

Ky Koo 0 0 0 0 0 71U ~ f1
K Kx K23 0 0 0 0 Uo f2
0 Kz Kz Kz 0 0 0 U3z f3
0 0 Kz Ky Kgi O 0 us | =1 fa |, (8.11)
0 0 0 Kss Kss Ksg 0 Us f5
0 0 0 0 Ksg Kg Ke7 Ues f6
| O 0 0 0 0 Kez K774 Lu7 | f7_
or
Ku="f. (8.12)
Thenonzero stiffness coefficients K in (8 11) depend onthebar rigidity properties. For example, if
E€A®/L® = 100 for each element e = , 6, then K11 = K77 = 100, K5, = = Kgg = 200,
Kp = Ky = ... = Kgz = —100. However, for the purposes of the foIIowmg treatment the
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88.3 THE MASTER-SLAVE METHOD

coefficients may be kept arbitrary. The component index x in the nodal displacements u and nodal
forces f has been omitted for brevity.

Now let us specify amultifreedom constraint that states that nodes 2 and 6 must move by the same
amount:

Uo = Ueg. (8.13)
Passing all node displacements to the right hand side gives the canonical form:

U, — ug = 0. (8.14)

Constraint conditions of thistype are sometimes called rigid links because they can be mechanically
interpreted as forcing node points 2 and 6 to move together asif they weretied by arigid member.t

We now study the imposition of constraint (8.14) on the master equations (8.11) by the methods
mentioned above. In this Chapter the master-slave method is treated. The other two methods:
penalty augmentation and Lagrange multiplier adjunction, are discussed in the following Chapter.

§8.3. TheMaster-Slave M ethod

To apply this method by hand, the MFCs are taken one at atime. For each constraint aslave degree
of freedom is chosen. The freedoms remaining in that constraint are labeled master. A new set
of degrees of freedom @ is established by removing all slave freedoms from u. This new vector
contains master freedoms aswell asthose that do not appear inthe MFCs. A matrix transformation
equation that relates u to (1 is generated. Thisequation isused to apply acongruent transformation
to the master stiffness equations. This procedure yields a set of modified stiffness equations that
are expressed in terms of the new freedom set (1. Because the modified system does not contain the
slave freedoms, these have been effectively eliminated.

88.3.1. A One-Constraint Example

The mechanics of the processis best seen by going through an example. To impose (8.14) pick ug
as slave and u, as master. Relate the original unknowns uy, ... u7 to the new set in which ug is
missing:

"w] 10000 07 _
U 010000 ul
Us 001000 uz
us |=10 0 0 1 0 O u3 , (8.15)
Us 000010 u4
Us 010000 u5
lu;J LO OO OO 2]"-77-
Thisisthe required transformation relation. In compact form:
u=Ta | (8.16)

L Thisphysical interpretation isexploited in the penalty method described in the next Chapter. Intwo and three dimensions
rigid link constraints are more complicated.

8-7



Chapter 8: MULTIFREEDOM CONSTRAINTS |

Replacing (8.15) into (8.12) and premultiplying by T yields the modified system

Ko=*f inwhich K=TTKT, f=TTt. (8.17)

Carrying out the indicated matrix multiplications yields

K K12 0 0 0 0 7r1ui’ B fl ]
Kiz Kz+Ke Kz 0 Ks Kez || U2 fa+ fe
0 Koz Kaz Kag 0 0 us | f3
0 0 Ka Kau Kgs 0 U o f4 ’ (8 18)
0 Kse 0 Kg Kss O Us fs
L O K67 0 0 0 K77 d LUz L f7 .

Equation (8.18) is a new linear system containing 6 equations in the remaining 6 unknowns. uy,
Uz, U3, Ug, Us and u;. Upon solving it, ug is recovered from the constraint (8.13).

Remark 8.4. Theform of modified system (8.17) can be remembered by asimple mnemonic rule: premultiply
both sidesof T 0 = u by T' K, and replace K u by f on the right hand side.

