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Lecture 01: Introduction and Van der Waal’s Equation of State
What we will discuss here in mainly the equilibrium physics of phase transitions which is both interesting
and intriguing. Phase transitions are generally the result of the collective behaviour of interacting
particles which produce some change in the thermodynamics of the system. For interaction between
particles, we require a pair potential, which describes the behaviour of the interaction. One of such
potentials is the celebrated Lennard-Jones potential (LJP) which goes as:

u(r) = ε0

ï(σ
r

)12
−
(σ
r

)6ò
where r = |ri − rj | is the interparticle distance. This is used as a model for intermolecular interactions
in many systems. Another “lesser” realistic (but simpler to handle) model can be described by the
potential,

u(r) =
®

∞ r < r0

−ε0

(
r0
r

)6
r > r0

The above potential tells that the minimum possible separation between molecules is r0, since u(r) blows
up below r = r0. Hence the particles act as hard spheres (spheres which cannot penetrate each other) of
radius r0

2 . For r > r0, u(r) ∼ r−6 which implies dipolar interactions.
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Figure 1: Interaction potentials. (a) Lennard-Jones potential. The vertical line denotes the r at which
minima occurs (b) London dispersion potential.

Note that these interactions are mostly power-law interactions, u(r) ∼ r−s. Let d be the dimension of the
space in which we are working. Then, it can be shown or motivated that if s ≤ d, then the interaction is
long-ranged which is not ideal for us. Extensivity can break down and some other issues (like negative
specific heat) may occur in this case. One such example is that of gravitational systems where u(r) ∼ 1

r .
If s > d then the interaction is short-ranged. Since u(r) blows up when r = 0, in general, it is advisable
to impose a hard core repulsion (like in the London force) which ensures that everything stays okay,
since interactions act only after r > r0 !

1.1. Van der Waal’s gas
Let us see an example of this using the Van der Waal’s equation which is a correction to the ideal gas
equation PV = NkBT and successfully explains the condensation process of gases.
We will work in canonical ensemble here. The canonical partition function is written as,

Z(N,V, T ) = 1
N !

∫ ∏
i

Åd3pi d3qi
h3

ã
e−βH
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where H is the Hamiltonian of the system. The N ! factor has been put to include the indistinguisha-
bility of the particles and h3 factor has been put to make the phase space volume dimensionless. The
Hamiltonian consists, as usual, of a kinetic and a pair potential part.

H =
∑
i

p2
i

2m + 1
2

∑
i 6=j

u(|qi − qj |)

The momentum integral can be carried out nicely since this is essentially a Gaussian integral. Using
independence of the kinetic terms we get,

Zp =
ï∫ d3p

h3 e−βp2/2m
òN

=

4π
h3

∞∫
0

p2e−βp2/2m dp

N =
ï2πmkBT

h2

ò3N/2

Defining the thermal wavelength λT = h/
√

2πmkBT , we have

Z = 1
N !λ3N

T

∫ ∏
i

d3qi e
−βU({qi})

where U({qi}) denotes the interaction term in the Hamiltonian. Tackling this part is extremely hard,
since the interactions are between pair of particles, hence independence cannot be assumed.

1.2. Uniform Density Approximation
One of the most popular ways to deal with interactions is through perturbation, however, perturbations
are generally taken to be continuous and hence, non-analyticity (an important aspect of phase transi-
tions) cannot be effectively captured. We will use the method of mean-field approximation, which treats
the interactions as an “effective potential” which can be found out self-consistently. To simplify our
calculations, let us define the number density of the gas, in terms of the delta function,

n(q) =
N∑
i=1

δ(3)(q − qi) (1)

Then the interaction term becomes,

2U =
∑
i

∑
j 6=i

u(|qi − qj |)

=
∑
i

∑
j 6=i

∫
d3q1 δ

(3)(q1 − qi) · u(|q1 − qj |)

=
∑
i

∑
j 6=i

∫
d3q1 δ

(3)(q1 − qi) ·
∫

dq2 δ
(3)(q2 − qj) · u(|q1 − q2|)

=
∫

d3q1dq2
∑
i

∑
j 6=i

δ(3)(q1 − qi) · δ(3)(q2 − qj) · u(|q1 − q2|)

=
∫

d3q1dq2 n(q1)n(q2)u(|q1 − q2|)

We will use a heavily unmotivated approximation where we will treat the density to be uniform, inde-
pendent of the spatial coordinate, that is, n(r) ≡ n Then,

U = n2

2

∫
d3q1d3q2 u(|q1 − q2|)

Let us define the variables R = 1
2(r1 +r2) and r = r1 −r2 from which we have r1 = R+ r

2 and r2 = R− r
2 .

The Jacobian of this transformation can be written as,

J ≡ ∂(r1, r2)
∂R, r =

Å
1 1

21
1 −1

21

ã
=⇒ J = det(J) = −1
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Using the new variables, the integral becomes,

U = n2

2

∫
d3R d3r u(r) = n2V

2

∞∫
r0

d3r u(r) = N2

2V

∫
d3r u(r)

where we have used n = N/V and r0 is the hard-core cutoff. Now, assume a power-law interaction for
r > r0, u(r) = −ε0

(
r0
r

)s using which we get,

U = −ε0N
2

2V · rs0
∞∫
r0

4πr2dr 1
rs

= − 4πε0N
2rs0

2V (3 − s) r
3−s

∣∣∣∣∣
∞

r0

As we can see, U is finite only when 3 − s < 0 =⇒ s > 3 where 3 was our spatial dimension. Assuming
s > 3, we have r3−s → 0 and we have

U = 4πε0N
2rs0

2V (3 − s)r
3−s
0 = − 4πε0N

2r3
0

2V (s− 3) = −aN2

V
where, a ≡ 2πε0r

3
0

s− 3

We get an ‘effective’ interaction potential using the uniform density approximation. From here, the
partion function now becomes,

Z = eβaN
2/V

N !λ3N
T

∫ ∏
dqi

Now, the integral is simply not equal to V N , since we have assumed a hard-sphere gas and each particle
has some finite volume. Assume that each particle occupies a small volume ω, which cannot be occupied
by the other particles. If one particle occupies volume say V , then the second particle can occupy V −ω,
the third occupies V − 2ω and so on. Then the integral will be just,

∫ ∏
dqi ≡

N−1∏
i=0

(V − iω) ≈
∏

(V − jω)(V − (N − j)ω)

=
∏

V 2
Å

1 − jω

V

ãÅ
1 − (N − j)ω

V

ã
≈ V N

∏ ï
1 − (j +N − j)ω

V
+ O((ω/V )2)

ò
≈ V N

ï
1 − Nω

V

òN/2
=
ñ
V

Å
1 − Nω

V

ã1/2ôN
where we have made the product over ≈ N/2 pairs. Now, assume Nω � V from which we can use the
approximation (1 + x)n ≈ 1 + nx to get,ñ

V

Å
1 − Nω

V

ã1/2ôN
≈
ï
V

Å
1 − Nω

2V

ãòN
=
ï
V − Nω

2

òN
We see that the available volume is reduced by a factor of Nω/2. This was the final step and we can
now write the partition function,

Z(N,V, T ) = eβaN
2/V

N !λ3N
T

ï
V − Nω

2

òN
(2)

The free energy can be obtained from the partition function using F = −kBT ln Z,

F = −���kBT ��β
aN2

V
−NkBT ln

ï
V − Nω

2

ò
+ c(N,T )

6



PH4202 Adv. Stat Phys Lecture Notes

and from here, we can find the pressure P = −
(
∂F
∂V

)
N,T

P = −aN2

V 2 + NkBT(
V − Nω

2
) =⇒

Å
P + aN2

V 2

ã
(V −Nb) = NkBT (3)

This is the Van der Waal’s equation, where we have defined b = ω/2. This can be written in an alternate
form using the number of moles, n = N/NA where NA is the Avogadro’s number:Å

P + a′n2

V 2

ã(
V − nb′) = nRT ⇐⇒

Å
P + a′

v2
m

ã(
vm − b′) = RT

where a′ = N2
Aa and b′ = bNA and vm is the molar volume.

Lecture 02: Stability of Thermodynamic Systems
We will discuss about the conditions under which the system in consideration is stable. This will in turn
help us to understand phase transitions which are consequences of instability!

S(U, V,N) S(U, V,N)

S(U + ∆U, V,N) S(U − ∆U, V,N)

∆U

Consider two identical subsystems, with entropies S(U, V,N), separated by an adiabatic wall. Suppose
we remove an amount of energy ∆U from the first subsystem and transfer it to the second, the total
energy changes from 2S(U, V,N) to S(U + ∆U) + S(U − ∆U, V,N). Suppose that the entropy of the
system looked something like in the diagram below.

S

U U + ∆UU − ∆U

S(U + ∆U)

S(U − ∆U)

1
2 (S(U + ∆U) + S(U − ∆U))

S(U)

Then, the resultant entropy after this transfer would be greater than the initial entropy. This would
lead to inhomogenities in the system. Within one subsystem, there would be an uneven re-distribution
of energy within different regions. This loss of homogenity indicates a phase separation!
Thus the stability condition is the concavity of entropy, that is,

S(U − ∆U, V,N) + S(U + ∆U, V,N) ≤ 2S(U) (4)

Taylor expansion of the left hand side leads to the condition (under the limit ∆U → 0)Å
∂2S

∂U2

ã
V,N

≤ 0 (5)

7
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This implies that the curvature of the entropy should be downwards! It might happen that we obtain
a ‘locally convex’ entropy curve from some calculation or from experimental data, which does not obey
concavity.

S

A
B C

D

E

H

This convex intruder cannot describe the equilibrium state and we have to obtain the stable thermody-
namic fundamental equation from this curve. To do that, we construct all the superior tangents, that is,
tangents which are above this curve. Now, within the family of tangents, there will be one line which
will touch the curve at two places.
In the diagram, tangent at any point after A (but before E) will cross the curve. Now, the tangent at A
will touch the curve at E. If it had not touched, it would have either intersected the curve or gone above
E (If it has intersected the curve, then the tangent at A should not have been considered at all since
we are considering only superior tangents. If it had gone over E, this means that there must be some
points after A, where this touching will occur. In any case, what we want to say is that, there will be a
‘common tangent’ at points A and E).
Now, take the envelope of this family of tangents and this will be the fundamental thermodynamic equa-
tion that describes the equilibirum states.
Any point on the straight line denotes a phase-separated state, where part of the system is in state A
and another part is in E. This happens because of the convex curve of entropy, which creates an inho-
mogenity.
Note that in the region AB and DE, entropy is still concave, hence these are called metastable or locally
stable states. These states satisfy Eq.(5) but does not satisfy Eq.(4) while the region BCD satisfy neither
condition.
NOTE:

A generic condition for stability is given by δPδV ≤ 0 where δP and δV represent a small deviation
from the equilibrium value. We can write,

0 ≥ δV

[
∂P

∂V

∣∣∣∣∣
T

δV + 1
2
∂2P

∂V 2

∣∣∣∣∣
T

(δV )2 + 1
6
∂3P

∂V 3

∣∣∣∣∣
T

(δV )3 + . . .

]
(6)

The first term has (δV )2 which is always positive. Hence to make this term negative, we need
∂P

∂V

∣∣∣
T

≤ 0

Suppose that ∂P
∂V

∣∣∣
T

= 0. Then the second term has (δV )3 and irrespective of what sign ∂2P
∂V 2

∣∣∣
T

has, δV
can always be chosen to make the overall term positive. Hence the only option we have is that

∂2P

∂V 2

∣∣∣
T

= 0

8
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Similar to the first term, we have the third term as,

∂3P

∂V 3

∣∣∣
T

≤ 0

These define the stability conditions for our thermodynamic system.

2.1. Stability Relations for Potentials
We will now discuss what are the consequence of stability on the thermodynamic potentials, F and G. We
will use the fact that for a mechanically stable system, the specific heat and the isothermal compressibility
must be positive for all temperatures. It can be motivated since compressibility and specific heat are
related to number and energy fluctuations, σN and σE respectively, both of which are positive.
From appendix A, we see that S = −

(
∂F
∂T

)
V,N

from which we get:Å
∂2F

∂T 2

ã
V,N

= −
Å
∂S

∂T

ã
V,N

= − 1
T
Cv ≤ 0

Similarly, we can use S = −
(
∂G
∂T

)
P,N

from which we get:Å
∂2G

∂T 2

ã
P,N

= −
Å
∂S

∂T

ã
P,N

= − 1
T
Cp ≤ 0

From this, we infer that G(T, P,N) and F (T, V,N) are concave functions of temperature. Apart from
temperature, since F depends on V and G depends on P, let us check for pressure and volume too. We
note that V =

(
∂G
∂P

)
T,N

and P = −
(
∂F
∂V

)
T,NÅ

∂2G

∂P 2

ã
T,N

=
Å
∂V

∂P

ã
T,N

= −VKT ≤ 0Å
∂2F

∂V 2

ã
T,N

= −
Å
∂P

∂V

ã
P,N

= 1
VKT

≥ 0
(7)

where we have appropriately used the definitions of isothermal compressibility and heat capacity. Using
this, we find that G is a concave function of pressure and F is a convex function of volume. From the
above expressions in Eq 7, we can also writeÅ

∂2G

∂P 2

ã
T,N

= −
®Å

∂2F

∂V 2

ã
T,N

´−1

(8)

2.2. Stability Analysis of Van der waal’s solutions
Recall the Van der Waal’s equation from Eq (3),Å

P + aN2

V 2

ã
(V −Nb) = NkBT

At high temperature, the P vs. V curves at constant temperature (isotherm) follows the usual ideal-gas
curve. However, there exists a critical temperature Tc (which can be found out from the equation), such
that, for T < Tc, there always exist a region, where the slope ∂P

∂V is positive. Since KT = − 1
V

(
∂V
∂P

)
N,T

,
this implies a negative compressibility, which, as motivated before, is unphysical.
This leads to a breakdown of the theory and Maxwell subsequently proposed an ad hoc remedy, similar
in line to the construction of superior tangents that we noted earlier.

9
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P

V

V

F

T > Tc

T = Tc

T < Tc

V1 V2

A

B

Consider the diagram above. Here, for a subcritical temperature, we see a region between V1 and V2
where the slope is positive. This region corresponds to the concave intruder (since free energy is a convex
function of volume) in the free energy plot. Similarly as before, we replaced the concave part with a
straight line denoting the commong tangent. This corresponds to joining the region between V1 and V2
in the P-V plot with a straight horizontal line. It can also be shown that the horizontal line is at just
such a value of the pressure that the areas labelled A and B are equal and hence this construction is also
called equal-area construction.

Lecture 03: First Order Phase Transition
Let us now see some qualitative aspect of phase transition. Each phase transition can be viewed as a
result of the failure of the stability criteria. We will see some characteristic aspects of first order phase
transition1. However, let us first note some geometric interpretation of the thermodynamic potentials.

3.1. Geometric Interpretation of Potentials
We will consider the relation G = F + PV which can be obtained from the Legendre transform of the
internal energy.

1In modern language, these are called abrupt phase transition

10
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T > Tc

G

P

P V

V

P = −
Ä

∂F
∂V

ä
T

V =
Ä

∂G
∂P

ä
T

F

P0V0

V0P0

(a) (b)

(c) (d)

Figure 2: Relation between G and F. (a) Variation of Gibbs potential with pressure at a temperature
T > Tc (b) Corresponding plot of Helmholtz potential with V (c) and (d) denotes the P-V diagrams
constructed from these potentials

In the above figure, observe the plot of G vs. P , which is smooth. We draw the tangent line at a P = P0
and this intercepts the y-axis somewhere. The equation of the tangent is G = PV + c as V =

(
∂G
∂P

)
T,N

and it passes through the point (P0, G0). Thus we have,

G0 = P0V0 + c =⇒ c = G0 − P0V0

The tangent has an intercept of G0 −P0V0 and so the remaining length as shown by the arrow in is Fig.2
(a) is G0 − (G0 − P0V0) = P0V0. From the length of the intercept of the tangent, we can obtain the
Helmholtz potential for this value of P0. We also obtain the volume from the slope of the tangent. The
corresponding F vs. V graph has been plotted using these values. Also, plotted are the V vs. P graph
(using the slope of the tangent of the Gibbs potential) and the P vs. V graph (using the slope of the
tangent of the Helmholtz potential ). This is the case for T > Tc. Now let us see the case when T < Tc
and the phase transition has occurred. We will see this with respect to the Van der Waal’s equation.

11
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T < Tc

G

P

P
V

V

P
=

−
Ä ∂

F
∂

V

ä T

V
=
Ä ∂

G
∂

P

ä T

F

∆V

(a) (b)

(c) (d)

Vliq Vgas

A
B

B’

C
D

x
y

E

C’
D’

B

A

C,C’

D

E

z

D’ E’

B’

Figure 3: Plot of different quantities for T < Tc

In this scenario, G will have a ‘kink’ for some pressure P = P0, since for first order phase transition,
the derivative of the free energy is discontinuous. At this point,

Ä
∂2G
∂P 2

ä
→ ∞ (even though this quantity

cannot be defined exactly at P = P0) and using Eq.(8), we get
(
∂F
∂V

)
= 0. Thus we expect that the

corresponding plot of F has a straight line portion, as is shown in Fig.3 (b) with a blue dashed line.
Let us now see how the plot of G in (a) is actually constructed. For that, we need the isotherm in (c).
Let us start at A and then, integrating we have

G(P ) −G(PA) =
P∫

PA

V dP

and we do this for all values of P . This creates a closed loop kind of plot, since for a single P , we have
three values of V . Note that, this disappears for higher temperature since then, Van der Waal’s equation
consists of only one real and two complex roots.
What happens physically? Let us suppose our system is in a temperature bath and the temperature is
fixed. So, consider the isotherm in (c) and start increasing pressure from PA. The system will follow this
isotherm. At PA, there is a unique volume and thus a unique state of the system. Now, if we increase
further, for each pressure, we will get multiple values of volume, so there are different states to choose
from.
Consider the blue points (all having same P but different V ). Of these, the state x is unstable and hence
the system has two states B and B’ to choose from. The state chosen is the one with the minimum
value of G which is determined from panel (a). As clearly seen, the physical state chosen is B. Increasing
pressure further, we get to C where the kink is there.
On increasing further, we see that the state chosen is D′ since this has lesser value of G. The blue and

12



PH4202 Adv. Stat Phys Lecture Notes

gray dashed lines in (a) denote the branch of G with higher value of G and thus, is not chosen. The
green dashed line represent the unstable region where the states, say x, y or z lies. We see that in (c),
no state from the dashed region is selected and hence after C, there is a volume jump, denoted by ∆V .
The physical isotherm is thus the one created from the Maxwell equal area construction (as discussed
before) and the straight line in the isotherm denotes the coexistence of two phases.

The points C and C’ are determined by the condition that G(Pc) = G(Pc′) and hence,
Pc′∫
Pc

V dP = 0,

which proves that the areas divided by the line segment are indeed equal.

G

T

S = −
Ä

∂G
∂T

ä
P

TTc

G

T

S = −
Ä

∂G
∂T

ä
P

TTc

∆S

Figure 4: The left column shows the variation of G and S with temperature for first order phase
transition, clearly showing an entropy discontinuity. The right column shows this for a higher order
phase transition.

There is also an entropy change associated with phase transitions. For first order phase transitions, there
is an abrupt entropy jump since entropy is defined as S = −

(
∂G
∂T

)
P

and G has a ‘kink’, making it non-
differentiable at the critical point. This entropy jump is associated with the latent heat L = Tc∆S. For
higher order phase transitions, where G is smooth (but some higher order derivative is discontinuous),
there is no latent heat since S is continuous. However, the specific heat C ∼ dS

dT diverges at the critical
point.

13
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G

V

T1

T2

T3

Figure 5: G vs. V plots for different temperatures.

From the previous analysis, we saw that in some interval, we had three values of volume for each pressure
(out of which one was unphysical). A physical scenario to imagine is when suppose we have water above
its boiling point (so it is in vapour phase). The Gibbs potential has its minima at two volumes as shown
in Fig.5 for curve at T1. The system takes the minima which is lower (the right one).
As we decrease the temperature, at some temperature, both the minima become equal, as for T2. This is
the critical temperature. As temperature is reduced further, the other minima becomes the more stable
one. The system was in the right minima which was till now the stable one. It still remains in the right
one, however, it now becomes metastable. In a very small timescale, due to some fluctuations, a nucleus
of condensed liquid (the stable state) forms which grows rapidly and the entire system undergoes the
transition.

3.2. Grand canonical basis of phase coexistence
Having seen the physical picture, we will discuss how the liquid-gas phase transition is brought about
by considering the partition function that we had found out earlier from Eq(2). However, we used the
uniform density approximation for this which is not entirely correct at phase coexistence since the gas
(low density) and liquid phases (high density) have weirdly different densities (however, each phase can
be assumed to have a uniform density separately).
This problem can be circumvented by considering the grand canonical ensemble where we fix the chemical
potential µ and the number of particles (and in turn, the density) is appropriately adjusted for different
phases. The grand partition function Ξ is defined as,

Ξ(µ, T, V ) =
∞∑
N=0

eβµNZ(N,T, V ) (9)

where Z is the canonical partition function. We can appropriately modify the canonical partition function
to write is as an expontential:

eβµN+ln Z = exp [βµN ] · exp
ï
βaN2

V

ò
· exp

ï
N ln

Å
V − Nω

2

ãò
· exp

[
− lnN ! −N lnλ3

T

]
= exp [βµN ] · exp

ï
βaN2

V

ò
· exp

ï
N lnN +N ln

Å
V

N
− ω

2

ãò
· exp

[
− lnN ! −N lnλ3

T

]
= exp

ï
βµN + βaN2

V
+N lnN +N ln

Å
V

N
− ω

2

ã
− lnN ! −N lnλ3

T

ò
= exp

ï
βµN + βaN2

V
+ ����N lnN +N ln

Å
V

N
− ω

2

ã
− ����N lnN +N −N lnλ3

T

ò
= exp

ï
βaN2

V
+N ln

Å
V

N
− ω

2

ã
+N∆

ò
14



PH4202 Adv. Stat Phys Lecture Notes

where we have used Sterling’s approximation, lnN ! ≈ N lnN − N and ∆ := (1 + βµ − lnλ3
T). We can

now use the saddle-point approximation to evaluate the sum, which gives only a significate contribution
for some N = N∗.

Ξ ≈ exp
ï
βaN∗2

V
+N∗ ln

Å
V

N∗ − ω

2

ã
+N∗∆

ò
(10)

From appendix A, the grand potential is,

−PV = Φ = −kBT ln Ξ =⇒ βP = ln Ξ
V

≈
ï
βaN∗2

V 2 + N∗

V
ln
Å
V

N∗ − ω

2

ã
+ N∗

V
∆
ò

We define n∗ = N∗

V , where n∗ is the solution of the equation ∂Ψ
∂n = 0 where Ψ(n) is defined as,

Ψ(n) = βan2 + n ln
Å 1
n

− ω

2

ã
+ n∆

Carrying out the differentiation ∂Ψ
∂n , we obtain

2βan+ ln
Å 1
n

− ω

2

ã
+ n

1
n − ω

2
×
Å

− 1
n2

ã
+ ∆ = 0 =⇒ ∆ = 1

1 − ωn
2

− 2βan− ln
Å 1
n

− ω

2

ã
(11)

Substituting this value of ∆ in Ψ(n) we get,

Ψ(n∗) = βaN∗2 +
���������
n∗ ln

Å 1
N∗ − ω

2

ã
+ n∗

1 − n∗ω
2

− 2βan∗2 −
��������
n∗ ln

Å 1
n∗ − ω

2

ã
= 1

1
n∗ − ω

2
− βaN∗2

Comparing this with Van der Waal’s equation, this gives us P = Pcan. where Pcan. is the canonical
ensemble pressure. This tells us that the grand canonical and the canonical pressure are identical at
particular value of the density n∗. Here we have assumed only a unique n∗ which maximises the sum.
However, the sum in Eq (10) can be peaked at multiple different values of densities and the appropriate
uniform density is chosen for that value which maximises Ψ(n).

n

Ψ(n)

(n∗) liq(n∗) gas

Figure 6: Plot of Ψ(n) vs. n at different temperature. Green plot is for T < Tc and blue is for T > Tc.
The lower density corresponds to gas and higher density correpsonds to liquid. At n = 2

ω , Ψ(n) → −∞
which has been shown by the blue vertical dashed line.

In the above figure, the blue curve denotes T > Tc and the green curve denotes T < Tc. For both T < Tc
and T > Tc, we have two peaks in the Ψ(n) vs. n plot, however, only the right peak is chosen for T < Tc
(corresponding to liquid density) and the left peak is chosen for T > Tc (corresponding to gas density).
Considering contribution from both peaks,

ln Ξ ≈ ln
Ä
eVΨ(n∗

liq) + eVΨ(n∗
gas)
ä

= VΨ(n∗
liq) + ln

Ä
1 + eV (Ψ(n∗

gas)−Ψ(n∗
liq))ä

In the thermodynamic limit, if T > Tc, Ψ(n∗
gas) > Ψ(n∗

liq) then ln Ξ ≈ VΨ(n∗
gas) and hence the gas phase

dominates. For T < Tc, Ψ(n∗
gas) < Ψ(n∗

liq) and hence the liquid phase dominates. From this, we can say
that only in the thermodynamic limit, there is a singularity in the density at T = Tc (there are no phase
transitions in finite systems)!
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Lecture 04: Yang-Lee Theory for Phase Transition
We will now discuss about a mathematical basis of condensation based on Yang and Lee’s theory of
phase transition [1] which is based on the analysis of the zeroes of the grand partition function. The
partition function seems to be an analytic function since it essentially consists of sums of well-behaved
exponentials.
However, phase transitions are characterised by non-analyticity which leads us to think about how the
analytic partition function will capture the essence of the non-analytic phase transition. As discussed
before, true phase transitions occur only in the thermodynamic limit and in the thermodynamic limit,
partition function can indeed become non-analytic (since the limit functions of a sequence of analytic
function need not be analytic).

