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1. Introduction

Hehe...... < I am writing this as a way to understand tensors better and also to do something “productive”.
I don’t know how much I will be able to complete but I intend to touch upon the basic aspects, albeit,
in an extremely non-rigorous way....not going into heavy math perhaps (which I think is very bad ’coz

A

math is great %). I will try to do some proofs (which I feel like doing) and skip others (since I don’t
care). I will definitely take ¢ = 1 unless its necessary not to. I will use the convention (+,—,—,—) for
the metric tensor. I will also use some gen alpha slangs (which will indicate how chill I am!) and overall
try to write in a fun way. A few references which I will use are listed below:

o Tensor Calculus for Physics: A Concise Guide by Dwight E Neuenschwander

e The Poor Mans Introduction to Tensors by Justin C. Feng

o Geometry, Topology and Physics by Mikio Nakahara

e Spacetime and Geometry: An Introduction to General Relativity by Sean M. Carroll

e Modern Differential Geometry for Physicists by Christopher Isham

o Differential Geometry: A Theoretical Physics Approach by Gerardo F. Torres del Castillo
e An Introduction to Manifolds by Loring W. Tu

e F.P. Schuller’s Lecture notes of the course Geometrical Anatomy of Theoretical Physics

e Tensor Calculus YouTube video series by eigenchris, Andrew Dotson and ADG.

I will continue to add the resources as I progress. I am writing this as my own personal notes for the
subject and if it helps anyone else, I will be super happy. If any mistake is there, let me know!

2. Indices: the ultimate rizzler!

Indices make our lives easier when writing abstract quantitites having multiple components, like vectors.
If we have a three-dimensional vector, we can write it as v* where ¢ can take the values 1, 2, or 3.

Why are the indices written as superscript? Well, these are contravariant indices which will be discussed
later. For now, let’s just say that ‘upstairs’ indices are the ‘normal thing’ Index placement is important
and these are not powers...just the way we denote the components.

Consider the (in)famous equation:
F =ma

This can be written as F* = ma’, for each component i. Just remember that we should have the same
kind of indices on both side of the equation finally. That is, if we have ‘upstairs’ index on the right, same
should be on the left.

2.1. Einstein Convention

The OG rule...whenever you see two same indices, sum them. That’s it! Let’s make our hands dirty and
look at some examples:

2.2. Examples

Matrix Multiplication:

Let us have the eigenvalue equation Mv = Av. We can write this as:
Z Mijvj = )\Ui
J

Note two things here:
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o The index j is summed over, so it does not come in the final expression (dummy index!).

e The index i occurs as a superscript on the right, so in the left also, the final expression should have
the index i as a superscript.

Thus, using Einstein convention and correct index placement, the above equation can be written as:
Miv! = '

This can be visualised by treating each quantity as a ‘box’ with the indices as some ‘hands’ protruding
out. When we sum, we just join these ‘hands’ After taking the sum, the number of free hands decreases
(index contraction)l A matrix has two hands and a vector has one hand. When we multiply a matrix
with a vector, we obtain a vector, which should have one hand. This is represented in the diagram below:

— . —

Matrix Vector Vector

Figure 1: Matrix-vector multiplication. The final product has one free hand and is thus a vector.

The Scalar Product:

The dot product or scalar product of two vectors is a scalar (no hand). Then, there should be no free
index in the expression. Thus, in the index notation:

The last two expressions are same. The upstairs or downstairs indices do not matter, as these are summed
over. Note that in this definition, we have used a dual vector, having a lower index. We can also define
the dot product using the reqular vector with an upper index but then a metric comes in.

m— [ =

Vector Vector Scalar

Figure 2: Dot product of two vectors. The final product is a scalar and has no free hands.

So basically a scalar is something that does not change under coordinate transformation, that is, if we
go from a coordinate (z,y, z) to (2/,y,2'), a scale A = \.

Euclidean Vectors:

Any vector can be written as in terms of basis vectors: A = A’e; where A’ are the components of the
vector in the chosen basis. Now, we define

€n €m = Jnm

These gn,, are coefficients of metric tensor which will be discussed later. If these basis vectors are
orthonormal, then the coefficients become the kronecker delta. Then we have the scalar product:

A -B=(A"e,)- - B"e,
= (A"B"ey,) - e,
= A"B"gnm
Note that we have used the regular vector with an upper index here, with the metric g. We can define a
cross product of two vectors as:

(A x B)' = €k A7 ¥
where €¢* is the Levi-Civita symbol (cyclic permutation of 7,7,k gives 1 and non-cyclic permutation
gives -1 while repeated index in the symbol gives 0).
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2.3. Some vector BS
Vectors as Directional Derivatives:

A vector can be thought of as a directional derivative. We define the directional derivative operator as:

0
ozt

v-V =2'0;, =

This is very similar to the vector expansion in terms of the basis vectors. Thus, the partial derivatives
somewhat act like a basis. The basis of partial derivatives is indeed called a coordinate basis. Now let us
calculate: 4
. Oxd

7

ozt - Ul(ig = v’

We have used the fact that coordinate components are independent of each other, that is, partial deriva-
tive of one component with respect to another gives a kronecker delta. Note that we have used the
proper index placement here: 9; = % has a lower index (by definition) while 27 has an upper index,
thus kronecker delta has an upper as well as lower index.

v V! =v'0,27 = v

Vector Transformation:

Let us suppose we have a coordinate system (zx,y, z) and we rotate it about the z-axis by an angle 6.
The new coordinates are given by:

Y

2’ =xcosf —ysinh
y' = xsinf 4y cos b
2=z

These relations can be readily found out using the following: Suppose we have a point A making an angle
a with the original system. Then we have x = r cos(«),y = rsin(a). After rotation, the new coordinates
are given by:

7' =rcos(a — ) = rcosacosf + rsinasin @

y = rsin(a —6) = rsinacosf — rcos asin

which gives the previous result. Note that the z coordinate does not change as the rotation is about the
z-axis. Now we consider the infinitesimal displacement in the new coordinate frame:

(ds)? = (da')? + (dy')? + (d2')?
= (dx cos 0 — dysin 0)? + (dzsin 0 + dy cos 0)* + dz?
= da*(cos® 0 + sin® 0) + dy?(cos® 0 + sin® 0) — 2dadysintrcos 0 + 2dudysinfrcos 0 + dz”
= da? + dy? + d2?
= ds*

Thus we see that the infinitesimal displacement is invariant under coordinate transformation and is thus
a scalar.
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Now, note one thing: If we consider the new coordinates as a function of the old coordinate that is
' =2 (x,y, 2), we can write:
Y
dz')! = =—da’
(da’)" = =5

Using this analogy, we can define the transformation of a vector as:

ax/i

(v)" = oxJ v

Thus a vector is a quantity which transform like this. The terms % are the components of the trans-
formation matrix Aj. As we defined the transformation from z to x’', we can also define the reverse

transformation from z’ to x as:

ox’

i 15
r = .
oxh

oxt 9z
= ="z
0x' Oxk

Now in the above sum, j and k indices are summed over. We must obtain z* from the right hand side
also. Thus by observation, we can see that the term 2% 9%/

5277 5. must be equal to the kronecker delta St

Now, let us consider we have a position vector written in the Cartesian coordinate system with basis
{e;}, that is,

r=21'e;
Now, consider another coordinate system and write the cartesian coordinates as a function of these new

coordinates, that is, ' = 2(2"). Since r depends on the coordinate {2}, we can expand the differential
displacement as:

_ ﬁrdx,i
ax”‘
— 8(’:C]e]')dx/i

oz’

ozl Oe; . .
= (aj;iej + 33@5”]) dx"

J )
= (gxm/iej) dz"

_ 15
= €] dx

dr

The second term in the third step is zero, as the Cartesian basis vectors are independent of the new
coordinates. The final line is obtained from the previous step as this defines the transformation of the
basis vectors. Comparing this with the first line of the previous expansion we have:

, Or

€ = o'

Thus any basis vector (in a coordinate system) can be obtained from the partial derivative of the position
vector with respect to the coordinates (in that system).

3. Contravariant and Covariant: why the skibidi!

Let us suppose we have a vector space V and two bases {e;} and {e;}. We can the write the transfor-
mation of the basis into one another as:

e, = Age;
e; = (A )geJ
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Now if we have a vector, we can write it in terms of the basis vectors as:
NG i (i AT\
x = (2')e; =z'e; = (z'A;)e;

From this we get: (z')/ = Ag x'. Well note that, in the transformation equation of the basis, if we have
the primed basis in the left, then we had the inverse transformation matrix A~! in the right, but here it is
different (primed component in the left and A in the right). Thus, the basis vectors and the components
transform in the “opposite” or “contrary” way. Thus, these components are called the contravariant
components of the vector.

Let us now consider the dual space V*! of the vector space V. From the linearity property, we have:
fa'e;) =z f(e;) = 2'f;
Now, we use the basis transformation equation:
fi = flei) = f(AJe}) = A f(e]) = ALS]

These f; are the components of the “dual vector”. Note that if we have unprimed things on the left, then
we have the transformation matrix A on the right, which is similar to the transformation of the basis.
Thus, we see that this transformation follows the same transformation as the basis vectors. Thus, these
components are called the covariant components of the vector.

So, the components are named according to how the basis vectors transform. If they transform together,
the are called covariant (and denoted by downstairs index) and if they transform in the opposite way,
they are called contravariant (and denoted by upstairs index). The contravariant and the covariant
components together form an ‘invariance’ like the scalar product (which do not change under coordinate
transformation):

v-v =t

We had earlier seen another definition of the inner product, using both contravariant components and
the matric tensor, which was v - v = v'v/g;;. Comparing both these definitions, we can see a relation:

v; = gijv’

Thus when changing from contravariant to covariant, we just need to invoke the holy metric tensor (to
be dicussed later further).

Note: In the Cartesian coordinates, the metric tensor is the Kronecker delta, that is, gnm = 0nm and
hence the components of the vectors and dual vectors are the same, that is, z* = z;.

Transformation of dual vectors: We had seen the transformation of the vectors. Now, generally we want
to keep the inner product same in any basis that we choose. Then, we have:

AlAL = AT A,
81‘” ,
ax/i

I .
ox?

4. Why are tensors so sigma!

Nakahara defines tensor as:

!The dual space is the set of all linear functionals, that is, linear maps f : V — R. One example is say the bra vector
which is dual to the ket. So basically a bra takes a ket and returns a real (complex) number: (¢|¢)) (braket)
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A tensor T of type (p,q) is a multi-linear map that maps q vectors and p dual vectors to R,
that is:
P q
T: (@V*) X (@V) - R

Dayummm!! (= Let us break this down. Consider a scalar which has no vector and no dual vector.
Thus, it is a (0,0) type tensor. Now, let us consider a vector v. This is a (1,0) tensor, that is, it maps a
dual vector to a scalar. If we have a dual vector f, then it is of type (0,1) and maps a vector to a scalar.
This does not clear anything. Let us instead consider few examples:

Moment of Intertia Tensor:

Perhaps the first example of a tensor we had encountered during our classical mechanics course (which
we had been told to understand just as a ‘matrix’).

Figure 3: A rigid body rotating about an axis

Consider a rigid body made of tiny masses dm. Consider one such mass sitauted as a distance s from
the fixed axis of rotation. It goes around a circle with speed v = ws. The angular momentum can be
calculated as:

L:/(rxv)dm:/(rx(w><r))dm:/(r-r)w—wgm:w/s2dm

—
I

The integral is called the moment of inertia. In a more general case, where there is no fixed axis of
rotation, we write:

L= /(r X v)dm
= /(r X (w xr))dm
= /(r~r)w — (r-w)rdm
We now write it in index notation, noting that w’ = §%w;:

L= /(r 1)0%w; — 2’ (2 w;)dm

= wj </(r 1)6Y — xlad dm)
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The integral in the bracket is defined to be the inertia tensor:
IV = /(r -1)6Y — 22 dm

Note that ¢ and j goes from 1 to 3 and thus it has 9 components but since the expression is symmetric, we
only have 6 independent components. This states that the angular momentum and the angular velocity
are not necessarily parallel in some coordinate system where I have non-zero off-diagonal entries.

Electromagnetic Tensor:

The electromagnetic tensor is very useful in combining the electric field and magnetic field and finding
their transformations. It is defined as:

F,, =0,A, - 0,A,

where A, is the 4-potential. The indices p and v can take values from 0 to 3. The tensor has 16
components but only 6 of them are independent. The tensor is antisymmetric, that is, F,, = —F, and
thus the diagonal entries are zero. We will discuss this later but Maxwell’s equations can be written in
a very compact form using the components of the electromagnetic tensor.

Electric-Susceptibility Tensor:

We had studied about polarisation in dielectrics in our classical electrodynamics course where we had
often taken (for simplicity):
P= 60XE

Here we had taken the electric field to be parallel to the polarisation vector but in general, these are

related by the susceptibility tensor as:
P' = ¢yxY E’

4.1. Gradient

The components of the gradient (basically partial derivative) are covariant. We denote it with a lower
index explicitly to show that it is a covariant vector:

0
Then accordingly we will have:
O = 9 o = g9,
oz,

4.2. Tensor Transformations

As previously seen for vector transformation, the transformation of a tensor from one system to another
is very similar. For simplicity, we show for a second rank tensor:

T 92" 02" .
oxk dxm
This is simple: in the left everything is prime and contravariant, so in the right the numerator must have
primes and the denominator must have unprimed indices and contraction should be done so as to match

the contra and co indices on both sides in the final expansion. Well, this transformation law is such a
nice thing that many people say that:

Tensors are defined in the way they transform

Let us see some more examples of tensors and their transformation from lower to upper indices (it’s easy,
just use the metric tensor appropriately):

THY gpungp(7
T, =g",9°, 17,

10
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Lastly we show an example of a mixed tensor transformation from one system to another ¢%:

e oxf oz oz
ve T fale 9z’ dxo P

So basically, while changing the covariant indices, the prime is in the denominator and for contravariant,
it is above. And then the positioning of the indices is trivial (I guess...)

4.3. Matrices vs. Tensor? same same but different....

Not all matrices are second-rank tensors (=). Yes, the components of a second-rank tensor can be arranged
in a matrix form but there are many matrices which do not transform according to the above equation.
Take for example the following matrix, which we assume as a tensor:
[Tlm] _ ((a:2)2 a:la:2)
- 1,1 xz ($2)2
Note that the 2 outside the bracket is the power and inside the bracket is the index of the component.
Then after rotation, we have the following relation:

2t =2 cosf + 2% sin 6

2% = —2'sin0 + 22 cos §

Let us find 7'™ which according to the transformation rule, should be:

iy Ozt oxt .

-~ Ozk Qan
_ 81‘/1 a:E/l 1 N axll axll T12 N (9:1,‘/1 81‘/1 T21 N 81”1 al,ll T22
ozl Ox! Ozl Ox2 0z? Ox! 0x? Ox2

= cos 0 cos 0T + cos O sin 0T + sin 6 cos 072! + sin 6 sin HT2>
= cos? §(x?)? 4 2sin @ cos O(z') (z?) + sin? O(x?)?

= (2° cos @ + z' sin 6)?

Well note that if 7' was indeed a tensor, then T'' should be equal to (2/?)? but it is not. Thus, T is not
a tensor and our assumption was wrong. Thus all matrices are not tensors!
5. Metric Tensor: how yo mama’s fatness is quantified!

Let us consider the spherical polar coordinates (7,6, ¢). Note that the coordinate displacement d¢ does
not have the dimension of length. So, while considering the displacement vector, we write dr ~ 7 sin d¢o.
Thus, in general, for any displacement we write it in terms of the “metric tensor” g% as:

2 _ i, j
ds” = gijz'x’

In rectangular coordinates, we have g;; = 0;j, that is, the metric tensor is just the identity matrix. In
cylindrical coordinates where da' = dp, dz? = do, dz3 = z, we have:

1 0 0
gij=(0 p* 0
0 0 1

Thus, the displacement is written as

ds? = gijdzz:idmj =dp? + p2d¢?® + dz?

11
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In spherical polar coordinates, we have:
1 0
A 2
gi; =10 r 0
0 0 72sin?6
Thus, the displacement is written as:
ds? = dr? + r2d?* + r?sin? 0d¢*

If all of g;; are non-negative we call that geometry “Riemannian” and if some of them are negative, it is
termed “pseudo-Riemannian”.

Now, how the hell do we calculate the components of the metric tensor?

Well we have previously seen how we could obtain the basis vectors using the partial derivatives of the
coordinates. So, suppose we have to find the metric tensor for spherical polar coordinate system. For
that, let us first write the position vector:

r =xe; +ye, + ze, =rsinfcos¢ e, +rsinfsin¢g e, +rcosf e,

From this we obtain:

0

e = 7871: =sinf cos ¢ e, +sinfsin ¢ e, + cosb e,
0

e = 872 =rcosfcos¢ e, + rcosfsing ey—rsin9 e,
0

e¢ e 78; e —’]"Sinesingi) ex—i—TSinQCOng) ey

Now, we had defined the metric tensor components to be the scalar product of the basis vectors. Also
note that since the basis vectors are orthogonal, there will be no cross terms, so the tensor is diagonal.
Using this we have:

Gry = €y - €, = sin? 0 cos? ¢+ sin? 0 sin? o+ cos’f =1
Gog = eg - €9 = 12 cos? 0 cos® ¢ + 12 cos? O sin? ¢ + 12 sin? § = 12
Jpp = €¢ - €4 = 2 sin? @ sin® ¢ + 12 sin? 0 cos® ¢ = 12 sin? 0

This is exactly what we had written before. Thus using this procedure, we can easily find the components
of the metric tensor and then just chill!

