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ABSTRACT. Erdés conjectured that

1 1
Z do — di < Z do —dip

dy,da|n dq,do consecutive divisors of n
dy<ds

remained bounded in the limit n — oco. Using a multiscale version of a con-
struction of Tao [3] (taking n to be a product of nearly consecutive primes on
different scales), we disprove this conjecture.

1. INTRODUCTION

For any positive integer n, we write div(n) for the set of divisors of n. For any
set A of positive integers, we write

S(4) = 3 !

- a2 — ax
ai,az consecutive elements of A

and

T(A)= > a;al.

a1,a2€A
a1 <az

We expect the ratio between T'(A) and S(A) to measure some notion of regularity
of A. If the gaps between consecutive elements of A are disordered, the consecutive
gaps account for much of the “gap energy” under a harmonic weighting. Erdés [2]
predicted that the divisors of a large integer should be disordered in this sense. In
this note we show that this is not always the case.

Theorem 1.1 (Erdés #884 [1]). The ratio
(1) T(div(n))
1+ S(div(n))
is unbounded, where n ranges over the natural numbers.

Tao observed [3] that if the prime factors of n form a set with high additive energy
(in some rough sense), this ratio could be large. In particular, in the impossible
case that the prime factors form an arithmetic progression {a + kb}i=1,..; whose
length [ is large compared to the size of the difference b,

T(div(n)) =~ Z _1 ~ tog!

1<i<j<l b(j — 1) b

whereas ) 1_1
S(div(n)) ~ Y TR
1<i<i+1=5<lI J
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(We expect that almost all the contribution in both cases come from gaps between
prime divisors.) It makes little difference if the prime factors form a slightly per-
turbed arithmetic progression. In this case, there is no modular obstruction to [
being large compared to b. However, in order to arrange this, Tao had to appeal
to the k-tuples conjecture.

Our approach is to settle for a smaller value of [ relative to b. As Tao pointed
out, it then becomes possible to use an unconditional pigeonhole-based method to
produce the primes. The only issue is that while the ratio between T and S is
large, T is no longer large compared to 1. To overcome this difficulty, we repeat
this construction on many difference scales, accumulating T-mass, while preserving
the T to S ratio. There is a small issue of tracking cross-scale contributions to .S,
but some elementary analysis produces strong upper bounds on these contributions.

We use standard asymptotic notation and denote by w(n) the number of prime
divisors of n.

We would like to thank Terence Tao for his helpful comments on an earlier draft.

2. CONSTRUCTION

We begin with a slightly modified version of the key result from [3].

Proposition 2.1. Suppose the prime factors of the square-free integer n have the
form t+hq,...,t+ hi, where the h; form an O(logt)-separated sequence of length
K > loglogt. Suppose further that 0 < hy < --- < hgg <t and (2(hx — h1))¥ =
o(t). Then

1 1
(2) Z dy — dy :O<loglogt)

dy,d2 consecutive divisors of n
w(di)=w(d2)>1

Proof. Let H = hg — hy. Let d = Hfﬂzl(t + hj,.), where the j-terms form an
increasing sequence and write do as a polynomial in ¢ in the same way. If the
polynomials differ by a non-constant term, then because the coefficients of both
polynomials are bounded by (2H)%, dy —d; > t. The contribution to () from such
terms can be bounded by 2% /t = o(H~¥). It remains to consider the contribution
from pairs (di,ds) whose corresponding polynomials differ only in their constant

terms. By [3l Lemma 2.2],

k—1
(3) dy —dy > logt [ (hy, — hj,,).

m=1
There exist unique values i1,...,ix—1 such that hj, — h;, € [2m 2mF1) For
a particular choice of k and iq,...,4,_1, there are O(K) ways of picking j; and

O(2'm [ log t) ways of picking every other j,,, taking advantage of the log t-separation
of the h;. By , this choice of variables gives a contribution to of

, (K (IT5.2, (2 10g1))

=0 ogt)F1).
(logt) an_:ll Yim ) - ((1/1 gt) )
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Considering the O(log H) possible choices for each i,,,

2.

< H X4 iO((logH/ logt)"1) = O(lOgH).

dy,ds consecutive divisors of n d2 o dl k=2 IOgt
w(dy)=w(d2)>1
The required bound follows because log H < logt O

Corollary 2.2. Under the same hypotheses as Proposition

1 1
> ——=0(—=)
d1,da consecutive divisors of n 2 1 og log
{d1,d2}ZP

Proof. The additional summands compared to the sum in (2] satisfy w(dy) # w(dz).
The bounds (%) < d; < (2t)*(41) and (%) < dy < (2t)%(42) | along with the fact
2K = o(t), imply that w(ds) > w(dy) and, further, that d; = o(dz). The additional
contribution to the sum is therefore bounded, up to a constant factor, by

Z %<exp(2%)—l<< ?

1<d|n pln

O

Let f(x) = log™ 2 be the number of times the natural logarithm function must
be iterated to obtain a value < 1.

Lemma 2.3. For any large integer t there exists a set of primes p1,...,p; between
t and 2t with the property that (p; — t)i=1,...; is an increasing O(logt)-separated
lo,

sequence of length {ngtlogt

.....

J within an interval of length O(%), where

the implied constants are absolute.