4.1. Singularities and Phase Transition
We will write Eq (9) in terms of the fugacity z = eβµ and also consider a finite system with volume V
(and then take ultimately take V → ∞). Only a finite number of particles, say M , can be crammed into
this finite volume, hence

Ξ(z, V ) =
M∑
N=0

zNZ(N,V, T ) = 1 + zZ1 + z2Z2 + . . .+ zMZM (12)

Note that the above equation is a well-behaved polynomial of degree M in z and its coefficients ZN are
all positive which implies that Ξ(z, V ) has no real positive root. From the grand potential Φ = −PV =
−kBT ln Ξ, we can write the pressure P and density ρ in the thermodynamic limit,

P = lim
V→∞

kBT

V
ln Ξ(z, V )

〈N〉 = z
∂ ln Ξ
∂z

=⇒ ρ = lim
V→∞

〈N〉
V

= lim
V→∞

z

V

∂ ln Ξ(z, V )
∂z

(13)

These quantities will not have any singularity unless Ξ(z, V ) = 0 which cannot hold true, unless we
cosider a complex fugacity. Then for finite V , the algebraic equation Ξ = 0 has M roots appearing in
complex-conjugate pairs. As V increases, the number of roots also increases (linearly with V ) and moves
around in the complex plane, excluding the real axis. In the limit V → ∞, some of these roots touch the
real axis and this describes a phase transition. With regard to this, we discuss two theorems as stated
in the original paper.

Theorem 1:
For all positive values of z, the limit

L = lim
V→∞

1
V

ln Ξ(z, V )

exists and is independent of the shape of the volume holding the particles, with the assumption that
the surface area does not scale faster than V 2/3.
Moreover, L(z) is a continuous, monotonically increasing function of z.

Theorem 2:
Suppose in the complex z plane, there exists a region R containing the positive real axis, which has
no roots of Ξ, then lim

V→∞
1
V
∂k ln Ξ
∂zk is uniformly convergent and the limit function is analytic for all

z ∈ R.
Moreover, the operations lim

V→∞
and z ∂

∂z can be interchanged.
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The above theorem implies that,

ρ = lim
V→∞

z

V

∂ ln Ξ
∂z

⇐⇒ z
∂

∂z

Å
lim
V→∞

1
V

ln Ξ
ã

= z
∂(βP )
∂z

(14)

If such a region R does not exist, then the limit does not exist which makes sense physically, since
the density ρ as defined in Eq (13), does not assume a single value at the condensation point. Hence,
everything depends on the existence of R

• As V → ∞, if a region R exists which fully encloses the positive real axis, then P exists from Thm
(1) and is an analytic, increasing function of z. From Thm (2), ρ also exists and is an analytic
function of z. It can be shown that ρ is also increasing with z. P and ρ are related by Eq (14).
The system under consideration is in a single phase.

P ρ

1
ρ

zz

P

0
z

Ξ(z, V )Roots of

R

• On the other hand, if the roots of Ξ(z, V ) approach some specific values z = t1, t2 . . . on the real
axis as V → ∞, from the figure below, there will exist regions R1,R2 . . . within which Thm (2)
will be satisfied piecewise and hence, within these regions, the system exists in a single phase as
argued before. At the points t1, t2 . . ., the pressure P will be continuous from Thm (1), but ρ might
have some non-analyticity since this does not satisfy the condition for Thm (2). The system now
possess multiple phases.

P ρ

1
ρzz

P

0

Ξ(z, V )Roots of

z
R1 R2 R3

t1 t2

t1

x

y

1
ρx

t2

l

m

1
ρy

1
ρl

1
ρm

t1 t2

It is to be noted that the discontinuity in the density is only possible in the thermodynamic limit.
For finite system, we will get a continuous crossover due to finite-size effects.
If ∂P

∂z is discontinuous, then we have a first-order phase transition as shown in the figure above. If
∂P
∂z is continuous but ∂2P

∂z2 is discontinuous, then we obtain a second-order phase transition.

From this discussion, we observe that the study of phase transitions can be reduced to just studying the
distribution of the zeroes of the grand partition function.

Lecture 05: More on Van der Waal’s Equation
In the previous section, we saw a mathematical theory of condensation based on the zeroes of the grand
partition function. Let us now move back to the Van der Waal’s equation and try to analyse the critical
point.

17



PH4202 Adv. Stat Phys Lecture Notes

P
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T
>
T
c

T < Tc

T = Tc

(Pc, Vc)

UnstableB
in
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Figure 7: Van der Waal’s isotherm. The figure shows Van der Waal’s isotherms for T < Tc (T > Tc)
with blue (red) lines. The curve for T = Tc is shown with purple line. Maxwell’s construction is shown
with green dotted line. The red line denotes the binodal line and the gray line denotes the spinodal
line. The yellow region denote the metastable state while the green region denote the unstable states.

In Fig.??, we see the Van der Waal’s isotherms at different temperature regime. There exists a temper-
ature Tc such that at a particular point (Vc, Pc), the isotherm has zero slope and zero curvature. Thus
the critical point is characterised by

∂P

∂V
= 0 ∂2P

∂V 2 = 0

Defining v = V
N , from Van der Waal’s equation we can write,

P = kBT

v − b
− a

v2 =⇒ ∂P

∂V
= − kBT

(v − b)2 + 2a
v3 =⇒ ∂2P

∂V 2 = 2kBT

(v − b)3 − 6a
v4 (15)

Equating the derivative to zero, we get 2a(vc − b)2 = kBTv
3
c and equating the second derivative to zero,

we get 3a(vc − b)3 = kBTv
4
c . Dividing both these equations, we get

3
2(vc − b) = vc =⇒ 3(vc − b) = 2vc =⇒ vc = 3b

Substituting this in any one of the above equation we get kBTc = 8a
27b and substituting vc and Tc in Van

der Waal’s equation, we get Pc = a
27b2 . Thus our critical parameters are,

Pc = a

27b2 vc = 3b kBTc = 8a
27b

5.1. Approaching Universality
The Van der Waal’s equation depends on the microscopic details of the system, a and b. These vary for
different gases and hence, the equation cannot describe universal properties. However, let us define the
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reduced parameters,
Π = P

Pc
ν = v

vc
τ = T

Tc
We now put these in the equation of state, which gives usÅ

ΠPc + a

ν2v2
c

ã
(νvc − b) = kBτTc =⇒

Å Πa
27b2 + a

9ν2b2

ã
(3bν − b) = 8aτ

27b

=⇒ 3ab
27b2

Å
Π + 3

ν2

ãÅ
ν − 1

3

ã
= 8aτ

27b

=⇒
Å

Π + 3
ν2

ãÅ
ν − 1

3

ã
= 8τ

3

(16)

The above dimensionless Van der Waal’s equation in terms of the reduced parameters, is independent of
a and b and is thus universal, in the sense that, different gases are expected to follow the same equation.
The generalisation is known as the principle of corresponding states, which says that all fluids when
compared with respect to reduced parameters, have the same compressibility factor. The compressibility
factor is defined as Z = Pv

kBT
, with the critical value predicted by Van der Waal to be,

Zc = Pcvc
kBTc

= 3ab
27b2 × 8a

27b
= 3

8 = 0.375

Experimentally, the critical value of the compressibility factor is found to be in the range 0.28 − 0.33,
thus, Van der Waal’s equation does not provide an accurate quantitative estimate.

Figure 8: The Guggenheim plot for different gases with reduced parameter, showing that the trend
follows a universal function (Source: Guggenheim (1945) [2]).

5.2. Critical Opalescence
Critical opalescence refers to an enhanced scattering of light by a substance in this critical region. Such
enhanced scattering renders the substance milky white in reflected light.
As we know, at the critical point, KT = − 1

V

(
∂V
∂P

)
T

→ ∞ since the slope of the isotherm is zero at the
critical point. As KT ∝ σN where σN is the number fluctuations in the system, there is a huge number
fluctuation, due to which the scattering of light is intensified.

5.3. Critical Point Behaviour
We will now discuss the behaviour of gases in the vicinity of the critical point to analyse universality.
For T > Tc, there is always a unique volume corresponding to each pressure and hence, we can apply
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Taylor expansion around vc to write the pressure as,

P (T, v) = P (T, vc) + ∂P

∂v

∣∣∣∣∣
T

(v − vc) + 1
2
∂2P

∂v2

∣∣∣∣∣
T

(v − vc)2 + 1
6
∂3P

∂v3

∣∣∣∣∣
T

(v − vc)3 + O
ñÅ

v − vc
vc

ã4ô
Each of the coefficients are functions of temperature and hence, can be Taylor expanded about Tc.

P (T, vc) = P (Tc, vc)︸ ︷︷ ︸
Pc

+α(T − Tc) + O
ñÅ

T − Tc
Tc

ã2ô
∂P

∂v

∣∣∣∣∣
T,vc

=
�
�
�7

0
∂P

∂v

∣∣∣∣∣
Tc,vc

− a(T − Tc) + O
ñÅ

T − Tc
vc

ã2ô
∂2P

∂v2

∣∣∣∣∣
T,vc

=
�
�

���
0

∂2P

∂v2

∣∣∣∣∣
Tc,vc

+ b(T − Tc) + O
ñÅ

T − Tc
Tc

ã2ô
∂3P

∂v3

∣∣∣∣∣
T,vc

= −c+ O
ïÅ
T − Tc
Tc

ãò
At the critical point the slope and the curvature vanishes and hence the first terms in the second and
third equation is zero. Using the stability condition in Eq. (6), a > 0 for T > Tc and c > 0. b can have
any arbitrary sign1. Let us put these expression in the original Taylor expansion.

P (T, v) = Pc + α(T − Tc) − a(T − Tc)(v − vc) + b

2(T − Tc)(v − vc)2 − c

6(v − vc)3 + higher orders . . .
(17)

From this, we can predict the following things about different quantities:

• Let us consider only upto linear order in (T − Tc) and (v − vc), hence we neglect the fourth, fifth
and higher order terms. This gives us an approximate analytic solution for the pressure,

P (T, v) = Pc + α(T − Tc) − a(T − Tc)(v − vc)

We obtain ∂P
∂v = −a(T − Tc) and hence the isothermal compressibility at vc scales as,

lim
T→T+

c

K(T, vc) = − 1
vc

∂v

∂P
∼ 1
T − Tc

Experimental results identify the exponent as γ ≈ 1.3 where K(T, vc) ∼ (T − Tc)−γ .

• At T = Tc, the isotherm behaves as

P = Pc − c

6(v − vc)3 =⇒ (P − Pc) ∼ (v − vc)3

Experimental results identify the exponent as δ ≈ 5.0 where (P − Pc) ∼ (v − vc)δ.

The above analysis cannot be applied for T < Tc since then for each pressure, we have two volumes and
Taylor expansion cannot be effectively applied. Let us do the analysis in an alternate way using Eq.
(16). Consider the two volumes vliq and vgas for which the pressure is same at say some temperature T .
Then, from the equation we can write,

Π = 8τ/3
νg − 1/3 − 3

ν2
g

= 8τ/3
νl − 1/3 − 3

ν2
l

1These a, b are not the ones appearing in the Van der Waal’s equation.
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From this we obtain,

8τ
ï 1
νg − 1 − 1

νl − 1

ò
= 3
ñ

1
ν2
l

− 1
ν2
g

ô
= 3
ñ
ν2
g − ν2

l

ν2
l ν

2
g

ô
=⇒ τ = (3νl − 1)(3νg − 1)(νl + νg)

8ν2
gν

2
l

Note that the equation is symmetric in νg and νl and νg = νl = 1 at the critical point, which implies
that we can write

νg = 1 + ε

2 νl = 1 − ε

2
where ε ≡ νg − νl. We substitute this in the expression for τ , leading us to

τ =
2
(
2 − 3ε

2
)(

2 + 3ε
2
)

8
[(

1 + ε
2
)(

1 − ε
2
)]2 =

Ä
4 − 9ε2

4

ä
4
Ä
1 − ε2

4

ä2 =
Å

1 − 9ε2

16

ãÅ
1 − ε2

4

ã−2
≈
Å

1 − 9ε2

16

ãÅ
1 + ε2

2

ã
= 1 − ε2

16 + O(ε4)

Then substituting for the real variables, we have

(vgas − vliq) ∼ (Tc − T )1/2

Experimental results predict an exponent β ≈ 0.3 where (vgas − vliq) ∼ (Tc − T )β.
Van der Waal’s equation thus does not provide a perfect quantitative description of condensation, how-
ever, qualitative descriptions are more or less accurate. The exponents β, γ, δ . . . are called critical
exponents and many people dedicate their lives in finding the numerical value of these exponents.

Lecture 06: Correlations and Fluctuations
In here, we discuss a bit about an important quantity, the correlation function, which is an important
quantity to look at while studying phase transition. Recall from Eq. (1) that the density was given by
a sum over delta functions. We define the density-density correlation function (or simply the correlation
function) as,

G(r, r′) =
〈

[n(r) − 〈n(r)〉][n(r′) −
〈
n(r′)

〉
]
〉

=
〈
n(r)n(r′)

〉
− 〈n(r)〉

〈
n(r′)

〉
where n(r) − 〈n(r)〉 denotes the fluctuation of the density from its average value and 〈·〉 represent
the thermal (ensemble) average, using the distribution. For translationally invariant system, we have
G(r, r′) ≡ G(r − r′) and also, n(r) = n(r′). Then the above equation can also be written as,

G(r − r′) =
〈
n(r)n(r′)

〉
− n2

where 〈n(r)〉 = n. As |r − r′| → ∞, that is, the distance between two particles become very large, we do
expect them to be independent and no longer ‘correlated’. Thus, G(r − r′) → 0 as |r − r′| → ∞.
The correlation function kind of quantifies the fluctuations in the density. Earlier, we saw that the
isothermal compressibility also characterises the number fluctuations. Then, these two must be related
on some level. To see this, we note that〈

(N − 〈N〉)2
〉

=
〈 ∫

d3r {n(r − 〈n(r)〉)}
∫

d3r′ {n(r′ −
〈
n(r′)

〉
)
}〉

=
∫

d3rd3r′
〈

{n(r − 〈n(r)〉)}
{
n(r′ −

〈
n(r′)

〉
)
}〉

=
∫ ∫

d3rd3r′ G(r − r′)

Introducing the variables r′′ = r − r′ and R = r + r′, the integral changes accordingly.〈
(N − 〈N〉)2

〉
=

∫
d3R

∫
d3r′′G(r′′) = V

∫
d3r′′G(r′′)

The number fluctuation can also be written as,〈
(N − 〈N〉)2

〉
= 〈N〉2 kBT

V
KT = 〈N〉nkBTKT
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Consider an ideal gas, with PV = NkBT which gives us,Å
∂P

∂V

ã
T

= −NkBT

V 2 =⇒ K◦
T = − 1

V

Å
∂V

∂P

ã
= V

NkBT
= 1
nkBT

Using this, we can write the dimensionless compressiblity as,ÅKT

K◦
T

ã
=
〈
(N − 〈N〉)2〉

〈N〉
= V

∫
d3r G(r)
〈N〉

= 1
n

∫
d3r G(r)

The above is a very simple example of the fluctuation-dissipation theorem which relates the correlation
to the linear response of the system (compressibility, in our case).
Since the isothermal compressibility diverges at Tc, the integral also diverges and this implies that the
correlation function also becomes long ranged. The correlation length ξ (the characteristic length scale
after which G(r) decays) becomes as large as the wavelength of light and the density fluctuations scatter
light strongly, resulting in critical opalescence, as mentioned in sec. 5.2.

6.1. Structure Factor
Let us now try to quantify the scattering intensity when our fluid is subjected to some radiation. Assume
a quasielastic scatetring, that is, the incoming radiation has much larger energy than the typical excitation
energy of the system. Hence, the system can only absorb or emit very small amounts of energy and very
small energy transfer occurs.

k

k′ q

θ

From elastic scattering, |k| ≈ |k′|, the momentum transfer vector q = k′ − k has a magnitude,

|q| =
»

|k|2 + |k′|2 − 2|k||k′| cos θ ≈
»

2|k|2(1 − cos θ) = 2|k| sin
Å
θ

2

ã
Now, suppose that there are N particles in the target and the scattering amplitude for scattering from
particle i is ai(q). Then the total intensity of the scattered radiation is given by,

I(q) =

∞∣∣∣∣∣∣
N∑
j=1

aj(q)

∣∣∣∣∣∣
2∫

The scattering amplitude for particles at ri and rj are related just by a phase factor,

aj(q) = ai(q)e−iq·(rj−ri)

Using this, we can write the internsity as,

I(q) =

∞∣∣∣∣∣∣
N∑
j=1

a1(q)e−iq·(rj−r1)

∣∣∣∣∣∣
2∫

= |a1(q)|2
∞∣∣∣∣∣∣

N∑
j=1

e−iq·(rj−r1)

∣∣∣∣∣∣
2∫

= |a1(q)|2
∞∣∣∣∣∣∣

N∑
j=1

e−iq·rj

∣∣∣∣∣∣
2∫

(18)

as
∣∣eiq·r1

∣∣ = 1. If no correlations exist between the particles, then ∑
j
e−iq·(rj−r1) = N + ∑

j 6=1
e−iq·(rj−r1)

and ∑
j 6=1

¨
e−iq·(rj−r1)

∂
≈ 0 due to randomised phases which leads to,

I◦(q) = N |a1(q)|2

22



PH4202 Adv. Stat Phys Lecture Notes

Then we can write the dimensionless intensity as,

I(q)
I◦(q) = 1

N

〈(
N∑
j=1

eiq·rj

)(
N∑
i=1

e−iq·ri

)〉
= 1
N

〈(∑
i,j

eiq·(rj−ri)

)〉

= 1
N

∫
d3rd3r′

〈(∑
i,j

δ(3)(r − ri)δ(3)(r′ − rj)eiq·(r−r′)

)〉

= 1
N

∫
d3rd3r′

〈
eiq·(r−r′)

(∑
i,j

δ(3)(r − ri)δ(3)(r′ − rj)
)〉

= 1
N

∫
d3rd3r′ eiq·(r−r′)

〈Ç∑
i

δ(3)(r − ri)
å(∑

j

δ(3)(r′ − rj)
)〉

= 1
N

∫
d3rd3r′ eiq·(r−r′) 〈n(r)n(r′)

〉
= 1
N

∫
d3rd3r′ eiq·(r−r′)(G(r − r′) + n2)

Again using the same variable substitution, we obtain

I(q)
I◦(q) = V

N

∫
d3r e−iq·rG(r) + V 2

N

∫
d3r e−iq·r = V

N

∫
d3r e−iq·rG(r) + V 2n2

N
δ(3)(q)

The last term contributes only when q = 0 which is for θ = 0 (forward-scattering) and is omitted in
most cases. Hence, we define the structure factor S(q) as

S(q) = nI(q)
I◦(q) =

∫
d3r e−iq·rG(r)

S(q) is just the spatial Fourier transform of the correlation function. S(q) becomes extremely large as
we approach the critical point, for small values of |q|.

Lecture 07: Introduction to Ising Model
The Ising model is a prototypical model to study phase transitions in magnetic systems. Since its
fomulation by Lenz in 1920 and subsequent 1D solution by Ising and 2D solution by Onsager, Ising
model has penetrated deep into all fields. The Ising model is defined fairly simply, by the Hamiltonian,

H = −J
∑
〈ij〉

σiσj − h
∑
j

σj (19)

where σj ∈ {+1,−1} is a random variable which is given an interpretation of a classical spin. J and
h respectively denote the spin-coupling constant and the external field. The notation 〈ij〉 means that
the spins i and j are nearest-neighbours. The Ising model provides interesting numerical and analytical
artefacts till date which makes it an important system to study. The 1D solution is fairly simple, using
a transfer-matrix method which is provided in Appendix B.

7.1. Mean-field solution
In the mean-field solution for the Ising model, we ‘throw’ away the fluctuations in each spin, which makes
the spins interact with an ‘effective’ field resulting from the average orientation of the neighboring spins.
Consider the identity,

(σi − 〈σi〉)(σj − 〈σj〉) = σiσj − σi 〈σj〉 − σj 〈σi〉 + 〈σi〉 〈σj〉 (20)
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The LHS is zero since we are neglecting the spin fluctuations in the mean-field and hence the Ising
Hamiltonian in Eq. (19) becomes,

H = −J
∑
〈ij〉

σi 〈σj〉 − J
∑
〈ij〉

σj 〈σj〉 + J
∑
〈ij〉

〈σi〉 〈σj〉 − h
∑
i

σi

Due to translation invariance, 〈σi〉 = 〈σj〉 ≡ 〈σ〉 and hence can be taken out of the sum.

H = −J 〈σ〉
∑
〈ij〉

σi − J 〈σ〉
∑
〈ij〉

σj + J 〈σ〉2 ∑
〈ij〉

−h
∑
i

σi

= −2J 〈σ〉
∑
〈ij〉

σi + J 〈σ〉2 ∑
〈ij〉

−h
∑
i

σi

For each spin σi, let us suppose that we have γ neighbours. Since the sums are now independent of j,
these can be reduced to a sum over spins,

∑
〈ij〉

f(σi) = 1
2

∑
i

f(σi)
∑

j∈NN(i)
≡ γ

2

N∑
i=1

f(σi) =⇒ H = −Jγ 〈σ〉
∑
i

σi + JNγ

2 〈σ〉2 − h
∑
i

σi

= −heff

∑
i

σi + JNγ

2 〈σ〉2
(21)

where heff = h + Jγ 〈σ〉 is kind of the mean field which is subjected to each spin. The Hamiltonian
depends on 〈σ〉, however, given the Hamiltonian, we can also calculate 〈σ〉 from the partition function.
This leads to a self-consistent equation which we need to tackle!

Lecture 08: Mean-field solution for Ising model
We will continue our discussion of the mean-field solution of the Ising model. Previously, we had reduced
the Hamiltonian to a simplified expression, with an effective field.

HMF = −heff

∑
i

σi + JNγ

2 〈σ〉2 (22)

This is simple to solve, since this is N independent spins in a field. The partition function is,

Z =
∑
{σi}

eβheff
∑

σi · e−βE0 (23)

where E0 = JγN
2 〈σ〉2. Since the particles are independent, the sum over spins can be simplified as,

Z =

 ∑
σ∈{−1,1}

eβheffσ

N · e−βE0 = [2 cosh(βheff)]Ne−βE0

From this, the free energy is obtained as,

F (T, h) = −kBT ln Z = kBT [βE0 −N ln(2 cosh βheff)] = E0 −NkBT ln(2 cosh βheff)

From the free-energy, we can obtain the magnetisation,

M = −∂F

∂B
= NkBT tanh βheff × β = N tanh βheff

The magnetisation per spin is thus obtained as a transcendental equation,

〈σ〉 = M
N

= tanh(βJγ 〈σ〉 + βh) (24)
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We are interested in finding whether we have any spontaneous magnetisation in the system, that is,
magnetisation without an external field. Thus, let us take the case when h = 0. Now, define x := 〈σ〉

βJγ ,
so that the equation changes to,

x

βJγ
= tanh x

Now, note that βJγ should be dimensionless as x is dimensionless. This implies that Jγ should have
dimension of kBT . Let us define kBTc := Jγ which leads us to,Å

T

Tc

ã
x = tanh(x)

Given a temperature T , the left-hand side is just an equation of a line, with slope T
Tc

. Let us analyse the
situation graphically.
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Figure 9: Graphical analysis of the transcendental equation

In Fig.9, we have plotted tanh(x) and two straight lines, with T > Tc and T < Tc. For T > Tc, we see
that the line does not cut tanh(x) at any point other than x = 0. However, for T < Tc, we see that two
solutions exist, other than the trivial solution x = 0. As tanh(−x) = − tanh(x), if one of the solution is
x = +x0, then the other solution is x = −x0. A solution of x corresponds to a solution of 〈σ〉. Thus,

• T > Tc : 〈σ〉 = 0 is the only solution and there is no spontaneous magnetisation.

• T < Tc : Apart from 〈σ〉 = 0, we have two other solutions 〈σ〉 = ±m0.

The mean-field solution, which predicts a finite critical temperature, is clearly wrong for the 1D case,
where we know that no phase transition occur at any finite temperature. In 1D, the fluctuations are too
strong to throw away, since there are only two nearest neighbours to interact with.
For the Ising model, two important things to note are dimensionality and lattice structure. However, in
the mean-field Hamiltonian, γ (which is the only parameter depending on the topology of the lattice)
cannot distinguish between these two factors. For example, for a cubic lattice in 3D, we have six nearest
neighbours. Also, a triangular lattice in 2D has six nearest neighbours. Hence, these two lattices have
the same γ, however, Ising dynamics in both the lattices are expected to be quite different.
Mean-field analysis becomes exact if we increase the dimensionality of the lattice and also if we increase
the range of interaction, that is, we include higher order neighbours also. This ensures that the interaction
between the spins is indeed an effective interaction.

Lecture 09: More on Ising Model
We have predicted a phase transition for the Ising model using mean-field approximation. However,
the approximation seems to be inconsistent on many grounds, working well for higher dimensions and
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long-range interactions. It predicted that in 1D too, Ising model has a spontaneous magnetisation at
some finite temperature which cannot be. Even though we have solved the Ising system for dimension
d = 1 in appendix. B (and it has been painfully solved by many stalwarts for d = 2 case too), let us see
some arguments on why phase transitions cannot occur for 1D but it is possible in 2D Ising system.

9.1. Phase Transition in 1D Ising System
We will show that for T > 0 in d = 1 zero-field Ising Model, there exists no long-range order. Consider the
ground state of the Ising model at T = 0, which is ordered, with all spins aligned in the same direction.
Under open boundary conditions, this configuration has minimum energy E0 = −J(N − 1).

. . . ↑ ↑↑ ↑↑ ↑↑ ↑ ↑ ↑↑ ↑↑ ↑↑ ↑ . . .

The above configuration has entropy S = 0, since all the spins are aligned. Hence, the free energy of the
system is Fgrnd = E − TS = −J(N − 1).
On increasing the temperature, the spins flips randomly due to interactions and this increases the energy
of the system (since the interaction term is −J(−1) = +J only if neighbouring spins are oppositely
aligned). We need to check whether this destroys the long-range order. Now, consider a configuration
with one domain wall1 introduced at some point in the Ising chain, as shown in red below.

↑ ↑↑ ↑↑ ↑↑ ↑ ↑ ↑↑ ↑↑ ↑↑ ↑
. . . . . .

Introducing the domain wall increases the energy, due to the spins on either side of the domain wall.

Edw = −J(N+ − 1) − J(N− − 1) − J(−1) = −J(N − 1) + 2J

Thus introducing one domain wall incurs a cost of ∆E = 2J . Now, since there are N spins, this domain
wall can be placed at any of the (N − 1) positions. Then the entropy of the system with one domain
wall is S = kB ln(N − 1) and the free energy is Fdw = −J(N − 1) + 2J − kBT ln(N − 1). The change in
free energy is,

∆F = Fdw − Fgrnd = 2J − kBT ln(N − 1)

In the thermodynamic limit N → ∞ which implies that ∆F → −∞. The system can always lower the free
energy by creating a domain wall for any temperature T > 0. In fact, the free energy is further lowered
by introducing arbitrary number of domain walls, untill no domains remain at all. This implies that the
long-ranged order is unstable and there is no spontaneous magnetisation at any finite temperature in the
zero-field d = 1 Ising model.