5.1. Metric in relativity:

We now consider the case of Minkowski space, where the coordinate displacements between two events
are described by four component vector (4 vector):

dzt = (dt,dz,dy,dz) = (dt, dr)
The spacetime interval can be written in terms of the metric tensor g, as:
ds? = dt® — da® — dy? — d2? = G dat dx”

Thus in this case the metric tensor is:

1 0 0 0
[0 -1 0 o0
Iw=10 0 -1 0
00 0 -1

12



Tensor Calculus Notes

Note the convention. Other conventions include the (4, —, —, —) or the obnoxious (+, 4+, +,+) with an
imaginary time coordinate 2 = ict. The overall thing is, spatial and temporal part should have some
difference.

We also define the “proper time” as dr = %7. Since we take ¢ = 1, then both are equivalent but let’s
take ¢ to be ¢ for once. Then,

d 2 d 2 d 2 2
Adr? = Adt? — da® — dy® — d2* = Fdt? <1 _ Gt oy +az > = c2dt? (1 - U—)
c2dt? c2

From this we have

5.2. Metric Tensor is a Tensor!

Okay, we so since beginning we had been calling g to be the metric tensor. But hey, why so? Let us
show that it is indeed a tensor. We have said that the displacement deesrt’t shouldn’t change. So we
have:

v

ds* =ds® = gagxaxﬁ = g:“,a:’“m
We already know how the coordinates transform, so well let’s put that:

oz’ dz'v
a B a
90028 = G o ™

Since the coordinates are arbitrary (lol, the OG reason we use everytime to compare both sides), we have

finally that:
_ 0x™ o2,
it = i g v

It indeed transforms like a tensor and hence is a tensor.

5.3. Relating Ordinary and Co/Contra components

Okay, so for this section, forget the Einstein summation rule. We will explicitly use the Sigma symbol
to denote the sum when needed.

So, we consider the ‘ordinary vectors’ whose components are just the coefficients of the unit basis
vectors. For example:

Ao At A+ Ak
The subscripts do not mean contravariant here, these are just index of the components. To distin-

guish this, we use tilde to denote the ordinary vector components. Now, note that we had written the
displacement as:

ds® = Zgw,dx“dx”
ny

In a diagonal metric tensor then, each component of the metric can be written as g,, = hzéw, (no sum
is there). For example, see the displacement in spherical polar coordinates:

ds® = dr?® 4+ r2d6?* + r? sin 6% d¢>

So, hy =1, he =1, hg = rsinf. We then do this magic and define the contravariant component to be:

b

AP = Z2H
hy

13
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So why does that make sense?
Note that for ordinary vectors, we define the dot product as:
A-B=AB+ AyBy+ A3By = > hZA'B* = g, A*BY
I mv
We had used the definition of h using the delta function and metric tensor. Thus we see that using this
kind of definition, the dot product for ordinary vectors can be made analogous to the definition of the

inner product using the metric tensor. Once we have the contravariant components, we can find the
covariant using the metric tensor:

A= guwA” =Y 126, A” = B A" = h, AV

Let us see an example for the spherical polar coordinates:

i ~
AlZT A1:1'A7»

A -
AQZTG Ay =r- Ay

1 A ~
Ag:sinHTQj Az =rsinf - Ay

5.3.1. Case of the Gradient

We define the ordinary gradient in similar lines to the ordinary vectors. Given a function f, the ordinary

gradient is just:

of~ Of~ Of -

—fz + i] + —fk:
ox y 0z
So basically we take derivatives with respect to the lengths x,y or z. On the other hand, we have
‘covariant’ gradient 0, where we take derivatives with respect to a coordinate. So, in systems where the
coordinates do not have the unit of length, like 6 does not have length unit, both of these will differ. We
can relate them by:

Vf=

1
hy,
Here V,, means the ordinary derivative with respect to coordinate p but with units of length. Let’s clear
this with an example of the dear spherical coordinates:

V= -—0.f

1
vr = Earf = arf

1 1
Vo = h*aef = —0pf
2 T
1
rsin 0 ¢

1
Ve =—0, =
o= 707
Note that using this, we easily get the formula for gradient in spherical coordinate:

0fy 10fg, 1 OF g4

vf:@r r 00 7sinf d¢

5.3.2. Jacobian

We had often written (while doing some calculations in classical mechanics) dm = pdV = pdxdydz. Now,
since mass is a scalar (duh!), there is no reason to disbelief that dm is also a scalar. We know that dV is
not a scalar (here by dV I mean the product of the differentials), I mean dV depends on the coordinate

14



Tensor Calculus Notes

system, dzdzydr # dx’'dy’dz’. And, since p and dV combine to give a scalar, p can also not be a scalar.
So, let’s see how to deal with this.

Let us take the example of a curve C' enclosing some area. We have two coordinate systems, {z,y} and
{2/, y'} with transformations given by:

o= flzy) Y =gy
Let a and b be the point on the x-axis where the tangent to the curve is vertical.

y' y

Figure 4: Measuring area in two coordinate systems

Now, the area enclosed by the curve in the {z,y} system is given by:

b b a

b
A= /yblue("”)dx - /yblack(fﬂ)dif = /yblue(fﬂ)dfﬂ+ /yblack(ﬂc)dfﬂ = —]{yd:r
a b

C

a a

The negative sign comes since the curve is taken anti-clockwise. Similarly for the {z’,y'} system, we

have:
A =— ?{ y'dx’
C

Note that ¢’ in the integrand is the y’ coordinate. We are basically integrating the value ydx over the
curve. Then we can write:

A =

Q\
N
H\

0 0
g(z,y) <a£da: + ai:dy)

(Mydx + Mydy)

=

Il
— Qe O Ve, Ve,

(VxM)-da

R

15
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Notes

where have defined M, = g(z, y)

finally have:

= gf, and My = g(z, y)a—f = gfy and used Stokes’ Theorem. In our
case, fi is along the z-direction and da = dxdy, so only (V x M), =

M, M. . .
oMy _ oM, will survive. Thus, we
ox Jy ’

w //(8 9fy) gfx )dmdy
YA e

_//<3f‘99_‘9f‘99 dxd
Oy 0xr Ox Jy
e
N g Jdr 0y Oy Ox
I Yy
://det o oy dxdy
S ox dy

Note that the terms in the second step cancelled because partial derivatives commute.

e Ofs — O%f
terms like 3y = 020y

with a high-sounding name called Jacobian:

f

adafy—

Like we have

= 5057 both of which are equal. Now we define this weird determinant

oz! Oz’
ox oy
J :=det o oy
ox oy

Then the integral becomes:
://J dxdy:/ dx'dy'
S S

%—ij . Well the thing is, technically we should call the Jacobian matrix
as J but it’s fine I guess. Just understand from the context. So this serves two purposes:

In short notation, we write J =

e Firstly, it tells where the prime and the unprimed things come in the matrix. Since unprimed
things are in the denominator, we have the unprimed in the denominator in the matrix also.

o Secondly, it tells us where to put the Jacobian while doing the transformation. Like we can make
the mathematicians crazy and write:

So the unprimed denominator cancels with the unprimed differentials and the net result is the

primed thing. So we can say that the from primed to unprimed frame, the Jacobian always comes
with ‘dxdy’

Generalising this to a volume element, we would have obtained dx'dy'dz’ = Jdzdydz

5.3.3. Relating Metric and Jacobian

We take the absolute value of the determinant of both sides of the metric tensor transformation equation:

|deth| =

det‘ 'd t‘ |det gpo|

Note that the determinants written above are just representations, like they are actually determinants
of the matrices whose components are written in the above expression. For simplicity, we will denote
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2
0.
2"l We
take the absolute value since we had seen that for pseudo-Riemannian metric, the determinant of g is
negative, like the Minkowski metric has determinant -1. Also note that since gf, and %iw are inverses of

each other (again, their matrices), then we have

the absolute value of the determinant of something simply by |- |. Thus, we have |¢'| =

-1

Oz | _ |0
ox'| | Ox
Then we can write: 5 o/
T T _
B lg| = Or lg'| = J 1|9|:=]|9/|

We used the fact that determinant of the inverse matrix is just the inverse (reciprocal) of the determinant.

Then we have
-
rd

Then we can write the area transformation as:

g'|da’dy’ = \/|gldady

This quantity is a scalar and this is a scalar transformation. Generalising this, we can write for arbitrary

VI0gldr e = /|gld"x

So we saw how volume element changes between coordinate systems. Now, since we have to keep dq or
dm for example, to be scalars then we need the density to transform as p’ = J~!p, so that the jacobian
cancels from the volume element and it gives us a scalar.

dimension:

In a nutshell...
Any quantity that transform in the following way:
Q' =7"Q

is called a tensor density of weight w. So the volume element is a tensor density of weight +1 and the
charge or mass density is of weight —1.

6. Tensor Derivatives: levelling up the rizz!

Till now, we had just seen the transformation of tensors and tensor densities. However, an important
aspect of any calculation is the ability to take derivatives '. Derivatives occur everywhere in calculations
and we need a way to tackle them. So let’s start. ..

6.1. Velocity

Well velocity is a vector (we had been reminded many a times) and it should then transform as a vector.
Now, we know the transformation:

) 8:5/72
dx/’L — iUl
Ox!
To find velocity components, we have to differentiate with respect to time t.

(ot

dt  dt \ ozl

B am/zdiml +xl£ 81'”‘
ozl de dt \ 9!
_or'tdat 0% da®

=0l @ ¥ arkosd at

LA person’s intellectual prowess can be judged their ability to take derivatives #®

17
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k _ da*

Now we define v" = <7-. Then the above expression would give:

7 2,1
a.f ’Ul + 8 X ;[jl’()k
Ox! Oxkox!

The first term gives the proper thing for velocity to be a vector, like the correct transformation. The

second term is the BAD term 5. Let’s see some examples of this term in some transformation:

U/i —

Rotation:
2’ = xcosf + ysinf
Yy = —wxsinf +ycosb
So we have:
oz’ oz’ oy’ oy’
izcos& —x:sinﬁ -~ = —ginf —y:(:OSO
Ox y Ox oy

Note that the first derivatives do not depend on the coordinate anymore. For a fixed 6, the first derivatives
are constants. And if we consider the transformation of the velocity components, then the second term
will vanish, since these contain double derivatives. Thus, the BAD term vanishes and we happily see that
velocity is a vector under rotation. In Galilean transformation (¢’ =z —vt,y’ =y, 2’ = 2z,t' =) too, the
second term vanish. Even in Lorentz transformation (t' = v (t —vx),z = y(z — vt),y = y,2’ = 2) the
bad term vanishes (however, in velocity, instead of time, we take proper time, that is, vk = %). So in
basic transformations, velocity is indeed a vector. Let us now see how derivative of a tensor component
transforms. So we have,

0 (0x'\
(O\T?) = OnT™ = < A ”) (contravariant transformation of tensor)

oz’ \ Oz°
oxr 0 9z

_ qu 5r (82" T ) (covariant transformation of derivative)
Dar 9’ owr 0P -

g 0,17 + WWTU (chain rule)

Again, the first term is the usual thing but the BAD term appears again! Notice how always the bad
term contains a double derivative. Now we know that double derivatives have something to do with
curvatures. Let us clarify a bit more.

Imagine the position vector r(t) on a flat space. Then the tangent vector to a point having position r(t),
say v, will lie entirely on the same space, right? But now, imagine the space being curved. Now if we
draw the tangent, it will inevitable leave the space. Imagine the people living on the surface of a sphere.
The velocity vector for a moving body in the space will be tangent to the sphere and points off of it. So,
for the inhabitants, the velocity vector doesn’t exist since it is not contained entirely on the space (Is
this the same case with God? Hmm, something to think about ¥)). What they can do it, just take some
small patch of the sphere (which is flat) where the tangent touches the surface and around it, locally,
they can define the velocity vector. So, in general the velocity is not a tensor in curved space, where the
second derivative is non-zero.

6.2. Affine Connection
Suppose in a locally inertial frame, for an object we have zero acceleration, that is:
d2 P
=0
dt?

Suppose the coordinates X* = X“(z#) where z# are coordinates of a ground-based inertial reference
frame relative to which the object accelerates. Then using chain rule, we have from the previous relation:

d <8X * dat )

dt \ Ozt dt
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Using product rule and chain rule again, we have:

OX 2zt 92X daf dxt

Oz+ dt? OzrdxP dt dt

Az .
oxe:

oz (8X°‘ dzx“) ox < G d:U”d$“>
0Xe \ Oxr dr2 00X \OxtOxP dT dt

Now we do one nice thing: multiply the above with

Doing this, a nice thing occurs but for that we have to note that g}; gi((i = 5/\M. Then from the first
term, we get the kronecker delta and the expression reduces to:
d?.z* ot 92X daf dat d2z? \ daf dzt
5 + — =0 = + T =0
dt 00X zxrtdzr dt dt

dr? mdr dt

Here we have identified the scary blue term with a symbol with three indices, one upper and two lower
(since in the blue term, there is one upper and two lower indices). This thing, we call the affine connection.
Note that since derivatives commute' generally, we have the lower indices of the affine connection to be
symmetric, that is,

I =T%,

6.2.1. Definition in terms of basis vectors

We can define the affine connection using basis vectors also. Consider the derivative of the basis vector
e; with respect to some coordinates. This derivate is another vector which when expanded in terms of
the basis, the coefficients are nothing but the affine connection.

6.2.2. Transformation of Affine Connection

Note that the affine connection contains both coordinates X“ and xu. Suppose we want to transform
from x to 2’ coordinate system, then only the z things will be changed, not the X things. Leave the
X alone because the transformation being studied is specifically about how the connection coefficients
behave when you change coordinate systems on the ground. So we have:

B ax/A 82Xa
X Gl

B oz dxP 92X

~ QxP 0X Qx'hdxv

oz’ Oz 0 (00X 0x7 . . .
= (using chain rule again )

("

(using chain rule )

OxP 00X ) Ox'* \ Ox° Oz

or' dxP 0x? 0 [0X© OX> 9%x° ]
= + (using product rule )

oxP 0X« ox'V ox'* \ Ox° 0x° Ox'Hox'v
(02" Oz (8:1:" PX> 9zt XY 9aC
\ 9xr OX oz’ 0xF0x% Ox'™ 0x® Ox'mox'v

) (using chain rule )

Well well, I know this was a shitty calculation but hey, sometimes shit is what relieves us! We now focus
on the two terms separately in the above expression.

'If a space has something called a ‘torsion’, then the derivatives no longer commute and the following property does not
hold true
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. . o A OxP Ox° aQX(x Oz
o The First Term: (a‘zp 8)?&) Do Do 5T BTl
This can be rearranged a bit and can be written as
ox' 0x° Oz (8xp ?X“ ) (02" 0x° Oz e
OxP dx' Ox'H 00X 9xk0x®/)  \ OxP Ox' Ox'H i

e The Second Term: (%ﬁ; 5;?’;) %ﬁf 895653‘3;’” The blue terms together gives 67, which reduces the

expression to:
oz 0P

OxP Ox'Hox'v

Thus, finally we obtain the expression for the transformation of the affine connection:

Y~ <8:(:’>‘ 0z (%U“) p oz 9%xf

—\ OxP Oz Ox'n ko + OxP Oz'hdz'v

Note that the first term is the usual transformation rule for the affine connection but again the second
BAD term emerges which, if non-zero, will lead to the affine connection not being a tensor.

Now note that the BAD term contains the second derivative of the old coordinates with respect to the
old coordinates, but generally we have the other way. So it would be a bit nice if we could change it.
For that, note the identity and differentiate with respect to x’#:

Oz Oxr A

oxr dxlv Y
.0 (aw axp> 0
ox'® \ OxP Ox'v
oz’ 02xP ox’ 92
— <8$P) () + (55) (azpaxw) -
. (Ox”\) ( 02z >+ (W) ( 92z axa) Ly
oxP ox'vox'H ox'v 0xPOx° Ox'H

The first term in the above is exactly the BAD term in the affine connection transformation and thus
we replace this. Then we have:

Y = ox' 0x° Oz~ e <3xp> 0%z Ox°
g OzP Ox'v Ox'H i oz'v OzPOx° O/t

6.3. Covariant Derivatives

In every transformation seen so far, we had got a BAD term (containing a second derivative) which spoils
the transformation. So wouldn’t it be nice if we just redefine the definition of a derivative so that this
BAD term gets cancelled from the definition only? This brings us to covariant derivative

A Notational Nightmare:

The symbol of covariant derivative is very confusing. Different people use different notation for it. Some
use D for it, some use V while some use ;. We will use ; for it, I guess but we may sometimes shift to D
notation if ambiguity arises...

