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Abstract: This note, intended for being used as quick reference, provides a collection of a wide range
of equations in fluid mechanics, from basic equations that can be found in introductory textbooks, to those
only left as an exercise or conclusion in graduate textbooks, monographs, or research papers, the detailed
derivations of which were typically not provided. We try to use symbols and notations as consistently as
possible throughout the entire note.
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1 Conservation laws
1.1 Continuity
Differential form; integral form;

1.1.1 Compressibility

Note on incompressibility condition - Drho/Dt, and the volume change rate relation ,and the thermal
effects (EOS).

1.2 Momentum equation
Differential form; integral form;

1.3 Bernoulli theorem
Assumptions:

• Inviscid.

• Barotropic.

• Potential force.

• Steady.

1.3.1 Lamb-Gromyko

Consider the inviscid Euler equation:
∂u

∂t
+ u · ∇u = −1

ρ
∇p+ f (1.1)

with a conservative force
f = −∇Φ. (1.2)

Using Eq. (A.36) we have

(u · ∇)u = ∇u2

2 − u × (∇ × u) = ∇u2

2 − u × ω (1.3)

We defined
L = u × (∇ × u) = u × ω (1.4)

which is called the Lamb vector.
The Euler equation becomes

∇u2

2 − u × ω = −∇
(
p

ρ

)
− ∇Φ (1.5)

and hence
∇
(
u2

2 + p

ρ
+ Φ

)
= L (1.6)

which is called the Lamb-Gromyko equation. Define

H = u2

2 + p

ρ
+ Φ (1.7)

we have
∇H = L. (1.8)

If the flow is irrotational, i.e., L = 0, we recover a special version (isentropic) of Bernuolli’s theorem.
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1.3.2 Constitution relations

1.3.3 Jump conditions

1.4 Pressure Poisson
Take the divergence of the follow equation for incompressible flows (∇ · u = 0):

∂u

∂t
+ u · ∇u = −1

ρ
∇p+ ν∇2u (1.9)

we have
−1
ρ

∇2p = ∇ · (u · ∇u) = ∇u : u∇ + u · ∇(∇ · u) = ∇u : u∇ (1.10)

i.e.
1
ρ

∂2p

∂xi∂xi
= − ∂ui

∂xj

∂uj

∂xi
(1.11)

In CFD, the continuity equation (∇ · u = 0) is responsible for solving pressure for the above reason.

1.5 Energy equation
1.5.1 A thermodynamics perspective

2 Vortex dynamics
2.1 Vorticity transport equation
The vorticity field is the curl of the velocity field:

ω = ∇ × u (2.1)

By Eq. (A.27) we know
∇ · ω = 0 (2.2)

i.e., the continuity of vorticity.
The incompressible Navier-Stokes equation in vector form:

Du

Dt
= −1

ρ
∇p+ ν∇2u + f (2.3)

Using Eq. (A.36) we have

(u · ∇)u = ∇u2

2 − u × (∇ × u) (2.4)

Then we have

∂u

∂t
+ ∇u2

2 + ω × u = −1
ρ

∇p+ ν∇2u + f (2.5)

Using the (A.37) and take the curl of Eq. (2.5)

LHS = ∇ × (∂u
∂t

+ ∇u2

2 + ω × u) (2.6)

= ∂ω

∂t
+ ∇ × (ω × u) (2.7)

= ∂ω

∂t
+ (u · ∇)ω − (ω · ∇)u + ω(∇ · u) − u(∇ · ω) (2.8)
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= ∂ω

∂t
+ (u · ∇)ω − (ω · ∇)u (2.9)

RHS = ∇ × (−1
ρ

∇p+ ν∇2u + f) (2.10)

= ν∇2ω + ∇ × f + 1
ρ2 ∇ρ× ∇p (2.11)

Equaling both sides we obtain
∂ω

∂t
rate of
change

+ u · ∇ω
advection

= ω · ∇u
vortex

stretching

+ ν∇2ω
viscous

diffusion

+ ∇ × f

external torque in
a non-conservative field

+ 1
ρ2 ∇ρ× ∇p

baroclinic
torque

(2.12)

Again, the stretching term ω · ∇u comes from the non-linear advection/inertial term in N-S. It is
important in the energy cascade in turbulence.

2.2 Enstrophy equation

E ≜
1
2ω · ω = 1

2ωiωi (2.13)

Re-write (2.12) into tensor notation we have

∂ωi

∂t
+ uj

∂ωi

∂xj
= ωj

∂ui

∂xj
+ ν

∂2ωi

∂x2
j

+ ϵijk
∂fk

∂xj
+ 1
ρ2 ϵijk

∂ρ

∂xj

∂p

∂xk
(2.14)

ωi × (2.14) we have

∂

∂t
(1
2ωiωi) + uj

∂

∂xj
(1
2ωiωi) = ωiωj

∂ui

∂xj
+ ν

∂2

∂x2
j

(1
2ωiωi) − ν

∂ωi

∂xj

∂ωi

∂xj
(2.15)

+ ϵijkωi
∂fk

∂xj
+ 1
ρ2 ϵijkωi

∂ρ

∂xj

∂p

∂xk
(2.16)

Note that ϵijk is the Levi-Civita symbol, not to be confused with the turbulent kinetic energy rate ε
or Reynols stresses dissipation rate εij .

Re-write back into vector form:
∂E
∂t

+ u · ∇E = ωω : ∇u + ν∇2E −ν∇ω : ∇ω
viscous

dissipation

+ω · (∇ × f) + ω · ∇ρ× ∇p
ρ2 (2.17)

Note that we are assuming an incompressible flow, hence ∇ ·u related terms are not appearing in Eq.
(2.17). A new mechanism compared to (2.12) is the viscous dissipation of enstrophy. This term is always
negative.

2.3 Velocity gradient tensor, its invariants and dynamics
Meneveau (2011)

3 Turbulent flows
3.1 Mean and fluctuation flows
3.1.1 Reynolds average

We denote time average as (·), space or ensemble average as ⟨·⟩, and sometimes use these notations
interchangeably given that they are equivalent under the ergodicity assumption. The properties proved for
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one definition are expected to hold for another. Although Reynolds decomposition and RANS modelings
are not an accurate way of computing turbulence, they consist the foundation of our understanding of
turbulence.

Below we give briefly some properties of Reynolds averaging:

(i) (Definition) The time average of a physical variable A is

A ≜ lim
T →∞

1
T

∫ T

0
Adt (3.1)

In practice, the limit is often neglected and the average window is assumed to be long enough.

(ii) (Definition) The fluctuation of a physical variable A is

A′ ≜ A−A (3.2)

(iii) (Proposition) The average of fluctuation is zero.

A′ = A−A = A−A = 0 (3.3)

3.1.2 Continuity and momemtum

∂ui

∂xi
= 0 (3.4)

Dui

Dt
= −1

ρ

∂p

∂xi
+ ∂

∂xj
(ν ∂ui

∂xj
) (3.5)

Taking the average of Eq. (3.4) we have

∂ui

∂xi
= ∂ui

∂xi
+ ∂u′

i

∂xi
= 0 (3.6)

where
∂ui

∂xi
= ∂

∂xi
( 1
T

∫ T

0
ui dt) = 1

T

∫ T

0
(∂ui

∂xi
) dt = 1

T

∫ T

0
0 dt = 0 (3.7)

Hence we have the continuity for fluctuating velocity

∂u′
i

∂xi
= 0 (3.8)

Taking the average of Eq. (3.5) we have

LHS = ( 1
T

∫ T

0
dt) ∗ [ ∂

∂t
(ui + u′

i) + (uj + u′
j) ∂

∂xj
(ūi + u′

i)] (3.9)

= ∂ui

∂t
+ ∂u′

i

∂t
+ uj

∂

∂xj
ui + uj

∂

∂xj
u′

i + u′
j

∂

∂xj
ui + u′

j

∂

∂xj
u′

i (3.10)

= ∂ui

∂t
+ uj

∂

∂xj
ui + u′

j

∂

∂xj
u′

i (3.11)

= ∂ui

∂t
+ uj

∂

∂xj
ui + ∂

∂xj
(u′

ju
′
i) − u′

i

∂u′
j

∂xj
= ∂

∂xj
u′

ju
′
i (3.12)

= ∂ui

∂t
+ uj

∂ui

∂xj
+ ∂

∂xj
u′

ju
′
i (3.13)
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RHS = ( 1
T

∫ T

0
dt)[−1

ρ

∂

∂xi
(p+ p′) + ∂

∂xj
[ν ∂

∂xj
(ui + u′

i)] (3.14)

= −1
ρ

∂p

∂xi
+ ∂

∂xj
(ν ∂ui

∂xj
) (3.15)

Equaling both sides yields:

∂ūi

∂xi
= 0 (3.16)

∂ui

∂t
+ uj

∂ui

∂xj
= −1

ρ

∂p

∂xi
+ ∂

∂xj
(ν ∂ui

∂xj
− u′

iu
′
j) (3.17)

where the cross-correlation term having dimension of shear stress

τRey = −u′
iu

′
j (3.18)

is called the Reynolds stress term. It is a rank 2 tensor. It comes from the Reynolds averaging of the non-
linear advection term on the LHS of Navier-Stokes, and it distinguishes turbulent flows from laminar ones.
It represents the momentum transport due to turbulent motions, in anology to the molecular diffusion.

3.1.3 Transport equation of the fluctuating velocity

Denote the material derivative based on the mean flow advection as

D̄

Dt
= ∂

∂t
+ uk

∂

∂xk
(3.19)

and subtract the Reynolds equation from N-S equation

D̄u′
i

Dt
= −1

ρ

∂p′

∂xi
+ ∂

∂xj
(ν ∂u

′
i

∂xj
+ u′

iu
′
j − u′

iu
′
j) − u′

j

∂ui

∂xj
(3.20)

The last term shows the mean-flow stretching of the fluctuation, which is a generation mechanism be
shown later related to the shear production of turbulent kinetic energy.

3.1.4 Mean-flow and turbulent kinetic energy

The total kinetic energy of the flow can be devided into the mean kinetic energy (MKE) and the turbulent
kinetic energy (TKE)

Ktot = 1
2uiui (3.21)

= 1
2(ui + u′

i)(ui + u′
i) (3.22)

= 1
2uiui + uiu′

i + 1
2u

′
iu

′
i (3.23)

= 1
2uiui + 1

2u
′
iu

′
i (3.24)

= K + k (3.25)

We will show how these two parts are related dynamically.
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3.1.5 MKE equation

Multiply the Reynolds equation (3.17) by ui we have

LHS = ui
D̄ui

Dt
= D̄K

Dt
(3.26)

ui(−
1
ρ

∂p

∂xi
) = −1

ρ

∂p ui

∂xi
+ 1
ρ

∂ui

∂xi
(3.27)

= −1
ρ

∂p ui

∂xi
(3.28)

= −1
ρ

∂p uj

∂xj
(3.29)

ui
∂

∂xj
(ν ∂ui

∂xj
− u′

iu
′
j) = ∂

∂xj
[ui(ν

∂ui

∂xj
− u′

iu
′
j)] − ∂ui

∂xj
(ν ∂ui

∂xj
− u′

iu
′
j) (3.30)

= −ν ∂ui

∂xj

∂ui

∂xj
+ ∂ui

∂xj
u′

iu
′
j + ∂

∂xj
(ν ∂K
∂xj

) −
∂ui u′

iu
′
j

∂xj
(3.31)

Equaling both sides we have

D̄K

Dt
= ∂

∂xj
(−1

ρ
p uj

pressure
distortion

+ν ∂K
∂xj

molecular
diffusion

−ui u′
iu

′
j

turbulent
diffusion

) −1
2Pkk

production
of TKE

−ν( ∂ui

∂xj
)2

dissipation

(3.32)

where the term
Pkk = −2u′

iu
′
j

∂ui

∂xj
(3.33)

is the production term of the turbulent kinetic energy, and, on the other hand, is the sink in MKE.