9.2. Phase Transition in 2D Ising System ( Peierls’ Argument)
The situation becomes a bit different for d = 2 Ising model. To prove the existence of phase transition
at a finite temperature in d = 2, consider a case where all the outer layer spins in the lattice are of the
same type, say ↑. Now, consider the spin in the center of the lattice, highlighted yellow in Fig. 10.

1In simple terms, a domain wall is an imaginary boundary which separates domains. Domains are regions with the same
kind of spins, that is, all up or all down.
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Figure 10: 2D Ising lattice; the outer layer have all same spins while the center spin is oppositely
aligned with the outer spins.

If there is spontaneous magnetisation at some finite temperature, then the probability of the center spin
to be oppositely aligned to the outer spins become zero (since the lattice becomes ordered). Also, note
that the central spin is not particularly important and is just a representative of the bulk spin.
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Ω := Ωo :=⊃

Now, consider Ω to be the set of all configurations where all the outer layers have spin +. Naturally, if
we define Ω0 to be the set of all configurations where the central spin is − and all the outer layers have
spin +, we have Ω0 ⊂ Ω, as shown in the above figure. To have a phase transition is to show that the
probability of any configuration {σ} ∈ Ω0 → 0 as N → ∞.
To show that, we define a shoreline which is an imaginary closed loop separating + spins from − spins.
So, along the boundary of the shoreline, we have all opposite spins on either side. A given shoreline thus
separates spins σi and σj such that σi · σj = −1. Note that, in the interior of the shoreline, there can be
+ or − spins.
We define another set of configurations, Ωs in which every configuration has the central spin to be − and
all the outer layers have spin +. In addition to it, there is a fixed shoreline S surrounding the central
spin. Clearly, Ωs ⊂ Ω0
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Figure 11: The set of configurations showing the shoreline with a green line.
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The probability of a configuration inside Ωs is given by,

Prob({σ} ∈ Ωs) = 1
Z

∑
{σ}∈Ωs

e−βH({σ}) = 1
Z

∑
{σ}∈Ωs

exp

Ñ
βJ

∑
〈ij〉∈S

σiσj

é
exp

Ñ
βJ

∑
〈ij〉/∈S

σiσj

é
(25)

where we have broken the nearest neighbour sum into two parts: spins which are separated by the
shoreline and spins which are not. Note that if the spins are separated by the shoreline, then σiσj = −1
and the sum is just −n(S), where n(S) denotes the length of the shoreline. Thus, the probability becomes,

Prob({σ} ∈ Ωs) = 1
Z

∑
{σ}∈Ωs

e−βJn(S) exp

Ñ
βJ

∑
〈ij〉/∈S

σiσj

é
(26)

The remaining sum, where spins are not separated by the shoreline, is hard to calculate exactly and we
need to find an estimate for that.
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Figure 12: Flipping of all the spins inside the shoreline, taking σ → σ′

We consider a specific configuration {σ} ∈ Ωs and then flip all the spins in the inner side of the shoreline
as shown in Fig. 12. We call this configuration {σ′}. If a spin in this configuration is outside the
shoreline, then σi = σ′

i since the spins outside the shoreline remains unchanged. If the spins belong
inside the shoreline, then both spins have flipped and we have σ′

iσ
′
j = (−σi)(−σj) = σiσj . If the spins

are separated by shoreline, only one of the spins (which is in the inner side of the shoreline ) changes
and σ′

iσ
′
j = −σiσj = −(−1) = +1. Thus we have,∑

〈ij〉
σ′
iσ

′
j =

∑
〈ij〉∈S

σ′
iσ

′
j +

∑
〈ij〉/∈S

σ′
iσ

′
j = n(S) +

∑
〈ij〉/∈S

σiσj

Note that n(S) > 0 always which give us the inequality,∑
〈ij〉/∈S

σiσj =
∑
〈ij〉

σ′
iσ

′
j − n(S) <

∑
〈ij〉

σ′
iσ

′
j

Also note that σi → σ′
i is a one-to-one map and hence the sum of spins over Ωs is equal to the sum of

spins over Ω′
s. Using this and the estimate of the sum, Eq. (26) becomes,

Prob({σ} ∈ Ωs) <
1
Z

∑
{σ′}∈Ω′

s

e−βJn(S) exp

βJ ∑
〈ij〉

σ′
iσ

′
j


= e−βJn(S)

Z
∑

{σ′}∈Ω′
s

exp

βJ ∑
〈ij〉

σ′
iσ

′
j

 (27)

28



PH4202 Adv. Stat Phys Lecture Notes

Now, the RHS is the sum over all configurations in Ω′
s. Since ex > 0 for all x, this term is less than the

sum over all the configurations {σ} ∈ Ω. Thus,

Prob({σ} ∈ Ωs) < e−βJn(S) 1
Z

∑
{σ}∈Ω

exp

βJ ∑
〈ij〉

σiσj

 = e−βJn(S)

since the red term is just the definition of the partition function. Thus the probability of any configuration
in Ωs is less than e−βJn(S). However, we were interested in the situation where the configuration belonged
to Ω0 which can be obtained by summing over all such possible shorelines S.

Prob({σ} ∈ Ω0) =
∑
{S}

Prob(ΩS) <
∑
{S}

e−βJn(S)

Note that the length n of a shoreline can be n = 4, 5, 6 . . .. The minimum value is 4, for the shoreline
which contains only the central spin and this length increases. Then the sum over shorelines can be
written as,

Prob({σ} ∈ Ω0) <
∞∑
n=4

s(n)e−βJn

where s(n) denote the number of shorelines with length n. The final thing to do is to have an estimate
for s(n). For this, note that shorelines are closed curves. To form a shoreline, start from any point P .
We can move in only three directions (not in four) since shorelines are self-avoiding, so we cannot move
in the direction in which we had already formed a line.
The number of ways to form a shoreline of length n is thus ∼ 3n. Note that in this case, the choice of P
was arbitrary and we can essentially start from any of the n points. Thus, the number of shorelines of
length n is s(n) ∼ 3nn. Substituting this in the above expression,

Prob({σ} ∈ Ω0) <
∞∑
n=4

3nne−βJn ≡
∞∑
n=4

nrn <
∞∑
n=1

nrn where, r = 3e−βJ

From the ratio test, we have

lim
k→∞

∣∣∣∣ak+1
ak

∣∣∣∣ = lim
k→∞

∣∣∣∣∣(k + 1)rk+1

krk

∣∣∣∣∣ = lim
k→∞

Å
1 + 1

k

ã
|r| = |r|

and hence the sum converges if |r| < 1 =⇒ eβJ > 3. The value of the sum in the RHS is r
(r−1)2 and

hence,

Prob({σ} ∈ Ω0) <
r

(r − 1)2 = 3e−βJ

(3e−βJ − 1)2

As β → ∞ (corresponding to T → 0), Prob({σ} ∈ Ω0) → 0 and hence for sufficiently low temperatures
all spins in the systems tend to align even without an external magnetic field, proving the existence of a
phase transition.

9.3. Symmetries of the Ising Model
The zero-field Ising Hamiltonian has an obvious symmetry of σi 7→ −σi, which is broken if h 6= 0. In
non-zero field, from Eq. (19), we can see that if h → −h and {σ} → {−σ}, then the Ising Hamiltonian
remains invariant.

H(J, h, {σ}) = H(J,−h, {−σ})
This is called the time-reversal symmetry or Z2 symmetry. Let us see what happens to the partition
function under h → −h.

Z(−h, J, T ) =
∑
{σ}

exp [−βH(−h, J, {σ})]

=
∑
{σ}

exp [−βH(−h, J, {−σ})]

=
∑
{σ}

exp [−βH(h, J, {σ})] = Z(h, J, T )
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where in the second sum we used the fact that changing σ → −σ will not matter since we are summing
over both −1 and +1 spins. The free energy is just the logarithm of the partition function, hence it also
enjoys the symmetry,

F (−h, J, T ) = F (h, J, T )

From the free energy, we obtain the magnetisation

M(h) = −∂F (h, J, T )
∂h

= −∂F (−h, J, T )
∂h

= ∂F (−h, J, T )
∂(−h) = −M(−h) (28)

From the above expression, if h = 0 then we have M(0) = 0 for all temperatures, which apparently says
that phase transition is impossible in zero-field!

This situation arises since we assumed the derivative of the free energy is well-behaved which is indeed
true for finite systems, however, in the thermodynamic limit, F develops a kink for T < Tc and hence(
∂F
∂h

)
develops a discontinuity as shown in Fig. 13 (a)

F (h)
h

finite
N

infinite
N

h

M(h)

M0

−M0

(a) (b)

Figure 13: (a) Free energy and (b) Magnetisation behaviour in finite N and thermodynamic limit for
T < Tc.

In the thermodynamic limit, near h = 0 the free energy behaves as,

F (h) = F (0) − M0|h| + O(hq>1)

From this, if h < 0 then M(0−) = −M0 and if h > 0 then M(0+) = +M0 which is clearly discontinuous
as shown in Fig. 13 (b). It is clear that if we take the thermodynamic limit first and then take h → 0
and if we first take h → 0 for a finite N and then take N → ∞, we get two different behaviours. Thus,
the limits do not commute.

lim
N→∞

lim
h→0

Å 1
N

∂F (h)
∂h

ã
6= lim

h→0
lim
N→∞

Å 1
N

∂F (h)
∂h

ã
9.3.1. Spontaneous Symmetry Breaking

When the Hamiltonian of the system has a particular symmetry but the statistical behavior of the
system breaks that symmetry, we say that the symmetry is broken spontaneously. As seen before, the
zero-field Ising Hamiltonian enjoys a Z2 symmetry, under the exchange {σi} → {−σi}. For T < Tc in
the thermodynamic limit, we saw that

m = lim
N→∞

1
N

∑
i

〈σi〉 6= 0

Hence, at all temperature H has a symmetry under the exchange of spins but 〈σi〉 does not. Thus we
say that the symmetry is spontaneously broken for T < Tc.
This is different from the uninteresting explicit symmetry breaking in the h 6= 0 case, where the Hamil-
tonian itself does not have the Z2 symmetry from beginning.
Spontaneous symmetry breaking seems a bit counterintuitive if we naively see a probabilistic view-
point of the situation. Since the Hamiltonian has Z2 symmetry, the Boltzmann factor P ({σ}) =
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1
Z exp (−βH({σ})) is also invariant under this symmetry. Then the expectation,

〈σi〉 =
∑
{σ}

σiP ({σ}) = 0

The sum is zero because for a configuration {σi}, the opposite configuration {−σi} will have the same
Boltzmann factor, however, the σi factor in the sum will become −σi, which will cancel with the config-
uration. Thus, in the thermodynamic limit, we have to be careful with the calculation!
Consider the Ising model when h 6= 0. In this case, consider two configurations A and B which differ by
the fact that all spins in configuration B are the flipped spins of configuration A. Due to the field term
−h

∑
σi = −hNm, the probability of these two contributions will be

PA

PB
= exp[βhNm]

exp[−βhNm] =⇒ PB

PA
= exp[−2βhNm]

In the thermodynamic limit, for h > 0, PB
PA

→ 0 and hence the system must be in configuration A, with
magnetisation +m for any h > 0 (in particular, true for h → 0+). For h < 0, PB

PA
→ ∞ and hence

the system must be in configuration B, with magnetisation −m for any h < 0 (in particular, true for
h → 0−).
Thus, in an infinitesimal field close to zero and in the thermodynamic limit, there is a large weight
assigned to states with particular magnetisation +m or −m, for h > 0 and h < 0 respectively. This is
equivalent to setting h = 0 but taking a restricted ensemble, where we exclude the configurations with the
‘unpreferred’ magnetisation and thus, their Boltzmann weight is identically zero. Two such probability
distribution can be defined P+ and P− based on the magnetisation values. I haven’t gone through the
rigorous mathematical arguments for this, however, Goldenfeld advised to refer to [3], where this has
apparently been dealt with rigor.

Lecture 10: Some more on Ising Model
In the previous section, we noted some properties based on the symmetry of the Ising model. Let us now
continue our discussion on the mean field solution, focussing on critical exponents, that we previously
saw in the phase transition in fluids.

10.1. Critical Exponents
Critical exponents are defined as the limiting power-law behaviour of some thermodynamic quantities
near the critical point.

f(t) ∼ tλ =⇒ λ = lim
t→0

ln f(t)
ln t

The variable t is often taken to be the reduced temperature t := ± (T−Tc)
Tc

depending on whether we want
to approach from below or above Tc. The reduced temperature kinda is a measure of the distance from
critical point. It is taken to be dimensionless so that different models can be compared.
The critical exponents for T+

c and T−
c are found to be always equal, if they exist (like for magnetisation,

m = 0 for T > Tc so no exponent can be obtained in that case and hence, magnetisation is approached
only from below Tc).
From Eq. (24), the mean field magnetisation was written as 〈σ〉 = tanh(βh+ βJγ 〈s〉). Let us denote
m = 〈σ〉 and τ = Tc

T = βJγ. In terms of the reduced temperature t = Tc−T
Tc

, we have τ = 1
1−t . Using

tanh(x) ' x− x3

3 for x � 1, we get

m = tanh(τm) = tanh
Å

m

1 − t

ã
= m

(1 − t) − m3

3(1 − t)3 + . . .
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Solving this, we get m = 0 or m2 = (3t)(1 − t)2. Note that for T > Tc, t < 0 while (1 − t)2 > 0 ∀t.
Hence, m2 comes out to be negative, which is not possible. Thus for T > Tc we only have one solution
m = 0. The non-zero magnetisation is thus interesting for us and let us check what is the scaling of this,

m2 = (3t)(1 − t)2 = 3t+ O(t2) =⇒ m ∼ ±(3t)1/2

Thus we obtain the first critical exponent from the mean-field analysis,

m ∼
Å
Tc − T

Tc

ãβ
where, β = 1

2

Now, let us check what happens when h 6= 0, along the critical isotherm T = Tc =⇒ τ = 1. For small
m and (h/kBTc) � m, the magnetisation equation becomes,

m = tanh(βh+m) ' (βh+m) − 1
3(βh+m)3 + . . .

= (βh+m) − m3

3

Å3βh
m

+ 1
ã

+ . . .

From this we obtain a scaling between the field and magnetisation,

βh[1 −m2] = m3

3 =⇒ h = m3

3β(1 −m2) = m3

3β + . . . =⇒ h ∼ m3

We obtained the second critical exponent from the mean-field analysis,

m ∼ h1/δ where, δ = 3

We will now deal with the third exponent, but we have to be more careful here, since this will have scaling
both above and below Tc. For this, again consider the transcendental equation m = tanh(βh+ τm)
which, after expansion around small m and h � mkBT , can be written as,

h =
m(1 − τ) + τ3m3

3
β(1 − τ2m2)

Differentiating and retaining terms only upto O(m2),Å
∂h

∂m

ã
T

= m2τ2 + (1 − τ)
β (m2τ2 − 1)2

The denominator cannot provide any more m2 term and hence upto O(m2), the derivative is given by,Å
∂h

∂m

ã
T

= 1
β

ï
m2

(1 − t)2 − t

(1 − t)

ò
For T > Tc, m = 0 and for T < Tc, m2 = 3t(1 − t)2 as found before. Substituting this above, we get

χ+ =
Å
∂m

∂h

ã
T+

c

= β(t− 1)
t

= 1
kBT

ï
1 − Tc

Tc − T

ò
= 1
kB(T − Tc)

χ− =
Å
∂m

∂h

ã
T−

c

= β(1 − t)
t(2 − 3t) ' β(1 − t)

2t = 1
2kBT

ï
Tc

Tc − T
− 1
ò

= 1
2kB(Tc − T )

We obtained the scaling of the susceptibility,

χ+ ∼ (T − Tc)−γ′ where, γ′ = 1
χ− ∼ (Tc − T )−γ where, γ = 1

For T � Tc then χ+ ∼ 1
T , in accordance with Curie’s law. We see that γ = γ′ and hence, approach from

both side of the critical point is the same. Also, χ+
χ−

= 2 which is called the amplitude ratio.

32



PH4202 Adv. Stat Phys Lecture Notes

m

h

T = Tc

∼ h1/3

h

T
Tc

0

(a) (b) m

Tc

(c)

T
χ+χ−

Tc T

χ (d)

coexistence
curve

m < 0

m > 0

Figure 14: Scaling of various quantities in Ising model

Fig. 14 (a) shows the Ising model phase diagram. For low temperatures T < Tc, the system undergoes a
discontinuous phase transition in which m changes abruptly as it crosses from h < 0 to h > 0, denoting
a first-order transition. Shown in red is the coexistence curve, which ends at Tc. Beyond Tc, m changes
continuously across the h < 0 to h > 0 transition.
As we vary T for a fixed h, the magnetisation varies smoothly as shown in Fig. 14 (c) until Tc, after which
it becomes zero. The Ising model shows a first-order transition as a function of h but a second-order
transition as a function of T .

10.2. Bragg-Williams Approximation
This is kind of an alternate mean-field description of the Ising model. Consider the Ising lattice containing
N spins, with say, N+ up spins and N− down spins. Then the average magnetisation is given by,

m = N+ −N−
N+ +N−

= 2N+ −N

N
=⇒ N+

N
= 1

2(m+ 1)

The entropy of the system is defined as the number of ways by which a configuration with magnetisation
m can be produced. Hence, out of N spins, we choose N+ spins and the rest are set to N−, which gives
us,

Ω(N+, N−) = N !
N+!N−! = N !Ä

N(1+m)
2

ä
!
Ä
N(1−m)

2

ä
!

S = kB ln Ω(N+, N−)

Using Sterling’s approximation, lnN ! ≈ N lnN −N we obtain,

ln Ω ≈ (N lnN −N) − N(1 +m)
2 ln

Å
N(1 +m)

2

ã
− N(1 −m)

2 ln
Å
N(1 −m)

2

ã
+N

= N

ï
lnN − (1 +m)

2 ln
Å
N(1 +m)

2

ã
− (1 −m)

2 ln
Å
N(1 −m)

2

ãò
= N

ï
lnN − (1 +m)

2 ln (1 +m) − (1 −m)
2 ln (1 −m) − lnN − ln 2

ò
= N

ï
ln 2 − 1 +m

2 ln(1 +m) − 1 −m

2 ln(1 −m)
ò

The mean-field energy of the Ising model is given by,

U = −JγNm2

2 −Nhm

We can now calculate the free energy and minimise it to find the equation of state.

F (T,m,N) = U − TS = −JγNm2

2 −Nhm−NkBT

ï
ln 2 − 1 +m

2 ln(1 +m) − 1 −m

2 ln(1 −m)
ò
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which implies that,

∂F

∂m
= −JNγm−Nh+ NkBT

2 [1 + ln(1 +m) − 1 − ln(1 −m)] = −JNγm−Nh+ NkBT

2 ln 1 +m

1 −m
= 0

=⇒ 1 +m

1 −m
= e2β(Jγm+h) =⇒ m = e2β(Jγm+h) − 1

e2β(Jγm+h) + 1
= eβ(Jγm+h) − e−β(Jγm+h)

eβ(Jγm+h) + e−β(Jγm+h) = tanh(β(Jγm+ h))

Thus we obtained the same previous self-consistent equation m = tanh(βJγm+ βh) from this method.

10.3. Towards the Landau free energy
Instead of writing the Ising partition function Z(T, h,N) as a sum over all spin configurations, we can
write it as a sum over all possible magnetisations m. We can write,

Z(T, h,N) =
∑
m

∑
{σ}|m

e−βH({σ},N,h) ≈
∑
m

Ω(m,N)e−βHMF(m,N,h)

where Ω(m,N) is just the degeneracy factor, which tells us how many states are there with magnetisation
m and HMF is the mean-field Hamiltonian from Eq. (22). The above sum can be approximated by an
integral from −1 to 1, taking magnetisation to be continuous:

Z(T, h,N) =
1∫

−1

dm Ω(m,N)e−βHMF(m,N,h)

=
1∫

−1

dm eln Ω(m,N)e−βHMF(m,N,h)

=
1∫

−1

dm eln Ω(m,N)−βHMF(m,N,h)

=
1∫

−1

dm e
−βN

Å
−Jγm2

2 −mh− kBT

N
ln Ω(m,N)

ã
(29)

The blue term feels like some kind of thermodynamic potential but it depends both on m and h. Hence
this is some kind of pseudo-free energy called the Landau free energy denoted by L(m,h),

L(m,h) = −γJm2

2 −mh− kBT ln 2 + kBT

2 [(1 +m) ln(1 +m) + (1 −m) ln(1 −m)]

From saddle-point approximation, the integral will take the value at m = m∗, such that NL(m∗, h) is
minimum. Thus,

∂L
∂m

∣∣∣∣∣
m∗

= −γJm∗ − h+ kBT

2 [1 + ln(1 +m∗) − 1 − ln(1 −m∗)] = 0

From this we obtain the same transcendental equation tanh(βh+ βJγm) = m as before. Let us see some
insights from the plot of the Landau free energy.
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Figure 15: L vs. m at different temperature regimes. The curves have been appropriately shifted so
that L(m = 0) = 0

Fig. 15 (a) shows the variation of L(m) as m is varied between −1 and +1. For the zero-field case, L
is symmetric about m = 0. For T > Tc we have only one minima at m = 0 and for T < Tc we have
two mimima at ±m0 while m = 0 is a local maxima. The second derivative of the Landau free energy at
m = 0

∂2L
∂m2

∣∣∣∣∣
m=0

= −γJ + kBT

2

ï 1
1 +m

+ 1
1 −m

ò∣∣∣∣∣
m=0

= −Jγ + kBT =⇒ ∂2L
∂m2

∣∣∣∣∣
m=0,T=Tc

= 0

from our definition of kBTc = Jγ. Thus, for all values of h, m = 0 is an inflection point for T = Tc where
the curvature disappears, as is evident in Fig. 15.
For T < Tc, L has two degenerate minima for h = 0. However, when we take h 6= 0 then these minima
becomes non-degenerate, one becomes the stable minima and one becomes the metastable one (depending
on the sign of h). On increasing h, the magnetisation metastable minima keeps getting shallower and at
some h = h∗ (called the spinodal field), it disappears completely as shown in Fig. 16. The condition for
this is that ∂L

∂m = 0 and ∂2L
∂m2 = 0, which gives us

m− tanh (βh+ βJγm) = 0 1 − βJγ sech2 (βh+ βJγm) = 0

Using sech2(βh+ βJγm) = 1 − tanh2(βh+ βJγm) we obtain m∗ = ±
»

1 − 1
βJγ . What happens is that,

for h > 0 the metastable minima is at m < 0 and this is given by m∗ = −
»

1 − 1
βJγ while for h < 0,

m∗ = +
»

1 − 1
βJγ is the metastable magnetisation. From these spinodal magnetisation, we obtain the

spinodal fields by substituting this in the expression of βh = tanh−1(m) − βJγm according to whether
h < 0 or h > 0.

βh∗ = 1
2 ln
ï1 +m∗

1 −m∗

ò
− βJγm∗

Hence to summarise, we have the following cases:

• h = 0 −→ degenerate, equally likely minima at ±m0 for T < Tc.

• h 6= 0, h < h∗ −→ one stable and one metastable minima.

• h 6= 0, h > h∗ −→ only one stable minima.
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Figure 16: L vs. m for different values of h at T < Tc. On increasing h, the metastable minima at
m < 0 disappears.

The metastable state exists only between (−h∗,+h∗). At T = Tc we have βJγ = 1 which implies m∗ = 0
and hence ±h∗ coalesce to the same point. The phase diagram for h vs. T is shown below:

0.00 0.25 0.50 0.75 1.00

−1.0

−0.5

0.0

0.5

1.0

T

h

−h∗(T )

+h∗(T )

metastable region
First order line

Figure 17: Phase diagram for h and T . The blue shaded region denotes the states (h, T ) where the
metastable regions exist. The black line denotes the first order phase coexistence curve, ending at Tc.
Here Tc is taken to be 1 for the simulation.

10.4. Hysterisis
On varying the magnetic field at some fixed temperature T < Tc, we obtain a hysterisis in the Ising
model. Suppose we start with a high negative value of h � −|h∗|. In this case, only one global minima
is present (see Fig. 18 (a)). As we decrease the field magnitude (take the field towards zero), then at
h = −|h∗|, the metastable minima will appear, but the system will be sitting in the global minima. At
h = 0, the global and the metastable minima will become degenerate. On increasing h further in the
positive side, the previous global minima now become the metastable minima.
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Figure 18: Hysterisis curve from mean-field theory. (a) L(m) vs. m in different field regimes. The
global minima shifts on moving h from negative to positive. (b) Magnetisation vs. h curve, showing
the hysterisis loop.

The system should technically be sitting in the global minima, however, since it was previously occupying
the other minima (which has now become metastable), due to some kind of inertia, it still stays in the
metastable state, which happens until h hits +|h∗|. After that, the metastable minima disappears and
the system is forced to relocate to the global minima.
As shown in Fig. 18 (b), the black arrows traverse the path when we start from h < 0 while the red
arrows show the same when starting from h > 0. We can see that the paths are not the same and the
resulting m(h) curve is not reversible in time. This is the characteristic case of hysterisis!

Lecture 11: Landau Theory for Phase Transition: I
We move on to a formal description of the process encountered in the previous lecture. Here, will be be
doing away with the microscopic details. Although, time and again, we will be taking the Ising model
as our basis to build intuition and stuff, the method can be possibly generalised to other systems. We
will define the system in terms of an order parameter which we will take to be a scalar. However, order
parameters can literally be anything as long as it can distinguish between two phases.

11.1. Order Parameter
Order parameters can be scalars, or in general tensors or an element from a group, it can be real or
complex; there is a lot of diversity. The basic necessity is that, it should distinguish between phases. It
is usually zero in the unordered phase and non-zero in the ordered phase. For example, in the Heisenberg
model with the Hamiltonian,

H = −J
∑
〈ij〉
σi · σj − h ·

∑
i

σi (30)

where the spins on the lattice are vectors, the magnetisation M is a vector, such that M = 0 for T > Tc
and M = M n̂, pointing in some arbitrary direction n̂ for T < Tc.
For the superfluid transition in 3He, the order parameter is something called a pairing amplitude which
is kinda a complex matrix and has to do with formation of Cooper pairs. In superconductors, the energy
gap ∆ is often taken to be the order parameter. In fluid systems, as seen before, we took the density
difference between the phases to be the order parameter. In each of these, the number of components in
the order parameter are different.