The covariant derivative of a vector component with respect to a scalar is defined as:

DA _ dAN - V@A”
Dt dt *odr
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Here we used the D notation since the ; notation is mostly used when we differentiate with respect to
some coordinate. The covariant derivative of a vector component with respect to a coordinate is then':

A AA A v
AR = AT AT, A
The covariant derivative of a covariant component is similarly:

A,

o = A)\ - Fa)\uAa

M

6.3.1. Transformation of Covariant Derivative
In the primed frame, we have:

A A A dat
Al ;T: A/ 7T_'_:[wl HVFA/V

(83:’)‘ dA! , 0% dxk)

o dr | odkord dt
N oz’ % oz® e <6x”> 2N 9x°
OzP Ox'v Ox'M i oz OxPOx® Ox'H
" 8:1:’“di‘”+ L 0% daf 8x'”A9
Ooxv dt v OzwozB dt | 0z

Let’s see this term by term.

e The First Term: Transformation of normal derivative

oz dA! ; 02" dad

ox! dt 0z10z! dt

This is fine for now. Let’s leave it here!

e The Second Term: Multiplication of three individual terms Well, this is the monster “# actually.
When expanded, it will have four terms. Let us write them one by one:

1. After reducing the Kronecker delta, the final expression becomes:

dx"™ 9x° daF Oz Oz dav o |0z dat

OzP Oz Oz Oxf Oxw dt = "9 Oxp dt = 7

o

2. After reducing the Kronecker delta, we have:
OxP 9%x'A 9z° 9z 92" dx¥ B 92z dxC p
0z OxrOx® Oz’ 0xf Oxv dt ~  Oxrdxo dt
Note this final term and the first term, both of these differ only by the fact that ¢ — o

and [ — p but since these are dummy indices, we can just rename them and these terms are
actually equal but we have a minus sign in this term, so this cancels with the first term.

3. After reducing the Kronecker delta, we have:

(91'0\ 69:” 62$/M d.’L’B
WP (% WP o
x¥IP, A" = AT 3 TP, A

oz’ dxt 0x'7 9" 9%a* dxP
OzP Ox'* Oz Ozf Oxwozf dt

4. Same, after reducing the Kronecker delta, we have:

B ox® 9%z 9% daP
Oz OxPOx® dxwOzlf dt

_8:6‘7 OxP 9r"" 922 9%zt daP
Oz 9x'v 9zf Hxrdx® Oxw0xP dt

means the normal derivative, that is, 9, A"

A = ¥ AP

1A1/

NT
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Okay, so the green terms cancel and note the boxed terms, these are actually the terms which should
have been in the transformation equation of covariant derivative, if it were a tensor. So, let us now focus
on the remaining terms, that is, the last two terms. Note the third term:

oz Ozt §2gH dggﬁxw ()47 = 9r™ 9" 922 daB ((9.1,'/) 924" )waU
OxP Ox'* xwHxB dt Ko T 9P O §rwdrB dt \9r" OxcOx°
oxt 9%x'* daf 922" " o

= Dat 9xv02P AT 025 0x0

We had just replaced the affine connection coefficient and reduced the kronecker delta. Then this turns
into the fourth term (p — o and 0 — k) and hence these two terms cancel. Then we remain only with
the boxed terms and hence the covariant derivative with respect to a scalar actually transforms as a
vector.

A

A A K A K A
02" dAP Oz dx e _o0a' <dAp dx FpncrAU> _0a' dApAp

T 9xp dt 0 Qxe dt T "7 Qxr \ dt + dt  Oxp dTt T T

We saw how easy it was to show the transformation of covariant derivative. It’s going to get easier as
we progress. Now, similar to the above, we can show that the covariant derivative with respect to a
coordinate is a second-rank tensor.

oz 0x° p
T N TR

The covariant derivative of a general tensor is given by the following formula:

A

r

S
010y . . — 010y ) ) To Z'1~~~’L.uflhuiu+l~~-Z‘1‘ . L 1.y hy .
A J1---Jsip A Ji---JssP + Z r hupA J1---Js Z A j1~~-ju—1huju+1~~jsr Jup
u=1 u=1

Basically, the first term is the conventional derivative. For all the contravariant indices, we have + sign
while for covariant indices, we have — sign. And in each sum, remove the u*® index and replace it with
an arbitrary variable in the tensor and then accordingly adjust the affine connection. Let us see some
examples perhaps, using this formula:
ny o v o KV v UK

T =T 5 + 17, 5T + 17, 5T
T.UVU;B — T’uyg,ﬁ 4 F'u,%ﬂTHVO' 4 FunﬂTlma _ IWJBA;WH
6.3.2. Covariant Derivatives using Basis Vectors

Theorem 1 (Product Rule):
The covariant derivative satisfies a kind of product rule like:

(A”B")., = A"B" , + BFA”
Proof. We show it for a rank two contravariant tensor. We begin with the usual expansion of the

covariant derivative:

(ABH),, = 0u(AB*) + TV, A"B* + T* A" B"
= B*O,AY + AY0,B" +T", A"B + T#_ A”B"
= B (0, AV + 1%, A®) + A” (0B* +T*,_ B")
= BMAY,, + AV BV,

This can be generalised to higher rank tensor with mixed indices as well.
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6.4. Relating metric and affine connection

We use the basis definition of the afline connection.

F)\Iipg)\l/ = F)\/{u(e)\ ’ eV)
= (Oyex) - €y

=0u(es-€e,) —e.-0ue,
A
= OpGkv — r ylu,e,‘i - e)

Thus we get:
F)\nug)\l/ + F)\VMQKA = a,u,gm/

£
N

We now use a cyclic permutation of u, &, v to obtain the following two equations':
F)\,uzzgfi)\ + F)\fwg)\,u = 8ug;m
A A
r w9 T r w9 = OxGup

Let us now add the first and last equations and subtract the middle one:

O + Ougrw — Ougun = Lot + T et + T 000 + Drmne — I mone — Doy,

We had assumed a torsion-free space and hence the affine connections commute in their lower indices.
Hence those terms get cancelled and we finally have the expression as:

1
FAMRQAV = 5 (angz/u + 8/19/@1/ - zxg,un)

Multiply the above by ¢”“, then we have:

1
5 (8nguu + 8ugmj - aygufc)

1
- F)\ung)\ugya = igua (&ﬁguu + 8,ugm/ - al/g;m)

1
_— F)\/méak — §gva (&;g,,u + aug,ﬂ, — &,glm)

F/\,ung)\z/ =

1
= Fa;m = 591/04 (8I~tgz/u + augmx - 81/9#/{)

Whew!!&> Let us now see an example to find the connection coefficient for 2D polar coordinates.The
metric and inverse metric tensor are:

(10 G_ (1 0
95 =\ r2 9=\ 4
T

Then taking the derivative of the metric tensor, we have:
1 0 00
Orgij = (0 2r> Dogij = (0 O)

1) is summed over in the expression, so we do not consider it in permutation
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The only non-zero element is at 9,.ggg. Then we only have two non-zero connection coefficients:

1
[Mgp = 59” (Osg7g + Ogggr — Orgoo)

=——2r
2

= -7
6.5. Curls, divergences and other craps
6.5.1. Covariant Divergence

The ‘ordinary’ gradient that we had written earlier, will be generalised to the covariant derivative. Then
we will have the divergence modified as:

V-A o A =9,AM T

From the above relation between metric tensor and the Christoffel symbol, we have:

1 1 o
Puu,\ = iglfﬂ (8)\91/u + aug)\l/ - augu)\) = 5 (gy'ua)\guu + gyuaug)\u - gt dz/g/z)\)

Notice the two coloured terms. Since p and v are being summed over, we can just interchange them in
the, say, red term. Then we will have that both the terms cancel. Thus, we have a simplified expression
for the contracted Christoffel symbol as I'* A = % g"* (Oxguvu). We will now show that this expression can

be reduced to the expression:
1
= Lo, (/)
oVl

For that we prove some basic identities:

Identity 1:
For any (diagonalisable) matrix M, we have:

Tr(M~'0\M) = 9\ In| M|

Proof. Let us calculate the variation of the quantity in the right hand side due to some variation dz* in

1’>‘Z

dln|M|=In|M+0M|—In|M]|

_1D<M+5M|>
| M]

=In (|M7Y||M + 6M]|)
=In (|M~'M + M~ 'oM)|)
=In (|1 +M'5M))

We now prove another small identity:
In|M| = Trln(M)
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Since M is diagonalisable, we can write the following and then proceed:
M = pPDP!
= det M = det(PDP™') = det(D) = [ \s
i

= Indet M =In (H)\i) =) In\

In Ay
=Tr In )\2
In )\1
=Tr| P7'P In Ap
In A\
=Tr| P In Ap p!
= Tr(In M)

So using this identity in the previous result, we have:
In (|14 M~'6M[) =Trln(1 + M~'6M)
=Tr <M—15M — %(M‘l)(éM)(M_l)(éM) +.. )
=TrM ' x6M+...
We somewhat proved this identity'. Now, we take the case when M = g, then we get:

OxInlgl = Tr(g'9xg) = (97'0ng)", = 9"70r9,, = 2T,

Thus we get:
1 1 1
I = soaInlg = >—0xlgl = ——=0x (\/]g])
= 50yl = 509l T 91

9]
Then we have a cute expression for the covariant divergence:

1
A% = 0 AT ﬁa)‘ (M) A

We are not done yet, we can make it even cuter...using the product rule, we have:

9x(v/1914%) = /1g1ox(4%) + ox(y/9])

Substituting this in the above expression, we get:
1
ary, = ——0, (/lgla")
"Vl
Let us check for the spherical polar coordinates where we had seen g = diag(1,7r%,r%sinf) = +/|g| =
r2sinf. Then we will have:

[/
A;M_

1 (8(r2 sin 0 Al) n d(r?sin 0 A?) n A(r?sin 6A3))
r2sin or 96 o
1 . 0(AY?)  ,0(A%sinf) | 8(A3)>
~ r2sinf (51119 or T 00 +r7sind ¢
ia(AlrQ) n 1 9(A%sin0) n O(A3)

r2  Or sin 0 00 0

!This derivation is given in Weinberg’s book of Cosmology and Gravitation
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Now, note that we had earlier done said something about ordinary vectors and how they relate to

contravariant vector: A* = and we had also seen the relation between them in spherical coordinates.
Using that we have:

1o(Ar2) 1 8(%sing)  9(-2e)

[ T rsin 6

A r2  or + sin 6 00 * 0
1 9(Ar?) L d(Agsin6) 1 9(Ay)
2 Or rsin 6 00 rsinf  0¢

Lol, this is the formula for normal divergence in spherical polar coordinates that we had been studying
and so this new ‘cute’ formula makes sense! Let us now check for the Laplacian and curl too.

6.5.2. Covariant Laplacian

We calculate the following ' for a scalar function d¢:
1
DD = =0, (vIglo" o)

Well note that o*dp = ¢"' 9, and since the metric tensor is diagonal in this case, only ¢"" = 1,¢"% =
g¢¢ = 5 will contribute. We then substitute it in the above:

r2 ) 7"2 sin?

0 (Vi o) = o (Vislo0.0)

_ ‘9<2 3&’) 7<2- i‘l‘b) (2#_@»
~ r2sinf (8T " Sme@r +89 " Smer? ) " 2sin20 1J0)

Cr20r 8r r2sin 6 8111060 0 r2sin? 0 O¢?

Wasn'’t this nice and simple, to derive the form of the Laplacian which has scared us for so long because
it just looked ghastly and seemingly popped out of nowhere?
6.5.3. A Thing or Two about Levi-Civita

Curls and cross-products cannot be done without the mention of Levi-Civita symbol. So, let us see a
few things about that thing first. We all know the famous €;j, let us generalise this to higher number
of indices and write it with a tilde. So, what we have is:

+1,If pypg ... ppis even permutation of {0,1,2,...,(n— 1)}
€uipzopn = S —1,If pypa ... ppis odd permutation of {0,1,2,...,(n—1)}
40, otherwise

We will call this object the Levi-Civita ‘symbol’, specifically, since this is not a tensor. Now note one
identity:

Identity 2:

= _ = 151 12 Un
Cul iy det(M) = e;u...unM 1 M ph M i

Now take the matrix M = a&”/, then we have from the above formula:

ox
oz’

or'| - oxHt g2 ozHn

- oxH1 Ot oxkn
e € ’ — | € ce .
M1 -fn
ox Bxﬂfl 81'”/2 Oy

= € . ;=
B1-efn TS
89%/1 896”/2 Oz

!Note that the components of the covariant derivative of a scalar function are just the partial derivatives
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We just took the determinant in the denominator in the right hand side and then took the inverse matrix,
since inverse of the determinant of a matrix is the determinant of its inverse. 'However, note that the
matrix is just the Jacobian and hence the Levi-Civita symbol is a tensor density of weight +1. Now,

also remember that we had previously seen:
.
9|
Then, we will have:

- lg| ~ OxH dxH2  Qabn e gl oxHt Jxh2  Jxhn
€,/ ;= — € e — g€, 1= gle c.
T \[ 171 SHa-eetm 1t [
" lg’| Oz, Oxyy Oy, " Oz, Oz Oy,

Thus the quantity €,,. 4, = \/|9/€u:...u, transforms as a tensor and we can do all the up and down game
with the indices. This we call as Levi-Civita tensor. We also sometimes define the Levi-Civita symbol

as €M1-#n which is of weight —1? and then we get e/1-#n = ﬁ’é“l“‘“”.

Most of the time, we contract some of the indices of the Levi-Civita tensor and we obtain some Kronecker
deltas. We have an identity for contracting p such indices:

QU - [a1...ap—p]
eH1H2 fpal - peﬂll‘&"'ﬂpﬁl"'ﬂnfp — (*1)810!(11 _ p)! 5513.671_;’

Now, wtf does the right hand side denote? Here s is the number of negative eigenvalues of the metric
tensor but what about the weird delta symbol? Carroll writes it as an anti-symmetrised product of
Kronecker deltas. We elaborate it a bit further. For any tensor T, the notation Tlk-knl ig equal to:

Tlapn] i' Z sgn (1) THe() r(2)-Hr(n)
n

' 7T€Sn

Well, did I make it more complicated? Perhaps, but complications lead to clarifications. S, is the
permutation group of order n, sgn(m) denotes the sign of the permutation and is positive if it is obtained
from even number of exchanges and negative otherwise. Let us see for Ss3, the group is then:

53 = {{17 2, 3}7 {17 3, 2}7 {2? L, 3}? {27 3, 1}7 {37 1, 2}7 {37 2, 1}}
—— —— —— —(— —(— ——
1 T2 T3 Ty 5 )

Then we can check that we have sgn(m;) = +1 for ¢ = 1,4,5 and —1 for i = 2,3,6 So, similarly the
Kronecker delta can be written as:

[a1...om—p] . 1 O (3)

And now using Leibniz’s formula for determinant®, we have:

1
5[&1.~.Oén—p] = 7d t 6
Bretnn = (n = py1 240)
where,
5 f - 5Bf’p
o= : :
o Qn—p
o) ifp R 6Bn—p

!By the way, I really like these kind of reciprocal sentences. It’s a cool thing about mathematics! Another example may
be, like sum of trace is the trace of sum.
2This is numerically equal to sgn(g)€.,...un
3The formula says that for any matrix A, we have:
n n

det(A4) = Z sgn(T) Haim = Z sgn(o) Haﬁ,(i)

TESY i=1 og€Sn i=1
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Then the final expression that we have is:
RPN T BBy = (—1)"pldet{d}

Well, let us see one example, for this that we know. For this, we take p =1 and n = 3, then n — p = 2.
So, we have: ‘

5] 5k C ke —

51 ok ) = (=1)° (467, — 81.07)

Isn’t this fun to finally see how this expression comes? Well, for me, yes but it is just an amusement for

me, ’coz ultimately, to use it, we have to kinda remember it. Deriving things from scratch is a painful
patch, with time to lose and little to match.

ke = (—=1)° x 1! x det <

6.5.4. Covariant Curl

In our normal vector calculus, we had often written the curl to be (V x A)’ = €ijk0; A7 (Note that I am
not caring about any index position here, just placing them randomly). The natural generalisation is to
replace the normal derivative with covariant derivative and the epsilon with the Levi-Civita tensor and
proceed. Let us compute the i component of the curl, that is, C* = eijijAk = #E"‘jijAk. Note

Vil

that in the right side only two terms will contribute for which j, k # i. Consider j — k is symmetric
while £ — j is anti-symmetric.

