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2 ½Â

½Â2.1. ½Â����ê�§���Eê��¼ê�¡�êêêØØØ¼¼¼êêê"

½Â2.2. � f (x)���êØ¼ê§eéuz�ép����êa, bÑ÷v f (ab) =

f (a) f (b)§K f (x)´ÈÈÈ555¼¼¼êêê"

½Â2.3. � f (x)���êØ¼ê§eéuz�é��êa, bÑ÷v f (ab) = f (a) f (b)§

K f (x)´������ÈÈÈ555¼¼¼êêê"

�©�9�¼êeÃAÏ`²§þ�êØ¼ê"

2.1 ~��È5¼ê

±e��A~��È5¼êµ

• Øê¼ê σk(n)§L«n�¤k�ê�kg��Ú"

• Euler¼ê ϕ(n)§L«Ø�Ln��np����ê�ê"

• Möbius¼ê µ(n) =































1 n = 1

(−1)k n�k�ØÓ�ê�È

0 Ù§�¹

2.2 ~����È5¼ê

±e��A~����È5¼êµ

• �¼ê Idk(n) = nk

• ü ¼ê ǫ(n) =















1 n = 1

0 n > 1

3 �5ç

�5ç´O�È5¼ê��~^��{§�±O(n)O�Ñ2 ∼ n����Ï

f§|^ùA&E�±écn�¼ê��¤4í"
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3.1 O����Ïf

�Äò����ên�Ïf©)§¿ò�ÏfüSüF"

=�n =
∏k

i=1 pi§Ù¥pi��ê§�éu1 ≤ i < k÷vpi ≥ pi+1"

ù��©)�ª´���§�±|^��5��±e�{µ

• �pri�i����Ïf§il2m©qÞO�"

• bX�c�pri�vk�O�Ñ5§@oi��ê§pri = i"

• qÞz��Ø�Lpri��êp§prip = p"

z�ê�¬����Ïfç�§¤±ù��{��mE,Ý�O(n)"

3.2 O�È5¼êcn�

� f (x)���È5¼ê§y3I�O� f (x)cn���"

bX�±òx©)��ép��a, b�a, b > 1§@o f (x)���±�â½Â

2.24í��§�e�I�O�x�k�«�Ïf��¹"

�±|^�5çO(n)O�Ñz�ê����Ïf§24í��z�ê��

�Ïf��g"

�x����Ïf�p§�g�c§�pc
, x§@o f (x) = f (pc) f ( x

pc )"

3.3 ~K�

~1. O�Euler¼êϕ(n)�cn�"

éun > 1§�n =
∏k

i=1 pi
ci§Ù¥piþ��ê�éui , j÷vpi , p j"

Euler¼êk²;�O�ª

ϕ(n) = n

k
∏

i=1

pi − 1

pi

=

k
∏

i=1

(pi − 1)pi
ci−1

�n�k�«�Ïf��¹�±�B/O�§�e�Ü©�±ë� 3.2!¥

��{|^�5ç4í§�mE,ÝO(n)"
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4 Möbius�ü

4.1 DirichletòÈ

½Â4.1. ½Âü�êØ¼ê f (x), g(x)�DirichletòÈ£P�( f ∗ g)(x)¤

( f ∗ g)(n) =
∑

d|n

f (d)g(
n

d
)

DirichletòÈäkXe$�5�µ

• ��Æµ f ∗ g = g ∗ f

• (ÜÆµ( f ∗ g) ∗ h = f ∗ (g ∗ h)

• ©�Æµ f ∗ (g + h) = f ∗ g + f ∗ h

• ü �1µ f ∗ ǫ = f

• e f , gþ�È5¼ê§K f ∗ g��È5¼ê"

±þ5��y²'�{ü§3�ÖögCg�"

4.2 Möbius�ü

Ún4.1. µ ∗ 1 = ǫ§=
∑

d|n

µ(d) = ǫ(n)

Ù¥¼ê1´�£�ð�1�~ê¼ê"

Proof. �nkk«ØÓ�Ïf§@o

∑

d|n

µ(d) =

k
∑

i=0

(−1)i

(

k

i

)

= (1 − 1)k

= ǫ(k) = ǫ(n)

�

1ǫ� 2.2!¥J��ü ¼ê"
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½n4.1 (Möbius�ü).

XJkü�êØ¼ê f , g÷v

f (n) =
∑

d|n

g(d)

K§��÷v

g(n) =
∑

d|n

µ(d) f

(

n

d

)

��½,§=

f = g ∗ 1⇔ g = µ ∗ f

Proof. �

f = g ∗ 1

üýÑòþ¼êµ§�

µ ∗ f = µ ∗ g ∗ 1

�âÚn 4.1�n�

µ ∗ f = ǫ ∗ g = g

üýÑòþ¼ê1§�

g ∗ 1 = µ ∗ f ∗ 1 = ǫ ∗ f = f

�

4.3 Möbius�ü�í2

Möbius�ü�kNõ*Ð/ª§�e50B�«3êØ¼ê�¡�í2"

Ún4.2. ���êx, y, a, b§Ù¥a, b ≤ x§y =
⌊

x
a

⌋

§@ok
⌊

y

b

⌋

=
⌊

x
ab

⌋

"

Proof.

�x = kab + c§Ù¥k, cþ��K�ê�c < ab§=k =
⌊

x
ab

⌋

"

y =
⌊

x
a

⌋

= kb +
⌊

c
a

⌋

§Ù¥
⌊

c
a

⌋

< b§¤±
⌊

y

b

⌋

= k" �
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½n4.2. � f , g�ü�êØ¼ê§t�����È5¼ê§�t(1) = 1§k

f (n) =

n
∑

k=1

t(k)g

(⌊

n

k

⌋)

⇔ g(n) =

n
∑

k=1

µ(k)t(k) f

(⌊

n

k

⌋)

Proof. �Äò�ª�\§�âÚn 4.2�

n
∑

k=1

µ(k)t(k) f

(⌊

n

k

⌋)

=

n
∑

k=1

µ(k)t(k)

⌊ n
k
⌋

∑

i=1

t(i)g

(⌊

n

ki

⌋)

=

n
∑

j=1

g

(⌊

n

j

⌋)

∑

i| j

µ(i)t(i)t

(

j

i

)

=

n
∑

j=1

g

(⌊

n

j

⌋)

t( j)
∑

i| j

µ(i)

dÚn 4.1�

n
∑

k=1

µ(k)t(k) f

(⌊

n

k

⌋)

=

n
∑

j=1

g

(⌊

n

j

⌋)

t( j)ǫ( j)

= g(n)t(1) = g(n)

��½," �

5 |^DirichletòÈ�E

ù��{3IS&EÆ¿m¥���¡�Ú�ç§�±p�/�¤�A~

�êØ¼ê�O�"

5.1 Ì�/ª

� f (n)���êØ¼ê§I�O�

S (n) =

n
∑

i=1

f (i)
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�â¼ê f (n)�5�§�E��S (n)'uS
(⌊

n
i

⌋)

�4íª§Xe~"

é���Ü·�êØ¼êg(n)

n
∑

i=1

∑

d|i

f (d)g

(

i

d

)

=

n
∑

i=1

g(i)S

(⌊

n

i

⌋)

�±��4íª

g(1)S (n) =

n
∑

i=1

( f ∗ g)(i) −
n

∑

i=2

g(i)S

(⌊

n

i

⌋)

Ún5.1. éu����ên§�Ä¤k��êi ∈ [1, n]§
⌊

n
i

⌋

����kO(
√

n)«"

Proof.

éu¤ki ≤
√

n§
⌊

n
i

⌋

≥
√

n§ù�Ü©���O(
√

n)«"

éu¤ki >
√

n§
⌊

n
i

⌋

<
√

n§ù�Ü©����O(
√

n)«" �

�âÚn 4.2 ÚÚn 5.1 §34íO�S (n)���L§¥§I��O�

�S
(⌊

n
i

⌋)

�kO(
√

n)«"

bX�±¯�é( f ∗ g)(i)±9g(i)�¤¦Ú§�±�â
⌊

n
i

⌋

���?1©ã§

O���S (n)�E,Ý=�O(
√

n)§��L§�E,ÝXe

⌊
√

n⌋
∑

i=1

O
(√

i
)

+

⌊
√

n⌋
∑

i=1

O

(
√

n

i

)

��Ü©�E,Ý�½�uc�Ü©§¤±�I�Ä

⌊
√

n⌋
∑

i=1

O

(
√

n

i

)

≈ O















∫

√
n

0

√

n

x
dx















= O(n
3
4 )

�E4íª��{I��â¼êäN©Û§�±ë�e¡A�~f"

5.2 ~K�

~2. O�

S (n) =

n
∑

i=1

µ(i)
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�âÚn 4.1§^ 5.1!¥��{�±��4íª

S (n) =

n
∑

i=1

ǫ(i) −
n

∑

i=2

S

(⌊

n

i

⌋)

= 1 −
n

∑

i=2

S

(⌊

n

i

⌋)

��O��E,Ý�O(n
3
4 )§�Ä�±�5çý?ncn

2
3�§@o4íÜ©

�E,Ý�

O



















∫ n
1
3

0

√

n

x
dx



















= O(n
2
3 )

(Ü�5çÜ©§oE,Ý�O(n
2
3 )"

5.3 ~Kn

~3 (SPOJ DIVCNT2). O�

S (n) =

n
∑

i=1

σ0(i2)

Ó��Ä�EDirichletòÈ'Xª§� f (n) = σ0(n2)§g(n) = 2ω(n)§Ù

¥ω(n)L«n�ØÓ�Ïf�ê§k f = g ∗ 1§=

σ0(n2) =
∑

d|n

2ω(d)

Proof. �Än�z��êd§�±3d2¥�Kd����Ïf8Ü§�Ò´2ω(d)«

�Ø�{§ù��±qÞÑn2�¤k�ê" �

N´��g = µ2 ∗ 1§@o�±��Xe4í'X2

n
∑

i=1

σ0(i2) =

n
∑

i=1

2ω(i)

⌊

n

i

⌋

n
∑

i=1

2ω(i) =

n
∑

i=1

µ2(i)

⌊

n

i

⌋

n
∑

i=1

µ2(i) =

⌊
√

n⌋
∑

i=1

µ(i)

⌊

n

i2

⌋

�~ 2aq§�±|^�5çO(n
2
3 )�¤O�"

2Ù¥µ2¦Ú�O�ª�±�âN½��"
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5.4 �(

�âÚn 4.2ÚÚn 5.1§ù�a4íO�1n���¬�9�O(
√

n)�G

�§ÏLÈ©�±O�Ñ4í=£�E,Ý�O(n
3
4 )§|^�5çý?n��±

?�Úü$E,Ý"

±�g��Ä:�±�Óåe�!¥��{§'uù�!�SN§��[

���ë�©z 2§�©Ø��õÐm"

6 �«Äu�Ïf©)�¦Ú�{

3éõ��§·�¿ØU�´/é��¦Ú¼ê�5�§ù�ÒF"Uk

�«·^���2�p�¦Ú�{§�e5�©ò¬é/ª�����È5¼

ê�Ñ�«¦Ú�{"

6.1 £�

�F(n)���È5¼ê§n��Ïf©)�

n =

k
∏

i=1

pi
ci

�Äù�5£ã��È5¼êµ

• �n��ê�§=n = p§F(p) = G(p)"

• �n��ê���§=n = pc�c > 1§F(pc) = T (pc)"

• �e��¹�âÈ5§F(n) =
∏k

i=1 F(pi
ci)"

~X§éu±eü�~��È5¼êµ

• Euler¼ê ϕ(n)¥§G(p) = p − 1§T (pc) = (p − 1)pc−1
"

• Möbius¼ê µ(n)¥§G(p) = −1§T (pc) = 0"

���/§G(p)�±´���p�'�õ�ª§T (pc)�±´���pÚc�

'�õ�ª§éuùA�¹½´�E,�L�ª§c�!¥0B��{ò�U

Ø2·^"�ÄØ2�6¼êg��5�§D´���âÈ55�¤O�"
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6.2 Ú\¯K

±ù�a¯K���{ü/ª�~"

~4. ½Â��î.¼ê�C«φ(n, d)§n��Ïf©)�
∏k

i=1 pi
ci"

Ù¥pk�pØ�Ó��Ïf£ck > 0§=rn�Ïf©)¤§@o

φ(n, d) =

k
∏

i=1

(pi
ci + d)

AO/§½Âφ(1, d) = 1"

éu�½�n, d§¦














n
∑

i=1

φ(i, d)















mod 109 + 7

�F(n) = φ(n, d)§÷^ 6.1!¥�L«�{§G(p) = p + d§T (pc) = pc + d"

6.3 ÐÚ=z

Ún6.1. éu����êx ≤ n§x�õPk���u
√

n��Ïf"

Proof. b�xPkü��u
√

n��Ïfp1, p2§@op1 p2 > n§�x ≤ nØÎ" �

�âÚn 6.1§�±òF(x)©�üa�Äµ

• xvk�u
√

n��Ïf"

• xk���u
√

n��Ïf"

�â¼ê�È5§�±��

n
∑

i=1

F(i) =
∑

x ≤ n

xvk�u
√

n�Ïf

F(x)











































1 +
∑

√
n < p ≤

⌊

n
x

⌋

p��ê

G(p)











































F(x)�¦�Xê��
⌊

n
x

⌋

��k'§=ØÓ�Xê�kO(
√

n)«§�±�

â
⌊

n
x

⌋

���òF(x)©�O(
√

n)ã§z�ãéA�«Xê"

�y��|�½�
⌊

n
x

⌋

��§�Ò´I�O�ùüÜ©
∑

√
n < p ≤ y

p��ê

G(p)
∑

⌊

n
x

⌋

= y

xvk�u
√

n�Ïf

F(x)
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6.4 G(p)�O�

6.4.1 ÐÚ©Û

3~ 4�ªf¥§G(p) = p+ d§Ø�-G(p)´��'up�$�õ�ª§�

Äéõ�ª�z��©OO�"

�Ø�L
√

n��ê�m�§,SüF�p1 ∼ pm"

�gk[i][ j]�[1, j]��S�ci��êp��¤kê�kg��Ú§Ù¥i = 0�

�Ü©�±^��O(k)O�"

éui ≥ 1��¹§�Ä[1, j]��Skõ�¹kpi�Ïf�ê�ci − 1�êp

�§�l =
⌊

j

pi

⌋

§kXe4íª

gk[i][ j] = gk[i − 1][ j] − pi
kgk[i − 1][l]

4í�ª���gk[m][ j] − 1=�[1, j]��S�u
√

n��ê�kg��Ú"

�âÚn 4.2ÚÚn 5.1§O�gk[m][n]L§¥I��1��G��O(
√

n)«§

¿�ùAG�T�z�«I��O��G(p)�Ú"

6.4.2 È�¢y

È�¢yù�4íªI��gqÞ�êpi§éz��G�?1O�"

�Äz�
⌊

n
x

⌋

kõ��êI�=£§Ù¥
⌊

n
x

⌋

>
√

n�Ü©I�=£
√

n��S

�¤k�ê3

⌊
√

n⌋
∑

i=1

O

(

i

log i

)

+

⌊
√

n⌋
∑

i=1

O

( √
n

log
√

n

)

≈ O

(

n

log n

)

6.4.3 `z

�pi+1 > j�§�½÷vgk[i][ j] = 1"

¤±§�pi
2 > j ≥ pi§=l =

⌊

j

pi

⌋

< pi�

gk[i − 1][l] = 1

gk[i][ j] = gk[i − 1][ j] − pi
k

3�©¥§�ê�ÝUO
(

1
log n

)

FO§O
(

1
log n

)

�O

(

1

log
√

n

)

Ó�"
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Ïdpi
2 > j��O�¢Sþ´�±����§éuz� jP¹þ�g=£�

�i��§3N^gk[i][ j]ù� ��òvk�O��ù�ã�ê��zO\"

éuz�|
⌊

n
x

⌋

�I�=£Ø�L

√

⌊

n
x

⌋

��ê§E,Ý�FO�

⌊
√

n⌋
∑

i=1

O













√
i

log i













+

⌊
√

n⌋
∑

i=1

O















√

n
i

log
√

n
i















��Ü©��z�½�uc�Ü©§�
√

n
i
≥ n

1
4§�E,Ý�±FO�

⌊
√

n⌋
∑

i=1

O















√

n
i

log
√

n
i















≈ O





















∫

√
n

0

√

n
x
dx

log n





















= O













n
3
4

log n













6.5 F(x)�O�

6.5.1 ÐÚ©Û

du
⌊

n
x

⌋

��Ó�F(x)I�¦�Xê´�Ó�§�±��^
⌊

n
x

⌋

5L«G�"

Ó��Ø�L
√

n��ê�m�§,SüF�p1 ∼ pm"

� f [i][ j]���¹ci«�Ïf§�
⌊

n
x

⌋

= j�F(x)�Ú§Ù¥ f [0][n] = 1"

�âÚn 4.2ÚÚn 5.1§1��G�êE,�± ~�O(
√

n)«§z�«

éAX�|Xê"

6.5.2 È�¢y

�Äd f [i−1][ j]^�êpi?1=£§qÞ=£�gc§�l =
⌊

j

pi
c

⌋

§é f [i][l]�

�z�T (pi
c) f [i − 1][ j]½G(pi) f [i − 1][ j]£c = 1��¹¤"

Ó�O�z�
⌊

n
x

⌋

kõ��êI�=£§�ÄqÞz�«c�O�þ§�

h(n) =

⌊log2 n⌋
∑

k=2

O(n
1
k ) ≈ O(

√
n)

E,ÝFOÚ 6.4!¥aq

⌊
√

n⌋
∑

i=1

O

(

i + h(i)

log i

)

+

⌊
√

n⌋
∑

i=1

O













√
n + h( n

i
)

log n













≈ O

(

n

log n

)
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6.5.3 `z

3c��!¥§ÏL��Api
2 > j��O�DòE,Ýü$�O

(

n
3
4

log n

)

§�

Äæ�aq�`z��"

5¿�§�
⌊

n
x

⌋

Ø�L
√

n�

1 +
∑

√
n < p ≤

⌊

n
x

⌋

p��ê

G(p) = 1

D��O��Y�ªf�

n
∑

i=1

F(i) =
∑

x ≤ n

xvk�u
√

n�Ïf

F(x)











































1 +
∑

√
n < p ≤

⌊

n
x

⌋

p��ê

G(p)











































ù�Ü©F(x)é�Y��zXê´�Ó�§�±±d�â»�?1`z"

�pi
2 > y =

⌊

n
x

⌋

�§
⌊

y

pi

⌋

< pi ≤
√

n§¤±G�y�õ�U^���Lpi��ê

=£§¿�=£���é�Y��zXê�½�1"

`z��=£üÑXeµ

• éu���êpi§�=£y ≥ pi
2�G�"

• �l =
⌊

y

pi
c

⌋

§bXl < pi
2§@où�G�3���=£¥¬��Ñ§I�y

3O�§é�Y��z§�Ò´I�ÚO[pi+1, l]��S�G(p)�Ú"

• �oz�G����g=£��pi§ÚO��Ñ�@�ãG(p)�Ú"

E,ÝFOÚ 6.4!¥aq

⌊
√

n⌋
∑

i=1

O

(

h(i)

log i

)

+

⌊
√

n⌋
∑

i=1

O

(

h( n
i
)

log n

)

≈ O













n
3
4

log n













6.5.4 ,�«¢y4

5¿��k�x <
√

n�§âUA2¦\���u
√

n��ê§¿�ù�Ü©

�x�Ø�U¹k?¿�u
√

n��Ïf"

4a�f�ÓÆJøù«¢y�{"
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�±k^�5ç?nÑ¤kx <
√

n�F(x)�§¦þ�A�XêO\�Y§

�e�¯K´O�
∑

√
n ≤ x ≤ n

xvk�u
√

n�Ïf

F(x)

�c�!ØÓ§òØ�L
√

n��êüSüF�p1 ∼ pm"

� f ′[i][ j]���¹ci«�Ïf§�x ≤ j�F(x)�Ú§N´�� f ′[0][ j] = 1§

� f ′[m][n]~�x <
√

n�F(x)�ÚÒ´I�¦�(J"

N´����4í=£§qÞ�Ïfpi��gc§�lc =
⌊

j

pi
c

⌋

§k

f ′[i][ j] = f ′[i − 1][ j] +G(pi) f ′[i − 1][l1] +
∑

c≥2

T (pi
c) f ′[i − 1][lc]

ë�c�!§ù�4í�1��G�Ó��kO(
√

n)«§È�¢y�E,

Ý�O
(

n
log n

)

§�Äæ�aq�`z��"

�pi
2 > j�§dupi´üSüF�§�I�ÚO[pi, j]��S��ê�¼ê

��Ú§¤±E,�±�Kù�Ü©�O�§òE,Ýü�O

(

n
3
4

log n

)

"

é'�eùü«¢y�{§Ì��«O3uqÞ�Ïf�^S§�±�â

äN�¹ÀJ"

6.6 *Ð

£��eù��{¥�AÚÌ�=zµ

• �âÚn 6.1§|^È5òz�ê��Ïf©�üÜ©5�Ä"

• �âÚn 4.2ÚÚn 5.1§ò4í�1��G� ��O(
√

n)«"

• ©Û4í�5�§ÏL��pi
2 > j��O�òE,Ýü�O

(

n
3
4

log n

)

"

þã�AÚ¢Sþé¤kê�¤A�ÏfD©§¿�34í����Ïf

´kS\\�§¤±ù��{�±�¤�Aç{�õU"

6.6.1 ~KÊ

~5 (UR13C Sanrd).

¦n±S¤kÜê�g��Ïf�Ú§3ùpg��Ïf�½ÂXeµ

2016c&EÆc���¥II[è�ÀèAØ© 14



È5¼ê¦Ú�A«�{ B,½1�¥Æ ?�³

�n =
∏m

i=1 pi§Ù¥piþ��ê�pi ≤ pi+1"

g��Ïf�pm−1§em < 2KØO�"

Ó�r�Ïf±
√

n�K�©¤üÜ©5�Ä§¿��âÚn 6.1§x ≤ n�

g��Ïf�½Ø�L
√

n"

£� 6.4 !Ú 6.5 !¥�1�«�{§�¤z�êx�6§�µk,S\

\xØ�L
√

n��Ïf§��2O�x�u
√

n��Ïf§=3��L§¥§x�

�Ïf´�,SqÞ�"

3O�Ø�L
√

n��Ïf�§�±@�z��G�¥�o�´��ê8�

&E§�g=£´òù�ê8¥¤kêÑ¦þ�cqÞ��Ïf§����#

8Ü§¿\8IG�"du�Ïf´kSqÞ�§�z�G�¥ÑØ¬kê�

EO�§¿���yG��m�ê8Ø��"

N´uy§=£�#\\��Ïf�½´#)¤�ê����Ïf§�=

£G�����ÏfÒ´g��Ïf§¤±��P¹z�G�L«�ê8��

��Ïf�Ú§Ò�±��g��Ïf"

6.7 o(

ù��{´�©Ì���Ð«�SN§)ûA/ª�����È5¼ê¦

Ú¯K§éu�¼ê�Ì��åXeµ

• I��¦Ú�¼êF(n)�È5¼ê"

• G(p)�±©)�eZ��È5¼ê�Ú§du4íê|�Ð©zI�§

ùA��È5¼ê�¦Ú�U¯��¤§��{ü�~f�µG(p)´'

up�$�õ�ª"

• du1 6.5!¥�=£I�§=£XêG(p)ÚT (pc)�O��U¯��¤"

6.4Ú 6.5!¥�4í=£Ñ�±¦^EÄê|§�ê��I�ý?n
√

n�

�±S�§¤±�mE,Ý�O(
√

n)"

ù��{�±�Ï·�O

(

n
3
4

log n

)

é�õêÈ5¼ê�¤¦Ú§3@AØä�

AÏ5�½í�JÝ���È5¼ê¦Ú¯K¥ké��`³"
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a�

a�O�ÅE¬JøÆSÚ�6�²�"

a�B,�¥��ÜåP�!ÂðuP�õc5���'%Ú��"

a��u�Æ�|»å!Â÷u!Üð$!��ÓÆ�é·��Ï"

a�f�ÓÆ�·?Øù��{§¿JøA�«{'�¢y�{"

a�Ù¦é·kL�ÏÚéu�P�ÚÓÆ"

ë�©z

[1] _�+,�5ç{�È5¼ê, WC2012EA�6

[2] 3X�, http://jiruyi910387714.i11r.com/posts/195270.html, jiry 2’s Blog"

[3] Project Euler forum, Problem 521
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�ä6��Aï��{

ÀE½�|1�¥Æ ñ�Í

Á �

�ä63&EÆ¿m¥kX2��A^§éõ�ä6�.�ïá�{�©

|©"�©é�A'�~^��ä6ï��{?1Ao("

1 Úó

�ä6(network-flows)´�«a'Y6�)û¯K�{§3&EÆ¿m¥A

^2�"~���ä6¯Kk��6!��¤^��6!kþe.��ä6�"

�ä6¯K�|©�?  Ø3u�{¢yL§§D3u�ä6�ï��{"

�©é�A'�~^��ä6ï��{?1Ao(§©���6ï�!���

ï�!¤^6ï�Ú6þ²ïg�oÜ©"F"UA�ë\&EÆ¿m�ÓÆ

�5½õ½���Ï"

2 l��6EÝï�

��5`§l��6EÝ?1ï���*"  ´^�^D: S →Æ: T

�65L«�«�Y"~X^��6¦�©ã������§�^ S → T �6

ÒL«����"

2.1 ï�Þ~

~ 1. (¬WÓ+)

k�� n×m�Ú�§k��f´æN"y3\�ÀJ�A�f5���A

¬W§���fp�õ�±����¬W§æN�pØU��¬W"·�¡ù

2016c&EÆc���¥II[è�ÀèAØ© 17
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A¬WÓ+A��Ú�§�÷v1i1����A ri �¬W,1jF����A c j

�¬W"y3\�?Ö´¦^���ê�¬W5Ó+��Ú�"

1 ≤ n,m ≤ 100

���¹´k3z�1Süþ�½êþ�¬W§23z�FSüþ�½ê

þ�¬W"ù��Y¥§z�¬W��z´1"

kA¬W�±Qé1k�z§qéFk�z§�z´2"ùa¬W�õ§I

��¬WoêÒ��"�Ä¦ù�a¬W¦�Uõ"1 i1ùa¬W�êþØ

U�L ri §ÄKÒk¬Wéù�1vk�z"Ó�§1 iFùa¬W�êþØ

U�L ci"�Äïãµ

z�1ïá��: Ai §�D: S �ë§Nþ´ ri "z�Fïá��: Bi §

�Æ: T �ë§Nþ´ ci "

e1 i11 jF�±��¬W§Òl Ai� B j ë�^Nþ�1�>"

ù�ïã�§���z´2�¬WéAX�^ S → T �6">�Nþ��

A���f�õ����¬W§¿�z1zF�z´2�¬W�êþØ�Ñ�

¦"

¦��6§�Ò´�z´2�¬W���êþ§lD¦Ñ��o¬Wê"

~ 2. (Dining)

k f « ÔÚ d«ØE§z« Ô½ØE�Uø�ÞÚ�^§�zÞÚ�

�^�« ÔÚ�«ØE"y3k nÞÚ§zÞÚÑkgCU�� Ô«aF

LÚØE«aFL§¯�õU¦õ�ÞÚÓ��^�gCU�� ÔÚØE"

1 ≤ n, f , d ≤ 100

�Ä^�^ S → T �65L«÷v�ÞÚ��¦§�±��ïã�ªµ

z« Ôïá��: Ai §� S �ë§Nþ´1"z«ØEïá��: Bi §

� T �ë§Nþ´1"

zÞÚïáü�: Ci ! Di§ Ci � Di�më�^Nþ�1�>"

e1 iÞÚU�1 j« Ô§Òò Ci� A j �ë§Nþ´1"

e1 iÞÚU�1 j«ØE§Òò Di � B j�ë§Nþ´1"

^ü�:5L«�ÞÚ§¥mëNþ�1�>§´�A���ÞÚ��÷v

�g"

2016c&EÆc���¥II[è�ÀèAØ© 18
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k�AK8�ï�I�é¯K?1©Û§ò¯K{z½=z¤�±^�ä

6)û�¯K"·�5we¡ù�¯K"

~ 3. (Collector’s Problem)

BobÚ¦�*ll0J�CpÂ8b�"BobÚ¦�*lo� n<"�k m

«ØÓ�b�"

z<ÃpÑk�A£�UkE�¤b�§¿���O<��¦¤vk�

b�"b�o´�é���"

Bob'ùA*l�h²§Ï�¦¿£���O<��gCvk�b�¿Øo

´�`�"3,A�¹e§�5�ÜEb��y�"

b�Bob�*l�ÚBob��£¦��mØ��¤§¿�ùA*l�¬Ñ4

Ãp�Eb�5��¦�vk�ØÓb�"\�?Ö´�ÏBob�Ñ¦�ª�

±���ØÓb����êþ"

2 ≤ n ≤ 10, 5 ≤ m ≤ 25

Bob�*l�¬Ñ4Ãp�Eb�5��¦�vk�ØÓb�"¤±§é

uBob�,�*lFriend§Bob�Ur�«Friendvk�b��¦§¿��«�õ

��g"Friend�¬r¦ÃpE�b��Bob§XJFriendk i (i ≥ 2)Ü,«b

�§¦�õ�Bob (i − 1)Ü"

@o§Bob�*l��^´§òBobÃ¥�b� XC¤,�«b� Y"

�±?1Xeïãµ

éz«b� iïá: Ai "D: S � Ai ë>§Nþ�BobPk�b� i�ê

þ" Ai�Æ: T ë>§Nþ�1"

éBob�z�*l jïá: B j "e*l jvkb� i§Òl Ai � B j ë>§

Nþ�1"e*l jk k (k ≥ 2)Üb� i§Òl B j� Aië>§Nþ� k − 1"

·�^ AL«: Ai �8Ü§^ BL«: Bi�8Ü"

�^ S → T �6§´kl S � A§L«Bob�ÐPk�,«b�",�²

LeZg£�U´0g¤� B2� A�L§§L«�´Ú*l?1A��"��

l A� T §L«��(å�BobÃ¥�b��«a"

2.2 �(

��6�ã�A:´�*N´n)" S → T �6§kX¢S�¿Â§L«

�Y½ö��ª"
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ØL§��6¯K�Cz��~õ"kA��§I�@ý©Û¯K§uy

¯K�¢�§ò¯K{z½=z§âUA�Ñ�ä6�."

3 l���EÝï�

3.1 ^Nþ��Ã¡�>L«Àâ

~ 4. (NOI2006,��¼|)

#�Eâ�ÀÂXÃÅÏÕ½|§éu��$Eû5`§ùQ´Å�§�

´]Ô"THU8ìáe�CS&TÏÕúi3#��ÏÕEâÉÔ�c�§I�

��õ�O�ó�§=ÒÕ�ÀJ��§ÒI��¤cÏ½|ïÄ!Õ�t

�!�`z��8"3cÏ½|N�ÚÕ�t���§úi��A�� n��

±��ÏÕ&Ò¥=Õ�/�§DduùA/��/n �BÉ§3ØÓ�/

�ïEÏÕ¥=ÕI�Ý\�¤��´Ø���§¤33cÏN���ùAÑ

´Æ�êâµïá1 i�ÏÕ¥=ÕI��¤�� pi",	úiN��ÑA¤

kÏ"¥�^r+§�� m�"'u1 i�^r+�&EV)� ai , bi Ú ci µ

ùA^r¬¦^¥=Õ ai Ú¥=Õ bi ?1ÏÕ§úi�±¼Ã ci" THU8ì

�CS&Túi�±kÀJ�ïá�A¥=Õ£Ý\¤�¤§��A^rJøÑÖ

¿¼�ÂÃ£¼Ã�Ú¤"@oXÛÀJ�ªïá�¥=ÕâU4úi�À¼|

��Qº£À¼| =¼Ã�Ú −Ý\¤��Ú¤

1 ≤ n ≤ 5000, 1 ≤ m ≤ 50000

ò¥=Õ!^r+w¤:"ïá: AiL«¥=Õ i§lD: S � Aië�N

þ� pi�>§�ù^>L«ïá¥=Õ i§I� pi�¤^"ïá: Bi§L«1

i�^r+§l Bi �Æ: T ë�Nþ� ci �>§�ù^>L«Ø÷vù�^r

+��¦§��A ci �ÂÃ"

e1 i�^r+¬¦^¥=Õ j§@o S � A jë��>ØU� Bi� T ë�

�>Ó��3§¤±�±l A j � Bi ë��^Nþ��Ã¡�>§ù�Ò��

A@ü^>Ø¬Ó��3"

¤k^r+�¼Ã�Ú~����Ò´��À¼|"

3ù�K8¥§/ÏNþ��Ã¡�>§¦Àâ�ÂÃÃ{Ó��3"N

þ��Ã¡�>��±��Ù¦�Àâ§·�w�ee¡ù�K8"
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~ 5. (Codechef Dec14, Course Selection)

$y3�3�ÆÆS"

��Oy��¹ n��§§z��§ÑI�3 m�ÆÏp�,���¤"

�A�§kc��§§ a´ b�c��§L«�§ a��¤�ÆÏ�3�

§ b�¤�ÆÏ�c¡"�k k|�§^S�¦"

éu�§ i§3ØÓÆÏ�¤��©ØÓ"- xi, j L«�§ i3ÆÏ j�¤

��©"e xi, j � −1§L«ÆÏ j¥vkm��§ i"

O�$���§©ê�²þ�����"

1 ≤ n,m ≤ 100, 0 ≤ k ≤ 100,−1 ≤ xi, j ≤ 100

��§©ê�²þ�§Ò´��§©ê�ÚØ±�§ê"¤±Ò´���

z�§©ê�Ú"

�©��Ò´�©��§�±b�÷©´100©§��z�©�Ú"^

yi, j L«�§ i 3ÆÏ j �¤��©" xi, j = −1 �§ yi, j ��´�Ã¡§ÄK

yi, j = 100 − xi, j"

�±?1Xeïãµ

éu�§ i!ÆÏ j§ïá: (i, j)"

lD: S ë� (i, 1)�^>§Nþ� yi,1 "

éu 2 ≤ j ≤ m§l (i, j − 1)ë� (i, j)�^>§Nþ� yi, j"

l (i,m)ë�Æ: T �^>§Nþ��Ã¡"

��ë\ (i, j)�>§L«�§ i3ÆÏ jÆS"

ù�¦Ñ����§Ò´Ø�Äc��§�¦��¹e����©"

e a´ b�c��§§@o a��> ��3 b��> ��c¡"

l S � (b, 1)ë�^Nþ��Ã¡�>"

éu 2 ≤ j ≤ m§l (a, j − 1)� (b, j)ë�^Nþ��Ã¡�>"

ù�ïã§ÒU¦�Y÷v¤kc��§��¦"

Nþ��Ã¡�>Ø¬Ñy3���¥"¤±�±/ÏNþ��Ã¡�>§

��/ S �>�å:ëÏ0!/>�ª:� T ëÏ0ùü�^�Ø¬Ó�÷v"

lD¦¯K¥��AÀâ�¹3�ä6ã¥LyÑ5"
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3.2 lü:'X�EÝ?1���ï�

~ 6. (happiness)

p����� L´� n×m�ÝA§²L��ÆÏ��?§z�ÓÆÚc

��m���ÓÆp�¤�AÐ*l"

ùÆÏ�©©n�A§z�ÓÆÀJn��U��´ pi §ÀJ©��U�

�´ qi"

�éÐ*lXJÓ�Àn�§¦�qò�Ó¼�U�� vi1"�éÐ*lX

JÓ�À©�§¦�qò�Ó¼�U�� vi2"

XÛ©��±¦����U��oÚ��"

1 ≤ n,m ≤ 100

éz�ÓÆïá��: x§: x�D: S ë�^>§�Æ: T ë�^>§

©OL«ÀJ©�½n�"Xeã¤«"

z�ÓÆÀJ©n��ÂÃ�±��2\?5§¤±6�Ø�Ä"

eü�ÓÆ x! y��§¿�¦�vkÀJ�Ó��a§Ò¬�¼�ÂÃ§

½ö@�´k��"·��±3 x! y�më>§5L«ù«��"

Xþã§·�b��3� S �ë�>L«n�§�3� T �ë�>L«©

�"^ v1 L« x! yÓ�ÀJn��ÂÃ§^ v2 L« x! yÓ�ÀJ©��Â
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Ã"@o§ x! y�ÀJ�ko«�¹§�¹9��Xe"

a + b = v1 ( x! yÑÀJ©�) (1)

c + d = v2 ( x! yÑÀJn�) (2)

a + d + e = v1 + v2 ( xÀJ©�§ yÀJn�) (3)

b + c + e = v1 + v2 ( xÀJn�§ yÀJ©�) (4)

(3) + (4) − (1) − (2) = 2 · e = v1 + v2

∴ e =
v1 + v2

2

a = b =
v1

2

c = d =
v2

2

)Ñ>�Nþ�§2�Äþz�ÓÆÀJ©n��ÂÃ§�±ù�5ï

ãµ

éuz�ÓÆ§ïá��:"l S �ù�:ë�^>§Nþ´ù�ÓÆÀ

n��ÂÃ§2\þ¦�¤k��ÓÆÑÀn���ÓÂÃÚ���"lù�

:� T ë�^>§Nþ´ù�ÓÆÀ©��ÂÃ§2\þ¦�¤k��ÓÆÑ

À©���ÓÂÃÚ���"

éu��ü�ÓÆ x! y§3 x! y�më�^V�>§Nþ´¦�ÑÀ

©���ÓÂÃ�¦�ÑÀn���ÓÂÃ�²þê"

¤kÂÃ�Ú~����Ò´��U���Ú"

ù�¯K¥§ÂÃ�õ�9ü�<"�±k�Äü�<�m�'X§,�

r¤k'XnÜå5§?1ïã"

~ 7. (Google Code Jam 2008 Final E, The Year of Code Jam)

Sphinny�3w#�c�F§L"Sphinny)¹�.�·��.k¤Ø

Ó§@�.p�ck n��§z��Tk mU"

¨òù�c�z�UÑ^±en«�ª��3F§Lþ�IPµ

1.xÚµù�U¨òØë\¿m"

2.7Úµù�U¨òë\�|¿m"
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3.¯Òµù�Uký½Ð�¿m§�¨�vkû½Ð´Äë\"

e¡�ã¡´�Ü5��§z��k8U�F§L"

Sphinny���z¤k¿m�U���Ú"�|¿m�U���O��ª

´µ

1.Ð©�4"

2.zk��£kú�>¤��U��ëm§U��~1"

Sphinnyû½rz��¯ÒIPÑU�xÚIP½7ÚIP§¿��zoU

��"�ÏSphinny¦ÑoU����´õ�"

1 ≤ n,m ≤ 50

ù�K8Úþ��K8aq§·�lü:�m�'X\Ã§ïá����

."

Ð©z ans�¤k¯ÒIPÑ�xÚIP��U��§2ò ans\þ¯Ò

IP�ê�4�"@oµ

1.¯ÒIPC�xÚIP§ ans�~4"

2.¯ÒIPC�7ÚIP§e§±�k tot��m©Ò´7Ú�IP§ ans

�~� 2 · tot"

3.ü����¯ÒIP ? 1Ú ? 2ÑC�7ÚIP§ ans�~�2"

·�}Á�þ��K8��¦>�Nþ§�J±¦Ñ"

�±¦^eãù��ïã�ª"
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Ù¥§ ? 1�3� S �ë>§L«C¤xÚIP¶�3� T �ë>§L«

C¤7ÚIP" ? 2�3� S �ë>§L«C¤7ÚIP¶�3� T �ë>§

L«C¤xÚIP"�k��ü�¯ÒIPÑC�7ÚIP�§ë�ùü�¯

ÒIP�>â¬��K§¦ ans~�2"

òF§Lçx/Ú§����fôÚØÓ§Ò¬/¤�©ã"�«:^ ? 1

�ë��ª§,�«:^ ? 2�ë��ª"

ans~����=���oU��"

3.3 �(

����±)û�A�3ÂÃÀâ�ÂÃ��z¯K"3�ä6ã¥§?

Û�^ S → T �´»þ§ÑI��K���^>"|^ù�5�§�±¦ÂÃ

�Àâ3�ä6�.¥��Ny"

4 l¤^6EÝï�

��ä6O\��Ï�µ¤^"ùÒC¤A¤^6¯K"

¤^6�'u��6§UA)û�õ�¯K"

4.1 ï�Þ~

~ 8. (SF)

�Ñ���Ý� n���êSF Ai"ÀÑ��fSF§¦��SF�?¿

���Ý� m�ëYfSF¥§�ÀÑ���êþØ�L k�"

��zÀÑ�fSF¥���Ú"

1 ≤ n ≤ 1000, 1 ≤ m, k ≤ 100

���Ý� m�ëYfSF¥�õÀJ k ���"�±ò¯K=z�e§

Ø´ÀJ1g§D´ÀJkg§�3Ó�gÀJ¥§?¿���Ý� m�ëYf

SF¥�õÀJ����"

ØJy²§�¯K��«Ü{�Y§3=z��¯K¥k�d�Ü{�Y"

=z��¯K¥��«Ü{�Y§3�¯K¥�Ü{"

=z��¯KÒ'�Ð)ûA§�±ù�5ïãµ
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ïáD: S !Æ: T "éSF¥�1 i���ïá��: Pi"

S � P1 ë�^Nþ� k§¤^�0�>"

Pi (1 ≤ i < n)� Pi+1ë�^Nþ� k§¤^�0�>"

Pn� T ë�^Nþ� k§¤^�0�>"

Pi (1 ≤ i ≤ n − m)� Pi+më�^Nþ�1§¤^� Ai�>"

Pi (n − m + 1 ≤ i ≤ n)� T ë�^Nþ�1§¤^� Ai �>"

¦��¤^��6§��¤^Ò´����Ú"

ù�K8I�ò�¯K=z¤�N´?1ï��¯K§,�^�ä6)û"

~ 9. (WC 2007,}D�ÞÙ)

3�A�é�iZ�'m£XeÚ!Æ	¥Ú�f¥�ü�¤¥§·�²

~¬��A�LB§B�LCDCq�LA�k��¹§Ø�/��¡��}D�

ÞÙ�¹"k���§Ã��<�¬99W�uÚOkõ�ù��}D�ÞÙ

�¹u)§=kõ�éÃSn�|(A, B, C)§÷vÙ¥���<3'm¥IA

,��<§,��<IA1n�<D1n�<q�LA1��<"5¿ùpÃ

S�¿g´`n�|¥���^S¿Ø�§ò(A, B, C)!(A, C, B)!(B, A, C)!