37



PH4202 Adv. Stat Phys Lecture Notes

11.2. Expanding the energy
The Landau theory has to do with expanding a function L in powers of the order parameter. The function
L must obey the symmetry of the system. With all our might we write the phenomenological expansion,

L =
∞∑
i=0

ai({K}, T )mi (31)

where {K} denote the set of couplings in the model (for example, in the Ising model, J was our coupling
constant and also h, kinda). The expansion in itself is not that helpful, unless we do something stupid
with it. We expect that m should be small in and around Tc and hence we truncate the expansion upto
m4, leaving us with the quartic free energy,

L = a0 + a1m+ a2m
2 + a3m

3 + a4m
4

For the time being, let us consider the Z2 symmetry case as in zero-field Ising model. Thus, L(m) =
L(−m) which forces the odd terms to be zero viz. a1 = a3 = 0. Moreover, we want L to be bounded
below, since we hope to extract physical insights from minimising the free energy. If L has no finite
minima, then we can arbitrarily make that small by taking η → ∞ which is unphysical. Thus, a4 > 0 is
taken to make L bounded below.
All the coefficients here are dependent on temperature and the coupling. In the unordered phase, m = 0
and hence a0 denotes the value of L in the disordered phase. Since this coefficient is independent of the
order parameter, we can think of this as a smooth background field, containing the irrelevant degrees of
freedom, upon which the phase transition stuff is superimposed. We set a0 = 0, that’s it! We expand
the remaining coefficients with respect to the reduced temperature, t = T−Tc

Tc
:

a2 = a
(0)
2 + a

(1)
2 t+ O(t2)

a4 = a
(0)
4 + a

(1)
4 t+ O(t2)

(32)

We don’t need a4 upto the linear term also, since a4 comes with m4, which is itself assumed to be tiny.
So, we just take a4 to be some positive constant. We now minimise L, hoping to get some insights.

∂L
∂m

= 2a2m+ 4a4m
3 = 0 =⇒ m = 0 or m =

…
− a2

2a4
(33)

We assume m to be continuous across the transition, and hence a2(Tc) → 0, which implies that a(0)
2 = 0.

To summarise, with all our assumptions, we get the expression for the Landau free energy upto m4 to
be,

L = a2(T − Tc)m2 + a4m
4 (34)

where we have redefined the constants a2 and a4 by absorbing some constants. Let us now add the
magnetic field term h, which breaks the Z2 symmetry. The simplest way to incorporate this is through
a linear term. The free energy can then be written as,

L = a2
2 (T − Tc)m2 + a4

4 m
4 −mh (35)

Minimising this gives us,

∂L
∂m

= a2(T − Tc)m+ a4m
3 − h = 0 =⇒ a2(T − Tc)m+ a4m

3 = h

which is the equation of state. It is a cubic equation with potentially three roots.

38



PH4202 Adv. Stat Phys Lecture Notes

11.3. Finding Critical Exponents
Suppose h = 0. Then, from minimising L we get,

m = 0 m =
Å

−a2
a4

(T − Tc)
ã1/2

∼ (T − Tc)1/2 (36)

We can easily see from here that the critical exponent β = 1
2 . Now, suppose h 6= 0. Then at T = Tc we

have a4m3 = h =⇒ m ∼ h1/3 which gives us the critical exponent δ = 1
3 . From the equation of state,

we find that

∂h

∂m
= a2(T − Tc) + 3a4m

2 =⇒ ∂m

∂h
= 1
a2(T − Tc) + 3a4m2

For T > Tc, we have m∗ = 0 and for T < Tc we have m∗ =
»

−a2
a4

(T − Tc), using which we can obtain
the zero-field susceptibility,

χT+
c

= 1
a2(T − Tc)

=⇒ γ′ = 1

χT−
c

= 1
a2(T − Tc) − 3a4 · a2

a4
(T − Tc) = 1

2a2(Tc − T ) =⇒ γ = 1

The last exponent comes from the susceptibility which can be obtained from the specific heat Cv = −T ∂2L
∂T 2

for h = 0. For T > Tc, L = 0 as m∗ = 0. For T < Tc we have,

L = − a2
2

2a4
(T − Tc)2 + a2

2
4a4

(T − Tc)2 = − a2
2

4a4
(T − Tc)2 =⇒ Cv = a2

2
2a4

T

Thus, between T+
c and T−

c , we have ∆C = a2
2

2a4
Tc > 0 and thus there is a discontinuity in the specific

heat. It is clear from here that α = 0 which is the remaining critical exponent.

Lecture 12: Landau Theory for Phase Transition: II
We now add a cubic term to the free energy, which will lead to a first order transition.

12.1. First Order Transition

L = 1
2a2(T − Tc)m2 − 1

3a3m
3 + 1

4a4m
4 a4, a2 > 0 (37)

We can assume the a3 > 0, if not, define m′ = −m. The free energy no longer enjoys the Z2 symmetry.
Minimising the free energy gives us,

∂L
∂m

= a2(T − Tc)m− a3m
2 + a4m

3 = 0 =⇒ m = 0 or a4m
2 − a3m+ a2(T − Tc) = 0

The quadratic part gives us two solutions, namely,

m± = a3
2a4

±

 Å
a3
2a4

ã2
− a2
a4

(T − Tc)

From this, we see that if a2
3 < 4a2a4(T − Tc) then the above two solutions become complex and we are

left with only m = 0 as the real solution. If a2
3 > 4a2a4(T − Tc) =⇒ T < Tc + a2

3
4a2a4

, then we have three
real solutions. Let us denote T ∗ = Tc + a2

3
4a2a4

> Tc, which implies that even above Tc, for T satisfying
Tc < T < T ∗, three solutions do appear.
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Figure 19: Landau free energy L with the cubic term. (a) Phase diagram in the a3 vs. t plane. The
blue line denotes the first order line a2

3 = (9/2)a2a4t while the dashed grey line denotes the spinodal
line a2

3 = 4a2a4t (b) Behavious of L in different temperature regime.

Okay, now let us see the position of these three extremas. Note that m+ > m− and m+ > 0 from the
form of the expression, so only the position with respect to zero needs to be ascertained for m−. If we
want m− > 0, then Å

a3
2a4

ã2
>

Å
a3
2a4

ã2
− a2
a4

(T − Tc) =⇒ T > Tc

Thus, for T > Tc we have m+ > m− > 0 and for T < Tc we have m− < 0 < m+. The position of the
extremas are fixed. Now, let’s look at the curvature.

∂2L
∂m2 = a2(T − Tc) − 2a3m+ 3a4m

2

At m = 0, ∂2L
∂m2 = a2(T −Tc) which implies that for T < Tc we have a maxima at m = 0 and for T > Tc,

there’s a minima at m = 0. From these facts, we have:

• For T < Tc, m± are the minima and m = 0 is the maxima.

• For T > Tc, m+ and m = 0 are the minima and m− is the maxima.

Let us now see how the free energy behaves for different values of T > Tc, to ascertain which extremas
are global. At m = 0, we always have an minima and hence, to find the global things, we neet to compare
the other extremas with L(m = 0), so we look at the case when L(0) = L(m+) (since m− is the maxima,
we do not care about it). This is equivalent to simultaneously satisfying the two equations for m 6= 0,

L(m) = 0 ∂L
∂m

= 0

Eliminating m2 from these equations and definining ε = T − Tc, leaves us with,

4
Å1

3a3m− 1
2a2ε

ã
− a3m+ a2ε = 0
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from which we get, m = 3a2ε
a3

. Now, this m must be equal to m+, since this is the minima.

=⇒
Å3a2
a3

ε− a3
2a4

ã2
=
Å
a3
2a4

ã2
− a2
a4
ε

=⇒
Å3a2
a3

ã2
ε2 − 3a2

a4
ε = −a2

a4
ε

=⇒ 9a2
a2

3ε
= 2
a4

=⇒ a2
3 = 9

2a2a4ε

Define T ∗∗ = Tc + 2a2
3

9a2a4
< T ∗. We summarise all the cases below:

• For T > T ∗ we have only one minima m = 0.

• For T ∗∗ < T < T ∗ we have three extrema, the global minima is at m = 0 and at m+ we have a
local minima. m− is a maxima.

• For Tc < T < T ∗∗ we have three extrema, the global minima is at m+ and at m = 0 we have a
local minima. m− is still a maxima.

• For T < Tc, we have three extremas and m = 0 is a local maxima, while the global minima is at
m+. m− is a local minima.

But where does the first order transition take place? Note that, for T > T ∗∗ the minima is at m = 0 and
then, at T = T ∗∗, we have two minima at m = 0 and a finite m = m+ > 0. Just below T ∗∗ we have the
global minima as m+ which is not zero. Thus, there is a abrupt jump between the minima, which is the
telltale sign of a first order transition.

12.2. Tricritical Point
We now consider a free energy with Z2 symmetry, but with a higher order term, m6.

L = 1
2a2(T − Tc)m2 + 1

4a4m
4 + 1

6a6m
6 a6, a2 > 0 (38)

From the same old routine, we minimise the Landau free energy

∂L
∂m

= m(a2(T − Tc) + a4m
2 + a6m

4) = 0 (39)

Denoting t = T − Tc, the trivial solution is m = 0 while the four other solutions are given by,

m2 = − a4
2a6

±

 Å
a4
2a6

ã2
− a2
a6
t =⇒ m = ±

√
− a4

2a6
±

 Å
a4
2a6

ã2
− a2
a6
t

Suppose that, T > Tc and a4 > 0, which implies that a2t + a4m2 + a6m4 > 0 and cannot produce any
root, for all m and hence, ∂L

∂m has a unique root at m = 0. For T < Tc, consider a2t + a4x + a6x2 = 0
where we defined x = m2.
The discriminant of this equation is a2

4 − 4a6a2t. As T < Tc, we have t < 0 and hence the discriminant is
positive. This implies the existence of two roots to the equation. However, note that the product of the
roots is a2t

a6
< 0 which implies that one of the root is negative and the other is positive. We discard the

negative root, as x = m2 > 0 by definition. Then, apart from m = 0, only two root survive from this,
corresponding to x+ −→ m = ±√

x+, which are:

m = ±

√
− a4

2a6
+
 Å

a4
2a6

ã2
− a2
a6
t
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Figure 20: Landau free energy L with the sixth order term. (a) Phase diagram in the a4 vs. t plane.
The blue line denotes the second order line (a2 = 0) while the dashed grey line denotes the spinodal
line a2

4 = 4a2a6t (b) Behavious of L in different temperature regime.

as the ‘−’ root inside the square root gives imaginary solution. To see this, note that a2
a6
t < 0 and hence, Å

a4
2a6

ã2
− a2
a6
t =

ÃÅ
a4
2a6

ã2
+
∣∣∣∣∣a2
a6
t

∣∣∣∣∣ >
∣∣∣∣∣ a4
2a6

∣∣∣∣∣
Let us now look at the case when T > Tc but a4 < 0, which has all five real roots, provided a2

4 >
4a2a6t =⇒ a4 < −2

√
a2a6t. If a4 > −2

√
a2a6t, then the quantity under the root becomes imaginary

and all the four roots become complex, so only real root is m = 0.
As L → ∞ as m → ±∞, we must have three minima, separated by two maximas. From Z2 symmetry
or otherwise, we can say that for T > Tc, m = 0 is always going to be a minima (and for T < Tc, it is a
maxima). We now need to check whether the other two minima are lower in energy than m = 0 or not;
so we check as before, L(m) = L(0) = 0 along with ∂L

∂m = 0 which gives us two simultaneous equations,

6a2t+ 3a4m
2 + 2a6m

4 = 0
a2t+ a4m

2 + a6m
4 = 0

(40)

Multiplying the second equation by 2 and subtracting, we obtain:

4a2t+ a4m
2 = 0 =⇒ m2 = −4a2

a4
t

Substituting this again the one of the equations gives us,

a4 = − 4√
3

√
a2a6t < 0

Now, we summarise the cases for T > Tc:

• If a4 > −2
√
a2a6t then only minima is m = 0.

• If − 4√
3
√
a2a6t < a4 < −2

√
a2a6t, then five real roots appear, but the global minima is still m = 0.

• If a4 < − 4√
3
√
a2a6t, then five real roots appear and zero minima is the local minima, while the

other two (degenerate) minimas are global.
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For T < Tc, three extremas are three; m = 0 is a maxima while two other global minimas are present.
As before, there are two temperature scales involved, first is the spinodal temperature T ∗ = Tc + a2

4
4a2a6

where the minima first start to appear and T ∗∗ = Tc + 3a2
4

16a2a6
where the first order transition take place

(minima is the same as the minima at m = 0), as shown in Fig. 20. The point (t = 0, a4 = 0) in the
phase diagram, where the first and the second order line meet is called the tricritical point.

Lecture 13: Landau Theory for Phase Transition: III
In this lecture, we focus on how the order parameter changes and the emergence of interesting phe-
nomenon like hysterisis, for the m3 and m6 Landau theory.

13.1. Order Parameter Flow for m3

Consider the previous case of L with m3 term. We can change this to a one-parameter problem, following
a transformation. We want to keep the one parameter r associated with a2, since this is where the
temperature dependence is there. The other parameters need to be scaled somehow. If we say, a3 = ca4,
then we obtain

L = a4

Å
a2
2a4

(T − Tc)m2 − 1
3cm

3 + 1
4m

4
ã

If we now define the scaling m = cu then we obtain,

L = a4

Å
a2
2a4

(T − Tc)c2u2 − 1
3c

4u3 + 1
4c

4u4
ã

The last two terms contain c4. If the first term also somehow had c4 we can take it common. So let us
try the definition

a2(T − Tc)
a4

= rc2 =⇒ a2(T − Tc) = a2
3
a4
r

where r is our new parameter and the Landau free energy becomes,

L = a4c
4
Å1

2ru
2 − 1

3u
3 + 1

4u
4
ã

Rescaling L by a4c4, we obtain the following transformed function,

ϕ(u) = 1
2ru

2 − 1
3u

3 + 1
4u

4 (41)

which depends only on the parameter r (note that r contains the temperature dependence). The fixed
point for ϕ(u) are found from solving ϕ′(u) = 0,

ru− u2 + u3 = 0 =⇒ u = 0 u± = 1
2 ±
…

1
4 − r

From the second derivative, we have ϕ′′(u) = r−2u+3u2. For r > 1
4 we only have one fixed point, u = 0

and ϕ′′(u) = r > 0, hence u = 0 is a stable fixed point. Now, for 0 < r < 1
4 we have three extremas for

ϕ(u).
For this case, 0 < u− < u+ and hence, 0 and u+ are the minimas while u− is the maxima (from the form
of the potential). We need to check which of the minima is lower, for which we check ϕ(u) = ϕ(0) = 0.
Multiplying this by 12 and ignoring the u = 0 roots, we have 6r − 4u + 3u2 = 0. From minimisation
condition, we further have r − u + u2 = 0. Solving this simultaneously yields u = 3r and substituting
this in any one of the equation gives us r = 2

9 and u = 2
3 . Hence, for r > 2

9 , u = 0 is the global minima
while u = u+ is the local minima and this becomes opposite for 0 < r < 2

9 .
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For r < 0, u− < 0 < u+ and hence u = 0 becomes the unstable maxima and the minimas are that
u = u±.
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Figure 21: Hysterisis plot for ϕ(u) with the cubic term. The black line denotes the stable fixed points
while the red line represents the metastable fixed points. The dashed green line denote the unstable
points.

So, say if we start from a negative value of u and r, then the system quickly moves to the red line (which
is locally stable). As we increase r, we move along the red line to reach past r = 0 (shown by the magenta
arrows in the lower region of Fig. 21), still following the same line, since the line is locally stable. In this
case, there is no hysterisis.
Instead, if we start from some positive value of u initially, the system moves to follow the upper black
line; it continues to move like this till r = 1

4 , at which point the line ceases to exist and it quickly drops
down to u = 0+.
When coming back (starting with a high positive value of r), the system remains in u = 0 line, until
u = 0 becomes unstable at r = 0. At this point, the system jumps to the globally stable upper black line
and continues to move there (shown by the blue lines in the upper part of Fig. 21)).
Clearly, these paths, while going and returning, are not the same, and this demonstrates the hysterisis
in the theory.

13.2. Order Parameter Flow for m6

Let us move on to the sextic potential that we saw earlier,

L = 1
2a2(T − Tc)m2 + 1

4a4m
4 + 1

6a6m
6

We can perform the same kind of transformation here also. Taking a6 common we have,

L = a6

Å
a2
2a6

(T − Tc)m2 + a4
4a6

m4 + 1
6m

6
ã

Taking the scaling a4 = ±c2a6 1 and m = cu we obtain,

L = a6

Å
a2
2a6

(T − Tc)c2u2 ± c6

4 u
4 + 1

6c
6u6
ã

Defining the new scaling,
a2(T − Tc)

a6
= rc4 =⇒ a2(T − Tc) = a2

4
a6
r

1If a4 is positive, then we take the + sign, else take the − sign.
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Taking c6 common and rescaling L by c6a6, we get the transformed function,

ϕ(u) = 1
2ru

2 ± 1
4u

4 + 1
6u

6 (42)

We do not focus on the case with the + sign. We will deal mainly with the negative coefficient of u4.
Minimising ϕ(u) we obtain,

ru− u3 + u5 = 0 =⇒ r − u2 + u4 = 0

which gives us the roots,

u = ±

 
1
2 ±
…

1
4 − r u = 0

If r > 1
4 , then the only root is u = 0 (other roots become imaginary). If 0 < r < 1

4 then we have all the
roots. If r < 0 then

»
1
4 − r > 1

2 , then there are only three roots, u = 0,±
√

1
2 +
»

1
4 − r.

Note that ϕ′′(0) = r which implies that for r > 0, u = 0 is a minima and it is a maxima otherwise. For
r > 0, to check which is the global minima, we check ϕ(u) = ϕ(0) = 0 and ϕ′(u) = 0, which leads to the
simultaneous equations,

6r − 3u2 + 2u4 = 0
r − u2 + u4 = 0

solving which, we obtain u2 = 4r and r = 0 or r = 3
16 . Then, for r > 3

16 , u = 0 is the global minima.
For r < 3

16 , u++ and u−+ are the global stable minimas. Between 3
16 < r < 1

4 , u++ and u−+ are the
metastable minimas. From this, we obtain the following u vs. r plot.
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Figure 22: Hysterisis plot for ϕ(u) with m6. The solid black and grey line denote the stable fixed points
while the red line represents the metastable fixed points. The dashed green line denote the unstable
points.

There is an obvious u → −u symmetry in Fig. 22. When r is positive, the flow is towards the fixed point
u = 0, which persists even when r < 1

4 . When it reaches r = 0, u = 0 becomes unstable and the flow
shifts to either of the global fixed points u++ or u−+.
If we instead start from a higher positive value of u when r < 0, the system shifts to the upper black
branch and follows that line till r = 1

4 where the stable point is annihilated and the system abruptly
shifts to u = 0+, where it remains on increasing r further. We thus see that between 0 < r < 1

4 , the
dynamics is irreversible and there is hysterisis.
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Lecture 14: Spontaneous Symmetry Breaking
Let us re-visit the spontaneous symmetry breaking seen earlier, through the perspective of Landau
theory. SSB, as stated before, refers to the fact that in some regime, the ground state does not respect
the symmetry of the Hamiltonian. For a finite system, we observe no SSB since everything is analytic.
In the thermodynamic limit, we had seen,

m = − lim
h→0

∂

∂h

ï
lim
N→∞

F

N

ò
6= − lim

N→∞

ï
lim
h→0

Å 1
N

∂F

∂h

ãò
With the definition of the partition function using L, we can write the free energy from Eq. (29) as,

F = −kBT ln

 ∞∫
−∞

dme−βNL

 (43)

where we have extended the integral limits to ±∞. Taking derivative with respect to the field, we obtain,

∂F

∂h
= −kBT · −βN

∫
dm e−βNL(−m)∫

dm e−βNL = −N
∫

dm me−βNL∫
dm e−βNL (44)

where we assumed that L has the coupling term −mh with the field. Let us focus on the numerator
only, since the denominator is just the partition function and is always positive.

lim
h→0

∂F

∂h
∝ lim

h→0

∫
dm me−βNL = lim

h→0

 0∫
−∞

dm me−βNL +
∞∫

0

dm me−βNL

 (45)

Now, in the zero field limit, L(m) = L(−m) (presence of Z2 symmetry). Let we change the integral
variable m → −m, using which we get

lim
h→0

∂F

∂h
∝ lim

h→0

−
∞∫

0

dm me−βNL +
∞∫

0

dm me−βNL

 = 0 (46)

Thus, on taking the zero-field limit first, we get an overall zero magnetisation, even if we take the
thermodynamic limit after this. Let us now try to take the thermodynamic limit first and then take the
zero-field limit.

lim
N→∞

−kBT

N
ln

 ∞∫
−∞

dm e−βN(L̃−hm)

 = lim
N→∞

−kBT

N
ln

 0∫
−∞

dm e−βN(L̃−hm) +
∞∫

0

dm e−βN(L̃−hm)


= lim

N→∞
−kBT

N
ln

 ∞∫
0

dm
(
e−βN(L̃−hm) + e−βN(L̃+hm)

)
(47)

where L̃ denotes the Landau free energy without the field coupling. In the last step, we had used the
substitution m → −m as before. Let us suppose h > 0, then the integral can be written as,

lim
N→∞

−kBT

N
ln

 ∞∫
0

dm e−βN(L̃−hm)
î
1 + e−2βNhm

ó (48)

For a finite positive h, if N → ∞, then the blue term is really really small and hence can be neglected.
The remaining integral (evaluated by the saddle point approximation) takes the value where it peaks at
m∗. Taking the thermodynamic limit and h → 0+, we have:

− lim
h→0+

lim
N→∞

∂

∂h

ï
−kBT

N
ln e−βN(L̃(m∗)−hm∗)

ò
= − lim

h→0+
lim
N→∞

∂

∂h

î
L̃(m∗) − hm∗

ó
= m∗ (49)
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which gives a finite magnetisation. Suppose we had taken h < 0 initially,

lim
N→∞

−kBT

N
ln

 ∞∫
0

dm e−βN(L̃+hm)
î
1 + e+2βNhm

ó (50)

Since h < 0 then the red term goes to zero and exactly similarly, we obtain a finite magnetisation −m∗

when taking the zero field limit after the thermodynamic limit. This gives us the correct prescription of
analysing the spontaneous magnetisation, depicting SSB.

Lecture 15: Landau-Ginzburg Theory
In the Landau theory, we had assumed an average value m of the magnetisation for the entire system and
used this as the order parameter. However, this method is too rough as it misses any spatial dependence
of the order parameter. m was spatially homogenous which perhaps is not what we want. We now
generalise m → m(x) where m(x) is now a field.
We focus on magnetic systems only, however, this can be applied to more general systems. To see this
clearly, divide the system into N ′ different cells {I1, I2 . . . IN ′}, each with a characteristic length ∼ l as
shown below. Here l is a mesoscopic length scale, a � l � L where a is the lattice spacing and L is the
typical linear dimension of the lattice.

i

a

l

Figure 23: Coarse graining the lattice

Let the centre of cell I be x and define the local order parameter,

mI(x) = 1
NI

∑
i∈I

σi (51)

where NI is the number of spins in cell I. This process is called coarse graining, since we are defining an
order parameter, averaged over NI spins in each cell. Let us now define L in this case. At first glance,
it seems that

L({mI}) =
N ′∑
i

ï1
2a2(T − Tc)m2

i + 1
4a4m

4
i − himi

ò
We have suppressed the x parameter, since x is dependent on i itself. Note that the above free energy
does not take into account the cost of maintaining the local magnetisation in adjacent cells. Every mi

is independent and this can lead to large difference in the order parameter in adjacent cells. We assume
that the spatial variation of the local order parameter is ‘slow’ and for this, we introduce a symmetric
coupling term,

L({mI}) =
N ′∑
i

ï1
2a2(T − Tc)m2

i + 1
4a4m

4
i − himi

ò
+ 1

2
∑
ij

Cij(mi −mj)2 (52)
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where Cij is the short-range coupling and based on a characteristic cutoff length R, is defined as,

Cij =
®
c0 |i− j|l < R

0 |i− j|l > R

There are some subtleties here though. Note that x can take only discrete values, based on the position
of the cell. Hence we assume that N ′

N is small enough that x can be taken to be continuous. Moreover,
within each cell, mI(x) is quantised in terms of 1

NI
. We choose NI large enough, so that mI(x) can take

any value between −1 and +1. This allows us to replace mI(x) by just a continuous function m(x). Let
us now manipulate the coupling term now. Assume a 1D system for ease.

1
2

∑
ij

Cij(mi −mj)2 =
∑
i

R/l∑
j=1

c0(mi+j −mi)2

=
∑
i

R/l∑
j=1

c0

ï(mi+j −mi)2

(jl)2

ò
(jl)

2
(53)

The thing in the bracket looks like the discrete version of a derivative. In the continuum limit, this leads
to (∂xm(x))2, which becomes the gradient term (∇m(x)) · (∇m(x)) in general d dimensions. The sum
over i can be converted to a d-dimensional integral,∑

i

≡ 1
ld

∫
ddx

where ld is the elemental volume in each cell with centre x. The sum over j is just a constant and
depends on the interaction range R. Thus, absorbing every constants into a single parameter γ, the
coupling term becomes,

1
2

∑
ij

Cij(mi −mj)2 ' γ

2

∫
ddx (∇m(x))2

The final expression for the Landau free energy is,

L[m(x)] =
∫

ddx
ï1

2a2(T − Tc)(m(x))2 + 1
4a4(m(x))4 − h(x)m(x) + γ

2 (∇m(x))2
ò

(54)

Note that, L has now become a functional, that is, it takes a function m(x) and spits out a scalar. The
partition function calculation becomes a bit involved, since it contains the term exp(−βL[m(x)]) and we
have to perform an integral. However, this is not an ordinary integral, since the integration variable is
now a function m(x).
What happens is that there are infinite realisations of the function m(x) and we need to ‘integrate’ over
all these realisations. The process through which it is done is called functional integral or a more cool
sounding, path integral. The formal notation of the functional integral is,

Z =
∫

Dm(x) e−β
∫

ddx
î

1
2a2(T−Tc)(m(x))2+ 1

4a4(m(x))4−h(x)m(x)+ γ
2 (∇m(x))2

ó
(55)

Out of the infinite realisations of m(x), the one which gives the equation of state is the one which
minimises the free energy functional. For minimisation purpose, we have to invoke the concept of
function derivative since m(x) is a function. Thus, we have the equation of state as,

m∗(x) : δL
δm

= 0

Before formally going down this rabbit hole, let us find the minima by simply calculating the variation
δL when the function m(vbx) is varied from the minimising function as m(x) = m∗(x) + δm(x), such
that at the boundaries, δm = 0.