3.1.6 TKE equation

Similarly, multiply (3.20) by u′
i and then take the average

LHS = u′
i(
∂u′

i

∂t
+ uk

∂u′
i

∂xk
) (3.34)

=
∂ 1

2u
′
iu

′
i

∂t
+ uk

∂ 1
2u

′
iu

′
i

∂xk
(3.35)

= D̄k

Dt
(3.36)

u′
i(−

1
ρ

∂p′

∂xi
) = −1

ρ

∂p′u′
i

∂x′
i

(3.37)

= −1
ρ

∂p′u′
k

∂x′
k

(3.38)

u′
i(

∂

∂xk
ν
∂u′

i

∂xk
) = ∂

∂xk
(νu′

i

∂u′
i

∂xk
) − ν

∂u′
i

∂xk

∂u′
i

∂xk
(3.39)

= ∂

∂xk
(ν
∂ 1

2u
′
iu

′
i

∂xk
) − ν

∂u′
i

∂xk

∂u′
i

∂xk
(3.40)

= ∂

∂xk
(ν ∂k
∂xk

) − ν( ∂u
′
i

∂xk
)2 (3.41)
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u′
i(

∂

∂xk
u′

iu
′
k) = 0 (3.42)

u′
i(

∂

∂xk
u′

iu
′
k) = 1

2
∂u′

iu
′
iu

′
k

∂xk
(3.43)

= 1
2
∂u′

iu
′
iu

′
k

∂xk
(3.44)

u′
i(−u′

k

∂ui

∂xk
) = −u′

iu
′
k

∂ui

∂xk
(3.45)

Equaling both sides we have

D̄k

Dt
= ∂

∂xk
( ν ∂k

∂xk

molecular
diffusion

+ 1
2u

′
iu

′
iu

′
k

turbulent
diffusion

−1
ρ
p′u′

k

pressure
distortion

) + 1
2Pkk

production
of TKE

− ν( ∂u
′
i

∂xk
)( ∂u

′
i

∂xk
)

dissipation

(3.46)

Comments:

(1) The turbulent kinetic energy generation term

Pkk = −2u′
iu

′
j

∂ui

∂xj
(3.47)

can be expressed in tensor notation as

P = 2τRey : ∇u = 2τRey : S (3.48)

where the inner product represents the projection of the velocity fluctuation correlation on the mean
shear/strain rate.

(2) The dissipation term

ε = ν( ∂u
′
i

∂xk
)( ∂u

′
i

∂xk
) (3.49)

is always positive, representing the dissipation mechanism of turbulence kinetic energy.

3.1.7 Reynolds stress transport equation

The velocity fluctuation transport equation is

D̄u′
i

Dt
= −1

ρ

∂p′

∂xi
+ ∂

∂xj
(ν ∂u

′
i

∂xj
+ u′

iu
′
j − u′

iu
′
j) − u′

j

∂ui

∂xj
(3.50)

Or if we exchange the two subscripts we obtain:

D̄u′
j

Dt
= −1

ρ

∂p′

∂xj
+ ∂

∂xi
(ν
∂u′

j

∂xi
+ u′

iu
′
j − u′

iu
′
j) − u′

i

∂uj

∂xi
(3.51)

u′
j × (19) + u′

i × (20) and take the time average:

LHS =
D̄u′

iu
′
j

Dt
(3.52)

10



RHS1 = −1
ρ

[−2p′sij + ∂

∂xi
(p′u′

j) + ∂

∂xj
(p′u′

i)] (3.53)

RHS2 = u′
j

∂

∂xk
(ν ∂u

′
i

∂xk
) + u′

i

∂

∂xk
(ν
∂u′

j

∂xk
) (3.54)

= ∂

∂xk
(ν
∂u′

iu
′
j

∂xk
) − 2ν ∂u

′
i

∂xk

∂u′
j

∂xk
(3.55)

RHS3 = u′
j

∂

∂xk
u′

iu
′
k + u′

i

∂

∂xk
u′

ju
′
k (3.56)

= 0 (3.57)

RHS4 = −u′
j

∂

∂xk
(u′

iu
′
k) + u′

i

∂

∂xk
(u′

ju
′
k) (3.58)

= −u′
ju

′
k

∂

∂xk
(u′

i) + u′
iu

′
k

∂

∂xk
(u′

j) + u′
iu

′
j

∂

∂xk
(u′

k) (3.59)

(Continuity, ∂u
′
k

∂xk
= 0, is used twice here.) (3.60)

= − ∂

∂xk
u′

iu
′
ju

′
k (3.61)

RHS5 = −u′
ku

′
j

∂ui

∂xk
− u′

ku
′
i

∂uj

∂xk
(3.62)

= −u′
ku

′
j

∂ui

∂xk
− u′

ku
′
i

∂uj

∂xk
(3.63)

(3.64)

By equalizing both sides we obtain

D̄u′
iu

′
j

Dt
= 2
ρ
p′sij − 1

ρ

∂

∂xk
(p′u′

j)δik − 1
ρ

∂

∂xk
(p′u′

i)δjk + ∂

∂xk
(ν
∂u′

iu
′
j

∂xk
) (3.65)

− 2ν ∂u
′
i

∂xk

∂u′
j

∂xk
− ∂

∂xk
u′

iu
′
ju

′
k − u′

ku
′
j

∂ui

∂xk
− u′

ku
′
i

∂uj

∂xk
(3.66)

= ∂

∂xk
(ν
∂u′

iu
′
j

∂xk
− u′

iu
′
ju

′
k − 1

ρ
p′u′

iδjk − 1
ρ
p′u′

jδik) (3.67)

− (u′
ku

′
j

∂ui

∂xk
+ u′

ku
′
i

∂uj

∂xk
) + 2

ρ
p′sij − 2ν ∂u

′
i

∂xk

∂u′
j

∂xk
(3.68)

Equaling both sides we have

D̄u′
iu

′
j

Dt
= dij + Pij + Φij − εij (3.69)

where

dij = ∂

∂xk
(ν
∂u′

iu
′
j

∂xk
− u′

iu
′
ju

′
k − 1

ρ
p′u′

iδjk − 1
ρ
p′u′

jδik) (3.70)

Pij = −u′
ku

′
j

∂ui

∂xk
− u′

ku
′
i

∂uj

∂xk
(3.71)

Φij = 2
ρ
p′sij (3.72)

εij = 2ν ∂u
′
i

∂xk

∂u′
j

∂xk
(3.73)
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sij = 1
2( ∂u

′
i

∂xj
+
∂u′

j

∂xi
) (3.74)

Comments:

(1) The left hand side term D̄u′
i
u′

j

Dt is the rate of change of the Reynolds stress along the particle line.

(2) The term dij is the diffusion term in the equation, appearing in the form of gradient. It includes
viscous term, Reynolds stress term and pressure-velocity fluctuation coupling term.The diffusion is
resulted by the spatial non-uniformity of these property.

(3) The term Pij is the generation term of Reynolds stress, showed in the form of the product of
Reynolds stress and the mean flow strain rate.

(4) The term Φij is the redistribution term. We note that the contraction of Reynolds stress transport
equation is the transport equation for turbulence kinetic energy. And the contraction of Φij is
Φii = 2

ρp
′sii = 0 as continuity holds. So the term contributes nothing to the growth of turbulent

kinetic energy. It just takes the kinetic energy from one component of fluid motion to another
component.

(5) The term εij , whose contraction is positive forever, representing the dissipation mechanism of kinetic
energy.

3.1.8 Dissipation rate transport equation

The dissipation term in Reynolds stresses transport equation is defined as

εij = 2ν ∂u
′
i

∂xp

∂u′
j

∂xp
(3.75)

Multiply equation (3.20) by 2ν ∂u′
i

∂xp

∂
∂xp

and take the time derivative we have:

LHS = 2ν D̄
Dt

∂u′
i

∂xp

∂u′
i

∂xp
= D̄ε

Dt
+ 2ν ∂uk

∂xp

∂u′
i

∂xp

∂u′
i

∂xk
(3.76)

2ν ∂u
′
i

∂xp

∂

∂xp
(−1
ρ

∂p′

∂xi
) = −2ν

ρ

∂

∂xk
(∂u

′
k

∂xp

∂p′

∂xp
) (3.77)

2ν ∂u
′
i

∂xp

∂

∂xp
( ∂

∂xk
(ν ∂u

′
i

∂xk
)) = ∂

∂xk
(ν ∂ε
∂xk

) − 2(ν ∂2u′
i

∂xp∂xk
)2 (3.78)

2ν ∂u
′
i

∂xp

∂

∂xp
( ∂

∂xk
u′

iu
′
k) = 0 (3.79)

2ν ∂u
′
i

∂xp

∂

∂xp
( ∂

∂xk
− u′

iu
′
k) = −2ν ∂u

′
i

∂xp

∂u′
k

∂xp

∂u′
i

∂xk
+ ∂

∂xk
u′

kν( ∂u
′
i

∂xp
)2 (3.80)

= −2ν ∂u
′
i

∂xp

∂u′
k

∂xp

∂u′
i

∂xk
+ ∂

∂xk
u′

kε
′ (3.81)

2ν ∂u
′
i

∂xp

∂

∂xp
(−u′

k

∂ui

∂xk
) = −2ν ∂ui

∂xk

∂u′
i

∂xp

∂u′
k

∂xp
− 2ν ∂2ui

∂xk∂xp
u′

k

∂u′
i

∂xp
(3.82)

By equalizing both side we yield the transport equation for turbulence dissipation rate

D̄ε

Dt
= ∂

∂xk
(−2ν

ρ

∂uk

∂xp

∂p

∂xp
+ ν

∂ε

∂xk
− u′

kε
′) − 2ν ∂ui

∂xk
( ∂u

′
i

∂xp

∂u′
k

∂xp
+
∂u′

p

∂xk

∂u′
p

∂xi
) (3.83)
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− 2νu′
k

∂u′
i

∂xp

∂2ui

∂xp∂xk
− 2ν ∂u

′
i

∂xp

∂u′
k

∂xp

∂u′
i

∂xk
− 2(ν ∂u′

i

∂2xp∂xk
)2 (3.84)

The final equation of the equation agrees with that given in the turbulence book by Shi (1994). Second
moment equation closure problem Chou (1945) could be discussed briefly here.

3.1.9 Scalar flux, its mean and kinetic energy transport equations

Similar to Eq. (3.20) we have the transport equation for the mean and fluctuation of a passive scalar c:

D̄c̄

D̄t
= ∂

∂xj
(ν ∂c
∂xj

− c′u′
j) (3.85)

and

D̄c′

Dt
= ∂

∂xj
(Γ ∂c′

∂xj
+ c′u′

j − c′u′
j) − u′

j

∂c

∂xj
(3.86)

where Γ is the molecular diffusion coefficient of c.
Take c′× (3.20) +u′

i× (3.86) and apply the average

LHS = D̄c′u′
i

D̄t
(3.87)

RHS1 = −1
ρ
c′ ∂p

′

∂xi
= −1

ρ
( ∂

∂xj
p′c′δij − p′ ∂c

′

∂xi
) (3.88)

RHS2 = ∂

∂xj
(Γu′

i

∂c′

∂xj
+ νc′ ∂u

′
i

∂xj
) − (ν + Γ) ∂u

′
i

∂xj

∂c′

∂xj
(3.89)

RHS3 = − ∂

∂xj
(c′u′

iu
′
j) (3.90)

RHS4 = −c′u′
j

∂ui

∂xj
− u′

iu
′
j

∂c

∂xj
(3.91)

then we obtain the transport equation for scalar flux

D̄c′u′
i

D̄t
= djc + Pjc + Φjc − εjc (3.92)

where

dic = ∂

∂xj
(Γu′

i

∂c′

∂xj
+ νc′ ∂u

′
i

∂xj
− 1
ρ
p′c′δij − c′u′

iu
′
j) (3.93)

Pic = −c′u′
j

∂ui

∂xj
− u′

iu
′
j

∂c

∂xj
(3.94)

Φic = 1
ρ
p′ ∂c

′

∂xi
(3.95)

εic = (ν + Γ) ∂u
′
i

∂xj

∂c′

∂xj
(3.96)

Comments:

(1) Gradient diffusion: velocity-fluctuation scalar-diffusion correlation, momentum-diffusion scalar-fluctation
ccorelation, pressure diffusion, turbulence diffusion.
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(2) Production: scalar flux interacting with mean shear, turbulent flux (Reynolds stresses) interacting
with mean scalar gradient.