1
lg

1 v v
= W (ajAk —F/ﬁ;ﬁlf— akAJ' +F/"€J447)

Vldl

The Christoffel symbols cancel because we assumed no torsion. Thus we have a cool expression for the
curl. Let us see an example, with our dear spherical coordinates:

C' =

(69%D; A + € Dy A;)

-d--%

~ 1
CT = O'," == m (89A¢ - 6¢A9)
1 o~ ~
= r2 s o (89(7“ Sin 0A¢) — 8¢(7’A9))
1 o .
= — (Do (sin 0.A,) — 05(Ag) )
~ r
C@ = 7"09 = m (8¢Ar — aTA(b)
1 ~ L~
= <8¢(Ar) — Oy (rsin 0A¢))
1 1 ~ ~
= rsinfC, = “S20 (5 A, — 9pA,)
¢ = TEMOLe = L sing e T Y08
1

We had nicely found the components of the curl in spherical coordinates just by using the above formula
which is way easy to remember and then using the conversion between ‘ordinary’ and covariant vector
components.
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7. Curvature: coz being flat is boring!

Let us start with the normal meaning of curvature. For a one dimensional curve, to actually see it
is ‘curved’, we need to visualise it in two dimension. Similarly, for two dimensional surface, to see its
curvature, we need to embed it in three dimensional space. So, for an n dimensional space, the curvature
properties which require it to be embedded in a n 4+ 1 dimensions is called extrinsic curvature.

Now, imagine a 2D creature (someone from Flatland perhaps) whose entirely life revolves in a 2D space,
who doesn’t have a taste for any other dimensions, how can that being say whether it is living in a flat
space or curved space? One thing it can do is, it can just join three points with shortest distance lines
and then measure the sum of the internal angles of the triangle. If they do not sum to 180°, then it is
not a flatland. This is called intrinsic curvature property, since we are not leaving the space.

7.1. Parallel Transport

/\\

Figure 5: Parallel Transport of a vector on a sphere (pardon the distorted diagram tho!). We can
observe that a vector starting from a point on the sphere, after moving along the closed loop, does not
remain the same vector. This is an important indication of curvature of space.

7.2. Riemann Curvature Tensor
8. Bit of Differential Geometry: Dayuum!!

Let us look into a bit of differential geometry which is a formal way of treating this tensor thingy. We
will try to be as intuitive and non-rigorous as possible (and thus increasing our chances of making a
mathematician crazy!) but yeah, we will try to be rigorous enough so that I am satisfied.

8.1. Some prior things

Before touching manifolds, let us define what an abstract topological space is, since manifolds are special
case of topological spaces.

Definition 1 (Topological Space):
A topological space is a set (X, T) where T C P is a collection of subsets of X such that:

e ), X e

e Uyet = U U, € 7 (closed under arbitrary union).
acd

n
e Ui€t = () U; €7 (closed under finite intersection)'.
i=1
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Well well, this does not look anything like coffee cup and donut which most people associate topology
with. That is a case of homeomorphism which will be discussed later (hopefully). However, for now let us
proceed. The sets belonging to T are called open sets. We define a closed set as a set whose complement
is open. There are umpteen other definitions like closure, boundary, interior, neighbourhood, etc. Let

S

define few of them & .
« Closure of a set A is the smallest closed set containing A and is denoted by A.
o Interior of a set A is the largest open set contained in A and is denoted by int(A).

e Boundary of a set A is the set of points which are neither in the interior nor in the exterior of A
and is denoted by 0A.

o If p € X, then a neighbourhood of p is a set N such that there exists an open set U € T with
pelUCN.

N

Figure 6: Neighbourhood of a point p in X

e Hausdorff Space: A topological space is called Hausdorff if for any two distinct points x,y € X,
there exist open sets U,V € T such that x e U,y € Vand UNV = ().

U .-~ =Y
- ~ 4 N\
Ve \ / \
/ \ / \
| Y I [ Y |
\ / \ /
N\ / \ Vi
\~—/ N P
~ -~

Figure 7: A Hausdorff Space, where the points x and y are separated by the open sets U and V.

e Topological Continuity: A function f : X — Y between two topological spaces is said to be
continuous if for every open set V € Ty, the preimage f~(V)? € Ty is open in X.

e Homeomorphism: A homeomorphism is a bijective function f : X — Y between two topological
spaces such that both f and its inverse f~! are continuous. If such a function exists, we say that
the two spaces are homeomorphic and we write X 2 Y.

o Cover: A cover of a topological space X is a collection of sets {U,}whose union is X that is,

UUs, = X. If each set is an open set, then it is called an open cover. If there exists a finite
[0

k
collection of subsets of the cover such that their union is X, that is, |J U; = X then it is called a
i=1

finite subcover.

'Here o index is used when we want the indexing set .J (indexing set means the set from where the incides to denote the
elements of the set are taken from) to be arbitrary, meaning that the set {Us} can be finite, countable or uncountable.
On the other hand, index 4 is mostly used when the indexing set is finite.

2The preimage of a set Y under the function f is defined as f~*(Y) = {z|f(x) € Y}. Note that this has nothing to do
with inverse of a function (sadly we use the same notation)
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Figure 8: Open cover of a space

e Subspace Topology is the topology on a subset Y C X induced by the topology of X. In this case,
open sets of Y are basically the intersection of open sets of X with Y. So,

Ty = {UQY|U€T)(}

8.2. Manifolds

Let us see some pictures.

@

”

(a) Torus (yeah, donut came atlast!) (b) Sphere (like yo mama) (c) A Waving Flag perhaps?

Figure 9: What’s common in all these?

So, what is common in all these pictures? Note that they all look very different from each other but if we
really ZOOM in /-’ we can see that each of them look alike, like a flat plane. Well, the road ahead of us
looks flat but the road is on the freaking Earth which is, let’s say to a physicist’s satisfaction, a sphere. So,
we can say that all of these things look ‘locally’ like the flat plane R?. This is essentially the idea behind
a manifold, things which look locally Euclidean (like R™). Let us define manifolds formally:

Definition 2 (Differentiable Manifold):
M is a m-dimensional differentiable manifold if:

e M is a topological space.

o There exists an open cover {U,} of M and for each «, there exists a homeomorphism ¢, :
U, — V, where V, is an open subset of R™.

» Two open sets U;, U; such that U; N U; # 0, then the map ;; = ¢; o ¢j_1 is a smooth map ',
where I/Jij : gf)j(Ui N Uj) — (f)l(UZ N Uj).

1 A smooth map is a function which is infinitely differentiable, that is, all the derivatives exist and are continuous. Sometimes
a smooth map [ is said to belong to the class C™. In general, C* is the class of functions which are k times continuously
differentiable. We will consider mostly ‘smooth’ things here, so we will always in general take k to be oo
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~
~

Figure 10: The figure shows the third point in the definition. So basically, we note where the home-
omorphisms map the intersection of the open sets and then define the map 1;; between these two
regions.

A point p € U C M has the coordinates (¢'(p),...,¢™(p)) € R™ with respect to the chart (U, ¢).
The coordinate functions ¢’ are defined in terms of the projection map proj;, : R™ — R such that
proj;(z) — z*' and ¢* : M — R such that p — proj,(¢(p)). So basically ¢ sends p to some point in
R™ and then to find the individual components, we take the projection of ¢(p) along that coordinate.
Henceforth we will use r to denote proj; (cause brevity is the soul of wit!) and also, to be familiar with
our common sense, we will denote the coordinate maps ¢’ with z*, which actually gives us the feel of
some coordinates.

The terminologies used here are very much related to the geography of Earth. The pair (U;, ¢;) is called
a chart (maybe because they help us to locally “chart” the manifold, that is, understand it using some
coordinates) and the collection of all charts is called an atlas (well, because it is collection of maps).

Now let us unfold this carefully. For the open set U;, the map ¢; takes it to another open set in R™. So for
all z € U; we got a mapping to an Euclidean space. Same goes for Uj, that is we obtain a mapping into
another copy of R™. Now for points in the intersection of U; and U;, we have got two different mappings
and we can go back and forth between the two copies of R™ since these mappings were homeomorphisms.
This is what we had with the mapping v;; (and thus, these are aptly called transition functions). It first
maps with the inverse of ¢; and then applies ¢;. The net effect is that we are mapping between a point
in one copy of R™ to another copy of R™.

Imagine the open sets as patches in the manifold. We can then patch together the whole manifold by
taking the union of all the open sets, all of which can be viewed as a Euclidean space. There are also
manifolds which do not have the smooth property on the transient function, only continuity is there.
These are called in general topological manifolds.

| We also assume that our manifolds are Hausdorff and paracompact (which we will not define here).

Fun Fact:
For a differentiable manifold M, the set of smooth real-valued functions on it C°°(M) is a ring

8.2.1. Examples:

Now comes the good thing: examples! & The Space R*

Duh, it looks like R™ locally since it is R™ itself. A single chart is enough for the purpose and the

IThis just selects the " component of a m-dimensional vector z in R™
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homeomorphism is the identity map.
The Circle S'

Circle is a curve in R? with coordinates (cos#,sin ). We mostly take 6 € [0,27) but we come across a
problem. Note that the open sets on a circle are basically union of “open arcs”. However, [0,27) is not
open. Thus we need atleast two charts to cover the circle.

We take two antipodal points on the circle and then define the charts as follows:

Let U; = S1\{(1,0)},Us = S'\{(—1,0)}. Then define the homeomorphisms as:

b1 : SN{(1,0)} = (0,27) o : SN\{(~1,0)} = (=7, 7)

These functions basically take the value of the angle 6 that a point on the circle makes with the x-axis.

( %%. N ( A
\ N ) T . )
0 27 —r s
é1 ¢2
/ 0 0
(a) Here the point (1,0) is removed and ¢1 maps the (b) Here the point (—1,0) is removed and ¢2 maps the
rest of the circle to the interval (0, 27). rest of the circle to the interval (—m, 7).

Figure 11: ¢; and ¢y are invertiable and continuous (easily seen). The two charts intersect in the
upper and lower semicircles (as the antipodal points are removed). The transition function is given by:
_ 0 if € (0,m
61003 (0) = oe
0+2r iffe(—m,0)
is a valid chart for the circle.

which is smooth on each of the semicircles as required. Thus this

The same circle can be described by another chart using the stereographic projection, resulting in the
Mercator Atlas. For this let us consider U; = S\(0,1) and Uy = S\(0,—1). Then what we do is, we
define maps ¢; : Uy — R (¢2 : Uy — R) which maps a point p € U;(Uz) to some point on the x-axis.
This is called a stereographic projection. Let us find explicit forms for these maps:

(0,1)

(=, v)

(6,0)

(z,y)

(07 _1)

Figure 12: Stereographic projection of the circle
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In the above picture, the equation of the straight line for ¢ is given by:

y—1 00—y

x—0 a—x

from where we obtain a = ﬁ Similarly, we obtain b = ﬂ”_—y Then what we have is (z,y) — ﬁ (we
take only the x-component since y-component is always 0 and thus the codomain is a real number) for

¢1 and (z,y) — Tty for ¢2. Suppose we are given a point (t,0) € R x {0}, and we want to compute the

inverse image under the stereographic projection <p1_1.
x

We are given that p1(z,y) = . = t. Solving for z, we get:

z=1t(1-y)
Substitute this into the unit circle equation 2% + y? = 1:
222 =1
— P1-y’+y’=1
— Pl-2y+y")+y’ =1
= 2%y +t*y+y* =1
— 1+t -2y +(t*-1)=0
This is a quadratic in y. Solving it gives:

2P VA Pl

YTouye) T 2
So the two roots are:
_ -1
y=h VT e

Since y = 1 corresponds to the north pole (which is excluded from the domain of ¢1), we discard it.
Thus, we have:

-1

t2+1

y:

Now substitute back to find z:

x:t(l—y):t<1—t2_1>:t((t2+1)_(t2—1)>:t< 2 ) 2t

241 241 2+1) 211

Hence, the inverse map gol_l :R — ST\ {(0,1)} is given by:

2t t2—1>
—1

=" —
901() <1+t271+t2

Note that this map is continuous and hence this is a homeomorphism. Similarly, we can prove it for ¢9
also. Now, if we take a point from the intersection, U; (Us (that is, the circle without the poles), then
we can never obtain the point (0,0) since both maps give (0,0) only when one of the input is along the
y-xis. Thus, ¢1(U1 (Usz) = R\0, ¢2(U; N Uz2) = R\0. Now let’s see the transition map:

2t t2—1) 2 2% 1
-1 _ _ t*+1 _ v
b2091 ¢2<1+t2’t2+1 clo1 22

which is smooth on R\0. Similarly for the other case also, we can show. Thus {(Ui,¢1), (Usz, p2)} for
an atlas for the circle and is called the Mercator Atlas. Similarly we can prove that the n-dimensional
sphere is a manifold.
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Product Manifold:

Let M be an m-dimensional manifold with atlas {U;, ¢;} and N be an n-dimensional manifold with
atlas {V;,v;}, then we define the product manifold as an (m + n)— dimensional manifold with atlas
{Ui x Vj,(¢i,9;)}. So basically we took the Cartesian product of the two coordinate neighbourhoods to
define the new neighbourhood and then used the ordered pair of the two homeomorphisms to define the
new coordinate function.

Example. The torus is a product manifold of two circles, that is, 72 = S' x S'. Note that by our
definition, it is a two (1 + 1) dimensional manifold. We can generalise the notion of torus by taking
multiple product of circles:

T =8'xS'x-- xSt

n

8.2.2. Differentiable Maps

Definition 3 (Differentiable Map):
A map f: M,, = N, between two manifolds is differentiable at p if for any charts (U, ¢) on M and
(V,4) on N (where p € U and f(p) € V), the map

pofod t:R™ - R"

is a smooth map, that is, the map belongs to C'°°, that is, infinitely continuously differentiable.

WTH...2 what is this weird map that we want to be smooth? Let us see in more details. So, what does
f do? Tt is a map from manifold M to manifold N and it maps p — f(p). So far good...Now, we know
that we can obtain coordinate representations using the homeomorphisms. Let them be:

¢(p) = {a"} (f(p) = {v*}

So what 1 o f o ¢! does is, it takes a vector from R™, sends it back to the manifold M, applies f to
it to send it to manifold A and then sends it to R", so finally we obtain a n element output from m
element input, using f. So this is just the usual map like what we write y = f(x). Lol, this is nothing
but the differentiability of a function, albeit in a more stylish (and appropriate) way.

¢ (G
- U/ // i RN V/
e \\ 77DO f e} gb_l '/ \‘
( . i —>
wr N
R™ R™

Figure 13: Representation of a differentiable map

Next to come to another -morphism related to the differentiable manifolds.
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Definition 4 (Diffeomorphism):

Let f : M,, — N, be a homeomorphism and v and ¢ be the coordinate functions as defined before.
If 1po f o ¢! is invertible and both 1o f o ¢~ ! and its inverse ¢ o f~! 0 ¢)~! are smooth maps, then
f is called a diffeomorphism. The manifolds are then said to be diffeomorphic to each other.

WEell, we had earlier seen that homeomorphisms characterise spaces which can be ‘continuously’ deformed
into each other. Diffeomorphism does one thing extra, it characterises spaces which are transformed
‘smoothly’ into each other. Evidently, a diffeomorphism is also a homeomorphism. If two spaces a
diffeomorphic, then their dimensions are same, that is dim M = dim A/

The set of diffeomorphisms f : M — M is a group and is denoted by Diff (M).

8.2.3. Pullback of a function

Given a smooth map ¢ : M — N and f € C*°(N), the pullback of f along 1 is defined to be:
Vf=fop: MR

Since f and v both are smooth maps, their composition (which is a real-valued function) is too! Thus,

1* can be thought of as a map from C*°(N) — C°(M). Thus, it sort of ‘pulls back’ to the original

manifold from which 1 was defined. ! Also, note the following properties of the pullback for two functions

fig € C®(N):
o V(fH+9)p)=(f+9)ov(p) = f(W() +9(b(p) =v"flp) + v 9(p)
o *(f9)(p) = (fg) o (p) = f((p)g(¥(p) = (¥*f(p)(¥*g(p))

8.2.4. Curves

Definition 5 (Curve):
An open curve in an m-dimensional manifold M is a map o : (a,b) — M such that a < 0 < b (a and
b can be +00 also). A closed curve is a map o : St — M

What this means is that suppose we take ¢ € (a,b), then o(t) is a point on the manifold. As ¢ is varied
in the interval, the points o(t) kinda resembles a trajectory (which we intuitively had called a ‘curve’ so
far). We had included zero in the interval for convenience.

8.2.5. Vectors

In our usual sense, we imagine vectors as straight arrows drawn from the origin but in manifolds, which
is ‘curved’, firstly, straight arrows cannot be drawn in general and secondly, there is no origin from which
the arrow can be drawn. If the arrow is ‘small’ enough we can locally obtain something like a “vector
space”. Suppose the tail of the arrow is at a point p € M and the tip is at a point p’ which is ‘close’ to
p, then the vector space can be approximated by the tangent space at the point p.

IThis has something to do dual space and one-forms also, apparently, which maybe seen later.
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8.3. Tangent Space

Intuitively, if we use the word tangent space, we can think of some space which contains the tangent at
a point of the manifold. Like in the following diagram:

Figure 14: A very badly made representation of a tangent space. Here a sphere is considered and from
the centre of the sphere, a vector x is drawn and then, a plane is drawn which just touches the sphere
at point x. This constitutes the tangent plane.