δL =
∫

ddx
[
a2(T − Tc)mδm+ a4m

3δm− hδm+ γ

2 × 2(δ(∇m) · (∇m))
]
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Let us calculate the variation of the gradient term.∫
ddx (∇m) · δ(∇m) =

∫
ddx (∇m) · ∇(δm)

IBP= −
∫

ddx (∇2m)δm+ Boundary terms

= −
∫

ddx (∇2m)δm

The boundary term is zero, since δm is zero at the boundaries. From the variation of the functional, we
obtained

δL =
∫

ddx
[
a2(T − Tc)m(x) + a4(m(x))3 − h(x) − γ∇2m(x)

]
δm = 0

Since δm is arbitrary, we have the equation of state satisfied by,

a2(T − Tc)m∗(x) + a4(m∗(x))3 − h(x) − γ∇2m∗(x) = 0

Lecture 16: Kink Solutions
In the previous lecture, we introduced a spatial variation of the order parameter, m(x). Consider the
1D Ising chain as an example. Suppose in the extreme left end of the chain, we have a ↑ spin while in
the extreme right, we have a ↓ spin.
If we keep this constraint fixed, then it is evident that somewhere in the middle, there should be a spin
flip (that is, we cannot continuously deform the left side to bring it to the right side). This inability to
continuously deform a configuration aptly indicates that this is a topological artifact.
This spin flip is nothing but a domain wall if we think about it. The domain wall is also exotically called
a kink or soliton depending on the context and the type of system used. Note that if there are two kinks,
then there are two spin flips and hence these cancel each other (that is, the boundaries have the same
spins). Thus, this configuration can be continuously deformed to the ground state which is uniform.

↑ ↑↑ ↑↑ ↑↑ ↑ ↑ ↑↑ ↑↑ ↑↑ ↑
+1 −1

Figure 24: Mapping of spins to the order parameter space.

The spins left and right of the kink can be mapped from the real space (of the lattice) to the order-
parameter space, where there are two points +1 and −1, as shown in Fig. 24. Thus a state (+,+) or
(−,−) will have all up spins and down spins respectively and hence are the ground states. The state
(+,−) ( state (−,+)) will have up spins on the left (right) and down spins on the right (left) of the kink.
These are the four topologically distinct sectors for the 1D Ising model. The state (−,+) is called the
kink state where we have up spins on the right of the chain while (+,−) is called the anti-kink state.
We want to see the variation of the order parameter across the domain wall. For this, consider the
following Landau functional,

L[m(x)] =
∫

ddx
ï1

2a2(T − Tc)(m(x))2 + 1
4a4(m(x))4 − h(x)m(x) + γ

2 (∇m(x))2
ò

Now, suppose spatial variations persist only in one direction, while all the other (d− 1) dimensions are
spatially uniform. Hence m(x) ≡ m(x) and let A be the integral over the rest of the spatially uniform
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(d− 1) dimensions (hence A ∼ ld−1).

L
A

=
∫

dx
ñ

1
2a2(T − Tc)(m(x))2 + 1

4a4(m(x))4 − h(x)m(x) + γ

2

Å
∂m(x)
∂x

ã2ô
(56)

Considering h(x) = 0, we get the equation of motion:

γ
d2m

dx2 = a2(T − Tc)m+ a4m
3 (57)

Multiplying both sides by dm
dx we get,

γ

Ådm
dx

ãd2m

dx2 =
[
a2(T − Tc)m+ a4m

3]Ådm
dx

ã
=⇒ γ

2
d

dx

Ådm
dx

ã2
= ∂

∂x

ï1
2a2(T − Tc)m2 + 1

4a4m
4
ò

=⇒ d
dx

ñ
γ

2

Ådm
dx

ã2
− 1

2a2(T − Tc)m2 − 1
4a4m

4
ô

= 0

=⇒ − γ

2

Ådm
dx

ã2
+ 1

2a2(T − Tc)m2 + 1
4a4m

4 = C

where C is a constant determined by the boundary conditions. So let’s set m(x → +∞) = m∞ =»
−a2
a4

(T − Tc) > 0 and dm
dx

∣∣∣
∞

= 0. Using this, we obtain the value of C

C = 1
2a2(T − Tc) ×

Å
−a2(T − Tc)

a4

ã
+ 1

4a4 × (a2(T − Tc))2

a2
4

= − [a2(T − Tc)]2
4a4

Substituting this value above, we get the equation as,

0 = −γ

2

Ådm
dx

ã2
+ 1

2a2(T − Tc)m2 + 1
4a4m

4 + [a2(T − Tc)]2
4a4

= −γ

2

Ådm
dx

ã2
+ a4

4

ï2a2
a4

(T − Tc)m2 +m4 +m4
∞

ò
= −γ

2

Ådm
dx

ã2
+ a4

4
[
−2m2m2

∞ +m4 +m4
∞
]

= −γ

2

Ådm
dx

ã2
+ a4

4
(
m2 −m2

∞
)2

(58)

from which get two solutions,  
2γ
a4

dm
dx = ±(m2 −m2

∞)

We take the −ve solution and then we integrate to get, 
2γ
a4

m∫
m(x0)

dm
m2

∞ −m2 =
x∫

x0

dx = (x− x0)

where x0 is the centre of the domain wall and we assume m(x0) = 0. On solving the integral, we obtain
the solution, 

2γ
a4

1
m∞

tanh−1
Å
m

m∞

ã
= (x− x0) =⇒ m(x) = m∞ tanh

ñ
m∞(x− x0)√

2(γ/a4)1/2

ô
= m∞ tanh

ñ
(x− x0)√

2(γ/a4)1/2(a2(Tc − T )/a4)−1/2

ô
Now, the red quantity has the dimension of length and we denote is by ξ. Physically, ξ denotes the
length scale over which significant change occurs across the domain wall. This is appropriately called
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the correlation length since this is the scale across which correlations between the spins persist. The
correlation length is temperature dependent as seen above. It scales as, ξ ∼ (Tc − T )−1/2, hence shows
a power-law divergence at T = Tc.

−4 −2 0 2 4
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)
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Figure 25: Spatial variation of order parameter. (a) m(x) at T < Tc. The black vertical dashed
line denotes the centre of the domain wall, while the green lines denote the extent of ξ. Within this
region, most changes occur across the domain wall. (b) m(x) for various temperatures. We see that
the correlation length gradually increases on increasing T .

The domain wall incurs some energy cost in the system. This is reflected in terms of the surface tension
σ defined as,

σ ≡
∞∫

−∞

ñ
1
2a2(T − Tc)m2(x) + 1

4a4m
4(x) + γ

2

Ådm
dx

ã2ô
−
ï1

2a2(T − Tc)m2
∞ + 1

4a4m
4
∞

ò
(59)

The above is just the increase in energy from the uniform ground state. This gives us,

σ =
∞∫

−∞

ñ
1
2a2(T − Tc)

(
m2(x) −m2

∞
)

+ 1
4a4
(
m4(x) −m4

∞
)

+ γ

2

Ådm
dx

ã2ô
dx

=
∞∫

−∞

ï1
2a2(T − Tc)

(
m2 −m2

∞
)

+ 1
4a4
(
m4 −m4

∞
)

+ a4
4 (m2 −m2

∞)2
ò

dx

=
∞∫

−∞

(
m2 −m2

∞
)ï1

2a2(T − Tc) + 1
4a4
Ä
m2 + �

��m2
∞
ä

+ a4
4 (m2 − �

��m2
∞ )
ò

dx

=
∞∫

−∞

a4
2
(
m2 −m2

∞
)2 dx =

∞∫
−∞

a4
2 × 2γ

a4

Ådm
dx

ã2
dx = γ

∞∫
−∞

ï d
dx

Å
m∞ tanh

Å
x− x0√

2ξ

ããò2
dx

(60)

Carrying out the integral yields us,

σ = γm2
∞

2ξ2

∞∫
−∞

sech4
Å
x− x0√

2ξ

ã
dx = γm2

∞
2ξ2 ×

√
2ξ

∞∫
−∞

sech4(t) dt = 4γm2
∞

3
√

2ξ

Using the definition of ξ from before, we get

σ = 4
3
√

2

»
γa3

2|Tc − T |3

a4
=⇒ σ ∼ |Tc − T |3/2 (61)

The surface tension goes to 0 at Tc and so domain walls are easy to form at the critical point.
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16.1. Physical Interpretation
At the extreme left end, m(x) → −m∞ and m(x) → +m∞ at the extreme right end. Note that

±m∞

are the minima of the free energy density. Hence, the domain wall allows us to go from one minima to
another. There is anothe physical interpretation of Eq. (57). This equation looks exactly like Newton’s
law ∂2y

∂t2 = −∂V
∂y , with m ↔ y and x ↔ t. Then this situation is like an inertial particle moving back and

forth between two hills, situated at ±m∞.

16.2. Topological Charge
Let us define the following quantity,

qT := 1
2m0

∞∫
−∞

dx
Ådm

dx

ã
=
ï
m(+∞) −m(−∞)

2m0

ò
(62)

qT is just dependent on the boundary conditions and hence, invariant under some local change of the
order parameter. For the ground states, (+,+) or (−,−), the topological charge is zero. For the kink
state (−,+) we have qT = +1 and for the anti-kink state (+,−) we have qT = −1. Two kinks (one kink
and other anti-kink or vice versa) is topologically equivalent to one of the ground states.

x

m
(x
)

(a)

x

m
(x
)

(b)

Figure 26: (a) Kink-antikink pair (b)Antikink-kink pair

Such kink and anti-kink pairs are deformable and annihilate each other as seen previously.

Lecture 17: Fluctuation-Response Relations
Given a partition function we can obtain the free energy as F = −kBT ln Z and from there we can find
the expectation value of the order parameter,

〈m(r)〉 = − δF

δh(r) =
∫

Dm e−βLm(r)∫
Dm e−βL (63)

The second expression is just the definition of the expectation value. In a similar way, the generalised
susceptibility (with spatial dependence) can be found out as,

χ(r − r′) = δ 〈m(r)〉
δh(r′) = − δ2F

δh(r)h(r′) (64)
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Using the definition of functional derivatives we can then write the variations,

δF = −
∫

ddr′ 〈m(r′)
〉
δh(r′) δ 〈m(r)〉 =

∫
ddr′ χ(r − r′)δh(r′)

We assume that L has a term −h(r)m(r). Differentiating the expectation value with respect to the field,
we have

χ(r − r′) = δ 〈m(r)〉
δh(r′) =

∫
Dm e−βL[m]βm(r)m(r′)∫

Dm e−βL −
[∫

Dm e−βLm(r)
][∫

Dm m(r′)βe−βL]
[
∫

Dm e−βL]2

= 1
kBT

[〈
m(r)m(r′)

〉
− 〈m(r)〉

〈
m(r′)

〉]
= βG(r − r′)

(65)

where G(r − r′) is the correlation function defined in Lec. 6. Hence we get a simple relation,

χ(r − r′) = βG(r − r′)

Note that we have assumed translational invariance from the beginning, that’s why we were writing the
functions as a different of the two vectors r−r′. We can easily use the Fourier transform for translationally
invariant systems.

χ(r − r′) =
∫ ddk

(2π)d χ̃(k)eik·(r−r′)

Using this in the above relation above, we get χ̃(k) = βG̃(k), which is an aspect of linear response theory.
The susceptibility is a response, which is linearly proportional to the correlation function, related to the
fluctuations in the system. Now, if the frequency of the external perturbation (like the Fourier modes of
the magnetic field) tends to zero, χ must reduce to the static isothermal susceptibility,

χT = lim
k→0

χ̃(k) = βG̃(0) = β

∫
ddr G(r) (66)

17.1. Calculating the correlation function (Ornstein-Zernike relation)
Here, we outline a method to calculate the correlation function. For that, let us take the derivative of
the equation of state with respect to the field.

δ

δh(r′)
[
a2(T − Tc)m(r) + a4m

3(r) − h(r) − γ∇2m
]

= 0

From the definition of susceptibility, we have[
−γ∇2 + a2(T − Tc) + 3a4m

2]χ(r − r′) = δ(d)(r − r′)

Using the linear response result, we have[
−γ∇2 + a2(T − Tc) + 3a4m

2]G(r − r′) = kBTδ
(d)(r − r′)

It is evident that the correlation function is the Green’s function for this differential equation. Let us
focus on the spatially homogenous case, m(r) ≡ m =

√
a2(Tc−T )

a4
for T < Tc and m = 0 for T > Tc.

Then, (
−∇2 + ξ−2

>

)
G(r − r′) = kBT

γ
δ(d)(r − r′) ξ> =

ï
a2(T − Tc)

γ

ò−1/2

and for T < Tc we haveÅ
−γ∇2 + a2(T − Tc) + 3a4 × a2(Tc − T )

a4

ã
= (−γ∇2−2a2(T−Tc)) =⇒

(
−∇2 + ξ−2

<

)
G(r−r′) = kBT

γ
δ(d)(r−r′)
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where ξ< =
î2a2(Tc−T )

γ

ó−1/2
. These are the correlation length defined above and below Tc. We see the

scaling of ξ with |Tc − T | and conclude that, ξ ∼ (Tc − T )−ν for T < Tc and ξ ∼ (T − Tc)ν
′ for T > Tc

with ν = ν ′ = 1
2 from the mean-field theory. In summary, the two-point correlation function satisfies the

differential equation,
(−∇2 + ξ−2)G(r − r′) = kBT

γ
δ(d)(r − r′)

Fourier transform of the equation yields,

G̃(k) = kBT

γ

1
k2 + ξ−2 (67)

This is kinda the Fourier transform of the Yukawa potential. Note that, at T = Tc, ξ → ∞ and hence
G̃(k) ∼ k−2. We can revert back to the real space correlation function using the polar coordinates which
we do now. For that, let us choose r′ = 0 and write the Laplacian in polar coordinates in d dimensions
which gives us, ï

− 1
rd−1

∂

∂r

Å
rd−1 ∂

∂r

ã
+ ξ−2

ò
G(r) = kBT

γ
δ(d)(r) (68)

Let us define ρ := r/ξ and G(ρ) = G(r/ξ). Moreover, the d-dimensional delta function gives δ(d)(ρξ) =
1
ξd δ

(d)(ρ). Using these variables, the differential equation becomes,ï
− 1
ρd−1

∂

∂ρ

Å
ρd−1 ∂

∂ρ

ã
+ 1
ò
G(ρ) = gδ(d)(ρ)

where we have defined g := kBT
γ ξ2−d. g is a strength of the fluctuations since this contains the correlation

length. Now, if ρ 6= 0, then

∂

∂ρ

Å
ρd−1∂G

∂ρ

ã
= ρd−1G(ρ) =⇒ G′′ + (d− 1)

ρ
G′ −G = 0

Define G(ρ) = ρ−νF (ρ) and carrying out the derivatives,

G′ = −νρ−(1+ν)F + ρ−νF ′ = ρ−ν
Å
F ′ − νF

ρ

ã
G′′ = −ν

î
ρ−(1+ν)F ′ − (1 + ν)ρ−(ν+2)F

ó
− νρ−(1+ν)F ′ + ρ−νF ′′

= ρ−νF ′′ − 2νF ′ρ−(ν+1) + ν(1 + ν)ρ−(2+ν)F

= ρ−ν
ï
F ′′ − 2ν

ρ
F ′ + ν(ν + 1)

ρ2 F

ò (69)

Let us substitute these in the above differential equation,

G′′ + (d− 1)
ρ

G′ −G = ρ−ν
ïÅ
F ′′ − 2ν

ρ
F ′ + ν(ν + 1)

ρ2 F

ã
+ (d− 1)

ρ
F ′ − ν(d− 1)

ρ2 F − F

ò
= ρ−ν

ï
F ′′ + d− 1 − 2ν

ρ
F ′ + ν(ν + 1) − ν(d− 1) − ρ2

ρ2 F

ò
= 0

(70)

Let us choose d−1−2ν = 1 =⇒ ν = d
2 −1. Then ν(ν+1)−ν(d−1) = ν(ν+1−d+1) = ν(ν+2−d) = −ν2.

Finally, we get the simplified differential equation,

ρ2F ′′ + ρF ′ − (ν2 + ρ2)F = 0

This is the modified Bessel equation and its solutions are given by the modified Bessel functions,

G(ρ) = ρ−ν(c1Iν(ρ) + c2Kν(ρ))
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Note that Iν ∼ eρ and hence it exponentially grows up, which we do not want. Thus, we keep only Kν(ρ)
in the solution and hence, G(ρ) ∼ ρ−νKν . The constant can be fixed by another complicated process
(which I skip) and finally we get,

G(ρ)
g

=
{
e−ρ d = 1

1
(2π)d/2

1
ρ(d−2)/2K d−2

2
(ρ) d ≥ 2 (71)

For ρ � 1 =⇒ r � ξ, Kν(ρ) ∼
Ä
π
2ρ

ä1/2
e−ρ and hence for d ≥ 2,

G(r) = g

(2π)d/2
1

ρ(d−2)/2K d−2
2

(ρ) −→ g

(2π)d/2
ξ(d−2)/2

r(d−2)/2

Å
πξ

2r

ã1/2
e−r/ξ

= ξ2−dkBT

γ

1
2d/2πd/2

ξd/2−1

rd/2−1
π1/2ξ1/2

21/2r1/2 e
−r/ξ

= kBT

γ
· π

(1−d)/2

2(1+d)/2 · e−r/ξ

r(d−1)/2 · 1
ξ(d−3)/2

(72)

For r � ξ (near Tc where correlation length diverges), Kν ∼ 1
2Γ(ν)

(ρ
2
)−ν and we get the expression:

G(r) = g

(2π)d/2
1

ρ(d−2)/2K d−2
2

(ρ) −→ g

(2π)d/2
ξ(d−2)/2

r(d−2)/2 · 1
2Γ
Å
d− 2

2

ãÅ2ξ
r

ã(d−2)/2

= kBT

γ
· ξ2−d · 1

2d/2πd/2
ξd−2

r(d−2)/2 Γ
Å
d− 2

2

ã
2d/2−2

= kBT

γ
· 1

4πd/2 · 1
rd−2 · Γ

Å
d− 2

2

ã
=⇒ G(r) ∼ r−(d−2)

(73)

Thus, near T = Tc, G(r) becomes a power-law and it is self-similar. There is no inherent length scale.
It has been experimentally seen that the exponent is not exactly (d − 2), hence we add a correction η,
which is a new critical exponent. Thus,

G(r) ∼ 1
rd−2+η (74)

From mean-field, η is obtained to be zero. The critical exponents heavily depend on the dimensionality
of space. As d increases, the exponents becomes closer to that of the mean-field theory. In general, the
exponents are not simple rational fractions, however, in d = 2 due to conformal symmetry (about which
I do not have any idea), the exponents become rational numbers.

Lecture 18: Some More Fluctuations
By now, we have realised that the mean-field theory is very unstable and in many cases, it breaks down.
Let us analyse when it is effective and when it is not. In MFT, we threw away the fluctuations and
hence, if the fluctuations become more than the order parameter scale, then it breaks down.
In general, we see that the exponents do match for d ≥ 4 using numerical results. What is so special
about d = 4?

18.1. Ginzburg-Levanyuk Criterion
Suppose we consider only regions of extent upto order ξ in each dimensions (so correlations persist). We
then define the correlation volume Vξ ∼ ξdαd where αd = πd/2

Γ( d
2 +1) is the volume of a unit d-sphere. Now,

within this volume, if the fluctuations are way smaller than the average value of the order parameter,
then we can say that MFT is kinda valid. Since the correlation is given by G(r) then, mathematically,
we can define the condition for validity of Landau theory,∫

Vξ

ddr G(r)

Vξ
� 〈m〉2 (75)
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This criteria is called the Ginzburg-Levanyuk criteria. We further analyse this,∫
Vξ

ddr G(r) � 〈m〉2 ξdαd

Now, from Eq. (66) the LHS just becomes the isothermal susceptibility1,

χTkBT � 〈m〉2 ξdαd =⇒ (−t)−γ � (−t)2βt−dν

where we used the reduced temperature t = T−Tc
Tc

and the various scaling laws, m ∼ (−t)β, χ ∼ (−t)−γ

and ξ ∼ (−t)−ν . From this, we finally obtain:

(−t)γ+2β−νd � 1 (76)

As t → 0 (near Tc), this condition is only satisfied if γ + 2β − νd < 0, since then the LHS becomes less
than 1 and blows up when the denominator becomes arbitrarily small. The criteria gives us,

γ + 2β
ν

< d (77)

Defining dc = γ+2β
ν as the upper critical dimension, we see that for the Ising universality class (that

is, those systems where the mean-field exponents are equal to that of the Ising model), dc = 4 as
γ = 1, β = ν = 1/2 which tells us why d = 4 is important.
From our previous discussion, we saw that for T < Tc,

ξ =
ï

γ

2a2(Tc − T )

ò−1/2
=⇒ ξ =

ï
γ

2a2Tc(−t)

ò−1/2
=⇒ ξd = ξd1(−t)−d/2

where ξ1 is the rest of the constants, having no temperature depedence. For T < Tc the susceptibility is
equal to,

χ = 1
2a2(Tc − T ) = 1

2a2Tc(−t)
Then, for T < T−

c the Ginzburg criteria gives us,

kBTc · 1
2a2Tc(−t)

� αdξ
d
1(−t)−d/2 · a2(−t)Tc

a4
=⇒ kBa4

2a2
2Tcξ

d
1αd

� (−t)2− d
2

Note that, from sec 11.3, the discontinuity in the specific heat was found out to be ∆C = a2
2

2a4
Tc which

exactly appears hear also. Define the GL reduced temperature as,

(−tGL) :=
ï

kB

4∆Cξd1αd

ò2/(4−d)
(78)

which tells us that MFT is valid only if (−t)(4−d)/2 � (−tGL)(4−d)/2. This relation is also dependent on
the dimension.

• For d > 4: As t → 0, since (4−d) < 0 the LHS can become arbitrarily large and hence the relation
is always satisfied, since the RHS is just a finite constant.

• For d < 4: As t → 0, the Ginzburg criteria is not satisfied. There exists a temperature TGL obtained
from tGL such that between Tc−TGL and Tc+TGL, the Landau theory is not applicable. This region
is called the fluctuation dominating window. The fluctuation dominating window is not universal
and depends on the system. It is very, very narrow for conventional superconductors, so narrow
that it cannot be probed by experimental means and hence experimentally it always matches with
the MFT results.

1In Eq. (66), the integral is over the whole space, but it is well approximated by the integral over the correlation volume,
since G is a rapidly decaying function.
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• For d = 4: Landau Theory is strictly not valid, however the Ginzburg criteria is marginally satisfied.
There are some logarithmic corrections due to fluctuations.

Tc + TGTc

T

fluctuation
dominating

window

MFT valid MFT valid

(MFT invalid)

Tc − TG

Figure 27: Fluctuation dominating window

This explains the significance of dc = 4 as the upper critical dimension. Although we considered the
Ising universality class, this procedure is also valid for other classes, however, dc 6= 4 for those systems.
Similar to the upper critical dimension, we do have a lower critical dimension dl. Below dl, fluctuations
are so strong that they kill all the ordering and hence the mean-field theory is not even qualitatively
correct (For Ising class, dl = 1). Between dl and dc, we can qualitatively explain things using MFT but
it will not provide quantitative accuracy.
Note: MFT is valid at T = 0, since at this temperature, no fluctuations exist. Also, when d → ∞ and
for infinite-range interactions, MFT is valid.

Lecture 19: Gaussian Approximation
We will try to incorporate some simple correction to MFT, to take care of the fluctuations. We try to
approximate the functional integral in some way. For that, assume some deviation from the uniform
magnetisation,

m(r) = m0 + φ(r)

For T > Tc, we have m0 = 0 and hence the Landau free energy becomes,

L[φ(x)] =
∫

ddx
ï1

2a2(T − Tc)(φ(x))2 + 1
4a4(φ(x))4 − h(x)φ(x) + γ

2 (∇φ(x))2
ò

We neglect terms greater than the quadratic order and also take the zero field case, which gives us,

L[φ(x)] =
∫

ddx
ï1

2a2(T − Tc)(φ(x))2 + γ

2 (∇φ(x))2
ò

≡
∫

ddx f(φ(x)) (79)

Let us consider a finite volume V = Ld, which will lead to the discretisation of the functional integral.
If we decompose the field in terms of its Fourier modes, then the momenta will take discrete values in
the d-dimensional space,

k = 2π
L

n n ∈ Zd

We define the Fourier transform as,

φ(x) = 1
V

∑
k
eik·xφ̃k

V→∞−−−−→
∫ ddk

(2π)d e
ik·xφ̃k
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We will work with the discrete case (finite volume) for now. Let us substitute this definition carefully in
the Landau functional.

f(x) = 1
V 2

∑
k,k′

γ

2
î
∇x ·

Ä
φ̃ke

ik·x
äóî

∇x ·
Ä
φ̃k′eik

′·x
äó

+ a2

2 (T − Tc)φ̃kφ̃k′ei(k+k′)·x

= 1
2V 2

∑
k,k′

[
−γk · k′ + a2(T − Tc)

]
φ̃kφ̃k′ei(k+k′)·x

There is only x dependence on the last exponential term. Integrating this over all the spatial dimensions
of our system 1, we will get a Kronecker delta,∫

ddx f(x) = 1
2V 2

∑
k,k′

[
−γk · k′ + a2(T − Tc)

]
φ̃kφ̃k′(V δk+k′,0) = 1

2V
∑

k

[
γk2 + a2(T − Tc)

]
φ̃kφ̃−k

Since the field φ(x) ∈ R, we have φ̃−k = φ̃∗
k which means that,∫

ddx f(x) = 1
2V

∑
k,k′

[
−γk · k′ + a2(T − Tc)

]
φ̃kφ̃k′δk+k′,0 = 1

2V
∑

k

[
γk2 + a2(T − Tc)

]∣∣∣φ̃k

∣∣∣2

Observe that φ(x) = φ̃0 + ∑
k 6=0

eik·xφ̃k which implies that, k = 0 is the uniform mean field solution while

k 6= 0 denotes the fluctuations. Previously we had performed a coarse-graining to define the Landau-
Ginzburg theory, which imposed a mesoscopic length scale l. Thus, |r| � l =⇒ |k| � 1

l . Hence, there
is a cutoff for the momenta, let us call it Λ. Thus the sum is restricted to only those momenta k which
satisfies |k| < Λ.

L[{φ̃k}] = 1
2V

∑
k

|k|<Λ

[
γk2 + a2(T − Tc)

]∣∣∣φ̃k

∣∣∣2 (80)

Now, divide the k-space into two halves, Ω and Ω′ such that if k ∈ Ω then −k ∈ Ω′2. We need to focus
only on one half, since if k ∈ Ω then −k ∈ Ω′ and these are not indepedent. Then the Landau functional
becomes,

L[{φ̃k}] = 1
V

∑
k∈Ω

|k|<Λ

[
γk2 + a2(T − Tc)

]∣∣∣φ̃k

∣∣∣2 (81)

Now, let us find the partition function, where we need to perform the functional integral. Since the
functional now depends on the Fourier modes, the functional integral measure will also change, which
we write as,

Z =
∫

Dφ(x) e−βL[φ(x)] ≡
∫ ∏

φ̃kφ̃
∗
k e

−βL[{φ̃k}]

Let us elaborate this a little bit explicitly, getting rid of some subtleties.