(3) Re-distribution.

(4) Dissipation.

Define scalar mean and fluctuation energy as

Kc = 1
2 c̄

2 (3.97)

kc = 1
2c

′c′ (3.98)

c′× (3.86) and apply the average

LHS = D̄kc

D̄t
(3.99)

RHS1 = ∂

∂xj
Γ∂kc

∂xj
− Γ ∂c′

∂xj

∂c′

∂xj
(3.100)

RHS2 = −1
2
∂

∂xj
c′c′uj (3.101)

RHS3 = −c′u′
j

∂c

∂xj
(3.102)

then we obtain the transport equation for scalar fluctuation energy

D̄kc

D̄t
= ∂

∂xj
(Γ ∂

∂xj
kc − 1

2c
′c′u′

j) − c′u′
j

∂c

∂xj
− Γ ∂c′

∂xj

∂c′

∂xj
(3.103)

For active scalar (for example, density which appears in the momentum equation as buoyancy force),
see section 5.5.

3.1.10 Poisson equation for mean and fluctuation pressure

The Reynolds average equation is

∂ui

∂t
+ uj

∂ui

∂xj
= −1

ρ

∂p

∂xi
+ ∂

∂xj
(ν ∂ui

∂xj
− u′

iu
′
j) (3.104)

Take the divergence of the equation:

LHS = ∂ui

∂xj

∂uj

∂xi
(3.105)

RHS = −1
ρ

∇2p−
∂2 u′

iu
′
j

∂xi∂xj
(3.106)

Poisson equation for mean pressure:

−1
ρ

∇2p = ∂ui

∂xj

∂uj

∂xi
+
∂2 u′

iu
′
j

∂xi∂xj
(3.107)

The velocity fluctuation transport equation is

D̄u′
i

Dt
= −1

ρ

∂p′

∂xi
+ ∂

∂xj
(ν ∂u

′
i

∂xj
+ u′

iu
′
j − u′

iu
′
j) − u′

j

∂ui

∂xj
(3.108)
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Take the divergence of the equation:

LHS = ∂uj

∂xi

∂u′
i

∂xj
(3.109)

RHS = −1
ρ

∇2p′ −
∂2 u′

iu
′
j

∂xi∂xj
−
∂u′

j

∂xi

∂u′
i

∂xj
− ∂ui

∂xj

∂u′
j

∂xi
(3.110)

Poisson equation for fluctuation pressure:

−1
ρ

∇2p′ = ∂uj

∂xi

∂u′
i

∂xj
+ ∂ui

∂xj

∂u′
j

∂xi
+
∂u′

j

∂xi

∂u′
i

∂xj
−
∂2 u′

iu
′
j

∂xi∂xj
(3.111)

=
∂u′

j

∂xi

∂u′
i

∂xj
−
∂2 u′

iu
′
j

∂xi∂xj
+ 2∂uj

∂xi

∂u′
i

∂xj
(3.112)

3.1.11 Turbulent vorticity and enstrophy

Similarly, vorticity can be decomposed into the mean and the pertubation. We give the equation of
pertuabtion vorticity without derivation:

D̄ω′
i

D̄t
= ω′

jSij + ωjS
′
ij + ω′

jS
′
ij − ωjS′

ij − u′
j

∂ωi

∂xj
+ ∂

∂xj
(u′

jω
′
i − u′

jω
′
i) + ν

∂2ω′
i

∂x2
j

(3.113)

where Sij and S′
ij are the mean and the fluctuation shear, respectively.

We define the fluctuating enstrophy as
E = 1

2ω
′
iω

′
i (3.114)

ω′
i × (3.113) and take the time average

LHS = D̄E

D̄t
(3.115)

RHS1 = ω′
iω

′
j Sij + ωjω′

iS
′
ij + ω′

iω
′
jS

′
ij (3.116)

RHS2 = −ω′
iu

′
j

∂ωi

∂xj
(3.117)

RHS3 = −1
2
∂

∂xj
(u′

jω
′
iω

′
i) (3.118)

RHS4 = ν
∂2E

∂x2
j

− ∂ω′
i

∂xj

∂ω′
i

∂xj
(3.119)

Equaling both sides we obtain

D̄E

D̄t
= PE +DE − εE (3.120)

PE = ω′
iω

′
j Sij + ωjω′

iS
′
ij + ω′

iω
′
jS

′
ij − ω′

iu
′
j

∂ωi

∂xj
(3.121)

DE = ∂

∂xj
(ν ∂E

∂xj
− 1

2u
′
jω

′
iω

′
i) (3.122)

εE = ν
∂ω′

i

∂xj

∂ω′
i

∂xj
(3.123)

Comment: The energy balance process of fluctuation enstrophy obeys four principle processes in
nature (Kolmogorov):

change rate = production + diffusion + dissipation
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3.2 Farve average in compressible flows

3.3 LES equations

3.4 Homogeneous turbulence theory
K-H etc.

3.5 Free shear flows
3.5.1 Momentum integral

Similarity solutions (turbulent). Pope (2001).

3.5.2 Similarity solutions

The characteristic velocity and length scales are Us and δs, respectively.

Flow type Us δs Us ∝ xm δs ∝ xn f(η)

Round jet ū(x, y = 0) r1/2 −1 1 1/(1 + aη2)2

Plane jet ū(x, r = 0) y1/2 −1/2 1 sech2(ln(1 +
√

2) η)

Round wake U∞ − ū(x, y = 0) r1/2 −2/3 1/3 exp(− ln 2 η2)

Plane wake U∞ − ū(x, r = 0) y1/2 −1/2 1/2 exp(− ln 2 η2)

Plane mixing layer U2 − U1 y0.9 − y0.1 0 1 1/2 erf(η/σ
√

2)

Table 1: Self-similar solution table.

The example of plane jet is the easiest to understand and derive so we are the most detailed in that
case and more loosely on the others. The same principles and machinery apply to all cases.

3.5.3 Round jet

Characteristic scales:
The centerline velocity is

Us(x) = ū(x, r = 0) (3.124)

and the characteristic length is the half width, δs = r1/2(x), such that

Ud(x, r1/2) = ū(x, r1/2(x)) = 1
2Us(x). (3.125)

Momentum integral constraint:
The boundary layer equation in cylindrical coordinates reads

ū
∂ū

∂x
+ v̄

∂ū

∂r
= −1

r

∂(ru′v′)
∂r

. (3.126)

Multiply the continuity equation
∂ū

∂x
+ 1
r

∂(rv̄)
∂r

= 0 (3.127)
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by rū and add it to (3.126) multiplied by r we obtain

∂(rūū)
∂x

+ ∂(rūv̄)
∂r

= −∂(ru′v′)
∂r

. (3.128)

Integrate (3.128) in r we obtain ∫ ∞

0

∂(rūū)
∂r

dr + rūv̄|∞0 = −ru′v′|∞0 (3.129)

and since u′v′ and ū are zero at infinity, we have

d
dx

(∫ ∞

0
rū2 dr

)
= 0 (3.130)

which implies the momentum flux

Ṁ(x) =
∫ ∞

0
ρū22πr dr = J0 (3.131)

is conserved (as a result of both mass and momentum conservation), where J0 is the jet exit strength.
Self-similar assumptions:

ū = Us(x)f(η), u′v′ = U2
s (x)g(η) (3.132)

where η = r/δs(x) with δs = r1/2. Substitute (3.132) into (3.131) we have

Ṁ(x) = (2πρ)(U2
s δ

2
s)
(∫ ∞

0
ηf2(η) dη

)
(3.133)

to be a constant and implying
d

dx (U2
s δ

2
s) = 0 (3.134)

and hence
δs

Us

dUs

dx = −dδs

dx . (3.135)

Using the continuity equation we have

v̄ = −1
r

∫ r

0

∂(rū)
∂x

dy = Us
dδs

dx

(
ηf − 1

η

∫ η

0
fη dη

)
(3.136)

We note that v̄ switch sign from positive to negative when r is greater than a certain value (entrain-
ment).

Next we establish the constant spread rate of the round jet (i.e. dδs/dx is a constant). Take v̄ into
the momentum equation we have

dδs

dx

[
f2η + ff ′η +

(
f

η
+ f ′

)∫ η

0
fη dη

]
= g + g′η (3.137)

and then dδs/dx has to be a constant. Combining with momentum integral restriction we have

δs ∝ x, Us ∝ x−1. (3.138)
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3.5.4 Plane jet

Characteristic scales:
The centerline velocity is

Us(x) = ū(x, y = 0) (3.139)

and the characteristic length is the half width, δs = y1/2(x), such that

Ud(x, y1/2) = ū(x, y1/2(x)) = 1
2Us(x). (3.140)

Momentum integral constraint:
The boundary layer equation for the mean velocity simplifies to

ū
∂ū

∂x
+ v̄

∂ū

∂y
= −∂u′v′

∂y
. (3.141)

Multiply the continuity equation
∂ū

∂x
+ ∂v̄

∂y
= 0 (3.142)

by ū and add it to (3.141) we obtain

∂ūū

∂x
+ ∂ūv̄

∂y
= −∂u′v′

∂y
. (3.143)

Integrate (3.143) in y we obtain ∫ ∞

−∞

∂ūū

∂x
dy + ūv̄|∞−∞ = −u′v′|∞−∞ (3.144)

and since u′v′ and ū are zero at infinity, we have

d
dx

(∫ ∞

−∞
ū2 dy

)
= 0 (3.145)

which implies the momentum flux
Ṁ(x) =

∫ ∞

−∞
ρū2 dy = J0 (3.146)

is conserved (as a result of both mass and momentum conservation), where J0 is the jet exit strength.
Self-similar assumptions:

ū = Us(x)f(η), u′v′ = U2
s (x)g(η) (3.147)

where η = y/δs(x) and we have

∂η

∂x
= − η

δs

dδs

dx (3.148)

∂η

∂y
= 1
δs

(3.149)

Substitute (3.147) into (3.146) we have

Ṁ(x) = (U2
s δs)

(∫ ∞

−∞
f2(η) dη

)
(3.150)
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is a constant. So it must be
d

dx (U2
s δs) = 0 (3.151)

which gives the momentum flux constraint in terms of characteristic variables, and hence

δs

Us

dUs

dx = −1
2

dδs

dx (3.152)

Using the continuity equation we have

v̄ = −
∫ y

0

∂ū

∂x
dy = Us

dδs

dx

(
ηf − 1

2

∫ η

0
f dη

)
(3.153)

Next we establish the constant spread rate of the plane jet (i.e. dδs/dx is a constant). Take v̄ into the
momentum equation we have

1
2

dδs

dx (f2 + f ′
∫ η

0
f dη) = g′ (3.154)

and then
dδs

dx = 2g′

f2 + f ′
∫ η

0 f dη
= C (3.155)

with the LHS only depend on x and RHS only depend on η. Then both sides have to be constant.
Combining (3.155) and (3.151) we have

δs ∝ x, Us ∝ x−1/2. (3.156)

3.5.5 Round wake

Characteristic scales:
The centerline velocity deficit is

U0(x) = U∞ − ū(x, r = 0) = Ud(x, 0) (3.157)

and the characteristic length is the half width, δs = r1/2(x), such that

Ud(x, r1/2) = U∞ − ū(x, r1/2(x)) = 1
2U0(x). (3.158)

Momentum integral constraint:
Here we start from the simplified (see plane wake) momentum equation

U∞
∂ū

∂x
= −1

r

∂(ru′v′)
∂r

(3.159)

and the momentum deficit flux conservation

Ṁ(x) =
∫ ∞

0
ρU∞(U∞ − ū)2πr dr. (3.160)

Note that we have already replaced the ū with U∞ assuming (or by order of magnitude analysis) the
convection velocity is U∞.
Self-similar assumptions:

U∞ − ū = Us(x)f(η), u′v′ = U2
s (x)g(η) (3.161)
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We have
Ṁ(x) = (Usδ

2
s)(2πρU∞)

∫ η

0
f dη (3.162)

is a constant and hence
d

dx (Usδ
2
s) = 0. (3.163)

Consider the momentum equation, the other constraint reads

−U∞

Us

dδs

dx (2f + f ′η)η = (g′η + g) (3.164)