Note that since the tangent is always perpendicular to the vector x, we can somewhat define the tangent
space at the point x € S® C R**! by:

T,8" = {v e R""x - v =0}

See an apparent problem with this: This approach depends on the sphere being embedded in a higher
dimension vector space and the tangent space being a specific linear subspace of this larger space. It would
be better to find some ‘intrinsic’ definition of tangent space which does not depend on this embedding
of the manifold in a higher dimensional space.

For this, we can think of the tangent vector as a tangent to a curve on the manifold. The vector is
tangent to a curve on the manifold at point x. Note that this curve lies on the manifold and hence the
notion of a higher-dimensional embedding is done away with.

_,
v

However, note that, as in the above picture, many different curves can be drawn to satisfy this condition.
Hence, the tangent vector can be rather thought as an equivalence class of all the curves satisfying this
relation. *#
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Definition 6 (Tangent):
Let M be a manifold and p € M. Then two curves o1 and oy are tangent to the manifold at p if:

« 01(0) =02(0) =p
o Given a chart (U, ¢), the two curves are tangent in the usual way, that is,

4 Goar(t))

ar =g @en®)| = F@Feal®)| =g@en®) Vi=l..m

t=0 t=0 t=0 t=0

If 01 and o9 are ‘tangent’ in one system, then they are tanget in any other coordinate system local
around p, and hence this definition is independent of any coordinates. We define the tangent vector at
p € M as the euivalence class of curves, that is:

0] = {olo ~ 0}

where ~; is the equivalence relation' satisfying that two curves are tangent to the manifold. Given
01,072, either [o1] = [o2] or [o1] N[o2] = 0 (either same or disjoint). Thus, the equivalence classes form a
‘partition’ of the set of all curves. The tangent space 7),M to manifold M at point p, is the set of all
tangent vectors at the point p.

8.3.1. Vector Space Structure on the Tangent Space

The intuitive idea of tangent space as a plane implies that vectors can be added and multiplied with
some scalar, leading to a vector space structure. We now prove that the tangent space T, M also carries
a structure of a real vector space.

Theorem 2:
The tangent space T, M carries a structure of a real vector space.

Figure 15: Two tangent vectors and their representative curves are shown on the manifold at point p.

In the above figure, we have two tangent vectors vy and vy at p with o1 and o9 as their representative
curves (that is, vi = [01] and va = [032]). We use a local chart (U, ¢) around p such that ¢(p) =0 € R™.

Consider the maps ¢ o o1 and ¢ o 9. Since a curve ¢ maps an open interval to the manifold and the
homeomorphism maps an open set in the manifold to an open set in R™, the above composite functions
maps an open interval to an open set in R™.

Now, the addition ¢ o g1(t) + ¢ o 02(t) is valid, since these are elements of R™ (actually, these are also
curves in R™). Then we consider the map:

¢ o (poori(t) + dooat))

Tt can easily be shown to be reflexive, symmetric and transitive
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which is a curve back on the manifold and passes through p when ¢ = 0. We then define:

1. v +v:=[p L o(poos + ¢oos)]

2. rv:=[plo(rgoo)]VreR
It can then be shown that these definitions are independent of the charts and the representative curves,
and using these, the tangent space can be shown to be a vector space.

8.3.2. Tangents as derivatives

We saw a geometric way of defining tangents using the tangent space approach. Now, we will define it
algebraically. The directional derivative of a function f along a tangent vector v is defined as:

o(f) = S Fo(t)

t=0

where v = [g]. This definition helps us to view v as a differential operator on the space C*°(M) of
real-valued functions on the manifold.

Definition 7 (Derivations):
A derivation at a point p € M is a map vy, : C°°(M) — R such that:

vp(f +9) =vp(f) +vp(9) ¥V fr9 € CF(M)
vp(rf) =rvp(f) V f € C®°(M),r eR

o vp(fg) = f(P)vp(9) + 9(@)vp(f) V £, 9 € C®(M)

The set of all derivations at p is denoted as D, M

The first condition tells us that v should be a linear map and the second condition (kind of like the
product rule) is the actual thing for which we call it derivation. We can define:

(1)1 + Ug)(f) = Ul(f) + Ug(f) Yui,v9 € DpM
(ro)(f) := rv(f)

Also, note that:

(v1 +v2)(fg) = vi(fg) +v2(fg)
= fui(g) + gvi(f) + fuva(g) + gva(f)
= f(v1 +v2)(g) + g(v1 +v2)(f)

This gives a natural vector space structure to the space of derivations D, M. Note that if we try to do
the same analysis for v, € D, M and w, € Dy M, these v, +w, will not satisfy the product rule and then
will not be a valid vector. So, vectors at different point on a manifold cannot be added (=

We can also show that T, M and D,M are actually isomorphic and thus, both approaches can be
taken to describe the tangent-space structure (However, the algebraic approach is a bit problematic for
infinite-dimensional space). We shall henceforth use T, M and D,M as the same. We now define a set
of derivations of a function f at p, with the help of a local chart (U, ¢) where f € C* and ¢ are the

coordinate components.
0 0 _
(52;) Fi= ot oo™

wp :w ,u:1,2,...,m

(»)
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Note that in the right hand side, the partial derivative with respect to the coordinate is well defined,
but in the left hand side, even though the notation is of partial derivative, the action is not well defined
since the function is defined on the manifold which doesn’t have the vector space structure required for
definition of partial derivatives. Sometimes we use the notation Of directly. Then, using this notation

oxH
and also the fact that ¢~ o ¢(p) = p, we can write:

(o) 0= () (07 o) =5 07 00

of “1
(w) °¢
Fun Fact:

Tangent vector acting on a constant function is zero, that is, v,(c) =0

Then we can write

0 _
%(foﬁb 1)

Proof. Suppose we have a constant real valued function f = ¢ € R. First, note that v,(1) =v,(1-1) =
lup(1) 4+ 1vp(1) = 2v,(1) = wvp(1) = 0. Then we will have v,(c) = vp(c-1) = cvp(1) =0

Suppose (U, ¢) is a chart with coordinates . Then 27””; = 5ij

Proof. From the previous result, we have:

oz’ Ortox™! ortogoxt or'

505 (00) = =5 5 (6(0) = =5 57— (6(p)) = 5

We just used the coordinate definition using the projection maps.

These quantitites form a basis set for the vector space D, M. For that we have to check for linear
independence and span of these quantitites.

The set {(8‘; )p

} is linearly independent.

Proof. ai(aii)p:0 = ai(gﬁ)p == aiéji =0 = da =0

o)
e

Every v, € T, M can be written as a linear combination of ( 3

)

Proof. For the proof, we need to use the Mean-Value Theorem. For a continuously differentiable function
f:la,b] = R, 3 ce (a,b) such that f'(¢) = LO=L@D — 1) = f(a) + f/(c)(b - a).

For a multi-variable function, let U C R™ be an open set and H : U — R be a continuously differentiable
function. Let a,b € U and I(a,b) = {(1 —t)a+tb|t € [0,1]} C U.
Then define h : [0,1] — R such that ¢t — H((1 —t)a+tb) = H(a+ t(b — a)).

Note that h(0) = H(a),h(1) = H(b) and h is continuously differentiable. Also,

W) = S H(attlb — ) = (b — o) o0

a+t(b—a)
Now, we can apply the MVT for R on h and we have for some ¢y € (0, 1):
h(1) = h(0) + (1 = 0)R'(to)

O0H
Oor?

— H(b) = H(a) + (b' — a?)

a+to(b—a)
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Now, let us begin the actual proof. So let us take a chart (U,¢)onM and f € C°®°(M). Then foop~!:
¢(U) — R is a smooth map.

Let pe U = ¢(p) € ¢(U). As ¢(U) is open subset of R™, there exists a » > 0 such that B(¢(p),r) C
#(U), from the basis definition of an open set. Then, let ¢ € ¢~1(B(¢(p),r)). Then ¢(p) and ¢(q) satisfy
the condition {(1 —t)¢(p) +tp(q)|t € [0,1]} C ¢(U). Then we can apply the mean value theorem as seen
before and we have:

fla)—f(p)=fod ' od(q)— food ' od(p)
= fo¢ (2" (q),2%(q),-...a™(q)) — fo ¢~ (2" (p), 2% (p), ..., 2™ (p))

Ofl
= @(g) ') L2

d(p)+t(d(a)—(p))
Now, if we fix p, then
df op™!
or?

o(p)+t(o(q)—(p))
8fo¢) = (

ort
#(p)

f@) =)+ (2 (q) — 2" P))gi(a) = f=fp)+ (2" — 2" (p))gs

Now let us apply some tangent vector v, to f. We have:

up(f) = vp(f(p) + (' — 2" (p))gi)
ZME vp((xi — a:l(p))gz) (. p fixed, f(p) constant)
0
= vp(g:) (&' = "E])y + vp( — 2 (0))gi (D)

= (vp(a) = vp(2"(p)))i(p)
= vp(z")9i(p)

= op() (aii) /

p

depends only on ¢ and we denote it by g;(¢). This implies that g;(p) = a?:i)p f. We finally

have:

Thus, we see that every tangent vector can be written as a combination of the set of derivations.

So from the above two propositions, we proved that these quantities are indeed a basis for the tangent
space. So any vector v, can be written as:

o i) i ozl i (8)
Up_C(@xi p:>vp(:n)— (83:’) =i d = v, = vy(a) pp

We now define something which we had already seen earlier, the Jacobian. For that, let M and A be
two manifolds and (U, ¢) and (V, 1) be two charts on these manifolds respectively and F': M — N be a
smooth map between the manifolds such that F'(U) C V. Let F? denote the i*® component of F in chart
(V,1). Then we have:

F':=y'oF =r'c¢oF
We call the matrix [ 57 ] to be the Jacobian matrix of F relative to these charts and if the two manifolds
have same dimension, we can also calculate the determinant of this matrix. If the manifolds are same
and we have two overlapping charts, then the transition map v = 1) o ¢~! is from R™ to R™. Previously,
in the definition, we had F' : M — N. If we take F' = ~, then N, M = R™ whose coordinates are r#.
Then

al _9(goel) _ 9o (pog) _ Ogiop! o
Ori (o(p)) = o (o(p)) = o (o(p)) = o (o(p)) = D¢ (p)
What this tells us is that the Jacobian matrix of the transition map is the matrix of the partial derivatives

at p. This is very similar to what we had earlier seen, the Jacobian written as %”’
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Theorem 3 (Inverse Function Theorem):
For R™: Let F' : W — R” be a smooth map where W is an open subset of R". For p € W, F is
locally invertible at p iff determinant of the Jacobian matrix is not zero.

For manifolds: Let F' : M — N be a smooth map between two manifolds and p € M. Let (U, ¢)
and (V,v) be two charts about p and F(p) respectively and F(U) C V. Let F* = ¢’ o F. Then F is
locally invertible at p iff Jacobian determinant is non-zero.

This is a local result and hence, directly translated to manifolds too from R™.

8.3.3. Push-forward (differential)

Remember the pull-back? Huh, now this is its counterpart.

Let M and NV be two differentiable manifolds and ¢ : M — A be a smooth map. The map 1 induces
a map between T, M and T¢(p)N denoted by 1), or dip, which is called the differential of ¢ (basically,
p — 1 (p) under ¥ and the tangent plane at p is mapped to tangent plane at 1 (p)) using this differential.
If v, € Ty M, then . (vy) € Ty and is defined by:

Yup(p) (f) = vp(¥7f) ¥V f € CF (N)

Let us now check that 9,,(vp) is indeed a member of the tangent plane at ¥(p) in N.

PYup(vp)(c1f1 + cafa) = vp(¥¥(c1f1 + c2f2))
=vp(c1 (V" f1) + c2(¥* f2)) (v* is a linear map)
= c1vp(Y* f1) + covp (Y™ f2) (vp is a linear map)
= c19up(vp) (f1) + c2tup(vp) (f2)

Vup(vp) (f9) = vp(¥™(f9))
= vp((¥*f)(¥*9))
= (V" Hlup(¥*g) + (¥ g)vp(¥™ f) (Liebniz rule)
= (V") hup(vp)(9) + (V" g)thap(vp)(f)

Now, let us check that v, is a linear map from T, M — T, w(p)N . For that, consider a linear combination
of vectors from the tangent space of M.

Pip(crvp + cowp)(f) = (c1vp + cowy) (V™ f)
= c1vp (V™ f) + cowp (Y f)
= c10sp(vp) (f) + c2thup(wy) (f)

Thus, we proved the linearity of the push-forward. Now using this differential, we will obtain an ex-
pression which is analogous to the Jacobian seen earlier. For that, take charts (U, ¢) and (V,x) on M

and N respectively, with coordinate functions (z!,22,...,2™) and (y',%2,...,9") and ¢ : M — N and
consider 1, (%)p € Tw(p)N .
) () () it o
Ysp < or ), Yip B (y ) By o) (expanding with basis elements)
_(9 ) i (8>
(&Ei p(w v) Y/ ()
), 000 (5)
— - O —_—
(09@” P wev) )
_ (3(yj0'¢)> (i)
Oz o NP )
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This looks very similar to the Jacobian thingy that we saw earlier and thus, push-forward is also kind of
like the Jacobian matrix.

Pushing tangents to curves:

Let ¢ : M — N and o : (a,b) = M be a curve on M. Then ¢ oo : (a,b) — N is a curve on N. Then
tangent vector v to this curve at (1 o 0)(0) satisfies for any f € C (N):

of) = $Fotoo)

t=0
Now, these can be alternatively written as:
W)= Swoo)rs| =So'(fou)| =(fowres] =u(fou)
Codt . S dt o S dt . B

where w is the tangent vector to the curve at ¢(0), acting on the function f o which can also be written
as w(y*f). Using the definition of push-forward, this is nothing but t,,(o)(w)(f)

Now, since this is true for any smooth function f, we can write v = 9,4(0)(w). In other words, the
Jacobian of 1 pushes the tangent vectors of o to tangent vectors of the image of o under .

M
A 0
T "
[ 1 o
4 Yoy N
Y

Figure 16: Diagram showing the pushing-forward of tangent to curves in different manifolds.

8.3.4. Tangent Bundles

The tangent bundle of a manifold M is the union of all the tangent spaces, hence:

TM= |J T,M
peEM

We can define a ‘natural’ (coordinate or chart independent) map 7 from the tangent bundle to the
manifold given by 7(v) = p, v € T, M (since tangent bundle is the union of tangent spaces, it indeed
consists of elements from {7, M}). The map 7 is sometimes called the canonical projection. Notice that
the tangent bundle is just a set, with no structure or anything else. Let us modify this a bit. Suppose
we have a chart (U, ¢), then we will have:

TU = 1U= 1M

pelU peU

The last two things can be shown to be equal. Since the set of derivations form a basis for the tangent
space at p, we can write the tangent vector uniquely as a linear combination:

LM 3 vy = Zq (”p)@

p
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Here, ¢¢ : 7~ 1(U) — R are n real-valued functions '. Let us also define ¢ : 771(U) — R, ¢ = z'orr = 7*z*

and phi : ¢~ (U) — R?"

é(vp) = (ql(vp): QQ(Up)a e >qn(vp)a ql ('Up)a 42(%% e 7qn(vp))

n

Note that gZ; has an inverse such that (ql(vp), q2(vp), oo q™(vp), ql(vp), q'2(vp), . ,q'"(vp)) — Z qi(vp)%
‘ p

and is thus a bijection. Also,
qi(vp) =a'o m(vp) = wz(p)

.q 0 -4 i
Up =4 (Up)@ = {'(vp) = vplz']

Thus, the function ¢ becomes:

o(vp) = (2 (p),2*(p), -, 2" (0), vpla'], wp[2?], ..., v [2"])

SN

R2n

R'ﬂ

Figure 17: Diagram showing the chart (ﬁ’l(U ), c;_S) The red lines represent the tangent space at each
point of the manifold. Solid lines represent the tangent spaces for points belonging in U

Lemma 1: B
The pair (7~1(U), ¢) is a chart on T'M, often called the bundle chart.

The tangent bundle can also be shown to be Hausdorff and second countable. Well, tangent bundles are
a special case of something called a fibre bundle.

'The notation is borrowed from Lagrangian formulation of classical mechanics, where the manifold becomes the configu-
ration space of the mechanical system
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Figure 18: Diagram showing the base space, total space and the fibre of a point p

Definition 8 (Bundle):
Given a map 7 : £ — M, the inverse image pi~!(p) to be the fibre at p € M, denoted as E,. For two
maps 7: & — M and 7 : &' — M, a map ¢ is said to be fibre-preserving if ¢(FE,) C £,

A bundle is a triple (£, M, 7) consisting of manifolds M which is called the base space and the
manifold &, called the total space and 7 is a continuous, surjective map from the total space to the
base space.