• Firstly, note that φ̃k and φ̃∗
k are in the same footing as the real and imaginary parts of φ̃k, so

henceforth we will use the real and imaginary parts in the integral measure which we denote as,
Re φ̃k ≡ φ̃Rk and Im φ̃∗

k ≡ φ̃Ik.

• Secondly, the limits of the product needs to be ascertained. Firstly, due to the same constraint
that the field is real, the positive and negative modes are not independent. Moreover, we also need
to take care of the cutoff. As a result, the product has the same limits as of the sum.

• While changing the measure to the Fourier modes, some constants surely crept in, which we would
simply write as N , since these would not be much of use.

1Note that the space is still continuous, even though the volume is finite
2One way to construct these regions can be to choose any arbitrary vector a and define Ω := {k|k · a > 0} and Ω′ :=

{k|k · a < 0}
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Then the partition function becomes,

Z = N
∫ ∏

k∈Ω
|k|<Λ

dφ̃Rk dφ̃Ik exp
ï
− β

V

[
γk2 + a2(T − Tc)

]
[(φ̃Rk )2 + (φ̃Ik)2]

ò
(82)

where we have converted the exponential of the sum as a product of exponentials. Each integral has
independent φ̃R/Ik going from −∞ to +∞ and the integrand is a Gaussian. Thus, for each k, the integral
gives two Gaussian results, one for the imaginary and other for the real part. So the partition function
becomes,

Z = N
∏
k∈Ω

|k|<Λ

πkBTV

γk2 + a2(T − Tc)
(83)

The free energy is then found by taking the logarithm,

F = −kBT

ln Z0 +
∑
k∈Ω

|k|<Λ

ln
Å

πkBTV

γk2 + a2(T − Tc)

ã = F0 − kBT

2
∑

|k|<Λ
ln
Å

πkBTV

γk2 + a2(T − Tc)

ã
In the last part, we included the sum over all k-space, which introduced the factor of 1/2 there. Next, we
will calculate the heat capacity using this free energy and see whether any changes from MFT is seen by
the introduction of fluctuations.

Lecture 20: Heat Capacity from Fluctuations
From MFT we know that the critical exponent α = 0 and there is just a finite discontinuity across the
transition point. However, in experiments, we have seen that the heat capacity actually diverges at the
critical point. Let us see whether we can explain this behaviour using the fluctuations. The heat capacity
at constant volume is given by,

Cv = −T ∂(S/V )
∂T

= −T ∂
2(F/V )
∂T 2

We had calculated the free energy with incorporated fluctuations, in the previous lecture. The fluctua-
tions are incorporated in the second term of the free energy, where the sum over k is there. Let us focus
on that part only.

Cv
T

= ∂2

∂T 2

1
2
kBT

V

∑
|k|<Λ

ln (πkBV T ) − ln
(
γk2 + a2(T − Tc)

)
= kB

2V
∂

∂T

 ∑
|k|<Λ

ln (πkBV T ) − ln
(
γk2 + a2(T − Tc)

)
+
ß

1 − a2T

γk2 + a2(T − Tc)

™
= kB

2V
∑

|k|<Λ

ï 1
T

− 2a2

γk2 + a2(T − Tc)
− a2

2T

(γk2 + a2(T − Tc))2

ò
= kB

2

∫
|k|<Λ

ddk
(2π)d

ï 1
T

− 2a2

γk2 + a2(T − Tc)
− a2

2T

(γk2 + a2(T − Tc))2

ò
where we have converted the summation to an integral, taking V → ∞. Now, we shall change the
integral to polar coordinates. The angular part will be integrated out as the integrand has no angular
dependence, giving us the solid angle Sd. We are then left with,

kB

2
1

(2π)d

Λ∫
0

kd−1dk
ï 1
T

− 2a2

γk2 + a2(T − Tc)
− a2

2T

(γk2 + a2(T − Tc))2

ò
Let us focus on these integrals one by one:
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• The first integral is,
Λ∫

0

kd−1dk 1
T

= 1
T

Λd
d

−→ just a finite constant

• The second integral is,

1
γ

Λ∫
0

kd−1dk 2a2

k2 + a2
γ (T − Tc)

= 1
γ

Λ∫
0

kd−1dk 2a2

k2 + ξ−2

Let us define q = ξk =⇒ dq = ξdk. Substituting this in the integral,

2a2

γ
· ξ2−d

Λξ∫
0

dq qd−1

1 + q2

Since we are interested at points near Tc, where ξ → ∞. Let us break the integral into two parts.
The second part is for large q (q � 1) while the first part is for q � 1 or q ∼ 1.

c∫
0

dq qd−1 +
Λξ∫
c

dq qd−3 =
ñ
qd

d

ôc
0

+
ñ
qd−2

d− 2

ôΛξ

c

∼ (w + ξd−2)

where w is some constant, obtained from the first part. The integral overall becomes,
2a2

γ
· (w + ξd−2)ξ2−d ∼ ξ2−d ∼ t−(1− d

2 )

ξ blows up at T = Tc and hence the contribution would be finite if 2 − d < 0 =⇒ d > 2.

• Let us now focus on the third integral

kB

2
1

(2π)d

Λ∫
0

kd−1dk a2
2T

(γk2 + a2(T − Tc))2

We do a similar kind of substitution q = ξk which gives us,

a2
2kBT

2γ2
1

(2π)d · ξ4−d
Λξ∫
0

dq qd−1

(1 + q2)2

Again, separating the integral into two parts gives us,
Λξ∫
0

dq qd−1

(1 + q2)2 =
c∫

0

dq qd−1 +
Λξ∫
c

dq qd−5 ∼ (w′ + ξd−4)

Then the contribution from the third integral becomes,

a2
2kBT

2γ2
1

(2π)d · ξ4−d(w′ + ξd−4) ∼ ξ4−d ∼ t−(2− d
2 )

The contribution would be finite if 4 − d < 0 =⇒ d > 4
For d < 2, both the integrals diverge while for d > 4, both converge. For 2 < d < 4, the first converges
while the second diverges. The scaling of the specific heat with the reduced temperature then becomes,

Cv ∼ t−(1− d
2 ) + t−(2− d

2 ) −→ t−(2− d
2 ) =⇒ Cv ∼ t−(2− d

2 )

Hence, we see that the fluctuations have shifted the exponent α from the mean field value of zero to
α =

(
2 − d

2
)

and we do get a diverging behaviour at T = Tc, in agreement with reality. However, this is
just a qualitative thing, since this exponent does not numerically agree with the experiments. Next, we
will see a bit about correlation functions with fluctuations.
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Lecture 21: Correlation due to Fluctuations
With respect to fluctuations, let us see how the correlation function changes. To begin our calculations,
let us start with the following,

〈∣∣∣φ̃q
∣∣∣2〉 =

∏
k∈Ω

|k|<Λ

∫
dφ̃Rk dφ̃Ik

∣∣∣φ̃q
∣∣∣2e−βL

∏
k∈Ω

|k|<Λ

∫
dφ̃Rk dφ̃Ik e−βL

=

∏
k∈Ω

|k|<Λ

∫
dφ̃Rk dφ̃Ik

[
(φ̃Rq )2 + (φ̃Iq)2]

e−βL

∏
k∈Ω

|k|<Λ

∫
dφ̃Rk dφ̃Ik e−βL

where L is the same as in Eq. (81). From this structure, we can see that if k 6= q, then the numerator
and denominator gets cancelled. Thus all we are left with is just the integral over q:∫

dφ̃Rq dφ̃Iq
[
(φ̃Rq )2 + (φ̃Iq)2] exp

(
− β
V

[
γq2 + a2(T − Tc)

][
(φ̃Rq )2 + (φ̃Iq)2])

∫
dφ̃Rq dφ̃Iq exp

(
− β
V [γq2 + a2(T − Tc)]

[
(φ̃Rq )2 + (φ̃Iq)2])

=

∫
dφ̃Rq (φ̃Rq )2 exp

(
− β
V

[
γq2 + a2(T − Tc)

]
(φ̃Rq )2)

∫
dφ̃Rq exp

(
− β
V [γq2 + a2(T − Tc)](φ̃Rq )2) +

∫
dφ̃Iq (φ̃Iq)2 exp

(
− β
V

[
γq2 + a2(T − Tc)

]
(φ̃Iq)2)

∫
dφ̃Iq exp

(
− β
V [γq2 + a2(T − Tc)](φ̃Iq)2)

These two integrals are same and are typical Gaussian integrals, whose values can be found using Ap-
pendix C:

2 ×
∫

dx x2e−cqx2∫
dx e−cqx2 = kBTV

γk2 + a2(T − Tc)

Thus, the average correlation is obtained as,〈∣∣∣φ̃q
∣∣∣2〉 = kBTV

γq2 + a2(T − Tc)
(84)

We can also use a heuristic equipartition method to get to this in an effortless way. From equiparition
we know that each degree of freedom gets a contribution of kBT/2. Then, in Eq. (80) for each k = q, we
have:

1
2V
[
γq2 + a2(T − Tc)

] 〈∣∣∣φ̃q
∣∣∣2〉 = 1

2kBT =⇒
〈∣∣∣φ̃q

∣∣∣2〉 = V kBT

γq2 + a2(T − Tc)

We thus obtain that in the Fourier space, V G̃(k) = kBTV
γk2+a2(T−Tc) . Putting k = 0 here gives us,

V G̃(k = 0) = kBTV

a2(T − Tc)
= kBTV χT

where χT = 1
a2(T−Tc) is the isothermal susceptibility. Hence, in this case the static susceptibility rule still

applies.

21.1. Hartree Approximation
We will now attempt to incorporate the quartic term in the calculations, which we neglected previously.
In doing so, we will be doing some extremely stupid stuffs, without any justifications and some answers
will emerge. This approximation is called the Hartfree/self-consistent field/random phase approximation.

What we do is, we consider a φ4 theory but replace two of the φ with their average value, that is,
φ4 −→ φ2 〈φ2〉.

There are six (= 4C2) ways to choose which two out of the four φ’s to take in the average. So the
Landau functional becomes,

L[φ] =
∫

ddx
ï
γ

2 (∇φ)2 + a2

2 (T − Tc)φ2 + 6a4

4 φ2 〈φ2〉ò (85)
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The effect of this is that the theory becomes φ2 but the coefficient of φ2 gets modified.

a2

2 (T − Tc) −→ a′
2

2 (T − Tc) = a2

2 (T − Tc) + 3a4

2
〈
φ2〉

Then the correlation found out before becomes,〈∣∣∣φ̃q
∣∣∣2〉 = kBTV

γk2 + a′
2(T − Tc)

= kBTV

γk2 + a2(T − Tc) + 3a4 〈φ2〉

Now, note the following,

〈
φ2〉 ≡ 〈φ(x)φ(x)〉 = G(x,x) =

∫ ddk
(2π)d G̃(k) =

∫ ddk
(2π)d

kBT

γk2 + a2(T − Tc) + 3a4 〈φ2〉

This is already a self-consistent equation for
〈
φ2〉. From the expression of the isothermal susceptibility,

χ−1
T = a′

2(T − Tc), we get:
χ−1

T − a2(T − Tc)
3a4

=
∫ ddk

(2π)d
kBT

γk2 + χ−1
T

Near the critical temperature, the susceptibility diverges and hence χ−1
T → 0. Now, there is no apriori

reason to consider the same critical point as in the φ2 theory. Denoting the new critical temperature as
T ∗ and changing to polar coordinates,

a2

3a4
(Tc − T ∗) = kBT

∗ · Sd

(2π)dγ2

Λ∫
0

dk kd−3 =
ñ
SdkB

(2π)dγ2 · Λd−2

d− 2

ô
T ∗

From here, we obtain the value of T∗,

T ∗ =
ñ

3a4SdkB

(2π)da2γ2 · Λd−2

d− 2 + 1
ô−1

Tc =⇒ T ∗ < Tc (86)

The transition temperature is depressed below that of the mean-field value. Also note that, as d → 2,
T ∗ → 0. This gives us the concept of the lower critical dimension, below which the critical fluctuations
become so violent that no phase transition at a finite temperature is possible. Hence for d < dl = 2, no
phase transition is possible.

Lecture 22: Continuous Symmetry-I
Till now, we focussed on a scalar order parameter, with only one component. Previously we had men-
tioned in passing that order parameters can be of any type. Here, we discuss about systems with
multicomponent order parameter. Consider the order parameter,

φ(x) ≡


φ1(x)
φ2(x)
φ3(x)

...
φN (x)


Since there are N components in the order parameter, the simplest way to impose symmetry is to consider
a free energy which is invariant under O(N) transformation, that is,

φα → φα = Rβαφβ R>R = 1

where R ∈ O(N), the orthogonal group. We have suppressed the position dependence in φ above, since
this is an internal symmetry, where the spatial points are not varied under the symmetry transformation.
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The free energy will be constructed out of scalars which are invariant under this transformation. The
simplest such case is,

L[φ(x)] =
∫

ddx

γ2 ∇φ · ∇φ︸ ︷︷ ︸
gradient part

+a2
2 (T − Tc)(φ · φ) + a4

4 (φ · φ)2 + . . .︸ ︷︷ ︸
homogenous part

 (87)

where ∇φ·∇φ ≡ ∂iφj∂iφj where the sum is over the repeated indices. The homogenous part is analogous
to the ‘potential energy’ while the gradient part is analogous to the ‘kinetic energy’. The Landau free
energy is invariant under any O(N) transformation by construction, so the symmetry of L is G ≡ O(N).
The homogenous part depends only on |φ| and hence if we minimise it with respect to the norm, we
obtain:

δL
δ|φ|

= 0 =⇒ a2(T − Tc)|φ| + a4|φ|3 = 0

Thus we obtain |φ| = 0 for T > Tc and |φ| =
»

a2
a4

(Tc − T ) for T < Tc. Note that minimisation of the
free-energy fixed the magnitude of φ, however, it still can have any orbitrary direction for T < Tc (for
T > Tc, φ = 0 since norm of a vector is zero iff the vector itself is zero). The minimisation condition
gives us one constraint in the symmetry broken phase (T < Tc),

φ2
1 + φ2

2 + · · · + φ2
N = a2

a4
(Tc − T )

In other words, φ ∈ SN−1, the (N − 1) dimensional sphere embedded in the N dimensional order
parameter space. What happens is, when T < Tc, the system ‘chooses’ a particular direction along the
sphere, in which the ground state φ points, which we call as spontaneous symmetry breaking. Let us
choose the ground state to be φ0 = (m0, 0, 0, 0, . . .) (any other point on the sphere would have been
equivalent but the calculations would be messier). If H is the symmetry of the ground state, then for
any R ∈ H we would have the invariance, Rφ0 = φ0. Now, note that:

(Rφ0︸︷︷︸
φ0

)>(Rφ0︸︷︷︸
φ0

) = (φ0)>(R>R)(φ0) = (φ0)>(φ0)

which implies that R is a orthogonal matrix. Now, from our choice of φ0 we have:

(φ0)j = (Rφ0)j =
∑
k

Rjk(φ0)k = Rj1m0

From this we observe that if j 6= 1 then Rj1 = 0 and for j = 1 we have R11 = 1. This implies that the
first column of the matrix is just (1, 0, 0, 0, . . .)>. As R is an orthogonal matrix, then each row must also
have unit norm. Since R11 = 1 already, the remaining elements of the first row must be all zeroes, to
maintain a unit norm. Now we have the structure of the matrix as,

R ≡
Å

1 0
0 M(N−1)×(N−1)

ã
We now again use the orthogonality of R to obtain,

R>R =
Å

1 0
0 M(N−1)×(N−1)

ã>Å1 0
0 M(N−1)×(N−1)

ã
=
Ç

1 0
0 M>

(N−1)×(N−1)

åÅ
1 0
0 M(N−1)×(N−1)

ã
=
Ç

1 0
0 M>

(N−1)×(N−1)M(N−1)×(N−1)

å
≡ 1

which implies that M>M = 1 and hence M ∈ O(N − 1). This implies that the symmetry of the ground
state H = O(N − 1). Thus, the O(N) symmetry of the theory is spontaneously broken down to its
O(N − 1) subgroup.
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Recall that the Ising model possessed Z2 symmetry where there were two degenerate ground states and
the system had to choose one of them. In here, we have the ground state space to be the entire sphere,
all having the same energy. Hence, there are infinitely many degenerate ground states to choose from in
the symmetry broken phase.

m2 

m1

Figure 28: Homogenous part of the Landau functional for n = 2. This is the famous Mexican hat
potential. The minima is spherically symmetric.

22.1. Fluctuations
Let us choose the particular ground state m0 = (m0 0 0 · · · 0)> and now we consider some fluctuating
field ψ such that,

φ ≡ m0 +ψ =


m0 + ψ1
ψ2
...
ψN


For simplicity, let us take N = 2 and thus we have m = (m0 + ψ1, ψ2), where ψ1 is parallel to m0 while
ψ2 is in the transverse direction. Substituting this in the Landau functional and doing calculation for
T < Tc, where m2

0 = −a2
a4

(T − Tc) we have:

L =
∫

ddx
[γ

2 (∇(m0 + ψ1, ψ2))2 + a2
2 (T − Tc)

(
(m0 + ψ1)2 + ψ2

2
)

+ a4
4
(
(m0 + ψ1)2 + ψ2

2
)2
]

=
∫

ddx γ

2
[
(∇ψ1)2 + (∇ψ2)2]− 1

2m
2
0a4
(
m2

0 + ψ2
1 + 2m0ψ1 + ψ2

2
)

+ a4
4
(
(m0 + ψ1)4 + ψ4

2 + 2(m0 + ψ1)2ψ2
2
)

=
∫

ddx
[γ

2
[
(∇ψ1)2 + (∇ψ2)2]+ a4

4
[
(m0 + ψ1)4 + ����2m2

0ψ
2
2 −

(
2m4

0 + 2m2
0ψ

2
1 + 4m3

0ψ1 + ����2m2
0ψ

2
2
)]]

=
∫

ddx
[γ

2
[
(∇ψ1)2 + (∇ψ2)2]+ a4

4
[
(m4

0 + ����4m3
0ψ1 + 6m2

0ψ
2
1) −

(
2m4

0 + 2m2
0ψ

2
1 + ����4m3

0ψ1
)]]

=
∫

ddx
ï
γ

2
[
(∇ψ1)2 + (∇ψ2)2]+m2

0a4

ï
ψ2

1 − 1
4m

2
0

òò
=

∫
ddx
ï
γ

2
[
(∇ψ1)2 + (∇ψ2)2]+ 1

2[2a2(Tc − T )]ψ2
1

ò
− L0

where L0 represents the ψ independent part of the functional. Except for the gradient, there is no
quadratic term for ψ2. We now write this in the Fourier space as before,

L = 1
2V

∑
|k|<Λ

[
γk2 + 2a2(Tc − T )

]∣∣∣ψ̃(1)
k

∣∣∣2 + γk2
∣∣∣ψ̃(2)

k

∣∣∣2 − L0 (88)

We see that the coefficient of ψ̃(1)
k has a term 2a2(Tc − T ) other than the k2 while no such thing occurs

for ψ̃(2)
k term. We can find the correlation function in the parallel and transverse directions (using say

the equipartition theorem),

G‖(k) ∼ 1
γk2 + 2a2(Tc − T ) G⊥(k) ∼ 1

γk2 (89)
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The transverse correlation function G⊥(r) in real-space is then the Coulomb potential (∼ 1/r) and hence
has a power-law decay with infinite correlation length, while the paralle one G‖(r) in real-space is the
Yukawa potential, with an exponential decay and correlation length ξ−2 = 2a2(Tc − T ).

We also have a pole in G⊥(k) at k = 0, which is called the Goldstone mode (which is gapless). If
general for the O(N) model in the symmetry broken phase, if instead of 2 components, we had taken a
general N , component order parameter, in each of the (N − 1) transverse components, we would have
gotten transverse modes with infinite correlation length and only 1 mode with a finite correlation length.
The mode with finite correlation length is called the Higgs’ mode (which is gapped).

The above is the manifestation of Goldstone’s Theorem which roughly says that to each broken gener-
ator corresponds a massless field 1. Well, broken generator means those generators g of G which do not
keep the ground state invariant, that is, g is not a generator of H. Since the number of generators of a
group is equal to its dimension, we have the number of Goldstone bosons to be,

n = dim G− dim H = dim O(N) − dim O(N − 1) = 1
2N(N − 1) − 1

2(N − 1)(N − 2) = (N − 1)

which is exactly what we found from the correlation function thing. Now, note that any broken generator
will not keep the ground state invariant and will take to some other vector on the sphere. This new
vector is also another ground state, since its magnitude is the same as before.

Thus, any broken generator shifts us from one ground state to another, without costing ‘energy’ (since
the Goldstone modes are gapless). From this, we see that the dimension of the space of the ground
state is equal to the number of Goldstone bosons. For example, the ground state belongs to SN−1 whose
dimension is (N − 1) which is equal to the number of Goldstone bosons that we found.

Lecture 23: Continuous Symmetry-II
Let us understand the gapped and gapless modes more closely. For that, consider the fluctuation ψ to
the ground state as defined before such that we can write,

φ =
ï
m0 + ψ1
ψ2

ò
Instead of writing the fluctuation in terms of the transverse component ψ2(x), we write it as a local
change in the direction.

m0

ψ1

ψ2

φ

θ

We can define tan θ = ψ2
m0+ψ1

. Considering the fluctuations to be small, we can effectively take tan θ ≈ θ
and |ψ1| � |m0| which gives us ψ2 ' m0θ. Then the transverse fluctuation is completely characterised
by θ. From Eq. (88), we can use the same equipartition theorem to find that,

V G⊥(k) =
〈∣∣∣θ̃k

∣∣∣2〉 = V kBT

γm2
0k

2 −→ G⊥(k) = kBT

γm2
0k

2

1This is in the context of QFT where propagators of a field have the form D(k) ∼ 1
k2+m2 where m is interpreted as the

mass of the particle.
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We now calculate the correlation function in real space, which gives us

G⊥(r) =
∫ ddk

(2π)d
kBT

γm2
0k

2 e
ik·r = − kBT

γm2
0
Cd (90)

where we defined this integral in terms of Cd which is the d-dimensional Coulomb potential for a unit
charge at the origin, which can be easily seen, since it satisfies the Poisson equation,

∇2Cd(r) = −
∫ ddk

(2π)d
1
��k

2 · (−��k
2 ) · eik·r = δ(d)(r) (91)

We can use Gauss’ theorem to evaluate this.

1 =
∫

ddx ∇2Cd(r) =
∫

ddx ∇ · (∇Cd(r)) =
∮
S

dS · ∇Cd(r) (92)

Since the source is at the origin, Cd must be spherically symmetric and hence the gradient is purely
radial, that is,

∇Cd = dCd
dr r̂

Substituting this in the equation above and integrating over a hypersphere, we obtain∮
S

dSr̂ · dCd
dr r̂ = dCd

dr

∮
S

dS = 1

Since dCd
dr on the surface of a hypersphere is a constant, as it is dependent only on r, so we pull it out

of the integral. The remaining integral is just the surface area of the d-dimensional sphere given by
Ad = Sdr

d−1 where Sd is the solid angle (or area of a unit sphere in d dimensions), which implies,

dCd
dr = 1

Sdrd−1 −→ Cd = 1
Sd

r∫
r0

dr′ 1
(r′)d−1 =

 1
Sd(d−2)

[
1

rd−2 − 1
rd−2

0

]
d 6= 2

1
Sd

ln
Ä
r
r0

ä
d = 2

(93)

where we imposed a lower cutoff to r, since the Landau-Ginzburg theory is a coarse-grained theory with
a characteristic length scale below which correlations do not have any meaning. Since G⊥ ∝ Cd we have
the long-range behaviour (r → ∞) of G⊥(r) as,

G⊥(r) ∼


1

rd−2
0

d > 2

r2−d → ∞ d < 2

ln (r/r0) → ∞ d = 2

(94)

For d > 2, the phase fluctuation is then finite while for d ≤ 2, they become asymptotically large. As
the phases θ ∈ [0, 2π), the divergence implies that long-range order of the phases is completely washed
out for d ≤ 2. This is the consequence of the Mermin-Wagner Theorem which states that systems with
continuous symmetry cannot have long-range order in d ≤ 2 at any finite temperature. Thus for such
systems, the lower critical dimension is dc = 2.

Now, let us examine the correlation function of the order parameter itself, that is, (notcompleted)

Lecture 24: Higgs’ Mechanism
Instead of considering a two-component vector order parameter ψ = (ψ1, ψ2)>, we can equivalently
consider a complex scalar field, ψ = ψ1 + iψ2 ≡ |ψ|eiθ. Then the O(2) invariance under a global rotation
changes to U(1) invariance of ψ under a global phase shift. Then the Landau functional becomes,

L =
∫

ddx
[γ

2 (∇ψ)∗(∇ψ) + a2
2 (T − Tc)ψ∗ψ + a4

4 (ψ∗ψ)2
]

(95)
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We integrate the gradient term by parts, after which we write the Landau functional as,

L =
∫

ddx ψ∗
[
−γ

2∇
2 + a2

2 (T − Tc) + a4
4 (ψ∗ψ)

]
ψ ≡

∫
ddx ψ∗H̃ψ

where H̃ is a non-linear Hamiltonian and L is just the expectation value of this Hamiltonian. Let us
now move on to superconductors.
Technically, we can treat superconductors using the BCS theory, which is a microscopic approach, how-
ever, here we do a coarse-grained study using the Landau-Ginzburg theory. Till now, we had neutral
fields, but since superconductors are basically condensates of electronic Cooper pairs, these are essentially
charged and hence, will couple to electromagnetic fields.
To incorporate this, we impose a local gauge invariance and the gradient term is changed due to minimal
coupling

∇ → ∇ − iq

~
A

where q is the charge of the field and A(x) is the vector-potential (which introduces a magnetic field
h = ∇ × A). We also get a contribution of 1

µ2
0
(∇ × A)2 from the vector potential. Thus, the modified

Landau functional becomes,

L[ψ,A] =
∫

ddx ~2

2m

ïßÅ
∇ − iq

~
A
ã
ψ

™∗ßÅ
∇ − iq

~
A
ã
ψ

™ò
+ a2

2 (T−Tc)(ψ∗ψ)+ a4
4 (ψ∗ψ)2+ 1

2µ0
(∇×A)2

(96)
where we now introduced a ~2

2m factor in place of γ, to make it look more quantum-mechanical. To find
the equation of state, we vary L separately with respect to ψ (or better, ψ∗) and A. Let us start with
the gradient term which is the most complicated.