We define the spread rate as
S = U∞

Us

dδs

dx , (3.165)

it has to be a constant. Then
−S(2fη + f ′η2) = (gη)′ (3.166)

and including boundary conditions after integration we get

g = −Sηf (3.167)

same as in plane wakes. Combining (3.163) and (3.165) we have

δs ∝ x1/3, Us ∝ x−2/3. (3.168)

3.5.6 Plane wake

Characteristic scales:
The centerline velocity deficit is

Us(x) = U∞ − ū(x, y = 0) = Ud(x, 0) (3.169)

and the characteristic length is the half width, δs = y1/2(x), such that

Ud(x, y1/2) = U∞ − ū(x, y1/2(x)) = 1
2Us(x). (3.170)

Momentum integral constraint:
The boundary layer equation:

ū
∂(ū− U∞)

∂x
+ v̄

∂(ū− U∞)
∂y

= ū
∂ū

∂x
+ v̄

∂ū

∂y
= −∂u′v′

∂y
. (3.171)

Multiply the continuity equation
∂ū

∂x
+ ∂v̄

∂y
= 0 (3.172)

by ū− U∞ and add it to (3.171) we obtain

∂ū(ū− U∞)
∂x

+ ∂v̄(ū− U∞)
∂y

= −∂u′v′

∂y
. (3.173)

Integrate (3.143) in y we obtain∫ ∞

−∞

∂ū(ū− U∞)
∂x

dy + v̄(ū− U∞)|∞−∞ = −u′v′|∞−∞ (3.174)
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and since u′v′ and ū− U∞ are zero at infinity, we have

d
dx

(∫ ∞

−∞
ū(ū− U∞) dy

)
= 0 (3.175)

which implies the momentum deficit flux

Ṁ(x) =
∫ ∞

−∞
ρū(U∞ − ū) dy (3.176)

is conserved (we note that we haven’t assumed far wake yet).
Self-similar assumptions:

U∞ − ū = Us(x)f(η), u′v′ = U2
s (x)g(η) (3.177)

Substitute (3.177) into (3.176), and assume the far wake is reached (Us/U∞ ≪ 1) we have

Ṁ(x) =
∫ ∞

−∞
ρ(U∞ − Usf)Usfδs dη (3.178)

= U2
∞

∫ ∞

−∞
ρ(1 − Usf

U∞
) Us

U∞
fδs dη (3.179)

= ρU∞Usδs

∫ ∞

−∞
f dη (3.180)

is a constant. Hence
d

dx (Usδs) = 0. (3.181)

Using the continuity equation we have

v̄ = −
∫ y

0

∂ū

∂x
dy = −Us

dδs

dx fη. (3.182)

Note the negative speed corresponding to wake entrainment (of high momentum into low momentum
region).

Now we consider another constraint. Since in the far wake, the velocity deficit Us/U∞ ≪ 1, we have
the simplification of the momentum equation as

∂ū(ū− U∞)
∂x

+ ∂v̄(ū− U∞)
∂y

= U∞
∂ū

∂x
= −∂u′v′

∂y
(3.183)

where

ū(ū− U∞) = (U∞ − Usf)(−Usf) = U2
∞(1 − Usf

U∞
)(− Us

U∞
f) = −UsU∞f = U∞(ū− U∞). (3.184)

And the scale for ∂ū(ū− U∞)/∂x is
U∞Us

Lx
(3.185)

while the scale for ∂v̄(ū− U∞)/∂y (from (3.182)) is

Us

δs

(
Us

δs

Lx

)
. (3.186)

Define the spread rate as
S = U∞

Us

dδs

dx . (3.187)
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Take v̄ into the simplified momentum equation we have

(f + f ′η)U∞

Us

dδs

dx = −g′ (3.188)

with S depends only on x and the rest on η hence S has to be a constant. Then (3.188) can be rewritten
as

g′ + S(f + f ′η) = 0 (3.189)

which is to say
(g + Sηf)′ = 0. (3.190)

Integrate from η = 0 to η and note that g(0) = 0, we have

g = −Sηf. (3.191)

Combining two conditions (3.181) and (3.187) we have

δs ∝ x1/2, Us ∝ x−1/2. (3.192)

3.5.7 Plane mixing layer

Characteristic scales:
The two velocities are U2 > U1 with U2 on the top. The mean convection velocity is

Uc = 1
2(U1 + U2) (3.193)

and the characteristic velocity scale is
Us = U2 − U1. (3.194)

The characteristic length is the mixing layer width,

δs(x) = y0.9 − y0.1 (3.195)

with cross-stream location yα(x) such that

ū(x, yα(x)) = U1 + αUs. (3.196)

a reference position is
ŷ = 1

2(y0.1 + y0.9) (3.197)

such that the self-similar variable is defined as

η = y − ŷ

δs(x) (3.198)

3.6 Wall flows
3.6.1 von Kármán momentum integral

3.6.2 Blasius similarity solution

The references are Schlichting & Gersten (2016); Kundu et al. (2015) with the definition of δ(x) different
by a factor of

√
2. Here we will follow the definition in Schlichting & Gersten (2016).

The boundary layer equations are

∂u

∂x
+ ∂v

∂y
= 0 (3.199)
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u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂x2 (3.200)

The idea of self-similar solutions is that the velocity profile u(y) will be the same under some proper
transformation/normalization of u and y. The scale for u is apparently U∞, while the scale for y is δ.
From the viscous scaling v ∼ ν/δ and the scaling of the continuity equation v/δ ∼ U∞/x we have

δ2 ∼ νx

U∞
(3.201)

and for the sake of simplification of the final result (ODE) we define

δ(x) =
√

2xν
U∞

(3.202)

such that the similarity transformation is
η = y

δ(x) (3.203)

such that
u

U∞
= f(η) (3.204)

where f(η) is the similarity function and η is the similarity coordinate.
We note that the streamfunction ψ depends on ν, U∞, x, y and dimensionally

ψ(x, y) = U∞δ(s)f(η) =
√

2νU∞xf(η) (3.205)

and hence

u = U∞f
′ (3.206)

v =
√
U∞ν

2x (ηf ′ − f) (3.207)

The derivatives are
∂u

∂x
= −U∞

2x f
′′η (3.208)

∂u

∂y
= U∞f

′′
√
U∞

2νx (3.209)

∂2u

∂y2 = U2
∞

2νxf
′′′ (3.210)

and then

u
∂u

∂x
= −U2

∞
2x f

′f ′′η (3.211)

v
∂u

∂y
= U2

∞
2x f

′′(ηf ′ − f) (3.212)

ν
∂2u

∂y2 = U2
∞

2x f
′′′ (3.213)

and finally we have the ODE
ff ′′ + f ′′′ = 0 (3.214)

with the boundary conditions being

f(0) = 0, f ′(0) = 0, f ′(∞) = 1, (3.215)

corresponding to
v(y = 0) = 0, u(y = 0) = 0, u(y = ∞) = U∞. (3.216)

It is common to use a Runge-Kutta shooting method to solve (3.215).
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3.6.3 Turbulent channel flow

channel basic equation; FIK;

4 Navier-Stokes in curvilinear coordinates
4.1 Cylindrical coordinate
vorticity in cylindrical (shear vorticity and curvature vorticity); all necessary operators;

4.2 Spherical coordinate
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5 Geophysical fluid dynamics
5.1 Basics
5.1.1 Centrifugal and Coriolis forces

5.1.2 Inertial oscillations: buoyancy and Coriolis frequencies

5.2 Boussinesq approximation

5.3 Hydrostatic and geostrophic balances
In balanced flow, there is a background horizontal pressure gradient that balances the Coriolis forces due
to horizontal motions and a vertical pressure gradient that balances the background unperturbed density:

0 = − 1
ρ0

∂pg

∂x
+ fcV (5.1)

0 = − 1
ρ0

∂pg

∂y
− fcU (5.2)

0 = − 1
ρ0

∂pg

∂z
− ρ∗g

ρ0
(5.3)

with
pg = p− p0, ρ

∗ = ρ− ρ0 − ρb(z) (5.4)

and the background balance
0 = −∂p0

∂z
− (ρ0 + ρb)g (5.5)

already subtracted. Note that the Boussinesq and hydrostatic approximations are already applied.
The above equations in vector form:

fc × U = − 1
ρ0

∇pg + ρ∗

ρ0
g. (5.6)

We have
U = (U, V, 0) = − 1

ρ0fc
(∂pg

∂y
,−∂pg

∂x
, 0). (5.7)

And we have
∇h · U = 0. (5.8)

5.3.1 Thermal wind relations

In hydrostatic Boussinesq flow. Taking the vertical gradient of (5.6) and using the hydrostatic
balance, we have

0 = g

ρ0

∂ρ∗

∂x
+ fc

∂V

∂z
(5.9)

0 = g

ρ0

∂ρ∗

∂y
− fc

∂U

∂z
(5.10)

and hence
(∂U
∂z

,
∂V

∂z
) = g

ρ0fc
(∂ρ

∗

∂y
,−∂ρ∗

∂x
), (5.11)

or in vector form,
∂U

∂z
= g

ρ0fc
× ∇ρ∗ (5.12)
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In a more general case. Without introducing the hydrostatic balance and Boussinesq approximation,
we write

fc × U = 1
ρ

∇p+ g. (5.13)

Taking its curl:

LHS = ∇ × (fc × U) = −fc · ∇U = −fc
∂U

∂z
(5.14)

RHS = −∇ × (1
ρ

∇p) + ∇ × g = − 1
ρ2 (∇p× ∇ρ) (5.15)

Re-introduce hydrostatic (∂zp = −ρg) and Boussinesq, we have

∇p ≈ ∂p

∂z
êz = −ρgêz (5.16)

and

− 1
ρ2 (∇p× ∇ρ) = ρg

ρ2
0

(êz × ∇ρ∗) (5.17)

= − g

ρ0
× ∇ρ∗ (5.18)

hence we recover
∂U

∂z
= g

ρ0fc
× ∇ρ∗. (5.19)

Note:

5.4 Governing equations of unbalanced motions
It is reasonable to assume directions of both system rotation and gravity are in ẑ.

∂ui

∂xi
= 0, (5.20)

∂ui

∂t
+ ∂uiuj

∂xj
− fcϵij3(uj − Uj) = − 1

ρ0

∂p∗

∂xi
+ ∂τij

∂xj
− ρ∗g

ρ0
δi3, (5.21)

∂ρ

∂t
+ ∂ρui

∂xi
= ∂Jρ,i

∂xi
, (5.22)

τij = ν( ∂ui

∂xj
+ ∂uj

∂xi
), Jρ,i = κ

∂ρ

∂xi
. (5.23)

In vector form,

∇ · u = 0 (5.24)
∂u

∂t
+ ∇ · (uu) + fcêz × (u − U) = − 1

ρ0
∇p∗ + ∇ · τ − ρ∗g

ρ0
êz (5.25)

∂ρ

∂t
+ ∇ · (ρu) = ∇ · Jρ (5.26)

where the stress and the scalar flux are

τ = ν(∇u + u∇), Jρ = κ∇ρ. (5.27)
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The total density ρ is decomposed into the reference density ρ0, the background density ρb(z), and
the density perturbation ρ∗ due to fluid motion,

ρ(x, y, z, t) = ρ0 + ρb(z) + ρ∗(x, y, z, t). (5.28)

The total pressure is written as

p(x, y, z, t) = p0 + pg(x, y) + pa(z) + p∗(x, y, z, t), (5.29)

where the reference pressure p0 is a constant, the hydrostatic (ambient) pressure pa has a vertical gradient
that balances the ambient density (ρa = ρ0 + ρb(z)), and the geostrophic pressure pg has a transverse
gradient that balances the Coriolis force due to the geostrophic wind U . Only the dynamic pressure p∗

appears in the momentum equation (5.21).