Remark 8.5. For a simple freedom constraint such as u, = 0 the only possible choice of slave is of course
u4 and there is no master. The congruent transformation is then nothing more than the elimination of u,4 by
striking out rows and columns from the master stiffness equations.

Remark 8.6. For asimple MFC such as u, = ug, it does not matter which degree of freedom is chosen as
master or unknown. Choosing u, as slave produces a system of equations in which now u, is missing:

K11 0 0 0 K1 0 Uy f]_

0 Kszs K 0 Koz 0 Uz fs

0 K34 K44 K45 0 0 us | f4

0 0 Ki Kss Ko 0 ||us || £ |- 8.19
Kz Kz 0 Ksg K+ Keg Koz Us fo+ f6

O 0 O 0 K67 K77 U7 f7

Although (8.18) and (8.19) are algebraically equivalent, the latter would be processed faster if askyline solver
(Part 111 of course) is used for the modified equations.

88.3.2. Multiple Homogeneous MFCs

The matrix equation (8.17) in fact holds for the general case of multiple homogeneous linear
constraints. Direct establishment of the transformation equation, however, is more complicated if
slave freedoms in one constraint appear as mastersin another. To illustrate this point, suppose that
for the example system we have three homogeneous multifreedom constraints:

U, — Ug =0, u; + 4uys = 0, 2U3 + Usg + Us =0, (8.20)

Picking as dave freedoms ug, U4 and uz from thefirst, second and third constraint, respectively, we
can solve for them as

1 1 1 1
Us = Uy, Ug = —3zU1, Uz = —5(Ug + Us) = gUs — 5Us. (8.21)
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88.3 THE MASTER-SLAVE METHOD

Observe that solving for us from the third constraint brings u4 to the right-hand side. But because
u4 isalso aslave freedom (it was chosen as such for the second constraint) it is replaced in favor of

Ui using ug = —%ul. The matrix form of the transformation (8.21) is
- U -~ 1 0 0 07
1

Uy O 1 0 O
Us s 030 El
Ug | = _211 O 0 O ui , (8.22)
Us 0 0 1 0Ly,
Us O 1 0 O

L U7 . 0 0 0 1.

The modified system is now formed through the congruent transformation (8.17). Note that the
dlave freedoms selected from each constraint must be distinct; for example the choice ug, Uy, Us
would beinadmissible aslong as the constraints are independent. Thisruleis easy to enforcewhen
slave freedoms are chosen by hand, but can lead to implementation and numerical difficulties when
it is programmed as an automated procedure, as further discussed later.

Remark 8.7. Thethree MFCs (8.20) with ug, us and u, chosen as slaves and u,, U, and us chosen as masters,
may be presented in the partitioned matrix form:

0 01 Uz 0 1 O Uz
0 40 up [=1-1 0 O Uy (8.23)
2 10 Us 0 0 -1 Us

This may be compactly written Agus + AUy = 0. Solving for the Slave freedoms gives us = —A_ AU,
Expanding with zeros to fill out u and G produces (8.22). This general matrix form is considered in §8.4.4.
Note that non-singularity of Ag isessentia for this method to work.

88.3.3. Nonhomogeneous MFCs

Extension to non-homogeneous constraints is immediate. In this case he transformation equation
becomes non-homogeneous. For example suppose that (8.14) has a nonzero prescribed value:

Uy — Ug = 0.2 (824)

Nonzero RHS values such as 0.2 in (8.24) may be often interpreted physically as “gaps’ (thus the
use of the symbol g in the matrix form). Chose ug again as dave: ug = u, — 0.2, and build the
transformation

"wl 1000007 [ 07
Uy 010000 ul 0
Us 001000 u2 0
uu |=(0 0 0100 u3 +1 0 (8.25)
Us 000010 u“ 0
Us 010000 u5 —-0.2
Lluyd Lo oooo0 2]l-"" L o J
In compact matrix notation,
u=T0+g. (8.26)
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Herethe constraint gap vector g isnonzero and T isthe same as before. To get the modified system
applying the shortcut rule of Remark 8.4, premultiply both sides of (8.26) by TTK, replace Ku by
f, and pass the data to the RHS:

Ko=f inwhich K=TKT, f=T"(f-Kg). (8.27)

Upon solving (8.27) for , the compl ete displacement vector isrecovered from (8.26). For theMFC
(8.24) this technique gives the system

r K K1z 0 0 0 0 7r1rui’ B fl ]
Kiz Kz+Ke Kz 0 Ks Kez || U2 f2+ fo — 0.2Kes
0 K23 K33 K34 0 0 us | f3
0 Ksg 0 Kss Kss 0 Usg f5 — 0.2Ks6
L O Keg7 0 0 0 K74 Luy | f7 — 0.2K67 .

See Exercise 8.2 for multiple non-homogeneous MFCs.

§8.3.4. *The General Case

For implementation in general-purpose programs the master-slave method can be described as follows. The
degrees of freedomsin u are classified into three types. independent or unconstrained, masters and slaves.
(The unconstrained freedoms are those that do not appear in any MFC.) Label these sets as uy, U, and us,
respectively, and partition the stiffness equations accordingly:

Kuw Kum Kus Uy fu
Kin Kom Kms Un | = | fm (8.29)
Kis Krs Kss | L Us fs

The MFCs may be written in matrix form as
AnUn + AsUs = ga, (8.30)
where A is assumed square and nonsingular. If so we can solve for the slave freedoms:
Us = —A ' AnUn+ A 0, &€ Tun+0, (8.31)
Inserting into the partitioned stiffness equations (8.30) and symmetrizing yields
Ku Kum +Kus T Uy fu — KusO
[symm Kom+ T K 4+ K T+T7 KSST] [um] - [fm - Kmsgi| 8.32)
It is seen that the misleading simplicity of the handworked examplesis gone.

§8.3.5. *Retaining the Original Freedoms

A potential disadvantage of the master-slave method in computer work is that it requires a rearrangement of
the origina stiffness equations because ( is a subset of u. The disadvantage can be annoying when sparse
matrix storage schemes are used for the stiffness matrix, and becomes intolerable if secondary storageis used
for that purpose.
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88.4 MODEL REDUCTION BY KINEMATIC CONSTRAINTS

U2, 2 U3, U4, 4 u51 u61 U7,

l_’Z) l_’s) l_@) J\_’B) 1_73) JJ_' ;X
1 7
u ;V 2 master DOFs to be retained uy, f,
J;j» » o n s i }—>
S Y O O I

5 dave DOFsto be eliminated

M aster Master
uq, f; u,, f;
Reduced model
C13 O —>»X
7

F1cURrE 8.3. Model reduction of the example structure of Figure 8.2 to the end freedoms.

With ahit of trickery it is possibleto maintain the original freedom ordering. Let usdisplay it for the example
problem under (8.14). Instead of (8.15), use the square transformation

[ Uy ] 1 0 0 0 0 O 07 [ uT
Uy 01 0O0O0O0ODO U
Us 0 01 00O0ODO Us
u =10 0 0 1 0 0 O us |, (8.33)
Us 0 0OO0OO0O1O00DO0 Us
Us 01 0O0O0O0ODO Ue
| U7 _ |0 0 0 0O OO 1] Luy

in which Gg is a placeholder for the slave freedom ug. The modified equations are

B Kll K12 0 0 0 0 0 01r u; ] B fl ]
Ko Kx+Keg Kp 0 0 Ks 0 Kgr uz fo+ f
0 Koz Kz Kau 0 0 0 0 us f3
0 Ksg 0 Kis Kss 0 0 0 Us f5
0 0 0 0 0 0O 0 O g 0
L O Ke7 0 0 0 0 0 KuJd Lusy_ | f7 _

which are submitted to the equation solver. If the solver is not trained to skip zero rows and columns, a one
should be placed in the diagonal entry for the Gg (sixth) equation. The solver will return G = 0, and this
placeholder value is replaced by u,. Note several pointsin common with the computer-oriented placehol der
technique described in §3.4 to handle single-freedom constraints.