δψ∗

∫ ïßÅ
∇ − iq

~
A
ã
ψ

™∗ßÅ
∇ − iq

~
A
ã
ψ

™ò
=

∫ ßÅ
∇ − iq

~
A
ã
ψ

™ïÅ
∇ + iq

~
A
ã

(δψ∗)
ò

=
∫ ßÅ

∇ − iq

~
A
ã
ψ

™
· ∇(δψ∗) +

ßÅ
∇ − iq

~
A
ã
ψ

™
·
Å
iq

~
A
ã

(δψ∗)

IBP−−−→
∫

(δψ∗)
ïßÅ

∇ − iq

~
A
ã
ψ

™
·
Å
iq

~
A
ã

− ∇ ·
ßÅ

∇ − iq

~
A
ã
ψ

™ò
= −

∫ Å
∇ − iq

~
A
ã2
ψ

The variation of the other terms are straight forward. Doing this, we obtain the equation of state:

(i~∇ + qA)2ψ + a2
2 (T − Tc)ψ + a4

2 |ψ|2ψ = 0 (97)

This equation handles the average behaviour of the order parameter. Let us now find the variation with
respect to A. Let us focus on the term,

δA

∫
(∇ × A)2 = 2

∫
(∇ × A) · (∇ × δA)

= 2
∫

(∇ × A)i(εijk∂j(δA)k)

= −2
∫
∂j(∇ × A)i(εijk(δA)k)

= 2
∫
εkji∂j(∇ × A)i(δA)k

= 2
∫

(∇ × (∇ × A)) · (δA)

And the variation of the kinetic terms become:

δA

∫ ïßÅ
∇ − iq

~
A
ã
ψ

™∗ßÅ
∇ − iq

~
A
ã
ψ

™ò
=

∫
iq

~
(ψ∗∇ψ − ψ∇ψ∗) + q2

~2 |A|2|ψ|2
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Then what we get overall from the variation of the vector potential is,

1
µ0

∇ × B + iq~
2m(ψ∗∇ψ − ψ∇ψ∗) + q2

m
|A||ψ|2 = 0 (98)

Let us define the current,

J := q~
2im(ψ∗∇ψ − ψ∇ψ∗) − q2

m
|A||ψ|2

which gives us the equation in simplified form as,

∇ × B = µ0J

This equation handles the electrodynamic degrees of freedom. Suppose we want an uniform solution
with zero current. Then the gradients will vanish and also J = 0, which gives us A = 0 and from the
equation of state we get,

|ψ0|2 = −a2
a4

(T − Tc)

24.1. Gaussian Fluctuations

24.2. Meissner Effect

Lecture 25: Scaling Relations
Till now, we have had numerous (apparently pointless) discussions on the critical exponents α, β, γ, δ . . .
blah blah. There are so many of them and we are now interested in finding some relations between
these exponents. It turns out that all these are not independent. Finding a few of them will help
us to calculate of all them through relations called the scaling laws. These can be obtained from the
static scaling hypothesis which treats thermodynamic quantities near the critical points to be generalised
homegenous functions.

The beginning to all these was perhaps an attempt of exploratory data analysis, where we look for
pattens in data and find an explanation for them. The ultimate basis for this is the OG renormalisation
group, which we will deal with later.

25.1. Scaling for Magnetisation
From our previous discussions, we know that in the zero-field and for T < Tc, m ∼ (−t)β (where
t = (T − Tc)/Tc is the reduced temperature) while at T = Tc, m ∼ h1/δ. Let us now combine these into
a single expressions, showing dependence of magnetisation on both T and h,

m(t, h) =
{
tβF+

Ä
h
t∆

ä
t > 0

(−t)βF−
Ä

h
(−t)∆

ä
t < 0

(99)

where ∆ is a “new” exponent which is introduced and is often referred to as the gap exponent. F± are
well-behaved universal functions1. This is still a bit ad hoc and we need to justify writing this expression.
However, let us come to what we can do, provided this expression is valid. Firstly from the experimental
data, if we plot m/|t|β vs. h/|t|∆, then we expect that all the data across various systems will fall on
the same curve. This is called data collapse and is very useful for estimating the exponents (but we do
have to “guess” the exponents for the collapse, since these are not known beforehand).
We can also extract information from various limits of this scaling. Let us first take h → 0 which gives
us,

m(t, h) =
®
tβF+(0) t > 0
(−t)βF−(0) t < 0

1So, these functions will be same for every system belonging to the same universality class
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Based on the previous discussions, we expect F+(0) = 0 and F−(0) = const. 6= 0. Now, let us take t → 0
keeping h to be small but non-zero. Then (h/t∆) → ∞, but we want m to be finite in this limit and to
follow m ∼ h1/δ. This forces us to assume a power-law behaviour for F± with some exponent ρ,

F±(x) ∼ xρ =⇒ m ∼ |t|β ×
ñ
h

|t|∆

ôρ
= |t|β−∆ρhρ

The exponent of |t| must cancel since we know m ∼ h1/δ and hence we can conclude β = ∆ρ and ρ = 1
δ .

This gives ∆ = βδ , which implies that ∆ is not anything new, just the product of two previously
obtained exponents.
Let us now move on to the derivatives, starting with susceptibility.

χ ∼ ∂m

∂h

∣∣∣
h=0

= |t|β ∂
∂h

ñ
F±

Ç
h

|t|∆

åô
h=0

· 1
|t|∆

= |t|β−∆F ′
±(0)

Using the form χ ∼ |t|−γ we conclude that β − ∆ = −γ =⇒ ∆ = β + γ . Using the above two
expressions for ∆, we obtain our first scaling relation,

βδ = β + γ (100)

which is known as the Widom scaling law. The validity of this relation is seen across multiple experiments
for diverse systems. Moreover, the relation is independent of the dimension of the system. Even though
the actual exponents differed from those predicted by the mean-field approach, the scaling law still
seemed to be valid, which implies a more fundamental basis of scaling laws.

25.2. Scaling for Free Energy
Let us now try to find a similar thing for the free energy. For that, let us assume a scaling form of F (t, h),

F (t, h) = tλF̃
Å
h

t∆

ã
We consider the scenario only for t > 0. Differentiating once with respect to the field gives us the
magnetisation

m = −∂F

∂h
∼ tλF̃ ′

Å
h

t∆

ã
· 1
t∆

Then this tells us that λ− ∆ = β , from the previous scaling form. Differentiating F once with respect
to the temperature gives us,

∂F

∂t
= λtλ−1F̃

Å
h

t∆

ã
− tλF̃ ′

Å
h

t∆

ã
· h∆t−∆−1 = λtλ−1

ï
F̃
Å
h

t∆

ã
− ht−∆F̃ ′

Å
h

t∆

ã
· ∆
λ

ò
Differentiating again with respect to temperature,

∂2F

∂t2
= λ(λ− 1)tλ−2[ # ] + λtλ−1

ï
−h∆F̃ ′

Å
h

t∆

ã
t−∆−1 − h× (. . .)

ò
In the zero field case (h = 0), only the first term survives and the specific heat is then,

Cv ∝ ∂2F

∂t2
∼ tλ−2

From this, we at once conclude that λ− 2 = −α =⇒ λ = 2 − α . From the above two expressions, we
have α+ β + ∆ = 2 =⇒ α+ β + (β + γ) = 2. Using this, we get our second scaling relation,

α+ 2β + γ = 2 (101)
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which is known as the Rushbrooke’s scaling law. Let us see whether these laws apply for the mean-field
theory or not! For MFT, the critical exponents are:

α = 0 β = 1
2 γ = 1 δ = 3

Then we have,

Rushbrooke : α+ 2β + γ = 0 + 1 + 1 = 2 X

Widom : β + γ = 1
2 + 1 = 3

2 = 1
2 · 3 = βδ X

Lecture 26: Further Scaling
The scaling forms used in the previous lectures all come by assuming that the thermodynamic quantities
are generalised homogenous functions. So let us discuss a bit about homogenous functions in general. A
function f : R → R is called homogenous if

f(λx) = g(λ)f(x)

where g(λ) is some function. A simple example is, f(x) = x2 since f(λx) = λ2x2 = λ2f(x), with
g(λ) = λ2. Note that, g(λ) cannot be any arbitrary function, it must satisfy some properties. For this,
note:

f(λ(µx)) = g(λ)g(µ)f(x) = f((λµ)x) = g(λµ)f(x)

which imposes the condition g(x)g(y) = g(xy) ∀ x, y. This eventually forces the form g(x) = xρ which
has an elegant proof, considering g to be differentiable.

Proposition 1:
If g : R → R is a differentiable function and g(x)g(y) = g(xy) ∀ x, y then for all x, either g(x) = 0 or
g(x) = xλ for some λ

Proof. Let any arbitrary y = y0. Differentiating both sides, we get:

g′(x)g(y0) = y0g
′(xy0) ∀ x

x=1−−→ g′(y0)
g(y0) = g′(1)

y0

Integrating−−−−−−→ g(y0) = Ayλ0

where, after differentiation we have taken the g as a function of y0 since y0 was arbitrary and then
replaced g′(1) = λ. The initial condition g(1) = (g(1))2 =⇒ g(1) = 0 or g(1) = 1. If g(1) = 0 then
this implies A = 0, implying that g is identically zero. Otherwise, if g(1) = 1 then A = 1 which gives us
g(x) = xλ

We can extend the definition of homogenity to arbitrary number of variables.

f(λx1, λx2 . . . λxn) = g(λ)f(x1, x2 . . . xn) =⇒ f(λx) = λpf(x) x ∈ Rn

The cool thing with homogenous functions is that if we know the value of the function at one point,
then we know it at every other point, since given f(x0) = c, we can always choose λ = y

x0
such that

f(y) =
Ä
y
x0

äλ
f(x0). We now extend the definition of a homogenous function to generalised homogenous

function (GHF); a function f : Rn → Rm is called a GHF if,

f(λa1x1, λ
a2x2, . . . , λ

anxn) = λkf(x1, x2, . . . , xn)

where {ai} and k are some arbitrary numbers. Note that these are not independent, since if we choose
an arbitrary λ = µ1/k then we have,

f(µa1/kx1, µ
a2/kx2, . . . , µ

an/kxn) = µf(x1, x2, . . . , xn)
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Then all ai 7→ ai/k which is just a rescaling. The GHF can thus be defined by always choosing k = 1
and hence the final definition,

f(λa1x1, λ
a2x2, . . . , λ

anxn) = λf(x1, x2, . . . , xn)

Let us now focus only on the two variable case, which is F (t, h). The static scaling hypothesis states
that the thermodynamic potentials are GHFs near the critical point Tc. Then the free energy can be
written as,

F (λatt, λahh) = λF (t, h) −→ − ∂

∂h
[F (λatt, λahh)] = −λ ∂

∂h
[F (t, h)] =⇒ λah−1m(λatt, λahh) = m(t, h)

Now, suppose we take T > Tc. Then we choose λ such that λat = −1
t =⇒ λ = (−t)−1/at . Taking the

zero-field limit we get:

(−t)β ∼ m(t, 0) = (−t)−(ah−1)/atm(1, 0) =⇒ β = 1 − ah

at

Now, suppose we take T = Tc and choose λ such that λah = 1
h =⇒ λ = h−1/ah . Substituting this in the

scaling form above, we get:

h1/δ ∼ m(0, h) = h−(ah−1)/ahm(0, 1) =⇒ δ = ah

1 − ah

Solving these we get,
ah = δ

1 + δ
at = 1

β(1 + δ) (102)

We get ah and at in terms of the critical exponents (and vice versa). Now, differentiating m with respect
to h gives us the susceptibility:

λ2ah−1χ(λatt, λahh) = χ(t, h)

For T > Tc, taking h = 0 and choosing λ such that λat = 1
t , we get the following

t−γ
′
χ(t, 0) = t−(2ah−1)/atχ(1, 0)

from which we can read off the exponent as,

γ′ = (2ah − 1)
at

=
2δ

1+δ − 1
1

β(1+δ)
= (δ − 1)β =⇒ βδ = β + γ

which was the Widom’s scaling law that we had earlier derived. One thing to note here is that, if we
had taken T < Tc then also the same calculation follows, which would give us the same expression for γ.
Hence we can conclude that γ = γ′

Doing the same thing for the specific heat will lead to the Rushbrooke relation (which I skip since it
has become very boring at this point of time!).

26.1. A small note
The scaling laws that we derived manifest as inequalities when derived from thermodynamic principles,
considering stability of physical systems. Let us try to derive the Rushbrook (in)equality!

Consider the first law of thermodynamics for a magnetic system with field H and and magnetisation
M :

dU = TdS −MdH =⇒ T =
Å
∂U

∂S

ã
H

M = −
Å
∂U

∂H

ã
S

(103)

We can now define the specific heat at constant magnetisation and at constant field as,

CH = T

Å
∂S

∂T

ã
H

CM = T

Å
∂S

∂T

ã
M
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Lecture 27: Kadanoff’s Block Spins
In the previous lecture, we used an ad hoc assumption of the thermodynamic quantitites being generalised
homogenous functions. We now try to give a proper justification of why this turns out to be okay(ish)!
For that, consider our favourite Ising model with N spins, given by the corresponding Hamiltonian,

H = −J
∑
〈ij〉

σiσj − h
∑
i

σi

la

a

ξ

. . .. . .

Figure 29: Kadanoff’s block-spin construction

Let the system be defined on a d dimensional lattice, with lattice spacing a. Now consider an arbitrary
number, l � 1 and partition the lattice into cells of dimension la. Hence, in a single cell there are ld
spins which implies there are N ′ = N/ld such blocks. For each such block I, define the block spin as,

SI = 1
|ml|

1
ld

∑
i∈I

σi (104)

where ml denotes the average magnetisation of block I and is given by:

ml = 1
ld

∑
i∈I

〈σi〉 (105)

What we are doing is essentially a coarse-graining procedure, where we are treating a block of linear
dimension la, to be an effective spin SI. The total number of spins then decreases from N to Nl−d. Since
all spins within the correlation length will be correlated, we assume that la � ξ, so that each block will
behave as an effective single correlated chamber, with all of the spins pointing in the same direction on
average.
We now make a bold assumption that the block spins {SI} also follow the same Hamiltonian, which is
not apriori evident. The new Hamiltonian for the block spins will have the same form but with different
coupling constants, say Jl and hl

Hl = −Jl
∑
〈IJ〉

SISJ − hl
∑
I

SI. (106)

For this ‘block’ Hamiltonian, the lattice spacing is la and this also has fewer spins than the original
Hamiltonian. Let ξ1 denote the correlation length in units of a while ξl denote the same in units of la.
Since the actual physical correlation length ξ is unchanged, we have

ξ = ξ1a = ξl(la) =⇒ ξl = ξ1l
−1 < ξ1
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This says that the block spins are further away from criticality than the original system, which implies
that the system is now at a new effective reduced temperature tl.
Since the block spin Hamiltonian is of the same form, the total free energy should also be the same for
both. Note that we consider only the singular part of the free energy (which actually determines the
critical behaviour).

Nf(t, h) = N ′f(tl, hl) = Nl−df(tl, hl) =⇒ f(t, h) = l−df(tl, hl) (107)

where f(t, h) is the free energy per spin. We now assume that the new couplings are related to the
original ones by,

tl = tlyt

hl = hlyh
(108)

where yt, yh > 0 are some positive numbers. Substituting this in the free energy equation above, we get:

f(tlyt , hlyh) = ldf(t, h) l→l1/d

−−−−→ f(lyt/dt, lyh/dh) = lf(t, h) (109)

The equation above seems to be the definition of a generalised homogenous function, however, there’s a
subtlety; to be a GHF, we need the parameter λ to be arbitrary. However, in this case, λ = l, which is
constrained by 1 � l � ξ

a . However, let us do away with this and just say that l can take any values.
Hence, f becomes a GHF and the rest of the procedure to relate the exponents yt and yh to critical
exponents follows as before.

27.1. Correlation Function
We now analyse the correlation function for the block spins,

G(rl, tl) = 〈SISJ〉 − 〈SI〉 〈SJ〉

where rl = |rI − rJ| in units of la. Since the physical distance remains the same, we have rl = r/l. Let
us substite the definition of the block spins in the correlation function,

G(rl, tl) = 1
|ml|2l2d

∑
i∈I

∑
i∈J

〈σiσj〉 − 〈σi〉 〈σj〉 (110)

Now let us find some relation between the couplings and ml. For that, note from the definition of the
block spins,

h
∑
i

σi = h
∑
I

∑
i∈I

σi = h|ml|ld
∑
I

SI ≡ hl
∑
I

SI

We can thus make an equivalence, h|ml|ld = hl =⇒ |ml| = (hl/h)l−d = lyh−d. Substituting this in the
correlation function we get:

G(rl, tl) = l−2yh
∑
i∈I

∑
i∈J

〈σiσj〉 − 〈σi〉 〈σj〉 ' l−2yh ld · ld 〈σiσj〉 − 〈σi〉 〈σj〉 = l2(d−yh)G(r, t)

where we assumed that if we take σi in the Ith block and σj in the J th block, then for all such (i, j),
the correlator will be same and equal to G(r, t). Let us also introduce the factor for field, which gives us
finally

G
(r
l
, lytt, lyhh

)
= l2(d−yh)G(r, t, h)

Let us choose l such that ltyt = 1 which gives us,

G
Ä
rt1/yt , 1, t−yh/yth

ä
= t−2(d−yh)/ytG(r, t, h)
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Define a new function F̃ such that,

G
Ä
rt1/yt , 1, t−yh/yth

ä
≡ (rt1/yt)−2(d−yh)F̃

Ä
rt1/yt , 1, t−yh/yth

ä
Substituting this above, we get:

(rt1/yt)−2(d−yh)F̃
Ä
rt1/yt , 1, t−yh/yth

ä
= t−2(d−yh)/ytG(r, t, h) =⇒ G(r, t, h) = r−2(d−yh)F̃

Ä
rt1/yt , t−yh/yth

ä
(111)

We know that near Tc, G(r) ∼ r−(η+d−2) and thus we expect that,

2(d− yh) = η + d− 2 =⇒ yh = d+ 2 − η

2

Now, rt1/yt should be dimensionless and define ξ ≡ t−1/yt and we also know that ξ ∼ t−ν . From this we
get ytν = 1. We can also get something with the exponent γ. For that, note that G(r) ∼ r−(η+d−2) and,

t−γ = χT ∼
∫
Vξ

ddr G(r) ∼
ξ∫

0

dr rd−1 · r−(η+d−2) =
ξ∫

0

dr · r1−η ∼ ξ2−η ∼ t−(2−η)ν

Equating this, we get γ = (2 − η)ν which is another scaling relation. We can derive a hyperscaling
relation, which is explicitly dependent on the dimension d of the system. For this, consider Eq. (107)

f(t, h) = l−df(tlyt , hlyh) =⇒ Cv(t, h) = l−d · l2ytCv(tlyt , hlyh)

Choosing tlyt = 1 → l = t−1/yt we get,

Cv(t, h) = t(d−2yt)/ytCv(
h

tyh/yt
) h→0−−−→ Cv(t) = t(d−2yt)/ytCv(0) =⇒ α = 2yt − d

yt

And from the correlation function we saw that yt = 1
ν . Then, substituting this we finally obtain,

α = ν ·
Å2
ν

− d

ã
= 2 − dν =⇒ dν = 2 − α

which is called the Josephson scaling law and is dependent on the dimension d of the system. Note that,
for the mean field exponents, α = 0 and ν = 1

2 , we have d = 4 and hence, this is not valid for any d.
The thing is, Josephson relation does not hold good for d > dc where dc is the upper critical dimension
(note that mean field exponents are valid only for d > dc and hence the hyperscaling law does not hold
for the mean field exponents). Let us summarise all the scaling laws that we had found so far:

• α+ 2β + γ = 2 (Rushbrooke)

• β + γ = βδ (Widom)

• dν = 2 − α (Josephson)

• γ = (2 − η)ν (Fisher)

Lecture 28: Introduction to RG
We will have a sketchy introduction to the enlightening concept of the renormalisation group. RG can
explain universality (why vastly different models seem to have same critical exponents ) and can also
predict these exponents. RG is an approach to approximately calculate the sums involved in the partition
function.
Renormalisation basically means doing certain transformations or reparameterisation, in the hope that
it will make the theory easier. It is called ‘group’ since two such transformations leads to a third
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transformation (composition rule). First let us use this for the 1D Ising model. Consider N Ising spins
on a 1D lattice with periodic boundary condition (i.e. σ1 ≡ σN+1) with the following Hamiltonian,

H = −J
N∑
i=1

σiσi+1

For this case, we take the zero field condition. We define K := βJ and using this, the partition function
becomes,

Z =
∑

σ1=±1

∑
σ2=±1

· · ·
∑

σN =±1
eK

∑
i
σiσi+1 ≡

∑
σ1=±1

∑
σ2=±1

· · ·
∑

σN =±1
eK(σ1σ2+σ2σ3+σ3σ4...σNσ1)

Note that the even spins, say σ2, appears in two consecutive terms. We can first do the trace over the
even spins then, which gives us,

Z =
∑

σ1=±1

∑
σ3=±1

∑
σ5=±1

· · ·
∑

σN =±1

N/2∏
j=1

Ä
eK(σ2j−1+σ2j+1) + e−K(σ2j−1+σ2j+1)

ä
≡

∑
σ1=±1

∑
σ3=±1

∑
σ5=±1

· · ·
∑

σN =±1

N/2∏
j=1

[2 cosh(K(σ2j−1 + σ2j+1))]

(112)

Next, if we assume that there exist some function f(K) and K ′ such that

2 cosh(K(σ2j−1 + σ2j+1)) = f(K)eK′σ2j−1σ2j+1 ∀ j (113)

then the partition function will take the following form,

Z = (f(K))N/2 ∑
σ1=±1

∑
σ3=±1

∑
σ5=±1

· · ·
∑

σN =±1

N/2∏
j=1

eK
′σ2j−1σ2j+1 (114)

If we forgo the indexing, the red colour is exactly the partition function for a 1D Ising chain with N/2
spins and coupling constant K ′. Thus, the partition function with N spins and coupling K follows,

ZN(K) = (f(K))N/2ZN/2(K ′) (115)

· · · · · ·
1 2 3 4 5 6 7 8 · · ·

· · · · · ·
1 2 3 4 5 6 7 8 · · ·

· · · · · ·
1 3 5 7 · · ·

Original system → K

Tracing out

Decimated system→ K′

Figure 30: The process of decimation by taking partial traces of few spins, leading to a renormalised
model.

Now, let us focus on our claim about the existence of this transformation. Eq. (113) is valid for all
possibilities of σ2j±1 ∈ {+1,−1}. From this, we get:

2 cosh(2K) = f(K)eK′
f(K)e−K′ = 2

Dividing and multiplying the two expressions above give us,

cosh(2K) = e2K′ 4 cosh(2K) = f2(K) =⇒ K ′ = 1
2 ln cosh(2K) f(K) = 2

»
cosh(2K)
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Now, we know that the free energy −βF = lnZN ∼ N ≡ Nζ where ζ is the free-energy per spin (or
atleast its singular part, which actually contributes to criticality). Using this in Eq. (115), we have

Nζ(K) = N

2 ln f(K) + N

2 ζ(K
′) =⇒ ζ(K) = 1

2 ln f(K) + 1
2ζ(K

′) =⇒ ζ(K ′) = 2ζ(K) − ln
î
2
√

cosh 2K
ó

(116)

This is a recursion equation (or a map). So starting from a value of K, we can find a decimated system
with coupling K ′. Now, doing the same procedure again we get K ′′ and this continues,

K → K ′ → K ′′ → · · ·

Also, note one thing. We have 2K ′ = ln cosh(2K) from which we get:

2K ′ = ln e2K + e−2K − ln 2 = ln e2K(1 + e−4K) − ln 2
= 2K + ln

Ä
1 + e−4K

ä
− ln 2

=⇒ K ′ = K + 1
2 ln
Ä
1 + e−4K

ä
− ln 2 ≤ K

From this, we see that the decimated coupling constant is less than the original coupling. Since we
defined K = βJ , this means that the new coupling is all the way farther from the critical point.
The opposite recursion relation (obtaining K from K ′) is given by,

K = 1
2 cosh−1(e2K′) ζ(K) = 1

2 ln f(K) + 1
2ζ(K

′) = 1
2(ln 2 +K ′) + 1

2ζ(K
′)

=⇒ ζ(K) = 1
2(ln 2 +K ′) + 1

2ζ(K
′)

(117)

Now, when K ′ is reall really small (so T is very high), then the contribution from the interaction is
negligible since βH = K

∑
· · · → 0. Then the system effectively acts as a collection of non-interacting

spins. So suppose we have N ′ spins in this case of very small K ′, then the partition function is simply
2N ′ which implies that βF = N ′ ln 2, hence ζ(K ′) = ln 2.
Starting from say K0 = 0.01, we have ζ(K0) ≈ ln 2 and we put this in Eq. (117) to get the new value of
K. Now we take this to be K ′ and put it again in Eq. (117).
Now, one thing which can probably happen is that, the transformation gives the same output as the
input. Then the process will continue in a loop and will be essentially terminated. This situation
occurs when we encounter a fixed point of the map. The fixed point K∗ is then given by the condition,
2K∗ = ln cosh(2K∗), which has solutions K = 0 (T → ∞) and K → ∞ (T = 0).
Hence, starting from any value of K0, we will always land to K = 0. Thus, for a finite K0 we never arrive
at an ordered state viz. there is no phase transition in 1D Ising model. Only for K → ∞ do the spins
order.

Figure 31: The decimation process. (a) Starting from K0 = 3.5, we map it onto the curve K ′ =
1
2 ln cosh 2K and repeat the process. The black dashed line represents K ′ = K line while the green line
represents K ′ = 1

2 ln cosh 2K line. The process converges to K∗ = 0. This type of diagram is called the
cobweb diagram (b) xn vs. the iteration n. We see that xn converges to 0 after around 20 iterations.
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Lecture 29: Stability Analysis
In the previous lecture, we saw a map over which we iterate our system to perform the decimation. This
map resulted in two fixed points, K∗ = 0 and K∗ → ∞ for the 1D Ising model case. K∗ = 0 was a
stable fixed point and hence starting the process from any K0 > 0 resulted in convergence to zero, which
denoted the infinite temperature, non-interacting case.