5.5 Turbulence equations for an active scalar
5.5.1 Mean flow equations

∂ūi

∂xi
= 0 (5.30)

∂ūi

∂t
+ ūj

∂ūi

∂xj
− fcϵij3(ūj − Uj) = − 1

ρ0

∂p∗

∂xi
+ ∂

∂xj
(ν ∂ui

∂xj
− u′

iu
′
j) − ρ∗g

ρ0
δi3 (5.31)

∂ρ̄

∂t
+ ūj

∂ρ̄

∂xj
= ∂

∂xi

(
κ
∂ρ̄

∂xj
− ρ′u′

j

)
, (5.32)

We note that
ρ′ = ρ− ρ̄ = ρ∗ − ρ∗ = ρ∗′. (5.33)

5.5.2 Fluctuation equations

∂u′
i

∂xi
= 0 (5.34)

∂u′
i

∂t
+ ūj

∂u′
i

∂xj
− fcϵij3u

′
j = −1

ρ

∂p∗′

∂xi
+ ∂

∂xj
(ν ∂ui

∂xj
+ u′

iu
′
j − u′

iu
′
j) − u′

j

∂ui

∂xj
− ρ∗′g

ρ0
δi3 (5.35)

∂ρ∗′

∂t
+ ūj

∂ρ∗′

∂xj
= ∂

∂xi

(
κ
∂ρ∗′

∂xj
+ ρ∗′u′

j − ρ∗′u′
j

)
− ρ∗′ ∂p∗

∂xi
(5.36)

We will see later the Coriolis term won’t appear in the transport equations of MKE, TKE, and Reynolds
stresses. Coriolis just bends the direction of the velocity.

5.5.3 MKE, MPE, TKE, TPE, and buoyancy flux equations

Define the mean and turbulent kinetic and potential energy as

K = 1
2 ūiūi (5.37)

Kρ = 1
2 b̄

2 (5.38)

and

k = 1
2u

′
iu

′
i (5.39)
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kρ = 1
2b

′b′ (5.40)

where the instantaneous, mean, and fluctuation buoyancy forces are

b = −ρ∗g

ρ0
, b̄ = −ρ∗g

ρ0
, b′ = −ρ∗′g

ρ0
, (5.41)

such that k and kρ have the same dimension as the kinetic energy.
The MKE equations is (repeating (3.32)) :

∂K

∂t
+ ūj

∂K

∂xj
= ∂

∂xj

(
−1
ρ
p uj + ν

∂K

∂xj
− ui u′

iu
′
j

)
+ u′

iu
′
j

∂ūi

∂xj
− ν

∂ui

∂xj

∂ui

∂xj
(5.42)

The MPE equations is:

∂Kρ

∂t
+ ūj

∂Kρ

∂xj
= ∂

∂xj
(κ∂Kρ

∂xj
− b̄ b′u′

j) + b′u′
j

∂b

∂xj
− κ

∂b̄

∂xj

∂b̄

∂xj
(5.43)

We note that the buoyancy flux b′u′
j∂b/∂xj is a sink in the MPE equation and is a source in the TPE

equation.
The TKE equations is:

∂k

∂t
+ ūj

∂k

∂xj
= ∂

∂xk
( ν ∂k

∂xk

molecular
diffusion

+ 1
2u

′
iu

′
iu

′
k

turbulent
diffusion

− 1
ρ0
p′u′

k

pressure
distortion

) −u′
iu

′
j

∂ūi

∂xj

production P

− ν
∂u′

i

∂xk

∂u′
i

∂xk

dissipation ε

− g

ρ0
w′ρ∗′

buoyancy
flux B

(5.44)

= ∇ · T + P − ε+B (5.45)

where the turbulent buoyancy flux
B = − g

ρ0
ρ∗′w′ = b′w′ (5.46)

consumes TKE and lead to the production of TPE.
The TPE equation is:

∂kρ

∂t
+ ūj

∂kρ

∂xj
= ∂

∂xj
(κ∂kρ

∂xj
− 1

2b
′b′u′

j) − b′u′
j

∂b

∂xj
− κ

∂b′

∂xj

∂b′

∂xj
(5.47)

We can see that the turbulent buoyancy flux B (negative, think −u′
iu

′
j) works with the density dis-

tortion ∂b/∂z to remove energy from TKE and MPE to produce TPE.
The buoyancy flux equation is:

∂b′u′
i

∂t
+ ūj

∂b′u′
i

∂xj
= db,i + Pb,i + Φb,i − εb,i (5.48)

where

db,i = ∂

∂xj
(κu′

i

∂b′

∂xj
+ νb′ ∂u

′
i

∂xj
− 1
ρ0
p′b′δij − b′u′

iu
′
j) (5.49)

Pb,i = −b′u′
j

∂ui

∂xj
− u′

iu
′
j

∂b

∂xj
(5.50)

Φb,i = 1
ρ0
p′ ∂b

′

∂xi
(5.51)

εb,i = (ν + κ) ∂u
′
i

∂xj

∂b′

∂xj
(5.52)
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5.6 Inertial and buoyancy oscillations
5.6.1 Derivation of Coriolis force

5.6.2 Boussinesq approximation

5.7 Surface and bottom Ekman layer solutions

5.8 others
coriolis frequency; shallow water / wave equations; igw equations;

6 Stability theory
Drazin (2002); Schmid et al. (2002)

6.1 Linearized Navier-Stokes

6.2 Orr-Sommerfield

6.3 Adjoint of Navier-Stokes and non-modal stability

7 Computational fluid dynamics
7.1 Conservative forms

∂U

∂t
+ ∂F (U)

∂x
+ ∂G(U)

∂y
= 0. (7.1)

7.1.1 2D Euler equation

The 2D Euler equations are
∂ (7.2)

or in conservative form:
∂ (7.3)

With the conserved vector variable

U =


ρ

ρu

ρv

E

 (7.4)

it can be written as

7.2 Vorticity-streamfunction
7.2.1 Omega y and Laplacian v

A Vectors, tensors, and their calculus
Aris (1989) is a good reference.
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A.1 Levi-Civita symbol
A.1.1 Determinant representation

The matrix determinants can be expressed in terms of the Levi-Civita symbol. Assume A is a matrix

det(A) = a1 · (a2 × a3) =

∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣ = ϵijka1ia2ja3k (A.1)

where
a1 = (a11, a12, a13)⊤, a2 = (a21, a22, a23)⊤, a3 = (a31, a32, a33)⊤ (A.2)

Therefore the Levi-Civita symbol can be expressed as

ϵijk = det(êi, êj , êk) = êi · (êj × êk) (A.3)

Similarly, the outer product of vectors a and b can be written as

a × b =

∣∣∣∣∣∣∣∣∣
ê1 ê2 ê3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣∣ = ϵijkajbkêi (A.4)

Example: ω.

A.1.2 Epsilon identity

ϵijkϵlmn =

∣∣∣∣∣∣∣∣∣
δil δim δin

δjl δjm δjn

δkl δkm δkn

∣∣∣∣∣∣∣∣∣ (A.5)

= δil(δjmδkn − δjnδkm) + δjl(δinδkm − δimδkn) + δkl(δimδjn − δinδjm) (A.6)
= δilδjmδkn + δimδjnδkl + δinδjlδkm − δilδjnδkm − δinδjmδkl − δimδjlδkn (A.7)

A.1.3 Contracted epsilon identity

Let i = l and notice δii = 3

ϵijkϵimn = δjmδkn − δjnδkm (A.8)

Futhur let k = m

ϵijkϵijn = 2δkn (A.9)

Futhermore

ϵijkϵijk = 6 (A.10)
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A.1.4 Pseudo-vector and associated antisymmetric rotation tensor

The velocity gradient tensor ∇u is

∇u =


∂u
∂x

∂v
∂x

∂w
∂x

∂u
∂y

∂v
∂y

∂w
∂y

∂u
∂w

∂v
∂w

∂w
∂w

 (A.11)

and in entity notation
(∇u)ij = ∂uj

∂xi
. (A.12)

We note the transpose as compared to the Jacobian

Jij = ∂ui

∂xj
. (A.13)

Vorticity

ω = ∇ × u (A.14)

=

∣∣∣∣∣∣∣∣∣
êx êy êz

∂x ∂y ∂z

u v w

∣∣∣∣∣∣∣∣∣ (A.15)

=


∂w
∂y − ∂v

∂z

∂u
∂z − ∂w

∂x

∂v
∂x − ∂u

∂y

 (A.16)

is a pseudo-vector (ωi = ϵijk∂juk) whose sign depends on the coordinate system (the order of i, j, k;
left-hand or right-hand; cyclic or anticyclic), and is related to the antisymmetric part of velocity gradient
tensor ∇u (the rotation rate tensor Ω):

Ωij = 1
2

(
∂uj

∂xi
− ∂ui

∂xj

)
. (A.17)

or

Ω = 1
2(∇u − u∇) (A.18)

=


0 1

2

(
∂v
∂x − ∂u

∂y

)
1
2
(

∂w
∂x − ∂u

∂z

)
− 1

2

(
∂v
∂x − ∂u

∂y

)
0 1

2

(
∂w
∂y − ∂v

∂z

)
− 1

2
(

∂w
∂x − ∂u

∂z

)
− 1

2

(
∂w
∂y − ∂v

∂z

)
0

 (A.19)

Each antisymmetric tensor Ω can be represented by a pseudo-vector ω∗ (since it just has three inde-
pendent elements), such that

Ωij = ϵijkω
∗
k (A.20)

ω∗
k = 1

2ϵijkΩij (A.21)

and the inner product of the tensor Ω with and arbitrary vector a can be written as

Ω · a = a × ω∗. (A.22)
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It is easy to verify (A.20) by definition and (A.21) using (A.9).
Element-wise, the rotation tensor can be represented as

Ωij =


0 ω∗

z −ω∗
y

−ω∗
z 0 ω∗

x

ω∗
y −ω∗

x 0

 (A.23)

with

ω∗ =


ω∗

x

ω∗
y

ω∗
z

 =


1
2

(
∂w
∂y − ∂v

∂z

)
1
2
(

∂u
∂z − ∂w

∂x

)
1
2

(
∂v
∂x − ∂u

∂y

)
 = 1

2ω. (A.24)

Hence we show that ω = 2ω∗, i.e., vorticity is twice of the angular velocity of the local solid-body
rotation motion.

In the context of solid-body rotation (with no translation, uT = 0), the definition of (A.23) becomes

Ωij =


0 −ω∗

z ω∗
y

ω∗
z 0 −ω∗

x

−ω∗
y ω∗

x 0

 (A.25)

such that

u = dx
dt = Ω · x = ω∗ × x (A.26)

where ω∗ is the angular velocity.

A.2 Vector identities
Assume λ is a scalar and a,b,c,d are vectors in R3. The identities below might be useful in fluids, some
of which have geometric implecations.

∇ · (∇ × b) = 0 (A.27)
∇ × (∇b) = 0 (A.28)
∇ · (λb) = ∇λ · b + λ(∇ · b) (A.29)
∇ × (λb) = λ(∇ × b) − b × ∇λ (A.30)
∇(a · b) = b · ∇a + a · ∇b + b × (∇ × a) + a × (∇ × b) (A.31)
a · (b × c) = b · (c × a) = c · (a × b) (A.32)
∇ · (a × b) = (∇ × a) · b − (∇ × b) · a (A.33)
(a × b) · (c × d) = (a · c)(b · d) − (a · d)(b · c) (A.34)
a × (b × c) = b(a · c) − c(a · b) (A.35)

b × (∇ × b) = ∇(1
2b · b) − b · ∇b (A.36)

∇ × (a × b) = (b · ∇)a − (a · ∇)b + a(∇ · b) − b(∇ · a) (A.37)
∇ × (∇ × a) = ∇(∇ · a) − ∇2a (A.38)

Their proofs are left as exercises.
Comments:
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(1) Eq. (A.27): A curl field is solenoidal (divergence-free).

(2) Eq. (A.28): A gradient field is irrotational (curl-free).

(3) Eq. (A.37): a × b is perpendicular to a and b, so its curl is in the space spaned by a and b.

(4) Eq. (A.35): a × (·) is perpendicular to a and (·) × (b × c) is in the space spaned by b and c. This
two facts in combinition gives the bases of a × (b × c).

(5) Eq. (A.32): This is the volume spaned by (a, b, c), and the identity is basically the invariance of a
determinant with respect to row/column permutation.

(6) Eq. (A.34): By letting a = c and b = d and noticing the inner product with itself is non-negative,
we re-discover the Cauchy-Schwartz inequality.