(B, C, A)!(C, A, B)Ú(C, B, A)À��Ó��¹"

k n�<ë\�|ù��iZ�'m§m§5½?¿ü�<�mÑ�?1

�|'mµù�o�k n(n−1)

2
|'m"'mÆ²?1A�Ü©§·����34

à�¹e§'m(å��õ¬u)õ�}D�ÞÙ�¹"=�ÑÆ²u)�'

m(J§D\�±?¿Sü�e�'m�(J§±��¦þõ�}D�ÞÙ�

¹"

1 ≤ n ≤ 100

��¦(A, B, C)�¤}D�ÞÙ�¹�êþØÐ¦§�±�Ä(A, B, C)Ø�

¤}D�ÞÙ��¹"

XJ(A, B, C)Ø�¤}D�ÞÙ��¹§@oA!B!C¥§��<IA2|§

��<IA1|§��<IA0|"

e1 i�<IA wi |§@o
∑

i
wi(wi−1)

2
Ò´Ø�¤}D�ÞÙ�¹�(A, B,

C)�êþ"
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��z}D�ÞÙ�¹êþ§Ò´��zØ÷v�êþ§Ò´��z
∑

i
wi(wi−1)

2
"

�±ïÑ�ä6�.µ

ïáD: S ÚÆ: T "

é1 i�<ïá: Pi § Pi� T ë�^Nþ� n�>"

é�?1� i! j�m�'mïá: Ci, j § S � Ci, j ë�^Nþ�1�>§

Ci, j� Pi! P j �ë�^Nþ�1�>"

ù�¦Ñ���6Ò´�«Ü{�Y" Pi � T �ë�>�6þ§Ò´1 i

�<3ùA�?1�'m¥I�gê"

�A��z
∑

i
wi(wi−1)

2
§·�4ù��±¤^�/ª3�ä6ã¥NyÑ

5"

¤^�\3 Pi � T �ë�>þ"�z�ù^>�6þ\1�§¤^Ø´Ø

C�§D´�g'�g�"

�±rù^>D¤éõ^§z^>�Nþ´1§¤^´6þ\1��¤^"

~X§e6þ´ x�§ù^>�o¤^´ x(x−1)

2
§Òrù^>D¤Nõ^N

þ�1�>§¤^©O´ 0, 1, 2, ..."Ï�¦�´��¤^��6§¤±¬kO2

¤^��>"ù�§6þ´ x�§¤^Ò´ x(x−1)

2
A"

ù�K8§^�AÖ8=z�g�"Ó�§XJ>�¤^Ø�½§�±Ï

LD>5)û"

4.2 �(

¤^6'��6UA)û�õa.�¯K§��\(¹õC"3éõ��§

I�kò�¯K?1=z§2ÏL¤^6)û¯K"

5 6þ²ïg�

k�A¯KJ±ÏL�*��{��?1�ä6ï�§�·��±��¯

K¥Cþ�m��A'X§���±�¤eZ��ª"

3�ä6ã¥§ØD:!Æ:	§Ù¦º:Ñ÷v6þ²ï"6þ²ï�

�±�¤�ª�/ª"
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kA¯K¥��ª§�±�EÑ�ä6ã§ò�ª±�ä6ã¥6þ²ï

�/ªL«Ñ5"

e¡�ü�~f§Ò^�Aù«g�"

5.1 ï�Þ~

~ 10. (NOI2008,��öç5)

�c¤õ�§ÙÙ²LØ�ãå§ªu¤�c|�eáúi<å]DÜ�

�Ì+"ÙÙfþ?Ò��A��JKµ�=òéÄ�c$#�8ç5�1á

Ï��ö"²LF�§ù��8I� nUâU�¤§Ù¥1 iU��I� ai �

<"ÙÙÏLA)��§��k ma��ö�±ç5"Ù¥1 ia�±l1 si

Uó��1 ti U§ç5¤^´z< ci �"#(þ?nr»§�AÑÚ/�¤g

C�ó�§ÙÙF"^¦þ��¤^ç5vA���ö§�ù¿Ø´¦�A��

u´ÙÙé�A\§F"\�¦�O�«�`�ç5�Y"

1 ≤ n ≤ 1000, 1 ≤ m ≤ 10000

b��3U§1 iUç5 pi<"

�kna��ö§©O´µ

l11U�13U§¤^� c1§ç5A b1<"

l12U�13U§¤^� c2§ç5A b2 <"

l11U�12U§¤^� c3§ç5A b3 <"

�±FÑØ�ª|µ

p1 = b1 + b3 ≥ a1

p2 = b1 + b2 + b3 ≥ a2

p3 = b1 + b2 ≥ a3

�1 iUç5���ö<ê�Ñ��<ê di <§Ù¥ di ≥ 0"�±���

ªµ

p1 = b1 + b3 = a1 + d1

p2 = b1 + b2 + b3 = a2 + d2

p3 = b1 + b2 = a3 + d3
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��ü��ª�~§��#��ª|µ

p1 = b1 + b3 = a1 + d1

p2 − p1 = b2 = a2 − a1 + d2 − d1

p3 − p2 = −b3 = a3 − a2 + d3 − d2

−p3 = −b1 − b2 = −a3 − d3

�n�e§��µ

b1 + b3 − a1 − d1 = 0

b2 − a2 + a1 − d2 + d1 = 0

−b3 − a3 + a2 − d3 + d2 = 0

−b1 − b2 + a3 + d3 = 0

�ä6ã¥§ØAD:!Æ:§Ù¦º:Ñ÷v6þ²ï"e6Ñ�6þ

P��§6\�6þP�K§@o6\6Ñ6þ��êÚ�0"�±éþ¡�z

���ª�ïá��:§�ªL«�Ò´ù�:�6þ²ï"

éuz��Cþ bi! di§ÑTÐ3ü��ª¥ÑyA§D�3���ª¥

��§���ª¥�K"�ä6ã¥§�^ë� x! y�>§3 x! y:�6þ

²ï�ª¥�Ñy�g§�g��§�g�K"¤±§z��Cþ bi! di§Ñ

�±���ä6ã¥��^>"

éu~þ ai §�3ü��ª¥Ñy§�g��§�g�K"���§L«

6Ñ§�±lù�:�Æ:ë>"�K�§L«6\§�±lD:�ù�:ë

>"

I���z
∑

bi · ci§�±òù��±¤^�/ªL«Ñ5"

�±ù�5ïãµ

ïáD: S ÚÆ: T "

ïá n + 1�:§:?Ò� 1 ∼ n + 1§L« n + 1��ª"

1 i (2 ≤ i ≤ n + 1)�:�1 i − 1�:ë�^Nþ��Ã¡§¤^�0�>"

1 ia��ö�±l1 si Uó��1 ti U§¤^´z< ci �"@oÒl1

si�:�1 ti + 1�:ë�^Nþ��Ã¡§¤^� ci �>"

éu1 i�:§e ai−1 − ai��ê§Òlù�:� T ë�^Nþ� ai−1 − ai§

¤^�0�>"ÄKÒl S �ù�:ë�^Nþ� ai − ai−1 §¤^�0�>"3

ùp§·�@� a0Ú an+1 ���0"

2016c&EÆc���¥II[è�ÀèAØ© 29



�ä6��Aï��{ ÀE½�|1�¥Æ ñ�Í

du ai ´~þ§¤± S ëÑ�>!ë\ T �>Ñ7L÷6"�ã���6

÷vù�^�"

�A��z¤^§¤±I�¦��¤^��6"

~ 11. (World Finals 2011, Chips Challenge)

3�� n × n��p�Ü�"Ù¥�A�fÆ²�AÜ�§�A�fØU�

Ü�§Ù¦�f�±���±Ø�"�¦1 x1�oÜ�ê�u1 xF�oÜ

�ê"�A�yÑ9§?¿1/F�Ü�ØU�LoÜ�ê� A
B
"¦�õU�õ

�Ü�"

1 ≤ n ≤ 40

^ ai, j L«1 i11 jF��f´Ä�Ü�§1L«�§0L«Ø�"^ ti L

«1 i1�Ü�oê§Ó��´1 iF�Ü�oê"�±FÑ�ªµ

ti = ai,1 + ai,2 + ... + ai,n (1 ≤ i ≤ n)

ti = a1,i + a2,i + ... + an,i (1 ≤ i ≤ n)

�n�e§��µ

ai,1 + ai,2 + ... + ai,n − ti = 0 (1 ≤ i ≤ n)

ti − a1,i − a2,i − ... − an,i = 0 (1 ≤ i ≤ n)

�k����§´?¿1/F�Ü�ØU�LoÜ�ê� A
B
"qÞoÜ�ê

tot§ÒU(½Ñz1!zF�õ��Ü�ê maxtA"¦Ñù«�¹e�õ�

�oÜ�ê ans"e ans ≥ tot§`²�YÜ{"

ÏLqÞ§(½ maxt�§�±ù�ïãµ

ïá: AiL«1 i1Ü�êþ�O�ªai,1 + ai,2 + ... + ai,n − ti = 0"

ïá: BiL«1 iFÜ�êþ�O�ªti − a1,i − a2,i − ... − an,i = 0"

: Bi �: Ai ë�6þþ.� maxt§e.�0§¤^�1�>"

e ai, j 7L�1§Òl: Ai �: B jë�6þþe.þ�1§¤^�0�>"

e ai, j�±�1§��±�0§Òl: Ai�: B jë�6þþ.�1§e.�0§

¤^�0�>"
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ù��ä6ã����16Ò´�«Ü{�Y"��¤^�16Ò´�`

�Y"

é¤k� maxt Ñ¦Ñ�`�Y§�¤kÜ{�Y¥��`)���ª�

Y"

5.2 �(

ò¯K¥Cþ�m�'X±�ª�/ªL«Ñ5§,���ä6ã¥£ã

6þ²ï��ª?1éX"�±ò�¯KéA��ä6ãþ"

õê�ä6�.Ñ�±^6þ²ïg�5n)"¤±�±^6þ²ï�g

�)û�Ü©�ä6¯K"�6þ²ïg��":´ØA�*§k�¬r¯K

CE,"ØL3�A�*þJ±n)½J±���¯Kþ§6þ²ï�g�U

Au�é���^"

6 o(

�ä6�ï�EÝ�~õ§X��6EÝ!���EÝ!¤^6EÝ!²

ï6EÝ�"

�ä6ï��¬^��E|�kéõ§XD:!D>!ï©�ã�"

�ä6ï��§k�I�©Û¯K§ò�¯K=z�'�N´?1ï��

¯K"

k�§�ä6ï�I�ÚÙ¦�{(ÜâU)û¯K§X�©!Ö8=z

�"

o�§�ä6ï��SN�©´L"

F"kÓÆUAl�©¥¼�(a§uy#�!�\|©��ä6ï��

{"

7 ë�©z

[1] 4[Z!�¹§5�{¿m\�²;))Ôö�H6§�u�ÆÑ��

[2] �Ë7§5����.3&EÆ¿m¥�A^6
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f!�55y�éó¯K

4ï�4²1�¥Æ Â��

Á �

�55y´�«��êÆ�.§kX2��A^"&EÆ¿m¥§kN

õ¯KþU�*/^�55yL«"�©l�55y�EÝ5&?ù�a¯K

�5�§ÏL�55y�éó�n¢y¯K=z§lD¦¯K���k��)

û"

1 Úó

3&EÆ¿m¥§±�ä6��L��XF�55y¯K�){  (¹

õC§�©¥ÏLòùA¯KL«��55y��ª5���/n)ùa¯K"

F"U�¤kë\&EÆ¿m�ÓÆ½õ½��éu"

�©1�Ü©X0B�55y�½Â§¦)���55y�üX/�{§

±9XÛò¯KL«��55y�."1�Ü©X0Béó5§ÏL¢~§

Qãl�55y�.��\:§|^�55y�éó5§¢y¯K��.=�§

lDp�)û¯K��«#g´"

2 �55y

2.1 ½Â

3�`z¯K¥§k�a¯K÷v§���^�±98I¼êÑ´gCþ

��5¼ê§·�¡ù�a¯K��55y¯K"�AQã�B§3ùpÄk

�Ñ�A½Â"
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½Â2.1. Æ��|¢êa1, a2, . . . , an§±9�|Cþx1, x2, . . . , xn§3ùACþþ

����5¼ê½Â�

f (x1, x2, . . . , xn) =

n
∑

i=1

aixi

�ª f (x1, x2, . . . , xn) = b§Ø�ª f (x1, x2, . . . , xn) ≤ b, f (x1, x2, . . . , xn) ≥ bÚ¡

��5�å"

�55y¯K�¦��z½��z��É�u�|k���5�å��5

¼ê"

¡÷v¤k��^��)x1, x2, . . . , xn��1)§¦8I¼ê���`��

1)��`)§¤k�1)�¤�«��)�m"

2.2 �55y�5�

�A£ã�55y�5���{§ùpI�¦^�«�5�z�/ª5£

ã�55y¯K"

½Â2.2. IO.

IO.�55y�¦÷vXe/ª

��z

n
∑

j=1

c jx j

÷v�å

n
∑

j=1

ai jx j ≤ bi, i = 1, 2, . . . ,m

x j ≥ 0, j = 1, 2, . . . , n

N´uy§²L�A{ü�C�§¤k�55y¯KÑ�±^IO.£

ã"

e8I¼ê�¦����§@o�±éÙ���êC¤����"éu�

�^� f (x1, x2, . . . , xn) = b§�±^ü�Ø�ª f (x1, x2, . . . , xn) ≤ b,− f (x1, x2, . . . , xn) ≤

−b£ã§éu��^� f (x1, x2, . . . , xn) ≥ b§�±^Ø�ª− f (x1, x2, . . . , xn) ≤

−b£ã"éuÃ���Cþx§�±òÙD�ü��KCþx0, x1§¦�x =

x0 − x1"
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IO.��±^ÝAL«µ

��z cT x

÷v�å Ax ≤ b (2.2.1)

x ≥ 0

Ù¥�þx ≤ y§��=�éuùü��þ�z��xi, yi§Ñkxi ≤ yi

IO.�`:´{'²A§D�A¦)�55y§I�¤k��å^�Ñ

´�ª§ù��±;�3?nKXê��)�Ø�Ò��UC�¯K§¤±e

¡0B�55y�,�«L«�{))tµ."

½Â2.3. tµ.

tµ.�55y�¦÷vXe/ª

��z

n
∑

j=1

c jx j

÷v�å xi+n = bi −

n
∑

j=1

ai jx j, i = 1, 2, . . . ,m

x j ≥ 0, j = 1, 2, . . . , n + m

òIO.=z�tµ.´N´�"éu3IO.¥����� fi(x1, x2, . . . , xn) ≤

bi§#O\��Cþxi+n = bi − fi(x1, x2, . . . , xn)§@o�5Ø�ª���^�Ò=

z�Xe��ª��µxi+n = bi − fi(x1, x2, . . . , xn) ≥ 0§=z��E,÷v¤kC

þ���E��K¢ê"

�	���55y�)�m§ù�)�m´õ��5Ø�ª)�m��"

duz���5Ø�ª�)�mÑ´��à/«�1§��±d8By²�§�

55y�)�m´��à/«�"ùpy²lÑ"

du)�m´��à/«�§�Ò´`ÛÜ�`)��k��k��2§¿

��u�Û�`)��"@o3ù�«�S?1�%§¦^��aqu÷ì�

�{5¦)�`����§ÒØI�ú%�{3��ÛÜ�`)¥�§dù�

5�§BÚÑA¦)�55y�����5�{))üX/{"

1à/«�����*½Â´§«�S�?¿ü:ë�þ�:Ñáuù�«�
2ùp6Ø�Ä�55yÃ.£�`)�±��Ã¡¤��¹¶ÛÜ�`)�UØ���§

k�U´,��8I¼ê²1�>.§�´§����½�Ó
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3 üX/

3.1 �{£ã

üX/{�Ä�g�´§ÏLCþ���§¢y3)�mS÷X>.�X

8I¼êO����£Ä"ÙØ%ö�´=¶£pivot¤ö�§=Cþ���"

Äk��A½Âµ

ÄCþµ3tµ.�ª�ý�¤kCþ"

�ÄCþµ3tµ.�ªmý�¤kCþ"

���55y��|ÄCþÚ�ÄCþÒÛ¹X��Ä�)"=¤kÄC

þ���mý�~ê�3§¤k�ÄCþ���0§3üX/�{¥§·���

ÄÄ�)"

üX/�{kü�Ì��ö�µ=¶ö�±9simplexö�"=¶ö���

^´§ÀJ��ÄCþxB ±9���ÄCþxN§òÙp�£¡ù��ÄCþ�

�\Cþ§ÄCþ��ÑCþ¤§=^xB±9Ù¦�ÄCþ��xN"äN5`§

�m©k

xB = bi −

n
∑

j=1

ai jx j

@o

xN = (bi −
∑

j,N

ai jx j − xB)/aiN

ò8I¼ê±9Ù{¤k��¥�xN ^ù��ªO�§@o�ªmýÒØ¬

ÑyxNù�Cþ§ùÒ��Ap�ÄCþÚ�ÄCþ"�,3ÀJxN���

yaiN , 0

simplexö�=üX/�{�ÌL§§l��Ä�)Ñu§²L�XF�=

¶ö�§���`)"ÏLÀJA½��\Cþ±9�ÑCþ§�±¦�z�

g=¶ö�ÑU¦8I¼êO�§�����Û�`)"

3~ê��Kê��¹ò3e�!¥�Ä

2016c&EÆc���¥II[è�ÀèAØ© 36



f!�55y�éó¯K 4ï�4²1�¥Æ Â��

e¡^��~f5`²üX/�äN6§§�Äù���55yµ

��z 3x1 + x2 + 2x3 (3.1)

÷v�å x4 = 30 − x1 − x2 − 3x3

x5 = 24 − 2x1 − 2x2 − 5x3

x6 = 36 − 4x1 − x2 − 2x3

x j ≥ 0, j = 1, 2, . . . , 6

ù��55yÛ¹�Ð©Ä�)�(x1, x2, . . . , x6) = (0, 0, 0, 30, 24, 36)§P8

I¼ê�z§@où�z = 0"

1�ÚÀJx1���\Cþ§Ï�38I¼ê¥x1Xê��§O�x17,¬

O�z"du¤kCþ�K���§x1Ø�UÃ��/O�§©O�Än���

^�§�x1O��30±þ§Dx2, x3ØC�§x4Ò¬C�Kê§¤±x1 ≤ 30"Ó

��§d�ü����±��x1 ≤ 12, x1 ≤ 9"l¥ÀJ��éx1���;��

å§=1n��å§r1n��å¥�Ä�Cþx6���ÑCþ"ò��nU

��x1 = 9 − x2

4
−

x3

2
−

x6

4
§�\8I¼ê±9Ù{�å§�±��Xe#/ª�

�55yµ

��z 27 +
x2

4
+

x3

2
−

3x6

4

÷v�å x4 = 21 −
3x2

4
−

5x3

2
+

x6

4

x5 = 6 −
3x2

2
− 4x3 +

x6

2

x1 = 9 −
x2

4
−

x3

2
−

x6

4

x j ≥ 0, j = 1, 2, . . . , 6

ù�#��55yE,÷vtµ.�/ª§¿�3ùgS���§8I¼

êO��z = 27"

�Ä=¶ö����Ä�)(x1, x2, . . . , x6) = (9, 0, 0, 21, 6, 0)�ö��c�Ä

�)(x1, x2, . . . , x6) = (0, 0, 0, 30, 24, 36)§x4, x5, x63=¶ö�c´ÄCþ§§��

��UCé8I¼ê��vkK�§x13ö���d�ÄCþC¤AÄCþ§

§��d0O��9§ùÒ¦�8I¼ê��O��27"�,8I¼ê��O�

A§�´ö�c��ü��55y´�d�"ù�#�Ä�)�(9, 0, 0, 21, 6, 0)§

XJòù�Ä�)�\(3.1)¥§Ó��±��z = 27"
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�e5§Ï�8I¼ê¥E,kCþ�Xê��§@o�Ò´`8I¼ê

�±UY�O�"ù�gØ�ÀJx3���\Cþ§@o�ÑCþÒ´x5§Ï

�x5��Ax3 ≤
3
2
§@oò1����U��x3 =

3
2
−

3x2

8
−

x5

4
+

x6

8
§�\8I¼

ê±9Ù{��å§�µ

��z
111

4
+

x2

16
−

x5

8
−

11x6

16

÷v�å x4 =
69

4
+

3x2

16
+

5x5

8
−

x6

16

x3 =
3

2
−

3x2

8
−

x5

4
+

x6

8

x1 =
33

4
−

x2

16
+

x5

8
−

5x6

16

x j ≥ 0, j = 1, 2, . . . , 6

d�ù�tµ.éA��Ä�)�(33
4
, 0, 3

2
, 69

4
, 0, 0)"�e5§�UÀJx2

���\Cþ§ù´I�5¿§du31����^�¥§x2 �Xê´��§

¤±ù����^�¿Ø��x2 O\�õ�§�n��å�Ñ�þ.©O

�∞, 4, 132"@oÀJx3���\Cþ§�µ

��z 28 −
x3

6
−

x5

6
−

2x6

3

÷v�å x4 = 18 −
x3

2
+

x5

2

x2 = 4 −
8x3

3
−

2x5

3
+

x6

3

x1 = 8 +
x3

6
+

x5

6
−

x6

3

x j ≥ 0, j = 1, 2, . . . , 6

d�éA�Ä�)�(8, 4, 0, 18, 0, 0)"ù�§8I¼ê¥¤kCþXêþ�

K§¤±·�é�A��ÛÜ�`:§d�55y�5�§ùÒ´�Û�`

)"

e¡�ª/�ÑüX/�{���èµÙ¥(A,b, c)¿Â�(2.2.1)Ó"
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Algorithm 1 Simplex(A, b, c)

1: initialization(A, b, c)

2: while ∃e that ce > 0 do

3: find the index l that Ale > 0 and minimizes bl/Ale

4: if ∀l, Ale ≤ 0 then

5: return Unbounded

6: else

7: pivot(A, b, c, l, e)

8: end if

9: end while

Ù¥§14,5ü1��^´§e,�ÚÀJ��\Cþvk�å^�§

@où��55yÒ´Ã.�§ÄK§é��;��å§�1=¶ö�"

initializationö�´Ð©z,=é��|Ä�)§��5`§ebi ≥ 0, i = 1, . . . ,m§

@o�±Ñ�ù�ö�§��l(0, 0, . . . , 0, b1, b2, . . . , bm)ù�Ä�)m©"du

z�Ú=¶ö�·�ÀJ�´�����;��å§¤±3=¶ö���§E

U�ybi ≥ 0, i = 1, . . . ,m"£y²lÑ¤

Ð©zö��Ä�g�´Ú\��9Ï�55y:

��z − x0

÷v�å xi+n = bi −

n
∑

j=1

ai jx j + x0, i = 1, 2, . . . ,m

x j ≥ 0, j = 0, 1, . . . , n + m

XJ��55y�3���1)(x1, x2, . . . , xn+m)§@o(0, x1, x2, . . . , xn+m)Ò

´9Ï�55y����1)"qÏ�x0 ≥ 0���§ù��1)Ò´9Ï�5

5y��`)"

,��¡§e¦�9Ï�55y�`)x0 = 0§@o��òx0lù��55

y¥í�Ø¬é�å�)K�§,�2ò8I¼êO���8I¼ê§Ò��

A��÷vbi ≥ 0����55y�d��55y§ù�Ò�¤AÐ©zö�"

D9Ï�55y�Ð©)´N´�E�"dux03z���å¥�XêÑ

�+1§@o·�rx0���\Cþ§é�bi����bl§rxl+n���ÑCþ�
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1�g=¶ö�"ö��§1l��åC�

x0 = −bl +

n
∑

j=1

al jx j + xl+n

÷v−bl > 0"éuÙ{�åC�

xi+n = −bl + bi +

n
∑

j=1

(al j − ai j)x j + xl+n, i , l

dubl ≤ bi§¤±−bl + bi ≥ 0§�ö���Ò÷v9Ï�55yk���1�Ð

©Ä�)§,�éÙ�1simplex=�"

Þ��~f§'Xe¡��55yµ

��z 2x1 − x2 (3.2)

÷v�å x3 = 2 − 2x1 + x2

x4 = −4 − x1 + 5x2

x j ≥ 0, j = 1, 2, . . . , 4

ù��55yØ�3���1�Ð©Ä�)§�éÙ?1Ð©zö�"Ú\9

Ï�55yµ

��z − x0

÷v�å x3 = 2 − 2x1 + x2 + x0

x4 = −4 − x1 + 5x2 + x0

x j ≥ 0, j = 0, 1, . . . , 4

é�bi����´−4§@o±x0��\Cþ§x4��ÑCþ�1=¶ö�µ

��z − 4 − x1 + 5x2 − x4

÷v�å x3 = 6 − x1 − 4x2 + x4

x0 = 4 + x1 − 5x2 + x4

x j ≥ 0, j = 0, 1, . . . , 4
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ù�Òé�A���1�Ä�)(4, 0, 0, 6, 0)§�e5éÙ?1simplexö�§

òx2�\§x0�Ñµ

��z − x0

÷v�å x3 =
14

5
+

4x0

5
−

9x1

5
+

x4

5

x2 =
4

5
−

x0

5
+

x1

5
+

x4

5

x j ≥ 0, j = 0, 1, . . . , 4

ù�tµ.´9Ï�55y��`)§x0 = 0§��±òx0l9Ï�55y¥£

Ø§�Ä�8I¼ê2x1 − x2§duù�x2´ÄCþ§�I�rx2^�ÄCþO

�§�8I¼êI��½�

2x1 −

(

4

5
−

x0

5
+

x1

5
+

x4

5

)

¤±����55y�µ

��z
4

5
+

9x1

5
−

x4

5

÷v�å x3 =
14

5
−

9x1

5
+

x4

5

x2 =
4

5
+

x1

5
+

x4

5

x j ≥ 0, j = 1, 2, 3, 4

ù��55yÒ�3�1�Ð©Ä�)§�±òÙ�£�simplexL§"

?1Ð©zö�Ó�Ø¬UC��55y���§ù��Ä�)(x1, x2, x3, x4) =

(0, 4
5
, 14

5
, 0)Ò÷v(3.2)�¤k�å"

~¥TÐ÷v3�����(Jpx0��ÄCþ§¤±�±��í�"e

�ªx0�ÄCþ§@oÒI�2�1�g=¶ö�§òx0�Ñ"dux0 = 0§¤

±?¿ÀJ��3x0�ªmý��ÄCþòÙ�Ñ=�"

3.2 üX/{��mE,Ý

Ð©zö��simplexö���mE,Ý´Ó��§��I�Äsimplex��

mE,Ý"
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pivotö�=Cþ��\9O�§ügö��E,Ý�O (NM)"�´pivotö

���1gê¿Ø´õ�ª�§ØL3¢SA^¥§üX/�{  U�©¯

�/�Ñ�`)"

I�5¿��:´§�Ü©�OIÁK�Ñ���^�Ñk�½�5�§D

�1Ð©zö�¬»�ùA5�§E¤$1�m�Ã¢O\§�Ð©zö��

��¡§¤±�öØïÆ�[3¿m¥¦^§3�©�~K¥·¬0B�A;

�Ð©zö���{"

�ù¿Ø¿�X�55y¯KØU3õ�ª�mS)û"ý¥�{ÚS:

�{þ�)û�55y�õ�ª�m�{"ùpØ\y²/�Ñù�½nµ

½n3.1. ���55y¯K�±3õ�ª�mS)û"

�üX/�{¢y{ü§¿�¢S$1�m¿Ø²w'þã�{�§Ø�

��«Ð�¦)�55y��{"

4 ò¯KL«��55y

4.1 ��~K

~1. precious stones4

A!Bü�<3ÉÇ¥uyAn��Þ§1i��ÞéA5`d��Ai§éB5

`d��Bi§�Þ´�±���§A!B@��Þ�d�´þ!�£=�Þ�d

��ÙNÈ¤�'¤"y3A!B�©�ùA�Þ§¦��¦z�<���d�

£��<���d�´����Þ3gCw5�d�¤�Ó"¦ü<��U��

�d�"

n ≤ 50, 0 ≤ Ai, Bi ≤ 100

�1i¬�Þkpi©�AA§1 − pi©�AB§@oü<���d�©OP�

Va =

n
∑

i=1

piAi,Vb =

n
∑

i=1

(1 − pi)Bi

��^�´Va = Vb§�¦��zVa"{ü*	�§Va = Vbù����±�°

�Va ≤ Vb§ù´Ï�duAi, Bi ≥ 0§¤±�Va < Vb�§�±ò,Ü©B���

4ÁK5DµTCO08 round2 1000
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�Þ©�A§A���d�Ø¬~�§�O\£��Ø~¤8I¼ê�Ó�Ø�

���^�§���eã�55yµ

��z

n
∑

i=1

piAi

÷v�å

n
∑

i=1

pi(Ai + Bi) ≤

n
∑

i=1

Bi

pi ≤ 1, i = 1, 2, . . . , n

pi ≥ 0, i = 1, 2, . . . , n

ù��°��§����55yBØI��1Ð©zö�§�e5�I�

��$1üX/�{=�"

4.2 ��6¯K

3��6¯K¥§ØDÆ	�z��!:ÑI�÷v/6þÅð0§=6\

6þ�u6Ñ6þ"z�^>I�÷v6þØ�LNþ"^c(u, v)L«(u, v)ù^

>�Nþ§ f (u, v)L«6þ"�A¦¯K�\{B§·��±<�O\�^lÆ

�D�Nþ�∞�>§ù�¦�6þÅðéuz��!:þ¤á§D� f (t, s)Ò

´lD�Æ�6þ��§^VL«:8§EL«>8§��Xe�55yµ

��z f (t, s)

÷v�å f (u, v) ≤ c(u, v), (u, v) ∈ E
∑

v

f (u, v) =
∑

v

f (v, u), u ∈ V

f (u, v) ≥ 0, (u, v) ∈ E ∪ {(t, s)}

4.3 ��¤^6¯K

3ù�¯K¥§·��¦��´��¤^§¿ØI�÷v6þ�����§
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ù�z^>k¤^w(u, v)"�kXe�55yµ

��z
∑

(u,v)∈E

f (u, v)w(u, v)

÷v�å f (u, v) ≤ c(u, v), (u, v) ∈ E
∑

v

f (u, v) −
∑

v

f (v, u) = 0, u ∈ V − {s, t}

f (u, v) ≥ 0, (u, v) ∈ E ∪ (t, s)

�±uy§éuz��Cþ f (u, v)§ØAéCþ����K��!Nþ���

	§ù�Cþ�Ñy3ü���¥§9u, vü�!:�6þÅð�§§�3ùü

���¥ f (u, v)�Xê©O�+1,−1"

4.4 õÔ�ä6¯K

�Äù���¯Kµ3��6¯K¥§knéDÆ(si, ti), i = 1, 2, . . . , n§z

�éDÆéA�Ô¬´ØÓ�§�´§���Ó��$Ñ�ä"éuz�éD

Æ(si, ti)§�¦¦��m�6þØ�udi§�ä´Äk�1)"

éuù�¯K§�¦¤k!:éuz�«Ô¬©O÷v6þÅð§éuz

�^>§¤kÔ¬�6þÚØ�LNþ"du�I��ä´Ä�3�1)§�

8I¼ê�/�0µ

��z 0

÷v�å
∑

i

fi(u, v) ≤ c(u, v), (u, v) ∈ E, i = 1, 2 . . . , n

∑

v

fi(u, v) =
∑

v

fi(v, u), u ∈ V, i = 1, 2, . . . , n

fi(ti, si) ≥ di, i = 1, 2, . . . , n

fi(u, v) ≥ 0, (u, v) ∈ E ∪ {(ti, si)|1 ≤ i ≤ n}

ù�¯K8c��Æ��õ�ª){´òÙL«��55y§,�^õ�

ª�m)ûù��55y"

5 �ê�55y

3�55y¯K¥§k�aAÏ�¯K§§��gCþ����´�êD
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�¢ê§ù���55y¡��ê�55y"

�ê�55y´��NP-hard¯K§¤±3&EÆ¿m¥�¦)���ê�

55y´Ø¢S�"�´k�AAÏ��55y¯K�yA�gCþ����

��êÚ¢ê����Y´���§~XNþ��þ��ê���6¯K±9

��¤^6¯K§�,ùA¯K3¯K£ã¥¿vk�¦6þ7L´�ê§�

´du¯K�AÏ5§§�½�3���`)÷v¤k>�6þ´�ê"ù�

:�±d�é�ä6¯K��{�Ú½�Ñ"

�´kA¯K¿ØU÷vù�:§ed���¦^üX/{¦)����

��55y§���(J  ´�¯K���¤ØU���"e¡�Ñ���

ö@�AT�¦�~Kµ

~2. ��öç5\r�5

k��'m±YNU§�kM«��ö§z«��ö�ó��m´ëY�AAA

ããã§1i«��ö�±ó�kiã�m§zã�ml1si jUm©�1ti jU(å§ç

5��ù«��ö�s¤�ci§'m�¦1iUó����öêþØ�uai§¦�

�s¤"

N ≤ 1000,M ≤ 10000

w,K8�¦ç5���öêþ7L´�ê§¤±ù´���ê�55y

¯K"ù�¯K��¯K´��öç56ù�K§�Kz���ö�ó��m´

�ãëY�«m§²L=z��±=��ä6ï�§�¦^üX5�{)ûT

¯K��±�y¦Ñ�½Â3¢êþ�)�u�¯K�)"�´�K¿vkù

��y§e¡�Ñ��~fµ

'm�knU§kn«��öµ1�«��öó��m�[1, 1], [2, 2]üã

�m§ç5�d�1"1�«��öó��m�[1, 1], [3, 3]üã�m§ç5�d

�1"1n«��öó��m�[2, 2], [3, 3]üã�m§ç5�d�1"�¦zUó

����öêþØ�u1"

w,ù�¯K��`)�ç5?¿ü«��ö���§�d�2§�´�

·�rCþ�����°�¢ê�§�`)�n«��ö�ç50.5�§�d

�1.5§ù(¢÷vAzUó����öê8�1§�¿ØÎÜ�¯K�£ã"

5ÁK5Dµhttp://www.lydsy.com/JudgeOnline/problem.php?id=3265
6ÁK5DµNOI2008

2016c&EÆc���¥II[è�ÀèAØ© 45



f!�55y�éó¯K 4ï�4²1�¥Æ Â��

·¿vkÐ��{)ûù�¯K§�´lÏL�¹þw§ý�Ü©<Ñ´

¦^üX/�{ÏLAdK§éd�öL«Ø)"

6 éó¯K

6.1 Úó

�Äe¡��55yµ

��z 7x1 + x2 + 5x3

÷v�å x1 − x2 + 3x3 ≥ 10

5x1 + 2x2 − x3 ≥ 6

xi ≥ 0, i = 1, 2, 3

duz��Cþxi�K§@oN´��7x1 + x2 + 5x3 ≥ x1 − x2 + 3x3 ≥ 10§ù�

:�±ÏLÅ�'�Cþ�Xê��"�Ò´`§8I¼ê����´10"

@o§^Ó���{§UÄ2���/;0�8I¼ê�e.QºÓ��Ä

ü���^�§�±uy§7x1+ x2+5x3 ≥ (x1− x2+3x3)+(5x1+2x2− x3) ≥ 10+6"

UÄ���ÐQº·��ÄXÛÏLù��{��z8I¼ê�e."ÏLù

��{é��e.�½´Xe/ªµ

f (y1, y2) = y1(x1 − x2 + 3x3) + y2(5x1 + 2x2 − x3)

= (y1 + 5y2)x1 + (−y1 + 2y2)x2 + (3y1 − y2)x3, y1, y2 ≥ 0

Ó�du(x1 − x2 + 3x3) ≥ 10, (5x1 + 2x2 − x3) ≥ 6§� f (y1, y2) ≥ 10y1 + 6y2"XJ

éuz��Cþxi§÷vxi 38I¼ê¥�Xê�Ø�u§3 f (y1, y2)¥�Xê

£~Xéux1§÷vy1 + 5y2 ≤ 7¤§@odCþ��K5�±�y

7x1 + x2 + 5x3 ≥ (y1 + 5y2)x1 + (−y1 + 2y2)x2 + (3y1 − y2)x3

= f (y1, y2) ≥ 10y1 + 6y2

�3÷vù��¦�Ó�·��¦��z10y1 + 6y2§�±¯U/uy§ù�¯
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KÓ�ULã����55y¯Kµ

��z 10y1 + 6y2

÷v�å y1 + 5y2 ≤ 7

−y1 + 2y2 ≤ 1

3y1 − y2 ≤ 5

yi ≥ 0, i = 1, 2

·�¡Ð©��55y��¯K§#���ù��55y�éó¯K"X

Jééó¯K2?1�géóö�§Òq£�A�¯K§�Ò´`§éóL§

´�p�§����z¯K�±éó�����z¯K§����z¯K�Ó

��±éó�����z¯K"e¡�Ñéó¯K�/ªz�½Âµ

½Â6.1. éó¯K

�½���©�55yµ

��z

n
∑

j=1

c jx j

÷v�å

n
∑

j=1

ai jx j ≥ bi, i = 1, 2, . . . ,m

x j ≥ 0, j = 1, 2, . . . , n

½Â§�éó�55y�µ

��z

m
∑

i=1

biyi

÷v�å

m
∑

i=1

ai jyi ≤ c j, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m

^ÝA�±�/�/L«�µ

��z cT x

÷v�å Ax ≥ b

x ≥ 0

p�éó

��z bT y

÷v�å AT y ≤ c

y ≥ 0

þãü�¯Kp�éó¯K§Ù¥ATL«ÝAA�=�"
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6.2 �55yéó5

Äk/ªz/�Ñþ�!���(Øµ

½n6.1. £�55yféó5¤ ex = (x1, . . . , xn)´�¯K����1)§

y = (y1, . . . , ym)´éó¯K��1)§@o

n
∑

j=1

c jx j ≥

m
∑

i=1

biyi

yyy²²². duy´éó¯K����1)§@o

c j ≥

m
∑

i=1

ai jyi

duxi ≥ 0§¤±
n

∑

j=1

c jx j ≥

n
∑

j=1















m
∑

i=1

ai jyi















x j

Ón§dux´�¯K��1)§yi ≥ 0§¤±

m
∑

i=1

















n
∑

j=1

ai jx j

















yi ≥

m
∑

i=1

biyi

�ª¤á´Ï�Xe�ªw,¤á

n
∑

j=1















m
∑

i=1

ai jyi















x j =

m
∑

i=1

















n
∑

j=1

ai jx j

















yi

�

ù�`²A·�ÏLéó¯Ké�A�¯K�`)���e.§De¡�

½n`²AÏLéó¯K¦Ñ�e.�½�±��"

½n6.2. £�55yéó5¤ex∗ = (x∗
1
, . . . , x∗n)�y∗ = (y∗

1
, . . . , y∗m)©O´�¯K

9éó¯K��`)§@o

n
∑

j=1

c jx
∗
j =

m
∑

i=1

biy
∗
i
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ù�½n�y²���¡§d?Ñ�§ë�©z[1]¥k�[y²"

*	þã�ü�½n§ex∗, y∗©O��¯K�éó¯K��`)§@o3

½n6.1¥§�Ò7,¤á"ùÒÚÑAe¡�½nµ

½n6.3. £ptµ½n¤ ex, y©O´�¯K9éó¯K��1)§@ox, yÑ

´�`)������===���eFü�^��Ó�÷vµ

• éu¤k1 ≤ j ≤ nµ÷vx j = 0½
∑m

i=1 ai jyi = c j

• éu¤k1 ≤ i ≤ mµ÷vyi = 0½
∑n

j=1 ai jx j = bi

éó�nò����z¯K�����éA���z¯KéXå5§3é

óL§¥§�¯K�z����^�£=�ÝA�z�1¤3éó¯K¥�)

A��Cþ£==�ÝA�z�F¤§D�¯K�z�Cþ3éó¯K¥ÒC¤

A����^�"½n6.2w�·�ùü�¯K��`)��§D½n6.3KJø

A�«�¯K�`)�éó¯K�`)�m�'X"

y3�Ä�A¹kØ@o/IO0��5�å��55yéó¯K"e�

¯K¥k�å
∑m

j=1 ar jx j = br§@oòù��åD�
∑m

j=1 ar jx j ≤ br,−
∑m

j=1 ar jx j ≤

−br§b�ùü��åéó��éA�Cþ�y′r, y
′′
r§§�AT÷vy′r, y

′′
r ≥ 0§3

éó���1 j��å�

∑

1≤i≤n,i,r

ai jyi + ar jy
′
r − ar jy

′′
r =

∑

1≤i≤n,i,r

ai jyi + ar j(y
′
r − y′′r )

XJ-yr = y′r − y′′r§@oyr ∈ R§�Ò´`§���ª�å3éó��C¤A�

�Ã���Cþ"

¦^�Ó��{�±UY�Ä��
∑m

j=1 ar jx j ≥ br§§éó����A��

��Cþ"

6.3 �A²;¯K�éó

6.3.1 ��6¯K

�>L�ä6�ÀÃATÑ��§��6�éó¯K´���¯K§�e

5·�5y²ù�:"

2016c&EÆc���¥II[è�ÀèAØ© 49



f!�55y�éó¯K 4ï�4²1�¥Æ Â��

��6¯K��55y£ã34.2¥Æ²�Ñµ

��z fts

÷v�å fuv ≤ cuv, (u, v) ∈ E
∑

v

fuv =
∑

v

fvu, u ∈ V

fuv ≥ 0, (u, v) ∈ E ∪ {(t, s)}

���¯K�±Lã�Xe��55yµ

��z
∑

u,v∈E

cuvduv

÷v�å duv − pu + pv ≥ 0, (u, v) ∈ E

ps − pt ≥ 1

pu, duv ∈ {0, 1}

ù´Ï�§��¡§���ò¤k:©�Aü�Ø���8ÜS ,T§Ù¥s ∈

S , t ∈ T§ù��k�d|cut(s, t)| =
∑

u∈S ,v∈T cuv"-pu = [u ∈ S ]7, duv = max{pu −

pv, 0}§@où��ÒéAAù��55y����1)",��¡§���

z
∑

u,v∈E cuvduv§Ò�¦�u ∈ S , t ∈ T �§duv = 1§ÄKduv = 0§@où��55

y��`)ÒéAA���§����¯K�±^ù��55y)û"

�e5�Ä��6�éó¯K"Pd(u, v)�Nþ���)�Cþ�duv§d

:u�6þÅð�)�Cþ�pu§@oéó���¯KÒ´µ

��z
∑

(u,v)∈E

cuvduv

÷v�å duv − pu + pv ≥ 0, (u, v) ∈ E

ps − pt ≥ 1

duv ≥ 0, (u, v) ∈ E

ù�/ªÆ²�~�C�����.A§�´��^�pu ∈ {0, 1}vk�÷

v"ØL�±y²§�½�3���`)÷vù���"ù�Ü©�y²�Ì

KÃ'§d?Ñ�§3N¹¥�Ñ"ùp���Ñ(Øµ

7�)ÒS�ªf´��Ù�L�ª§ù�ªfL«�u ∈ S �§pu = 1§ÄKpu = 0
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½n6.4. £��6���½n¤�½��D�s§Æ�t�6�ä§Ks, t�m�

��6�us, t�m����"

6.3.2 �©ã�����¯K

�©ã�����¯K�±L«�eã�55yµ

��z
∑

u,v∈E

cuvduv

÷v�å
∑

v∈Y

duv ≤ 1, u ∈ X

∑

u∈X

duv ≤ 1, v ∈ Y

duv ∈ {0, 1}

Ù¥^duv L«:u, v´Ä��§cuvL«���d§X,Y©O��©ã�mÜ

:8"aq���¯K�y²§3ùp�K����ê���¿ØK��Y8§

�Äù�¯K�éó¯K"·�^pu, pv5L«þã�55y¥üa��éó�

�éA�Cþ"éó����µ

��z
∑

u∈X

pu +
∑

v∈Y

pv

÷v�å pu + pv ≥ cuv u ∈ X, v ∈ Y

pu, pv ≥ 0

ù�¯KkXe|Ü)ºµ�Ñ�Ü���©ã§�¦�z��!:½�

�/ºI0§éu�©ã¥�z�^>�¦÷vù^>ë��ü�º:�ºI�

ÚØ�u>�§�¤kºI�K§¦���ºI�Ú"·�¡Ù���ºIÚ

¯K§ù�Üã��ã�Ó§���±e(Øµ

½n6.5. 3�Ü���©ã¥§������u��ºIÚ"

�Äù�¯K�fz�§e�©ã¥z^>�>�Ñ�1§@o�¯KÒ´

�©ã����¯K"XJ��éó���¯KgCþ����ê§@oéó

8ù´Ï��±é�������ê�)���8I¼ê��u�`)
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�����ÒC¤Aéuk>�ë�ü�!:§��k��!:�ºI�1§�

Ò´`éu�^>ë��ü�º:§���ÀJ��º:5/CX0ù^>"

@ok±e(Øµ

½n6.6. �©ã¥§����ê�u��:CXê"

�©ã������¯K�±^KM�{½ö��@^��¤^��6��

{p�¦)"��5`§·���uò��ºIÚ¯K=z������¯K

)û"

~3. MST��)¤ä9

�Ñ�Ü��Ã�ãG±9ùÜãþ���)¤äT§\�±?U�^>�

>�§�d���UCþ�ýé�"�¦²L?U��T´G�����)¤

ä§�¦��z�d"

^n,m©OL«ãG�:ê±9>ê§Kn ≤ 50,m ≤ 800

du8I´4T¡�����)¤ä§@oéu3äþ�>§?1�ö��

½´~�§�>�§éu�ä>Ò�UO\>�"�Ä�^�ä>e§Peë�

�ü�!:�u, v§@oXJT´��)¤äÒ�÷ve�>�Ø�uä¥u, v´

»þ�?¿�^>�>�"�Ò´`e>t3ä¥u, vü:m�´»þ§@oÒ�

¦V(e) + ∆e ≥ V(t) − ∆t§=∆t + ∆e ≥ V(t) − V(e)"r�ã¥�z^>����!

:§Uì´ÄÑy3T¥©a§@oùÒ´���©ã§r∆t w�ºI§K�

�∆t + ∆e ≥ V(t) − V(e)Ò´�¦ºIÚØ�uV(t) − V(e)"@oùÒ´����

ºIÚ¯K§�±=z��©ã�����¯K)û"

6.4 éó�n3&EÆ¿m¥�A^

6.4.1 ÏéÐ©Ä�)

~4. Flight Distance 10

�Ñ�Ün�!:���Ã�ã§>(u, v)�>��wuv§�±�¿O\½ö

~��^>�>�§�d´>��Czþ"�¦ùÜã3?1ö���÷v?