Figure 19: Commutative diagram for a bundle, showing the fibre preserving map ¢

Fibres can be thought of as points in £ which ‘strings’ together with p in M (hence the name bundle, like
a bundle of strings perhaps...) In a bundle, different points of the base manifold may have (topologically)
different fibres. If all points have a fibre, which is togologically equivalent to a single space, say F', then
we call that bundle a fibre bundle. In other words, fibre bundles have a single fibre.

We now define a section of a bundle. Given a bundle (£, M, ), the section is a map ¢ : M — & such
that m o 0 = 1\, the identity map of the base space. What it means that, this map o takes p to some
point in the fibre F}, such that when 7 is acted on o(p), we obtain the same point p.

Okay, so what was this thing really needed for? Well, we had earlier seen the tangent bundle, which we
had written as T'"M. More appropriately, we should have written it as (T’M, M, ). Then a vector field
is nothing but a section of the tangent bundle which assigns a tangent vector (belonging to the tangent
space) to each point p in the manifold.
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8.4. Vector Fields

Definition 9 (Vector Field):
A vector field X on a smooth manifold is a map from M — T'M with 7o X = id4, which assigns a
tangent vector X, € T, M at each point p € M.

X takes a point p from M and assigns a tangent vector X, to the point. Now, if we apply the canonical
projection 7, then we obtain p back.

As specified earlier, a vector field is a section of the tangent bundle. A vector field is smooth if the map
X : M — TM is a smooth section of the tangent bundle. We will focus mostly on smooth vector fields
only. Since a vector field assigns a tangent vector to each point of its domain and the tangent vector
(from algebraic approach) maps differentiable functions to real numbers, we can define a map X f from
M to R as:
(XS)(p) = Xplf]

From this, we can define the map X : C*°(M) — C°°(M) such that f — X f. This gives us another
interpretation of a vector field as a “map from smooth functions to smooth functions”. The image X f is

often called the Lie derivative of f along the vector field X, denoted by L. Then, from the definition of
derivations, we have the following:

X(af +bg) = aXf + bXyg X(fg) = fXg+gXf V f,geC®M) and a,beR

We also have stated that ( aii) form a basis for the tangent space (or space of derivation which is

isomorphic to the tangent space, so we treat them as the ’same’)

The set of all vector fields X(M) on a manifold carries a structure of a real vector space, that is:
(aX +0Y)f:=aXf+0YfV feC®M)

This definition can be extended to give X(M) a module structure over the ring C>°(M). Thus, if
g,h € C®(M) and X,Y € X(M), then:

(9X + 1Y )pf = gP)Xpf + h(p)Ypf VP € M, f € CF(M)
8.4.1. Coordinate Basis Vector Field
If (U, ¢) is a chart on the manifold M with coordinate functions (', ., "), then we can naturally define
n vector fields (i) defined by:
()= (57)
oz )T g

ox?
The RHS is just the tangent vector to the i*® coordinate cuve passing through p. Now, using the previous
definitions, for any function f € C* (M),

p

(2= 1= 2 o6 = (o6 o0)m

- 0:1:%

Thus from here we obtain: 5 9
_ -1

gl = gfedT)e0

This is something which is good tbh, this tell us that the “partial derivative” of a function defined on

the manifold is just the partial derivative of the “proxy function” f o ¢~ composed with ¢.

6 T
ox*

Now, since ( )p form a basis of the tangent space, for any vector field X, we can write:

X() = %, = X)) o) = (X5 ) o)
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Since p is any arbitrary point on the manifold, we have:

_ z'(9>
X_(X&Ei

Note that the vector field X has an expansion which is very similar to a tangent vector but there, the
coefficients were real numbers while here, the coefficients are functions and the basis vectors here are
vector fields and not tangent vectors. To find the expression of the function X* note that,

(Xa)(0) = Xplo'] = X90) (o ) ] = X )5 = X¥(p)
Now, from here we have the nice expression that X* = Xa’. Let us see the nicest thing to ever come,
which provides some kind of redemption to all these “mind-hurting” mathematical juggleries:

If (U, ¢) and (V,x) be two chart of manifold M and if the coordinate functions are (z!,22,...,2") and
(:1:’1, 2, ... ,x’") respectively, then for X € X:

. . Y| > . (O
no_ "o xJ no_ yJ
X X" =X <8mj =X (ij)

Damn, the sanctimonious transformation rule is obtained as a result of these intricate definitons!! Idk,

but this really made my day...
Example: Let M = R? and consider two charts:
o (U,¢) = (M,id) with coordinate function z,y

e (V,x) where V. =R*\{(z,y)|r <0,y =0} and x is such that p — (r,6).The origin had to be taken
out anyways since at zero, the value of 6 is not well-defined. The transformations are:

x =rcosf y=rsinf
xdy — ydx
7’:\/1‘2—|—y2 Q(p): 2 2
J ety

Here, C is a curve joining (1,0) to point p. We took this form of 6 instead of the usual tan~! (%)
since it is not really well-defined at x = 0.

Now, if X has components 2zy and (1 — 2% + y?) in the basis {8%, 6%}, then what are components in
the basis {%, %}
Note that {a%, 8% is not the partial derivative. These are vector fields. We can write
0 0
X =2zy— + (1 —a2® +19°)—
g T ) By
. Now, we have:
or

or
Xr=2xy— + (1 — 2> +9%)—

-
do 7’

T (;0)

Figure 20: How we defined 6. Note that a small change in the integrand is exactly equal to df and
then when we integrate, we get our value of 0,,.
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Calculating the above expression, we will obtain X7 = (1 + 72)sin 6. Similarly, we have

06 06
X0 = wa% + (1 — 22 +y2)87y
00 _ Y 00 _ _«x

Now, from the integral definition of 6, we have 3= = . Then, evaluating the expression

would give X0 = % cos . Then,

_$2+y27 aiy - m2+y2

I R R o D <1—r2> 9
X—X E‘i‘X %—XT5+X9%—(1+7)SIHHE+ , COSH%
Fun Fact:
o 10
" o b= 50

8.4.2. Lie stuffs (it’s pronounced lee)

We will now see when ‘multiplying’ two vector fields will yield another field (The multiplication of two
fields is intuitively defined as their composition, that is, (X o Y)f = X(Y f)). For this, note that the
linearity property of vector field is easily satisfied by X oY but the main problem is the product rule:

XoY(fg)=X(fYg+gYf) YoX(fg)=Y(fXg+gX[f)
= X(fYg) + X(gY f) =Y(fXg)+Y(gX[)
=XgYf+9gXYf+XfYg+ fXYyg =YgXf+9gYXf+YfXg+ fYXg

Note that on its own these two quantities are not vector fields, since these do not satisfy the ‘product
rule’, however, if we subtract these quantities, we get:

(X oY =Y oX)(fg) = Xg¥[ + gXY [+ XF¥g+ fXYg - YgXT+ gV X[ +YFXG+ [Y Xyg)
=f(XoY—-YoX)g+g(XoY —-YoX)f

This difference satisfies the product rule and is a vector field. So we define a new operation on

X(M).

Definition 10 (Lie Bracket):
The Lie Bracket of two vector fields X,Y on M is defined by:

(X, Y]f = XY [)-Y(Xf) VfeC*M)

The Lie Bracket trivially satisifes lineartiy, that is,
(X, Y](af +bg) =alX,Y]f+b[X,Y]g
And as seen above, it also satisfies the product rule, that is,

(X, Y](fg) = fIX.Y]g+g[X,Y]f
Thus, using this definition of Lie Bracket, we can say that if XY € X(M) and f € C*° (M) then
[X,Y] € X(M). Note that, then [- ,-] : X(M) x X(M) — X(M) is a binary operation. Hence, using the
Lie Bracket, we can define an algebra ' satisfying the bilinear property:
[aX +0Y, Z] f = (aX +bY)(Zf) — Z(aX + DY) f

=aX(Zf)+bY(Zf)—aZ(X[f)—-bZ(Yf)

= a(XZ - ZX)(f) +b(YZ — ZY)(f)

= (a[X,Z,+]b[Y Z,)] ()

Tt is a non-associative algebra
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As f is arbitrary, we get [aX +bY,Z] = a[X,Z] + b[Y,Z]. The linearity of the second factor can be
similarly shown. Thus it is a valid algebra, called the Lie Algebra. We can also check that [X,Y] f =
-V, X]f = [X,Y]=—1Y, X], hence it is an anti-commutative algebra.

While associativity of the Lie Bracket does not hold, we have another property, where given three vectors
fields X, Y, Z, if we perform the Lie Bracket using a cyclic permutation, we get:
(X [Y, 2] + (2, [X, Y] + [V, [2, XT))(F)
=XY.Z|f- YV, 2| Xf+Z[X,)Y|f-[X\Y]|Zf+Y[Z2,X]f-[Z,X]|Yf
= (XYZ)f - (XZY)f = (YZX)[ + (ZYX)[ + (ZXY)[ = (ZYX)[ = (XY Z)
+(YX2)f+(YZX)f —(YXZ2)f —(ZXY)f+(XZY)f
=0

Thus, we have an important property, ([X,[Y, Z]] + [Z,[X,Y]] + [Y, [Z, X]]) = 0, which is often termed
as the Jacobi property.

Lemma 2:
Let X, Y € M be two vector fields and f,geC> (M) be two smooth functions. Then we have,

[fX,9Y] = fg[X, Y]+ f(Xg)Y —g(Y )X

Proof. Let us take h € C°° (M). Then,

[fX,9YTh = fX(gYh) —gY(fXh)

= [(Xg)(Yh) + gX(Yh)) — g((Y [)(Xh) + fY(Xh))
= fg(XYh—YXh)+ f(Xg)Yh—g(Y f)Xh

= (fg[X, Y]+ f(X9)Y —g(Y ) X)h

Since h is any arbitrary smooth function, we proved the lemma.

We now that any vector field can be expanded in terms o 36 , it becomes kinda imperative to

calculated the Lie Bracket of these quantitites. Note:

[aiz Bxﬂ} = aii(aw)f_%(aii)f

At the first glance, this seems to be zero (and it actually is). However, we have to be careful that
these quantities are not the partial derivatives of f since f is a function on the manifold where partial
derivatives are not defined. Instead we had earlier seen:

of 0
ori  or

(foo ') oo
Using this notation, we have:

9 of 9
ami@_ﬁmi<8rj(f °¢" ) ¢>

Now, let us take T} = (ar] (f o gf)_l) ) gb), then we have:

oT; 0

oz’ Or’(T ¢ ) ¢
0 -
“galan(ree ) oeoe) oo
0 0 _
= 505500700
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Note that in the above, it is indeed the partial derivative since f o ¢! is a function on R”.

0 0 o 0 _ o 0 _
[aﬂ’ay}f:axfaw(f‘”f’l)o ~ Gl edT 0 9)
o 0 -~ o 0 _
~(gan (o0 = ggfo0)) o0

Now, since partial derivatives commute, we can safely say that the Lie Bracket is zero &, that is,

9 a}_
[axax =0

Now, using Lemma 2, taking f = X? and g = Y7/, we can write:

0 48}

j
oxt’ " OxJ

0 ) )
[0 Y7 0 0X* 0
:XZY][— - X - —— — Y/ . .
/ékf’/@ij, + Oxt OxJ 0z Oxt

QY OXP\ O
=| X'— —Y/ , :
( oxd oxd ) ox’

0
ozt

(X,Y] = [X"

= (XY'-YX")
Here comes an example, let us take the following vector fields:

2
X = (1+7%) sin@3 + (”) cos@g
or r

0 (1—7‘2) NG
_ 2
Y = (1+T)C0808r+ . smﬂag
0

7 - =
00

While we can calculate the components of the Lie Bracket using the above equation, but that would
be too much to handle, since we have to calculate the coefficient and then act the vector field on it for
each component. Instead, we will use the fact that the component of any vector field is simply given by
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the vector field acting on the coordinate. Thus, we will have,

r component: [X,Y]r:X(Yr)—Y(Xr):X(—(l—l—r )cosf —0) — Y(1—|—r sinf + 0)

. 0 (1—7“2) a)
_ 2 9 9 2
= <(1—|—7~)sm96r—|— . COSQ(%? (14 r%)cosb

1— 2
- <—(1+T2)COSQ%+( rr )sm@%)(l—%ﬁ)sin@

4

1—
= —2r(1+r?)sinf cos b + " cosOsing

4

1—
+2r(1 +r?)sinf cos § — sin 6 cos 6

r

=0

§ component:  [X,Y]0 = X(Y0) — Y(X6) = X(1 _TTZ) sinf — Y(l ;72) cos f
_ <(1+T2)Smeaar+ (1 ;T2> cos&aé;)(l ;r2>sin0
(0 remo? () 500 2) (127 cong
:2@nﬂe+wn§9)k1+r%;1<l;f2>-<1;TQ>T
(L) ()

1
2
:_2<1_T _g )2)

=—4
Since we obtained the components, we can finally write:
0 0 0
XY =0X — —4X —=—-4X —=-47
XY =05 4% 5 * 20
Similarly if calculated, we will see:
.2 = -X 2.Y]=-Y

8.4.3. Giving vector fields a push!

We had earlier seen the push-forward of a tangent vector. Now, the question remains is whether vector
fields can be pushed too in a similar way, that is, if we start with a vector field X on M, do we get a
vector field on N using {¢.,Yp }per. There lies a problem here. &

Remember that the push-forward basically mapped the tangent vector at one point to the tangent vector
at another point of the other manifold. So, suppose our function ¢ : M — N is not injective, hence
3 p # q € M such that ¥(p) = 1(q) (both mapped to same point in N).

If X is a vector field on M, then it is possible that the tangent vector X, and X, might not be mapped
to the same tangent vector using the push-forward, that is, 1., X, # 1.,X,. Since vector field at point
1 (p) assigns only one tangent vector to the point, there is an ambiguity to which of the tangent vector
be assigned to 1(p).

Definition 11:
Let ¢ : M — N be a differentiable map and X € X(M),Y € X(N). We say that X and Y are
-related if,

Yo = YupXp VpeM
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So, the previous problem is circumvented since ¥ (p) = ¥ (¢q) and hence Y assigns the same vector to the
point.

X and Y are t)-related iff *(Y(f)) = X (¢*f) for all f € C™ (N)

Proof.Let p € M. Then,

Y F)(@(p) = Yo lf] = bapXplf] = Xp[0" f] = X (¥ f)(p)

Theorem 4:

If ¥ : M — N is a diffeomorphism, then for any X € X(M), there exists a unique Y € N such that
X and Y are y-related. We denote this smooth vector field as 1, X and call it the push-forward of
X by .

Proof. Let ¢ € N. As ) is a diffeomorphism, it is invertible and thus there exists a unique p € M such
that 1(p) = ¢q. Then define,

Yy = Xp
Then Y is a well-defined vector field since v is both injective and surjective. To check smoothness of
Y, consider a chart (U, ¢) on M with coordinate functions (z!,...,2"). As ¢ is a diffeomorphism,

then (F(U),¢ o1™1) is a valid chart on N, with coordinate functions say, (y',...,y") (since it is
diffeomorphism, the dimensions of both the manifold are same).

Then we can expand the tangent vector at p using the basis and then apply the push-forward:

9
oxt

Xp = Xp(l’i) = YupXp = Xp(xi)l/’*p =Y,

ot

p p

Now, the push-forward is a tangent vector at ¢ and hence can be expanded using the basis in the following
way:

0 -0
Yup o7 =V oy
P q
where the coeffients are ¥/ := ¢*p<% p) (y)) = 8(?51' p(¢*yj) = (82,. (¢¥*y7))(p) Then, using this we can

write the final expression for Y, to be:

Y, = [0 (4 09) ) )] o

q

The coefficient is a smooth map since X, (z") is smooth, as X is smooth and 8‘;

¥yl = yJ o), that is, the ‘proxy’ function, is a smooth map and hence proved.

(¢*y?) is smooth since

Example:

Let p € M and v, be the tangent vector at p. We will consider the bundle chart where the homeomor-
phism was defined by:

q@(vp) = (xl(p), xQ(p), .z (p), ’Up[xl], vp[xZ], el Up[x"])

Then for f € C* (M), we have:
() - (2 - (2) o0

v v
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Now, f o7 is a function on the manifold and then we define the partial derivative:

moo( o) A =lm 2 [(Fom)od™ () ') + 4" 0) iyl vple?) ol
—(fomo q@‘l (xl(p), ... ,xi(p), .. ,x”(p),vp[xl],vp[:p2], . ,vp[x”])}

Now, note that, B B
(fomogp ™t =(fogp )(pomog™?)

Let us decode this step by step: as seen earlier, ¢! takes the 2n-dimensional vector and returns the
original tangent vector. Then 7 will act on the tangent vector and then map it back to the point on
the manifold. Then ¢ will map it to a vector in R™ with coordinate functions as the component. So
essentially, the above line means that f o ¢~! acts on the vector in R™. Thus,

7r*1,< a)y[f]-hm [(f ¢)( () .,xi(p)—l-t,...,:c”(p))

(31), = (57)
o\ G . \Ox »

8.4.4. Connection with Lie Brackets

Let ¢ : M — N and let X7, X5 € X(M) and Y7,Ys € X(N) be ¢-related respectively. Then using the
previous proposition, we have, for any f € C* (N)

(Yif) oo = Xu(f ov))
(Yaf) ot = Xa(f o))

Let us calculate what happens with the Lie Bracket:

(Y1, Y] f) o = (Ya(Yaf) — Y2(Y1f))
= (Y1(Yaf)) o (Y2(Y1f))
Xi(Yaf o ¢) Xo(Y1f o) .Y2f,Y1f € C*(N)
= X1(Xa(f 09))) — Xo(Xa(f o))
= [X1, Xo] (f o 9)

Thus we see that [X1, Xs5] and [Y7, Ya| are 9 related.