(7) From (A.31) it can be immediately seen that

u · ∇u = ∇(u2/2) − u × (∇ × u). (A.39)

A.3 Tensor eigenvalues and invariants
Consider a tensor A in Cartesian coordinate

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 . (A.40)

Its eigenvalues are roots of the characteristic polynomial

det(λI − A) =

∣∣∣∣∣∣∣∣∣
λ− a11 −a12 −a13

−a21 λ− a22 −a23

−a31 −a32 λ− a33

∣∣∣∣∣∣∣∣∣ = λ3 − I1λ
2 + I2λ− I3 = 0 (A.41)

with the three coefficients being the three principle invariants of A

I1 = a11 + a22 + a33 (A.42)
= tr(A) (A.43)
= aii (A.44)

I2 = a11a22 + a22a33 + a33a11 − a12a21 − a23a32 − a13a31 (A.45)

= tr(A)2 − tr(A2)
2 (A.46)

= 1
2((aii)2 − aijaji) (A.47)

I3 = a11(a22a33 − a23a32) − a12(a21a33 − a23a31) + a13(a21a32 − a22a31) (A.48)
= det(A) (A.49)

in both element-wise and coordinate-independent expression.
Now we consider the factorization of the characteristic polynomial as

(λ− λ1)(λ− λ2)(λ− λ3) = λ3 − (λ1 + λ2 + λ3)λ2 + (λ1λ2 + λ2λ3 + λ3λ1)λ− λ1λ2λ3 = 0, (A.50)

and obtain the Vieta’s theorem for cubic equations as

I1 = λ1 + λ2 + λ3 (A.51)
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I2 = λ1λ2 + λ2λ3 + λ3λ1 (A.52)
I3 = λ1λ2λ3 (A.53)

which are the three principle invariants of tensor A.
Additionally, there are more invariants (although not independent) of A, such as the main invariants

J1 = λ1 + λ2 + λ3 = I1 = tr(A) (A.54)
J2 = λ2

1 + λ2
2 + λ2

3 = I2
1 − 2I2 = tr(A · A) (A.55)

J1 = λ3
1 + λ3

2 + λ3
3 = I3

1 − 3I1I2 + 3I3 = tr(A · A · A) (A.56)

which are the coefficients of the characteristic polynomial of the deviatoric part of A:

A − tr(A)
3 I, (A.57)

which is traceless and has eigenvalues
λi − 1

3 . (A.58)

A.3.1 Discriminant of a cubic equation

Consider
ax3 + bx2 + cx+ d = 0, (A.59)

its determinant is

∆ = (x1 − x2)2(x2 − x3)2(x3 − x1)2 (A.60)
= 18abcd− 4b3d+ b2c2 − 4ac3 − 27a2d2 (A.61)

with x1, x2, x3 being the three roots.

1. ∆ > 0: Three distinct real roots.

2. ∆ = 0: All roots are real with at least two identical.

3. ∆ < 0: One real and a pair of complex conjugate roots (proof: assume complex roots are x± iy).

Proof. The Vieta’s theorem for (A.59) and the invariant relations can be used to simplify (A.59) to
obtain (A.61).

Note: Eq. (A.61) can also be obtained as follows (with some reasons/meanings in algebraic geometry).
Consider a cubic equation in canonical form

f(x,w) = Ax3 + 3Bx2w + 3Cxw2 +Dw3 = 0. (A.62)

The Hessain matrix is

H(f) =

6Ax+ 6Bw 6Bx+ 6Cw

6Bx+ 6Cw 6Cx+ 6Dw

 (A.63)

and the Hessain

det(H) = 36[(AC −B2)x2 + (AD −BC)xw + (BD − C2)w2] (A.64)

= 18[x,w]

2(AC −B2) (AD −BC)

(AD −BC) 2(BD − C2)

x
w

 , (A.65)
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in quadratic form. Define the Hessain

H =

2(AC −B2) (AD −BC)

(AD −BC) 2(BD − C2)

 (A.66)

The discriminant of the cubic is just the determinant of the Hessain H:

∆ = det(H) = −A2D2 + 6ABCD − 4AC3 − 4B3D + 3B2C2, (A.67)

and ∆ > 0 for three real roots, ∆ = 0 for double or triple real root, and ∆ < 0 for single real root.

A.3.2 Examples

Utilizing and the discriminant △ or the second invariant Q of ∇u to identify vortices in fluid flows (Hunt
et al., 1988; Chong et al., 1990; Jeong & Hussain, 1995) and the invariants of the Reynolds stress tensor
−u′

iu
′
j to classify turbulent states (Lumley & Newman, 1977; Choi & Lumley, 2001) are useful.

We note that both the rate-of-strain tensor S and the Reynolds stress tensor −u′
iu

′
j are real symmetric,

hence they have three real eigenvalues and three orthogonal eigenvectors (principle axes).
Vortex identification in incompressible flows:
In the case of incompressible flow (ui,i = 0) with the invariants being (P,Q,R) = (I1, I2, I3). We have

P , the coefficient of the quadratic term being zero and the characteristic polynomial for ∇u being in
the so-called ‘depressed’ form (an elliptic curve is called in Weierstrass form if it satisfies the Weierstrass
equation y2 = x3 + ax+ b)

λ3 − Pλ2 +Qλ−R = λ3 +Qλ−R = 0. (A.68)

The discriminant for depressed cubic equation

x3 + px+ q = 0 (A.69)

reduces to
∆ = −4p3 − 27q2. (A.70)

So we have the discriminant for the gradient of a solenoidal field (with renormalized coefficients; note
the flipped sign)

△ =
(

1
3Q
)3

+
(

1
2R
)2

(A.71)

and if △ > 0 there will be complex eigenvalues (in complex conjugate pair according to the algebra basic
theorem) and so-defined vortical motions.

Lumley triangle and invariant maps:
Consider the anisotropic (deviatoric) tensor of Reynolds stress

aij =
u′

iu
′
j

2k − 1
3δij (A.72)

and its three principle invariants

I = σ1 + σ2 + σ3 (A.73)
II = σ1σ2 + σ2σ3 + σ3σ1 (A.74)
III = σ1σ2σ3 (A.75)

along with its three eigenvalues
σ1, σ2, σ3. (A.76)
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Since aij is a deviator, it is traceless and

I = aii = 0. (A.77)

Consider turbulence. and has zero determinant

det
(
u′

iu
′
j

2k

)
= (σ1 + 1

3)(σ2 + 1
3)(σ3 + 1

3) (A.78)

= σ1σ2σ3 + 1
3(σ1σ2 + σ2σ3 + σ3σ1) + 1

9(σ1 + σ2 + σ3) + 1
27 , (A.79)

and we define
F = 27III + 9II + 1 (A.80)

since I = 0.

1. Two-dimensional turbulence: the Reynolds stress tensor u′
iu

′
j can be diagonalized to

diag(a, k − a, 0)

and has zero determinant (there’s a direction that has no turbulence). F = 0.

2. Three-dimensional isotropic turbulence: the Reynolds stress tensor u′
iu

′
j is

diag(k/3, k/3, k/3)

and we have F = 1.

3. Axisymmetric turbulence. Similarly, the characteristic polynomial of aij is in Weierstrass form and
the condition for repeated eigenvalues (same energy in two principle directions) is

△ =
(

1
3II

)3
+
(

1
2III

)2
= 0 (A.81)

and hence
III = ±2

(
−II

3

)3
, (A.82)

corresponding to the negative/left (pancake) and positive/right (cigar) limit curves of the Lumley
triangle.

B Matrix and linear transformation
B.1 Unitary matrix
Unitary transformations preserve inner products (and hence length and angle).

B.1.1 Rotation and reflection

B.2 Conformal mapping

B.3 Coordinate transformation

C Coordinate systems
C.1 Cylindrical coordinate
Consider the cylindrical transformation

(x, y) → (r, θ) (C.1)
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where

x = r cos θ (C.2)
y = r sin θ (C.3)

or

r =
√
x2 + y2 (C.4)

θ = actan
(y
x

)
(C.5)

we have the corresponding relation between unit vectorsêx

êy

 =

cos θ − sin θ

sin θ cos θ

êr

êθ

 (C.6)

and êr

êθ

 =

 cos θ sin θ

− sin θ cos θ

êx

êy

 , (C.7)

which can be proven graphically. We note that the grid transformation matrix is unitary and has det() = 1
(rotation matrix).

The Jacobian of the forward transformation (r, θ) = F (x, y) is

∂(r, θ)
∂(x, y) =

 ∂r
∂x

∂r
∂y

∂θ
∂x

∂θ
∂y

 =

 x
r

y
r

− y
r2

x
r2

 =

 cos θ sin θ

− 1
r sin θ 1

r cos θ

 (C.8)

We note that the directions of the unit vectors êr, êθ depend on space, i.e.,

∂êr

∂r
= ∂êθ

∂r
= 0 (C.9)

∂êr

∂θ
= − sin θêx + cos θêy = êθ (C.10)

∂êθ

∂θ
= − cos θêx − sin θêy = −êr (C.11)

which can also be seen graphically. These relations are crucial to later derivations.
Consider the chain rule

∂

∂x
= ∂

∂r

∂r

∂x
+ ∂

∂θ

∂θ

∂x
(C.12)

∂

∂y
= ∂

∂r

∂r

∂y
+ ∂

∂θ

∂θ

∂y
(C.13)

C.1.1 Operators in cylindrical coordinate

For a scalar function, say f(x, y) = f(r, θ), the gradient operator can be expressed as

∇ = êx
∂

∂x
+ êy

∂

∂y
+ êz

∂

∂z
(C.14)

=
(
∂

∂r

∂r

∂x
+ ∂

∂θ

∂θ

∂x

)
(cos θêr − sin θêθ) +

(
∂

∂r

∂r

∂y
+ ∂

∂θ

∂θ

∂y

)
(sin θêr + cos θêθ) + êz

∂

∂z
(C.15)

= êr
∂

∂r
+ êθ

1
r

∂

∂θ
+ êz

∂

∂z
(C.16)
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The factor r∂θ can be interpreted as infinitesimal length element in θ direction.
The Laplace operator

∇2 = ∇ · ∇ =
(
êr

∂

∂r
+ êθ

1
r

∂

∂θ
+ êz

∂

∂z

)
·
(
êr

∂

∂r
+ êθ

1
r

∂

∂θ
+ êz

∂

∂z

)
(C.17)

= ∂2

∂r2 + ∂2

∂z2 + êθ · 1
r

[
∂

∂θ

(
êr

∂

∂r
+ êθ

1
r

∂

∂θ

)]
(C.18)

= ∂2

∂r2 + 1
r

∂

∂r
+ 1
r2

∂2

∂θ2 + ∂2

∂z2 (C.19)

= 1
r

∂

∂r

(
r
∂

∂r

)
+ 1
r2

∂2

∂θ2 + ∂2

∂z2 (C.20)

Now consider a vector
u = êru+ êθv + êzw (C.21)

and its derivatives.
Its divergence

∇ · u =
(
êr

∂

∂r
+ êθ

1
r

∂

∂θ
+ êz

∂

∂z

)
· (êru+ êθv + êzw) (C.22)

= ∂u

∂r
+ u

r
+ 1
r

∂v

∂θ
+ ∂w

∂z
(C.23)

= 1
r

∂(ru)
∂r

+ 1
r

∂v

∂θ
+ ∂w

∂z
(C.24)

The convection term

(u · ∇)u = (u ∂
∂r

+ v

r

∂

∂θ
+ w

∂

∂z
)(êru+ êθv + êzw) (C.25)

= (u∂u
∂r

+ v

r

∂u

∂θ
+ w

∂u

∂z
− v2

r
)êr (C.26)

+ (u∂v
∂r

+ v

r

∂v

∂θ
+ w

∂v

∂z
+ uv

r
)êθ (C.27)

+ (u∂w
∂r

+ v

r

∂w

∂θ
+ w

∂w

∂z
)êz (C.28)

Now we deal with ∇2u.