9K85DµShoi2004 http://www.lydsy.com/JudgeOnline/problem.php?id=1937
10ÁK5Dµhttps://www.codechef.com/FEB12/problems/FLYDIST
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¿ü:m���ë�>�ÝØ�Lü:�m��á´�Ý"¦���d§±©

ê/ªÑÑ"

n ≤ 10,wuv ≤ 20

P>�8Ü�E"éuz�^>(u, v) ∈ Eïáü�Cþt+uv, t
−
uv§L«ù

^>�Czþ§@o3ö����>��wuv + t+uv − t−uv",duv�u, vü:3

ö����m��á´��Ý§@oduK8�¦ë�ü:�>��ÝØ

�Lü:�m�á´�Ý§Ó�ùü:�m��á´�Ý�ØU�u��

�ë�>�>�"¤±��duv = wuv + t+uv − t−uv",	§�á´�mI�÷

vduv ≤ wui + t+ui − t−ui + div(u , v, (u, i) ∈ E)§ÄKduvÒ�±�UYtµ§���^

�á�´»§ù�^��yAduv�u, v�m��á´�Ý"¤±�±��Xe�

55yµ

��z
∑

(u,v)∈E

t+uv + t−uv

÷v�å duv − t+uv + t−uv ≥ wuv (u, v) ∈ E

−duv + t+uv − t−uv ≥ −wuv (u, v) ∈ E

t+ui − t−ui + div − duv ≥ −wui u , v, (u, i) ∈ E

duv, t
+
uv, t

−
uv ≥ 0

XJ��¦)ù��55y§@oI��1üX/�{�Ð©zö�§ù

�ö����¡"du38I¼ê¥§¤k�XêÑ´�K�§�Ò´`éó

��¤k��å^��~ê��K§��±Ø7?1Ð©zö�§¤±�±é

ó���1üX/�{"

Ï��Y�¦ÑÑ©ê/ª§¤±I�¢y��©êa"

6.4.2 ò�55y�.=z��²¡�

����55y�kü�Cþ���§z����^�Òò)8��3A

��²¡þ����²¡S§¤±�55y¯K�)�mÒ´¤k��éA�

�²¡��"

~5. Equations11

11ÁK5Dµhttp://poj.org/problem?id=3689

2016c&EÆc���¥II[è�ÀèAØ© 53



f!�55y�éó¯K 4ï�4²1�¥Æ Â��

�Ñn��Ý�n�ê|ai, bi, ci±9mgÎ¯§zgÎ¯�Ñü�ëês, t§

¦�|�K¢êxi§÷v

n
∑

i=1

aixi = s,

n
∑

i=1

bixi = t

�Ó���z
∑n

i=1 cixi§éuzgÎ¯ÑÑù����§½ö�äÃ)"

n ≤ 105,m ≤ 104, 1 ≤ ai, bi, ci, s, t ≤ 104

éuz��Î¯§�Ñ�55y�.µ

��z

n
∑

i=1

cixi

÷v�å

n
∑

i=1

aixi = s

n
∑

i=1

bixi = t

xi ≥ 0, i = 1, 2, . . . , n

ù��.�kü���^�§�éó���kü�Cþ§Ø�Pùü�Cþ

�x, y§@oéó����Xe�55yµ

��z sx + ty

÷v�å aix + biy ≥ ci, i = 1, 2, . . . , n

x, y ∈ R

@o§z����aix + biy ≥ ciÒéAA���²¡§÷v¤k���)x, yÒ

3¤k�²¡��S§ùA�²¡�Î¯Ã'§�±ý?nÑ5"@oz�

�Î¯Ò´�¦Ñù��²¡�S¦sx + ty���:§�±�©¦)"��=

�sx + tyÃ.�§�¯KÃ)"¤±o��mE,Ý�O
(

(n + m) log n
)

6.4.3 ò�55y�.=z��ä6¯K

3��¤^6¯K¥§�55yÝA÷vz�Fk�=kü��"� �§

�§���©O�±1"ù�z��CþÒ�±w��^>�6þ§z�1��
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��±w¤��!:�6þÅð��"äN��ã�{3e¡�~K¥�[`

²"

��5`§²L�ä6�ã��¦^)û�ä6¯K��{¦)ù�a�

55y¯K�'��^üX/�{¦)¯§ù´Ï�)û�ä6¯K��{Ñ

|^AùA�55y¯K�AÏ5§DüX/�{���ÑAùAAÏ5"ù

�Ò´·��Äò�55y¯K=z��ä6¯K��Ï"

~6. Chefbook 12

�Ñ�Ün�:m^>�k�ã§z�^>(u, v)k>�Luv§±9��S uv,Tuv"

zgö��±ÀJµ1.ò��:u�¤kÑ>��\þPu§Ù¥Pu´?¿�ê"

2.ò��:u�¤k\>��~�Qu§Ù¥Qu´?¿�ê"z«ö�3��:�

U�1�g§ü«ö��±3��:Ñ��1"�±?¿�1ö�§P�ªz

^>>��L∗uv§�¦S uv ≤ L∗uv ≤ Tuv�Ó���z
∑

uv L∗uv§¿¿¿ÑÑÑÑÑÑ���YYY"

n ≤ 100,m ≤ n2

duù�¯K¥§z��ö��U¬?Uõ� �§J±��¦)"

{ü*	�uy§ù�¯K�±�L«��55y�.§z�����±

L«�S uv ≤ Luv + Pu − Qv ≤ Tuv((u, v) ∈ E)§�¦��z
∑

uv Luv + Pu − Qv((u, v) ∈

E)"O�L§¥�±�Ñ8I¼ê�~ê�§�I3��\þ�Ñ�~ê

=�"�e5Ü¿Óa�§Pu�Xê�
∑

uv 1((u, v) ∈ E)§ùÒ�u:u �Ñ

Ý§ÓnQv�XêÒ�u:v�\Ý���ê"P:u �\Ý�degin[u]§ÑÝ

�degout[u]§=���Xe�55yµ

��z
∑

u

(Pudegout[u] − Qudegin[u])

÷v�å Pu − Qv ≤ Tuv − Luv, (u, v) ∈ E

−Pu + Qv ≤ Luv − S uv, (u, v) ∈ E

Pu,Qu ≥ 0, u ∈ V

ù��55y�ÝA÷vz�1k�=kü�Xê�"§�©O�±1§¤±�

ÄòÙéó§^xuv L«c�«��éó�éA�Cþ§yuvL«��«��éó

12ÁK5Dµhttps://www.codechef.com/JUNE15/problems/CHEFBOOK
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�éA�Cþ§@o�±��µ

��z
∑

u

((Tuv − Luv)xuv + (Luv − S uv)yuv)

÷v�å
∑

v

(xuv − yuv) ≥ degout[u], u ∈ V (1)

∑

u

(−xuv + yuv) ≥ −degin[v], v ∈ V (2)

xuv, yuv ≥ 0, (u, v) ∈ E

�Ä��
∑

v

(xuv − yuv) ≥ degout[u]

3dª¥O\9ÏCþau ≥ 0§=���

∑

v

(xuv − yuv) − degout[u] − au = 0, u ∈ V

Ón§éu�å(2)§O\9ÏCþbv§��µ

∑

u

(−xuv + yuv) + degin[v] − bv = 0, v ∈ V

÷vþã^�Ó�§��z

∑

u

((Tuv − Luv)xuv + (Luv − S uv)yuv)

²Lù��=z��§ù�¯KÒC¤A��¤^6¯K§òz��Cþw�

�^>§Cþ��´>�6þ§ù^>�¤^Ò´ù�Cþ38I¼ê¥�X

ê¶z����w���:§@o3��u¥eCþxuv �Xê�+1§Ò��u

Cþxuv¤éA�>6\:u§eXê�−1§Ò��uù^>l:u6Ñ§@oz

����Ò��u��!:�6þÅð�§§�Ò´`ù���55y���

¤^6�.�d§�e5�ÄXÛ�EÑù�¤^6ã"

ò�å(1)éA�:P�u§�å(2)éA�:P�v + n§@oþã�55y

�éAïãAT�µéuz�^>(u, v) ∈ E§#ï�^v + n → u �>§¤^

�Tuv − Luv§Nþ�∞£éACþxuv¤§±9�^u→ v+ n�>§¤^�Luv − S uv

§Nþ�∞£éACþyuv¤"duCþau�ÑyA�g§@oÒïá�^u→ t�

>§Nþ�∞§¤^�0(Ù¥tL«�ä6ã¥�Æ§éu!:tvk6þÅð
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��)§bvaq"éu��¥�~ê�−degout[u]§ïá�^u → t�>§Nþ

�degout[u]§¿�r�ù^>÷6£�Ò´`ù^>�6þe.´degout[u]¤"é

u~ê�degin[v]§ïá�^s→ v+n�>§Nþ�degin[v]§6þe.�degin[v]"

�d§·�Æ²òù��55y=z�A�ä6�.§@o�e5Ò�I

¦^ke.���¤^6�{)û"

þãï�´��'����ï��{§Äkò¤k��C��ª��§,

�©O?nCþ!9ÏCþ±9~ê�§ò�.=z���ke.�¤^6¯

K"ØLdK¥�k��|©�?n�{µ

duù��55y�ÝA÷vz�F�Ú�0£�)~êF¤§@o�Ä?

¿���1)§ù�)7,Ó�÷v

∑

v

(xuv − yuv) ≥ degout[u],
∑

u

(−xuv + yuv) ≥ −degin[v]

XJrùüa�2n����\§KØ�ªmý�
∑

u degout[u] −
∑

v degin[v] = 0§

�ý�
∑

u

∑

v(xuv − yuv) +
∑

v

∑

u(−xuv + yuv) = 0§¤±��0 ≥ 0§du0 = 0§@o

�¦ù��Ò¤á§�å^�¥��Ò7,�Ü¤á£ÄKò¤k���\�

�Ò��0 > 0¤§�Ò´`§éu���1)§I�÷v

∑

v

(xuv − yuv) = degout[u],
∑

u

(−xuv + yuv) = −degin[v]

XdBØI�V\9ÏCþ§�?�Ú§dus�¤kÑ>�NþÚ�
∑

u degout[u]§

t�¤k\>NþÚ�
∑

v degin[v]§D
∑

u degout[u] =
∑

v degin[v]§�Ød�	ã¥

Ø�3Ù§��16þ§��I��1��¤^��6�{=��y¤k�ª

¤á§ØI�é>\\6þe.���§XdïÑ��ä6�.¥�>ê'c

�«�{�§�$1�¯"

�d·�Æ²�±¦Ñ�ª��Y§�´ÑÑ�Y�¯KEvk)û"

3ù�¯K¥§·�Æ²��Aéó¯K����`)��Y£z�Cþ�

��Ò�u¤^6¥éA>�6þ¤§@o§d½n6.3(ptµ½n)�±�

�µexuv > 0§@o�¯K��`)7,÷vPu − Qv = Tuv − Luv§eyuv > 0§@

o−Pu+Qv = Luv−S uv§Ød�	�AT÷v��55y���^�§=Pu−Qv ≤

Tuv − Luv,−Pu + Qv ≤ Luv − S uv§@oùÒ´��B©�åXÚ§�±^�á´

�{)û§éA��ãXeµéu��Pu − Qv ≤ Tuv − Luv§ïá�^v + n → u

��Ý�Tuv − Luv �>§��−Pu + Qv ≤ Luv − S uv§ïá�^u → v + n��Ý
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�Luv−S uv�>§éu�ª���±òÙD�ü�Ø�ª��2ë>",��¿

ÀJ��å:�1�á´�{§��z�:�ålºIÒéAX�|�`)"

�A�y¦Ñ��`)P,Q�K§�±ò¤k�P,Qþ\þ���~ê§�

±uyù�¿ØK��Y±9�55y���"�d��¯K�±)û§�m

E,Ý�O (mincostflow(2n, 2(n + m)))

éuù�¯K§·�ÁAüX/��ä6�$1�m�mBO§��$1

An = 50,m = 1000��Áêâ�|§¦^¤^6�{$1�m��60ms§D¦

^üX/�{$1�m��1630ms"v±Ny¯K�ÕA5�é�{$1�m

�K�"

~7. Orz the MST13

�Ñ�����ëÏÃ�ã§ã¥kn�:m^>§éuÙ¥�z^>i§3

�5>��Ä:þ§Ù>�zO\1I�GÑ��d�ai§>�z~�1I�G

Ñ��d�bi§y3�½Tã���)¤ä§¦ÏL?U>�§¦�T)¤ä

¤�ã�����)¤ä§I�GÑ���o�d"

n ≤ 300,m ≤ 1000

aq~3§rz�^>Uì´Ä�ä>©a§Pä>8Ü�T§@o�ä>

8Ü�E \ T§�1i^ä>~�A��xi§1 j^�ä>O\A��y j§ei� jC

X14§@o�¦?U��i�>�Ø�L j�>�§¤±wi−xi ≤ w j+y j ⇔ xi+y j ≥

wi − w j"½Â¼êcover(i, j)L«i´Ä� jCX§@o�±��Xe�55yµ

��z
∑

i∈T

bixi +
∑

j∈E−T

a jx j

÷v�å xi + y j ≥ wi − w j, i ∈ T, j ∈ E \ T, cover(i, j) = 1

xi, y j ≥ 0

13ÁK5Dµhttp://www.lydsy.com/JudgeOnline/problem.php?id=3118
14Ø�� j¤ë��ü�:�u j, v j§@oi� jCX=i3u j, v jü:mäþ�´»þ
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aq��ºIÚ¯K§�ÄòÙéó§^si jL«éó��éACþ§��µ

��z
∑

i∈T, j∈E\T
cover(i, j)=1

(wi − w j)si j

÷v�å
∑

j∈E\T
cover(i, j)=1

si j ≤ bi, i ∈ T

∑

i∈T
cover(i, j)=1

si j ≤ ai, j ∈ E \ T

si j ≥ 0

duT ∩ (E \ T ) = ∅§¤±�±ò1�a��w�é�Ü!:�ÑÝ��§1

�a��w�émÜ!:�\Ý��§éu�Ü!:i§�õ�U6Ñbi�6

þ§¤±ïá�^s → i§Nþ�bi§¤^�0�>§éumÜ!: j§ïá�

^ j → t§Nþ�ai§¤^�0�>§ei� jCX§@od�Ü�i�mÜ� jë�

^¤^�wi − w j§Nþ�∞�>§,��1��¤^6�{"

ù�éó���.Ò´�©ã�`õ��¯K"

~8. Ô��Å15

Ô��±w����Ý�n�SF§y3I�3ù�SFþï©§3iÒ 

�þï��©kci�s¤§��� ��±ï?¿õ�©"km��§z���

/X«m[li, ri]¥��kdi�©"¦÷v¤k�����s¤"

n ≤ 1000,m ≤ 10000

duz����´é�ã«m¥�êþÚ���§¤±�AU¦^�ä6

�ã§I�¦^�:�E|µPsi =
∑

j≤i x j§=éx�cMÚ§@oz���Ò

15ÁK5DµZJOI2013
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C¤Aü�Cþ�~�/ª§u´�±��Xe�55yµ

��z

n
∑

j=1

(s j − s j−1)c j

÷v�å sri
− sli−1 ≥ di, i = 1, 2, . . . ,m

s j − s j−1 ≥ 0, j = 1, 2, . . . , n

s j ≥ 0, j = 0, 1, . . . , n

,�^aq?n~6��{?1¤^6ïã=�§ùpØ2Kã"

6.4.4 �(

�p�)û�A�55y¯K����!´éA½��55y¯K�A

Ï5�$^§~X�kü�Cþ��55y¯K�±^�²¡��{)û§z

�Cþ�3ü���¥Ñy§�XêÚ�0��55y¯K�±^�ä6�{)

û�"éó�nB´�«$^ùA5��Ãã"

7 o(

l�55y�EÝw�&EÆ¿m¥�¯K§¦�ùA¯K�£ã�\�

ß§Ó�ù��5A�«#�)û¯K��{"�´ò¯K��z��CØ�

��A¯K�AÏ5§J±�p�/)û¯K"

ÏLéäkAÏ5�¯K£~X�ä6¯K¤��55yL«�o(§·

�UAò�AäkAÏ5��55y¯K=z�Ù¦¯K§lD�±¦^�é

ùA¯K��{5p�)ûäk,AAÏ5��55y¯K§ùÒ¦·�3^

��5�EÝw�¯K�Ó�qUéÐ/|^¯K�AÏ5§��p�)K�

8I"

a�

a�I1����C"
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a��LP�§{�(�ö§�ÍaÆ�§Üa)Æ����§a�±�

Ó�ÓÆé�©Jø¿���Ï"

a�CCFJøÆSÚ�6�Å¬"

ë�©z

[1] Thomas H.Cormen, Charles E Leiserson, Ronald L Rivest, Clifford Stein. Intro-

duction to Algorithms. Second Edition.

[2] Introduction to Linear Optimization, Dimitris BersimasJohn N. Tsitsiklis.

[3] Luca Trevisan. Stanford University-CS261: Optimization, Handout 15

[4] Vijay V. Vazirani. Approximation Algorithms: Chapter 10, Introduction to LP-

Duality, Chapter 13, The primal-dual schema

[5] �Ë7§5����.3&EÆ¿m¥�A^6

[6] ù��§5�55y��ä66

N¹

��6éó�55y��`)���éA'X

��6�éó�55yXeµ

��z
∑

uv

cuvduv

÷v�å duv − pu + pv ≥ 0, (u, v) ∈ E

ps − pt ≥ 1

duv ≥ 0

Pù��55y��`)�(d∗uv, p
∗
u)§�`)���z∗ =

∑

uv cuvd
∗
uv"�Ay²�

3���§¦�cut(s, t) = z∗§ÄkI�y²T�55y�3��)(duv, pu)¦

�
∑

uv cuvduv =
∑

uv cuvd
∗
uv�÷v0 ≤ pu ≤ 1"
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du38I¼ê¥vkÑypu§�3�å^�¥puo´±B�pu − pv�/

ªÑy§@oØ�b�p∗t = 0"�Ä)(duv, pu) = (d∗uv,min{p∗u, 1})§§���8I

¼ê����`)�����Ó§e¡y²ù�)E÷v¤k��µ

éu��duv − pu + pv ≥ 0§ep∗u > 1, p∗v > 1§@où����duduv ≥ 0§

w,¤á"

ep∗u > 1, p∗v ≤ 1§dup∗u > pu§¤±duv − pu + pv > d∗uv − p∗u + p∗v ≥ 0"

ep∗u ≤ 1, p∗v > 1§dupu ≤ pv§�pu − pv ≤ 0§¤±duv ≥ 0 ≥ pu − pv"

éu�{��w,¤á§�)(duv, pu)����1)§�?�Ú§)(duv, pu)�

��8I¼ê����`)�����Ó§�ù´���`)"Ón�y�3

���`)÷vpu ≥ 0"

e¡y²�½�3���cut(s, t)§¦�cut(s, t) ≤ z∗"

����±^��8ÜSL«§�¦÷vs ∈ S , t < S§L«ò:8©�

�S ,∁VS üÜ©"�x´��3(0, 1]¥þ!����ÅCþ§éu��x§·�

½Â����éA8ÜS x = {u|pu ≥ x}§ù�8ÜéAA���cutx(s, t)§�e5

·��Ä|cutx(s, t)|�êÆÏ""

duÏ"��55�§�±©O�Äz�^>éÏ"��z"éu>(u, v)§

��=�u ∈ S x, v < S x�â¬O�����d"epu ≥ pv§@où^>3�¥�

Ï"�Euv = cuv(pu− pv)§ÄK�0"du3�����55y�.¥��Aduv ≥

max{0, pu − pv}§�cuvduv ≥ Euv§¤±E(|cutx(s, t)|) =
∑

uv Euv ≤
∑

uv cuvduv = z∗§d

uÏ"�´¤k�Y�²þ�§¤±�½�3x ∈ (0, 1]§¦�|cutx(s, t)| ≤ z∗"y

."
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f!Ã�ã���¯K��A�{9A^

B,½1�¥Æ �©7

Á �

�©é&EÆ¿m¥Ñy��a½Â3��K>��Ã�ãþ����¯

K?1AïÄ§é?nùa¯K�A��{£Gomory-Huä(���ä)��E

�{!�d6ä�Gusfield�E�{!Stoer-Wagner�{!Karger�{¤?1A0

B§¿ÏLA�~K{��ãAùa¯K�)Kg´"

1 Úó

3&EÆ¿mD��A¢S¯K¥§·�Ø=¬���¦��K>��k

�ã¥,�D:ÚÆ:�m���6½�����¹§�¬���¦��K>

��Ã�ãþ?¿ü:m��6½�����¹"éuk�ã��¹§�c�

Ø©¥Ækéõ�'��{Úù�a�K8�ïÄ§D��«�¹6��vk

��\�ïÄ"�©Ò�éùa¯K?1Ðm"

31�!¥§�ABu���£ã§�öò¬½Â�AÃ�ãþ���'

�Vg"

31n!¥0BA^±)û?¿ü:���¯K�Gomory-Huä(���

ä)Ú�d6ä±9§���E�{"

31o!¥0BA^±¦Ñ�Û����(½5�{Stoer-Wagner�{Ú�

Å�{Karger�{"

éuùA�{§�ö�ÑA§��y²Ú{�¢y"

31Ê!¥§�©ÏLA�~K*	AùA�{XÛA^3&EÆ¿m�

)KL§¥"
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2 ��k'½Â

�½��Ã�ãG = (V, E, c)§Ù¥¼êc´E → R∗�N�£�Ò´���

K¤"�©¥¤k�ãÑ´�ù����Ã�ã"

éu��>8S ⊆ E§½Âc(S ) =
∑

e∈S c(e)"

éuü�Ø���:8A, B½Âc(A, B)�¤k÷vu ∈ A, v ∈ B�>(u, v)�>

��Ú"

½ÂãG�����ãG�:8V���y©(U,V − U)"·�¡U,V − U�

ù���üý"

½Âù���>8�¤k÷vu ∈ U, v ∈ V−U�>(u, v)�8Ü§P�δ(U)"

½Âù�����c(δ(U))§½öP�c(U,V − U)"

·�¡�(U,V − U)�u, v����XJu ∈ U, v ∈ V − U"·�¡U�ù��

�uý§V − U�ù���vý"

½Âu, v���������u, v��§Pù����>8�α(u, v)§Pù�

�����λ(u, v)"

´�u, v�����duv, u����"

5¿�g�Ø¬K���§¤±e¡¤kã¥%@Ñ�KAg�"

3 ?¿ü:���

éuã¥?¿ü:¦Ñ���"

���N´����{´§��qÞã¥�ü�:��g��6�{"�

ù�I�Θ(|V |2)g��6§�Ç�$"�d§·�I��÷����5�§^

�����6gê5)û"

3.1 ���ä

½Â��äT = (V, ET )�Gomory-Huä£���ä¤XJéu¤k�>(s, t) ∈

ET§δ(W)´,�α(s, t)§Ù¥W�äTí�>(s, t)��)�ü�ëÏ¬��"

�,·�y3�Ã{(½Gomory-Huä´Ä�3"ØL�¡·���y²

�E�{��(5§�Ò�±y²Ù�35A"¤±·�Ø�6�kb��

3"
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3.1.1 ½n1

éu?¿ØÓ�n:a, b, c§λ(a, b) ≥ min (λ(a, c), λ(c, b))"

y²µéu?¿ØÓ�n:a, b, c§�Äλ(a, b), λ(b, c), λ(c, a)¥����é§

Ø�b�´λ(a, b)"?Øc3α(a, b)�=�ý§Ø�b�´bý§,�ýÓn"@

ow,kλ(a, c) ≤ λ(a, b)"qduλ(a, b)´����é§¤±λ(a, c) ≥ λ(a, b)"�

�λ(a, c) = λ(a, b)"dd��éu?¿ØÓ�n:a, b, c§λ(a, b), λ(b, c), λ(c, a)7

,´ü��Ó����Ú�����"·K�y"

¢Sþ§·���±*Ðù�½n§��µ

éu?¿ØÓ�ü:u, v§kλ(u, v) ≥ min (λ(u,w1), λ(w1,w2), . . . , λ(wk, v))"

3.1.2 ½n2

éu¤ku, v ∈ V§-(s, t)�u, v3Gomory-HuäTþ���´»þλ(s, t)��

�>"@oλ(u, v) = λ(s, t)"�Ò´`§s, t����Ò´Gomory-Huäþs�t�

´»þ����>"

y²µd½n1�*Ð��§λ(u, v) ≥ λ(s, t)"q�â½Â§u, v3α(s, t)�ü

ý§��λ(u, v) ≤ λ(s, t)"Ïd§λ(u, v) = λ(s, t)"

3.1.3 ½Â1

éu��8ÜV§½Â��'uV�f8U�¼ê f (U)§XJ f÷véu?
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3.1.7 ½n4

XJ¼ê fQ´f�¼ê!q´é¡¼ê§@o f´/��0¼ê"

y²µ

f (A) + f (B)

= f (V − A) + f (B)

≥ f ((V − A) ∩ B) + f ((V − A) ∪ B)

= f (B \ A) + f (V − (A \ B))

= f (B \ A) + f (A \ B)

w,§���¼ê�´/��0¼ê"

3.1.8 ½n5

éuü:s, t������α(s, t)§�W�α(s, t)��ý§Kéu?¿�u, v ∈

W, u , v§�3��u, v����δ(X)¦�X ⊆ W"

y²µ�AØ���5§·�-s ∈ W, u ∈ X, s ∈ X"Ù¦�¹Ñ�±ÏL

N�=z�ù«�¹"

�e5§·�©ü«�¹?Øµ
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�¹1µt < X"@o§du���¼ê´f�¼ê§kµ

c(δ(X)) + c(δ(W)) ≥ c(δ(X ∩W)) + c(δ(X ∪W))

,D5¿�δ(X ∩W)�´u, v����§·�kc(δ(X ∩W)) ≥ c(δ(X))¶Ó�δ(X ∪

W)�´s, t����§·�kc(δ(X ∪W)) ≥ c(δ(W))"Ïd§þ¡�¤kØ�ªÑ

AT��Ò"ù�·�5¿�§δ(X ∩W)�´u, v����"

�¹2µt ∈ X"@o§du���¼ê´/��0¼ê§kµ

c(δ(X)) + c(δ(W)) ≥ c(δ(W \ X)) + c(δ(X \W))

,D5¿�δ(W \ X)�´u, v����§·�kc(δ(W \ X)) ≥ c(δ(X))¶Ó�δ(X \

W)�´s, t����§·�kc(δ(X \W)) ≥ c(δ(W))"Ïd§þ¡�¤kØ�ªÑ

AT��Ò"ù�·�5¿�§δ(W \ X)�´u, v����"

nÜþãü«�¹§�·K¤á"

ù�½n´�EGomory-Huä��!�Ø%�½n"§�«A����

±/Ø��0§,�����üý¥�:����pØ�Z§lD�)48�(

�"

3.1.9 ½Â4

-ãG = (V, E)§:8R ⊆ V"½Â'uR3G¥�Gomory-Huä���

|(T,C)§Ù¥T = (R, ET )§C = (Cr | r ∈ R)´��é:8V�y©§Ù¥r ∈ R§

¦�

• éu¤k�r ∈ Rkr ∈ Cr¶

• éu¤k�>(s, t) ∈ ET§T−(s, t)£=Tí�>s, t��üÜ©¤L«s, t3G¥

����"�T − (s, t)�Ù¥�Ü©�X§Ks, t3G¥����

δ(U) =
⋃

r∈X

Cr

5¿�G�Gomory-HuäÒ´R = V��Gomory-Huä"
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3.1.10 �{

��èµGomory-Hu(G,R)

if |R| = 1 then

T = ({r}, ∅)

Cr = V

return (T,C)

end if

?Àü:r1, r2 ∈ R§r1 , r2§-δ(W)���r1, r2����§Ø��r1 ∈ W

-G1�òG¥V \W ¤��:v1��ã¶R1 = R ∩W

-G2�òG¥W ¤��:v2��ã¶R2 = R \W

-(T1, (C
1
r | r ∈ R1)) = Gomory-Hu(G1,R1)

-(T2, (C
2
r | r ∈ R2)) = Gomory-Hu(G2,R2)

-r′�÷vv1 ∈ C1
r′�:

-r′′�÷vv2 ∈ C2
r′′�:

T = (R1 ∪ R2, ET1
∪ ET2

∪ {(r′, r′′)})

for all r ∈ R1 do

Cr = C1
r

end for

for all r ∈ R2 do

Cr = C2
r

end for

Cr′ = Cr′ − {v1}

Cr′′ = Cr′′ − {v2}

return (T,C)

�(5y²µ

�âGomory-Huä�½Â§·�I�y²?¿�^>(s, t) ∈ ETÑ÷vT −

(s, t)´��s, t3G¥����"�|R| = 1�w,¤á"éu����¹§X

J(s, t) ∈ T1½(s, t) ∈ T2§d3.1.8��§T1½T2±	�:éÙSÜ�:�m��

��vkK�§ÏdT1½n5ÚT2Ñ´Ü{�Gomory-Huä"

u´§·���y²\þ��@^>(r′, r′′)Ü{Ò�±A"-δ(W)��

{¥���r1, r2�����r1 ∈ W"·�I�y²�´δ(W)�´r′, r′′���
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�"duδ(W)Æ´r′, r′′����§¤±��yλ(r′, r′′) ≥ λ(r1, r2)"b½r1 ,

r′�r2 , r′′ £Ù¦�¹�y²L§aq¤"XJλ(r1, r
′) < λ(r1, r2)�{§du

3G1¥V \ W� ¤A��:v1�v1 ∈ C1
r′§λ(r1, r

′)�ÒÓ�´r1, r2����§

ù�λ(r1, r2)´r1, r2������gñ§ÏdØ�UÑyù«�¹§λ(r1, r
′) ≥

λ(r1, r2)"Ónλ(r2, r
′′) ≥ λ(r1, r2)"

u´§�â3.1.1§·�k

λ(r′, r′′) ≥ min
(

λ(r′, r1), λ(r1, r2), λ(r2, r
′′)

)

= λ(r1, r2)

·K�y"

Déur′ = r1½r′′ = r2��¹§�´UCAþªmin¥��A�§E,�±

���Ó�(Ø"

�âù��{§·�á�keãÚnµ

3.1.11 Ún1

éuãG¥�R ⊆ V�EGomory-Huä�IO�|R| − 1g��Ø�LG�ã�

���"

�R = V��Ñ�Gomory-HuäÒ´ãG�Gomory-Huä§Ïd���{�

���Θ(|V |)g��6"

3.1.12 �48¢y

duþã48�{¥�ë>I�^�y©C§Dy©C3äN¢y��JP

¹§Ïd·��ÄXÛ^�48��{5¢y"

5¿�48�^S´Ã';��"·��±ù�wù��{µz���k

éõ�:8"zg�±�BÀJ�����u1�:8D©¤ü�:8§ØÊ/

D©��¤k:8���Ñ�1�Ê�"DéuGomory-Huä�ë>��±Ä�

/?1µz���·�4z^>Ø´ë�ü�:§D´ë�ü�:8"rz�

:8w¤���:§@oùA>Ò�¤AùA�:���ä§þã�{¥ ¤

�:�Ò�LXz�:8���fä"Dé,�:8D©� ¤�:�y©�

Ò´ù�:8���>�y©"

�ÄXÛ¢yù��48��{"éuz�:8§·�ÀJ?Ò���@

�:��ù�:8��L:"éz�:uP¹��§���: f au"XJ:uÒ
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´Ù¤3:8��L:§u� f au�>Ò�L�^ý��Gomory-Huä>§ë�

±u��L:�:8Ú± f au��L:�:8§¿�Æk>�"XJ:uØ´Ù

¤3:8��L:§@o f auL«8á'X§ f auÒ´Ù¤3:8��L:"Ð

©�¤k:Ñ3Ó��:8p§ÏdØA1Ò:	Ù¦:� f aÑ´1"�e5

l2�|V |�gqÞ:u§XJ f auL«8á'X§Òéu¤3:8?1�gD©"

�v = f au"ÀJvÚu��D©�����ü�:"�Ñ����§·��r:

8©�üÜ©"Ó�·���?U¤kù�:8���ä>"�d§·�r

¤k�y�uù�ý� f ax = v�:x� f axU�u§>�ØC"ù�Ú=?nA@

A:8S�:§q?nA@Aý��ä>"éuä>§·���?n f avÚvù

^>"XJ f av�L�:8�y�Auù�ý§Ò�r f au�� f av"����3

yÑ�ü�:8�mëþ�^�������>"XJþ�Ú¥ f avvk�y

�u�ý§Òr f au�¤v5�Lù^>¶ÄKÒr f av�¤u5�Lù^>"ù�

Ò�¤A�gy©"

5¿�zgy©�·�Ñ�r�c:u� f au�>lL«8á'X�>=C

¤Aä>§ÏdqÞL§¥�½´�cqÞL�:éA� f a>Ñ´ä>D��

v�qÞL�:éA� f a>Ñ´L«8á'X�>"ÏdzgqÞ���:�

�½¬éÙ?1D©"

��èµGomory-Hu Incremental Method(G)

w1,w2, . . . ,w|V | = NULL

f a1 = NULL

f a2, f a3, . . . , f a|V | = 1

for u = 2 to |V | do

v = f au

3ãG¥rÙ¦:8 :���ãþO�v, u����α(v, u)§�����

��λ(v, u)

for x = 1 to |V | do

if x , u and f ax = v and x�y�vý then

f ax = u

end if

end for

if f av�y�uý then

f au = f av
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wu = wv

f av = u

wv = λ(v, u)

else

f au = v

wu = λ(v, u)

end if

end for

E = ∅

for u = 1 to |V | do

if f au , NULL then

E = E ∪ {( f au, u)}, c( f au, u) = wu

end if

end for

return T = (V, E, c)

3.2 �d6ä�Gusfield�E�{

k�·�Ø�¦Gomory-Huä�NäN����´�o§��¦Ñ���

��=�"�Ò´`§·��¦��ä§¦�s, t����Ò´äþ´»þ��

���>§Déuäþ�z^>§ù^>�>��ü�à:�m�����§

�·�Ø�¦í�ù^>��ü�ëÏ¬Ò�Lù^>����"·�¡ù«

ä��d6ä3"

�d6ä��ï�{Gusfield�{'Gomory-Huä�{üNõ"·���

éGomory-Huä��ï�{�\?Uµéu48�L§§·�ØU�5��{

Àü�:ë>§D´��3D:�sÚÆ:t�më�A������>"y²

��{ü�õµÄk48�üÜ©�Ñ5�Ñ´Ü{��d6ä¶y3¥më

A�^>�§·���y²¤klsý�,�:u�tý�,�:v�´»Ñ÷v

�d����5�§=

λ(u, v) = min
(

(u, s)´»þ���>�, λ(s, t), (t, v)´»þ���>�
)

d3.1.1��§þª�>Ü©�u�um>Ü©§Ïd��yþª�>Ü©�u

3=©¶µequivalent flow tree
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�um>Ü©=�"w,§s, t�����´u, v��§Ïdλ(u, v) ≤ λ(s, t)",

��Ä(u, s)´»þ���>¤�L����"d3.1.8��§ù����7,Ø

¬�mtý�:8§Ïdtý�:8�oáuù�����sý§�oáuuý"X

Jáusý§@où�����´(u, v)��¶XJáuuý§@où�����

´(s, t)��§��Ø¬�uλ(s, t)"éu(t, v)´»þ���>¤�L�����

´Xd"nÜå5§·�Ò�±y²fâ�(ØA"

5¿�48�¦�s, t����±��c?n�:8�	������"Ï

�XJ��7,�±N��������Ó�Ø������§Dù����

é�c:8�y©´ØC�"ÏdGusfield�{Ø�9 :§�N´^�è¢

y"

¯¢þ§Gusfield�{Ø=�±48¢y§��±�48¢y"

��èµGusfield’s Algorithm(G)

f a1 = NULL

f a2, f a3, . . . , f a|V | = 1

for u = 2 to |V | do

v = f au

¦Ñα(v, u), λ(v, u)

wu = λ(v, u)

for x = u + 1 to |V | do

if f ax = v and x�y�vý then

f ax = u

end if

end for

end for

E = ∅

for u = 2 to |V | do

E = E ∪ {( f au, u)}, c( f au, u) = wu

end for

return T = (V, E, c)
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4 �Û���

¦Ñã¥������£�Û���¤"

�«�{´§�ÑGomory-Huä§�Ù¥����^>Ò´�Û���"

�kE,Ý�Ð��{"

4.1 Stoer-Wagner�{

éuã¥?¿ü:§§�k�U3�Û����Óý§��U3Éý"X

J3Óý§w,·��±rùü�: ¤��:§Ø¬é�YE¤K�¶XJ

3Éý§ùü�:����Ò´�Û���"¤±§��·�ØÊ/?1ö�µ

zg?Àü�:��e���§�#�e�Y§,�rùü�: å5§��

����:��§Ò�±¦Ñ�Û���"

XÛé�ã¥?¿ü�:����Qºe¡��{�ÑA���1��

Y"

4.1.1 ����|¢

k��:8A"Ð©�A¥�¹,��Ð©�:"zg§ÀJ��Ø3A¥

�:v¦�c(A, {v})��§òv\\�A¥"��¤k:Ñ\\�A¥"

4.1.2 ½n

�1i�\\A�:�vi"({v1, v2, . . . , vn−1}, {vn})´����|¢¥��\\�

ü�:vn−1, vn����"

y²µ

XJn = 2§w,¤á"Ïd�n > 2"�Ä��\\�n�:vn−2, vn−1, vn"

Äk·��±í�>(vn−1, vn)§Ï�?Ûvn−1, vn��Ñ��ù^>§í�Aéù

A���é��vkK�"

y3·�5y²c({v1, . . . , vn−1}, {vn}) ≤ λ(vn−2, vn−1)"

�Älã¥£Ø:vn£9Ù�ë�>¤"U�^S#?1����|¢§

@ovn−2, vn−1¤���ü:"dêÆ8B��§({v1, . . . , vn−2}, {vn−1})´vn−2, vn−1�

���"
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y3rvn£9Ù�ë�>¤\£ã¥"@ow,vn−2, vn−1����Ø�UC

��`"Dduvn�vn−1mvk>§¤±·�rvn\������{v1, . . . , vn−2}ý§

���ØC"Ïd({v1, . . . , vn−2, vn}, {vn−1})´vn−2, vn−1����"

qd����|¢�ê1�Ú�ÀJ��

c({v1, . . . , vn−2}, {vn−1}) ≥ c({v1, . . . , vn−2}, {vn})

duvn−1�vnmvk>§

c({v1, . . . , vn−2, vn}, {vn−1}) ≥ c({v1, . . . , vn−2, vn−1}, {vn})

=

λ(vn−2, vn−1) ≥ c({v1, . . . , vn−1}, {vn})

�e5·�2^�q��{5y²c({v1, . . . , vn−1}, {vn}) ≤ λ(vn−2, vn)"

�Älã¥£Ø:vn−1£9Ù�ë�>¤"U�^S#?1����|¢§

@ovn−2, vn¤���ü:"dêÆ8B��§({v1, . . . , vn−2}, {vn})´vn−2, vn���

�"

y3rvn−1£9Ù�ë�>¤\£ã¥"@ow,vn−2, vn����Ø�UC

��`"Dduvn−1�vnmvk>§¤±·�rvn−1\������{v1, . . . , vn−2}ý§

���ØC"Ïd({v1, . . . , vn−2, vn−1}, {vn})´vn−2, vn����"=

c({v1, . . . , vn−1}, {vn}) = λ(vn−2, vn)

�Òy²Ac({v1, . . . , vn−1}, {vn}) ≤ λ(vn−2, vn)"

nÜþãüÜ©§��

λ(vn−1, vn) ≤ c({v1, . . . , vn−1}, {vn}) ≤ min (λ(vn−1, vn), λ(vn−2, vn))

q�â3.1.1§

λ(vn−1, vn) ≥ min (λ(vn−1, vn), λ(vn−2, vn))

Ïd§þãØ�ª¥¤kØ�Òþ��Ò"�Ò´`§

λ(vn−1, vn) = c({v1, . . . , vn−1}, {vn})

·K�y"

2016c&EÆc���¥II[è�ÀèAØ© 75



f!Ã�ã���¯K��A�{9A^ B,½1�¥Æ �©7

4.1.3 E,Ý

éu����|¢§·��±^��æ5�o¤k:v�c(A, {v})�"X

J·�æ^��æ§E,Ý�O(|E| log |V |)§¦^ÜÅ@êæ�±��O(|E| +

|V | log |V |)"

4.2 Karger�{

T�{´���Å�{§ØU�yýé�(§��±ÏLõg$1Jp�

(Ç"

4.2.1 Ø���ã

éuØ���ã§�{Xeµzg�VÇ�ÅÀ�ãþ��^>§b�ù

^>Ø3�Û���þ§Ïd�±rù^>üà�ü: ¤���:" å5

��K¤kg�"ØÊ/E >�L§��ãþ��eü�:��§¥m@

^>Ò´·�������"

�(Çµ5¿�XJ�ª���´�Û���§@o¥mzÚ �>ÑØ

U´3���þ�>"��Û���kk^>"@ow,§z�:�ÝêÑØ

�uk"£Ï�XJ,�:Ýê�uk§Ò/¤A�������¤Ïdo�>

ê|E|Ø�u k|V |

2
"£z^>3ü�à:?����g¤"zg�ÅÀ��>3�Û

���þ�VÇ
k

|E|
≤

k
k|V |

2

=
2

|V |

u´§zgvkÀ��Û���þ�>�VÇØ�u1 − 2
|V |
"duzg >Ñ¬

¦:ê~�1§�ª���Û����VÇØ�u

(

1 −
2

|V |

) (

1 −
2

|V | − 1

)

· · ·

(

1 −
2

3

)

=
|V | − 2

|V |

|V | − 3

|V | − 1
· · ·

1

3
=

(

|V |

2

)−1

@ozg���vk���Û����VÇ�1 −
(

|V |

2

)−1
"du1 − x ≤ ex§1 −

(

|V |

2

)−1
≤ e−(

|V |
2 )
−1

"�$1AmgT�{��`�Y§K�(Ç�1 −

(

1 −
(

|V |

2

)−1
)m

≥

1 − e−(
|V |
2 )
−1

m"�m =

(

|V |

2

)

�Ò�±��1 − e−1��(Ç"�Ò´`��$

1Θ(|V |2)gÒ�±��,�~ê��(ÇA"

2016c&EÆc���¥II[è�ÀèAØ© 76



f!Ã�ã���¯K��A�{9A^ B,½1�¥Æ �©7

4.2.2 ¢y

éu�ÅÀ>�L§§�±ýk�Å)¤��¤k>�üF§,�UüF

¥�^SqÞz^>}Á >§��ã¥�kü�:��"XJqÞ��>�

c3ã¥Æ´g�§Ò�Ñ"´�ù��À{Úþ¡�À{´�d�"

Ì�J:3u :"XJ^��L½��ÝA�;>§zg :I

�O(|V |)��m§o�mE,Ý�O(|V |2)"�d·�I�`z"

XJ^óL�;>§·��±���)¤ä�Kruskal�{��é:�o�

�¿�8"éuru, vü: ¤�:�L§§·��±rv�>L����u�>

L�¡§¿3¿�8¥rv��u"z�z�éuã¥�,^>§ù^>�ü�

à:Ñl¿�8¥�Î�e��"ù�E,ÝÒ´O(|E|α(|V |))"

�k��E,Ý�`��{"3üFþ�©�o��m©ãþ�kü�:"

'X�©�1�Ú§·�O��gö�c���|E|/2^>�´Ä��ü�:A"

ù��±^DFS5�ä"XJ´§@o�©��Ü©¶XJØ´§Ò��r�

�>ùA>ë��:3ãþ å5§#O�m�>¤k>3#ã¥�ü�à

:§,��©m�Ü©"ùAö�Ñ�±O(|E|))û"duzg>ê~���§

¤±�ªE,ÝE´O(|E|)"

4.2.3 ���ã

éu,^���>§·��±r§�¤´éõü >��>§ù�Ò�

±=z�Ø���ã"�´3�ÅÀ>�L§¥·��?UVÇ�©�"�^

>�À¥�VÇAT�T>�>�Ó¤k>>��Ú�'~"�d§·�I�

�o��>�kS8Ü5�oÀ>ö�µzg3�e�¤k>>��Ú���

S�Å��ê§é�8Ü¥1�^>¦�§±9§�c¤k>�>��ÚØ�

uù�ê§rù^>��ÀJ�>?1 >§,�í�ù^>"ù����8

Ü�±^äGê|5�o"E,Ý�O(|E| log |E|)"

5 A^

5.1 ~K1µ[ZJOI2011]���

�½�Ü��Ã�ã"kqgÎ¯§zg�Ñ��êx§¦kõ�:é÷v
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ü:�m����NþØ�Lx"

5.1.1 �{

ù´��'u?¿ü:m����¯K"·��±�ÑGomory-Huä",

�Uäþ>���l����§zg^¿�8Ü¿ù^>ë��ü�ëÏ¬§

Ó�rü�ëÏ¬S�:ê�È\��Yp"ù�Ò¦ÑAØ�Lz«�U�

���:éêA"Î¯���3ù�ê|þlower bound�eÒÐA"

5.2 ~K2µCodeforces Round #200 Div.1 E. Pumping Stations

�½�Ü��Ã�ã"¦��¤k:�üF§¦�üF¥��ü�:�m

���6�Ú��"

5.2.1 �{

Äk§��6�u���"Ó�§·��ÑGomory-Huä"e¡·�y²

(Øµ�`üF��Y�uGomory-Huäþ¤k>��Ú"��üF3äþÒ

éAA�^´»"�Ääþ>����@^>£XJkõ^À?¿�^¤"@o

lù^>�ý�,�:r�,�ý�,�:���7,Ò´ù^>���"X

J�^´»Ø��gªLù^>§@o7,�±ÏLN�¦��YØC�µ3

�^´»þªLù^>�/�äm§·�¬��eZãØªL�´»"Ø��

ªLAkg§@oÒ¬��k + 1ã´»"·��±rÓ�ý�´»ÑÄ���

©å5§ù�Ò3üý���A�^ØªL¥mù^>�´»",�2rüý

�´»Ä���§ùÒ7,¬ªL¥m�>"²LN��§·�Ò�ªL¥m

>�gA"Ddu¥mù^>´���§ØªLù^>�½Ø'ªL�"Ïd§

ù�N�L�7,Ø¬C�",�§·�éù^>��mü>48?1ù�í

�"ù�Òy²A(Ø§48�Ó���EÑA�|�`)"

5.3 ~K3µUVALive 5099 Nubulsa Expo

�½�ÜÃ�ã§éu,�(½�D§¦Ñ�¤k�U�Æ���6��

��"
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5.3.1 �{

Äk��6�u���"w,§�YÒ´�Û���"Ï����Û��

�©¤�üÜ©¥7,k�Ü©´@�D¤3�§��ÀJ,�Ü©¥�,�

:��Æ§Ò�±r�Û�����DÆ����A"

5.4 ~K3µ��K>�²¡ã���

�½�Ü²¡ã§²¡ã¥z^>Ñk���K��"¦�����"

5.4.1 ���{

�Ñ²¡ã�éóã§@o²¡ã����ÒéAéóã����§��

�Ò´���"Ïd§��¦Ñéóã��Û���=�"

�U�3E,Ý�`��{"

6 o(

3&EÆ¿m¥��ùa¯K�§  ÄkI�ÏLK¥�Ñ�^�ò¯

K�.=z�Ã�ã�����.§�X§½��@^Ü·��{½(�§½

|^Ã�ã����««5�§2?�Úr¯K=z�U^Ù¦�{½êâ(

�)û�¯K"

éuùa¯K§Æ.k�õ�\�ïÄ§�kÙ¦éõ�±p�)ûùa

¯K��{"�©�Ð«AXì�E§k,��Öö�±UY�\ïÄ"F"

�©Uå�E<Ú���^"

7 a�

a�¥IO�ÅE¬JøÆSÚ�6�²�"

a�B,½1�¥Æ��ÜåP�!ÂðuP�!Aù�P�!i1�P

�õc5��·�'%Ú��"

a�I[8Ôè�ö{�(Ú�NÞ���"

a��u�Æ�|»å!Â÷u!ÛÙ�!Üð$!��Ó!_�p�Æ

��·��Ï"
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a�B,½1�¥Æ�?�³!öuí!>��!�mh!o��ÓÆé

·��ÏÚéu"

a�Ù¦�Ï½éuL·�P�ÚÓÆ"

a�I1é·�'%Ú|±"

ë�©z
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f!�55y3&EÆ¿m¥�A^

wÅ½	°¥Æ qÇ�

Á �

�55y3¢S)¹¥A^2�§�´�55y38c�OI.Ê9ÝØA§

¤±k'�K8�é�"�©{ü0BA�55y�¢y§¿FÞA�55y

3ØÓa.�OIK¥�A^"