8.5. Covectors and one-forms

We will begin to learn some things about dual spaces, dual vectors, 1-forms and other high-sounding
mathemaitcal names. Remember that the dual space was the set of all linear functionals, that is, a dual
vector acts on the vector and produces a real number'. Now, we had also seen that a tangent vector
acting on a function produced a real number, that is, v,[f] € R. It would be nice to somehow connect
these things which brings us to the following definition.

LFor now let’s keep it real, without increasing the ‘complex’ity.
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Definition 12:
Let M be a manifold and f € C* (M). Then the differential of f at a point p € M, denoted by df,,
is a map that acts on 7}, M to produce a real-number:

dfp : TpM — R dfp(vp) = vp[f]

Also, note that df), is a linear map (due to linearity of tangent vectors) and hence is a linear functional.
Thus, df, € T, M. The elements of Ty M are called co-vectors ! and Ty M is itself called, without any
surprise, the co-tangent plane at p. Since dual spaces have same dimension as the original space and the
tangent space was a vector space of dimension n (same as the manifold), the cotangent plane is also an
n dimensional vector space.

We can similarly define the cotangent bundle as

T"M=JT;M
p

Fun Fact:

This is extremely useful in classical mechanics, where M represents the configuration space, that is,
space of all possible configurations of the system and 7% M is, in most cases, what we know to be the
phase space.

We can also define the covector field exactly in same way as the vector field, that is:

Definition 13 (Co-vector Field):
A co-vector field @ on M is a map from M — T* M, which assigns at each point p € M, a covector,
that is,

a(p) = ap € TyM

A co-vector field « acts on a vector field X, to produce a function a(X) which, acting on a point p on
the manifold gives:

(@(X))(p) = ap(Xp) € R
The action a(X) is called contraction or interior product and is sometimes denoted by X a or txa

A co-vector field « is smooth if V X € X(M), «a(X) € C°>°(M). These smooth co-vector fields are
called differential forms or 1 — forms. The set of all 1-forms is denoted by A'(M) which is actually a
module under the ring C*° (M) such that:

(a+B)p=ap+ 06 (fa), = f(p)apa, B € AL(M)

From our previous discussion on the differential of a function at a point on the manifold, we can define
a covector field df (differential of a function) such that df (p) = df,. Now for X € X(M),

(df (X)) (p) = dfp(Xp) = Xp[f] = (X F)(p)

We obtain df (X) = X f € C* (M) and hence df is a smooth vector field (1-form). We can say that the
operator d changes the function f to a 1-form, that is,

d:C>® (M) — AL(M), [ df
Let X € X(M) and f,g € C>* (M) ,a,b € R. Then we have:

(d(af +b9))(X)=X(af+bg) =a Xf+bXg=adf(X)+bdg(X)=(adf +bdg)(X)
= d((af +bg)) = (a df + b dg)

!This is basically the covariant vectors from earlier. We will call contravariant vectors to be just 'vectors’ and covariant
vectors to be the ’covectors’ to ’vectors’
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Thus, d is a linear operator. Also, note that:

d(fg)(X) = X(fg) = f Xg+g X[ = fdg(X)+g df(X) = (f dg+ g df)(X)
= d(fg) = fdg+gdf

We had earlier mentioned of the dual basis {¢'} such that, if v’ is a basis for V, then:
¢i(1’j )= 5ij

If (U, ) is a chart on M with coordinate functions x?, then according to the differential of functions,

taking f = ', we have:
()] - () i-s
(da: (8:Uj ~ \Oxd p[x I=9;

We can see the similarity very clearly between the two facts. Thus, {dm;} provides a basis for the
cotangent plane. Now, let us take oy, € Ty M. Then we have:

p

= Up[xi]O‘P((aii) ) "+ vp[2"] is a number
P

:%(@1LV%M> v da () = vy

From here we obtain an expansion of the covector:

0 i
%:%«&ﬂ)“p
p

Then in a similar way as expansion of vector field, we obtain:

o . .

o= a(axi)dﬂ = auda’
Let us take the case of the differential of function. Then according to this,
9 : . of .
8mi>dxz = (@) = ox’ da’

dfzdf(

Damn, this is like EPIC!! ¢4 Looks exactly like the ‘total derivative’ thing on R™ that we are used to
see. Well, half of the credit goes to the carefully selected notations which make this analogy successful!

Change of coordinate:

Let « be a covector field and let us denote a coordinate transformation (3:1, . ,x”) — (x’l, .. ,x’”).

We shall now see how oz;-

o) : o 0 . oxt
/ — — . 1 — o - 7 — .
o= o35 = s 5) = (525 ) = 27

Another @! We recover the transformation rule of covariant vectors, though, using a more sophisticated
and elegant formalism.

will be in terms of o;
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8.5.1. Keep Integrating!!

Given a curve o : [a,b] — M, the integral of a 1-form « over o is defined by:

b
/a: /aa(t)(gllf)dt

So, for a particular ¢ € [a,b] mapped to a point o(t) on the manifold, « assigns the covector Qg(¢y which
acts on the tangent vector at o(t), denoted by o7, giving a number and then we integrate it. It so happens

that | o depends only on the image of o and the direction of traversal.
ag

If o = df is a differential of a function f, then:

b b b
[ar = [arion = [oliniar= [ 5L ar =0 )6) - 0" 1)@ = 10 8) - Flo(@)

If o is a closed curve, then o(b) = o(a) = [df =0, often denoted by ¢ df =0

Example:
Let M =TR\{(0,0)} and a = %. Let a curve C : [0,27] — M, C(t) = (cost,sint). Then,
Tcost-costdt —sint- (—sintdt) [
/a:/cos - CoS 2—sm‘ ~2(—sm ) :/dt:277750
cos“t +sin“t
C 0 0

From this, we can conclude that the given 1-form is not the differential of any function. However, note
that, we had been studying the an expression of the form M dx + N dy is exact if %—Aj = %—];[. Here we
have:

M — N=—_"
$2+y2 l‘2+y2
oM < 1 29/ > B y? — 22
oy 2+y2 (2+y2)2) (224 y2)?
ON < 1 212 ) B y? — 22
or  \a2+y2  (22+92)2/) (22 +y2)2

We see that in this case, the partial derivatives are indeed equal but it is not an exact differential. In
fact, the equality of the partial derivatives is a necessary condition but not sufficient for differential to be
exact. If the manifold is in form of R™, then only it becomes exact, but for any other type of manifold,
equality of partial derivatives is, in general, not sufficient.

8.6. Tensors

8.6.1. Covariant Tensors

We had earlier defined to be a multi-linear map, blah blah. We will now focus on tensors of type (0, k)
which is also called a covariant tensor of rank k. Thus,

k
ty=QT,M—R
=1

So, it will take k£ tangent vectors and map it to a real number. It must also satisfy multilinearity, that
is, linearity in each argument:

tp(-.,avp+bwy,...)=aty(...,vp,...) Fbty(...,wp,...)
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The set of all (0,k) tensors denoted by T, Igo’k)./\/l forms a real vector space. Let a,b € R and t,,s, €
T,go’k)/\/l, then for all v;, € T,M, i =1,2,...,k, we have:

(aty+bsp)(vip,...,Vkp) = a tp(Vip, ..., Vkp) + b sp(Vip, - -, Vkp)
To check that this is indeed another tensor, we need to check for multilinearity. For that,

e Let vy, w, € Ty M be two vectors. Then,

(aty, + bsp) (Vip - - ., Vip + Wip . . . Vp) = @ tp(V1p ..., Vip + Wip ... Vkp) + b Sp(Vip . .. Vip + Wip . .. Ukp)
=a (tp('Ulp < Vip e ’Ukp) + tp(Ulp s Wip - Ukp))
+ 0 (sp(vip .- Vip. .. Vkp) + 5p(Vip ... Wip ... Vgp))

= (atp + bsp)(Vip .. . Vip ... Vkp) + (atp + bsp) (Vip . . ., Wip . . . Vkp)

e Let c € R,v;, € T,M. Then,

(atp + bsp)(Vip .-+, CVip ... Vkp) = @ tp(Vip ..., CVip ... Vkp) + b 5p(Vip ... CVsp . .. Ukp)
=claty(vip...,Vip...Vkp) + b sp(Vip-..,Vip...Vkp))
= c(aty + bsp)(Vip ..., Vip .. Ugp)

Thus, from these two conditions, we can conclude the condition for multi-linearity.

8.6.2. Tensor Product

We can form a product of two tensors, not neccessarily of the same rank. For that, let ¢, € ngo’k)/\/l, Sp €
T, ZEO’Z)M. Then the tensor product is defined as:

(tp @ 8p)(Vip, - -+ s Vktip) = tp(Vips - Vip) Sp(Vkt1,ps - - - s Ukt p)

Using this, we can say that
k+l

tp®sp:®Tp/\/l — R
i=1

And checking for multilinearity will be easy (as well as boring). Hence we directly declare that it is a
(k + 1) rank covariant tensor.

Properties of Tensor Product:

e Tensor product is distributive.

Proof. Let us take three covariant tensors ti,ts of rank k& and s of rank I at point p and let
(v1,...,vk+1) be a vector. Then,

((aty +bta) @ 5)(v1, - -, Vi)

= (at1 + btg)(vl, e Uk)S(Uk_H, - 7Uk+l)
= (aty(vy,...,vk) + bta(v1, ..., 0%))S(Vkt1s- -, Vktl)
= al1(v1,. -, Uk)S(Vk1, - -+, Vkt) + bla(vi, - ) S(Vkgs -, Vkt)

= (a(t1 ® 5) + b(ta ® 8))(v1, . . ., Vt1)

Similarly, we can prove that if it had been a linear combination in the right tensor ~ s; 4+ s9 and
hence we conclude the distributive property.

e Tensor product is associative.
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Proof. Let r € ngo’k)/\/l, 5 € ngo’l)/\/l,t € ngo’m)/\/l. Then r®(s®t) and (r®s)®t are both (k+1+m)

rank tensor. Now, we have:

(re(s®t)(viy...,Vkriem) =71, ., ) (S @) (Vkt1y -+ s Vktltm)

=7(V1, -, V) S(Vkt1s - - s Ukt )E(Vkti 15 - - > Vktifm)
((r®@s) @) (1, Vkgigm) = (1 @ 8)(V1, -+, Vgt ) UVt 15 - - 5 Vo lom)

= T(/Ulv s 7U]€)S(Uk+1, LR Uk-‘rl)t(vk-f—l-i-lv s ’vk+l+m)

Since both these expressions are equal, we proved the associativity.

8.6.3. Sometimes all that we need is a coordinate...
Remember that any tangent vector can be written as:
1(57), = @ (557)
== ¢ T == d ¢ -
w=wle5) =daiion) ()

Then we can write the action of the tensor in the following way:

i 0 i 0 p 0
tp(v1, V5 V) = %(dx;(vl)(axn) s ) (555 )d““(ax)
p p p

(62, (), () ) T

k )
The second line follows from the multilinearity of tensors. Also, note that [[ dz;» (vm) can be written
m=1

k
as <® d:ni}") (v1,...,v) (basically, each dl’;}" acts on the corresponding v,, and we get the product
m=1

thingy). Thus, we obtain:

k
tp(’Ul, BN ,’Uk> = (tp_/jljz.__/jk ® dl‘;m) (’Ul, . . ,'Uk)

b =t ((G2) o (2) ()
'pitia..i — Up drit p"" Oxli p“‘ Ox'ik »

Note that this is not a single quantity. Owing to Einstein’s convention, the sum over all the indices has
been nicely hidden from the above expression (and even then it looks so ghastly! «¢). However, there

are indeed n* sums and hence these are n* numbers, which are the coordinates of the tensor tp in the
1

where,

coordinate system.

From this, we finally have:
k

— . » - iWL
bp = lpjiyis...iy, ® dxp

m=1

Now, suppose we have two set of coordinate functions (that is, we have two charts (U, ¢) and (U’,¢')

and we consider p € UJU’) given by (z!,...,2") and (2'1,...,2™). Then we can write:
k k
im 4/ Vi
ty = tpivia.i. Q) duy =155, 4 &) 7y
m=1 m=1

IPhysicists do all sort of weird stuffs with these components only. For them, tensor means these components.
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Now,

e =l () -+ (55), ()
pyiriz...iy — P Ol p7-.. Oz’ p"' o'tk »
k
4 0 0 0
= (tpmz---jk X dﬂfﬂ”) ((ayn) <8x’ij) (ax/ik) )
m=1 p p

p
k
, 0
1J2 k ot P ax/ m »

Now, note the following notational jugglery: dxf,q<( 0 ) ) = ( 0 ) [x74] = (6qu> Using this we
p P p

ax/iq ax/iq ax/iq

again have something nice:

k .
oxIm
to =ty || .
D,2112...0% P,J1J2---Jk 8.%'/“”
p

m=1
We obtain the transformation rule for covariant tensors (yes, the rule that was apparently a definition of
tensors, has now been derived explicitly, just from a simple definition of tensor as a multi-linear map!).

8.6.4. Tensor Field

A (2) tensor field ¢, like vector field, assigns a tensor to each point p € M. If t is a tensor field and

X1,..., X are vector fields, then t(X7,..., X)) is a function whose value at p € M is:

t(Xl, Ceey Xk)(p) = tp<X1p, e ,ka)
If X; € X(M) = t(X1,...,X}) € C® (M), then it is called a differentiable tensor field.

Now, we define the components of a tensor field as the n* functions:

= () ()
tia =t (5 )\ aom

Then using this definition we can write:

a (D
o= () (50)

0 0 i i
() () v

=ty XX

i1
We can now say that the tensor field is differentiable iff the component functions are smooth.

Some definitions...

If s,t are (2) tensor fields, a,b € R and f is a function on M, we define,

(at + bs), = at, + bsy (ft)p = f(p)tp

tensor field.

Ifmisa (2) tensor field and r is a ((l)) tensor field, then (m @), =mp, @1y is a (k 0+ l)

t(p)—tp—tp<(a§il> (ai) ) it © ... @ das
(g ) () )@ 01 & i)

SU(ESMNES) PER—_
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S(ERIES) P
t_t<<6xi1 v\ i dz" ®...®dx

We can show that the tensor field is a C*° multi-linear map, that is, f,g : M — R and {Xi}le,}/; are
vector fields, then:

Thus, we obtain:

t(Xl,fXZ+gY;,Xk):ft(Xl,Xl,Xk)—th(Xl,Y;,Xk)

O) tensor

The converse of this statement is also true, that is, any map ¢ following this property, is a ( 1

field.
8.6.5. Contravariant Tensors

k
This thing is very, very, very similar to the covariant tensors. A contravariant tensor of type < 0) (rank

k) at a point p € M is a multi-linear map taking k covectors as input and returning a real number, that
is,

k
[[HmM—-R
1=1

8 -
oxt

0 : 0 ,
to(at,...,op) =t, <a1 (<6$”)p> dzy) ..., a ((630% )p) dx%’“)
0" ; 0 0
= tp(day, ... do)f)ay <<8mi1 )p) .. 'ak<<8a}ik )p)
. 0 0
= tll7'“71k (’L) (al) e (Z ) (Oék)
p dx/, o'k /

A ‘ 8 > < 8 >
— | 415tk
(tp <6xi1 p®...® pyn p)(al,...,ak)
o'k /

The set of all (](;) tensors at p € M, denoted by ngk’o)/\/l is a vector space, as before.

Since any covector can be expanded as o = a(( )p)d:c;, we can then write:

Thus, we obtain:

8.6.6. Mixed Tensors

This is a general tensor of type < >, multi-linearly mapping k covectors and [ vectors at point p € M

l

to a real number. Thus,
k l

t: [IM][ TV — R
i=1 i=1
This is what we had earlier defined, before being engulfed by differential geometry, however, we did
not have the slightest indication of the beauty of this definition, since we were not familiar with the
formalism.

The set of <I;

) tensor forms a vector space ngk’l)/\/l and we can also similarly define the tensor product
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/

/
between a (];) and a (?,) tensor, resulting in a <kl; i f, ) tensor. A basis for the space ngk’l)/\/l is given

by:
0

k l
( , ) ® dxle
g dx'a/ g p

As iz and j4 can take n values, the space is n**! dimensional. '

8.6.7. General Tensor Fields
Similarly to covariant tensor field, we can define the contravariant tensor field. In terms of the coordinates,

k) tensor field ¢ in the form,

we can write a ( 0

i i 0 0
t:t(dxlv""dxk)(axﬂ)®'“®<6$ik>

The tensor field is smooth if ¢(ay,...,a1) € C® (M) whenever o; € A*M which happens iff the n*
functions t(dz, ..., dx") are smooth.