∇2u =
(

1
r

∂

∂r

(
r
∂

∂r

)
+ 1
r2

∂2

∂θ2 + ∂2

∂z2

)
(êru+ êθv + êzw) (C.29)

= 1
r

∂

∂r

(
r
∂u

∂r

)
+ ∂2u

∂z2 + 1
r2

∂2

∂θ2 (êru+ êθv) (C.30)

=
(

1
r

∂

∂r

(
r
∂u

∂r

)
+ 1
r2
∂2u

∂θ2 − 2
r2
∂v

∂θ
− u

r2 + ∂2u

∂z2

)
êr (C.31)

+
(

1
r

∂

∂r

(
r
∂v

∂r

)
+ 1
r2
∂2v

∂θ2 + 2
r2
∂u

∂θ
− v

r2 + ∂2v

∂z2

)
êθ (C.32)

+
(

1
r

∂

∂r

(
r
∂w

∂r

)
+ 1
r2
∂2w

∂θ2 + ∂2w

∂z2

)
êz (C.33)

with

1
r2

∂2

∂θ2 (êru) = 1
r2

∂

∂θ

∂êru

∂θ
= 1
r2 (2∂u

∂θ
eθ − uêr + ∂2u

∂θ2 êr) (C.34)
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1
r2

∂2

∂θ2 (êθv) = 1
r2

∂

∂θ

∂êθv

∂θ
= 1
r2 (−2∂v

∂θ
er − vêθ + ∂2v

∂θ2 êθ) (C.35)

Moreover, the curl can be established as

∇ × u =
(
êr

∂

∂r
+ êθ

1
r

∂

∂θ
+ êz

∂

∂z

)
× (êru+ êθv + êzw) (C.36)

=

∣∣∣∣∣∣∣∣∣
êr êθ êz

∂r
1
r∂θ ∂z

u v w

∣∣∣∣∣∣∣∣∣+ 1
r
êθ × ∂(vêθ)

∂θ
(C.37)

= (1
r

∂w

∂θ
− ∂v

∂z
)êr + (∂u

∂z
− ∂w

∂r
)êθ + (∂v

∂r
+ v

r
− 1
r

∂u

∂θ
)êz (C.38)

= (1
r

∂w

∂θ
− ∂v

∂z
)êr + (∂u

∂z
− ∂w

∂r
)êθ + 1

r
(∂rv
∂r

− ∂u

∂θ
)êz (C.39)

= 1
r

∣∣∣∣∣∣∣∣∣
êr rêθ êz

∂r ∂θ ∂z

u rv w

∣∣∣∣∣∣∣∣∣ (C.40)

We note that to the vertical vorticity ωz, the shear vorticity ∂rv and the curvature vorticity v/r have
equal contributions. The relation (C.40) is generalizable and will be shown in section C.3.

Examples.

1. Rigid body rotation with angular velocity Ω and v = Ωr. Vorticity ωz = 2Ω but there is no vortical
motion.

2. Potential point vortex with v = Γ/2πr. Vorticity ωz = 0.

C.1.2 Navier-Stokes in cylindrical coordinate

The Navier-Stokes equation in cylindrical coordinate reads

∂u

∂t
+ u

∂u

∂r
+ v

r

∂u

∂θ
+ w

∂u

∂z
− v2

r
= −1

ρ

∂p

∂r
+ ν

(
1
r

∂

∂r

(
r
∂u

∂r

)
+ 1
r2
∂2u

∂θ2 − 2
r2
∂v

∂θ
− u

r2 + ∂2u

∂z2

)
(C.41)

∂v

∂t
+ u

∂v

∂r
+ v

r

∂v

∂θ
+ w

∂v

∂z
+ uv

r
= − 1

ρr

∂p

∂θ
+ ν

(
1
r

∂

∂r

(
r
∂v

∂r

)
+ 1
r2
∂2v

∂θ2 + 2
r2
∂u

∂θ
− v

r2 + ∂2v

∂z2

)
(C.42)

∂w

∂t
+ u

∂w

∂r
+ v

r

∂w

∂θ
+ w

∂w

∂z
= −1

ρ

∂p

∂z
+ ν

(
1
r

∂

∂r

(
r
∂w

∂r

)
+ 1
r2
∂2w

∂θ2 + ∂2w

∂z2

)
(C.43)

Q.E.D.

C.2 Spherical coordinate
Consider the transformation

(x, y, z) → (r, ϕ, θ) (C.44)

where

x = r sinϕ cos θ (C.45)
y = r sinϕ sin θ (C.46)
z = r cosϕ (C.47)
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or

r =
√
x2 + y2 + z2 (C.48)

ϕ = arctan
(√

x2 + y2

z

)
(C.49)

θ = arctan
(y
x

)
(C.50)

or thought of as from cylindrical with

z = r cosϕ (C.51)
r′ = r sinϕ (C.52)
x = r′ sin θ (C.53)
y = r′ cos θ (C.54)

Here θ is the azimuthal angle with x-axis on the equatorial plane and ϕ is the polar angle with z-axis
(North), for the convenience of going from cylindrical to polar and backwards.

We have the corresponding relation between unit vectors
êx

êy

êz

 =


sinϕ cos θ cosϕ cos θ − sin θ

sinϕ sin θ cosϕ sin θ cos θ

cosϕ − sinϕ 0



êr

êϕ

êθ

 (C.55)

and 
êr

êϕ

êθ

 =


sinϕ cos θ sinϕ sin θ cosϕ

cosϕ cos θ cosϕ sin θ − sinϕ

− sin θ cos θ 0



êx

êy

êz

 , (C.56)

which can be proven graphically. We note that the grid transformation matrix is unitary and has det() = 1
(rotation matrix).

C.2.1 From cylindrical to spherical

We have the transformation
êx

êy

êz

 =


sinϕ cos θ cosϕ cos θ − sin θ

sinϕ sin θ cosϕ sin θ cos θ

cosϕ − sinϕ 0



êr

êϕ

êθ

 (C.57)

that can be factorized as
êx

êy

êz

 =


sinϕ cos θ cosϕ cos θ − sin θ

sinϕ sin θ cosϕ sin θ cos θ

cosϕ − sinϕ 0



êr

êϕ

êθ

 (C.58)

=


cos θ − sin θ 0

sin θ cos θ 0

0 0 1




sinϕ cosϕ 0

0 0 1

cosϕ − sinϕ 0



êr

êϕ

êθ

 (C.59)
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=


cos θ − sin θ 0

sin θ cos θ 0

0 0 1



êr′

êθ′

êz′

 (C.60)

with 
êr′

êθ′

êz′

 =


sinϕ cosϕ 0

0 0 1

cosϕ − sinϕ 0



êr

êϕ

êθ

 . (C.61)

C.3 General curvilinear coordinates
Consider the coordinate transformations

qi = qi(x1, x2, x3), xi = xi(q1, q2, q3) (C.62)

where (x1, x2, x3) is the standard Cartesian coordinates and qi are mutually independent.

C.3.1 Length, area, and volume

Consider the change of the vector

x = x1êx1 + x2êx2 + x3êx3 (C.63)
= q1h1 + q2h2 + q3h3 (C.64)

where x = x(xi(qj)) as

dx = êx1dx1 + êx2dx2 + êx3dx3 (C.65)

= ∂x

∂q1
dq1 + ∂x

∂q2
dq2 + ∂x

∂q3
dq3 (C.66)

and
hi = ∂x

∂qi
. (C.67)

We note that hi is the change of x with only changing qi, so it does define direction of coordinate
lines of qi. We denote with (̂·) unit vectors and note that hi are not necessary unit vectors.

Now consider the length of dx:

ds2 = dx · dx (C.68)

= ∂x

∂qj
dqj · ∂x

∂qk
dqk (C.69)

= ∂xi

∂qj
dqj

∂xi

∂qk
dqk (C.70)

= gjkdqjdqk (C.71)

with
gij = ∂xl

∂qi

∂xl

∂qj
(C.72)

being the metric tensor. When qi are orthogonal coordinates,

∂x

∂qi
· ∂x
∂qj

= δij (C.73)
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and gij only has diagonal elements and

ds2 = g11(dq1)2 + g22(dq3)2 + g33(dq3)2 (C.74)
= h2

1(dq1)2 + h2
2(dq3)2 + h2

3(dq3)2 (C.75)

Define the Lamé parameters as

h1 = √
g11 =

√(
∂x1

∂q1

)2
+
(
∂x2

∂q1

)2
+
(
∂x3

∂q1

)2
= |h1| (C.76)

h2 = √
g22 =

√(
∂x1

∂q2

)2
+
(
∂x2

∂q2

)2
+
(
∂x3

∂q2

)2
= |h2| (C.77)

h3 = √
g33 =

√(
∂x1

∂q3

)2
+
(
∂x2

∂q3

)2
+
(
∂x3

∂q3

)2
= |h3| (C.78)

and unit vectors in qi directions as
ĥi = hi

|hi|
= hi

hi
. (C.79)

We note that the Lamé parameters can depend on the coordinates as

hi = hi(q1, q2, q3). (C.80)

The increment can be rewritten as

dx = h1dq1ĥ1 + h2dq2ĥ2 + h3dq3ĥ3 (C.81)
= ds1ĥ1 + ds2ĥ2 + ds3ĥ3 (C.82)

with
dsi (C.83)

being the projection of dx on each coordinate.
Now consider the surface and volume of infinitesimal elements. The (directed) areas of surface elements

are
dσi = ĥi · (hjdqjĥj × hkdqkĥk) = hjhkdqjdqk (C.84)

or

dσ1 = h1h2dq1dq2 (C.85)
dσ2 = h1h3dq1dq3 (C.86)
dσ3 = h1h2dq1dq2 (C.87)

The volume element (e.g. in volumn integrals) spanned by the vector dx is

dV = (h1dq1ĥ1) · (h2dq2ĥ2 × h3dq3ĥ3) (C.88)
= h1dq1h2dq2h3dq3(ĥ1) · (ĥ2 × ĥ3) (C.89)
= h1h2h3dq1dq2dq3 (C.90)

when ĥi mutually orthogonal.
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C.3.2 Jacobian

Now we consider the Jacobian of the backward transformation

(q1, q2, q3) → (x1, x2, x3) (C.91)

which reads

J = ∂(x1, x2, x3)
∂(q1, q2, q3) =


∂x1
∂q1

∂x1
∂q2

∂x1
∂q3

∂x2
∂q1

∂x2
∂q2

∂x2
∂q3

∂x3
∂q1

∂x3
∂q2

∂x3
∂q3

 (C.92)

and the Jacobian determinant (with ∃J−1)

J = det(J) = det(JT) (C.93)

=

∣∣∣∣∣∣∣∣∣
∂x1
∂q1

∂x2
∂q1

∂x3
∂q1

∂x1
∂q2

∂x2
∂q2

∂x3
∂q2

∂x1
∂q3

∂x2
∂q3

∂x3
∂q3

∣∣∣∣∣∣∣∣∣ (C.94)

=
(
∂x1

∂q1
x̂1 + ∂x2

∂q1
x̂2 + ∂x3

∂q1
x̂3

)
·

∣∣∣∣∣∣∣∣∣
x̂1 x̂2 x̂3

∂x1
∂q2

∂x2
∂q2

∂x3
∂q2

∂x1
∂q3

∂x2
∂q3

∂x3
∂q3

∣∣∣∣∣∣∣∣∣ (C.95)

= ∂x

∂q1
·
(
∂x

∂q2
× ∂x

∂q3

)
(C.96)

= h1 · (h2 × h3) (C.97)
= h1h2h3 (C.98)
̸= 0 (C.99)

Hence we have
dV = dx1dx2dx3 = h1h2h3dq1dq2dq3 = Jdq1dq2dq3. (C.100)

C.3.3 Three major calculus theorems

1. Gradient theorem: ∫
l:x1→x2

(∇f) · dl = f(x2) − f(x1) (C.101)

The integral is independent of path since ∇f is potential (conservative, curl-free).

2. Divergence theorem: ∫∫
Ω

(∇ × u) · dA =
∮

l=∂Ω
u · dl (C.102)

Implication: vorticity is circulation per unit area.