Úó

z�55y3@Ï��{¿m¥���J9§��´±��K�/ªÑy"

du�55y�A^�~2�§CAc�OI'm¥Æ²ÑyANõI�¦^

£½�±¦^¤�55y)û£½¼�Ü©©¤�K8"

üX/�{¢yå5�~{ü§$1�Ç�ØB§3)û�Aï��E,

��ä6¯Kþ¿ØÑ�Ù¦�{"Ó��55y�^å'�ä6�2§éu

,AK8�,��¦^�55y)û´�Ø�§�´�±3ÑK<vk@ýE

êâ��¹eB3AC"

du�þ'uù�¡y²�ë�]E�~õ§¤±�©¥Ñ�A�Ü©�

y²§0B�{?�´{ü0BAXÛ¢y"

�©©�Ê�Ù!§1�Ù0BA�55y�½Â¶1�Ù0BA~^�

)û�55y��{))üX/{¶1n�ÊÙ©O0BA�55y3ØÓa

.�OIK¥�A^"
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1 �o´�55y

¢S)¹¥kéõ¯KÑ´ù��/ªµ§�I���z½ö��z��

8I¶§�Ï~¡�]D§�m�õ�¡���"bXrùA¯K�8I{z

¤���5�¼ê§r��L«¤�A�5��ª½öØ�ª§@oùA¯K

Ò�±�£ã¤�55y¯K"

1.1 ���55y

3���55y¯K¥§·�F"�`z��÷v�|�5Ø�ª�å�

�5¼ê"

½Â�5¼ê�÷v f (x1, x2, · · · , xn) =
∑n

i=1 aixi�¼ê f§Ù¥ai�¢ê§

xi�Cþ"

½Â�5�ª� f (x1, x2, · · · , xn) = b§Ù¥b�¢ê§ f��5¼ê"

½Â�5Ø�ª� f (x1, x2, · · · , xn) ≤ b½ f (x1, x2, · · · , xn) ≥ b§Ù¥b�¢ê§

f��5¼ê"

�©ò¦^�5�å½{¡�å5L«�5�ªÚ�5Ø�ª"

�ª/`§�55y´��I���z½��z��É��uk��ê�

�å��5¼ê�¯K"

1.2 IO.�tµ.

A)A�55y�½Â��§·�I�^�5��/ª5L«���55

y"

~^�kü«/ªµIO.�tµ."{ü5`§3IO.¥§�55y

�L«¤�åþ��5Ø�ª��5¼ê��z¶3tµ.¥§�55y�L

«¤�åþ��5�ª��5¼ê��z"

·���òIO.L«¤ù«/ªµ

��z
∑n

i=1 cixi§÷v�å

n∑

j=1

ai, jx j ≤ bi i = 1, 2, · · · ,m

xi ≥ 0 i = 1, 2, · · · , n
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��±^���;n�/ªL«µ

��zc
T
x§÷v�å

Ax ≤ b

xi ≥ 0

Ù¥A = (ai, j)´��m × n�ÝA§b = (bi)´��m��þ§c = (c j)Úx =

(x j)´n��þ"

k����¬�¤{max c
T
x|Ax ≤ b, xi ≥ 0}

tµ.���/ª´ù�µ

��zc
T
x§÷v�å

Ax = b

xi ≥ 0

éu?¿���55y¯K§Ñ�±òÙ¥����ª^ü�Ø�ª

�OD�YØC"Ó�§éu?¿��Ø�ª§ïá��9ÏCþyi§C

�
∑n

j=1 ai, jx j ± yi = bi§,�\\yi ≥ 0���=�=z��^�ª\�^�K5

�å�/ª"

éu?¿����z��55y¯K§�±\\��9ÏCþp =

����z��§,�C���z−p§Ò�±¢y��zÚ��z¯K�

p�=C"

@o?Û���55y¯KÑU��¤IO.½ötµ.�/ª§�Ò´

`tµ.ÚIO.�´ü«��5��L«�{DÆ"

�ALã�\´Ã§�©��55y¿Ø¬F¤�~5��/ª§I�¦

)��I�ò§=z�e=�"

1.3 XÛò���¯K=z��55y

1.3.1 �á´¯K

�Ä�á´¯K��{ü/ªµ�½��n�:m^>���k�ã§1i^

>luiÑuë�vi�Ý�li§¦s�t��á´"

�n�CþdiL«s�i��á´§@o�±FÑXe��55yµ
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��zdt§÷v�å

ds = 0

dvi
≤ dui

+ dli i = 1, 2, · · · ,m

1.3.2 ��6

��6¯Kµ�½��n�:�k�ã§i� j�m�6þ���li, j§�Bå

�§�6þ÷vXJli, j > 0Kl j,i = 0§¦s�t���6"

�n2�Cþ fi, jL«i� j�¢S6þ§@o�±FÑXe��55yµ

��z
∑

u fs,u§÷v�å

fu,v ≤ lu,v u, v = 1, 2, · · · , n

fu,v = − fv,u u, v = 1, 2, · · · , n
∑

i

fu,i = 0 u ∈ {1, 2, · · · , n} − {s, t}

1.3.3 õû¬6

�½��n�:�k�ã§i� j�m�6þ���li, j§�Bå�§�6þ÷

vXJli, j > 0Kl j,i = 0"

kp^û¬$Ñ´�§1i^´��lsi�ti$di�û¬§¦´Ä�3�«�

1)"

ù�¯K^�55y)û�~�B§�´vkØA�55y±	�p�)

{"

�pn2�Cþ fk,i, jL«û¬kli� j�¢S6þ§@o�±FÑXe��55

yµ

��z0£du�I�¦�1)¤±ØI�8I¼ê¤§÷v�å

fk,u,v ≤ lu,v u, v = 1, 2, · · · , n; k = 1, 2, · · · , p

Σk fk,u,v ≤ lu,v u, v = 1, 2, · · · , n

fk,u,v = − fk,v,u u, v = 1, 2, · · · , n; k = 1, 2, · · · , p

Σi fk,u,i = 0 u ∈ {1, 2, · · · , n} − {sk, tk}; k = 1, 2, · · · , p

Σi fk,si,v = di k = 1, 2, · · · , p

u�T�55y´Äk)=�"
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2 üX/�{

�Ù¥¦^n�LCþ�ê§m�L�å�ê"

2.1 üX/�{{0

üX/�{´¦)�55y��;�{"3���¹e§§��mE,Ý

��ê?",D�rüX/k��ê?OI��ê?�����§D�{¿m

¥�9�¯K��Ñk��äN��.§¿�����õ´�½��S��ê§

3÷vXdõ�^�eÒØ�UrüX/k��ê?A"

du�55y�Ê9Ý¿Øp§Dk�55y'¢y�55y(J�õ§

Ø�Uz�K�ÑK<Ñ°ÏküX/�E|"D�Å�¹eüX/�Ï"N

^pivotL§�gê´O(�å�ê)g§�Ò´`¢�¥U31sS�Ñ���Az

�êâ§vA÷v�Ü©I¦A"D3êâ÷v�õ����¹e$�UA�

^$u�å�êg�pivotö�Ò�±¼�)"

üX/�{�É��IO.�55y{max c
T
x|Ax ≤ b, xi ≥ 0}��Ñ\§�

£“Ã)”£Infeasible¤§“Ã.”£Unbounded¤½�����`���Y"

�±òz�«Cþ���éA��n��m¥�:§@oz��Ø�ªéA

��n-1��²¡§Ü{)�8ÜÒéA��n��àõ�N"

üX/�{ÄkÀ���Ð©Ä��1)£�±n)�é���3àõ�

Nþ�:¤§XJéØ�K�£Ã)"�XØÊ/éù�)?1=¶£Pivot¤ö

�£�±n)�r�T:¤3�üX/þ�,��º:¤§zgö��y�YO

\§�ÃØr=�^>�ÂÃÑ´K���Òé�A�`)"

�±y²ù��{�½¬Ê�£àõ�Nþ�:´k��¤§¿�ù��{

�£���½�(£bXÃ{UY£ÄA@o�c:�½´�`)¤"
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@o�Ò´`§üX/�{�±©�±eA�Ú½µ

• òÑ\��55y=�tµ.

• �1Ð©zL§é���Ð©)§éØ��£Ã)

• �1�`zL§é��`)½ö�£Ã.

�e5ò�[0Bz�Ú½"

2.2 òÑ\��55y=�tµ.

#ïm�Cþxn+1, xn+2, · · · , xn+m§¿¦xn+i = bi −
∑n

j=1 ai, jx j§xn+i ≥ 0"@o

ù��55yÒ��¤AXe�/ªµ

��z
∑n

i=1 cixi§÷v�å

xn+i = bi −

n∑

j=1

ai, jx j i = n + 1, n + 2, · · · , n + m

xi ≥ 0 i = 1, 2, · · · , n + m

Ù¥x1, x2, · · · , xn¡��ÄCþ§xn+1, xn+2, · · · , xn+m¡�ÄCþ"

3ù«tµ.L«e§ò¤k��ÄCþ��0§¤kÄCþ��bi§��

�ù|)Ò´Ttµ.�L�)"üX/�{�1�L§¥¬ØÊ/À�ØÓ

�ÄCþ8Ü5ò�55yL«�ØÓ/ª�tµ.§�ª¦¤k�ciÑC�

KêÒé�A�`)"

@o�±uybX�m©¤k�biÑ´�K�@o{0, 0, · · · , 0}´�|Ü{

)§Ð©�tµ.L«´Ü{�§¤±�±aLÐ©zù�Ú"ÄKÒI�k

�1Ð©zL§5����Ä��1)âU�1�`zL§"

2.3 =¶ö�

=¶ö���^´ò��ÄCþ����ÄCþ?1p�"3Ð©zÚ�

`zL§¥ÑI�¦^§"

�Bå�ùpb�zgö���yx1, x2, · · · , xn��ÄCþ"

=¶ö��Éü�êl,e��Ñ\§,���xn+lÚxe� �§=xn+lC��

ÄCþ§xeC�ÄCþ"
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�m©k�ªxn+l = bl −
∑

j ai, jx j

£��ai,exe = bl −
∑

j,e ai, jx j − xn+l

ü>ÓØai,e�xe =
bl−
∑

j,e ai, j x j−xn+l

ai,e

^ù^�ª�O��ª§,�òù^�ª�g�\Ù¦�ªÚ�`z�(

J���'u{x1, x2, · · · , xn} − {xe} + {xn+l}��ª"

����xn+lÚxe�eI=�"

5¿bX��I�ÑÑ�Y@o�Pe�c�z�Cþ©OéA�5�=

�Cþ"

2.4 �`zL§

b�·�Æ²¼�Aù��55y���Ä��1)§@o�1�`zL

§=�¼�(Jµ

• ÀJ��÷vce ≥ 0��ÄCþxe

• é�@�÷val,e > 0�bl/al,e���ÄCþxn+l

• �1pivot(l, e)§,�£�1�Ú

=zgÀ���O��U¦�cG�C`£�YØ�½O\¤�Cþ§ò

§O\�k��ÄCþC¤0��§,�p�§�� �"

ùp�±\þ���%`zµqÞ¤kÎÜ^��(l, e)§À�¦�YO�

�õ�@�?1pivotö�"dupivot�E,Ý�O(mn)§¤±ù�¿Ø¬K�o

E,Ý§�´�±¦pivotgêü$Nõ"

ùpbX��?¿À�k�U¬ÑykÌ�§�±ÏLzgÀ�Ü{�e¥

IÒ���§Ó�À�Ü{�l¥IÒ���Ò�±;�kÌ�"

TL§3±eü«�¹e¬ª�µ

• éØ���Ü{�e§�±y²d�Æ²é�A�`)"

• éØ���Ü{�l§d���`)´Ã¡�§�£“Ã.”"
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2.5 Ð©zL§

�Aé���Ð©�1)§I�#ï��9Ï�55yµ

��z−x0§÷v�å

n∑

j=1

ai, jx j ≤ bi + x0 i = 1, 2, · · · ,m

xi ≥ 0 i = 0, 2, · · · , n

N´wÑ��=�T�55y�`)�0���55yk)"

òù�9Ï�55y=¤tµ.§,�é���bl���l§�1pivot(l, 0)§

Ò¼�AT9Ï�55y�Ð©)§�1�`zL§Ò�±)Ñ9Ï�55y

��`)"

�1�Ð©zL§����Kx0¿�X�1�`zL§=�"

�è¢y����±Ø^ý�\\��#�Cþ§��3��55yþ?

1=¶ö�=�"

2.6 ~K

~K1. Happiness1

�ï���m°@ê�m�<¯"@êdn« ¬|¤"Æ�z« ¬�ü

 d�§z�<z���ü �,« ¬¼��÷vÝ§z�<÷vÝ�þ�"

¦3Ø�L?Û<�÷vÝþ��^�e§�õUsõ�a"

ùKáu�55y���Kµòz« ¬�¤��Cþz�<�¤�^Ø

�ª=�"

Ó�{0, 0, · · · , 0}´��÷v^��Ð©)§¤±�K$�ëÐ©zL§Ñ

ØI�"

~K2. FLYDIST2

�½��n�:m^>��ê>�Ã�ã§\I�¦z^>�>�C¤§ë

��ùü�:�m��á´�Ý§D�z^>�>�UC��7L´�K§�

>��5�Oi§UC���Ni§�d�
∑
|Oi − Ni|§¦��z�d"

n ≤ 10,Oi ≤ 20

15DµUva 10498
25DµCodechef FEB12
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Äkòzé:�m��á´�¤Cþ§��di, j§¿éz^>�ü�C

þIk,Dk§L«�ª>��Ok + Ik − Dk"@o���z�Ò´
∑

Ik + Dk"

éuz^>k§�ë��:�xk, yk§@oéuz� jÑkdxk , j ≤ Ok + Ik − Dk +

dyk , j§Ón���kéA���Ø�ª"Ó��A�yz^>>��KI�\

þOk + Ik − Dk ≥ 0§¦^üX/)Ñù��55y=�"

3 �55y3�ä6¯K¥�A^

3.1 �N�ÝA

�N�ÝA£totally unimodular matrix¤´�?Û��1êÚFê���÷

�fÝA1Fª��Ñ´1½-1�ÝA£�§gC�1FêØI���¤"

�k,	���½�N�ÝA�~^�{£¿©^�¤µÓ�÷v±eo�

^��ÝAA´�N�ÝA

• A=d-1,0,1�¤

• A�zF�õ�¹ü��"ê

• A�1�±�©�ü�8ÜB,C

• bXk�F�¹Aü�ÓÒ�"ê@o§�¤3�1�©3ØÓ�8Ü§

bXk�F�¹Aü�ÉÒ�"ê@o§�¤3�1�©3Ó��8Ü"

�N�ÝAk���~��5�µbX���55y{max c
T
x|Ax ≤

b, xi ≥ 0}¥�A��N�ÝA§@o�±y²3�1üX/�L§¥�9��¤

k�å¥�Xê��Ñ´1,0,-1¥���"

�Ò´`§z�Cþ���¢êÚ���0½1)Ñ5����Y´���§

¤±���1�55yÒU���Ó��ê5y¯K��(�Y"

Ó�3ù«�¹eüX/�L§¥�I�¦^¦{§¿��±^óL`z

�Ø@A��0��?1~ê`zlD��J,�Ý"

kéõ�¯K�±=¤�N���55y¯Kµ'X?Û����6¯K§

?Û����¤^��6¯K§,A�~AÏ�dp¯K��"

k�A�ä6K�5Òvk'�w,�ïã§D´�ÏLkFÑ�55y

2²L=éó��XF=z��ò�55y¯K=z¤�ä6)û"�´Q,
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UA¦^�ä6)û@oïÑ�ÝA�½´�N��§ù���55yÒ´)

ûùa¯K��«Ï^�){§ØI�2é¯K�.?1�\�©Û"

3.2 �55yéó5

�55yéó5£linear-programming duality¤´�éu?Û���55

y{max c
T
x|Ax ≤ b, xi ≥ 0}§§��`)�{min b

T
x|AT

x ≤ c, xi ≥ 0}��`)�

Ó"

ò��6¯KÚ���¯K©O¦^�55yL«Ñ5±�§�Òp�é

ó¯K§¤±��6���½n�±¦^�55yéó5y²"

3�Ü©�K8¥§�¯KÚéó¯K¥Ï~¬k��U��é�Ð©)

ØI�Ð©zlDü$èþ"

3.3 ~K

~K3. ��öç53

�Ñ���Ý�n(n ≤ 1000)�SFÚb1 ∼ bn§km(m ≤ 10000)««m§

1i««mzÀ����±¦li�riù�«m��+1¿GÑai��d"¦���S

Fz� ����ÑØ�ubi����d"

ÄkFÑ�55yªfµ

��z
∑m

i=1 aixi§÷v�å

∑

l j≤i≤r j

x j ≥ bi i = 1, 2, · · · , n

xi ≥ 0 i = 1, 2, · · · ,m

�±uyz�Cþ3�å¥Ñy� �´ëY�"é�å?1B©��z

�Cþ=Ñy3ü��å¥"

éz��åï��:§òù^�åÀ�ù�:�6þ²ï§@oz�Cþ

Ò�L�^>§z^�å�~êÒ�LDÚÆ�Ö6"ïÑã����¤^�

�6=�"ù´�K�(�¤^6){"

35DµNOI 2008
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�´ù�ïã¿vk@ow,§bX\¿vkwÑATNoïã§D´�

�¦^üX/)û§@o�I�òù��55y=éó§C¤

��z
∑n

i=1 bixi§÷v�å

∑

li≤ j≤ri

x j ≤ ai i = 1, 2, · · · ,m

xi ≥ 0 i = 1, 2, · · · , n

ÒFÑA��n�Cþm^�å��55y§D�{0, 0, · · · , 0}Ò´§���

Ð©)§ØI��Ð©zL§"\þ¦{`zÚóL`z��$1�Ý��~

¯"

¢y�Çþ´zkw¤^6¯uüX/¯u�å�á´¤^6§ùn«�{

ÑUÏL�K�¤kêâ£�á´¤^6��B�U¬TLE¤"

~K4. �ÅÔ�4

k���Ý�n(n ≤ 1000)�SF§1i�:þ��z\���d´ai"�

½m(m ≤ 10000)�«mli�riÚ�¦�bi§¦���SFz�li �ri�«mS��

�ÚÑØ�ubi����d"

��z
∑n

i=1 aixi§÷v�å

∑

li≤ j≤ri

x j ≥ bi i = 1, 2, · · · ,m

xi ≥ 0 i = 1, 2, · · · , n

du{0, 0, · · · , 0}¿Ø´§�Ð©)§��¦^�55y)û�Ç�$�è

E,Ý�p"

òù��55y=éó��C¤

��z
∑m

i=1 bixi§÷v�å

∑

l j≤i≤r j

x j ≤ ai i = 1, 2, · · · , n

xi ≥ 0 i = 1, 2, · · · ,m

ÚþK����¦^�êüX/)û=�"

45DµZJOI 2013 Day1
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3.4 o(

Cc5�ä6K��«{ü�.Æ²��[ÝºA§¤±Ñ�K8��Ñ

´�ï�"D�du�ä6¯K�AÏ5§vkE,Ý'��C��å�{§

qÏ��ä6�{�$1�Ý�5Ò'nØe.¯éõ§K8¥�>êÚ:ê

Ñ'��§ÑK<�ØU�ygC�§S�½U3m, n�½�¤kãþ�?�

�§¤±�ä6K��m����'�°t§êâ���Ø¬�¿�é,«�

{§�Ø¬�¿�k~ê"

éuþ¡ü�K�1000 × 10000��Åêâ§üX/�Ï"pivot�1gêØ

�100g"3�ÇÚ�èE,ÝþÑ`uÊ9��2���á´�ä6�{§{

¥Øv�´�mE,Ý�O(mn)§bXK8��m��'�;ÒÃ{ÏLA"

ØLduüX/�±��g�ïã��m§3�Á�mk���¹eäk

�~��`³"

4 �55y3AÏ�ê5y¯K¥�A^

�ê5y´����)¥�CþÑ7L´�ê��55y"0-15y´�ê

5y�AÏ/ª§=�¦z�CþÑáu{0, 1}���`)"

du)¹¥�õê�¯KL«¤�55y���¦�´�ê)§¤±�ê

5y�A^�\2�"

�´�ê5y8c�vkÏ^�õ�ª){£'X°(CX¯KÒ�±5

��0-15y¤§¤±OI¿m¥U¦^�55y��)û���Ñ´U=z¤�

N�ÝA�¯K"ØLéu@AØU=z¤�N�ÝA�¯K§bXØ°%�

EêâD´¦^�Åêâ�{§�55y�U¼�ép��(Ç"

~K5. ���Wifi�ïOy5

²¡þk���Ã�§°�R���/§SÜkn(n ≤ 100)�:"

km(m ≤ 100)�B%3��/	Ü�B§�»þ�R§1i�B���ai"

¦Bé:����CX"

éu40%�êâ§¤kB�B%Ñ3��/þ�"

bX?¿(½z�BCX�:�{ùÒ´��°(CX¯K"�,§

´NPC�§�´�±|^�55y)Ñ§�¢ê)µ

55DµZJOI 2015 Day2
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��z
∑m

i=1 aixi§÷v�å

∑

jUCXi

x j ≥ 1 i = 1, 2, · · · , n

xi ≥ 0 i = 1, 2, · · · ,m

XJù��55y�ÝA´�N��{@o�±y²U¢ê)Ñ5��`

)Ú�¯K��`)�Ó"

éuc40©§�±y²ù��{´�(�§y²�{�±�ì40©�dp�

{§=�½�3�«�{ò:üS§¦�z�BCX�Ñ´��«mS�:"

,�¯KÒC¤A«mCX¯K§N´wÑÝA´�N��"

ØL�J�´�K�ÝA¿Ø´�N��§¤±¬Ñy�Ø"ØLØ²L

�E�êâ�kKüX/'�(J§'m¥��¢y�êüX/U¼�70©"

~K6. ©Æ6

�½²¡þn�:Úm��²¡§Ù¥1i��²¡����ai§¦�²¡é

:����CX"

éu40%�êâ§ai = 1"

�K�±�þK����=z�°(CX�.,�FÑ�55y"

ØLÚþK��§ù�ÝA¿Ø´�N��§��n = 3,m = 3�êâÒ�

±�thackKµn��²¡©OCX{1, 2}, {1, 3}, {2, 3}§��Ñ´2§)Ñ5��

YÒ´3§D�)´4"

���ÑK<¿vk¿£�üX/ù«�{§vkE�é5�êâ§¤±

3�Ð���êâ¥üX/ÏLA¤k�Á:¼�A100©§ÑK<3'm¥

å#EêâârüX/k�A80©"��üX/�´�«�~k��¢©Ã

ã"

Ó�ÑK<�ANõai = 1�Ü©©§3ù«^�e��ÑÑ¢ê)o�Ê

\�(JÒØU�´/��ÅêâhackKA§ÑK<�ú�kùÜ©ó�þ�

�Òvkk"

~K7. Red and Black Tree7

65Dµ�u8Ô2014
75DµCodeforces 375E
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�½��n(n ≤ 500)�:�ä§1i�:����ai(ai ∈ {0, 1})§¿�TÐ

km�:���0§�e�:���1"

y3I�ÀÑ���¹m�:�:8§¦�éuäþ?¿��:Ñ�3�

�:8¥�:�ù�:�ålØ�Lk§3dÄ:þ�¦ÀÑ�m�:��Ú�

�"

���âK¿FÑ�55yµ

��z
∑n

i=1 aixi§÷v�å

∑

i

xi = m

∑

dis(i, j)≤k

x j ≥ 1 i = 1, 2, · · · , n

xi ≥ 0 i = 1, 2, · · · , n

Äk?¿(½��:���§,�?���lù���F��f!:§�

±uyUCXù��f!:�:¥CX��´üü�¹�"|^ù�5��±

éN´/y²ù��55y�Ñ�)Ú�ê5y�)´�Ó�"

ØL�Y�Ó¿Ø´Ï�ù��55y�ÝA´�N��§�´3ù�K

8^�eT�55y��`)�½Ú�ê�55y�Ó§bX?U�eK8�

¦ÑÑ�«�YÒØU¦^�55y)ûA"

�Ò´`ù��55y��å¤�L�õ�N¿Ø´z�º:Ñ´�:§

D�´��k���:��YÚ¢ê��e��`)�Ó"

ù�K�k�«O(n3)�ä/dp�{§ØL¢S�Ç'üX/�{úéõ"

5 �55y3Æ�¯K¥�A^

þ¡0B�ùAK8ÑkÙ¦'�`D��{§D�55y�E,ÝÃ{

�(FO§�m�Ñ��§��A§3)ûùa¯KþÑ|Ç¿Øp"ØL�

55y´)û�e5�J��ùa¯K���kåóä"

5.1 B�þï

3���<½õ<ë��Æ�iZ¥§XJ3���¹evk<�±ÏL

�UC¦�gC�ûüD¼��p�ÂÃ§@où�üÑ|Ü�¡�B�þ
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ï"

bX3��üÑ|Ü¥§z�<�üÑÑ´�½�§@où�B�þï�

¡�XüÑB�þï§bXz�<�üÑÑ´d¤küÑ±�½VÇ|Üå5

�üÑ§@où�B�þï�¡�·ÜüÑB�þï"

�±y²§éu?¿��ûüêk��"ÚiZ£¤k<�ÂÃÚ�0¤Ñ

���3��·ÜüÑB�þï"

éu���<"ÚiZ§éN´ò¯K=z��55y¯KlD|^üX

/{)ÑB�þï"

5.2 ~K

~K8. Ö%8

kn(n ≤ 50)�À�§AÚB�©Ol¥ÀJ�«"�½¤kn2«�¹eA�Â

ÃÝAv£B�ÂÃ�−vi, j¤§�yvi, j ∈ {−1, 0, 1}§�yvi, j = −v j,i"

y3AI��Ñ�«À�z�üÑ�VÇL§¦�ØØBÀJ=�üÑ§

A�Ï"ÂÃÑØ�u0"

du�yAÝAé¡§¤±AÚB�B�þï´���§�Ò´`�½�3

�«÷vK¿��Y"

òz�ûü�VÇ�¤Cþ§@oN´wÑ�åÒ´é�z�ûüÂÃØ

�L0§±9¤kûü�VÇ�Ú�u1"

��?U�eÒ�±FÑ�55yµ��z
∑n

i=1 xi§÷v�å

n∑

i=1

xi ≤ 1

∑

j

vi, jxi ≥ 0 i = 1, 2, · · · , n

xi ≥ 0 i = 1, 2, · · · , n

du�KÝA�AÏ5§�55y�$1�Ý�©¯§�Ln�500�m�

êâv�o¯K"ØL��ù�K�(�){´N�{§¤±êâ���~

�"

85DµBJOI 2011 Day2
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~K9. TheKFactor9

k���Ý�n(n ≤ 50)�ê|§\3ê|���à��mr"z��fS

k���êvi�L�ªÊ3ù��fþ�ÂÃ"

XÚ¬31�n¥�,���f�¡����p§�Ò´`�3��i¦�\

Ã{r�im>��f§�\Áãr�@A�f����ª¬Ê33iÒ�fþ"

�p�ª3i�VÇ�ai§a÷véu?¿�� jÑk
∑ j

i=1
ai ≤

j

n
§¿�

k
∑

ai = 1"

y3\I�(½��ê|bi�L\�ªÀJÊ3z��fþ�VÇ£w,

7L÷v
∑

bi = 1¤§�¦��z£3a?¿(½��¹e¤\����©"

���âz«�U�aê|FØ�ªw,´Øy¢�§@o��Ä�eXÛ

=z¯K"

ùK´'�w,����<"ÚÆ��."��=z�e,�$^þ¡�

(ØÒ�±y²�½�3��B�þï"�Ò´`�âz«�U�bê|FÑØ

�ª)���YÚ�âaê|)´���"

dubê|´vkcMÚ���§�Ò´`�I��yz�bi©O�u1�

ùn«�¹��Y÷v^�@o?Û��bê|Ñ÷v^�"

Ø�ªÒéÐFAµ�ans�\���Ï"�©§@o

��zans§÷v�å

∑
ai = 1

j∑

i=1

aivi +

n∑

i= j+1

aiv j ≤ ans j = 1, 2, · · · , n

j∑

i=1

ai ≤
j

n
j = 1, 2, · · · , n

ai ≥ 0 i = 1, 2, · · · , n

)ù��55y=�"

~K10. �`ûü210

AÚB©O¼���1 ∼ n��yØÓ��Å�ê§,�A31 ∼ m¥ÀÑ��

ê�Ñ§B3“2”Ú“A�Ñ�ê”ùü�À�¥ÀJ��ê�Ñ"

95DµTopcoder SRM 682 Div1 Hard
105Dµ20168Ôèp�
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bX�Ñ�ü�ê�Ó£�Ñ�x¤§@o�Å�ê����¼�x�ÂÃ§

,��¼�−x�ÂÃ"

bX�Ñ�ü�êØÓ£��xÚy§x < y¤§@oÀy���¼�x�ÂÃ§

,��¼�−x�ÂÃ"

y3\I��A(½��üÑL£=<�,�êi�kõ��VÇÀ,�À

�¤§��z���¹eA�Ï"ÂÃ"

�n × m�Cþxi, j§L«<�i�kõ��VÇÀ j§2�m�CþciL«B3

w�A�üÑ´i��oÂÃ"

@o¯K´XÛO�ci"5¿�BØØw��´=��êiÑ�½¬À�

��k§,�<��uk�êiÀJ�ï§ÄKÀJ?ô"@ociÒ´BÀJ�¤

kn + 1«�Y¥ÂÃ����"

�si, j,k,p�A<�êiiÀJÀ� j§B<�êik¿�BÀJ?ô(p = 1)/�

ï(p = 0)�ÂÃ£�i = k�si, j,k,p = 0¤§@o�±FÑ�55yµ

��z
∑

i ci§÷v�å

∑

i

xi, j(

p−1∑

k=1

si, j,k,0 +

n∑

k=p

si, j,k,1) ≥ c j j = 1, 2, · · · ,m; p = 1, 2, · · · , n + 1

∑

j

xi, j = 1 i = 1, 2, · · · , n

xi, j ≥ 0 i = 1, 2, · · · , n; j = 1, 2, · · · ,m

kAù��55y��ÒU)Ñn,m�A���¹§ù�Ò¼�A��é�

���L§U'�N´/ßÑ���(ØlDAC�K"

a�

a�CCFJøÆSÚ�6�²�

a�I[8Ôè�ö�NÞ§{�(�"�GÑ

a�I1é·�'%Úì�

a�Æ�¥Æ±fcÓÆ3Ø©��L§¥é·�éu

a�är¥Æf�ÓÆ��v

a�¤ké·kL�ÏÚéu�ÓÆ
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ë�©z

[1] 4[Z,5�{¿m\�²;Ôö�H6,�u�ÆÑ��"

[2] o�°,5f!&EÆ¿m¥��55y)){'p��üX/{¢y�A

^6, IOI2007I[8ÔèØ©

[3] Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest Clifford Stein5Introduction

to Algorithms6

[4] �N�ÝA�=©�Äz�https://en.wikipedia.org/wiki/Unimodular_

matrix

[5] B�þï�=©�Äz�https://en.wikipedia.org/wiki/Nash_

equilibrium

[6] üX/�{�=©�Äz�https://en.wikipedia.org/wiki/Simplex_

algorithm
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

«m��ö��{¤��¯K

É²Æ�¥Æ 3X�

Á �

�©Ì�0BAk'«m��ö��{¤��¯K3�{¿m¥��XF

=z�?n�{"�,8c§k'«m��ö�!{¤��Î¯�¯K3�{

¿m¥�Ñygê�'��§�´§�ÑyªÇ�3ÅìO\§qÏ�ÀÃé

ù�a�¡�9��§¤±3¿m¥§�kX�p�JÝ"�©é8cÆ²Ñ

yL�aq¯K?1A8a©Û§¿0BA�Aòù�a¯K=z��ADÚ

¯K�Ï^�{§~Xò«m��ö�=z�«m\~ö�§òk'«m{¤

���Ú�Î¯=z�ÊÏ�«mÚÎ¯"F"�©�±òù�ak��¯K

�\ÀÃ��À�¥§å�E<Ú���^"

1 có

êâ(�a�¯K3�{¿m¿m¥��Ñ´�aÑyªÇ4p9:¯K"

�´Ï�CAc5§�XÀÃ�éêâ(�¯K�ïÄØä�\§3�ÑK<

�·K�m��5�d�"Ïd§3y3IS�¿m¥§�Ü©êâ(�¯K

ØA3ØÊ��C�KP)~!	§�k�«ª³´ò�A²;�SF¯K�

�ä(�½öl<Ý(�þ§r1O\ÀÃ��èþ"·@�ù«1�´�~

Ã��§§»�Aéõêâ(�¯K{'`{�5�§4K8C�¢,Ã�"

,DÒ3�C§«m��ö�£äN�«m�maxö��«m�minö�¤

�{¤��¯K£äN�{¤���!{¤����{¤��Ú¤Åì?\A

�[�À�"¢Sþ@3IOI2014�ÒÑyLAk'«m��ö��¯K1§D

{¤��¯K�Ö/�´UJ��Êc�c2§,D3@�¿vkÚåõ�ÀÃ

1http://uoj.ac/problem/25
2http://www.tyvj.cn/p/1518
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

�,��¿vkõ�<?1A�\�ïÄ"���cgU�õ�éÜÔö§â

ÑyA1��JÝ�p�k'«m��ö��¯K3§��ù�a¯KBììõ

Aå5§3�u8Ô4�Universal Online Judge(UOJ)5�'m¥ÑkÑy"

Ï�ù�a¯K��#L§¤±ÀÃ3Ðg��ùa¯K�Ï~J±)û"

Ïd�©�éù�a¯K§0BA�«é«m��ö��Ï^=z�{§¿é

~��Aa{¤��¯K?1A�é5�©Û§F"Ué�[k¤�Ï"

3�©�1�!¥§£�Ak'�ãäù�óä�½Â�5�"D31n

!Ú1o!¥§�©©O�é«m��ö��{¤��¯K?1A?Ø"

2 �ãä

2.1 {0

�ãä´�«3�{¿m¥�~~��êâ(�"�ãä�z��!:Ñ

�LA��«m§AO/§�!:�Lo«m§�f!:�L,�A½ �"

�ãäþØA�f!:±	�z��!:Ñkü�Efµ�EfÚmEf"

XJù�!:�L�«m´[l, r]§@o§��Ef�L�«m´[l, ⌊ l+r

2
⌋]§mE

f�L�«m´[⌊ l+r

2
⌋+ 1, r]"Þ~5`§«m[1, 8]�E��ãäXeã¤«µ

3http://acm.hdu.edu.cn/showproblem.php?pid=5306
4http://uoj.ac/problem/164
5http://uoj.ac/problem/169
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ÏL|^ù�(���A5�§·�U3�ãäþ¯��?1�Aö�"

2.2 ö�

2.2.1 ü:ö�

Ï��ãä�©£(�§¯f!:�«m�Ý´I!:���§¤±�ã

ä�äp´O(log n)�"

Ïdéuü:ö�§·��±��3�ãäþ½ ù� �¤�L��f

!:§,��#§Ú§�I��&E§�mE,Ý´ügO(log n)"

2.2.2 «mÎ¯

�A)û«mÎ¯§·�I�3�ãäþ½ ��«m[L,R]"

�Äùo���{§·�l�!:m©?1|¢§b�y3|¢��!:

�«m´[l, r]§@oÒkn«�¹µ

1.XJ«m[L,R]�¹A«m[l, r]§=L ≤ l ≤ r ≤ R§Òr§\\�Y"

2.XJ«m[L,R]�«m[l, r]Ø��§=L > r½öR < l§@oÒòÑ"

3.XJØ÷vþãü«�¹§@oÒ©O|¢ù�!:�ü�¯f"

Þ~5`§XJ·�3d«m[1, 8]ïá��ãä¥½ «m[4, 7]§@oL

§Xã¤«£ùÚ�>L«²L�>§ùÚiN�«mL«½ ���«m¤µ
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y3·�5y²ù��{��mE,Ý´O(log n)�µ

Ï�cü«�¹´ª�^�§�k31n«�¹���¬UY48§qÏ

��ãä�z��!:�Ef�ê�k2§¤±cü«�¹�!:êØ¬�L1

n«�¹�ü�§Ïd·��I��Ä1n«�¹��E,Ý=�"

�Ä�ãä�z��£=z�|�Ý�Ó�!:¤§w,ù���¤k!:

¤�L�«m´pØ��§·�rùA«mUì�à:üS"

�ÄÎ¯«m[L,R]§w,3üS�§�Î¯«m���¤k«m�eI´

ëY��ã§3ù�ã¥�k��à�«m��mà�«mâk�U÷v^�

n"

Ï��ãä��Ý´O(log n)�§z���kO(1)�!:÷v^�n§¤±

ù��{��mE,Ý´O(log n)�"

3�ãäþ½ A«m[L,R]�§·��I�rùA!:�&EÜ¿å5§

Ò���YA"

2.2.3 «m?U

éu«m?U§·�g,Ø�U^ü:?U��{�å?Uz��«m§

ù�Ò�Ú\BIP�VgA"

±«m\~Þ~§·�é�ãä¥�z��!:i§ÑP¹��BIPAi§

L«�!:i¤�L�«m¥�¤kêÑ\þAAi"

y3k��ö�§I��[L,R]\þx"·�k3�ãä¥½ ù�«m§

,��ù�«m�þBIPx§äN5ùÒ´rAi\þx¿�#ù�!:�«m

Ú£\þ«m��¦þx¤§,��#§�¤kI!:�&E"

ØJuy§éu�ãä¥�?¿��!:§�k�§�¤kyk!:�I

PÑ´0���§§¤P¹�&Eâ´�(�"ÏdÃØ´?Uö��´Î¯

ö�§�¯�z��!:���§ÑATòù�!:�IPeD�§�¯f

¥"�1i�!:?1IPeD��u�§��Ef�mEf�þBIPAi§¿

rAi�""

�mE,Ý�«mÎ¯�Ó§´ügO(log n)�"

BIP�^?�~�§��IP�±Ü¿!3�þIP����±¯��

#�ãä!:�&E§@oÒU¦^�ãä�o§~X«m\~Î¯«mÚ!

«mCXÎ¯«mÚ!«mCXÎ¯«mgcd��"�´Ó�§��3Û�5§
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~X«mé��ê�maxÎ¯«mÚ§¦^Ä��BIP�{Ò´Ã{?n

�"

3 «m��ö�

é��SFA§«m��ö�äN�§�Ñn�êl, r, x§é¤k�i ∈ [l, r]§

rAiC¤max(Ai, x)½ömin(Ai, x)"

�e5·�ÏLA�~K5éùa¯K�?n�{?1?Ø"

~K1. Gorgeous Sequence6

�Ñ���Ý�n�ê|A§�e5kmgö�§ö�kXen«µ

1.�Ñl, r, x§é¤k�i ∈ [l, r]§rAiC¤min(Ai, x)"

2.�Ñl, r§é¤k�i ∈ [l, r]§Î¯Ai����"

3.�Ñl, r§Î¯
∑

r

i=l
Ai"

êâ��µn,m ≤ 106

ÒX1�!¥¤`²�§Ï�3���!:�þ«m�minIP���·�

Ã{¯��#«mÚ§¤±ù��¯K´Ã{ÏLDÚ�BIP5)û�"

�Äe¡ù�«){µé�ãä¥�z��!:ØA�o«mÚnum±	§

���	�o«m¥����ma!î�g��se±9����êt"

y3b�·��4«m[L,R]éx�min§·�k3�ãä¥½ ù�«m§

é½ �z��!:§·�m©�å|¢"|¢�z��!:��·�©n«

�¹?Øµ

1.�ma ≤ x�§w,ù�g?UØ¬éù�!:�)K�§��òÑ"

2.�se < x < ma�§w,ù�g?U�¬K��¤k���§¤±·�

rnum\þt · (x−ma)§rma�#�x§�X�þIP,�òÑ"

3.�se ≥ x�§·�Ã{���#ù��!:�&E§Ïd3ù�§·�é

�c!:��Ef�mEf?148|¢"

Xeã¤«§�ã´��ïá3«m[1, 4]þ��ãä§z��!:P¹�

&E��ý´«m���§mý´î�g��"y3·��4«m[1, 4]é2�min"

6AuthorµM×Ð§K8�±3ùpé�µhttp://acm.hdu.edu.cn/showproblem.

php?pid=5306
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Ý4~�5�§3fä¥£ÂK��u§�IP§=IP£Â"y3·��y

²�´IP£Â�E,Ý"

Äk·�½ÂIPa�Vgµ

1.Ó�g«m�minIP�)�IPáuÓ�a"

2.Ó��IPeD�)�#IPáuÓ�a"

3.Ø÷vcü�^��?¿ü�IPáuØÓa"

�X½Âz��IPa����uù�aIP\þ�ãä��!:3�ã

äþ/¤�Jä��£=¤kfä¥�3ù�aIP�:��ê¤§½Â³¼

êΦ(x)��ãä¥�¤kIPa���oÚ"

�Ä�g«m�maxö�§·�V\A��#�IPa§§����u·

��IP�²L�:ê§ùw,üg´O(log n)"

�Ä�gIPeD§w,·��4ù�aIP���O\AO(1)"

�ÄDFS�L§§·���m©?1�åDFS§@o`²ù�:�fä¥

�½�3I�£Â�IP§D3£Â��ù�:�fä¥�½Ø�3ù�aI

P§¤±·�²Lz��!:§�½���3�aIP���~�A1§@o7

½��X³¼ê~�A1"

Ï�IPeD�u)u·�3�ãäþ½ «m���§¤±IPeD�

ogê´O(m log n)�§D�IP�é³¼ê�)�o�z�´O(m log n)�§

¤±³¼êo�Czþ�kO(m log n)"

�d§·�Òy²Aù��{�E,Ý´O(m log n)�"

~K2. Picks loves segment tree7

�Ñ���Ý�n�êFA"�e5?1Amgö�§ö�kn«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤min(Ai, x)"

2. éu¤k�i ∈ [l, r]§òAi\þx£x�U�Kê¤"

3. éu¤k�i ∈ [l, r]§Î¯Ai�Ú"

êâ��n,m ≤ 3× 105"

Ï�\þA«m\~§«m���!î�g��Ú����ê�´�±�

o�§¤±·��Ä÷^fâ��{"

�X·�5y²E,Ý"Ï�kA«m\~ù��ö�§~K��y²Ò

J±÷^A§�´���g��±/�"

7K85Dµ�M
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·��±?U�eIPa�½Âµ

1.Ó�g«m�minIP�)�IPáuÓ�a"

2.Ó��IPeD�)�#IPÑáu�5��a"

3.éu�g«m\~ö�§éu�c�ãä¥�?¿�a§XJ§�?U

«m���¹½öÚ?U«m���l§@où�aÒØC¶ÄK·�Ò4ù

�a©�¤üaµ�a´�?U�Ü©§�a´�e�Ü©"

#½Âz�aIP���µ�uù�aIP3�ãäþ¤k!:/¤�

Jä��£3ùEØ�¹�!:¤"½Â9Ï¼êΦ(x)�u¤kIPa���

Ú"

ù��g«m\~ö�é9Ï¼ê¼ê�K��kügO(log n)�IPeD

£©�IP���³U¼ê�¬~�¤¶�gIPeD�¬49Ï¼êO\O(1)¶

�g�IP�¬49Ï¼êO\O(log n)"

�ÄDFS�L§§·�kÏL�ãä½ AeZ�!:§,�lùA!:

m©DFS"·�éz��m©!:�Äz�a¬�£Â�IPµXJù�aI

P�k�Ü©3ù�fä¥§@o·�z²L��!:Ñ¬4ù�«IP��

�~�¶DXJù�aIP�ÜÑ3fä¥§·�£Â�L§��uksAe

Z��d½ Aù�aIP�LCA§,�23IP�Jäþ?1£Â"

¤±·��±rE,Ý©¤üÜ©§1�Ü©´~�9Ï¼ê�s¤��

mE,Ý§ù´O(m log n)�¶1�Ü©�E,Ý´½ ,�aIP�LCA��

)�E,Ý§z�aIPÑ�Uéù�Ü©�E,Ý�)O(log n)��z§Ï�

IP�oê�kO(m log n)§¤±IP�aê�´O(m log n)�§Ïdù�Ü©

�E,Ý���þ.´O(m log2 n)�"

�d·�Òy²Aù���{)ûù�¯K��E,Ý´O(m log2 n)�

£�,§XJ¦^IP�ÝÚ��³¼ê�±��B���ù�þ.§ùEÌ�

´÷^~K��y²¤"

¢Sþù�þ.´'�t�§é8c·�E�êâ5`§ù��{�$1

�ÇÑ��C�O(m log n)"Ïd·ß�3ùK�y²¥IP�oaê´�5

�§=ù���{��mE,Ý´O(m log n)�§,D�8c���vkÐ�

�{UAy²§�Ã{�EÑk�O(m log2 n)�êâ"¤±3�e5�?Ø¥§

·�Ò¦^O(m log2 n)5L«ù��{�E,Ý"
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

3.1 �(

ÏLþãü�~K§·���A�«3«m��ö�¥�o«mÚ��{

£«m�maxö��«m�minö�aq¤"

*	~K��E,Ýy²§·�uy3y²���¿vk¦^�«m\~

ö��äN5�"Ïd·�ò«m\~ö��O�¤Ù¦�?Uö�§ù�y

²�´¤á�"

~K3. AcrossTheSky loves segment tree8

�Ñ���Ý�n�êFA"�e5?1Amgö�§ö�kn«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤min(Ai, x)"

2. éu¤k�i ∈ [l, r]§òAiC¤max(Ai, x)"

3. éu¤k�i ∈ [l, r]§Î¯Ai�Ú"

êâ��n,m ≤ 3× 105"

3·�üÕ)û«m�minö��«m�maxö����§·�I��o«

m���!«mî�g��!«m����ê!«m���!«mî�g��

±9«m����ê§y3ùü�ö�Ó�Ñy§�´ùA&E�´�±�o

�"