§8.4. Model Reduction by Kinematic Constraints

The congruent transformation equations (8.17) and (8.27) have additional applications beyond the
master-save method. An important one is model reduction by kinematic constraints. Through
this procedure the number of DOF of a static or dynamic FEM model is reduced by a significant
number, typically to 1% — 10% of the original number. Thisis done by taking alot of slavesand a
few masters. Only the masters are left after the transformation. The reduced model is commonly

8-11
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(* Model Reduction Exanple *)
Clear Al l [ K11, K12, K22, K23, K33, K34, K44, K45, K55, K56, K66,
f1,f2,13,f4,f5, 16];
K={{K11, K12, 0, 0, 0, O, O}, { K12, K22, K23, 0, 0, 0, 0},
{0, K23, K33, K34, 0, 0, 0}, {0, 0, K34, K44, K45, 0, 0},
{0, 0, 0, K45, K55, K56, 0}, {0, 0, 0, 0, K56, K66, K67},
{0,0,0,0,0, K67, K77}}; Print["K=",K//MatrixForni;
f={f1,f2,f3,f4,f5f6,f7}; Print["f=",f];
T={{6,0},{5,1},{4,2},{3,3},{2,4},{1,5},{0,6}}/6;
Print["T (transposed to save space)=", Transpose[ T]//Matri xForn ;
Khat =Si npl i f y[ Transpose[ T] . K. T] ;
fhat =Si npl i fy[ Transpose[T].f];
Print["Mdified Stiffness:"];
Print["Khat(1,1)=",Khat[[1,1]],"\nKhat (1,2)=",Khat[[1,2]],
"\nKhat (2,2)=",Khat[[2,2]] ];
Print["Modified Force:"];
Print["fhat(1)=",fhat[[1]]," fhat(2)=",fhat[[2]] ];

K11l K12 O 0 0 0
K12 K22 K23 O 0 0
0 K23 K33 K34 0 0
0 K34 K44 K45 O
0 0 K45 K55 K56 0
0 0 0 K56 K66 K67
0 0 0 0 K67 K77

0
0
0
0

o ©o o o

f={f1, £2, £3, £4, £5, f6, £7}

T (transposed to save space)=

o~ o
wlk w|n
NIISEENI I
wln wle
oo o=

Modified Stiffness:

Khat(l,l):3—16 (36 K11 + 60 K12 + 25 K22 + 40 K23 + 16 K33 + 24 K34 + 9 K44 + 12 K45 + 4 K55 + 4 K56 + K66)

Khat(l,Z):3—16 (6 K12 +5K22 + 14 K23 + 8 K33 + 18 K34 + 9 K44 + 18 K45 + 8 K55 + 14 K56 + 5K66 + 6 K67)
Khat(2,2):3—16 (K22 +4K23 +4K33+12K34+9K44 + 24 K45+ 16 K55 + 40 K56 + 25 K66 + 60 K67 + 36 K77)

Modified Force:

s (1) ¢ (58078 4 Vidihebhicd S for A redudi Ahpd PridiEa3te 6 <7

used in subsequent calculations as component of alarger system, particularly during design or in
parameter identification.

Example 8.2. Consider the bar assembly of Figure 8.2. Assume that the only masters are the end motions u,
and u-, asillustrated in Figure 8.2, and interpolate all freedoms linearly:

w1 07

Uy 5/6 1/6

Us a6 2/6 |

u, | =| 3/6 3/6 [ul], o u=Ta. (8.35)
Us 2/6 4/6 !