I;) tensor fields 7}F(M) is a module

over the ring C™ (M) A tensor field is completely characterised by the n**! component functions,

o 9 P . .
.]17""]l J—
Civoin = t(<0$i1>" e (axik)’dxh’ e d:njl)

Mixed tensor fields can be similarly defined. The set of all smooth (

Now,
Jlyeeesdl 3,0 i _0_ J
dz" (X1) ... do"* (Xp) = (w1) ... 27 (wy)

Ozt
o . 0
J— J1se-05J1 11 1k
=ty )N @ de @ @ o

HX1, ey Xy wiy e wy) =t

U15eelk

(Xl,...,Xk,wl,...,wl)

Thus we obtain:

o 4 , 0 0
S J 7"'7]
t= ti1,‘..,ik ' l(dl’“ ® da™* ® ale ®...® 81}]l>

Using this, we can then obtain the transformation rule for the tensor:

bi.by ozh Ozt gzt ozl
1.0k TQxlar T Qatak Gl T 9yl etk

g1

t/

8.7. Differential Forms

We had earlier seen 1-forms when dealing with covectors. We will now discuss about their generalisa-
tions

Definition 14 (Differential Form):

2) tensor field on M

A differential k-form w on a manifold M is an antisymmetric differentiable <

Antisymmetric property simply means that if two inputs are exchanged, the outputs become negative of
one another, that is,

W(Xl,XZXJXk):—w(Xl,X]XZXk) XZE%(M)

!Note that if k =1 = 0, we will have a <8) tensor which is actually a function on M
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An immediate consequence is that if w has two identical arguments, then the result is zero.
A O-form is just a function in C*° (M) where anytisymmetry is trivial (since no argument is there to

input)

O) tensor field, we define At by:

If ¢ is a smooth <k

1
ALKy Xp) = o5 > sen(0)t(Xo)s s Xogr)
" o€eS

Note that if we exchange any X; and X, then sgn(o) changes to —sgn(o) and we obtain a minus sign.
Hence, by construction, At is completely anti-symmetric and hence a k-form. The operator A is called
the alternating operator.

Properties:

0) tensor fields, then A(t + s) = At + As

e If ¢ and s are both (k

e Iftisa <O> tensor field and f: M — R, then A(ft) = fAt

k

o If t is antisymmetric itself, then At =t —= A2 =A

The set of all k-forms on M, A¥(M), is a submodule of TP M. Note that a tensor product of a k-form
and a [—form is not any form in general (since, of the k + [ vectors, first k are antisymmetric among
themselves and so are the last [ but antisymmetricity is not guaranteed among these two sectors). To
compnensate for this, we define some other kind of product instead of leaving the fact alone.

Definition 15:
If w is a k-form and 7 is a [-form on M, then we define the wedge or the exterior product by:

wAn=Aw®®n)

. 0 . D .
So basically, we product a ( k4 l) tensor field and then antisymmetrise it using the alternating operator

to obtain a (k + 1) form.!

o Commutativity: Note that if f € C*° (M), it is a (8) tensor field and then for a k-form w,

fAw=Adow)=A(fw)=fAw=fw=wAf

In this case, this is commutative but is not in general always the case. For example, take two
1-forms a, 5. Then, note that by definition:

aAP(Xy, Xp) = Ala® B)(X1, X2)

- %((a@ﬁ)(XbXQ) ~ (a® B)(X2, X1))
= %((a ® B)(X1, X2) — (B ® ) (X1, X2))
_ %(aw—ﬁ@a)(xl,&)

This implies o A 8 = %(a ® B — ®a)=pF Aa. The third line comes because:
a® B(X2,X1) = a(X2)B(X1) = B(X1)a(X2) = (B® a) (X1, X2)

The general result is:

L An alternate definition of the wedge product uses w A7 = (kkm)!A(w ®n)
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Lemma 3:
If « € AFM and 8 € A'M then,

oe/\B:(—l)klﬁ/\a

Proof. This is going to be a long (and perhaps inelegant) proof!

Consider a chart (U, ¢) with coordinate (x!,...,2"). Then, since the k-form is a (O

k:) tensor field,

we can write it as:

‘ , 0 0
w = wil._.ikdl‘zl XR...R diUlk Wiy ...y = W( . >

Oz’ Otk

Since w is k-form, it will be antisymmetric in all its indices, which implies that w = Aw, which
gives:

W= A(wilmikda:il R...® dacik')
= wi, i, Adr" @ ... @ da'™)

= wilmikdﬂl Ao A dxt

Now consider = njl,,,jkd$j1 A...Adx)'. We will analyse the exterior product of 7 and w. We
also note one fact, that the exterior product is anticommutative in each index, so interchanging
one index with introduce an overall minus sign.

wAn= (wilmikdxil A A dxik) A (77j1...jldxj1 A A da:jl)
= Wiy iy M.y (™ A A dZ ) A (daT AL A dat)
= wilmiknjlmjl(—l)kl(dle A A dmjl) A(dz AL A dmi’“)
= (—1)“77/\@0

In the second last line, since there are [ terms in the second bracket and to find n A w, we had to
move these | terms forward by k places, thus, we get an overall factor of (—1)

o Linearity: If a,b € R and wy,ws € AKM,n € A'M, f € C® (M), then
(awr + bwa) Am = aw; A+ bws A1
(fwr) An=wi A(fn) = flwAn)
e Associativity: If «, 8, are three forms, then:
aN(BAY)=(aAB)Ay=aABAY=Ala® L R7)

Example:
Let M = R? and the chart (M, id). Then we can have maximum upto 3-form. The basis for each is:

e MMM — dx,dy,dz, so any 1-form « is written as o = pdx + qdy + rdz

o A’M — dxndy,dyndz,dzAdz ', so any 2-form « is written as o = p(dzAdy)+q(dyAdz)+r(dzAdz)

o A°M — dx Ady A dz, so any 3-form « is written as o = p(dx A dy A dz)

Note that any other combination of the wedge product can be written in terms of these
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Let us now calculate the exterior product of two one forms which can be written as:

p = pgdxr + pydy + p.dz
q = qzdx + qydy + q.dz

Then we will have:

pAq= (pedz + pydy + p-dz) A (gudz + qydy + q-dz)
= pzqydx N\ dy + pyqzdy N dx + prq.dx A dz + p.q.dz N\ dx + pyq.dy N\ dz + p.q,dz N\ dy
= (Paty — PyQe)dx N dy + (P2qz — P2Gz)de A dz + (Pyq: — P2qy)dy N dz
= (P2Qy — Pye)dz N dy + (Pzqz — Paqz)dz A dz + (Pyq: — p=qy)dy A dz
The last term is obtained by interchanging the wedge product in the second term of each coloured term.
Notice the familiarity of the components with that of the components of the cross product' that we all

know. So, we see that the wedge product between two one forms generalises the cross product in some
sense.

Let p = pydx + pydy + p.dz be a 1-form and ¢ = ¢,(dy A dz) + q,(dz A dx) + q.(dz A dy) be a 2-form.

pAq = (pzdz + pydy + p.dz) A (¢z(dy A dz) + g, (dz A dz) + ¢.(dz A dy))
= pzqzdx N dy N dz + pyqydy N dz A\ dx + p.q.dz Adx A\ dy
= (P2qu + PyQy + P2qz)dz A dy A dz

The component is exactly the dot product as we know, and hence the exterior product of a one-form
and a two-form generalises the dot product.

8.7.1. Exterior Derivative

Definition 16 (Exterior Derivative):
If w is a k-form, then the exterior derivative of w, denoted by dw, is a (k + 1)-form and is given by:

k1
1 . N
dw(X1,..., Xgq1) = PR d (DM Xw(Xy, . X Xeg)
=1

A

I Z(—l)i+jw([X¢,Xj] . G Xl 500 Xj R Xk-‘,—l)
1<j

The hat X; means that, that term is missing from the argument (since w is a k-form, it can only take k
vector fields as arguments, so we omit one of them and denote it by hat). In any case, this expression
looks extremely ghastly e

Example:

e w€ A'M = C%®(M). Then, the second term cannot happen as w does not take any argument.
We get:
do=1x(-1)2Xw = Xw

This resembles the differential of a function and hence for a 0-form, the exterior derivative simply

gives the differential of the function w.

e w& A'M. Then we get:

dCL)(Xl,XQ) = %[Xlw(Xﬂ - X2W(X1) - w([X17X2])]

!'We arranged the indices to follow a cyclic pattern like  — y — z = «
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e w& A2M. Then we get:

1
dw(Xl,XQ,Xg) = § [Xlw(Xg,X3) — ng(Xl,X:;) + ng(Xl, X2)
- W([Xl,XQ] aX3) - U)([XQ,Xg] 7X1) + W([Xl, X3] 7X2)]
1
= § [Xlw(Xg,X3) + ng(Xg,Xl) + ng(Xl, Xg)

- w([Xl,XQ] ,Xg) - w([XQ,X3] ,Xl) - w([X3, Xl] ,XQ)]

Lemma 4:
Ifwe A*M and f € AOM,
d(fw) = fdw + df Nw

Proof. From the definition of the exterior derivative, we will have:

k+1
(k+ Dd(fw)(X1, - Xer1) = D (D X(fw) (X1, X, Xpga)
=1
+ S0 (fw) (X X)L Xy X X Xg)
1<j
k+1 ’

_Z DR X (X, X X)) + (X f)w(X, . X X))

+Z H_j fw Xi,Xj],Xl,...Xi...Xj...Xk+1)
1<J

k+1 ) R

= (k+ D) fdw(X1,..., Xpg1) + D (DT X flw(X1, .. X, Xp)
=1

= (k+1)fdw(X1,..., Xpp1) + > (=) df (Xi)w(X1, ... Xi o, Xiy1)
i=1
k+1 ) R

= (k+ 1) fdw(X1,. .., Xpp1) + Y (=D df @ 0)(Xi, X1, Xi ooy Xppn)
=1

=(k+1)(fdw+df Nw)(X1,..., Xkt1)
We obtained the last line from the second last line using the following:
e Note that the LHS is anti-symmetric in all its arguments since exterior derivative is a k + 1 form.
e The first term on the RHS is also anti-symmetric in its arguments.

e Thus, remaining term is antisymmetric too. Then if we denote the term by k, then due to property
of being anti-symmetric, Ax = k but if we do Ak, by linearity of A, we will get the term A(df ®w) =
df ANw

Thus, from this, we obtained that kind of the Liebniz rule for the exterior derivative:

d(fw) = fdw + df Nw

Coordinate Representation:
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Working in a coordinate system greatly simplifies things in this case. For that, consider w = w;, i, dz™ A
1

... A x™ in some coordinate system (z!,...,z").
Then, using the above “product rule”, we get:
dw = d(wiy._i,) ANdz™ AL A da'™ 4wy g d(det AL A dat)

The second term can be shown to be zero because:

) 7 a 8
(k:—l—l)d(d:zl/\...Adx’“)(amil,...,axikH)
k+1 —
9 : N 0 d
_ _1\n+1 i i
_nz:jl( 1) axjn<dx1/\.../\d:pk<axj1,...axjn...8xjk+l>)+
> mmar))

m<n

The second term becomes zero since Lie Bracket of the coordinate differentials is zero. In the first term,
when dz'» acts on some am%, it will produce either zero or one, which is constant, so will give 0 with
Hence, the first term also evaluates to zero. Thus, from the above fact, we obtain:

9
Oxim *

dw = dw;, ... i, N Az A ... A dx*

Lemma 5 (Graded Liebniz Rule):
If w € A*M and n € A'M, we have:

dwAn) =dwAn+ (—1)*w Adn

Proof. Let us use the coordinate version to express n and w. Then we have:

w=wi . dx AN da'

n =i ;dx A ... Adzh
Then using the product rule, we have:

dw An) = d(wiy. i,y dx™ Ao Ad™ Ada™ AL A da't)
= d(wiy..ipMir.iy) N Az A oAdx Adz A LA dzt
= d(wiy...i ) Miy.iy AT A LA datE Adat A LA dattF
Wiy i (M) N dz™ Ao AT A dxt A LA dat
= d(wi, . 4,) N Az A ... AN dz A Miy iy N dz™ A .. A dz
(fl)kwilmik Adz A LA d:pi’“d(mlmil) Adz AL A dat
=dwAn+ (=1)Fw Adny
Note that in the second last step, we had to introduct (—1)* since d(7;,._;,) is a one-form and we had to
shift it over k indices.

If d(w Am) =0 then w A n is called a closed form.
Lemma 6:

d*w =0 YV we A" M
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Proof. Given w = w;, ;" A ... Az, we have:
_ i1 7
dw = d(wjy..5,)x N ... AN

awil Zk) k i i
= | —LE )de" A AL AT
( oxk

Now, applying the exterior derivative once again, we get:

d*w = ((8%““ >dxk AN LA x’k)
X

0%w;, , -
= <“"'”“)da:l AdzE AN LA 2
z

oxlozk
= (82wi1“‘i’“> k VN "
P o0xFox
82%‘ i l k 82%‘ i { k
<l k>l
O%wiy i ! k 0wy k l
<l k>l

aQWil ig 82Wil lk) l k
= s — == )dx' Adx® ...
kz ( Oxlozk arkazt )40 N
<l
Thus, we see the du =0V w = d>=0
Some potential use cases...

We can check (using some boring algebra) that if we take R? and calculate the exterior derivative of a
one-form, we will obtain the components of the curl. Thus, we can say that the exterior derivative of a
one-form generalises the notion of a curl. Also, if we take the exterior derivative of a two-form, we will
obtain the components of the gradient.

Interesting example: Electromagnetic Tensor

Modern formalism of electromagnetism treats electric field as a one-form and magnetic field as a two
form. Hence, we can write:

E :=E,dx+ E,dy + E.dz
B := Bydy Ndz + Bydz N dx + Bzdx N dy

Then we can define the electromagnetic tensor as the following two-form:
F:=B+EANdt
Then we will have:

F = (Bydy N dz + Bydz A dx + Bzdx A dy) + (Ezde + Eydy + E.dz) A dt
= (Bgdy Ndz + Bydz N dx + Bzdx A dy) + Eydx A dt + Eydy A dt + E.dz A dt
= B,dy Ndz + Bydz Ndx + Bzdx Ndy — E,dt Ndx — Eydt N dy — E.dt N\ dz

From this expression and writing F' = F},,dx* A dx", we can easily obtain the electromagnetic tensor
components:

0 -E, —E, —E.
E, 0 B. -B
F _ x z Yy
[Fliw E, -B. 0 B,
E. B, —-B, 0
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8.8. Integrating differential forms
8.9. Riemannian Geometry

Okay, so whatever BS we had been seeing earlier (I admit, I got a bit carried away with diff geo part
since it was so interesting), we will now use that to see our previous discussions on tensors in a more
stronger form. We will re-discuss metrics, connections, covariant derivatives, etc. but now in a more
sophisticated language (which goes against my initial intentions).

Appendices

A. Equivalence Relations and Equivalence Classes
B. Vector Space

C. Groups

A group is a

D. Ring
A structure (R, +,-) is a ring, with R # () and 4 and - two binary operations such that:

o Addition: (R,+) is an abelian group that is associative, has a zero element, an inverse and is
commutative.

e Multiplication: is associative.
o Distribution: (a+b)-c=a-c+b-canda-(b+c)=a-b+a-c

Well, since multiplication is not necessarily commutative in a ring, the distributive law is postulated as
two laws.

E. Module

Let R be a ring. Then a left R-module is an abelian group (M, +) together with a map - : R x M — M
satisfying:

e a-(z+y)=a-x+a-yvVac Rand z,y e M
e (a+f)-z=a-z+pf-yVa,fe Randx e M
. (af)-z=a-(8-2)

e 1-2=2x

The elements of the ring are sometimes called as scalars. Since the scalars always appear on the left, it
is called a left module. We can similarly define the right module but by module, we will always mean
left module.

F. Algebra

An algebra over a field K is a vector space A with a multiplication map u : A x A — A denoted by
wu(a,b) = a- b, such that for all a,b,c € A and r € K we have:

o Associativity: (a-b)-c=a-(b-c)
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 Right and Left Distributivity: a-(b+c¢)=a-b+a-cand (a+b)-c=a-c+b-c
o Homogenity: r(a-b) = (ra)-b=a- (rb)

The associativity property is not always required, though. If the binary operation is associative too, then
we call it an associative algebra, otherwise non-associative.

The above conditions, apart from associativity, is equivalent of saying that the algebra satisfies the
bilinearity property, that is, for m,n € K and a,b € A:

Linearity in first factor: (ma+nb-c=ma-c+nb-c

Linearity in second factor: c-(ma+nb)=mc-a+nc-b

If A, A’ are algebras over field K, then an algebra homeomorphism is a linear map £ : A — A’ such that
multiplication is preserved, that is, £(ab) = L(a)L(b) ¥ a,b € A.
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