©ÛE,Ý����±rü«IP©m5�Ä§w,z«IPé,�«

IP�K��kIPeD£34à�¹����k�U��£ÂK,��f

äp�Ü©IP§�´Ï�ù�£Â��mE,Ý´O(1)�§¤±Ø¬�)K

�¤§Ïd~K�¥�y²�,�´¤á�§u´ù��{��mE,ÝA�

´O(m log2 n)"

3.2 ò«m��ö�=z�«m\~ö�

*	·�)û~K��¦^��{§·�uy3�þ«m�minIP�§¢

Sþù��«m¥�k���¬É�ù��IP�K�§DÙ¦êÑ´Ø¬C

�"Ó�3����?U��§�5´«m����¤kê�,�´«m��

�§�5Ø´«m����¤kê�,Ø´«m���"

¤±¢Sþ§ÏLþã�{§·�r«m��ö�§=z¤A�«��é

«m��£�¤�?1\~?U�ö�"

8K85Dµ�M
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

Ïd·��±r�ãä¥�z��!:¤�o�«mD¤üa§�a´ù

�«m¥����§�a´ù�«m¥�Ù¦ê"äNö��±^~K�Þ~§

3~K�¥§·�I�?n�ö�kµé���ãä!:S�¤k���\þ

½ö~���ê§é��«mS�¤kê\þ½ö~���ê"Ïd·��I

�é�ãä¥�z��!:¥���������©O�oIP�&E=�"

3IPeD���§I��âü�Ef¥�����¹?1?Ø§���

�IP�UeD�������@�¯f¥£����Ó���Ó�eD¤"

�d§·�Ò��A�«3|G��~ê���log n�E,Ý��¹e§

ò«m��ö�=z�«m\~ö���{"�e5·�ÏLn�ØÓ�¡�

~K5?�ÚA)ù��{µ

~K4. Mzl loves segment tree9

�Ñ���Ý�n�êFA§½Â��ê|B§�m©ê|B�¤kêÑ

´0"�e5?1Amgö�§ö�ko«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤min(Ai, x)"

2. éu¤k�i ∈ [l, r]§òAiC¤max(Ai, x)"

3. éu¤k�i ∈ [l, r]§òAi\þx"

4. éu¤k�i ∈ [l, r]§Î¯Bi�Ú"

3zgö���§éuz�� �i§XJAi��u)ACz§@oÒ

�Bi\þ�§ÄKBiØC"

êâ��n,m ≤ 3× 105"

XJ�k«m\~ö�§@o��x , 0§@ozg?U�«mS�¤kê

Ñ¬u)Cz§���Bi«m\þ�ÒÐA"

y3kA«m�minö�Ú«m�maxö�§·��±r�ãä¥�z��

!:¥�ê©¤n�Ü©µ���!���!QØ´����Ø´����ê§

�Xéz��aê©O�o§ù�ÒU�Ø«m�minö��«m�maxö�

A"

��5¿�´�ü���ö�Ó��3���§�������¤���

ê8�U¬u)U§3ù«�¹eI�AÏ?n;�3�Y¥EÚO,�

�Bi��"

9Authorµ��`§ùEÑkU?"
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

~K5. ChiTuShaoNian loves segment tree10

�Ñü��Ý�n�êFAÚB"�e5?1Amgö�§ö�kÊ«a

.µ

1. éu¤k�i ∈ [l, r]§òAiC¤min(Ai, x)"

2. éu¤k�i ∈ [l, r]§òBiC¤min(Ai, x)"

3. éu¤k�i ∈ [l, r]§òAi\þx"

4. éu¤k�i ∈ [l, r]§òBi\þx"

5. éu¤k�i ∈ [l, r]§Î¯Ai +Bi����"

êâ��µn,m ≤ 3× 105

3ù�¯K¥kü�ö��é�µê|A�ê|B"3�kü�ê|��

�§·�I�3z��!:¥r �©¤üaµ«m�����«m���"

���Ð�e�e§B�±��ùK��{A"·�3�ãäþ§rz�

�!:¥�ê�©¤oaµÓ�3A,B¥´«m���� �§3A¥´«m

���D3B¥Ø´� �§3B¥´«m���D3A¥Ø´� �§Ó�Ø

´A,B¥����� �",�éùoaê©OP¹�Y�IP=�"

�uE,Ý§·�uyü�ê|3ö�¥´��Õá�§ü@IP�m¿

Ø¬�)?ÛK�§Ïd�mE,Ý�´O(m log2 n)"

ØJuyù��{�Ð�õ�ê|�´�1�µ�·�éK�ê|Ó

�ö����§·�I�rz��!:¥�ê©¤2Ka§Ïd�mE,Ý

´O(2K ·m log2 n)§�mE,Ý´O(n2K)�"

~K6. Dzy loves segment tree11

�Ñ���Ý�n�êFA"�e5?1Amgö�§ö�kn«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤min(Ai, x)"

2. éu¤k�i ∈ [l, r]§òAi\þx"

3. Î¯gcd(Al, Al+1, ..., Ar−1, Ar)"

êâ��µn,m ≤ 105

�Ä�k«m\~ö���¹§ù´��²;¯K§Ï�gcd(a, b, c) =

gcd(a, b− a, c− b)§¤±·��±�ê|A?1B©£=^Ai −Ai−15O�Ai¤"

10K85Dµ�M
11K85Dµ�M
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

3B©��¯KÒ=z¤AüÜ©µ1�Ü©´«m\~Î¯ü:�§1�Ü

©´ü:?UÎ¯«mgcd"ùüÜ©Ñ�±^�ãä{ü��o"

y3·�5�ÄkA«m�minö����¹§Ï�·�é«m��ö��

?n�{´rêD¤üa§�´ù��{ê�^SÒ¬��ÏA§ØU��U

ì�c�eI^S?1B©"u´·��Ä^,�«B©�ªµr«m���

üÕ<Ñ5�o§ò�����¤kê?1B©"

äN5`§·�é�ãä¥�z��!:�	�o±e�ÀÜµ��

�ma!î�g��se§����SF�mÞs!(�t!B©��ù�SF��

�ú�ênum"

y3�Älü�Efl�r¥�#&E§ùE·��?Ø�«�¹µmal >

mar"3ù�w,kma = mal, se = max(sel,mar)"�Ä�#B©SF�&

E§5¿�B©^S�±´?¿�§·�Uì�fäSF!mfäSF!m

fä����^Sr����SF�©�å5§=4s = sl, t = mar, num =

gcd(numl, numr, tl − sr, tr −mar)"Ù¦ü«�¹�ù«aq§ÒØ2KãA"

�Ä�þ��«m\~IP§Ï�·�ò����|¤�SFB©A§¤

±num´Ø¬�K��§��?U�eÙ¦&EÒ1A§ù´�~{ü�"

XJ�þgcd�E,Ý�{§·�Ò��A��O(m log3 n)��{"

3.3 o(

3ù�!¥§·���A��?n«m��ö��Ï^�{µÏL�o�

�£�¤��î�g�£�¤�§3|G��~ê���log n��mE,ÝS§

ò«m��ö�=z�«m\~ö�"

�´ù���{�k�½�Û�5"l~K8¥�±wÑ§��9��Î

¯�eI^Sk'���§ù��{ÒJ±·^A§Ï�3ù��{¥§·�

r��!:Dm���´vk�ÄeI�^S�"~X«m\~§«m�max§

Î¯,��«m�¤kf«m¥§��Ú����§ù��¯K^þã��{

ÒJ±)û"
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

4 {¤��¯K

4.1 {0

3êâ(�¯K¥§·�Ï~I�é���½�ê|A?1eZgö�§

,�?1�AÎ¯"

8c�õêêâ(�KÑ´é�c��?1Î¯§�k��Ü©êâ(�

KI�é{¤��?1Î¯§ù�Ü©K8¥�ý�Ü©�	�Ñ´�±Èz

êâ(��¡��£§Ød�	§k�aAÏ�k'{¤���¯K·�r§

¡�{¤��¯K"

{¤��¯K¥�Î¯���±©�±enaµ

4.1.1 {¤���

½Â��9Ïê|B§�m©Bê|�Aê|���Ó"3z�gö��§

éz��i ∈ [1, n]§·�Ñ?1�g�#§4Bi = max(Bi, Ai)"ù�§·�

òBi¡�iù� ��{¤���"

4.1.2 {¤���

½Â��9Ïê|B§�m©Bê|�Aê|���Ó"3z�gö��§

éz��i ∈ [1, n]§·�Ñ?1�g�#§4Bi = min(Bi, Ai)"ù�§·�

òBi¡�iù� ��{¤���"

4.1.3 {¤��Ú

½Â��9Ïê|B§�m©Bê|¥�¤kêÑ´0"3z�gö��§

éz��i ∈ [1, n]§·�Ñ?1�g�#§4Bi\þAi"ù�§·�òBi¡

�iù� ��{¤��Ú"

�e5§·�ò{¤��¯KUìJÝl$�p©¤oa?1?Ø"
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

4.2 �±^BIP?n�¯K

~K7. CPUi�12

�Ñ���Ý�n�êFA§Ó�½Â��9Ïê|B§Bm©�A���

Ó"�e5?1Amgö�§ö�ko«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤x"

2. éu¤k�i ∈ [l, r]§òAi\þx"

3. éu¤k�i ∈ [l, r]§Î¯Ai����"

4. éu¤k�i ∈ [l, r]§Î¯Bi����"

3z�gö��§·�Ñ?1�g�#§4Bi = max(Bi, Ai)"

êâ��µn,m ≤ 105

f�>ù�a¯K�§ù�~K�JÝ�U�p§¤±·�k�Ñ1�«

ö�"

�Ä¦^DÚ�BIP5)û§ÄkXJ�´Î¯«m���§�I�¦

^«m\~ù��BIP£^AddL«¤ÒU)û"

y3�ÄÎ¯«m{¤�������"·�½Â�«#�BIPµ{¤

���\~IP£^PreL«¤"ù�IP�½Â´µlþ�grù�!:�I

PeD�����c��ù��mã¥§ù�!:¥�AddIP���L��

��"

y3�Är1i�!:�IPeD�§�Efl§ØJuyIP´�±Ü¿

�µPrel = max(Prel,Addl + Prei),Addl = Addl + Addi"�u«m{¤���

&E��#��IP�Ü¿aq§�I�ò�c�«m���\þPrei,��

�5�{¤���?1'�=�"

y3£��K§·�*	3?Uö�L§¥§�K���!:�CzµX

J��!:vku)IPeD§@o�m©§���«m\~ö�¤K�§ù

�·��±^þ¡£ã�PreIP5P¹§��,���§ù�!:�«mCX

IPK�A§@où�ù�!:¥�¤kêÑC����Ó§2���¤k«

m\~?U§éù�!:5`§�«mCXö�¿vkØÓ"

Ïdz��!:É��IP�±©¤ü�Ü©µ1��Ü©´«m\~§

1��Ü©´«mCX"Ïd·��±^(x, y)5L«{¤��IP§§�½Â

12K85Dµhttp://www.tyvj.cn/p/1518
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

´�c«m31��ã����\~IP´x§31���ã����CXIP

´y"w,ù�IP´�±?1Ü¿��#�"

�d·�Ò¦^�DÚ�BIP�{)ûAù�¯K§�mE,ÝO(m log n)"

~K8. V13

�Ñ���Ý�n�êFA§Ó�½Â��9Ïê|B§Bm©�A���

Ó"�e5?1Amgö�§ö�kÊ«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤max(Ai − x, 0)"

2. éu¤k�i ∈ [l, r]§òAi\þx"

3. éu¤k�i ∈ [l, r]§òC¤x"

4. �Ñ��i§Î¯Ai��"

5. �Ñ��i§Î¯Bi��"

3z�gö��§·�Ñ?1�g�#§4Bi = max(Bi, Ai)"

êâ��µn,m ≤ 5× 105

Äk·�½Â�«IP(a, b)§L«�ù�«m¥�¤kêk\þa§,�2

éb�max"ØJuyK8¥�9�n«ö�Ñ�±^ù��IP5L«§©O

�(−x, 0), (x,−inf), (−inf, x)§Ù¥inf´��¯k�½�vA�ê"

�ÄÜ¿ü�IP(a, b)�(c, d)§@ow,���Ò´(a+ c,max(b+ c, d))"

ÏdéuÎ¯4§·��I�rÎ¯��f!:��´»þ�¤kIPÑeD�

�f!:§ÒU��¦��YA"

y3�Ä{¤��IP"·��±rIP�w¤��¼ê§z��êi

éA�¼ê�L«ù�ê3�^Aù�IP���Y§3ù�¯K¥§I

P(a, b)Ò��u´��©ã¼ê§1�ã´�^�x¶²1���§1�ã´

�^�Ç�1���"

3�#{¤��IP���§·���urü�IP�ã�Ó�����

�IX¥§,��Ñþ��@�ã"eãÐ«�´IPÜ¿��UÑy��«

�¹§7Ú�Ü©´�5�ü�IP§ùÚÜ©´�#����IP"

13Authorµ$��§K8�±3ùpé�µhttp://uoj.ac/problem/164
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

{¤����IP´�m�6�§¿ØUD¤eZ�Ü©§¤±���ãä¿

Ø·^"

�A)ûù�¯K§·�I���÷v±e^��êâ(�µ

1.IP��^7L´±�m�^S�"

2.K��Ó��:�IP7LK�3êâ(��Ó��:þ"

3���¹e÷v±þ^����êâ(�Ò´kdtreeA"¤±·��±

ké�5�¤k:ïÑkdtree§,��IP���Ú�ãäaqµékdtree z

��:Ñ�o��Ý/«�§,�XJÚIP«��lÒòÑ§��¹Ò��

�IP§ÄKÒ48"3Î¯���Ú�ãä��§rIPeDe�=�"

�mE,ÝO(m
√
n)

4.3 Ã{^BIP?n�ü:¯K

ùE�ü:¯KØAÎ¯ü:�{¤��	§��)«mÎ¯{¤���

�����«mÎ¯{¤�������§Ï�ùü�«mÎ¯�?n�{�

ü:Î¯���Ó§¤±r§�8\ü:¯K�¥"

~K10. ��P<�êF15

�Ñ���Ý�n�êFA§Ó�½Â��9Ïê|B§Bm©�A���

Ó"�e5?1Amgö�§ö�ko«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤max(Ai, x)"

2. éu¤k�i ∈ [l, r]§òAi\þx"

3. éu¤k�i ∈ [l, r]§Î¯Ai����"

4. éu¤k�i ∈ [l, r]§Î¯Bi����"

3z�gö��§·�Ñ?1�g�#§4Bi = min(Bi, Ai)"

êâ��µn,m ≤ 3× 105"

ùE�9�A«m��ö�§«m��ö�31n!¥·�Æ²?1A�

\�ïÄ"

Ï�3ù�¯K¥§«m��ö�����{¤��Î¯���´���

£��´�max§��´{¤���¤§¤±IPÃ{Ü¿£Xeã¤«§ü�

15K85Dµ�M§K8�±3ùpé�µhttp://uoj.ac/problem/169
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

@o·�éAi\þêx�§XJBivku)Cz§@o��u�Ci\þAx§

ÄKCiC¤A0"äN5`§«m\~ö���uòCiC¤Amax(Ci + x, 0)))

ù´��·��~ÙG�ö�"

�Ä«mÚù�Î¯§��UA¦ÑAiÚCi�«mÚ§���~BU��

�Y"cö´�~Ä:��ãä¯K§�ö·�@Æ31n!¥ïÄLA"�

d·�Ò��A�«O(m log2 n)��{"

4.4.2 {¤���

?n�{�{¤���aq"�Ai��cê|§Bi�{¤���"·�Ó

�½Â��9Ïê|Ci§z���Ñ4Ci = Ai − Bi"ù�«m\~ö���u

òCiC¤min(Ci + x, 0)§��¦Ú=�"

�mE,ÝO(m log2 n)"

4.4.3 {¤��Ú

�Ai��cê|§Bi�{¤��Ú§Ó�·�4t��c(å�ö�ê

£Ø�)�Ïö�¤"Ó�§·��Ä½Â�9Ïê|Ci§z���Ñ4Ci =

Bi − t · Ai"

ØJuy§éu«m\~vkK��� �§BiÑØ¬u)Cz"�·�

�Ai\þx���§·���u�Ci~�Ax · t"u´·�Òr{¤��Ú=z
¤A{ü�«m\~Î¯«mÚ�¯K§��BIPÒÐA"

�mE,ÝO(m log n)"

4.5 k«m��ö��«m¯K

²Lþ¡ùA?Ø�§ù���a��{Æ²kAÖ/µ�I�kÏL1

n!¥��{r«m��ö�=z¤«m\~ö�§2¦^þ��!¥��{

5?1¦)ÒUA���YA"

Ï�ù�a¯K�?n�{'�aq§·�ùEÒ�À�Ù¥�«��~

K?1©Û"

~K11. m��A*]16

16K85Dµ�M
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«m��ö��{¤��¯K É²Æ�¥Æ 3X�

�Ñ���Ý�n�êFA§Ó�½Â��9Ïê|B§Bm©�A���

Ó"�e5?1Amgö�§ö�kn«a.µ

1. éu¤k�i ∈ [l, r]§òAiC¤max(Ai, x)"

2. éu¤k�i ∈ [l, r]§òAi\þx"

3. éu¤k�i ∈ [l, r]§Î¯Bi�Ú"

3z�gö��§·�Ñ?1�g�#§4Bi = min(Bi, Ai)"

êâ��µn,m ≤ 105"

Äk§·�¦^þ��!¥��{§rÎ¯=z¤�oAê|ÚCê|�«

mÚ"�X·�^1n!¥��{§éê|A�o«m���Úg��§lD

r«m�max ö�=z¤é«m����\~ö�§ù�ÒU�oê|A�«

mÚA"

,�§·�5�ÄNoéC�o«mÚ§K��C�ö�kµé¤ki ∈
[l, r]§rCiC¤max(Ci + x, 0)£�e5¡�1�aö�¤¶é¤ki ∈ [l, r]§X

JAi´ù�«m¥A����§@orCiC¤max(Ci + x, 0)£�e5¡�1�

aö�¤"

¤±�´¦^1n!��{§·�é�ãä�z��!:�o¤kA��

´���� �¥Ci����!g��!����ê±9¤kA��Ø´��

�� �¥Ci����!g��!����ê§,�3éC?1?U���©

O?1�åDFSÒ1A"

��·�5y²ù��{��mE,Ý"·�rAê|�Ü©¡�1��§

Cê|�¡�1��"Äk1���E,ÝÚ1n!�����§·�UAy

²Ñ§´O(m log2 n)�§¤±·��e5��Ä1�Ü©�E,Ý"

�ì1n!¥��{§Äk·�kr1�������=z¤IP"�±

éA���u����¤k �±9A��Ø�u����¤k �©O=z¤

IP£�e5·�rùü�©O¡�1��äÚ1��ä¤§=z���äXe

ã¤«£þ�´�ä§üý©O�AÚC����§e��ã´1��ä§mã

´1��ä¤µ
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�±uy?Û��§?Û��Ñy31��ä¥�IP�½31��ä¥

ÑyL§¤±ü�äþÑyL�IPoê�êþ?Ú1��ä´�Ó�§¤±

·��I�é1��ä?1©ÛÒ1A"

Ï�1��ä�½Â´�6ê|A�§¤±XJ3�ä¥XJ,��!:

����Ú§�I!:ØÓ§@o31��ä¥ù� ��§I��=£´Ø

�3�§·�I�íKù^>£3ã¥^J�L«¤"Ïd3=z�1��ä�

¿¤AeZ�éÏ¬§z��éÏ¬Ñ���3���f!:�÷vIP��

X�Ý�O\D4O�5�"

Ï���é1��ä?1IP£Â±9«m\~���ÚAê|¿vk

�o«O§¤±·���ÄAê|¥?1�åDFS����)�K�"3�

åDFS���§·�Ø=é1��ä?1AeZgfä\~ö�§D��Ü¿

AeZ�éÏ¬"ØLXJ·�3DFS�Ó�éIP?1eD§@o3Ü¿ü

�éÏ¬���§?3e��éÏ¬��!:Úþ�éÏ¬��!:�m�´

»þATvk?ÛIP§¤±ù���rü�éÏ¬Ü¿å5§´ØK�IP

�X�Ý4O����"

31n!¥§·�y²A�åDFS���²L�!:�ê���þ.

´O(m log2 n)§Ïd31��ä¥IPeD�gê�þ.´O(m log2 n)�§Ï
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dIPoê´O(m log2 n)�"÷^�{n¥�y²§·��±��ù��{�

��E,Ýþ.O(m log3 n)"

ØLØJuyù�þ.´�~t�§�é{`~ê�~�§¢Sþ38c

�EÑ5�êâ¥§�åDFS�gêÑFFvk��O(m log3 n)�?O§Ïd

·ß�AT�3�$�þ.�y²£¢SþXJ1n!¥·�ß���Ay²

�{§÷^þãy²Ò�±����O(m log2 n)�þ.¤§�´Ï�8c·�v

k���Ð�y²�{½ö4�êâ�E�{§¤±8c�U^O(m log3 n) ù

���'�t�þ.5ïþù��{�$1�Ç"

�d§·�Ò��A��O(m log3 n)��{5)ûùK"¢SþùKÒ

´1n!¥��{�i@§ØJuy§þã�y²é�õ��i@�,k

^§=XJ·�kK�ê|?1i@§@o÷^þã�{�±����O(2K ·
m logK+1 n)E,Ý��{"

4.6 o(

3ù�!¥§·��én«{¤��¯K?1A�\�?Ø§¿0BA�

«ÏL�E9Ïê|r{¤���«mÚù�Î¯=z�{ü�«mÚÎ¯�

�{"

38cIS�OI¿m¥§ÑyL�{¤���'�¯K�~k�§D��

Ü©Ñ8¥3JÝ�$�cüa¥"Ïdk'ù�a¯K��÷A��ké�

��m§·¤)û��´Ù¥���Ü©§~X«m\~§Î¯«mÚ�{¤

���ù�¯K§�8c��·�vkÐ�)û�Y§Ïd§·F"ù�©Ù

Uå�E<Ú���^"Ó�§XJk<éù�a¯KkA#�Â¼§��H

5�·�6"

5 ��

1. a�¥IO�ÅÆ¬JøÆSÚ�6�²�"

2. a�Æ�¥Æ¥Æ�MklP��'%Ú��"

3. a�M×ÐÆ����éu���"

4. a�$��Æ�!½pºÆ�!f�ÓÆ!Ûó�ÓÆ����Ï"
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5. a�±fcÓÆ!f%ºÓÆ��v"

6. a�Ù¦¤k�©¤ë�L�]E�Jøö"

7. a�� za�¥ÄÑ�B��m�Ö"

ë�©z

[1] M×Ð§IOI2014I[8ÔèØ©5�ãä3�a©£¯Kþ�A^6

[2] �ãä�=©�Äz�

https://en.wikipedia.org/wiki/Segment_tree

[3] õ�éÜÔö Gorgeous Sequence K)

http://blog.sina.com.cn/s/blog_15139f1a10102vnzl.html
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2&¯�Fp�C�

är¥Æ f�

Á �

�©Ì�0BA¯�Fp�C��¢yÚ�A3�{¿m¥k^�E|Ú

`z"¯�Fp�C�����@Æ²3�{¿m¥61å5��{§é�[

5`¿Ø))§Ïd�©K�/2&¯�Fp�C�0"/2&0§�¶gÂ§

�©�½¬0BNõÆ²Ê9A��{Ú�£§�Ek���Ü©�Ìò¬^

30B�A3y3�{¿m¥�Ø´éÊ9§�´%�~{üDk���{"

~X§3�109 + 7¿Âe�ü�gêØ�L105�¢õ�ª�¦{§8cDÚ�

�{´3n��±^uêØC���êe¦Ñ(J§��|^¥I�{½n5

¦��ª��Y§I��9g�¿Âe�lÑFp�C�§D|^�©3.3!¥

0B��{§�I��4gEê¿Âe�lÑFp�C�=�"

có

CAc5§�«ÄuFFT��{X��S��61å5"32014c�NOIÁ

-EEA�6þ§ÑyA'uõ�ªØ{�SN1§��3CodeforcesþÑyA

¦^õ�ªØ{�K82§��ÄuÚîS���«�{ªª61å5§~

X3Universal Online Judge(UOJ) þÑyA¦^ÚîS�)�©�§�K83§

32016cNOIÁ-E1��,�5õ�ª�Ø6¥§ùA�{�2gÊ9§

UOJþ�C�ÑyAõ:¦��K84"ÄuFFT��«�{�Ñy§�)K�

5A4��B|"

1{1ô!$��5õ�ªØ{9ÙA^6
2http://codeforces.com/contest/438/problem/E
3http://uoj.ac/problem/50
4http://uoj.ac/problem/182
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,D§¤kùA�{ÑlØm��ÀÜ))FFT§XJvkÝºFFTù�

�Ä���{§¤kùAÄuFFT��{�½�\J±Ýº"Ð'X�Å�¢§

XJ·�r¢X�ép§%Ï�Ä.ØO�D�¥§ùÅ¢2Nop�vk^"

���ä§{��j§�%Ï�««�Ï�k§ù�ä��¬XX�Þ {D

�"�kÈ¢AÄ:§âUr��F"�<�d©�´Äuù���g´"F

"U�� Öö£��:§#ïÄ�eFFTù��Ä:Dq�© Û��{"

D�o�Ýº���{Q§�<@�§Ýº���{Ø==�u�L!$��

Lù��{§D´QA)ù��{�Ä��n§���ù��{��«A^!

�«`zÚE|"

1 Ä�0B

¯�Fp�C�(Fast Fourier Transform(FFT))´y3'�61��{�

�§T�{31965c�Ê9§�´k�A�{31805cÒkÑy5"T�{ÏL

O���SF�lÑFp�C�(Discrete Fourier Transform(DFT))5¢yò&

Òl�©�(Ï~´�m½�m)��ª��p�=z"T�{3�8�{¿m

¥Æ²�©~�§Ì�A^uO�ü�SF�òÈ"

1.1 Ú\

·�5w�eù���¯Kµ

�½ü�k��Ý�SFai§bi§¦SFc¦�ci =
∑i

k=0 akbi−k§w,c��

Ý�a, b��Ý�Ú~�"�©¥�SFeIþl0m©"

1.2 lÑFp�C�

·�é���uc��Ý��2��êg��ên§�u��o´2��ê

g��¡¬kJ�"�½SFs§b�§��Ý�|s|§@oéuk < [0, |s|)·�
òskÀ�0"

5Heideman, M. T.; Johnson, D. H.; Burrus, C. S. (1984). ”Gauss and the history of the fast

Fourier transform”. IEEE ASSP Magazine 1 (4): 14õ21
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@o·�kµ

cr =
∑

p,q

[(p+ q) mod n = r]apbq (1.1)

�ω÷vωn = 1§=ω´ngü �§�©¥J��ü ��¿g´`§n´

���¦�ωn = 1 �ê"´�µ

1

n

n−1
∑

k=0

ωvk = [v mod n = 0] (1.2)

�µ

[(p+ q) mod n = r]

= [(p+ q − r) mod n = 0]

=
1

n

n−1
∑

k=0

ω(p+q−r)k

=
1

n

n−1
∑

k=0

ω−rkωpkωqk

·�kµ

cr =
∑

p,q

[(p+ q) mod n = r]apbq

=
∑

p,q

1

n

n−1
∑

k=0

ω−rkωpkωqkapbq

=
1

n

n−1
∑

k=0

ω−rk
∑

p,q

ωpkapω
qkbq

=
1

n

n−1
∑

k=0

ω−rk
∑

p

ωpkap
∑

q

ωqkbq

·�uyAù�ü«'Xªµ

am =
n−1
∑

k=0

ωmkbk (1.3)

cm =
1

n

n−1
∑

k=0

ω−mkdk (1.4)
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y3§·�uy·���éuz�«'Xª§��m>¯��¦��>"

?�Ú·�uy§·��õ�ªA(x) =
∑n−1

k=0 bkx
k§@oam = A(ωm)§��u

�½��õ�ª�XêL«§éu¤kk¦ÑÙ3:ωk��§=3XêL«Ú:

�L«�m=z§ùÒ´lÑFp�C�(DFT)�L§"

·��¡J�õ�ª�XêSF�éA'XÑ´�aqùpA(x)�bk�

'X§·�`éA(x)?1DFT§¢Sþ��Ò´ébk?1DFT§`é��À

ÜDFT��AA(x)§��Ò´��ASFbk"

1.3 ¯�Fp�C�

c�!¥Æ²J�A|^DFT�úª§�´Uìúª§w,�´�úA"

ù��I�|^ü E��5�5\�DFT§�Ò´¯�Fp�C�(Fast

Fourier Transform(FFT))"

e¡=�Ä(1.3)ª§·���b�¦a"

5¿�n´2��êg�"·�^ωk
n5L«ngü E�§@o·�kµ

ω2m
2n = ωm

n (1.5)

ωm
2n = −ωm+n

2n (1.6)

�A0(x)´A(x)�óg��Ú§A1(x)´Ûg��Ú"@oµ

A(ωm
n ) = A0((ω

m
n )

2) + ωm
n A1((ω

m
n )

2) (1.7)

= A0(ω
m
n
2
) + ωm

n A1(ω
m
n
2
) (1.8)

A(ω
m+n

2
n ) = A0((ω

m
n )

2) + ω
m+n

2
n A1((ω

m
n )

2) (1.9)

= A0(ω
m
n
2
)− ωm

n A1(ω
m
n
2
) (1.10)

=·���éA0(x)ÚA1(x)¦ÑDFT§Ò�±3�5�mS¦ÑA(x)�DFT§

(1.8)(1.10)ª~�¡�/�Rö�0"

���Ý�n�SF�DFT�E,Ý�T (n)§Kkµ

T (n) = 2T (
n

2
) +O(n) (1.11)

�âÌ½nT (n) = O(n log n)"
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·�uy§XJ��¤þã�{§7L���UAr��õ�ª�Ûê�

Úóê�©m§�,348¥´�±¢y�§�´~êL�§����²~�

¦^��{§XJ·��¢y�ª~êL�´éØÐ�"

·�*	§S�1���z�¼ê�Xê§±�Ý�8�~µ

(a0, a1, a2, a3, a4, a5, a6, a7)

(a0, a2, a4, a6)(a1, a3, a5, a7)

(a0, a4)(a2, a6)(a1, a5)(a3, a7)

(a0)(a4)(a2)(a6)(a1)(a5)(a3)(a7)

*	(0, 4, 2, 6, 1, 5, 3, 7)��?�L«�(000, 100, 010, 110, 001, 101, 011, 111)§

·�uyÒ´r(0, 1, 2, 3, 4, 5, 6, 7)��?�L«(000, 001, 010, 011, 100, 101, 110, 111)¥

�z� ��?� �=§¡�/ _S��0§@oXJUA�¯�¦Ñ _

S�����SF§@o3¦)���Ò�±zg?n�Ñ´�ãëY�«m§

éN´¢y�48�FFT§¿��Ý'48���¯6"

d	§�A?�Ú`z~ê§·�ATý?nü �"

ý?nü ��±|^ωk+1 = ωk × ω4í¦§�´ù�°ÝØB��k:

�§�,���¹e�±�É§�´313!¥0B�FFT�{¥�¦°Ý�

�1014§ù�ý?nü �¬kî�°Ý¯K"

,	�«�{´�ngü ��ωn§@oωk
n = cos(2πk

n
) + isin(2πk

n
)§ù

pi =
√
−1§ù��,�Ý'þã�{ú§�´°ÝØB��§�±÷v1014�

°Ý�¦"

�òÈ�L§Ã�Ò´òa, bê|þ�1gDFT§,�¦å52�1g_DFT(Inverse

Discrete Fourier Transform(IDFT))§=¢y(1.4)ª§�{aqØ2Kã7"

UØU���`Q§�,U�ÏL�©13!0B��{§·��±32g

�DFT$��`��mS¢y¢SF8�òÈ"

1.4 êØC�

y3�{¿m¥~~�¦é,��ê��§XJ���ê´���êP§�

6ùp�<í��~Ð���Kµhttp://uoj.ac/problem/34§�Ð��è�±lJ�

P¹ÚO¥w�"
7Ù¢ù«�2gC�2¦å52_C��g�3�ü¥A^2�§k,��ÓÆ�±�wë

�©z1"
8=z��Ñ´¢ê"
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ù��ê~�´��'DFT��Ý���2��êg���ê§@o·��±¦

ÑFPe���g§¿3FPe^g
P−1
n 5�Oü E�ω§ùÒ´êØC�(Number

Theorem Transform(NTT))"

XJ���êØ´÷vù«^���ê§�{�±ë�3.3!"

éuÙ¦�þ�õ�ª¦{§kO(n log n log log n)��{§�u�ÌØ2

Kã§k,��ÓÆ�±ë�2016c�NOIÁ-E1��,�5õ�ª�Ø6

��'SN"

1.5 Bluestein’s Algorithm

·�c¡J�1.1ªÑ´�ÑKAªf¥�mod§XJ�Äù�mod�{§

c¢Sþ´�Ý�2ke�Ì�òÈ"k��K8¥�¦�ö�Ò´�Ì�òÈ§

'XXJ·���Ì�òÈ¿Âe�¯��§5¿�XJSF�Ý´2��êg

�§@o���±��DFT���éz��¯��§2IDFT£5§,´XJK

8�¦�Ì�òÈ��ÝnØ´2��êg�§No�Qº

�«�{´����HÊÏòÈ���Yc§��2òck+n\�ckþ"

5¿ù«�{==�U�1gÌ�òÈ§XJ·��¦�õgÌ�òÈ§Ò

7L�H�H��§XJ�¦3Ì�òÈ¿Âe�¯����õ��O(log n)�

E,Ý§·��,F"U;�"

XJ·��Ä����AÏ��3ngü E���§ (XR!C!,

AFP�)§@o·��±�ÄUÄ����Ý�n�SF�DFT"

ùp·�=0B��Ðn)�Bluestein’s Algorithm§ù��{38c�{

¿m¥�Ø´éÊ9"

·�UY�Ä(1.3)ªµ

am =
n−1
∑

k=0

ωmkbk

=
n−1
∑

k=0

ω−

(m−k)2+m2+k2

2 bk

= ω−

m2

2

n−1
∑

k=0

ω−

(m−k)2

2 ω−

k2

2 bk

u´·�z¤AòÈ�/ª"�é{`·�²�^DFT¢yòÈ§ùp·

�^òÈ¢yDFT�
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äNNo�Q§5¿(1.12)ª�þe.¿Ø´òÈ�^�§�´·�5¿

�bk=3k30�n− 1���âk�U�0§ù´�«�±éÐ|^�5�"

-Bi = ω−

(i−n)2

2 §·�kµ

Am+n = ω−

2
m2 am (1.12)

=
n−1
∑

k=0

ω−

(m−k)2

2 ω−

k2

2 bk (1.13)

=
n−1
∑

k=0

Bm+n−kω
−

k2

2 bk (1.14)

=
m+n
∑

k=0

Bm+n−kω
−

k2

2 bk (1.15)

(1.14)ª�(1.15)ªÒ´|^Abk=3k30�n − 1���âk�U�0�5

�"

ù�§·�^�HÊÏFFT§Ò�±�?¿�Ý�DFTA§ùÒ´Bluestein’s

Algorithm�L§"

Bluestein’s AlgorithmO��´Chirp Z-Transform(CZT)§CZT´DFT�2

Â/ª"{ü5`ù��{Ø=�±¢y?¿�Ý�DFT§��±ò(1.3)ª¥

�ω��?¿Ù¦�ê"

2 Ä�A^

FFT����^Ò3u�òÈ§òÈØ==^uõ�ª¦{§��±^u

Ù¦�SK8�¥§�e5�!¥ò0BA«~��A^"

2.1 �Ä��A^

~K1. å9

�Ñn�êqi§½ÂFj�Fj =
∑

i<j

qiqj

(i−j)2
−∑

i>j

qiqj

(i−j)2
§¦¤k�Ei =

Fi

qi
"nØ�

L100000"

K8¥�¦�ªf�ÊÏòÈ�k[�«O§�´·�k��E|Ò´

�Ai+n = Ei¦���ÎÜòÈ�/ª"

95DµZJOI2014
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�âASF�½Â·�kµ

Aj+n = Ej

=
Fj

qj

=

∑

i<j

qi
(i−j)2

−∑
i>j

qi
(i−j)2

qj

=
∑

i<j

qi

(i− j)2
−
∑

i>j

qi

(i− j)2

=

j+n
∑

k=0

qkPj+n−k

Ù¥§Pi�½ÂXeµ

1. �i > n�Pi = (i− n)−2"

2. �i < n�Pi = −(i− n)−2"

3. �i = n�Pi = 0"

��éqÚp�òÈ����A§2�âEi = Ai+n¦�E=�"

~K2. Fuzzy Search10

�½1GÚ�ªG§iÎ8���4§�½k§�ªG3,� �����

=�éu?¿ ��ªG�ù�iÎ¤éA�1G� ���mk�iÎ�Sk

���§���§¦��gê"

G�Ø�L200000"

éN´¦Ñ1G�z� �z«iÎ´ÄU��"

éuz«iÎ§·�ò1G¥U��ù«iÎ�Ú�ªG¥¤kù� �

´ù«iÎ�/���1§Ù¦/���0§ez� �1GÚ�ªGXJÓ�

�1K�z1§ÄKvk�z§�Ò´ü��¦å5§@o����=�o«i

Î��zÚ´G�§�ÄNoO�z«iÎ��z"

�e5ò^�´~^��«E|§·�ò�ªG½ö1G�="·�uy

�=��§�z�O�¤AòÈ�O�§��^FFTO�òÈ=�"

105Dµhttp://codeforces.com/problemset/problem/528/D
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ùKNy�Aò��¯K¥��ªG½ö1G�=lD=��òÈ�~^

E|"

2.2 �p�g�A^

�e5ò0BFFT�p�g�A^"

~K3. Kyoya and Train11

n�:m^>�ã§�½å:Úª:§XJØU3T�mS��ª:KI�

GÑ�½��d§rz^>I�GÑ�½��d§z^>²L�m�©ÙF�

½§��z¤I���d�Ï""�ykn ≤ 50§m ≤ 100§T ≤ 20000"

�Ä�åDPNo�§-DPx,tL«�A1x�:§�c²L��m´t§�ª

:I�����d§Pe,k L«ù^>²L�m�k�VÇ"@o=£�§Ò´q

Þz�^>e§b�ù^>��:´y§@o^
∑

k DPy,t+kPe,k �#�Y=�"

XJt > T§@ot�äN�´Ø¬kK��§¤±éu¤kt > T·�ÑØ

�Ñ^t = T + 1L«"

�Äéu�^>e : x → y§·��Se,t =
∑

k DPy,t+kPe,k§@oéuz�t,

DPx,t��Ò´¤kxëÑ�>�e�Se,t����"

y3�Ä`z§�Ä©£§XJ·��¦Ñ¤kl ≤ t ≤ r�DPx,t�Se,t§

@o·��mid = ⌈ l+r
2
⌉§k¦Ñ¤kmid ≤ t ≤ r��Y§,�·�5¿

�Se,t =
∑

k DPy,t+kPe,kéN´C�òÈ�/ª§·��±^FFT¦Ñmid�rù

�ã�DP�éc¡¤kS��z§,�48¦l ≤ t < mid��Y"XJl = r§

@o��^S�#DP=�"

�âÌ½n§�mE,Ý´O(mT log2 T )"

ù�K|©�|^A©£FFT5)û¯K§¢Sþ©£FFT´�~~��

)û¯K��{"

©£FFT3õ:��§õ:¦��¯Kþ�kA^§�Ù��©ïÄFFTÄ

�A^�Ñu:��§ÏdäN�{Ø2Kã"

~K4. Transforming Sequence12

115Dµhttp://codeforces.com/problemset/problem/553/E
125Dµhttp://codeforces.com/problemset/problem/623/E
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¦�Ý�n�÷vcMU ½üN4O�k SF"�¦z� ��[0, 2k −
1]�m��ê"�yk ≤ 30000§�Y�¦�109 + 7�ÑÑ"

UYl�å�{Ñu§�Ä^DPi,jL«�Ý�i§��cU ½Æ²kj 

�Ü{�SF�ê§@oéDPi+1,j+lkDPi,j ×
(

k−j

l

)

��z"

�Ä`z§·�XJé¤kx¦ÑADPi,xÚDPj,x§�Äé¤kx¯�¦

ÑDPi+j,x"

éu?¿l§DPi,xéDPi+j,x+ykDPi,x × 2jx × DPj,y ×
(

k−x

y

)

��z§2jx ´

ù�5�§�Äci �½��x 1§�j ùA/���Æ²Ã¤¢A¤±�

±?¿W"ù´��òÈ�/ª§�±^FFT¯�O�"

ù�·�Ò^{ü�¯��3O(k log2 k)��mS)ûù�¯K"

FFT�A^�FFØ�ùA§�u�Ì�<6��0Bùoõ"

2.3 �A`zE|

2.3.1 ~�DFTgê

�ÄO�A(x) = B(x)C(x) +D(x)E(x)"

�{ü��{Ò´^ü�DFTO�ÑB(x)C(x)ÚD(x)E(x)2\å5§�

´·�N´uy§3DFT���ü�SF�z��?1¦Ø�|Ü2IDFT£

�§���Ò´ù�õ�ª�éA¦Ø|Ü§cJ´�ÝØ�L��§¤±

·�krB(x), C(x), D(x), E(x)ÚÚDFT��SFb, c, d, e§2éz��k-ak =

bkck + dkek§���a?1IDFT=���A(x)"

ù��{3E,�õ�ª$�¥�©k^§":´J±�13!¥0B�Ü

¿DFT�{�N"

�k��{üE|§XJ��SFõg�^uDFT§@ow,�±ý?n

Ð§�DFT§,�zg��¦^ý?n��"

2.3.2 |^Ì�òÈ

�Äéuü��Ý�n�SFa, b§O�§��òÈc�1⌈0.5n⌉��1⌊1.5n⌋�§
DÚ��{´�Ü �Ö"*¿��Ý�2n�SF,�^FFT�òÈ§�´

Ï�FFT¦�¢Sþ´31.5!¥·�Æ²J��Ì�òÈ§·�XJ�Ö"
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*¿��Ý�⌈1.5n⌉±þ�SF,�UYN^FFT¦òÈ§@o1⌈0.5n⌉��
1⌊1.5n⌋ ���ØÉK�"
þãü«`z3ÄuÚîS���{¥²~Ñy§Uå�'���~ê`

z�^"

2.3.3 ©£FFT¥�����å

3©£FFT�{¥§duFFTg����~ê§Ïd3SF�Ý����

��^�åUå�'���`z�J"Ù¢ù«`zØ=^3©£FFT ¥§3

¤k©£�{¥ÑUå��½��^"

þã`z3õ:��§õ:¦���{¥ké���^"

2.3.4 ¯��¦{gê�`z

XJ·��O���õ�ª�ng�§3^�#N��¹�±ÏL�õ�

ªln§2¦þn§2¦õ�ªexp§E,Ý~�A��O(log n)§õ�ªlnÚõ�

ªexp��{��©ïÄFFTÄ�A^�Ñu:��§ÏdØ2Kã"

bX·��¯���ÀÜÃ{^þã�{`z�{§k��y3�Ø´é

Ê9�E|µ|^addition chain"

·�5¿�¯����I�2 log2 n + Cg¦{§�´ù¿Ø´e."·�

�±�����¦{gê"·�ùp½Âaddition chain ��^ó§�m©´�

�1§���ê~c��ê�B´ù^óþù�êc¡�,��ê"·�¡ù

^addition chainU��ù^óþ�¤kê"

~X1 → 2 → 4 → 6§6− 4 = 236 �c�ê¥ÑyL, 4− 2 = 234�c�

ÑyL"@où^óU��{1, 2, 4, 6}§@o�âù^ó·�U�O�«�{^
¦{l1g���1!2!4!6g�§'X·��¦6g�§@o�âù^addition

chain §·��±l1g�Ñu§^1g�¦1g���2g�§2¦2g���4g

�§2¦2g���6g�"

¦ÑU����ê��`�addition chain´NPH�§�´·�kéÐ�

Cq�{§~X·���BFS§P¹z�êéA�addition chain"Äkl1Ñ

u§1éA�addition chainÒ´��ê1§zg·�éu�cêx§qÞ§éA

�addition chain¥�êy§XJx + y�vk�¯L@oòÙ\è§¿��§é
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A�addition chain�xéA�addition chain�¡�þx + y"ù«�{���¹

e'¯��`D�õ§�´§k��":´7L�5ý?n"

XJ·��éé��n(~X1010000)¦Ñ��ÀÜ�ng�§·��±Ï

LMethod of Four Russiansò¦{gêd2 log2 n+C~��log2 n+O( logn
log logn

)"ä

NXe§�2k ���C logn
log logn

����êg�§ý?n�¦�ÀÜ�0�2k−1g

�§E,Ýw,´O( logn
log logn

)§,�zg�O§zg�O�kg��2�Ä�c

�2k��	¦��{êg�§ù��O¥�¦{gê´log2 n + C§D�	¦�

gê´O( logn
k

) = O( logn
log logn

)"

d	§XJÎ¯gêéõ�{§�±òk��"

þã�{�,�´~ê`z§�´¢yå5�©{ü§�J��~Ø�"

3 ��#�E|

�e5·�òïÄ�«UwÍ~�DFTgêlD�ÌÝ`z~ê�E|"

¯¢þù�E|3y3�{¿m¥¿vk��Ê9§�´�k�Ü©<�

Uf`Lù��{§ùp�<��A0BF"U?�ÚÊ9ù�E|"

ù�E|´3Codechef MGCH3D�K¥¦^��`z�{"¯¢þCodeforcesþ

�Ûd�enot1.10(Vladimir Smykalov)3��<talk¥w��<A��wq

ØÓ�`z�{"�²L�Aív=�uy¯¢þT`z�{�Codechef

MGCH3D�K¥¦^��`z�{�Ó�É§�ùp�£ãCodechef MGCH3D�

K)�¥�£ã§K)�©��ë�©z2"

?ØDFT�gê�·�k�¬Ø«©DFTÚIDFT§'X3gIDFT\3gDFT�

¡�6gDFT"

3.1 Ä�0B

·��Äé�Ý�n�¢õ�ªA(x), B(x)?1DFT§b�nÆ²N��2�

�êg�"

·�½Âµ

P (x) = A(x) + iB(x) (3.1)

Q(x) = A(x)− iB(x) (3.2)
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ùpi�
√
−1§�Fp[k], Fq[k]©OL«éPÚQ?1DFT ����SF�

1k�§=Fp[k] = P (ωk), Fq[k] = Q(ωk)§ω´ngü �"

�e5·�?1�XFí�µ

duü�¯K·�^X�O2πjk
2L
ù�ªf§z�X¤éA�j, k�¹Â3þ

e©¥�±wÑ"conj(x)L«x��ÝEê"

Fp[k] = A(ωk
2L) + iB(ωk

2L)

=
2L−1
∑

j=0

Ajω
jk
2L + iBjω

jk
2L

=
2L−1
∑

j=0

(Aj + iBj) (cosX + i sinX)

Fq[k] = A(ωk
2L)− iB(ωk

2L)

=
2L−1
∑

j=0

Ajω
jk
2L − iBjω

jk
2L

=
2L−1
∑

j=0

(Aj − iBj) (cosX + i sinX)

=
2L−1
∑

j=0

(Aj cosX +Bj sinX) + i (Aj sinX − Bj cosX)

= conj

(

2L−1
∑

j=0

(Aj cosX +Bj sinX)− i (Aj sinX − Bj cosX)

)

= conj

(

2L−1
∑

j=0

(Aj cos (−X)− Bj sin (−X)) + i (Aj sin (−X) + Bj cos (−X))

)

= conj

(

2L−1
∑

j=0

(Aj + iBj) (cos (−X) + i sin (−X))

)

= conj

(

2L−1
∑

j=0

(Aj + iBj)ω
−jk
2L

)

= conj

(

2L−1
∑

j=0

(Aj + iBj)ω
(2L−k)j
2L

)

= conj(Fp[2L− k])
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u´·�=^1gDFTÒ�±�ÑFpÚFq"

-DFT(P [k])L«éP (x)?1DFT�����SF�1k�§·�uyµ

DFT(A[k]) =
Fp[k] + Fq[k]

2
(3.3)

DFT(B[k]) = i
Fp[k]− Fq[k]

2
(3.4)

u´·�ò2gDFTÜ¿�A1g§�±~�1gDFT"

3.2 �¯��òÈ

·�UØUò2gDFTUY e`zQº�,U�

c¡kJ�L·�òõ�ªA(x)©�Ûg�Úóg��E|§·�UY�

Ä^ù�E|`z"

Óc¡�½Â§·��A0(x)´A(x)�óg��Ú§A1(x)´Ûg��Ú§

@oA(x) = A0(x
2) + xA1(x

2)"

b�·��¦A(x)�B(x)�¦È§�ü�õ�ª�gêþ�n − 1£b

�n�2��êg�¤§Kkµ

A(x)B(x) = (A0(x
2) + xA0(x

2))(B0(x
2) + xB0(x

2))

= A0(x
2)B0(x

2) + xA0(x
2)B1(x

2) + xA1(x
2)B0(x

2) + x2A1(x
2)B1(x

2)

= A0(x
2)B0(x

2) + x(A0(x
2)B1(x

2) + A1(x
2)B0(x

2)) + x2A1(x
2)B1(x

2)

¤±·��¦�ªf´µ

A0(x
2)B0(x

2) + x(A0(x
2)B1(x

2) + A1(x
2)B0(x

2)) + x2A1(x
2)B1(x

2) (3.5)

·�I��4gõ�ª¦{§�´XJr�XA(x2)ù«ªfw�'ux2�

õ�ª§@o(Jõ�ª�gêþØ�Ln− 1"

¤±§·��m©I��4g�Ý�n�DFT§üüÜ¿�±`z�2g"

�ÄIDFT§wqI�3gIDFT§Ù¢Ø,§�Ä(3.5)ªm>�1��Ú1

n�§§��,�kóê�kXê§D1���kÛê�kXê"¤±·��

ÄÜ¿1��Ú1n�"

Ü¿1��Ú1n�·�w,��±w¤'ux2�õ�ª§u´·

����Ò´�âA(x)�DFT¦xA(x)�DFT§N´uy§xA(x)�DFTÒ´

òA(x)�DFT�1k�¦þωk"
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u´·��I�2g�Ý�n�IDFT§XJ·�UüüÜ¿�±`z

�1g"

·��Ä¤kI�IDFT�SF§§�¿Ø�½¤k�Ñ´¢ê§Ðw´J

±Ü¿�"

�´·�5¿��:§§�IDFT���(J´¢ê�5¿�ÃØSF´

Ä´X¢ê§IDFTÑ´DFT�_§·��Ä(3.3)(3.4)�ª§·���m>U¦

�>§���>·��U¡Em>§·��I�é¤kk¡EÑ¤k�Fp[k](½

öFq[k])§,�E�P (x)(½öQ(x))§2�âIDFT�(J´¢ê§·��±�

��¢ÜÚJÜ5��IDFT�(J"ù�§IDFT�gê�~��A1g§�õ

w¤"

¤±·��I��3g�Ý�n=ü��Ý�DFT§Dc¡��{I�2g

ü��Ý�DFT§XJ·�E,±ü��Ý5ïþ�{·�$��±^

/1.5gDFT05/Nfâ0B�`z�{"

3.3 ?¿�êòÈ

�e5·�50BXÛ3?¿�êe?1òÈ§ùpb��êM3109?