Ue 1/6 5/6

L U7 _| | O 1

8-12



88.5 ASSESSMENT OF THE MASTER-SLAVE METHOD

-
=
D
8
c
Q
g
Q
o
n
3
o
o
[}
=
o
=
2
[«
=
o
>
wn
Q
D
>~
[ =)
I
—
_'
A
—
[ =)
I
—
=
I
9
=t
o
Q
Q.

Kig K17] [Ul] [ fl]
A A =| 1, 8.36
|:K17 K77 uz 7 ( )
in which

Ky = 3—16(36K11+60K12+25K22+40K23+16K33+24K34+9K44+12K45+4K55+4K56+Kea),

Ky = 3—16(6K12+5K22+14K23+8K33+18K34+9K44+18K45+8K55+14K56+5K66+6K67),

K77 = & (Kop+4K o5+ 4K g+ 12K 34+ 9K ss-+ 24K g5+ 16K s+ 40K s5-+ 25K g+ 60K 67+ 36K 77),
f, = %(6 f1+5f44143f+2fs+fs), f7= %(f2+2 f3+3f,4+4f5+514+617).

This reduces the order of the FEM model from 7 to 2. A Mathematica script to do the reduction is shown in
Figure 8.4. The key feature isthat the masters are picked a priori, as the freedoms to be retained in the model
for further use.

(8.37)

Remark 8.8. Model reduction can also be done by the static condensation method explained in Chapter 10.
Asits name indicates, condensation is restricted to static analysis. On the other hand, for such problemsit is
exact whereas model reduction by kinematic constraints generally introduces approximations.

§8.5. Assessment of the M aster-Slave M ethod

What are the good and bad points of this constraint application method? It enjoys the advantage of
being exact (except for inevitable solution errors) and of reducing the number of unknowns. The
concept is also easy to explain and learn. The main implementation drawback is the complexity of
the general case as can be seen by studying (8.29) through (8.32). The complexity is due to three
factors:

1. Theequations may have to be rearranged because of the disappearance of the slave freedoms.
This drawback can be alleviated, however, through the placeholder trick outlined in §8.3.5.

2. An auxiliary linear system, namely (8.31), has to be assembled and solved to produce the
transformation matrix T and vector g.

3. The transformation process may generate many additional matrix terms. If a sparse matrix
storage schemeisused for K, thelogic for alocating memory and storing these entries can be
difficult and expensive.

Thelevel of complexity depends on the generality allowed aswell as on programming decisions. |If
K isstored asfull matrix and slave freedom coupling in the MFCsisdisallowed thelogic issimple.?
On the other hand, if arbitrary couplings are permitted and K is placed in secondary (disk) storage
according to some sparse scheme, the complexity can become overwhelming.

Another, more subtle, drawback of this method is that it requires decisions as to which degrees
of freedom are to be treated as slaves. This can lead to implementation and numerical stability
problems. Although for digointed constraintsthe process can be programmmed inreliableform, in
more general cases of coupled constraint equationsit can lead to incorrect decisions. For example,
suppose that in the example problem you have the following two MFCs:

%Uz + %U4 = Ug, Uz + 6ug = Uuy. (8.38)

2 Thisisthe case in mode! reduction, since each slave freedom appearsin one and only one MFC.
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For numerical stability reasons it is usually better to pick as slaves the freedoms with larger co-
efficients. If thisis done, the program would select ug as dave freedoms from both constraints.
This leads to a contradiction because having two constraints we must eliminate two slave degrees
of freedom, not just one. The resulting modified system would in fact be inconsistent. Although
this defect can be easily fixed by the program logic in this case, one can imagine the complexity
burden if faced with hundreds or thousands of MFCs.

Serious numerical problems can ariseif the MFCs are not independent. For example:
%Uz = Ug, %U3 + 6ug = u7, U, +uz — uy =0. (8.39)

The last constraint is an exact linear combination of the first two. If the program blindly choses
U, Uz and u7 as daves, the modified system is incorrect because we eliminate three equations
when in fact there are only two independent constraints. Exact linear dependence, asin (8.39), can
be recognized by arank analysis of the Ag matrix defined in (8.30). In floating-point arithmetic,
however, such detection may fail because that kind of computation is inexact by nature.