Proof. By the prime number theorem, there are > ¢/(2logt) primes between ¢ and

2t. Let
-1 2 1\ 2
G(n):H(l—%> H(l—) (1—) :
pln pin p p
Then,
1 1 N
Sem« X II(1+;) <X T5=% ¥ G<¥ e
n<N n<N p|n n<N d|n d<N nedNN[1,N] d<N

Combining this bound with the Brun sieve, there exists an absolute constant C'
such that for any integer IV,

CNt
(4) #{(p1,p2) s p1,p2 € [1,2t], 0 <pa —p1 <N} < log?t
Let ¢ be sufficiently small in terms of C. Set N = elogt,
logt
K=|—""""—"7—
[f(t) loglogtJ’

and H = 8K logt.
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Divide [t,2t] into consecutive intervals I; of length H each, discarding the last
(partial) interval. Let Jgooa = {j : [I; NP| > 2K} and Jpaa = {j : |I; NP| < 2K}
Let Pgood = Ujey,,.q (Li NP) and Poaq = Uje ., (£ NP). Since

t t
ai € = 2K = ——,
Poaal < 37 4logt

we have |Pgood| > t/(4logt). Letting k; denote the number of prime gaps within
I; less than N,

Z CNt t |Pg00d‘

kj < - Joo )
7= og?t © 10logt 2 [ Tgo0d]

je Jgood

so most intra-interval prime gaps in Pgooq are > N.

The pigeonhole principle then implies there exists j € Jgooa such that most
prime gaps in I; NP are > N, giving an N-separated subset of I; NP of size
>|L;NP|/2> K. |

Corollary 2.4. For any large integer t, there exists a set B of primes between
t and 2t such that defining n to be the product of the elements of B, we have
S(div(n)) = o(T(div(n))). Moreover, B can be chosen so that

1
5 T(B) > -,
6 B> 15
|B| = 0(102%0’ and the diameter of B is less than log® t.

Proof. Take B to be a subset of size K as produced in the proof of Lemma [2.3]
As B is a set of integers of size K which has no two elements within distance N of
each other and whose diameter is at most H, we have

K-1 K?
B) < —
S(B) < v <7
and by [3} (1.2)],
K?log K 1
TB)>» ——— > ——.
S B ()
By Corollary the remaining contribution to S(div(n)) is O(1/loglogt). Thus,
T(div(n)) S T(B) loglogt
S(div(n)) = S(B) + O(1/loglogt) F@)
which diverges. O

Let tg be large, and let ¢; = exp(t;—1) for ¢ > 1.

Proposition 2.5. Suppose for each t;, there exists a set of primes B; between t;
and 2t; such that

(6) S(div(m;)) = o(T(div(m;))),

where m; is the product of the elements of B;. Suppose further that k; = o(log)itgit_)

and kyw; < +/t;, where k; is the size of B; and w; is the diameter of B;. Then
S(div(n;)) = o(T(div(ni))), where n; = [];<,m;.
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Proof. Let n = n, for some large r. For a divisor d | n, we write d = [[, d*, where
d' denotes the product of all prime factors of d which lie in B;. Let dy, do € div(n)
such that for some i, w(d}) # w(db). Take i to be the largest such value. Let

A =logd} —logdl.

Without loss of generality we can assume A; > 0. On one hand, by assumption,
for all j > i, d and d) have the same number of prime factors, so that

(7) |A;] < kjlog(1+w; /t;) < ;2.

On the other hand, for j <4, |A;| < k;log(2t;) by the trivial bound. Meanwhile,
A; > logt; — kilog(1 + w;/t;).

Therefore

(8) log dy — log dy > logt;.

Let X be the set of pairs (di,ds), with d; < da consecutive elements of div(n).
Let Y be the subset of (dy,ds) € X such that

w(dy) = w(dy)
for all 4. Let Z = X \'Y. Stratify Y into Y; ,, the subset of pairs (di,d2) € ¥ such
that 4 is the smallest value for which d} # di and / is the largest value for which

d{d > 1. Stratify Z into Z; , where i is the largest value such that w(d}) # w(d3)
and £ is the largest value for which d{d5 > 1.

By (8),
Zi
(9) Z Z i dl Z | Z|

1<l (d1,d2)€EZ; 4

Now suppose (di,ds2) € Y; ¢, with £ >4 . Then

1
Al >1 1
2 tor(1+ g ).
so considering (7)), |logd; — logda| > (2¢;)~*. Hence,

(10) I R B

d
i<l (di,do)eYi, 2 TV i< ¢

22w(ng o(1)—
— o1,

te

using the fact that ¢; < logt, and the hypothesis that k; = 0(102)5) tgi > ). Finally,

1 1 1
(11) Z do —dy = Z d Z dy — dy

(d1,d2)€Y 4 dln;_1 dy,ds consecutive divisors of m;

< 2S5(div(my)).
Combining @, , and , we obtain
. 1 o(1)—1 . .
S(div(n)) = Z i < ; (te + S(le(mg))) < ZS(le(mg)),

dy —
(d1,d2)€X <r

whereas
T(div(n)) > Y T(div(my)).
L<r
The proposition follows by applying @ O
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Let B; be as in Corollary [2.4] for ¢ = ¢;. By (f)),
1 1
(12) T(div(ng)) > > 5 = > 00,

- ¥
< (t5) = +log™ to
as 1 — oo. Combining this with Proposition Theorem follows.

REFERENCES

[1] T. F. Bloom, https://www.erdosproblems.com

[2] P. Erd8s, Some of my new and almost new problems and results in combinatorial number
theory, Number theory: diophantine, computational, and algebraic aspects: proceedings of
the international conference held in Eger, Hungary, July 29—-August 2, 1996, 1998, p. 169—-180.

[3] T. Tao, On the sum of reciprocals of gaps between divisors, preprint.


https://www.erdosproblems.com

	1. Introduction
	2. Construction
	References