O§�òÈ�SF�Ý3105?O"

·��Äü��Ý�105?O�SF�òÈ§�Ä§�3¢ê�¥òÈ�

��(J§z�ê���31023?O§���2:a.w,¬kØB"·�w

,�±¦^�p°Ý�2:ê§Xpython¥�decimal�§�´python�Ç��

�$�8cØU3IS�NOIm¯¥¦^§DC++�Ù¦éõ�ó¥%vka

qdecimal���p°Ý2:a.§XJÃ��{¬�~æ���Ç¿Ø�*"

3.3.1 n�êNTT

�Äén����109�÷vNTT5���ê§©O¦Ñ3ùn��ê¿Â

e�òÈ�(J§Ï�z�ê���31023?O§¤±�â¥I�{½n§·

��±��(½z�ê"¥I�{½n�äNSNùpØ2Kã"

äN¢yNo�Q§�«�{´|^128 �.½öp°Ý§128 �.3

éõ/�ÑØU^§Dp°Ý�æ��'�ú"

,�«�{´^�«�|©��ª5¦^¥I�{½n§·�b��ê©

O´mod0,mod1,mod2§kÜ¿cü��ê§�Ò´¦Ñ�Y3�mod0×mod1¿
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Âe��§,�^_�ò�mod0 × mod1 × mod2¿Âe�ê�Ò´�YL«

¤k × mod0 × mod1 + b�/ª§ù�ÀÜ·�Ø7ý�¦Ñ§·��I�3

�M¿Âe¦=�§ù��I�¦^64 �.§D64 �.3Ä�þ¤k��

Ñ´�±^�§��Ý�éc¡��{�~¯"

�´duþã�{I�¦^9g�¿Âe�DFT§�Ç==�U^��5/

N"

3.3.2 DXêFFT

·��M0 = ⌈
√
M⌉§�â�{Ø{·��±ò¤k�êx L«�x =

k[x]M0 + b[x]§Ù¥k[x]Úb[x]Ñ´�ê"

·�b�õ�ªA(x)�XêSF�ai§õ�ªB(x)�XêSF�bi§@o

·�rk[ai], b[ai], k[bi], b[bi]/¤�o�SFüü�1gòÈ§òÈ�(J¥z�

ê���31014?O§¦^°Ý�p�2:ê±95¿^2¥0B�°Ý�p

�ý?nü E��{=��É§��òÈ��§éz�òÈ�(J¦þ�A

�Xê¿�z��Y¥�§X2.3.1!¥J��@�§·��±ý?nùo�S

F�DFT§,�éuéA�Xê�Ó�ü�òÈ·���Ü¿§u´·�I�

�7gDFT"

·�UØUr�DFT�gêUY~�Q§�,U�

·��Äc¡¤ã�L§§1�Ú´é4�êF©O�DFT§·�uy^

c¡¤ã�Ü¿DFTE|DFT´�±üüÜ¿�§ù�·�òDFTgê~��

A5g"

IDFT·�I��3g§üüÜ¿·��±~��2g"

u´DFTgê�¤õ�~��A4g§�õw¤"

�<�C++�è¢y�±ë�http://uoj.ac/submission/49836"

Ó��§c¡0B�òÊÏòÈ`z�3gü��ÝDFT��{§w,��

±A^�?¿�êòÈe§=¢y¤¢�/3.5gDFT0�?¿�êòÈ§�´

ªf�E,�`z�J¿ØwÍ§ùpØ2Kã"

3.4 o(

�!0BA�«�©kåD6�¿Ø´éÊ9�~�DFTgê��{§�

�·�uyü�DFT��§�Ñ´¢êSF´�±Ü¿�§ü�IDFT��§
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��(JÑ´¢êSFÑ´�±Ü¿�"ù«`zÄ�ØI�O\?Û�èþ§

�Ç%kAé�*�J,"

,Dù«`z�k�½�Û�5µ�·^u¢ê��FFT§DØ·^

uFPe�NTT"XJk<U��{4ù«�{U·^uNTT§�H��<�

6"

��

1. a�¥IO�ÅÆ¬JøÆSÚ�6�²�"

2. a�är¥Æ��(²P�õc5���'%Ú��"

3. a�ÚÕÊÓÆ��<��©Jø�ã��Ï"

4. a�7üÓÆ��v"

5. a�Å�p�Ù¦ÓÆ��©u¦]�"

6. a�Vladimir Smykalov!MGCH3D �ÑK<��@JÑ�©¤ã�Ü

¿DFT E|�<"

7. a�Ù¦¤k�©¤ë�L�]E�Jøö"

8. a�Ù¦é·kL�ÏÚéu�P�ÚÓÆ"

9. a�I1é·�'%Úì�"

10. a�� za�¥ÄÑ�B��m�Ö�©"

ë�©z

[1] 5î¤�ü â6§½pº

http://vfleaking.blog.uoj.ac/blog/87

[2] Fast Fourier Transform§$��

http://picks.logdown.com/posts/177631-fast-fourier-transform
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[3] Codechef MGCH3DK)

https://discuss.codechef.com/questions/74772/mgch3d-editorial

[4] CZT�=©�Äz�

https://en.wikipedia.org/wiki/Chirp_Z-transform
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lUnknown!�a|±"��\íØ�«m&E�

o�{

S ���ÆNá¥Æ Ûó�

Á �

Unknown´·�8Ôèp�K/·�E���@U¤w��êâ(��¶

i0"ù�a�¦|±"��\íØ±9«m�Î�¯K§Cc53&EÆ¿

m¥�~Ñy"�©òÏL�[0BUnknown�K�ÚÚ�¦)L§§éù�

a¯KA�ØÓ�©|?18a©Û§o(¿JÑ�AÏ^�{§¿é�{�

5U?1©Û"�©�Ø%´o(JÑA3ØN´¯�Ü¿&E��¹e§?

n3à:?�\íØ¿�o«m&E�Ï^�{"F"é�[k¤�Ï§¿U

Úu�[éù�a¯K�g�"

1 ÁK�¿1

k������þ�SFS§eIl1m©§Ð©�S��§y3\I�|

±n�ö�µ

1.3S�"�V\����(x, y)"

2.íØS�"���"

3.Î¯eI3[l, r]«mS���¥§(x, y) × S i����"

Ù¥×L«�þ��È§(x1, y1) × (x2, y2) = x1y2 − x2y1

2 Ñ\�ª

1�1���êtpL«êâa.§±eõ|êâ£Ø�L3|¤§±m = 0(

å"

1�KU?gSDOI2014�þ8 http://www.lydsy.com/JudgeOnline/problem.php?id=3533

2016c&EÆc���¥II[è�ÀèAØ© 141



lUnknown!�a|±"��\íØ�«m&E�o�{ S ���ÆNá¥Æ Ûó�

éuz|êâ§1�1���êmL«ö�ê"

�e5m1§z1kn«/ªµ

1 x y3S"�V\��(x, y)"

2íØS"���"

3 l r x yÎ¯eI3[l, r]«mS���¥§(x, y) × S i����"

3 ÑÑ�ª

éuz|êâ§\I�rz�Î¯�(JéM = 998244353(7∗17∗223+1,�

��ê)����É½å5ÑÑ"

5¿êÆ¿Âþ���(J3[0,M)«mS§~X−1 mod M = M − 1"

4 êâ����½

��Á:êâ���eLµ

�Á:?Ò m�5� Ù¦

1
m ≤ 1000

Ã2

3 m ≤ 80000

4

m ≤ 300000

Ã2ö�§3ö��Î¯��Ü«m

5 ¤k2ö�31ö���¡§3ö��Î¯��Ü«m

6 ¤k3ö�Ñ31ö�Ú2ö��¡

7

m ≤ 500000

éu¤k3ö�kl = 1§S����128M

8 Ã

9 S����128M

10 S����64M

éu�Üêâ§-n�?¿��SF�Ý§n ≤ 300000; m ≤ 500000"

1ö��êØ�L300000§�Ñ\�x, y÷v−109 ≤ x ≤ 109; 1 ≤ y ≤ 109"

3ö��êØ�L300000§�Ñ\�x, y÷v1 ≤ x ≤ 109;−109 ≤ y ≤ 109"

3ö�¥§l, r÷v1 ≤ l ≤ r ≤ n"

�m���5s(Tsinsen)/3s(UOJ)§S����512MB.
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5 �{0B

5.1 �{1µ�åqÞ

Äk·��Ä�e�å��{§Ðw�eù�K´��êâ(�K§êâ

(�K��å��Ñ'�Ð�§��UìK¿�[=�"éuÎ¯«m[l, r]§

·��±{üo��qÞ[l, r]S�¤k��S i§¿ÚO(x, y) × S i����=�"

©Ûù��{�E,Ý§dun,mÓ?§�3E,ÝO��Ø2«©§Î

¯gê´O(n)�§D«m�Ý��±��O(n)?O§¤±�å�{��mE,

ÝO(n2)§Ï"�©20©"

5.2 *	�Y�5�

:È��È��{ü§·�Ø�r�È�¤:È�/ª§-S i = (xi, yi)§é

uÎ¯x, y§k(x, y) × (xi, yi) = (−y, x) · (xi, yi)"r(x, y)C�¤(−y, x)§K¯KC�

¦Ñ(x, y) · (xi, yi)����§���?ØòØ2¦^�È"

du
−−→
OA ·
−−→
OB =

∣

∣

∣

∣

−−→
OA
∣

∣

∣

∣

·

∣

∣

∣

∣

−−→
OB
∣

∣

∣

∣

cos ∠AOB§�Y�
−−→
OB3

−−→
OA��þ�ÝK�Ý¤�

'§�:È����±�Äù�5¦§¦^�^�
−−→
OQR����§lÃ¡F?

��:O×L5§-��1��:=��Y"

18

16

14

12

10

8

6

4

2

2

4

6

8

10

5 5 10

QC

B
A

~Xþã§��1��×��:�A§K�YÒ´
−−→
OQ ·

−−→
OA"

UY*	
−−→
OQ,
−−→
OS i�EÝ��§uy§��EÝ(arctan)Ñ´3(0, π)«mS§

N´uy�Y�½3«mS���þà�þ"
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16

14

12

10

8

6

4

2

2

4

6

8

10

12

10 5 5 10

Q

A

B

C

D

E

F

~Xþã§Î¯
−−→
OQ��YÒ´

−−→
OC"

XJ·��±¯�¦�Î¯«m�þà�§@o3à�þ�©�Ç�±�

�ügÎ¯O(log n)�E,Ý"

u´¯K�'�C¤AXÛ�oà�"

5.3 ±à���L��a«m&E��o

3�o«m&E�§k�A&E���A5´I�'5�§¿���K�

A·��o«m&E��ª�JÝ"

5.3.1 ´Ä|±¯�Ü¿

éuü�«m[l,mid]Ú[mid+1, r]§eùü�«m�&EU3O(1)½O
(

poly
(

log(r − l)
))

�

�mE,ÝSÜ¿§·�Ò¡ù«&E|±¯�Ü¿"

|±¯�Ü¿�~fµ

• «m��£Ü¿E,ÝO(1)¤

• x'ueIüN�à�£¦^²ïä�o¿�©�Ç´�±��3O
(

log2 n
)

�

�mE,ÝSÜ¿�§Xeã¤«¤
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16

14

12

10

8

6

4

2

2

4

6

8

10

12

10 5 5 10

Ø|±¯�Ü¿�~fµ

• «m:8�à�

• «mê8�mex2

|±¯�Ü¿�&EÑ�±¦^�ãä�©£a«mêâ(�?1�o§

~X�ãä�o«m��/���Æ²´[�r¡�EUA"

5.3.2 ´Ä|±¯��\íØ

éu��«m[l, r]§e·�U3O(1)½O
(

poly
(

log(r − l)
))

��mS¦Ñ[l −

1, r]Ú[l, r + 1]��§K·�¡ù«&E|±¯��\"

ÓneU3O(1)½O
(

poly
(

log(r − l)
))

��mS¦Ñ[l + 1, r]Ú[l, r − 1]��§

¡ù«&E|±¯�íØ"

��wD´��(ØÒ´µ|±¯�Ü¿�&E�½|±¯��\£~X

3mà�\�±w¤Ü¿«m[l, r], [r + 1, r + 1]¤"

|±¯��\DØ|±¯�íØ�~fµ

• «m:8�à�£¦^²ïä�êâ(��o¤

• «m:8�Jä£¦^²ïä�o�édfsS¤

|±¯�íØDØ|±¯��\�~fµ

2mex:8Ü¥�Ñy���g,ê
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• mex

Ó�|±¯��\íØ�~fµ

• «mÚ�~êgõ�ª¼ê£X«mÚ�²�¤

• «mSØÓ����ê

|±«m¯��\íØ�&E�oÑ�±¦^#è�{35)û"du#è

�{��©�?ØØ%'XØ�§ùpØÐmQã"

5.4 �{2µ©¬

duà���Ø|±¯�Ü¿Ú¯�íØ§D�K´�3íØö�Ú«m

Î¯�§u´DÚ�«m©£aêâ(�X�ãä´ØU���o�§·��

Ä©¬"

òSF©�S¬§z¬��� n
S
§éz�¬�o¬S���à�"�\Úí

Ø�������¬�à�§u´�\ÚíØ�E,ÝÑ´O
(

n
S

)

"

�ÄÎ¯«m[l, r]§·�I�qÞ�«m[l, r]���¹�«m§¿3ùA«

m�à�þ�©§E,Ý´O
(

S log n
)

�"

u´oE,ÝÒ´O
(

n2

S
+ nS log n

)

§��S =
√

n
log n
�§�mE,Ý��

�O
(

n
√

n log n
)

"

5.5 �{3µ�?�©|

�Á:4AÏ5�µÃ2ö�§3ö��Î¯��Ü«m"

ù��Á:¥§·����o�Ü���à�§¿��I�|±�\ö�

=�"

ù�¯K'�²;§�±¦^²ïä�oà�"�©3ùp0B�«�D

Ú��{§æ^�?�©|45)û"

·�rSF©�ëY�eZ|§éz|�o§�à�§Ð©�SF��"

z�\1�����§rù���üÕ©��|§w,ù�|�à�Ò´ù�

����§XJ"��ü|���Ó§Òr"��ü|Ü¿¤�|"

3#è�{µ��2010c8Ôè��5�z��f6K)
4�?�©|µ��Nh,2013cI[8ÔèØ©5f!êâ(�K�A��²;){6
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N´y²§ù��©|�ª¬¦�z�|���Ñ´2�g�§¿�|��

�î�4~§lD?¿��|êØ¬�LO
(

log n
)

"

�ÄÜ¿ü������|£Ø�����m¤§duü�:8¿�à��

½3ü�:8�à��¿þ§·��±��Uìx�I�'�iÜ¿ü�|�à

�§2^Graham�{O (m)�O�à�=�"

e¡©ÛÜ¿L§��mE,Ý§�Äz���éuE,Ý��z§��

���Ü¿�g§¤3|����½¬��§¤±z���éE,Ý��zÑ

Ø¬�LO
(

log n
)

§u´E,ÝÒ´O
(

n log n
)

"

5¿�Î¯ö�I�3z�|S�à�þÑ?1�g�©§¤±E,Ý

´O
(

n log2 n
)

�§u´ù��{�oE,ÝÒ´O
(

n log2 n
)

�"

5.6 �{4µ�m�6

�Á:5AÏ5�µ¤k2ö�31ö���¡§3ö��Î¯��Ü«m"

�?�©|��9�#ï�Ü¿§´ØU?níØö��§*	ù�êâ

a.�5�§¤k�íØÑ3�\�¡§ùJ«·��±rö�SF©¤ü�

?n"

u´§éuc��§�Á:4��?�©|�{§éu���§·�r�m

�6§ù�íØö�ÒC¤A�\ö�§�Î@^�?�©|��{"

�mE,Ý�O
(

n log2 n
)

§rSF©¤üÜ©��{J«·� ©£���

g�"

5.7 �{5µ�ãä�o·�SF

�Á:6AÏ5�µ¤k3ö�Ñ31ö�Ú2ö��¡"

r¤k�\íØö�Ñ?n���§Î¯´3��·�SFSþ�§éu·

�SFþ�«mÎ¯§·��±¦^²;�©£«mêâ(��ãä"

é�ãäþz�«m[a, b]·��oT«mS¤k���à�§2ïä��

�·��±��æ^�Á:4¥J���5Ü¿à���{"ùÜ©�E,Ý

´T (n) = 2T
(

n
2

)

+ O(n) = O
(

n log n
)

"

�e5�Ä�Î«m[l, r]§��«mUD¤O
(

log n
)

��ãä!:¤�

L�«m�¿§·�3ùA!:þ�;�à�þ�©=�§�mE,Ý

´O
(

n log2 n
)

"
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5.8 �{6µ3ö�äþ©£

�Á:7AÏ5�µéu¤k3ö�kl = 1§S����128M"

5.8.1 êâ(���{

�KØ�¦r�3�§@oéu��Î¯[l, r]§�½�3,���SF�

ÝTÐ�r��Î¯�SF�Ó§·�rÎ¯P¹3ù���þ"qÏ�l = 1§

¤±��uzgÎ¯�NSF§·����o¤k���à�=�"

�Ä¦^�Ðä(Splay)?1�o§5¿��\��:�là�¥O�e5

�:3�à�þ�½/¤��«m§XJ3!:þP¹�Ç§·�Ò�±�©

Ñ«m��mà:§,�3Splayþrù�ã©�e5¿��§3íØ"���

���§r©�e5�«m2Ü¿£�=�"

16

14

12

10

8

6

4

2

2

4

6

8

10

5 5 10

A

H

B

C

D
E

F

G

~Xþã§H:\\��rB,C,Dn�:O�e5¿��"

duP¹A�Ç§Î¯�±��3Splayþ�©§ù�¤kö��E,ÝÑ

´O
(

n log n
)

"

5.8.2 SFþ��{

�\ÚíØö��Äå5k�½�(J§·�Ø�k�ÄSF�·���

¹§zgÎ¯SF���cM[1, p]"

·��±æ^©£�{§�Ä?n��«m[l, r]§-mid = l+r
2
§·�r¤

kp ≥ mid�Î¯<Ñ5§5¿ùAÎ¯Ñ´CXA[l,mid]«m�§·��g5
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?n[l,mid]«m¥���ép3[mid, r]«mp�Î¯��z"?n��z��§

·�Uìp < midÚp ≤ midrÎ¯y©¤üÜ©§©O �>Úm>48©£O

�"�©£�«mS�k�������§��^ù����#ù�:þ�¤

kÎ¯=�"

e¡Ò´�ÄXÛ¯�?n[l,mid]S��é[mid, r]«mSÎ¯��zµ

�{A:·�é[l,mid]«mS��ïáÑà�§,�qÞm>z�Î¯§3

�>Æ²ïáÐ�à�þ�©=�§ù��gO��zE,Ý´O
(

n log n
)

�"

�{B:Ó�ké[l,mid]«m���ïáÑà�§,�r[mid, r]«mp�Î

¯Uì4ESüS§lc �?nÎ¯§à�þ�`:�£Ä´üN�"¤±

·����ü���i, j©O3Î¯SF�à�þ×£=�§e¡�ÑùÜ©�

��è"

Algorithm 1^ü���i, j3üÐS�Î¯Úà�þ×£�#�Y

for i = 0 to Q.size − 1 do

while j + 1 < H.size and H j+1 · Qi > H j · Qi do

j = j + 1

end while

ansi = max(ansi,H j · Qi)

end for

�g×£��mE,Ý�O(n)§du�üS§¢SE,Ý´O
(

n log n
)

"5

¿�üS´�±3©£�Ó�¦^8¿üS�¤�§¤±oE,ÝT (n) =

2T
(

n
2

)

+ O(n) = O
(

n log n
)

"

©£�{3·��SFþE,Ý¿Ø'²ïä�oà�`D§�´%k�

ûÐ�í25"

5.8.3 ö�äþ�í2

*	êâ(��{§uyé�3��äþ?1dfs�L§"Q,¯K�±l

�§·�Zyrù�ö�äïáÑ5"ö�äïá�{Xeµ

1. Ð©�ïá���root§-��p = root

2. éu�\ö�§#ï��:x§- f atherx = p§2-p = x
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3. éuíØö�§-p = f atherp

eãÒ´ÙmýêâïáÑ�ö�ä

(-1,4) (1,1)

(3,2) (5,1)

root

(-3,4) (4,2)

(2,3) (-1,1)

14

1 -3 4

1 2 3

2

1 -1 1

2

2

1 4 2

1 3 2

1 -1 4

2

1 1 1

2

2

1 5 1

du�3�\�#ï!:§ù�ïáÑ�ö�ä!:ê´Ø�L�\ö�

��ê�"�X·��±uyÎ¯«m´äþ�^gþDe�ó§3��Á:

¥§ó�ºà´root§·�rÎ¯ó�root → p�Î¯P¹3!:pþ"

·��Äí2©£�{§3ö�äþ§·��±��¦^:©£"�Bå

�·�3:©£¥½Â�APÒ§éuäþ��ëÏ¬§½ÂÙ¥�Ý�f�

!:��ëÏ¬��§P�R§%P�G"

·�3©£(��z���g5?nóR→ Gþ���éGfäS�¤kÎ

¯��z§ù�±��@^þ©`��{A½�{B"Ï�ä©£(�ØN´¦

^8¿�{`z§¤±�{AÚ�{B�gO��z�E,ÝÑ´O
(

n log n
)

"

du%rä©¤A��ü���Ø�Ln
2
�ëÏ¬§u´oE,ÝT (n) =

2T
(

n
2

)

+ O
(

n log n
)

= O
(

n log2 n
)

"

5.9 �{7£÷©�{A¤

ÏLg�)ûl = 1��¹£�Á:7¤§·�<�A�q|ì))ä©£§
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�e5·�}Á�)û�¯K"

Äk@^�{6§ïáÑö�ä§,�3ö�äþ:©£§��ØÓ�´O

�óR → Gþ���éGfäS�¤kÎ¯��z"Ï�l = 1�^�¿Ø÷v§

¤±GfäS�Î¯�«mØ�½���¹óR→ G§D´ù^ó����M"

·�rù�¯K<Ñ5§uyù�¯K�5.8.2¥J��3SFþÎ¯cM

´�d�"u´·�róR → G�Ñ¿�=§òÎ¯\\��æ^5.8.2��{§

À^8¿`z��{B§�±���gO�O
(

n log n
)

�E,Ý"

u´ù��{��mE,ÝÒ´O
(

n log2 n
)

"

ä©£Ú8¿�{��mE,ÝÑ´O(n)§¤±�mE,Ý´O(n)§�±

<�100©"

5.10 �{8£÷©�{B¤

*	¯K���§r�\íØö�ïá¤��ö�äT��§Î¯«m��

�Ò´äþgþDe�´»"

·�EÎ�Ä:©£§�g5?n¤kL%G�¤kÎ¯"ÄkrÎ¯

óu → G → v§D¤ü^Î¯óG → u,G → v"*	ù�¯K§uyXJ·�

-G��§K��Á:7¥��¹���Ó§��¦^5.8.1¥�êâ(��{�

±��O
(

n log n
)

�E,Ý"

u´oE,ÝÒ´O
(

n log2 n
)

§ä©£ÚSplay��mE,ÝÑ´O(n)§u

´�mE,Ý�´O(n)�§�±<�100©"

5.11 �{9£÷©�{C¤

ä©£Ü©Ú�{7�Ó§3O�óR → Gþ���éGfäS�¤kÎ¯

��z�§¦^êâ(��o"lGm©�R�þ�gV\!:§¦^êâ(�

�o\\�!:�à�"éuz�Î¯�M§·�3\\�ù� ����3

êâ(�þ�©Ñ�Y=�"

duùp�êâ(��I�|±\:ö�§D\:��å�oà�´U�

yE,Ý�§¤±�õê²ïä½ö��¦^set=��¤"

�mE,ÝO
(

n log2 n
)

§�±<�100©"
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5.12 �{10µäó¿©

35.8.3¥·�Æ²rÎ¯«m=z�äþ�ó§�õê'uäó�¯K§

ØA:©£�	§��±æ^äó¿©5)û"äó¿©�{��Æ²��Ê

9§ùpØ2Kã"

éz�Î¯ó§·�¦^äó¿©(�òÙ©¤O
(

log n
)

�dfsS¥�«m"

*	¿©Ñ5�ùA«m�5�§�±uyØA�Ý�f�@�«m�	§¤

k�«mÑ´,^ó�cM"

·�édfsSUì�{5ïá�ãä§,�rØ´ócM�«m3�ãä

þ�Î�#"�e5�Ä¤kó§éuz^ó§gþDe�\!:§¿¦

^êâ(�?1�o"

Ó���|±�\=�§¤±�õê²ïä½ösetÑ�±�¤"

�Äù��{��mE,Ý§ïá�ãä´O
(

n log n
)

�§éz�Î¯Ø´

ócM�Ü©3�ãäþ�Î´O
(

n log2 n
)

�§×£z^ó¿�oà�§¦

^Splay�{E,Ý´O
(

n log n
)

�"du��Î¯�D©¤AO
(

log n
)

�óc

M§z�cMÑI���g�©§¤±E,Ý´O
(

n log2 n
)

�"u´oE,ÝÒ

´O
(

n log2 n
)

�"

5¿�ù��{I�rz�Î¯¿©Ñ�O
(

n log n
)

^óP¹e5§u´

�mE,Ý´O
(

n log n
)

�§�±<�90©"

5.13 �{11µ�ãä©£

�X�Ä�{10§��Î¯�D©¤O
(

log n
)

�dfsS«m"DSFþ�«

m?U½Î¯´�±¦^�ãäl�?n�§ù«�{��ãä©£"·�Ä

k5w��~fµ

5.13.1 ~µ�þ5

\��o���þ8Ü§|±±eö�µ

1. �\���þ(x, y)

2. íØ�\�1i��þ

3. �Î�c8Ü�(x, y):È����´õ�"XJ�c´�8ÑÑ0

5K85DµNOI2015�[KbyD½©
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#Nl�"

100%�êâµn ≤ 200000, 1 ≤ x, y ≤ 106

K)

éuz��þ§·�ÑUý?nÑ§\\8Ü��m�l8Ü¥í���

m§@oz��þ3�m¶þÒ´��«m"

�Äé�m¶ïá�ãä§rz��þ�\�ãä�±D©¤�ãä

þO
(

log n
)

�!:"

�e5éz�:ïáà�§Kéuz�Î¯§gþDe�Îz��¹§�

«m=�§ù��E,Ý´O
(

n log2 n
)

"

�Ä?1�A`z§·�rÎ¯Uì4EüS§�X^5.8.2¥ù��{�

5¦��Y§u´´¶3uüS"

¯¢þ§XJ·�r¤k��þUìx�IüS��\§r¤k�Î¯Uì

4EüS��\§@o3�ãä�!:þÒØ^üSA§u´oE,ÝÒC¤

AO
(

n log n + Q log Q + Q log n
)

"

5.13.2 �K¥��ãä©£

5¿�/�þ0��Kk�A«O§/�þ0¥�Î¯´ü:§D8Ü¥�

�þCX�´«m§�K¥·�Î¯�´�þSF�«m&E"

·��,�±÷^�ãä©£��{§ÄkrÎ¯Uì4ES�\�ãä§

,�3�ãäþdfs§éz��ãä!:¦^8¿¦ÑT!:¤�L«m�à�§

�XE,¦^5.8.2¥J���{�#�Y=�"

ù�E,Ý´O
(

n log n + Q log n
)

§du·�¦^äó¿©r��Î¯D¤

AO
(

log n
)

�§u´Q = O
(

n log n
)

§oE,ÝÒ´O
(

n log2 n
)

"

du�3�ãäþ��O
(

n log2 n
)

�Î¯§��mE,Ý´O
(

n log2 n
)

�§

�±<�70-90©"

5.14 �{12µ2&�?�©|

�{6-11Ñ�¦#Nl�§@okvk���±|±3���{Qº
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3�{3¥·�Ú\A�«3�?n�\��ª))�?�©|§�Äéù

��{?1U?"

·�ïát + 1�©|(�§t���÷v2t ≥ n��ê£n´�c«m�Ý¤§

1i�(i ≤ i ≤ t)�|���2i§ksizi =
⌈

n
2i

⌉

|"5¿�1i��z�|Ñ31i−1�

þ�þ©¤ü���«m§¤±ù´���ãä(�§u´�±Uì�ãä½

Â�m¯fÚI��'X"

XJ�k�\�´����{§Äk310�V\�|§�Xl1i = 1�m

©§XJ1i��±O\�|§@oòÙ�m¯f|Ü¿��#V\��|"

íØö�Ø�Ð?n§Ï�íØ�����U��ceZ������|

&E�Ø§Dzg�å��E,Ý´O(n)§ù´Ø��É�"·�Ú\O�

�ä�g�§���|&EÑy�Ø���§·�Øá=��#§D´�ù

�|�þIP§�Î�ù�|���·�48§��m¯f§��-�v�I

P�|â3|S�©O��Y"�´�ØU��Ø�#§ÄK�Î�48�.

�!:ê¬��O(n)�§ù�´Ø��É�"u´�Äù��«�#Å�µ

éuz�§·��õ#N����|´kIP�"

ù�§�1i�I�O\�|���§·�âr�5����|�å�#�

e¶íØ�����geDþ�IP=�"

�e5O�ù��{��mE,Ý"

5.14.1 ��#�E,Ý

éu1i�§·�ÚOü«¯�µ

1. ����|��IP§E,ÝO(1)"

2. �����|¿V\�kIP�#��|§E,ÝO
(

2i
)

"

-leniL«1i�vkIP�|�o�Ý§-Ei = n − leni§@o¯�1´�

�uEil0C�2i§¯�2´��uEil2i ∗ 2C�2i"D�g�\½íØö�é

uEi�UCÌÝ´±1"

-³U¼êδ(i) =
∣

∣

∣Ei − 2i
∣

∣

∣§K�g�\½íØö�éδ(i)��z�õ�1§D

�g¯�éδ(i)��z�−2i"u´üg¯�m�ö�ê��´2i�§u´þ�E

,Ý´O(n)�"

�Ä�kt�§u´��#�oE,ÝÒ´O(tn)"
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5.14.2 �Î�E,Ý

�cJ�ù´���ãä(�§@oÄkrÎ¯«m[l, r]D¤O
(

log n
)

�

|"éuz�|§kn«�¹§�Äz�«�¹��zµ

1. vk��IP"

éuù«�¹§���Îù�|=�"

2. kIPD��m¯fÑvk��IP"

éuù«�¹§·�¬3�m¯f¥©O�Î§==´~ê¦±2"

3. kIPD�m¯fþ�kIP"

éuù«�¹§·�3�¯f¥�Î��48�m¯f"5¿�ùp��

¯f�½´,����ê1��|§ù��|�kO
(

log n
)

�"

u´·��Î�«moê´O
(

log n
)

�§u´?n�gÎ¯ö��E,ÝÒ

´O
(

log2 n
)

"@ooE,ÝÒ´O
(

tn + n log2 n
)

= O
(

n log2 n
)

"du��ot�§

¤±�mE,Ý´O(tn) = O
(

n log n
)

�§�±<�90©"

6 g´�(

�K'�E,§��g�å5��(J§��©�A�Ú½"

Äk©ÛÑI��o�&E§�K¥·�I��oÎ¯8Ü�à�§à�

´;.�Ø´¯�Ü¿�&E"

�X�ÄÜ©©§¿l¥¼��AJ«"

�k�\�Î¯�Û�Ü©�±¦^�?�©|3��¤"

vk?U�Ü©�±æ^�ãä�¤"

l = 1�Ü©´'�'��Ü©§D�JÝ��"·��ÄASFþ��¹§

�ÑA©£��{"�XÚ\Aö�ä�Vg§¿r©£�{í2�äþ=:

©£�{"

<�:©£ù��Éì��§·�}Á)û�¯K§*	�¯K�l = 1�

Ü©ØÓ�/�3ufäS�Î¯Î¯Ø�½´��%�ó§�U´ù^ó

����M"UY*	uyù�¯KÒ´l = 1�Ü©3SFþ�¯K§UY©
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£)û"u´·���A���mE,ÝO
(

n log2 n
)

§�mE,ÝO(n)�`D�

{"

��§�,IK´/·�E���@U¤w��êâ(��¶i0§�´·

�Ñ�÷©�{¿vk^�êâ(�§D´æ^Aüg©£{z¯K"

Ù¢��Ò´rCDQ©£6�g���äþ§SF©£C¤:©£§*	�

z�©£(�þ��zÚO´SFþ�AÏf¯K¿UY@^©£´¦)�K

�'�"

±þ�{�¦l�§�Är�3�\r��§�m�¦�°�O
(

n log n
)

"

ù¦�·�£�å�k�\�Ü©©´|±r�3��§u´r�?�©

|U?¤�ãä(�§¿Ú\O��äg�"

��·��½z���õ�k����«m��AIP§¿©ÛÑA�o

&E�E,Ý´O
(

n log n
)

�§´¶3u�©§u´oE,ÝÒ´O
(

n log2 n
)

"

AT`ù´ù�a¯K��Ï^�3��{§Ù�mE,Ý´O
(

n log n
)

"

�K�dÆ²�{�)ûA§��K�¿ÂØ�ud§3)û�K�^�

�g�Ú�{Ñké��¢^�í2d�"

7 {üí2

7.1 Và�\íØ

±þ�?Ø��Ñ´3"��\íØ���¯K"Ù¢·��±�~N´

�í2�üà�\íØ�¯Kþ5"

7.1.1 �{7�í2

éu�{7§·��ÄU?ö�ä��ï�{µ

1. Ð©�ïá���root§-��p = q = root

2. éu3mÞ�\ö�§#ï��:x§- f atherx = p§2-p = x

3. éu3"��\ö�§#ï��:x§- f atherx = q§2-q = x

6CDQ©£µ���ûl2008cI[8ÔèØ©5lCash!�a©£�{�A^6
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4. éu3mÞíØö�§-p = f atherp

5. éu3"�íØö�§-q = f atherp

éuz�Î¯«m[l, r]§Ù3äþéA�óÒ´óp → qþ1l�!:�

1r�!:|¤�ó"�´·�¿ØU��¦^�{7?n§Ï��{7�¦Î¯

ó7L´äþgþDe�«m§DU?���ö�ä¿ØU÷vù�:"

ÏdI�U?§��r�^Î¯óu → vD¤w → uÚw → vü^ó=�§

Ù¥w´u, v��Cú�yk(LCA)"

Ó��{9��±í2�U?��ö�äþ5§�{8du´?nL��Î

¯§¤±¿ØI�rÎ¯D¤ü^gþDe�ó§��?n=�"�[�*Ð

�{��{7aq§ùpØ2Kã"

7.1.2 �{12�í2

�?�©|�U|±3�àö�§·��Ä�{12¥U?��?�©|§

Ù¢ù´���ãä(�§@·��±��¦^�ãä5�O"

Ð©�ïá�Ý�2n��ãä§¿rÐ© ��3�¥m"·�r�#Å

�U�z��õ#Nü�|kIP£�m���¤§K�\íØ���÷^�

{12�?n�{"¤k�E,Ý©Û3ùp�,´¤á�£·���r�àÚ

mà�δ©mO�=�¤§�´Î¯���§duü>ü>��ê1�|�UÑ

��¯§¤±~ê¬¦±2"

7.2 �oÙ¦ØU¯�Ü¿�«m&E

¯¢þ§3&EØ´¯�Ü¿�§�¦|±"��\íØÚ«mÎ¯�¯

K�Ñ�±¦^�©�ã��{5�¤"·�5w��~fµ

7.2.1 ~µ3|ä7

���n�:��>��ä§\I��o��SF§|±n«ö�µ

1.3"��\��:x

2.íØ"��:

7K85Dµby3X�
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3.Î¯«m[l, r]¥lx�F�:�x�ål"

ö�ê�m,n,m ≤ 100000"

Subtask1µ#Nl�

Subtask2µr�3�

�ÄI��o�&E

e�½��ä§XÛ¦åx�F�:º·��±æ^ä/DPý?nÑäþ

z�:��F:§ù��mE,Ý´O(n) − O(1)8�"

e�½��äÚ��äþ!:�8ÜS§¦x�S¥�F:�ålTXÛ)

ûQº·��Îæ^ä/DPý?n§�mE,ÝE,´O(n) − O(1)"�|S |é�

���ù��{�E,Ý´ØA`D�§�Ä¦^Jä�{9"Jä�{3&

EÆ¿m¥Æ²��Ê9§ùpØÐmQã"·���ïáJä��mE,Ý

´O
(

|S | log n
)

�§�X·�3Jäþä/DPý?nÑz�Jäþ:u�:8¥�

�F:åldu§éuz�Î¯:x§·�3dfsSþ�©¦Ñx�Jäþ�C�ü

�:u, v§w,u, v7�Jäþ��^ä>§�u´v�I�§-t = LCA(v, x)"

ex��F:3s�ý(s = u or v)§K�Y�dist(x, t)+ds−dist(s, t)§�ans(x) =

max (dist(x, t) + du − dist(u, t), dist(x, t) + dv − dist(v, t))"

e¡w��ã~n)�eµ

dist(v,t)
dist(x,t)

u

v

w
x

t

Xþã¤«§dv = dist(v,w)§ans(x) = dist(x,w) = dist(x, t) + dv − dist(v, t)"

8O(n) − O(1)µ=ý?nO(n)§zgÎ¯O(1)
9Jä�{µhttp://www.lxway.com/40452412.htm
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Subtask1K)

ÄkïáÑö�äòÎ¯«mC¤äþ��^ó"

XJ¦^�{7:©£@©£§@oI�)û�Ò´«m&EÜ¿�¯K"

Jä��ï´ÄudfsS�§@o·����o«m��UdfsSüS�

(J§@okSL�Ü¿´O(n)�§duïáJä�E,Ý´¶´¦LCA§

DLCA´�±¦^î.SF+RMQ`z�ügO(1)�§u´�gÜ¿�oE,

ÝÒ´O
(

n log n
)

"

ù�S�©£�E,Ý´O
(

n log n
)

§�	�©£�E,Ý�O
(

n log2 n
)

§

�±)ûù�f?Ö"

�Ä,�«�{~X�{8§@o�)û�\��x�¯K"

·�æ^²ïäUìdfsS�oJä!:§@o�\���3²ïäS�©

é�lx�C�>lDéÑJää>þlx�C�:y§rxÚyÑ�\8Ü¥"@

ozg�\����3²ïä¥�\�õü�!:§éuJä>�?Ugê�

´O(1)�§E,Ý´O
(

log n
)

§Ó�·���P¹?UÒU�B�|±£òA"

�{9�){��{8aq§ùpØ2Qã"

Subtask2K)

�{12�I�Ü¿«m§D«m&E�Ü¿37.2.1¥Æ²�±��O(n)�

E,Ý"u´·���r�{12�o�«m&EU�JäÒ�±)û�

KA§E,Ý�©ÛÚUnknown�K����§��#þ�O
(

n log n
)

§�

ÎO
(

n log2 n
)

�±)û�K"

8 ·Kg´�o(

8.1 Unknown·Kg´

Cc±5ÑyAéõ�¦�o«m&E�K8§ùaK8�õ¦^«mê

â(��o"�éØN´�o�&E¥±à�Ñy��ª�§I�ÏLé�m

©£§�?�©|��DÚ�{)û�K8��5�õ"

NOI20141�U1nK/	¦0´��;.�I��oà�¿|±«m�

Î5`zDP�K8§½pºÆ�y|¦^ä©£�{ACAdK§¿3ØÈ��
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rù�g�©��A·"ù�g�é·ékéu§¿-uåA·éù�a&E

�o�{ïÄ�,�"

·ïÄù�a�{¿·��8Ôèp�K/·�E���@U¤w��ê

â(��¶i0´��kJÝ�K8§ÙÜ©©�{ºXAõ��DÚ�{¦

)DÚêâ(�K�©|§~X�?�©|§�m�6§�ãä©£�"D�

�Ù÷©�{I�ÀÃk¯b�*	å§î>�©ÛUå±9é©£�{��

�n)ÚÙöÝº"Ó�ùKé�èUå��¦�'�p§ýOÀÃ�U�s

þ2�4���âU<��K��Ü©ê"

8.2 �{o(

�©���o(Ñù�a3à:?�\íØ¿�oØ´¯�Ü¿�«m&

E�Ï^g�L§�)û�{"

XJ#Nl�§ïáÑö�ä¿�Ä©£§éuUO(n)Ü¿«m��±U

Y@^©££�{7¤¶ÄK*	&E´ÄÓ�|±\\ÚíØ��§�±�{

¦^êâ(�l%m©dfsÚO£�{8¤¶XJ�U|±¯��\Ú¯�íØ

¥���§�±Uì,�^S×£��%�ó£�{9¤"