The complexity of slave selection isin fact equivalent to that of automatically selecting kinematic
redundancies in the Force Method of structural analysis. It has led implementors of programs that
use this method to require masters and slaves be prescribed in the input data, thus transfering the
burden to users.

The method is not generally extendible to nonlinear constraints without case by case programming.

In conclusion, the master-slave method is useful when afew simple linear constraints are imposed
by hand. Asageneral purpose technique for finite element analysisit suffers from complexity and
lack of robustness. It is worth learning, however, because of the great importance of congruent
transformations in model reduction for static and dynamic problems.

Notes and Bibliography

Multifreedom constraintsaretreated in several of the FEM booksrecommendedin 81.7.5, notably Zienkiewicz
and Taylor [830]. The master-slave method was incorporated to treat MFCs as part of the DSM developed at
Boeing during the 1950s. It isfirst summarily described in the DSM-overview by Turner, Martin and Weikel
[761, p. 212]. Theimplementation differs, however, from the one described here because the relation of FEM
to energy methods was not clear at the time.

The master-slave method became popular through its adoption by the general-purpose NASTRAN code de-
veloped in the late 1960s [20] and early assessments of its potential [745]. The implementation unfortunately
relied on user inputsto identify slave DOFs. Through this serious blunder the method gained a reputation for
unreliability that persists to the present day.

Theimportant application of master-slave to model reduction, which by itself justifies teaching the method, is
rarely mentioned in FEM textbooks.

References
Referenced items have been moved to Appendix R.

3 Thesafest techniquetoidentify dependenciesisto do asingul ar-val ue decomposition (SVD) of As. Thiscan be, however,
prohibitively expensive if oneis dealing with hundreds or thousands of constraints.
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Exercises

Homework Exercisesfor Chapter 8
MultiFreedom Constraints|

EXERCISE 8.1 [C+N:20] The example structure of Figure 8.1 has E®A®/L® = 100 for each element
e=1...,6. C0n$quently Ky =Kz =100, Ky = ... = Kgg = 200, Kip = Koz = ... = Kgz = —100.
The applied node forcesaretakentobe f; =1, f, =2, f3 =3, f4, =4, fs =5, fg = 6 and f; = 7, which
are easy to remember. The structure is subjected to one support condition: u; = 0 (afixed left end), and to
one MFC: u, —ug = 1/5.

Solve this problem using the master-slave method to process the MFC, taking ug as slave. Upon forming the
modified system (8.27) apply the left-end support u; = 0 using the placeholder method of §3.4. Solve the
equations and verify that the displacement solution and the recovered node forces including reactions are

u=[0 0270 0.275 0.250 0.185 0.070 0.140]"

. (E8.1)
Ku=[-27 265 3 4 5 —185 7]

Use Mathematica or Matlab to do the algebra is recommended. For example, the Mathematica script of
Figure E8.1 solves this Exercise.

(* Exercise 8.1 - Mster-Slave Method *)

(* MFC. u2-u6 = 1/5 - slave: u6 *)

Mast er Sti f f nessOF Si xEl enent Bar [ kbar _] : =Modul e[
{K=Tabl e[ 0, {7}, {7}1}, K[[1,1]]1=K[[7, 7]]=kbar;
For [i=2,i<=6,i++ K[[i,i]]=2*kbar];
For [i=1,i<=6,i++ K[ [i,i+1]]=K[[i+1,i]]=-kbar];
Return[ K] ];

Fi xLef t EndCF Si XEl enent Bar [ Khat _, f hat _] : =Mbdul e[
{ Kmod=Khat , f nod=f hat}, fnod[[1]]=0; Knod[[1,1]]=1;
Krmod[ [ 1, 2] ] =Knod[ [ 2, 1] ] =0; Ret urn[{Knod, f nod}]];