3. Curl theorem: ∫∫∫
V

(∇ · u) dV =
∫∫

Ω=∂V

u · dA (C.103)
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C.3.4 Differential operators in curvilinear coordinate systems

Next, let’s consider differential operators in curvilinear coordinates. Consider a scalar f = f(q1, q2, q3)
and its gradient ∇f . Starting from

df = ∂f

∂qi
dqi, (C.104)

due to the displacement x. On the other hand,

df = ∇f · dx (C.105)
= (∇f)qidsi (C.106)
= (∇f)qihidqi (C.107)

Compare (C.107) and (C.104) we have

(∇f)qi
= 1
hi

∂f

∂qi
(C.108)

where

∇f = (∇f)qi
ĥi (C.109)

= 1
h1

∂f

∂q1
ĥ1 + 1

h2

∂f

∂q2
ĥ2 + 1

h3

∂f

∂q3
ĥ3 (C.110)

Consider the divergence of a vector u in a coordinate-free form:

∇ · u ≜ lim
V →0

∮
Ω=∂V

u · dσ
V

(C.111)

= 1
V

(
∂(u1h2h3dq2dq3)

∂q1
dq1 + ∂(u2h1h3dq1dq3)

∂q2
dq2 + ∂(u3h1h2dq1dq2)

∂q3
dq3

)
(C.112)

= 1
h1h2h3

(
∂(u1h2h3)

∂q1
+ ∂(u2h1h3)

∂q2
+ ∂(u3h1h2)

∂q3

)
(C.113)

Consider the curl of a vector u in a coordinate-free form, its compoment along n̂ (normal of the surface
S = Sn̂) is

(∇ × u) · n̂ ≜ lim
S→0

∫
l=∂S

u · dx
S

(C.114)

and (consider the area spanned by ds2 = h2dq2 and ds3 = h3dq3)

(∇ × u) · ĥ1 =
∮

l
u · dx
dσ1

(C.115)

= 1
h2h3dq2dq3

[u2h2dq2 (C.116)

− (u2h2 + ∂u2h2

∂q3
dq3)dq2 (C.117)

− u3h3dq3 (C.118)

+ (u3h3 + ∂u3h3

∂q2
dq2)dq3] (C.119)

= 1
h2h3

(
∂u3h3

∂q2
− ∂u2h2

∂q3

)
(C.120)
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(∇ × u) · ĥ2 = 1
h1h3

(
∂u1h1

∂q3
− ∂u3h3

∂q1

)
(C.121)

(∇ × u) · ĥ3 = 1
h1h2

(
∂u2h2

∂q1
− ∂u1h1

∂q2

)
(C.122)

We note that the Lamé coefficient also changes as the coordinate changes.
In determinant form,

∇ × u = 1
h1h2h3

∣∣∣∣∣∣∣∣∣
h1ĥ1 h2ĥ2 h3ĥ3

∂q1 ∂q2 ∂q3

h1u1 h2u2 h3u3

∣∣∣∣∣∣∣∣∣ (C.123)

The Laplacian can be obtained by taking the divergence of ∇f as combining (C.110) and (C.113)

∇2f = ∇ · (∇f) = 1
h1h2h3

(
∂

∂q1

(
h2h3

h1

∂f

∂q1

)
+ ∂

∂q2

(
h1h3

h2

∂f

∂q2

)
+ ∂

∂q3

(
h1h2

h3

∂f

∂q3

))
(C.124)

C.3.5 Derivatives of unit vectors

In general curvilinear coordinates, the directions of unit vectors could change with coordinate as well. We
are basically concerned about

∂ĥi

∂qj
(C.125)

and we will establish that
∂ĥi

∂qj
//ĥj , i ̸= j. (C.126)

First we have
ĥi · ∂ĥi

∂qj
= ∂ĥ2

i /2
∂qj

= 0 (C.127)

and hence
∂ĥi

∂qj
⊥ ĥi, i ̸= j. (C.128)

According to the orthogonality we have

h1 · h2 = ∂x

∂q1
· ∂x
∂q2

= 0 (C.129)

and

0 = ∂

∂q3

(
∂x

∂q1
· ∂x
∂q2

)
= ∂x

∂q1
· ∂2x

∂q2∂q3
+ ∂2x

∂q1∂q3
· ∂x
∂q2

(C.130)

= ∂x

∂q2
· ∂2x

∂q3∂q1
+ ∂2x

∂q2∂q1
· ∂x
∂q3

(C.131)

= ∂x

∂q3
· ∂2x

∂q1∂q2
+ ∂2x

∂q3∂q2
· ∂x
∂q1

(C.132)

then
∂x

∂q1
· ∂2x

∂q2∂q3
+ ∂x

∂q2
· ∂2x

∂q3∂q1
+ ∂x

∂q3
· ∂2x

∂q1∂q2
= 0 (C.133)

and then

∂x

∂q1
· ∂2x

∂q2∂q3
= 0 (C.134)
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∂x

∂q2
· ∂2x

∂q1∂q3
= 0 (C.135)

∂x

∂q3
· ∂2x

∂q1∂q2
= 0 (C.136)

From

0 = ∂x

∂q1
· ∂

∂q2

(
∂x

∂q3

)
(C.137)

= h1ĥ1 · ∂h3ĥ3

∂q2
(C.138)

= h1ĥ1 ·

(
h3
∂ĥ3

∂q2
+ ĥ3

∂h3

∂q2

)
(C.139)

= h1h3ĥ1 · ∂ĥ3

∂q2
(C.140)

we have (similarly)
∂ĥi

∂qj
⊥ ĥk, i ̸= j ̸= k ̸= i. (C.141)

Combining (C.128) and (C.141) we have

∂ĥi

∂qj
//ĥj , i ̸= j, (C.142)

and using
∂2x

∂qi∂qj
= ∂2x

∂qj∂qi
(C.143)

we have

∂

∂qj

(
∂x

∂qi

)
= ∂

∂qi

(
∂x

∂qj

)
(C.144)

ĥi
∂hi

∂qj
+ hi

∂ĥi

∂qj
= ĥj

∂hj

∂qi
+ hj

∂ĥj

∂qi
(C.145)

with repeated indices not implying summation. Since i ̸= j, ĥi and ĥj are linearly independent, we have

∂ĥi

∂qj
= 1
hi

∂hj

∂qi
ĥj . (C.146)

Now we turn back and consider ∂ĥi/∂qj .

∂ĥi

∂qi
= ∂(ĥj × hk)

∂qi
(C.147)

= ∂ĥj

∂qi
× hk + hj × ∂ĥk

∂qi
(C.148)

= 1
hj

∂hi

∂qj
ĥi × ĥk + ĥj × ĥi

1
hk

∂hi

∂qk
(C.149)

= −( 1
hj

∂hi

∂qj
ĥj + 1

hk

∂hi

∂qk
ĥk) (C.150)
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without repeated indices being summed over.
Using the relations (C.146) and (C.150), gradient, curl, divergence, Laplacian, as well as operators like

∇u and u · ∇u can be expressed.

Example: ∇ · u.
We have before

∇ = ĥ1

h1

∂

∂q1
+ ĥ2

h2

∂

∂q2
+ ĥ3

h3

∂

∂q3
(C.151)

and now consider ∇u with
u = u1ĥ1 + u2ĥ2 + u3ĥ3 (C.152)

and we have

∇ · u =
(
ĥ1

h1

∂

∂q1
+ ĥ2

h2

∂

∂q2
ĥ2 + ĥ3

h3

∂

∂q3
ĥ3

)
· (u1ĥ1 + u2ĥ2 + u3ĥ3) (C.153)

= ĥ1

h1

∂

∂q1
(u1ĥ1 + u2ĥ2 + u3ĥ3) + ... (C.154)

= 1
h1

(
∂u1

∂q1
+ u2

h2

∂h1

∂q2
+ u3

h3

∂h1

∂q3

)
(C.155)

+ 1
h2

(
∂u2

∂q2
+ u3

h3

∂h2

∂q3
+ u1

h1

∂h2

∂q1

)
(C.156)

+ 1
h3

(
∂u3

∂q3
+ u1

h1

∂h3

∂q1
+ u2

h2

∂h3

∂q2

)
(C.157)

= 1
h1h2h3

(
∂u1h2h3

∂q1
+ ∂u2h1h3

∂q2
+ ∂u3h1h2

∂q3

)
(C.158)

References: Appendices in Batchelor (1967); Griffiths (2013), and text book of Wu (1982).

C.3.6 Examples

1. Cartesian. (q1, q2, q3) = (x1, x2, x3)
Elements:

h1 = h2 = h3 = 1 (C.159)
ds2 = dx2

1 + dx2
2 + dx2

3 (C.160)
dV = dx1dx2dx3 (C.161)

Operators:

∇f = ∂f

∂x1
ê1 + ∂f

∂x2
ê2 + ∂f

∂x3
ê3 (C.162)

∇ · u = ∂u

∂x
+ ∂v

∂y
+ ∂w

∂z
(C.163)

∇ × u =

∣∣∣∣∣∣∣∣∣
êx êy êz

∂x ∂y ∂z

u v w

∣∣∣∣∣∣∣∣∣ (C.164)

= (∂w
∂y

− ∂v

∂z
)êx + (∂u

∂z
− ∂w

∂x
)êy + (∂v

∂x
− ∂u

∂y
)êz (C.165)

∇2f = ∂2f

∂x2 + ∂2f

∂y2 + ∂2f

∂z2 (C.166)
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2. Cylindrical. (q1, q2, q3) = (r, θ, z)
Elements:

h1 = h3 = 1, h2 = r (C.167)
ds2 = dr2 + r2dθ2 + dz2 (C.168)
dV = rdrdθdz (C.169)

Operators:

∇f = ∂f

∂r
êr + 1

r

∂f

∂θ
êθ + ∂f

∂z
êz (C.170)

∇ · u = 1
r

(
∂(ru)
∂r

+ ∂v

∂θ
+ ∂(rw)

∂z

)
(C.171)

= 1
r

∂(ru)
∂r

+ 1
r

∂v

∂θ
+ ∂w

∂z
(C.172)

∇ × u = 1
r

∣∣∣∣∣∣∣∣∣
êr rêθ êz

∂r ∂θ ∂z

u rv w

∣∣∣∣∣∣∣∣∣ (C.173)

= (1
r

∂w

∂θ
− ∂v

∂z
)êr + (∂u

∂z
− ∂w

∂r
)êθ + 1

r
(∂rv
∂r

− ∂u

∂θ
)êz (C.174)

∇2f = 1
r

∂

∂r

(
r
∂f

∂r

)
+ 1
r2
∂2f

∂θ2 + ∂2f

∂z2 (C.175)

3. Spherical. (q1, q2, q3) = (r, ϕ, θ), ϕ is the polar angle and θ is the azimuthal.
Elements:

h1 = 1, h2 = r, h3 = r sinϕ (C.176)
ds2 = dr2 + r2dϕ2 + r2 sin2 ϕdθ2 (C.177)
dV = r2 sinϕdrdϕdθ (C.178)

Operators:

∇f = ∂f

∂r
êr + 1

r

∂f

∂ϕ
êϕ + 1

r sinϕ
∂f

∂θ
êθ (C.179)

∇ · u = 1
r2 sinϕ

(
∂(r2 sinϕu)

∂r
+ ∂(r sinϕv)

∂ϕ
+ ∂(rw)

∂θ

)
(C.180)

= 1
r2
∂(r2u)
∂r

+ 1
r sinϕ

∂(sinϕv)
∂ϕ

+ 1
r sinϕ

∂w

∂θ
(C.181)

∇ × u = 1
r2 sinϕ

∣∣∣∣∣∣∣∣∣
êr rêϕ r sinϕêθ

∂r ∂ϕ ∂θ

u rv r sinϕw

∣∣∣∣∣∣∣∣∣ (C.182)

= 1
r sinϕ (∂ sinϕw

∂ϕ
− ∂v

∂θ
)êr + ( 1

r sinϕ
∂u

∂θ
− 1
r

∂rw

∂r
)êϕ + 1

r
(∂rv
∂r

− ∂u

∂ϕ
)êθ (C.183)

∇2f = 1
r2

(
∂

∂r

(
r2 ∂f

∂r

))
+ 1
r2 sinϕ

∂

∂ϕ

(
sinϕ∂f

∂ϕ

)
+ 1
r2 sinϕ

∂2f

∂θ2 (C.184)
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D Hyperbolic functions
D.1 Defining ODEs
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