±þ�{��mE,ÝÑ´O
(

n log2 n
)

§�mE,ÝÑ´O(n)"

XJr�3�§@o�ÄÚ\O��äg���?�©|£�{12¤"3

E,Ý©Û¥§E,Ý´¶Ø3u��#§D3uÎ¯"u´·��±�

ÉO
(

n log n
)

��E,Ý§�mE,ÝE,´O
(

n log2 n
)

�"éuk�K8§·

��±æ��`��Î�{£~X8¿½ ¤§òÎ¯E,Ý`z�O
(

log n
)

§

lDroE,Ýü�O
(

n log n
)

du�ïáO
(

log n
)

�©|(�§�mE,Ý´O
(

n log n
)

�"

Unknown�´Ãõda¯K����L§�3Nõ«ØÓ�){§ùA)

{�k���?¿Ñäk�½�¢^5§¤±·ú�-uÀÃg�ù�¡�{

�¿Â$��uK8��"F"·�ù�Kå���E<Ú���^§UÚå

�[éuù�a¯K�,�§¿JÑ�A�k�§��B��{"XJ3d�

¡�ïÄk¤Â¼�H�[5é·?Ø"
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9 a�

• a��I²P�3ÆS)¹þ���Ú'%"

• a�CCFJø�6�²��Å¬"

• a�½pºÆ�Jø·K(a"

• a�3X�ÓÆ§D[àÓÆ§Ç��ÓÆ§f�ÓÆ����Ï"

• a�Ç��ÓÆ§3X�ÓÆ§X(�ÓÆ§�%(ÓÆ��©"v"

ë�©z

[1] SDOI2014�þ8K) http://www.cnblogs.com/joyouth/p/5350714.html

[2] Nh,,5f!êâ(�K�A��²;){6,2013c&Ec���¥II

[è�ÀèAØ©

[3] �ûl,5lCash!�a©£�{�A^6
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�C��Mê|·K�w B,½1�¥Æöuí

�C��Mê|·K�w

B,½1�¥Æöuí

Á �

2016c8Ôèp�1n|¥§��DÚiÎGK�·Kg´ÚK8©Û

1 K8�¿

�C�A���Mê|¦ü��M��ú�cM(lcp)�§S§¦��{6

§´ù�f�µ

1.Ö\���Ý�n�iÎGa[1..n]

2.½Âê|sa[1..n]§sa[i]L«ò¤k�MüS�§1i���M´a[sa[i]..n]§

½Âü�iÎG�'��ªµÅ '�§XJ��iÎG´,��iÎG�c

M§@ocö��

3.½Âê|rank[1..n]§-rank[sa[i]] = i

4.éu�½�Î¯l, r§�x = min(rank[l], rank[r])§�y = max(rank[l], rank[r])

5.éuz�÷vx ≤ i < y�i§¦Ñlcp(a[sa[i]..n], a[sa[i + 1]..n])§���Ò´

�Y

£5¿§15Ú¥�lcp§¦^�´���å��{§�DÚ�Mê|�

¦heigh�{Ã'§\ØI�'%¦XÛ¢y¤

��ù´�����{��{§�´k�=¯f31�ÚÚ1nÚ¥m\

A�Úµòsaê|�Å�Ï§=saê|C¤A���Å)¤�üF

y3�½iÎGÚÎ¯§�C����=¯f�Ï��Ï"ÑÑ´�o

�A;�°ÝØB§\I�ò�Y¦þn!�é998244353���ÑÑ

2 Ö\�ª

1�1ü��ên§QL«G�ÚÎ¯�ê"

2016c&EÆc���¥II[è�ÀèAØ© 163



�C��Mê|·K�w B,½1�¥Æöuí

1�1���Ý�n���i1G"

�e5Q1§z1ü���êl,r§�yl , r"

3 ÑÑ�ª

ÑÑQ1§z1���êL«�Y"

4 êâ��

éu10%�êâ§k1 ≤ n ≤ 10§1 ≤ Q ≤ 10"

éu15%�êâ§k1 ≤ n ≤ 100§1 ≤ Q ≤ 2"

éu15%�êâ§k1 ≤ n ≤ 100§1 ≤ Q ≤ 100"

éu10%�êâ§k1 ≤ n ≤ 3 ∗ 103§1 ≤ Q ≤ 3 ∗ 103"

éu20%�êâ§k1 ≤ n ≤ 105§Q = 1"

éu30%�êâ§k1 ≤ n ≤ 105§1 ≤ Q ≤ 105"

±þêâ|üüpØ��"

5 oN©Û

5.1 ·KêÅ

·K´OI¿m¥�©����§�'m�K8�þ§��K��Aù

�'m�ú�5§¤±&¢·K��{�´��¿mÀÃI���¯�"

�K&¢A�«#�·Kg´µéu��2�<��DÚ�{§XJ��

Ü©���Åz¬k�o��(J"

k�g·��A��TopCoderþ¡�K§@�K´�ÑA�ã8¿üS�

�è§,�'�¼ê´�Å�£0Ú1§��¦��üFÑy�VÇ§@�K·

&¢Aéõ�{��)ûKA§·ú�ù´�ÐK"

u´·�EX§§ò·�¿m¥2�<���{�Åz§~X�Mä§�

ä6§�ãä§�Mê|�"��·ú��Mê|��Åz´�k��§�´

�kg��d��"
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3g�ù�¯K�ÐÏ§·Áã�â�Mê|�lcp�O��{�)û§§

��}ÁAéõU§�U��O(nQ + nlogn)�E,Ý§ù�´ù�K��Ð�

�"

k�U§��·O��I§�§M°pâ,ðLA���{§^�Mê|

)û�§´ÏL�o'ulcp��(k�ä5��§@XJ��^�MäQº

,�·uy§^�Mä�{§ÒØI�^��c@���Ø%�(Ø§Ï

��Mä¥õ�G�lcp�±��^LCAL«§=�I�qÞLCAÒ1A§�O

��Y�I�^�A'�{ü�Ö8=z§�{'�c��{p²õA"��

·é,¯§,�Òrù�KÑÑ5A§·ú�§��Xd{ü���ò�«À

Ü�Åz��{§��I�éõ²;�{(Üå5)û§´��`{�"

�K�éuA·��«�K�g´§�^�«êâ(�;�A´¶�§Ø

�ÁÁaq�Ó�êâ(�§�U¬k`{�5�5)ûK8

5.2 �©�¹

8Ôè¥�õêÀÃACAdK

6 �{0B

6.1 �{1

K8¥J�§^Sê|´�Å�Ï�§·��±O(n!)qÞ^Sê|§,�

é�l, r� �§¿üüO���ú�cM§�mE,ÝO(Qn!n2)"

�±5¿�§·�3O���ú�cMþsAéõ�m§·��±ý?n§

én2|�Mý?nÑ��ú�cM§u´E,Ý�±`z�O(Qn!n)"

6.2 �{2

éu�K§·�k��íØµ����Ms[i : n]�i;S��ü¶

´rank[i]§¿�-sa[rank[i]] = i"

K�^Sê|¥§[l..r]Si;S����M´y§���´x§Küü��

ú�cM����´s[x : n]Ús[y : n]���ú�cM"

e¡·�5y²ù�íØµ
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�lcp(x, y)L«s[x : n]Ús[y : n]���ú�cM§�h[i] = lcp(sa[i], sa[i +

1])"

�â²;��Mê|�{§·�kµ

lcp(x, y) = lcp(y, x) (rank[x] > rank[y])

lcp(x, y) = min(h[rank[x]], h[rank[x] + 1]...h[rank[y] − 1]) (rank[x] < rank[y])

�^SSF¥�l�r¥m��MU^S©O´a1..am"

éuz�÷vrank[x] ≤ i < rank[y]�i§�I�y²�3�� j§¦�h[i]élcp(a j, a j+1)�

)L�z=�"

·�ké�a j = y§@o�a j−1Úa j+1¥rank�����´p§Kh[rank[p]]..h[rank[y]−

1]ÑÑyLA§u´·��±�Ky§8Be�§��¤k÷vþ¡^��h[i]�

½ÑÑyL"

u´·���qÞ���Mx§���My§,�O��ÅSF¥§l,r¥i

;S4�´x, y��Yê"

·�ùp�?Øl, r, x, ypØ�Ó��¹§k�Ó��¹aq"

�YêÒ´

rank[y]−rank[x]−3∑

k=0

Ck
rank[y]−rank[x]−3 ∗ (k + 2)! ∗ (n − k − 3)! ∗ 2

u´·�ý?n|ÜêÚ�¦§qÞAx, y��åO�=�"

�mE,ÝO(Qn3
+ n2)"

6.3 �{3

�±uy§ªf
∑rank[y]−rank[x]−3

k=0
Ck

rank[y]−rank[x]−3
∗ (k + 2)! ∗ (n− k − 3)! ∗ 2���

�rank[y] − rank[x] − 3k'"

-

f [x] =

x∑

k=0

Ck
x ∗ (k + 2)! ∗ (n − k − 3)! ∗ 2
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·��±^�ê�e�¯�Fp�C�3O(nlogn)��mSO�Ñ f [x]"

äNÚ½Xe§-

A[x] =
(k + 2)!(n − k − 3)!

k!

B[x] =
2

x!

éA, B�òÈ�±��c[x] =
f [x]

x!
"

u´�mE,Ýü�AO(Qn2
+ nlogn)"

6.4 �{4

�c��{3¥§·�O��Y��{´\Olcp(x, y) ∗ f [rank[y] − rank[x] −

3]§ù�E,Ý´O(Qn2)�§·��±uy§�â�Mê|�5�§ØÓ

�lcp(x, y)�õ�kO(n)«"

@oy3·�ØqÞx, y§U�qÞlcp(x, y)§äNÒ´qÞlcp(x, y) = h[i]§

·�éÑpl, pr§÷vh[i]´h[pl..pr]¥����"

ù�«mk�z§��=�µ

rank[x] ∈ [pl, pr + 1]

rank[y] ∈ [pl, pr + 1]

min(rank[x], rank[y]) ≤ i < max(rank[x], rank[y])

@·����������Ò´[pl,min(rank[l], rank[r]))§�������

�Ò´(max(rank[l], rank[r]), pr + 1]A"

��u¦

A∑

i=1

B∑

j=1

f [i + j + D]

Ù¥D´��~ê"

·��
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f 2[x] =

x∑

i=1

f [i]

f 3[x] =

x∑

i=1

f 2[i]

A∑

i=1

B∑

j=1

f [i+ j+D] =

A∑

i=1

f 2[i+B+D]− f 2[i+D] = f 3[A+B+D]− f 3[B+D]− f 3[A+D]+ f 3[D]

u´·��±ÏLý?n§O(1)O�Ñ�Yê"

�mE,ÝO(Qn)"

6.5 �{5

�c·�¤k�{Ñ´ïá3�Mê|ù��{�Ä:þ�§¯¤±�§

�Mê|´�Mä�{z�§·��±3�Mäþ�Äù�¯K"

Äk·��±^²;��MgÄÅ�{�EÑ�Mä"

�^SSF¥l..r¥��M3�Mäþ�(:´a1, a2..am§3�Mäþ§ü

�G���ú�cMÒ´éA(:��Cú�yk��Ý"

�A�BL�§e¡LCA(l, r)L«�´�Ml,r�L�(:�LCA"

DLCA(ai, ai+1)¥�f�(:w,Ò´LCA(a1...am)"

@odua¥7½k�Ml, réA�(:§·��±qÞLCA(l, r)�yk§,

�O��z"

XÛO��zQ§éu��ykx§�¦�fä¥ksize[x]��M(:§�

¦�Efy�´LCA(l, r)�yk"

Äkl, réA�(:´7À�§�´�A¦�x¤�LCA§·�7L2õÀ�

A:§ùp·��±^N½g�§3fäx¥�BÀÙ¦:§éu��ØÜ{�

�Y§¦À�¤k:7,3fäy¥§~K=�"

=�YêÒ´µ

2 ∗

size[x]−2∑

k=0

Ck
size[x]−2k!(n − k − 1)! − 2 ∗

size[y]−2∑

k=0

Ck
size[y]−2k!(n − k − 1)!
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�g[x] = 2∗
∑x−2

k=0 Ck
x−2

k!(n−k−1)!§g·��±^¯�Fp�C�3O(nlogn)S

¦Ñ"

u´ý?nÐê|g§,�qÞz�yk§�âfäp��M(:êþ§�

�O�=�"

�mE,ÝO(Qn + nlogn)"

6.6 �{6

±þ�{�´¶´zg�qÞ¤kyk§éuz�(:�O��Y§3ä

òz¤ó�E,Ý¬é�

XJ·��±����(:��z�Ú¦��k'�Õá§@·���ó

¦ÚÒ1A

·��±uy§���z�|¤´üÜ©§��´I�(:§��´Ef

(:"ù��z�±N��ë�¦��@^>þ

u´·oO��Y�I�¦ÑLCA�¦LCA���¤k>��z�Ú=�

·��±^O(nlogn)��mý?n§��Î¯�^�O��{¦ÑLCA

u´¯KÒ�{/)ûA"

�mE,ÝO(Qlogn + nlogn)

6.7 �{7

þã�{�´¶3uI�^¯�Fp�C�O�Xê§¯¤±�¯�Fp

�C��~ê´'�B�

·�r¯K��z§��u1..n�:kn«ôÚ0, 1, 2§Ù¥2a:�k2�§

0a:x�§1a:n − x − 2�§¦÷v2a:¥mÑ´0a�üF��Yê

·��±kò1a:Ú2a:üF§ü�2a:7L��§¤±'�¤��§

üF�ê´2 ∗ (n − x − 1)!«

���Ä�\0a:§ù�ÃØXÛ�\§2a:¥m�½�k0a:A"

u´k�@n − x�:À½ �§�Yê´C(n, n − x)§,�¦x�:�üF

�êx!

ù�ªff�ÓÆ�A·��{ü�n)�{µ�Ä1a:Ú2a:�fü

F§2a:����=�§�Ò´`1��2a:�B�§1��K´�½� 

�§¤±´ 2∗n!
n−x+1

2016c&EÆc���¥II[è�ÀèAØ© 169



�C��Mê|·K�w B,½1�¥Æöuí

u´·��±^Ukkonen�{�E�Mä§LCA��±^O(1)RMQ¢y§o

�E,Ý´O(n + Q)

7 a�

a�O�ÅE¬JøÆSÚ�6�²�"

a�B,�¥��ÜåP�§ÂðuP�õc5���'%Ú��"

a�I[8Ôè�ö{�(Ú�NÞ���"

a��u�Æ�Üð$§��Ó§_�pÆ�ÚB,�¥�?�³ÓÆé

·��Ï"

a�B,�¥���ðÓÆ��©"v"

a�B,�¥�ÓÆ�ÚÉ²	I�Æ�����ÓÆ��K�K

a�är¥Æ�f�ÓÆ�·�6�K�Ù¦){

ë�©z

[1] 4[Z,��,5�{²â�&EÆ¿m6,�u�ÆÑ��"

[2] 4[Z,5�{¿m\�²;6,�u�ÆÑ��"

[3] ��Ó,5f!iÎG���A«�{6,2015c&EÆc���¥II[è

Ø©8

[4] ÜUE,5�MgÄÅ9ÙA^6,2015c&EÆc���¥II[èØ©8
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��w ·K�w

úô�{�¥Æ ÜÓ%

1 J��YK�A:

Cc5§J��YKÆ²ÅÚ?\+¯��À�§��CTSC§��ZJOI"

ù�aK8�Cz�õ§�Ù§a.K8���BOÒ´e�AÑ\êâ§½

öK8==´�¦ÀÃ�E��ÎÜ^��)§~XUR7YKÑK<"

éuÑK<Dó§J��YK'åDÚK��²w�`³´«©Ý�§Ñ

K<�±�âÀÃÑÑ�Y�`�§��õC©ê"

3�K�L§¥§duÕA�µ��ª§ÀÃØI�þD§S§ÏL<a

�¦�U¬å�¿�Ø���J"

��w´��êâ©Ûa�J��YK§�	�Ø=´ÀÃ��èUå�

�{Uå§ÀÃ�êâ©ÛUå�w�c��"

�©Ò��w�K5�\Ööéêâ©ÛaJ��YK�n)"

2 ÁK©Û

2.1 K8�¿

�½��n*m�¹kØÓôÚ��¬�ã/§zg�±�Ø�����

u1�ôÚ�Ó�oéÏ¬§�Ø���U¬��þ¡��¬Ke5§�k�U

¦�m>��¬��£Ä"zg�Ø��¬��êÚ���e��¬��êÑ

¬¼��A�©ê§�±��(åiZ§8I¦�©ê¦�Uõ"

2.2 ÐÚ©Û

·�5¿�XJêâvk?Û5�´X�Å�§@oùKG��õw,´

Ø�Ukõ�ª�{�"Ïd·�knd�&§z��Á:ÑkÙA:§�â

ùAA:·�U����Ø��){"
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,DØA1��:�	§Ù{:êâþÑ�~�§Ã{ÏL��*	5�

�ÙA:§Ïd·��±�ÄÄ�N�5���Ak^�&E"

2.3 êâ©Û��{

éuÑ\êâ¥kÝ/�J��YK§k±eA«~���{"

1!*	z�1"

2!*	z�F"

3!*	fÝ/"

Ò�KDó§�¬�3ôÚ§�zg�Ø�k�U�ØôÚ�Ó�éÏ¬§

��3©ê�Vg§Ïd�k±e�{"

4!*	ôÚ�Ó��¬¤3 �"

5!*	z�ôÚ�Ó�éÏ¬�AE"

6!*	�Ø��{�¬����©ê���5Æ"

ÏLùA�{§·��±Å��äÑz��Á:�A:"

2.4 �\©Û

ÄkduK8¿vk�Ñ�ÁgCÑÑ´Ä�(�checker§Ïd·��k

���checker5�[zg�Ø�¬��¬�CÄ"

2.4.1 checker��{

éuF�F�m§�o��V�óL§^5?n,�F�¬Ñ��1��

¹"

éuz�F�1�1�m§�o��V�óL§^5?n�¬Ká��

¹"

Ó��P¹z�F����¬31A1"

@oXJ�é���1x1yF��¬§=��u´l�eEm©§÷Xó

ryÚ§2�þrn-xÚ"

éuz���¬�þe�¬§U3O(1)�mSé�§éu�m�¬§I�

er�.§2��½m§2�þreZÚ��"

duz��¬�õ¬���g§Ïdù��{��mE,Ý´n2m�"
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�,��±^²ïä`z§E,Ý�±ü�nlog2nm§�´3�|þØí�

�"

2.4.2 �Á:1,2,3,4,5

ù5��Á:k���Ó:Ò´�Ø?¿õ��¬Ñ�Ø�©ê§D�e�

�¬�ê��§©ê�p"

2.4.3 �Á:6,8,9

ù3��Á:��Ó:´�Ø�¬����©êU²�?OO�§Ïdòô

Ú�Ó��¬�å�Ko´�`�"

2.4.4 �Á:1

ÏL�wêâÒUuyù==´��5*5�ÝA§ÏL<a�¦ÃDÒU3

A©¨SDÑ�e0��¬�)"

T�Á:�3�ÀÃu�gCchecker´Ä�(§±9x©"

2.4.5 �Á:2

ÏL*	êâ��þE10*10�ÝA§ÒUuyz�éÏ¬������2"

�I2����è5�yù�ß�§ÒUuyØA�.ek���~��.�

	§Ù{Ñ´���2�éÏ¬§�z«ôÚ�k2¬"@o·��I�lþ�

e§l��m/��Ø�¬§¦�vk���¬Ká§vk���¬��£Ä§

ÒU��¤k�¬"

T�Á:�	�´ÀÃéuêâ�ÐÚ©ÛUå§�±wÑù��Á:�

5�´'�w,�"

2.4.6 �Á:3

ù��Á:�J*	Ñ5Æ"¢Sþw�þE10*10�ÝAÒUuy1�7F

ØA15F	Ñ´¶é¡�"@o�±ß�Ñ§15F�U==´^5Z6^�"
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3?�Ú�*	¥§·��±����ÝAk20õF�Z6F"��·�òù

AF�Ø§��ÝAÒU©�ÐA¬§Ù¥z�¬Ñ´¶é¡�"

�â¶é¡ù�5�§��·�l¥m 	¡�Ø§z¬ÑU��1§�

I�[ù�L§Ò�±A"

T�Á:3�O��Ä��Ø�¬vk©ê�:¥�A�k�	êâ©Û

Uå�:"DT�Á:�J:Ò3uêâ©ÛÚ(Øß�§ÀÃ3��T�Á

:5��cJe�I����[ì5��ÑÑ�Y��J"

2.4.7 �Á:4,5

ùü��Á:éN´�ÒUwÑ==�k3½4«�U�ôÚ"Ïdùü�

�Á:ØI�ÀÃp��êâ©ÛUå§�	�´ÀÃ��åÚÏtY²"

�é14��Á:§·��±zg�Å�Ø��éÏ¬§�Iõ�ÅAg�

ªÒU�Ø�"

éu15��Á:§·�uyù��Ø��AÇ´�~$�"Ïd�±��

��ëêx§��e��¬Ø�Lx��§�åqÞ¤k�Ø�Y§2ÏL�½

�}{ÒU�Ñ�Y"

2.4.8 �Á:6

*	ØA1±	�z�«ôÚ§·�Uuyz«ôÚÑ´3Ó�1½öÓ�

F¥§Ù¥�U�3A�´��A�"ùéN´ÒUé��´�Ù§ôÚCX

A"

�,·���±*	z�1Úz�F§Uuy�31«ôÚÑyõg§�3

õ«ôÚÑy1g§ù�U��þã(Ø"

Ïd·��I�qÞeZH§zgé�U��CX�1½´�F�ôÚ§

�Ø§=�"

T�Á:3�O�Ì�´4ÀÃ·A©êlÃ�k�Cz"

2.4.9 �Á:7

ù�:´���1mF�ÝA"5¿�¤kôÚA�Ñ´���§�´¥

m�U¬�3,�:§,DùA,�:==�k��´Ø�UÜ¿�"ÏdÓ
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�«ôÚeØ3Ó��éÏ¬¥´�±%@�ü«ôÚ�"

·�uy���e�¬�U��Ø��©ê§ù�Ò´��01���²;

¯KA"

z�«ôÚ��¬�ê�±w�NÈ§�Ø��©ê�±w�d�§Ò�

±?1dpA"

T�Á:ÏL��w��.�	A²;¯K§5���w,§�3�	À

Ãéu²;¯K�ÙG§Ý"

2.4.10 �Á:8

ù�:�AE�J*	Ñ"N´*	��´z«ôÚÑ?uÓ��éÏ¬

¥"�´==*	�ù�¿ØU`²�o¯K"XJ·�rz«ôÚ¤3 �

��IÑÑÑ5§Ò�±w�z«ôÚ=k�U´/L0.½´/�0.½´ü

:"

XJ·�wÑAù�5�§ù�:Ò�~�BA"·�ÃÀ@Aü:§Ï

��ªùA:�½´�ØK�",�·�ÀJ���Ø�Ø¬¦�éÏ¬©l

��¬+§�±y²�½�3ù���¬+"

ù�·�ÒUò¤kéÏ¬Ñí1���p�©ê"£3ù�:¥�p©E

´K©¤

T�Á:'åc¡7��Á:JÝþ,A��?O§�3«©p��J��

YKÀÃ��{ÀÃ"

2.4.11 �Á:9

ù�:�5�'�N´*	§*	z�F§uyôÚ�?ÒÑ´ëY�§

DéuØÓ�üF§Ø¬ÑyôÚ�Ó��¬"ÏdéN´ÒUuyz�FÑ

pØK�§����ex��¬Ò¬��x+1©"

ù�ÒUò��n*m��¬ß ¤m�1*n�¬�f¯K§ÒUA?1dpA"

-dpi, jL«��i�jùA�¬�U�����©ê§e�Ø�K�KÃ¡

�"

- fiL«=k1�iùA�¬�����©§@o��w,�=£�§

´ fi=max{ fi−1 + 1, f j−1 + dp j,i}
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@o·�No¦Ñdp��Q"

·��±ò§©�üÜ©=dpi, j = max{dpi,k + dpk+1, j}

�,�k�U´�¬i��¬j�ôÚ�Ó§·�k��i�j¥��Ü©§¦

��e��¬ôÚþ�iÚj�Ó§@où«ôÚÒà8�A�å§�±�å�

Ø§·�-�¬i�ôÚ�c"

ùp·��2���gê|§Ù¥gi, jL«�cÆqÞ�1i��¬§��à

8��å�kj�ôÚc��¬���©ê§��¬i3j��¥"

��=��¬i�ôÚ�c�Ó�k=£gi, j = max{gk, j−1 + dpk+1,i−1}

ù�·�ÒUÏLgê|5��dpê|A"

���mE,Ý�n5m§¢SþFFØ¬�ù�E,Ý§D�J��YK�

�3�Á�mS�Ñ5Ò�±3�

T�Á:�	�´ÀÃ�dpõ.��èUå§5���w,§ØLù

�dp´ÑpuNOIPJÝ�"

2.4.12 �Á:10

T�Á:�A��Q°qá�ÝA§XJ·�ò¤kôÚ¤3� �Ñ�

<Ñ5§ÒUuyz�ôÚÑ�¤A���%ÝA"

@o¢Sþù/¤A��ä§éuz�Ý/Ñw���:§eÝ/iU�¹

Ý/j§Ki´j�yk"�ä�L§�~{üØ2�ã"

3�Ø�¬��©¥·�UuyØA���©´23333333Ù{Ñ´0"ù¿

�X·��¦�U/��ùo�����¬"

*	ùAÝ/�AE§éu3ä¥�?¿ü�:i,j§eiØ´j�yk§@o

�Øjù�Ý/ÑØ¬��Ý/i�»�"Ïd·�3�Ø�L§¥§��l�m

©�Ø§@o�Ø��Ý/��u�ÑeZ1ÒôÚ"

ù�Ò=�¤A���:��ä§é���¹��éÏ¬¦�:�Ú�u

�½��§@où¢SþÒ´��ä/dp3"

T�Á:�	�´ÀÃ�nÜY²§Ù¥I�kêâ©ÛUåwÑT�Á

:�5�§�â²;¯K�ÙG§Ý5wÑ=z���.§±9p���èU

å5ÑÑ�Y"Ø�Ø`3�|¥ÏLT�Á:�ÀÃéuJ��YK�n)

Æ²�©��A"
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2.4.13 Ït

¯¢þ�ÀÃvk�mUAÅ�©Ûz��Á:5����§�Ä��K

äk10�Cg�©ê§�±���Ï^�{5���þ©ê"

äN/§du�K¤k�Á:Ñvk�Ø�¬~K©êù«�¹§�Ø

A7Ò�10Ò:	�e��¬���Ð§Ïd·��±æ�U�Ò���K§z

g�Å�Ø��éÏ¬"

��·��[ù�L§§ÒU��50�m�©êA§ùI�ÀÃ3²��

K��Á¥�²�È\"

3 �©FO

éuØÓ�:g��m�èK�mÑkØÓ§�©����K�m¤�

'"

�p©A�380�90�m§²þ©360�m"

4 8Ôèp��©�¹

�©318�69Ø�§²þ©�45©§Ñ$uýÏF©"

5 o(

êâ©ÛaJ��YK²~¬ÑyA«ØÓ��¹"Ò�KDó§�3

/�Ø�¬k©ê0�/�Ø�¬vk©ê0ü«�¹§�âØÓ��¹ÑK<

  ¬��N´:�J:§XJÀÃUArºÐù�:§DØk�c¡��Á

:(~X�K¥��Á:3)§ÒUøLDÑ"

¯¢þ�K�*	êâ��{E·^uNOI2014�ØiZ§�âØÓ�ê

â©ÛaJ��YK§*	êâ��{ÑkØÓ§���þ�±^�é{5V

)µ��ß�§�%Øy"

6 ��

a�¥IO�ÅÆ¬JøÆSÚ�6�²�"
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a�¤k9�L·�P���ÏL·�ÓÆ"

a�I1é·�'%�ì�"
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5strakf6·K�w

Ãì�¥ofÍ

Á �

�©Ì��Aü�iÎG�êâ(�(Ü�K8§±9KD-tree��AN

ë"

1 ÁK5D

2016I[8Ôèp�

2 ÁK�¿

�A���Ý�N�=d��i1|¤�Ð©iÎGS .

��kMgö�§ö�©�naµ

1 A:ò�GS�¤k�uA�fG��+1¶

2 l r:ò�GS�¤k�uS [l, r]�fG��+1¶

3 a b:Î¯�GS¤kfGS [l, r]÷va ≤ l ≤ r ≤ b���Ú"

3 êâ��

êâ:?Ò N,M ö�a. êâA:

1 5 2,3 Ã

2 10 2,3 Ã

3 100 2,3 Ã

4 2 ∗ 105 1,2 Ã

5 2 ∗ 104 1,3 ¤k�3ö�a=1
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6 2 ∗ 104 1,3 ¤k�3ö�b=N

7-8 2 ∗ 104 1,3 ¤k�1ö��iÎG�Ý�ØeüSF

9-10 6 ∗ 103 2,3 Ã

11-12 2 ∗ 104 2,3 ¤k�3ö�b=N

13-15 2 ∗ 104 2,3 ¤k�2ö��iÎG�Ý�ØeüSF

16-20 2 ∗ 104 2,3 Ã

Ñ\©���Ø�L0.3M"

4 ÁK�:

iÎG!êâ(�!©¬

5 �{5D

5.1 ��K8

�A���Ý�N�=k��i1|¤�iÎGS .

½ÂS [l][r]�Sll�r�fG"

kqgÎ¯§zgé��«m[li, ri]?1Î¯§Î¯���x÷vS [l][l + x −

1] = S [r − x + 1][r].

N, q ≤ 2 ∗ 105

5.2 K)

ù�K§b�éu��Î¯«m[l, r],@o·�¢SþÒ´¦�����x÷

v±lm©��M±9�xm©��M���ú�cM> r − x.

Ïd§·��±l���Å�qÞx,,�l�U^S?n¤k�Î¯"

·�éÎ¯±�à:?1üS§,�e�cqÞ�i,@oKr�à:< i�

Î¯�\§,�Òí�¤k÷v�Y�±�i�Î¯"@o§Ò�±)ûA"

Ïd§·�y3�¯KÒ´���o���±¦Ñ÷v�Y�±�i�Î

¯"
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D�âþ¡¤`§·�kùo�^ªfµi+ len− 1 ≥ r, len´��ú�cM§

=i ≥ r − len + 1.

Ïd§·��I�k�{�or − len + 1��§¿l����Ñ=�"

éuù�¯K§·��±k?1�Mê|¿¦Ñheightê|"

,�§�âheight§·��±�EÑ��ä"�VÒ´ù�µ

b�iÎG�ababcba,@oheightê|�µ

0 a

1 ababcba

2 abcba

0 ba

2 babcba

1 bcba

,��E�ä�µ

aÉ�e�VÒÃA"

��§·�éu��Î¯[l, r]��\§KkéÑl¤éA�!:§,�lù

�:Øä �§éu´»þz�!:�\��pair�(r − len, num),len�ù�!:

UL«���G"

,�§éu?nx�i�Î¯§KlxéA�!:§Øä �r§éu´»þ

z�!:Î¯'i��¤kpair§,��#éA�Y§íØéAÎ¯=�"

,�§ù�¯K§·��±^äó¿©ÚdfsS5)û"
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·��V�±©�naÎ¯µ

1.Î¯fä����¶

2.Î¯óþ!:����¶

3.Î¯óþ!:��Ef�¤kEf����"

,�§éuùna¯K§K�±©OÏL��ä�dfsS!�ó!�E

fdfsS5)û"

Ïd§Ò�±ÏLO((N + M)log2
2
N))ûA"

5.3 �(

ù�K'�Ð�(ÜAiÎGÚêâ(��¯K"'���ÀÃ�èU

å"

6 �{0B

6.1 11-3�êâ:

æ�brute f orce��{"

éuz��?Uö�§Kr¤kÎÜ�fG���+1.

éuz��Î¯ö�§K��Î¯��S�¤kfG���Ú"

�mE,Ý�O(n3),ýO�©15©"

6.2 14�êâ:

5¿�ù�êâ:¿vkö�3§Ïd��(å=�"

�þc¡�15©§ýO�©20©"

6.3 15-8�êâ:

ù�aêâ:�A:3u�kö�1�?U§Dvkö�2�?U"

6.3.1 êâA:

duÑ\�yØ�L0.3M,�±���\o�ÝØ�L3 ∗ 105"
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Ïd§·��±����(Øµ�\iÎG��Ý�õ�kO(
√

N)«"

y²µ

b��ÝTÐ�1�
√

N���§@oo�ÝÆ��O(N)?O"

y."

6.3.2 )û�{

Ïd§·�éuÎ¯ö�§�±éu��ØÓ�Ý�Î¯©m?n"

@o§¯KC¤��o��ØÓ�Ý��à:3,�«m����Yê"

Déu�\ö�§·��±�Ñµ�\ö�¤UK���à:��Mü¶

?u,��«m��S"

Ïd§·��±éuz���à:P¹����|(a,b)L«�à: �

3a§éA�Mü¶�b"

,��\K´éu¤kb ∈ [l, r]���|?1��+1.Î¯K´éu¤

ka ∈ [l, r]���|Î¯��Ú"

·��±æ�©¬5)ûù�¯K"

b�·�Uì �SF5©¬§¬��L.

@o·��±éuz�¬P¹¬S��Ú±9UìbüS�¬Sà:ü¶l

DP¹éuz���½�r������k÷vbk ≤ r.

,�§2éci¬P¹��Úsumi.

éu?Uö�§·���¦Ñéuz�¬��z±9éuci¬��z�§

?UéA�¬S��Ú±9sumi.¿�éuz�¬P¹��?UIP"

éuÎ¯ö�§Kk|^¦Ð�sumi¦Ñ�¬���Ú§,�éu��¬

Ü©§K����IP§�åÎ¯=�"

©ÛE,Ý§?Uö�E,Ý�O( N
L

),Î¯ö�E,Ý�O(L
√

N). �L =

N0.25�§k��E,Ý�O(N0.75).

Ïd§���{E,Ý�O(N1.75).ýO�©20©"

�þþ¡Ù{Ü©�©ê§ýO�©40©"

6.4 19-10�êâ:

éuù�aêâ§Ó��§·��±k�E���Mê|"
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,�§·�éuz�� ��o��(�§�o±T:��à:�¤k?

U�Ý"

éu?Uö�§·��±ÏL�©¦Ñ�¹ù�fG��Mü¶«m"·

��±éuü¶«mp¡éA�z� �§3ÙéA�(�p¡�\�c�?

U�Ý"

,�§éuÎ¯ö�§Kéö�«mS�¤k:©OÎ¯Ù(�p¡�Ý

Ø�L,����?U�ê"

Ïd§·�I����±�oÄ��\±9Î¯',�������ê§

�±¦^�ãä½ö²ïä§��±æ^pb ds¥p¡�ç�E"

�mE,Ý�O(NMlog2N).ýO�©10©"

�þþ¡Ù{Ü©�©ê§ýO�©50©"

6.5 111-12�êâ:

ù�aêâ�A:3umà:�½�N§=Ø�3mà:�.��¹"Ï

d§·�ØI�©mØÓ�Ý5?n"

Ïd§·��±æ�aq15-8�êâ:�)û�{µ

éuz���à:P¹����|(a,b)L«�à: �3a§éA�Mü¶

�b"

,��\K´éu¤kb ∈ [l, r]���|?1��+1.Î¯K´éu¤

ka ∈ [l, r]���|Î¯��Ú"

·�þ¡��¦^�´©¬§�Ù¢ùp�´�±æ^KD-tree5)û�"

¦^KD-tree�±~��½��èþ±9$1�Ýþ�¬k�½�J,"

�±y²§éu�IüüØ�Ó��¹§KD-tree�±�y��O(
√

N)�E

,Ý�¤��«mS�¯K"

ù�:§·��±©üÚ5y²µ

6.5.1 éuÙ¥��«m��8��¹

Äk§'�N´�±��,��«m�?¿«m[L,r]¢Sþ�±�d

u[1,r]«m�)û"

ù��±{üy²��:b��ãä¥mid�¦�L,r?uü�ØÓ«m�!

:§@oe�Ú¯KC¤A�du[L,n]±9[1,r]�¯K"
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,�§éu[1,r]��¹§XJ�c´±�8«m�@�©ü>§@ow,

ü>!:Ñ�H{§DXJ´±[1,r]«m�@��{§@o7,k�>�o�

�ØCX§�o��CX§Ñ�±�Ú)û§Ïd§¢SI� e��k��

!:"

,�§o�ê�log2N�§,��k
log2N

2
�I�H{ü>§ÏdE,Ý

�O(2
log2N

2 ) = O(
√

N).

6.5.2 ���¹

Äk§Ó�N´y²Ù¥���?¿«m[L,r]�±�du[1,r]"

,���c´±ù��©ü>�{§@o7,k�>ù���o��ØC

X§�o��CX"���¹´��CX@�«§@où�Ü©·�Æ²y²

´O(
√

N)?O�A"D,�>§K´�d�¯K"

Ïd§·�kF(N) = F(N/2) + O(
√

N),�â�'êF·��±��F(N) =

O(
√

N).

y."

u´§·��±ÏLO(M
√

N)�E,Ý)û"ýO�©10©"

�þþ¡Ù{Ü©�©ê§ýO�©60©"

6.6 113-15�êâ:

ù�aêâ:§�yA�\�ÝØeü"ù�J«·��± �Ý��

�"

�Ä�cÎ¯«m�[L,r]§·��[1,L-1]�A«m§[L,r]�B«m§[r+1,N]�C«

m",��(x,y)¿Â��à:3x«m§mà:3y«m���Ú"~X(A,B)L

«�à:3A«m§mà:3B«m"·�¦)�´(B,B)��"

@o§éu[1,r]«m�Î¯§·��ÑA(A,A)+(A,B)+(B,B)"@o§XJ

·�k�{¦)(A,A)+(A,B)Ò�±)ûA"Ï�·�Æ²��Ù¥��à:3

>.�){A"

,�·��±¦[1,N]«m�Î¯§lD�Ñ(A,A)+(A,B)+(A,C)+(B,B)+(B,C)+(C,C).

,�qd(B,B)+(B,C)+(C,C)�[L,N]«m�Î¯§�±��"

Ïd§y3���¯KÒ´(A,C)¯K�¦)A"�ù�a¯Kq�vk�

oÐ�)û�{"
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ù�§·�£L5w�Ý�J«",�·��±����â»:µXJ�

y�ÝØ�Lr − l + 1�{§@oØ�3(A,C)ù�¯K"

Ïd§·��±�â�Ý5�o���±ÈzKD-tree§�o��¹�ÝØ

�L,����Y"

@o§éuÎ¯ö�§·��I�k�©ÑéA���ÝéA�KD-tree§

,�3ù�KD-tree?1Î¯=�"

�mE,Ý�O(M
√

(N)),ýO�©15©"

�þþ¡Ù{Ü©�©ê§ýO�©75©"

6.7 116-20�êâ:

��ù�aêâ:§¢Sþ�I�é113-15�êâ:�)û�{?1�þ

?U=�"

·�*	�ù�K#Nl�§¿�ö�Õá§Ïd§·��I�3	¡@

þ��cdq©£§,�ÒU�y�\�ÝüN§lDÒU��|^113-15�ê

â:�)û�{)ûA"

duõ@A�cdq©£§�mE,Ý�O(M
√

(N)log2M).

?1�þ?U§�±ÏL�Üêâ"ýO�©100©"

7 éuKD-tree�Në

��§��AO�"

éuc¡�15-8�êâ:�©¬�{§¢Sþ��±^KD-tree5)û"

y3¯KÒ´éu,��Î¯«m!,��Î¯�8��¹§�±�âØ

Ó��¹��ØÓ�E,Ý"

Ù¢§ù�q�éÐt§b�·��¦1���«m�E,Ý�Na,1��

�«m�E,Ý�N(1 − a)�{"

@o§·��I�ÀJ±1���©lIO��ê��alog2N=�"

�´§�5¿Sü��^S§Ø,k�UE,Ý¬õ¦A��O(log2N)"

D�«'�Ð�Sü�{§Ò´b�a < 1 − a,@okrõÑ5�(1 −

2a)log2N�k?1©l§���{�ê�~�Ó6©=�"

^KD-tree5Në�{§��u©¬§AT�±~��½��mÚ~ê"
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8 o(

o�5`§ù�KJÝ�NOI1�K�C"

Ì��	éK85���÷±9=z�{ü¯K�)û�{"�3òiÎ

Ga.K8Úêâ(�a.�K8éXå5"

9 a�

a�¥IO�ÅÆ¬JøÆSÚ�6�Å¬"

a�Ãì�¥�ô7P�!ù)èP�õc5���'~���"

a�I[8Ôè�ö{�(Ú�NÞ���"

a�Ãì�¥�9��!ðµ!DW÷�ÓÆé·��ÏÚéu"

a�B,�¥��ÓÆ�Jø���"

a�Ù¦é·kL�ÏÚéu�P�ÚÓÆ"

a�I1é·�'%Úì�"

ë�©z

[1] uV²µ5C++��pb ds¥3OI¥�A^6

[2] ?�³µ5k-d tree3DÚOIêâ(�K¥�A^6

[3] Û�°5�Mê|))?niÎG�kåóä6

[4] �á#5�MgÄÅ6

[5] Ûêx5f!©¬g�3�aêâ?n¯K¥�A^6

[6] �ûl5l5Cash6!�a©£�{�A^6

[7] 4[Z,��,5�{²â�&EÆ¿m6,�u�ÆÑ��"

[8] 4[Z,5�{¿m\�²;6,�u�ÆÑ��"
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5L��8Ü6·K�w

f�V�¥Æ �©%

Á �

Ø��8Ü�Ü¿9�Î¯K´ÐÆöé@Ò¬���¯K��§ùØ=

´Ï�§/ª{ü§�Ï�Ùäkõ«ØÓ�){"Ù¥§^ëÏ5L«´Ä

3Ó�8Ü!�oÜ��¿�8�{ÚéA�´»Ø !U�Ü¿�`z�´

{'D4ä�Ç"

ù�K´éØ��8Ü�Ü¿9�Î¯K���{ü�*Ð§D�©Kò

ølÁK��§éT¯K��«){?1?Ø§Ó��nÑgC·K��g´

ÚØÓ){��AA:§F"UéÙ¦<k¤éu§Uéùa¯KD�Ù¦¯

Kk�Ð�n)"

1 ¯K�¿

kn���§�Ðz���áuüÕ���8Ü§kmgö�§zgö�Ñ

´±eü«��µ

1!òü�8Ü?1Ü¿

2!Î¯3L��,��m:§,ü���´Ä3Ó��8Ü

5µùp�¯K£ã�5L��8Ü6ùK��K¿ÑkØÓ"

2 Ì��{0B

±eò/Ø��8Ü�Ü¿9�Î¯K0¡��¯K"

*Ð��¯K��¯K�ØÓ3uÙ�¦Ü©�±Èz§=3�¯KÄ:

þ�¦|±Î¯{¤���&E"ùpòk�Ä�¯K��A){§2}Áò

ÙA^��¦Ü©�±Èz��¹"éu�¯K§��5`��kü«a.�

�{5¢y��¿�8�(�§=IÒ{Ú�oÜ�{"
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2.1 IÒ{

IÒ{=�z�����IÒ§^�Ó�IÒL«Ó��8ÜS���"

È�¢y�IÒ{ügÎ¯�E,Ý´O(1)�§�´Ü¿�oE,Ý��

�±��O(n2)"

2.1.1 éuªÜ¿

5¿�Ü¿ü�8Ü�§·��±ÀJòÙ¥��8ÜS¤k���IÒ

Ñ�U�,��8Ü�IÒ§d��mE,Ý�8Ü��!�"@o��w,

�`z=´zgÀJ8Ü�����8Ü?1?UIÒ"

d�Î¯�E,ÝE,´O(1)�§DÜ¿�oE,ÝKØ�LO(n log n)µ

�Ä�����IÒzg�?U§Ù¤38Ü�����´�5�ü�§D?

Û��8Ü���ÑØ¬�L��oên§Ïd?¿�����IÒ�õ�?

UO(log n)g§¤±Ü¿�oE,ÝØ�LO(n log n)"

Ü©�±Èz

5¿�§���{´éN´¦^ê|¢y�§Ïd���{Ò´��3�

±Èzê|þ@^T�{"�â�±Èzê|�ØÓ¢y§E,ÝÑkØÓ"

�´¢Sþù�¯K¿Ø�¦���±Èz§�A�§�I���Ü©�

±Èz�ê|=�"ù�±ÏLéz� �m��LP¹ezgéÙ?1�?