K=Mast er Sti f f nessO Si xEl enent Bar [ 100] ;
Print["Stiffness K=", K//MatrixForni;
f={1,2,3,4,5,6,7}; Print["Applied forces=",f];
T={{1,0,0,0,0,0},{oO1,0,0,0,0},{O,0,1,O0,O0,O0},
{o0,0,0,1,0,0},{0,0,0,0, 1,0}, {O, 1, O, O, O, 0},
{0,0,0,0,0, 1}};
Print["Transformation matrix T=", T//Matri xFornj;
9={0,0,0,0,0,-1/5, 0};
Print["Constrai nt gap vector g=",9d];
Khat =Si npl i f y[ Transpose[ T] . K. T]; fhat=Si nplify[ Transpose[T].(f-K g)];
{ Knod, f nod} =Fi xLef t EndOf Si xEl enent Bar [ Khat, fhat]; (* fix left end *)
Print["Mdified Stiffness upon fixing node 1:", Knod// Matri xForm ;
Print["Mdified RHS upon fixing node 1:",fnod];
unod=Li near Sol ve[ Knod, f nod] ;
Print["Conputed unmod (Il acks slave u6)=", unod];
u=T. unod+g; Print["Conpl ete solution u=",u];
Print["Nunerical u=",Nu]];
fu=K u; Print["Recovered forces K u with reactions=",fu];
Print["Nunerical K u=",Nfu]l;

FIGUre E8.1. Script for solving Exercise 8.1.
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EXERCISE 8.2 [C+N:25] Asin the previous Exercise but applying the following three MFCs, two of which
are non-homogeneous:

U, — Ug = 1/5, Uz + 2uy = —2/3, 2U3z — Us +Us = 0. (E8.2)

Hint. Chose u4, Us and ug as slaves. Much of the script shown for Exercise 8.1 can be reused. The main
changes are in the formation of T and g. If you are a Mathematica wizard (or willing to be one) those can be
automatically formed by the statements listed in Figure E8.2.

sol =Si npli fy[ Sol ve[ {u2-u6==1/5, u3+2*u4==-2/ 3, 2*u3- u4+u5==0}, {u4, u5, ub}]];
ums={ul, u2, u3, u4, u5, u6, u7}/.sol [[1]]; une{ul, u2, u3, u7};

T=Tabl e[ Coefficient[unms[[i]],un{[j]11]1.{i.1,7},{j.,1,4}];

g=uns/ . {ul- >0, u2- >0, u3- >0, u4- >0, u5- >0, u6- >0, u7- >0} ;

Print["Transformati on matrix T=", T//Matri xFornj;

Print["Gap vector g=",d];

FIGURE E8.2. Script for partialy solving Exercise 8.2.

If you do this, explain what it does and why it works. Otherwise form and enter T and g by hand. The
numerical results (shown to 5 places) should be
u=[0. 0043072 —0.075033 -0.29582 —0.14575 —0.15693 —0.086928]",

. (E8.3)
Ku=[-4.3072 16.118 10.268 —-37.085 16.124 -8.1176 7.] .

EXERCISE 8.3 [A:25] Canthe MFCsbe pre-processed to make sure that no slave freedomin aMFC appears
as master in another?

EXERCISE 8.4 [A:25] In the general case discussed in 88.4.4, under which condition is the matrix As of
(8.30) diagonal and thus trivially invertible?

EXERCISE 8.5 [A:25] Work out the general technique by which the unknowns need not be rearranged, that
is, u and O are the same. Use “placeholders’ for the slave freedoms. (Hint: use ideas of §3.4).

EXERCISE 8.6 [A/C:35] Is it possible to establish a slave selection strategy that makes Ag diagonal or
triangular? (This requires knowledge of matrix techniques such as pivoting.)

EXERCISE 8.7 [A/C:40] Work out astrategy that produces awell conditioned Ag by selecting new slaves as
linear combinations of finite element freedoms if necessary. (Requires background in numerical analysis and
advanced programming experience in matrix algebra).
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