29.1. Stability in Non-Linear Systems
Let us proceed to understand a general procedure to analyse the stability of these kind of maps. We will
focus on the logistic map, given by:

xn+1 = µxn(1 − xn) xn ∈ [0, 1] (118)

Consider the function f(x) = µx(1 − x) = −µ
î(
x− 1

2
)2 − 1

4

ó
. It has a maxima of µ

4 at x = 1
2 . Hence, if

µ > 4 then the maxima goes beyond 1 and then Eq. (118) no longer maps [0, 1] to itself. And we should
always be positive. Hence, we keep the control parameter 0 < µ ≤ 4.
Let us now calculate the fixed points. Let x∗ be the fixed point which implies,

f(x∗) = x∗ =⇒ µx∗(1 − x∗) = x∗ =⇒ x∗ = 0 or x∗ = 1 − 1
µ

(119)

Now, we calculate the stability of these fixed points. “Stability” refers to the situation that if we start
at some point around x∗, then do we fall into x∗ or go away from x∗. For this, consider a sequence εn
such that,

xn = x∗ + εn

Then, the fixed point condition x∗ = f(x∗) gives us,

x∗ + εn+1 = xn+1 = f(xn) = f(x∗ + εn) Taylor−−−−→ f(x∗) + εnf
′(x∗) = x∗ + εnf

′(x∗)

The above condition implies |f ′(x∗)| =
∣∣∣ εn+1
εn

∣∣∣ and this tells us a lot. From the map, we have f ′(x∗) =
mu(1 − 2x∗). For x∗ = 0 we have f ′(0) = µ and for x∗ = 1 − 1

µ we have f ′(x∗) = 2 − µ. For stability, we
need the sequence {|εn|} to be decreasing, that is, |εn+1| < |εn| =⇒ |f ′(x∗)| < 1.
. Stability of x∗ = 0

If |f ′(0)| = |µ| < 1 then x∗ = 0 is a stable fixed point. Thus, for 0 < µ < 1 we have x∗ = 0 is a stable
point of the map. This means that starting from any value of x0, we will eventually converge to 0.
. Stability of x∗ = 1− 1

µ

If |f ′(x∗)| = |2 − µ| < 1 then x∗ = 0 is a stable fixed point. The condition leads to,

−1 < 2 − µ < 1 =⇒ −3 < −µ < −1 =⇒ 1 < µ < 3

Thus, for 1 < µ < 3 we have x∗ = 1 − 1
µ is a stable point of the map. This means that starting from any

value of x0, we will eventually converge to 1 − 1
µ . Note that the point of convergence will now depend

on the value of µ.
Beyond µ = 3, none of the fixed points are stable and there are some other complicated things like
period-doubling and chaos going on. It can be shown that for 3 < r < 1 +

√
6, there is a stable period-2

orbit, which means that instead of f(x∗) = x∗ we have f(f(x∗)) = x∗.
Similarly for 1 +

√
6 < µ < 3.54409 . . . we have a period-4 orbit. This way, period-2n occurs for different

µn (µn is the value where the first bifurcation occurs). Successive bifurcations come faster and faster and
ultimately µn converges to µ∞ (≈ 3.569946 for the logistic map). For µ > µ∞, the dynamics become
chaotic.
These behaviour can be demonstrated using the orbit diagram, generated numerically. What we do is,
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we choose a particular value of µ and then, choosing some initial value, we iterate the map for quite
some generations (to kill of the initial transient behaviour). Then, we plot xn for multiple successive
iterations.

Figure 32: Orbit diagram for logistic map. We see that at µ = 1, there is a bifurcation. At µ = 3,
there is another bifurcation (period doubling) and so on. The inset shows a zoomed in region between
3 < µ < 4 which shows further bifurcations. The red line shows the x = 1 − 1

µ line.

Now, finally let us plot the cobweb diagrams for different values of µ which will make the case a bit
more clear.
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Figure 33: Cobweb diagram for different µ. The upper panel shows the cobweb diagram of the logistic
map for different values of µ while the lower panel shows the corresponding convergence of the map
under successive iterations. For the third panel, there is no convergence but there is a periodic orbit
with period 2 and in the last panel, there is no pattern as such, the evolution is chaotic.
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29.2. Stability in RG
As seen in the previous discussions, the recursion relations, like say Eq. (116), are called RG transfor-
mations and for a general system with a set of coupling constants K ≡ [K], is denoted by

[K ′] = Rl[K] l > 1

where Rl is the non-linear transformation defining a “flow” from K to K′. The subscript l refers to the
change in length scale after such transformation. Like in Fig. 30, if the initial spacing between two spins
was a, after decimation, the spacing between two spins become a′ = 2a. The physical length remains
same, which implies A = a = a′

2 , hence l = 2 in this case.
There cannot be an inverse transformation in general, because we are tracing out degrees of freedom
after each decimation step and there is no way to get that information back again. If we do successive
transformations Rl1 and Rl2 , we get

[K ′] = Rl1 [K] [K ′′] = Rl2 [K ′] = Rl2 ·Rl1 [K] ≡ Rl1l2 [K]

Hence, product of two transformations is equal to another transformation and thus exhibits a ‘semi-
group’ structure (it’s not a group since the inverse does not exist in general). Also note that it doesn’t
matter whether we perform Rl1 first or Rl2 first, so these transformations commute.
If there is a fixed point [K∗] for the RG transformation, then [K∗] = Rl[K∗]. Under Rl, the length scales
are reduced by factor l and the correlation length of the rescaled couplings will be ξ[K ′] = ξ[K]/l. For
the fixed point,

ξ[K∗] = ξ[K∗]
l

=⇒ ξ[K∗] = 0 or ξ[K∗] → ∞

The fixed point where ξ → ∞ is called the critical fixed point (since correlation diverges at the critical
point) while those with ξ = 0 will be called the trivial fixed point.
Let us consider the fixed point K∗ ≡ (K∗

1 ,K
∗
2 , · · · ) and some deviation δK = (δK1, δK2, . . .) from this

fixed point. We now Taylour expand the quantity:

K ′
n({Kn}) = K ′

n({K∗
n + δKn}) = K∗

n +
∑
m

∂K ′
n

∂Km

∣∣∣∣∣
K∗

m

· δKm + Θ((δK)2)

Now we can also write K ′
n = K∗

n + δK ′
n in the vicinity of the fixed point. Equating both we get,

δK ′
m =

∑
n

MmnKn where Mmn ≡ ∂K ′
m

∂Kn

∣∣∣∣∣
K∗

(120)

The matrix M (l) ≡ [Mmn] is the linearised RG transformation where the superscript now denote the
length scale of the transformation. Let us focus only only one coupling for the moment. Then the matrix
M becomes just a scalar number, let us denote it by Λ(l). Using the semi-group property, we have:

Λ(l)Λ(l′) = Λ(ll′) (121)

This is a functional equation in l and l′. To solve it, let us first differentiate the above equation w.r.t l′
for a fixed l and then put l′ = 1,

Λ(l) dΛ(l′)

dl′ = dΛ(ll′)

d(ll′) · d(ll′)
dl′ =⇒ c · Λ(l) = l

dΛ(ll′)

d(ll′) = l
dΛ(l)

dl

where c = dΛ(l′)

dl′ at l′ = 1. In the last step, we replaced the variable ll′ → l, since the function and
derivative are both w.r.t the variable (ll′). Doing this we obtain the differential equation,

c · dl
l

= dΛ(l)

Λ(l) =⇒ ln Λ(l) = c ln l + d =⇒ Λ(l) = Λ(l)
0 lc

The condition in Eq. (121) implies that Λ(l)
0 = 1 for non-trivial result and hence we obtain that Λ(l) = lc

where c is a number independent of l and we will see its implications later.

79



PH4202 Adv. Stat Phys Lecture Notes

Lecture 30: RG for 2D Ising Model
Let us continue our discussion on RG and focus on some other things. Previously we saw that, for a
critical fixed point K∗, we should have the correlation length ξ∗ either zero or infinite. However, we know
that under successive RG transformations with say Rl, the correlation length only decreases (since l > 1)
from ξ → ξ′ = ξ/l. This implies that, starting from K0 and on successive transformations, ξ∗ → ∞ at
K∗ can only happen if ξ → ∞ also at K (and also in any intermediate point of flow from K to K∗).
This constitutes a surface, called the critical surface (or a critical manifold, if we want to sound cool!),
say C, such that if K ∈ C then K converges to K∗. Any K /∈ C will move away from K∗ (even if initially
it moves towards it).
What it physically means is that, there are infinite directions in which, if we start, then we will not
converge to the fixed point. Only starting on the particular critical surface will lead us to the fixed
point.
Now, let us rediscuss about the linearisation of RG, from Eq. (120). Let us denote the eigenvalue and
eigenvector set of M with {λσ, êσ}. Negating all pathologies, we assume that the eigenvectors form a
complete set and hence we can expand any vector in terms of these eigenvectors, using which we get:

δK =
∑
σ

uσêσ δK ′ =
∑
σ

u′
σêσ (122)

Substituting this in Eq. (120) we get,
∑
σ

u′
σêσ = M

ñ∑
σ

uσêσ
ô

=
∑
σ

λσuσêσ

Since the eigenvectors are complete, these form a linearly independent set from which we get u′
σ = λσuσ.

The quantities {uσ} are called scaling fields of the given problem and are crucial to understand critical
behaviour. Under successive transformations, uσ 7→ [λσ]nuσ
Since uσ is directly related to δK then we can have three possibilities:

. If |λσ| > 1 then uσ grows under successive transformations and hence δK “increases” along these
directions, denoting the flow away from the fixed point. The scaling field is then referred to as
relevant.

. If |λσ| < 1 then uσ decays under successive transformations and the scaling field is referred to as
irrelevant.

. If |λσ| = 1 then uσ ∼ O(1) and remains mostly constant, upto the linear approximation. It does
not affect the ‘critical behaviour’ much but can introduce logarithmic factors. We then called this
marginal scaling field.

On the critical surface, we have all the relevant variables equal to zero and hence, everything flows to
the fixed point. Thus, only the irrelevant eigenvectors span this space.
Away from the critical surface, we have both relevant and irrelevant fields; the former drive the system
away from the fixed point while the latter bring it closer to the fixed point. The net result is an initial
approach to the fixed point but a final recession away from it.
The number of relevant eigenvalues is called the codimension of the critical surface, denoted by c and is
equal to the difference in the dimension of the coupling constant space and the dimension of the critical
surface.

30.1. RG for 2D Ising Model on square lattice
Let us see RG in play for the zero-field 2D Ising model, whose Hamiltonian is given by

−βH = K
∑
〈ij〉

σiσj (123)
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Critical
Surface

Figure 34: RG flow in K-space. The blue arrows denote the relevant flows, outside of the critical
surface while the green arrows show the irrelevant flows towards the fixed point (red marker), on the
critical surface. The critical surface is denoted by the yellow region.

where K = βJ . Then the partition function becomes,

Z =
∑
{σk}

exp

K ∑
〈ij〉

σiσj

 =
∑
{σk}

∏
〈ij〉

exp [Kσiσj ]

As before, let us take a particular spin, say σ(i,j) (where (i, j) represents the coordinate on the lattice),
and then trace it out. The term σ(i,j) appears in:

ZN =

 ∑
σp6=i, q 6=j

=±1

 ∑
σ(i,j)
=±1

· · · exp
[
Kσ(i,j−1)σ(i,j)

]
· exp

[
Kσ(i,j+1)σ(i,j)

]
· exp

[
Kσ(i,j)σ(i−1,j)

]
· exp

[
Kσ(i,j)σ(i+1,j)

]
· · ·

=
∑

σp6=i,q 6=j=±1
· · · ·

[
2 cosh

(
K(σ(i,j+1) + σ(i,j−1) + σ(i+1,j) + σ(i−1,j))

)]
· · ·

Again, we need to convert the resulting expression in the form of the original Hamiltonian with respect to
these spins, as much as we can. Note that this will not be that much easy as in the case of the 1D counter-
part, since there are now a total of 16 possibilities for the terms in

[
2 cosh

(
K(σ(i,j+1) + σ(i,j−1) + σ(i+1,j) + σ(i−1,j))

)]
.

Note that all the 16 possibilities will not yield a unique sum, some will be repeated. Only 4 cases turn
out to be non-equivalent:

• When all are equal, i.e. σi−1,j = σi+1,j = σi,j+1 = σi,j−1.

• When one is −1, i.e. σi−1,j = σi+1,j = σi,j+1 = −σi,j−1.

• When two are −1, which has two cases,
. σi−1,j = σi+1,j = −σi,j+1 = −σi,j−1

. σi−1,j = −σi+1,j = −σi,j+1 = σi,j−1

Now, if we want the decimated system to be of the form of the original Hamiltonian viz. the nearest-
neighbour 2D Ising model, then the term in the partition function involved with these spins would be,

eA · eB
Ä
K(σ(i,j+1)+σ(i,j−1)+σ(i+1,j)+σ(i−1,j))

ä
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Figure 35: Decimation of the 2D Ising model. The hollowed out spins are the ones traced out, leaving
behind a decimated system, which when rotated by π

4 and scaled appropriately, resembles the original
system, specially in the thermodynamic limit.

which will be an issue since the given 4 possibilities of these spins exceed the number of parameters A
and B to fix. We can make this work by considering higher order interactions, giving us,

2 cosh
(
K(σ(i,j+1) + σ(i,j−1) + σ(i+1,j) + σ(i−1,j))

)
= eK

′
0 exp

[
K ′

2

(
σ(i,j−1)σ(i−1,j) + σ(i,j−1)σ(i+1,j)

+ σ(i−1,j)σ(i,j+1) + σ(i,j+1)σ(i+1,j)

)
+ L′

(
σ(i+1,j)σ(i−1,j) + σ(i,j−1)σ(i,j+1)

)
+M ′ σ(i−1,j)σ(i+1,j)σ(i,j+1)σ(i,j−1)

]

where L′ and M ′ are new couplings which are introduced. Imposing the spin possibilities gives us four
equations relating the new and old couplings,

2 cosh(4K) = eK
′
0+2K′+2L′+M 2 cosh(2K) = eK

′
0−M

2 = eK
′
0−2K′+2L′+M ′ 2 = eK

′
0−2L′+M ′ (124)
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After a few manipulations, we would obtain:

K ′
0 = ln 2 + 1

2 ln cosh 2K + 1
8 ln cosh 4K M ′ = 1

8 ln cosh 4K − 1
2 ln cosh 2K

K ′ = 1
4 ln cosh 4K L′ = 1

8 ln cosh 4K
(125)

Now take another value of the spin to trace over, say σ(i+2,j), and repeat the process. The process contin-
ues till all N/2 spins are summed over. Note that, the nearest neighbour interaction term σ(i+1,j)σ(i,j+1)
with coupling K ′ will appear when we trace out spins σ(i,j) and also when we trace out σ(i+1,j+1). This
terms then appear exactly twice in the decimation process and hence we had taken K′

2 when we wrote
the new couplings. Doing the decimation process until N/2 spins are traced out, will give us a partition
funciton of the form,

ZN = eN
′K′

0
∑
σ′

exp

K ′ ∑
〈jk〉

σ′
jσ

′
k + L′ ∑

〈〈jk〉〉
σ′
jσ

′
k +M ′ ∑

plaquette
σ′
jσ

′
kσ

′
lσ

′
m


with N ′ = N/2 and 〈〈·〉〉 denoting the nearest neighbour coupling and plaquette sum denoting the four
spin interaction over a square plaquette. There is no exact correspondence between this and Eq. (123).
The latter has only nearest neighbour terms while the former has all sort of complicated things going
on. Things will only get worse when we do another round of decimation, such that N ′ → N/4, leading
to higher order spin interaction terms.

24

68

24

68

24

68

24

68

24

68

24

68 24

68

N.N interaction N.N.N interaction Plaquette
interaction

K ′ L′ M ′

Figure 36: Type of interactions generated after one round of decimation.

To make a way around this problem of not having a correspondence with the original Hamiltonian,
we assume that the initial Hamiltonian was also of the same form, with all these interactions, but the
corresponding couplings were 0. So L = M = 0 for the original system. Then we can write,

ZN ({K, 0, 0}) = eN
′K′

0ZN ′(
{
K ′, L′,M ′}) =⇒ ζ({K, 0, 0}) = −1

2K
′
0 + 1

2ζ(
{
K ′, L′,M ′})

The number of parameters will increase after each round of decimation and the problem will become
intractable unless we do what we love to do: take weird approximations! In here, we will assume that
only the nearest (K) and the next-nearest neighbour interactions (L) are important and further, that
these are very small (so cosh(x) ≈ 1 + x2

2 and ln
Ä
1 + x2

2

ä
≈ x2

2 ), which changes Eq. (125) to,

K ′ = 2K2 L′ = K2

Furthermore, let us suppose that L 6= 0 in the beginning. Then, considering this we would have obtained
the transformations as

K ′ = 2K2 + L L′ = K2

Now, we need to find the fixed point of these transformations.

L∗ = K∗2 K∗ = 2K∗2 + L∗ = 3K∗2
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This gives us two set of fixed points, (K∗, L∗) = (0, 0) and (K∗, L∗) = (1/3, 1/9). The first one is the
trivial fixed point, corresponding to infinite temperature, while the second one is the one of our interest.
Considering deviations from the fixed point, K = K∗ + δK and L = L∗ + δL, we get:

K∗ + δK ′ ≡ K ′ = 2(K∗ + δK)2 + (δL+ L∗) = 2K∗2 + 4K∗δK + δL+ L∗ = K∗ + 4K∗δK + δL

L∗ + δL′ ≡ L′ = K∗2 + 2K∗δK = L∗ + 2K∗δK

From this, we get the following in matrix form,Å
δK ′

δL′

ã
=
Å

4K∗ 1
2K∗ 0

ãÅ
δK
δL

ã
−→

Å
δK ′

δL′

ã
=
Å

4/3 1
2/3 0

ãÅ
δK
δL

ã
(126)

Before the transformation, we have the lattice spacing as a and after transformation, the lattice spacing
becomes a′ = a

√
2 which implies that l =

√
2. The linearised RG is thus,

M(
√

2) ≡
Å

4/3 1
2/3 0

ã
Lecture 31: More on RG
As a final thing, we will find the eigenvalues of the linearised RG matrix around the fixed point K =
(1/3, 1/9). Let us diagonalise the matrix,

det
Ä
M(

√
2) − λ1

ä
= 0 =⇒ det

Å
4/3 − λ 1

2/3 −λ

ã
= 0 =⇒ λ

Å
λ− 4

3

ã
= 2

3 =⇒ 3λ2 − 4λ− 2 = 0

which gives us λ± = 1
6
(
4 ±

√
40
)

≈ 1.7207,−0.3874. Thus, |λ+| > 1 and hence it is a relevant eigenvalue,
while |λ+| < 1, rendering it irrelevant. The corresponding eigenvectors are,

u+ =
Ç

1√
10−2
3

å
≈
Å

1
0.387

ã
u− =

Ç
1

−
√

10+2
3

å
≈
Å

1
−1.7207

ã
u+ is a relevant direction while u− is an irrelevant direction which defines the critical surface. Sup-
pose we start initially at the point (K0, L0) and successively apply the recursion formula. Upto linear
approximation, we can expand the deviation (K0 −K∗, L0 − L∗) in terms of the eigenvectors, that is,Å

K0
L0

ã
=
Å
K∗

L∗

ã
+ c+u+ + c−u−

l transformations−−−−−−−−−−→
Å
Kl

Ll

ã
=
Å
K∗

L∗

ã
+ λl+c+u+ + λl−c−u− (127)

Now, suppose that after l transformations, we want to reach the fixed point as much as possible. This
cannot happen if c+ is non-zero to begin with, as then, after the transformations, the deviation will grow
along u+.
As an example, consider the original Ising model with nearest neighbour interaction only, that is, L0 = 0.
We start from some K0 = Kc 6= 0 and we have to take c+ = 0 (since we want to go to the fixed point
eventually). Then the above equation tells us,Å

Kc

0

ã
=
Å

1/3
1/9

ã
+ 0 · u+ + c−

Å
1

−
Ä√

10 + 2
ä
/3

ã
From which we obtain c− = 1

3
Ä
2+

√
10
ä which implies Kc = 1

3 + 1
3
Ä
2+

√
10
ä ≈ 0.3979. This is the critical

point for the nearest neighbour 2D Ising model, however, this is quite off from Onsager’s exact solution
Kc = 0.4406. Then starting from (Kc, 0) we will always go to the fixed point.
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K∗

u−

u+

K

L

Now, suppose we have K0 6= Kc which implies that, after l transformations we no longer go to the fixed
point.

Appendices
From the first law we have the energy conservation equation,

dU = TdS − PdV + µdN

and thus the internal energy is a function of S, V and N . We know that the internal energy is a
homogenous function of degree 1, on physical grounds, since if we scale the system variables by λ, U is
also appropriately scaled (extensitivity)

U(λS, λV, λN) = λU(S, V,N)

Now, from Euler’s theorem of homogenous functions, we know that any homogenous function f of degree
k can be written as,

kf(x1, x2 . . . xn) =
n∑
i=1

xi
∂f

∂xi

Using this theorem for U , we have

U = S
∂U

∂S
+ V

∂U

∂V
+N

∂U

∂N

Substituting the values from the first law, we obtain U = TS − PV + µN
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A. Legendre Transformation
From classical mechanics, we know that the Legendre transformation is used to convert Lagrangian
L(x, ẋ) to the Hamiltonian H(x, p) and vice versa. Note how we switch ẋ in L for p in H. We will call
the variable that we want to switch to as the ‘conjugate’ of the variable we are switching. The Legendre
transformation of the Lagrangian gives us the Hamiltonian,

H(x, p) = pẋ− L

A function f(x) with the Legendre transform f∗(p) satsifies f(x) + f∗(p) = xp. We will use this for
thermodynamic quantities also, however we will use an alternate definition using minus sign, f(x) −
f∗(p) = xp. From the first law, we know that,

U = TdS − PdV + µdN

As clearly seen, the conjugate variable pairs are (S, T ), (V,−P ), (N,µ). We will consider the starting
point as the internal energy U(S, V,N) which is a function of S, V,N from the statement of the first law.
However, in any experiment, keeping these as control parameters are way too hard. Think about this,
controlling entropy of a system is an arduous task but controlling its conjugate variable, T , is easy-peasy.
We get four different ‘potentials’ by just Legendre transformation (which is basically multiplying the
conjugate variables together and subtracting from the function) of the internal energy, switching between
the different conjugate variables.

• Helmholtz Free Energy: switching S ↔ T

F (T, V,N) = U − TS =⇒ dF = −SdT − PdV + µdN

• Enthalpy: switching V ↔ −P

H(S, P,N) = U + PV =⇒ dH = TdS + V dP + µdN

• Gibb’s Free Energy: switching both S ↔ T and V ↔ −P

G(T, P,N) = U − TS + PV =⇒ dG = −SdT + V dP + µdN

• Grand Potential: switching both S ↔ T and N ↔ µ

Φ(T, V, µ) = U − TS − µN = −PV =⇒ dΦ = −SdT − PdV −Ndµ

B. 1D Solution of Ising Model
In 1D, the Ising model is given by,

H = −J
N∑
i

σiσi+1 − h
∑
i

σi

where we have assumed periodic boundary conditions. The second term can be written as a symmetric
sum, utilisng the translation invariance. Hence the Hamiltonian becomes,

H = −J
N∑
i

σiσi+1 − h

2
∑
i

(σi + σi+1) ≡
∑
i

E(σi, σi+1)

where E(σi, σi+1) = −Jσiσi+1 − B
2 (σi + σi+1). Note that E(+,+) = −(J + h), E(−,−) = −(J −

h), E(+,−) = E(−,+) = J . The contribution of each configuration is,

P ({σi}) ∝ e−βH({σi}) = exp
(

−β
∑
j

E(σj , σj+1)
)

≡
N∏
i=1

exp(−βE(σi, σi+1))
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Let us define tσiσi+1 = exp(−βE(σi, σi+1)) which is an entry of a matrix t called the transfer matrix:

tσiσj ≡ 〈σi|t|σj〉

The transfer matrix is just a notational trick and is assumed to be an operator of the Hilbert space
spanned by |+1〉 and |−1〉.

〈+|t|+〉 = eβ(J+h) 〈+|t|−〉 = e−βJ

〈−|t|−〉 = eβ(J−h) 〈−|t|+〉 = e−βJ

The partition function can then be written as,

Z =
∑
{σi}

e−βH({σi}) =
∑
σ1

∑
σ2

· · ·
∑
σN

tσ1σ2tσ2σ3 . . . tσNσ1

=
∑
σ1

∑
σ2

· · ·
∑
σN

〈σ1|t|σ2〉 〈σ2|t|σ3〉 〈σ3|t|σ4〉 . . . 〈σN |t|σ1〉
(128)

From the resolution of identity, ∑
σ

|σ〉 〈σ| = 1 and hence all the inner spin sums vanish. We are left with,

Z =
∑
σ1

〈σ1|tN |σ1〉 = Tr(tN ) = λN+ + λN− = λN+

Ç
1 +
Å
λ−
λ+

ãNå
where λ− < λ+ are the eigenvalues of the transfer matrix. In the limit N → ∞, Z → λ+. The eigenvalues
of the transfer matrix are given as,

t ≡
Ç
eβ(J+h) e−βJ

e−βJ eβ(J−h)

å
=⇒ λ± = eβJ

[
cosh(βh) ±

»
sinh2(βh) + e−4βJ

]
In the thermodynamic limit, the free energy F = −kBT ln Z = −NkBT lnλ+ and then the magnetisation
is given as,

M = −∂F

∂h
= NkBT

∂

∂h

[
βJ + ln

(
cosh(βh) +

»
sinh2(βh) + e−4βJ

)]
= NkBT

β sinh(βh) + 2β sinh(βh) cosh(βh)
2
»

sinh2(βh)+e−4βJ(
cosh(βh) +

»
sinh2(βh) + e−4βJ

)
= N���(kBT )��β

sinh(βh)
[»

sinh2(βh) + e−4βJ + cosh(βh)
]

(»
sinh2(βh) + e−4βJ

)(
cosh(βh) +

»
sinh2(βh) + e−4βJ

)
= N sinh(βh)»

sinh2(βh) + e−4βJ

The magnetisation per spin is then,

m = sinh(βh)»
sinh2(βh) + e−4βJ

For T > 0 and h 6= 0 , m is a well-behaved function with no singularity. For h → 0, we get m → 0 for all
T > 0. Thus, temperature is not sufficient to produce a finite magnetisation without an external field.
For T → 0, we have m → 1 and hence we can say that the phase transition to ferromagnetic behaviour
in the 1D Ising model is at Tc = 0. This is the reason why Ising said that there is no phase transition in
1D case (and incorrectly generalised it to higher dimensions too)!
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C. Gaussian Integration
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