U5¢y"ù�¢y�Ü©�±Èzê|é,��½��?1�¯��mE,

Ý´O(log n)§é�c��?1�¯�mE,Ý´O(1)�"

¦^Aþã(��§�±��ügÎ¯E,Ý�O(log n)§Ü¿�oE,Ý

�O(n log n)"

2.2 �oÜ�{

�oÜ�{=´ÏLü����m�ëÏ55L«§�´Äáu��8Ü§

^Ü��(�5�;ëÏ5"��;��Ü��(�§������{Ò´�

;z�!:�I!:"ù�´�oÜ�{�Ì�/ª"

��äü���´Ä3Ó��8Ü§�I��ä¤3ä��´Ä�Ó=

�"
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ù�ügÎ¯�E,Ý��´O(n)�§Ü¿�oE,Ý���±�

�O(n2)"

2.2.1 ´»Ø 

´»Ø `z=3zgÎ¯,�:¤3ä��!:�§�å#þré��§

¿òÙ��´»þ¤k:��C¤��f!:"¦^T`z�§zgö��E

,Ý´þ�O(log n)�"

duÙþ�5��E,Ý§ù��{éJ*Ð�Ü©�±Èz��¹"

2.2.2 U�Ü¿

U�Ü¿=�z�ä���§�k��:�ä��0µ�Ü¿ü�ä�§X

Jü�ä��ØÓ§ò����ä����,��ä���f!:§#ä��

���5ü�ä�����¶XJü�ä���Ó§?¿ò������,�

�ä���f!:§#ä�����5ü�ä��\�"

ØJuy§�Ù¢�du��äSl��F�:���ål"k8B{�

±�Ñ§����i�ä§���k2i�!:§Ïd�´O(log n)"d�zgö�

�E,Ý´��O(log n)"

Ü©�±Èz

ù��{w,�´�±*Ð�Ü©�±Èz�¹e�"

�«�{´UY¦^�±Èz½Ü©�±Èz�ê|§�´d�·�k�

Ð��{"

*	Ü��(�,(Ü?U���{§·��±uy�A5�"

5�1µL�,����Ü��>8�½´�c>8�f8"y²µö�L

§¥>Ø¬�íØ"

5�2µ��c�3�z�^>����ÙÑy��m:§@ol?¿��

:���´»þ§>�Ñ´üNO�"y²µzgÜ¿ü�ä�§\�>�½

ë�ü�ä��!:"

dd§�±��P¹z^>Ñy��m:§Î¯�3�Î¯:���´»

þ�åqÞé�Ñy�m:@uÎ¯�m:�>¥l��C�@^=�"

d�§Ü¿ÚÎ¯�E,ÝÑ´��O(log n)�"
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�±5¿�§ù��{3Î¯8Ü�´���å�§ù��5A`z��

m"

2.2.3 (Üþãü«`z

(Üþãü«`z�§E,Ý´þ�O(α(n))§ügö���E,ÝE,

´O(log n)�"

Ü©�±Èz

ù��{3í2�Ü©�±Èz��¹e��¦^U�Ü¿�'¿vk`

³§��´»Ø �DO\A¢yJÝ§¿vk���¿Â"

2.2.4 �O{

�Ä3Î¯�ÏL�O��{)û"

@oy3�)û�Ò´XÛ�o�O¤I�&E"

éuz�:x§z�i§P¹��r2iÚ¤�!: fx,i"zgÜ¿ö�§¢Sþ

´�,� fx,0D�"�,� fx,i�(½�§Ù�BØ¬2�?U§Ó�§éu¤k

÷v fy,i = x�y§ fy,i+1�ò�(½"éuzé(x, i)§^óLò÷v fy,i = x�yP¹

e5§� fx,i(½�§Ò�±�âù�óL�#Ñ¤k#(½� fx,i"

ÏL fx,i§3Î¯��±éN´�Oé��c��"

w,éu?¿��x§�kØ�u0�Ø�LO(log n)�i´k¿Â�§Ïdk

�� �Ø�LO(n log n)§qduz�k� ��õ�D��g§Ü¿�oE

,Ý�Ø�LO(n log n)"

T�{ügÎ¯�E,Ý��´O(log n)�§Ü¿�oE,Ý�O(n log n)"

Ü©�±Èz

|^:���´»þ>�üN�5�§�±éN´/òù��{Ü©/�

±Èz"

éuz�:x§z�i§�	P¹x� fx,iëÏ��@�m:tx,i" tx,i�±3�

o fx,i�éN´/��"

Î¯�|^�OÚ:���´»þ>��üN5Ò�±3O(log n)�E,Ý

S)û"

2016c&EÆc���¥II[è�ÀèAØ© 192



5L��8Ü6·K�w f�V�¥Æ �©%

Ü©�±Èz�§T�{ügÎ¯�E,ÝE,´��O(log n)§Ü¿�o

E,Ý�E,�O(n log n)"

2.2.5 U�Ü¿�O{

5¿�U�Ü¿|^A5�/Ü¿��±gdÀJ#ä��0§D�O{K

üX/¦^Ù¦(�5\�AÎ¯L§§ùü��{éÈ��{`z�Ü©p

Ø�'§w,´�±(Ü¦^�"

Ó�¦^ùü��{§ügÎ¯E,Ý���O(log log n)§Ü¿�oE,

Ý�O(n log log n)"

Ü©�±Èz

ùü��{3*Ð�Ü©�±Èz�¹�§¦^��{�´���§Ñ´

ÏLP¹!�äÜ�¥>Ñy��m§E,�±(Ü¦^"

d�§·�Ò��A��ügÎ¯E,Ý���O(log log n)§Ü¿�oE

,Ý�O(n log log n)�Ü©�±Èz¿�8��{"

3 ��

a�·�I1![<"

a�Q²�P�"

a�·�ÓÆ�"

a�¥IO�ÅÆ¬"
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»�iÅÑ�A ·K�w S ���ÆNá¥Æ Ç��

»�iÅÑ�A ·K�w

S ���ÆNá¥Æ Ç��

1 ÁK

1.1 ¯K£ã

k��n�:m^>��>��l<Ý£:Ú>�?ÒÑl1m©¤§kq|

ö�§z|ö�dü�Ü©�¤µ

1. �½ki^´»§1 j^´ls j�t j�´»§k�A´²L:�õ�{ü´

»§k�A´²L:���{ü´»§¦Ñ����^´»²L�>�>�

Ú"

2. 3Î¯(å±�§ò1wi^´»��?U�xi"

XJ��Ã�ëÏã�?¿�^>�õáu��{ü�§·�Ò¡��l

<Ý"¤¢{ü�=Ø²LE�(:��"

�A4²L:�õ½���{ü´»��§�Kêâ¥�l<Ý�z��

���ÝÑ´Ûê"vkg�"

1.2 Ñ\�ª

1�1n��ên,mÚq§L«kn�:m^>q|ö�"
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�e5m1z1n��êu,v,w§L«�^ë�uÚv�>��w�>"

�e52q1§zü1L«�|ö�"

z|ö��1�1L«Î¯§Äk´���êkiL«kki^´»£ki�U

�0§ù����Ñù�Î¯¿ÑÑ0¤§�e5¬£ãz^´»§1 j^´

»�£ãds j,t j,type jn��ê|¤§©OL«å:Úª:�k´»a.§X

Jtype j´0L«²L:���{ü´»§�1L«²L:�õ�{ü´»"´»

å:Úª:Ø¬�Ó"

1�1ü��êwiÚxi§L«1wi^>�>�¬UC�xi§XJwi�0KL«

vk?U"

1.3 ÑÑ�ª

ÑÑq1§z1���ê§L«zgÎ¯��Y"

1.4 êâ��Ú�½

�y?¿��>�ÚÑáuint��S">�þ���ê"

-S =
∑q

i=1
ki§êâ��XeL¤«µ

�Á:?Ò n m q S kÃ?U

1 =2 n − 1 ≤ m ≤ 2n − 2 ≤ 10 ≤ 10 k

2 =100 n − 1 ≤ m ≤ 2n − 2 ≤ 100 ≤ 100 k

3 =100000 m = n − 1 ≤ 100000 ≤ 100000 Ã

4 =100000 m = n − 1 ≤ 100000 ≤ 100000 k

5 =300000 m = n − 1 ≤ 300000 ≤ 300000 Ã

6 =300000 m = n − 1 ≤ 300000 ≤ 300000 k

7 =100000 n − 1 ≤ m ≤ 2n − 2 ≤ 100000 ≤ 100000 Ã

8 =100000 n − 1 ≤ m ≤ 2n − 2 ≤ 100000 ≤ 100000 k

9 =300000 n − 1 ≤ m ≤ 2n − 2 ≤ 300000 ≤ 300000 Ã

10 =300000 n − 1 ≤ m ≤ 2n − 2 ≤ 300000 ≤ 300000 k
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2 �{0B

11!3!4!5!6�Á:�l<Ý´ä"3ä¥ü�:m�{ü´»´��

�§ù�~�B·�?n§¤±k5w�w3·�ÙG�äþATXÛ?nù

�¯K"

2.1 �{�

·��±k�ÄSF���TXÛ?n"

2.1.1 SF�{�

3SFþ�^´»Ò´��«m§·�òùA«mUì�à:üS§?1

�g×£§ØäÜ¿ü���«m§,�é���z�Ø��«m¦Ñ��"

¤±·�Ò�|±�oü:?U«mÎ¯§·��±¦^�ãä½äG

ê|��{§üg�mE,Ýþ�O(log n)§@o�gö��o�mE,ÝÒ

´O(k log n)"

2.1.2 SF�{�

��^�ãä�o§z�(:�þ´ÄÆ²�CX�IPÒÐA§'

�æ��´zgÎ¯�I�ò�ãä�§�±P¹ezg?UL�(:§

3Î¯(å±��å?U£5§�,��±���±Èz§�mE,Ý�

´O(k log n)"

£8�äþ§·�Ó��±¦^�ó¿©òÎ¯=z�«m¦¿"

�ó¿©�{Æ²��Ê9§3&EÆ¿m¥�ÂgÑy§�ABun

)e©§ùp?1�A{ü�0B1"

�ó¿©�Ø%g�´òä¿¤eZ^ó§z�:Ñáu¿=áu�^

ó§@o�^´»Ò¬dùAó�eZ«m�¤§·�Òòä=z�ASF"

·�I��«éuª�¿©�ª§¦���z�:�´»²L�óÑ¦

þ�§ùÒkA�ó¿©))éu��:u§é�§fä���f(:v§

1�[��ë�©z[1]
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ò(u, v)IP�>§Ù{>K��>§Uì>�¤�ó¿©§ùAó¡�

ó"

�±uyl��er�L§¥§XJ�ÏL�>��ó§Kfä���

�~���5���§¤±�¬²LO(log n)^ó§�Ò´`?¿ü:´»�

©¤�«mêþ´O(log n)�"

@oÒC¤AO(k log n)�«m¦¿§2|^þ¡�SF�{§�mE,Ý

�O(S log2 n)§Ï"�©30�50"

2.2 �{�

�����`��mE,Ý§·��±���g´"

XJÎ¯�k�g§éu�^´»< u, v >§·��±3u, v, Lca(u, v)£ùp

�Lca(u, v)��´uÚv��Cú�yk¤�þIP§,�H{��ä§ÏLIP

�äz^>´Ä�²L§�mE,ÝO(n)"

Ï�'�:�êþ´O(k)�§éN´��Jä§ù�´²;�{§¤±ù

p��?1{ü0B2"

Jä��´ò�ä���ëÏfä§òÙ�©��ó ��^>/¤�ä"

@o·�Ò�¦Ñ���¹¤k'�:�!:ê¦þ��Jä"

��{ü��E�{´�o��Ò§ò'�:UìdfsSüS�g\\Jä§

¦Ñ�cÒºÚT:�Lca§Øä�Ò��Òº´Lca�yk§,�òLcaÚT:

Ñ\Ò¿?U(:�I�"

�±uyù��E�ª�EÑ�Jä:ê´O(k)�§�mE,Ý´O(k log n)"

@o·�Ò�éJäþz^>¦Ñ§�>�§�±uyJä��^>Ò´

�äþ�^ó< u, v >§D�u´v�yk"·��±��¦^Link-Cut Tree5�

où�ä§@o¦�^>��mE,Ý´O(log n)"

���\{ü��{´·��oz�:���´»�Ý§?U�^>�¬

é��fäS�:E¤K�§��fä3dfsSþ´ëY�§��^�ãä�o

«m\{ÒÐA§�mE,Ý�´O(log n)"

¤k�>�¦Ñ±�Ò�±H{ù�Jä���Y"

@o·��ïJä��mE,Ý´O(k log n)§�kO(k)^Jäþ�>I�

2�[��ë�©z[2]
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áó´10-3-2-5"

2.3.3 ��I�

½Â����I�´ù��ål��C�(:§~X�10-11-12�I�

´10"ùp����´{ü�§e©Ó"

2.3.4 fl<Ý

½Â��:�fl<Ý´í�§�����óÚ�áó²L�>±�§¤

3�ëÏ¬§~X:6�fl<ÝÒ´6Ú9ü�:"

2.4 �{n

éu�Á:2§(:êÚÎ¯�´»êþÑé�§·��±éuz���ó

½ö�áó¦Ñ§²LA=A>§,�ÚO�Y"

Äk·�éù�l<Ý?1�gdfs§/¤��dfsä§@oz��Ñd

�^dfsäþ�óÚ�^�y>|¤£~X�2-5-6-7-4Ò´dó2-5-6-7-4Ú�y

>(4,2)|¤¤"

éu�^Î¯�´»§·�kldfsäþrL�§,�qÞz��§XJ�

���´»²L@oÒ¬�)ü«r{§XJ,�«�`ÒO�"

~Xl4�9r��ó§kläþrL���4-7-6-9§�2-5-6-7-4�²L§

§�3ü«r{§©O´4-7-6Ú4-2-5-6§w,�ö�`§·�ò�´»O��

�4-2-5-6-9"

Ï�?¿ü��ÑØ�3�Ó�>§¤±qÞ¤k���mE,Ý´O(n)

£mÚnÓ�u´Ø?1«©§e©Ó¤§o�mE,ÝO(S n)§(Üäþ�{�

±��60©"

2.5 =z

��?nl<ÝLu(J§·��Äòl<Ý¥���Ü K§¦Ù=z

�ä§2|^?nä��{5)ûl<Ý�¯K"

 �k��¯K§Ï���:�UÑy3õ��¥§~X�c�:2"�·

�uy��I����´»¥¿Ø¬²Lù���Ù§(:§D�¥Ù§(:
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»�iÅÑ�A ·K�w S ���ÆNá¥Æ Ç��

�Ä�^ó§'Xa − b − f − i − j§��:�Uk�«£XJ§�L��

:¤½ü«£XJ§�L���¤r{§·��Äl15Ò:r�1Ò:"

ùÚ�:L«q¬���ó²L�¬��áó²L�:§ÉÚ�:´�¬

���ó²L�:§�Ú�:´�¬��áó²L�:"

�±uy§XJ´ �äþ���:§XJ§�L��:§@o�½´ù

Ú§XJ§�L���§ù��Úe��:���Ü©´ùÚ£'X2Ú7¤"

éu���§§�ü«r{��ûuT�þå:� �§D�éuÓ�^

óþ�:ù� �´�Ó�"

@o·��±éz�^ó©O?n§ý?nÑz�:�ôÚ§éuùn

«ôÚ©Oïá��SF§ùASF´ò{a, b, f , i, j, h, g, c, d, e}*Ð���§ò

z�:*Ð��þ��ã"

éuù�~f§�ÚSFÒ´{4}§ùÚSFÒ´{1,2,7,14,15,9,8,10,11,13}§

ÉÚSFÒ´{3,5,6,12}"

@oéu�^�áó½ö��ó§¦�3 �äþ�´»¬²LO(log n)^

óÚO(log n)^�>§ó�±L«�O(log n)�n«SFþ�«m§Dz^�

>�±�äATXÛ3�þr¿�=z�O(1)�«m"·���^êâ(��

oùn�SFÒÐA"

éufl<Ýö�§XJù�:3 �äþØáu�§@o��3n�S

Fþé�éA�«mÒÐA"

XJù�:áu,��§·��±òù���¯f^S?1N�§¦�z

�(:�fl<ÝÑ´�ã«m"

u´·�ÏLé �ä?1�ó¿©§��±��Úä�Ó�E,Ý§

ó¬�y©�O(log n)�«m§fäK´O(1)�«m"

2.7 �{o

·���é �ä��ó¿©§|^�{�pSF��o�ªÒÐA§

�mE,ÝO(S log2 n)§Ï"�©80�100"
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w,1�«�z�kO(k)�§D1�«���zÑ¬éAJä��^>§

@o��kO(k)�"

ùü«�zÑ´�A«m§@o�±��¦^�{�¥�SF?n�{?

1ÚO§�o?U>��Ó�§ùÜ©��mE,Ý´O(k log n)"

2.9.2 Jä�>

Úä�Ó�Ü©Ò´Jä�>§�^Jä�>�±w¤l����I�

£½��:¤�,���(:£½��:¤���ó!�áó½��óÚ�áó

�¿"'XbÚd�>Ò�±w¤d���10�bþ(:3���ó"

·��±�oz�:�����ó!�áó!��óÚ�áó�¿��Ý§

>�Ò´ùü�:�B"Óäþaq§·��±UìdfsS?1�o"

XJ?U�´,�Øáu �äþ��:�ÙI��>£~X10�3�>¤§

@o�kù�:�fl<Ý¬É�K�§·�?Uù�«m�n«��ÒÐ"

XJ?U�´,��þ�>§·��±òù��©¤�õnã§z�ãÑ

¬�?U��ó½�áó��«§@o·�òÓ����dfsS�3�åÒ�±

éÐ/�oA"

Þ�~f§XJ?U5�6�>§5�fl<Ý���ó¬�?U§6�fl

<Ý��áó¬�?U§4Ú7�fl<Ý���ó¬�?U"

·��±^�ãä5�o§@oI��Î�>ê´O(k)§zgÎ¯�E,

Ý´O(log n)§¤±o�mE,ÝO(k log n)"

@o·�Ò^O(S log n)��mE,Ý��Aù�K§Ï"�©100©"

3 ·Kg´Úo(

Cc5&EÆ¿mÑyAØ�l<Ý�'�K8§�u8Ô20151�U1

�K5·�l<Ý6�A·éõéu§�,·¤õ�ÑA'IO�{�`D�

�{£�Ò´�©� �ä�ó¿©�{¤%vk¤õ/¢y�è§ØLù

-åA·ïÄl<Ý�,�"

·ÏLïÄ�·¡�/ �ä0�(�§uy3ù�(�þJä�{�,

¤á§�mE,Ý�vkCz"�K3äþ��´��²;¯K§¤±ÒòÙ
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*Ð¿·Aù�K"

ù�K¿Ø´éN´§ÀÃI�él<Ý�5�k���A)!é²;�

{�ÙöÝºÚ�r��è¢yY²âU�Ñ"

·òù�KÑ�8Ôèp�¥´F"å���E<Ú���^§F"�[

éul<Ý§�Ò´ä����Ð(��)�A,�"8cl<Ý�'��{

�,�mE,ÝÑ'�`D§�´�èÑ��J±¢y§F"�[UJÑ�A

��k�!���B��{"

4 a�

a��I²P�3ÆSÚ)¹þ��ÏÚ'%"

a�CCFJø��6Å¬"

a�Ûó�!pªFÚ÷f�ÓÆ��©"v"

ë�©z

[1] Dó,5SPOJ375 QTREE){��AïÄ6, 2007cI[8Ôè��"

[2] M×Ð,5�ãä3�a©£¯Kþ�A^6, 2014cI[8ÔèØ©"

[3] �ºt,5l<Ý�'�{9ÙA^6, 2015cI[8ÔèØ©"
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Ä:üS�{öSK·K�w É²Æ�¥Æ 7ü

Ä:üS�{öSK·K�w

É²Æ�¥Æ 7ü

Á �

�©�ö3dg8Ôèp�1�Ó'm¥·�A��±ê|üS��µ�

�{K8"�©ò0BdK�){§±9·K��g´§¿?1�'��Ð?

Ø"

1 ÁK

1.1 K8£ã

éu���Ý�n�ê|a[1], a[2], · · · , a[n]§½Âù����{µ§�

¹m�Ú½§Ù¥1iÚ´òa[li], a[li + 1], · · · , a[ri]�/,SüS"

�kq�Î¯§z�Î¯¥�Ñ��Ð©ê|a§\I��äþã�{UÄ

òù�ê|,SüS£=�ª´Ä÷va[i] ≤ a[i+ 1], i = 1, 2, · · · , n− 1¤"

1.2 Ñ\�ª

1�1n��ên,m, q"

�e5m1U^S�ÑA�{¥z�Ú½�ëêli, ri"

�e5q1§z1L«��Î¯§�¹���m�n��K�êa[1], a[2], ..., a[n]"

1.3 ÑÑ�ª

éuz�Î¯ÑÑ�1§XJþã�{Uòù�ê|,SüS§ÑÑAC§

ÄKÑÑWA"
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1.4 �~Ñ\

6 3 2

1 3

3 6

1 3

4 2 2 3 0 7

5 3 8 2 1 9

1.5 �~ÑÑ

AC

WA

1.6 �~)º

Î¯1µ4 2 2 3 0 7 → [2 2 4] 3 0 7 → 2 2 [0 3 4 7] → [0 2 2] 3 4 7§�("

Î¯2µ5 3 8 2 1 9 → [3 5 8] 2 1 9 → 3 5 [1 2 8 9] → [1 3 5] 2 8 9§�Ø"

1.7 êâ5���½

?Ò n ≤ m ≤ q ≤ �5

1 100 100 100

2 200 200 200

3 1400 900000 8

4 1500 1000000 8

5 1400 4000 1400

6 1500 5000 1500

7 1200 700000 1200

8 1300 800000 1300 a[1..n]�¹⌊n/2⌋�1Ú⌈n/2⌉�0

9 1400 900000 1400

10 1500 1000000 1500
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éu¤kêâ§1 ≤ n ≤ 1500, 1 ≤ m ≤ 1000000, 1 ≤ q ≤ 1500, 1 ≤ li ≤ ri ≤

n, 0 ≤ a[i] ≤ 1500"

1.8 �m��

z��Á:2.5¦

1.9 �m��

512MB

2 �©�¹

�k12¶ÀÃë\Adgp�'m"

'mcé�K�©êFOµ1 ∼ 3¶ÀÃ¼�80 ∼ 100©�p©§n©��

�m�ÀÃU¼���40©§¤kÀÃÑU¼���20©"

¢S�©�¹�µ1¶ÀÃ¼�A100©§3¶ÀÃ¼�A50©§7¶ÀÃ¼

�A40©§1¶ÓÆ¼�A20©§oNþ�ýÏ�¹�Î"

3 È��{

Äk�Ä�È���{"

éuzgÎ¯§�å�1�{�m�Ú½§z�Ú½^O(n2)�k�üS

{1½�\üS{2¢y"��u��Hê|´ÄkS"�mE,Ý´O(qmn2)"

�±�Äéù��{?1`z§òüS�{U¤O(n log n)�¯�üS3½

östd::sort4"u´�mE,ÝC�AO(qmn log n)§�±ÏL20%�êâ"

1http://en.wikipedia.org/wiki/Bubble%5fsort
2http://en.wikipedia.org/wiki/Insertion%5fsort
3http://en.wikipedia.org/wiki/Quick%5fsort
4http://www.cplusplus.com/reference/algorithm/sort/
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4 _Sé

_Sé½Â�SFa[1..n]¥��éeI(i, j)§÷v1 ≤ i < j ≤ n�a[i] >

a[j]"§´����Vg§��üS�{kX;��éX"

~K1 (²;¯K). Ñ\��ê|a[1..n]§zg#N����ü�êa[i], a[i + 1]§

¯��²Lõ�gö��±¦ê|üÐS"(n ≤ 105)

5¿�§zgö��§ê|�_Séêþ¬O\1½ö~�1§Ïdö�g

ê�e.Ò´Ð©ê|_Séêþ"w,ù�e.´�±���§�IzgÀ

�,�a[i] > a[i+ 1]�i§¿òùüê��§��Ø�3ù����_Sé��§

d�ê|�½Æ²�,SüS"

¤±�I�O�ÑÐ©ê|�_Séêþ=�§ù�±^8¿üS{55)

û§zÓ8¿�Ó��±�Ñª�ê|¥:�_Séêþ§�e�_Séê�

±48e�O�"

y3£��K§�±uy3�Á:3, 4¥§q�5���§Dn,m�5��

�§¤±I�`zÎ¯�g�E,Ý"

·�æ^þK¥����_Sé��{5?1üS§duaê|�Ð©_S

éêþ´O(n2)?O�§Ïd3���{L§¥·��õ?1AO(n2)g��"

�ù��ØA§Ï�·�zÓüS��éa[li..ri]?1�g×£§I�ri −

li = O(n)��m"XJùã«m�Ýé�DÙ¥_Séê��§@où4×£

��m´L¤�"

Ïd§�Ap��o§�±r�c¤ka[i] > a[i + 1]�iÑ�\���²

ïä£½std::set6¤p"zgòa[l..r]?1üS�§éÑset¥Ø�ul���

�i§XJi ≥ r§`²a[l..r]Æ²kS§�±(åö�¶ÄKòa[i], a[i + 1]��§

,�u�a[i− 1], a[i]Úa[i+ 1], a[i+ 2]���'X§¿3set¥?1�#"

u´o��mE,Ý´O (q(m+ n2) log n)§�±ÏL40%�êâ"7

5http://en.wikipedia.org/wiki/Merge%5fsort
6http://www.cplusplus.com/reference/set/set/
7òset�¤vEBä�±���`�nØE,Ý" (http://en.wikipedia.org/wiki/

Van%5fEmde%5fBoas%5ftree)
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5 01SF

01SF��´���Ü�0½1�SF"3�êFüSk'�¯K¥§�

Ä01SF�AÏ�¹  ¬k|u¯K)û"

~K2 (BestCoder Round #76 div.1 Problem 1004). �o��ê|a[1..n]§§´

��1 ∼ n�üF"�1mgö�§ö�kü«a.µ

(1)òa[l..r]�/,SüS"

(2)òa[l..r]�/üSüS"

��¤kmgö���§£��gÎ¯µéu���½�k§ÑÑa[k]��"

(n,m ≤ 105)

«mö��~^Ãã´�ãä§�K¥�ö�Ø�N´��3�ãäþ¢

y"ù�K8�AÏ�?3uÎ¯�ka[k]�� �§¤±�±�Ä�©�Y�

Ãã"b��c�©��´mid§r�umid�êiI�1§Ø�umid�êiI

�0§ù�ÒrnüF=z�A01SF"

301SFþ?1«müSö�´éN´�µ^��BIP�ãä§|±«

m¦Ú!«mD�"ù��üS��«m����Î�ep¡kA�1ÚA�0§

,�rc�ãD��0§��ãD��1=�£üS�{Ò´�L5¤"

é¤kö���±�§u��ea[k] �þ´0�´1§ÒU��¢S

�a[k]´Ä�umid"o�mE,Ý´O(n log n+m log2 n)"

ò��üF=z�01SF�Ð?´�I��Ä�umidÚØ�umid���

�m�'X§D3midÓ�ý����m�'XØI��Ä§¤±¬�\�B"

~K3 (²;¯K). �½��n����'��ä§�ä§´Ä´���(�ü

S�ä8"

eØ´�(�üS�ä§ÚOkõ��nüFØU��(üS"

XJæ^�åu���{§I�én!«ØÓ�nüF©O�y�g¶�¢S

þ�I�é2n«01SF?1u�Ò�±A"ù´üS�ä�0-1�n§§��(

5éN´y²µXJk��nüFØU��(üS§@o�ª(J¬�3_S

éi < j, a[i] > a[j]"Px = a[j]§,���r�SF¥�ux�I�1§�e�

I�0§ò���01SF��Ñ\§@oÑÑSF¥a[j] �þ´0§a[i] �þ

´1§vk��(üS"

8http://en.wikipedia.org/wiki/Sorting%5fnetwork
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�e5´�{ü�Oê¯K"w,§��nüFU��(üS�¿�^�

´§é?¿�k§rüF¥�uk���I�1§�e�I�0§���01SFÑ

U��(üS"¤±§ý?nÑ¤kÜ{�01SF§��Ü{�nüFÒéA

�^l00 · · · 0�11 · · · 1�´»§¥mzÚr��0U¤1§�å¥²L�Ñ´Ü

{01SF"u´´»^ê�±^��O(n2n)�DP�Ñ"

5.1 _�4í

y3£��K"�e��Á:¥q�5�Ñ��§éz�Î¯?1�[wþ

�'�(J"·��±���g´§=DïÄäk�o5��Ð©SF´�±

�üS�"

kAfâ�²�§·��±kl01SF�AÏ�¹\Ã�Ä§)û8Ò�Á

:"�01SF¥1�êþ�k"

�ÄUA��(üS�01SF§§��ª/�´�½�§¤±�L5ï

Ä¬�\N´"�1mgö��SF��(üÐS§@o31mgö�c§S

F7,´c¡�ã0§�¡�ã1§,�¥ma[lm], a[lm + 1], · · · , a[rm]ùã�±

¬�?¿�Ï^S"Ón§XJ(½A1m − 1gö�(å��(J§@od

�a[lm−1], · · · , a[rm−1]ù�ãêAT´kS�§·��±r§�?¿�Ï^S§

��1m − 1gö�c�¤k�U(J"XJUù�l� c4í§��í�

11gö��c§nØþÒ�±��¤k��üS�Ð©01SF"

/ªz/£ãù�L§"^AkL«¤kU�1k + 1, k + 2, · · · ,mgö��

(üS�01SF¤|¤�8Ü"8ÜAm¥��¹��SF§=n − k�0�¡�

Xk�1"lm�1üSqÞi§éuz��SFa ∈ Ai§XJa[li..ri]ùãf«m´

kS�§·�Òra[li..ri]?¿�Ï^S�¤k�U�(JV\�8ÜAi−1¥"

�ª8ÜA0Ò�¹A¤k��üS�Ð©01SF"

5.2 �L��

�¯K3uzg/?¿�Ï^S0�±���SFkéõ«§���8

ÜAi���´�ê?�§Ø�U�ÜwªH{"Ïd·�F"é�,A{'�

5�UA£ã8ÜAi¥�¤kSF"�«g,��{´lAi¥Ïé��A½�

SF��/�L��0§^§5L«Ñ��8ÜAi"�Ò´`§§´Ai�¤k�

�¥�¹���¶¿�§XJ,�SF'�L��Ð§@o§�7,áuù�
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8Ü"

y3·�I���/Ð�0�½Â¦�ù���L��UA�3"w,§

1���§0��m§SF��CüS¶1��m§0���§SF��C,S"

ÏdN´uy�Ï^S����ªÒ´òa[li], · · · , a[ri]�1�Ü£��>§0�

�m>£=UüSüS¤§Ù¦��ªÑ�±ÏLUYò1 �£D��ù��

�G�"u´�±ù�½Âµ

-�8U´¤k�¹k�1�n 01SF"éu��01SFa ∈ U§^pos(a, i)L

«a¥l��m1i�1¤3� �"éuü�01SFa, b ∈ U§½Âa'b`D§�

�=�éui = 1, 2, · · · , kÑkpos(a, i) ≥ pos(b, i)"ù´�� S'X"�*5

`§Ò´�±ÏLòb¥�,A1m£D��a"~X§100111Ò'101101`D"

�A�BQã§2�Ñ�A½Âµ

^f01(a, l, r)L«ò01SFa�1l��1r�,SüS����SF§^f10(a, l, r)

L«òa�1l��1r�üSüS����SF§l ≤ r"N´uyù��A5

�µ

(1) f01(a, l, r)'a`D§a'f10(a, l, r)`D"

(2)-b = f01(a, l, r)§Kf10(a, l, r) = f10(b, l, r)¶-c = f10(a, l, r)§Kf01(a, l, r) =

f01(c, l, r)"

(3)éua, bGÚl, r§XJa'b`D§@of01(a, l, r)'f01(b, l, r)`D§f10(a, l, r)

�'f10(b, l, r)`D"

�e5I�y²�L����35"r8ÜAm¥�����P�am"

�â�c���4íL§§½Â�|01SFam−1, am−2, · · · , a0§Ù¥ai−1 =

f10(ai, li, ri)"�±^8B{y²§��01SFx ∈ Ai��=�x'ai`Dµ

XJSFx ∈ Ai§�â½Âky = f01(x, li+1, ri+1) ∈ Ai+1§=y'ai+1`D§

2�â5�(3)kz = f10(y, li+1, ri+1) = f10(x, li+1, ri+1)'f10(ai+1, li+1, ri+1) =

ai`D§qdux'z`D§Ïdx'ai`D"

,��¡§XJSFu'ai`D§�â5�(3)��§1i + 1gö���(

Jv = f01(u, li+1, ri+1)'w = f01(ai, li+1, ri+1)`D§qdai = f10(ai+1, li+1, ri+1)§

´�w'ai+1`D§u´v'ai+1`D§=v ∈ Ai+1"Ïdu��1i + 1, · · · ,mg

ö�üÐS§=u ∈ Ai"

u´·�Ø=y²A�L����3§�ò8ÜAiÚAi−1m�4í=z�

A�L��aiÚai−1m�4í"
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5.3 �é8Ò:��{

�âþ¡uy�(Ø§·���A�é8Ò�Á:�AÏ�{µý?nÑ

Ga0§,�zg�äÑ\�01SF´Ä'a0�`D=�"

Ù¥1�Ú�±N´/O(n)¢y¶1�Úý?n¥§·�I�p�¢y�

�ã«m¥�01üS§ù�±¦^�_Sé��{¢y"

�mE,Ý´O ((m+ n2) log n+ qn)"

5.4 ÷©�{

Ø�b��üS�ê|a´��nüF"XJØ´�{§�±kò§lÑz§

Ù¥��Ó���UìeI4O�^S©�"N´wÑù�¿Ø¬K��ª�

�Y"

y3}Áò01SF��{í2�nüF"éuÐ©üFa[1..n]Ú�½�k§

½Â01SFbk§Ù¥bk[i] = 1��=�a[i] ≥ k"�cÆ²J�L§�{Uòaê

|�(üS§��=�éu¤kk = 2, 3, · · · , n§T�{ÑUò01SFbk�(ü

S"

u´§�âfâ��{§y3I�éuz�k§ý?nÑn − k�0�

�k�1�G�X?1mgö���(Jck"��éz�©Oý?n�½�ú

A§�·��±����d�¯�µ-Ð©üF�1, 2, · · · , n§Uilm�1�^

S§zgò1li��ri�üSüS"�����SF¥§ò�uk��^0�O§

Ù¦�^1�O§���01SFÒ´¤¦�ck"ù����(5´w,�§D�

�±dd��ck−1´dckr,� ��0U�1D���"

y3�éu¤kk = 2, 3, · · · , nu�bk´Ä'ck`D"ù´��²;¯K§

�±òbk¥�1�KÒ§ck¥�1��Ò§zg\\�é#�+1,−1�§u�ê|

�cMÚ´Ä�K"ù�±^²;��ãä«m\!�o«m���5¢y"

�mE,Ý´O(n log n)"

ý?n�L§�±^�_Sé��{¢y"Ïd�{�o�mE,Ý

�O ((n2 +m+ qn) log n)§�±ÏL100%�êâ"

6 Ù¦Ü©©�{

XJÀÃuyAþ¡�(Ø§�Ø¬¦^�_SéE|?1ý?n§��
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±<�'��*�©ê"~X315!6Ò�Á:¥§m����§�±��z

g�åüS¶38Ò�Á:¥§du�üS�êiÑ´0Ú1§¤±��±=z¤

«m¦Ú�«mD�ö�§^�ãä¢y"

,	�k�«�UÏL5!6Ò:��{µ�Ä^êâ(��où�SF§

ò§©¤eZã§¦�zãÑ´üN4O�§¿r�ã¥�êi�?��²ï

ä�o"?1«müSö��§��3«m>.?äm§,�ò¥m�eZã

?18¿§8¿�¦^�AÜ¿²ïä�E|9"�´ù��{�E,Ý¿ØN

´©Û"

�k�«�{´ò[F^Ø��ö���K§,��å�[z�Î¯"�

±^ù���{�KÃ^ö�µ-Ð©êF¥a[i] = n− i+ 1§¿U^S�1ü

Sö�§XJ��ö�vk¦êFu)UC§K´Ã^ö�¶��±-Ð©ê

F�a[i] = i§,��L5?1üSüSö�§¿rvk^����K"

|^ùAÜ©©�{§(Ü�½�`z§ýO�±��50∼70©§äN�

©õ��ûu`z��ª±9ÀÃ�Uå�²�"

7 �Áêâ�E

�K�êâ´k:JE�§e¡{ü0B�ez��Á:æ^��E�

{"

7.1 1,2Ò:

ùü�:�n,m, q ≤ 200§È���[ÒUÏL§Ä�Ø¬k��½�Ø�

{§¤±�I�Å�E=�"�Å���4�Y¥�ACÚWA�êþ¦þ²þ"

7.2 3,4Ò:

ùü�:´���zg^O ((n2 +m) log n)�m�[��{�§q'��¶

��A��ÀÃ^BOJ��ªqÞ�Y§ØU42q��§¤±���q ≤ 8"

�åüS�E,Ý´O (
∑

(ri − li) log n)§�Arù��{kK§I�4z

güS�«m¦�U�"�´Ó�I�5¿ØU4êF�@�üÐS§ÄKÀ

9ë�2015c�ºt�p�K)
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Ã�±^·��break5YL"�±3>þ3XA���ØÄ§����24

§�ë�üS"

7.3 Î¯ê|�)¤

�K¥Î¯ê|´ù�)¤�µ�E�m�üSÚ½��§ÓI���¦

Ñé§��L5üSüS��(Ja§,�éù�ê|?1�A�ÅN�"X

J�)¤AC�Î¯§ÒeZg�ÅÀÑ�é'��C�(i, j)�i < j, a[i] > a[j]§

,�òa[i], a[j]��¶e�)¤WA�Î¯§Ò�L5��"ù��N�±¦AC�

êâØ��@�üÐS§�¦WA�êâ��üS(J�kSêF��C§�±

���AØ�Ì��Å�{YL",	§êâ¥��,A�Ü©A�´üS�

Î¯ê|"

7.4 5,6Ò:

ùü�:¥mÚnêþ?BØõ§q��§´4uyAI�(Ø�Ø¬ý?

n�ÀÃ§±9êâ(�Uå�r�ÀÃÏL�"

ùpÓ��I�¦zgüS«m¦�U�§��5¿��ÑyLõÃ^ö

�"

�±-mid = ⌈n/2⌉§,��gé«m[1,mid], [2,mid+1], [3,mid+2], · · · , [n−

mid+ 1, n]?1üSö�§,�é�mü�©O48�E"ùAö�Ñ´k^ö

�§ö��ê´Θ(n)§²þ«m�Ý´Θ(n)§_Sé�~�þ´Θ(n2)§�±ò

ý�õê�Ø�{k���"

7.5 7,8,9,10Ò:

7,9,10Ò:´�I�O��§êâ5�kFÝ¶8Ò:��E�{�§��

Ó�É"ùo�:¥©ÙXü«ØÓa.�êâ"

1�«´Ú3,4Ò:aq§ö�«mÑé�§�´Ã^ö�Ò¬Cõ"

1�«êâ�ö�«m�ÝA�Ñ´2§=zg�üS��ü���§k^

ö��ê�±��Θ(n2)§ù���E�I�zg����_Sé=�"ù��

å�[�E,Ý��´Ω(qn2)§Ä�vk�UÏL"
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du1�«êâ�YL��U5��§¤±��A��9Ò:§�en�:

Ñ´1�«êâ"

8 ·Ko(

ù�K8K¿�~{'´Ã§wþ��± �Nõêâ(�Kaq§I�

�o��SF¿3þ¡|±«mö�¶�´qÚ,Aêâ(�àKØÓ§ùK

�´¶¿Ø3up��êâ(�nØ½E,Ý©ÛE|§D´3uïÄK¥ö

��5�§�L5?1©Û§lDuy�A(Ø",�2�âùA(Ø�I�§

À^²;�êâ(�?1�o"�KI�¥^��êâ(�kset±9�Ä�

�BIP�ãä§�èJÝ¿Øp§�õêNOIY²ÀÃATÑUÙö¦^"

��Kk�½�g�JÝ"

a�

a�¥IO�ÅÆ¬JøÆSÚ�6�²�"

a�I[8Ôè�ö{�(Ú�NÞ��Ï"

a�·��öMklP�õc5���"

a�ÚÕÊ!M×Ð!�ºt!f�ÓÆ3�K·�L§¥�·?Ø§¿

JÑA�BïÆ"

a�±fcÓÆ�K"

ë�©z

[1] Sarbazi-Azad, Hamid (2 October 2000). /Stupid Sort: A new sorting al-

gorithm0. Newsletter (Computing Science Department, Univ. of Glasgow)

(599): 4.

[2] BestCoder Round #76 Solution.

[3] �ºt§Tree and Sets)K�w"

[4] 4[Z§��§5�{²â�&EÆ¿m6§�u�ÆÑ��"

2016c&EÆc���¥II[è�ÀèAØ© 219





move·K�w �â½är¥Æ ��ë

move·K�w

�â½är¥Æ ��ë

1 K8�¿

3��Ã���01SF¥ks� ��1"¤k1� ��m�«m§�Ñù

A«m"�Ñkgõ�ª f (x)§½Â��«m����3«m¥�ÅÀJ��m

© �§2zg�ÅÀJe�� �§òù� ���§��«m¥¤kê�

Ó�§zg£Ä�²L�ål�\ f (x)���Ú�Ï""kq�Î¯§zgÎ¯

���Ý�n�«m¥ò¤kê?¿üF��õUO\õ���§¿UìUA¦

������YüF§kõ«�Y�ÀJ1� �l���i;S���"

n ≤ 109
§k ≤ 250000§m ≤ 20000§q ≤ 15000§s ≤ 5 × 107"

2 �{0B

2.1 ÄuG�Ø ��{

2.1.1 10©�{

�ÄN�¦��«m���"du��G�¥��P¹�c �Ú�c«

m§�±����G�ê�O(n2n)��{"^ fi,tL«�c ��i§�c«m�

�?�L«�t�Ï"���ÂÃ"��)�§�±¦Ñ¤kG����"ù�

�±��10©"

2.1.2 20©�{

duz�g£ÄÑ´�Å�§�c�Ú���Ï"ÂÃ���c �ik

'"^gtL«�cG��t§�c �?¿§ØO��c�Ú�Ï"ÂÃ"^hi

L«li �m©£Ä�Ú���Ï"ÂÃ§Kù����ik'§�±ý?n¦
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Ñ"�� fÚg�m�'Xµ

fi,t = gt + hi (t , 0, t , 2n − 1)

gt =
1

n

n−1
∑

i=0

fi,t xor 2i

ò¤k f^g�\§KG�ê~��2n")�§¦Ñ¤k�Y"ù��±�

�20©"

2.2 ��õ�ªE,Ý��{

5¿�gt��§¥kér�é¡5§�±|^ù«é¡5"

òØÓi£Ä�Ú���ÂÃhiégt��z©mO�"-ci,t�«mG��t�

l �im©£Ä�Ï"Úê§Kk

gt =

n−1
∑

i=0

ci,thi

duz�ÚÑ´�Å£Ä§ci,t�ØÓ ��m�^SÃ'"ù�dé¡5

�±��ØA1i ±	�¤k �¥��Ó� �Ñ´�d�"Ïdci,t ��G

�t¥1i ��ÚG�t¥1��êk'"

-ai,x�ki �1�G�t¥§����x� �k�ck,t��§Ù¥x�0½1"

�Ä��ci �1§�n − i �0�G�t§Ù¥1 < i < n − 1"ògt�=£�

§^a�\��µ

i−1
∑

k=0

ai,1hk +

n−1
∑

k=i

ai,0hk =
1

n

















i−1
∑

k=0

















hk +
∑

p<i,p,k

ai−1,1hp + ai−1,0hk +

n−1
∑

p=i

ai−1,0hp

















+

n−1
∑

k=i

















hk +

i−1
∑

p=0

ai+1,1hp + ai+1,1hk +
∑

p≥i,p,k

ai+1,0hp

































=
1

n















i−1
∑

k=0

((i − 1)ai−1,1 + ai−1,0 + (n − i)ai+1,1 + 1)hk

+

n−1
∑

k=i

((n − i − 1)ai+1,0 + ai+1,1 + iai−1,0 + 1)hk
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duai,x�hkÃ'§K�½k

ai,1 =
1

n
((i − 1)ai−1,1 + ai−1,0 + (n − i)ai+1,1 + 1)

ai,0 =
1

n
((n − i − 1)ai+1,0 + ai+1,1 + iai−1,0 + 1)

(1 < i < n − 1) (1)

éui = 1��¹§Ó��Et¿�\gt��µ

a1,1h0 +

n−1
∑

k=1

a1,0hk =
1

n

n−1
∑

k=1

















hk + a2,1h0 + a2,1hk +
∑

p≥i,p,k

a2,0hp

















=
1

n















(n − 1)a2,1h0 +

n−1
∑

k=1

((n − 2)a2,0 + a2,1 + 1)hk















ù��±��

a1,1 =
1

n
(n − 1)a2,1

a1,0 =
1

n
((n − 2)a2,0 + a2,1 + 1)

(2)

aqéi = n − 1��¹�±��

an−1,1 =
1

n
((n − 2)an−2,1 + an−2,0 + 1)

an−1,0 =
1

n
(n − 1)an−2,0

(3)

duai,x������k'§�±3O(n)��mS)Ñai,x"

N´*	uy�i < n
2
�ai,1 < ai,0§�i = n

2
�ai,1 = ai,0§�i > n

2
�ai,1 > ai,0"

ù�XJ��Î¯«m¥ki�1§K�i < n
2
�ATò1 £Ä�hk��� �§

�i = n
2
�¤k�Y��Y�Ó§�i > n

2
�ATò1£Ä�hk��� �"

dhx½Â��

hx =
1

n

n−1
∑

i=0

f (|x − i|)

=
1

n















x−1
∑

i=0

f (x − i) +

n−1
∑

i=x

f (i − x)















=
1

n















x
∑

i=1

f (i) +

n−x−1
∑

i=0

f (i)















(4)
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du f (x)�z��Xêþ��K�ê§��pgXê�"§�� f (x)�½

î�4O"duhx − hx−1 =
1
n
( f (x) − f (n − x))§�±��hx'ux = n

2
é¡§�

3x < n
2
�4~§3x > n

2
�4O"N´uyhx����Ax�½/¤��«m§

hx����Ax�½/¤ü�«m"

ù�zg#üF�(J¥1� ��½´��½ü�«m"�±^²

ïä�o¤k«mà:"duz�«mà:�õ�íØ�g§o�«m�ê

�O(m + q)§�±��o��«mö�gê�O(m + q)"zgÎ¯�¦Ñö�

cÚö����Y"ý?nhk�cMÚ��±3O(1)��z�«mé�Y��

z"

ù�ý?nai,x��mE,Ý�O(n)§ý?nhk��mE,Ý�O(nk)§?n

Î¯��mE,Ý�O((m + q) log(m + q))"�±��30–35©"

2.3 `zhx�¦�

2.3.1 ¦^Bernoulliê

d(4)§�¦Ñhx§�I�¯�¦Ñ
∑x

i=1 f (i)"ù´'ux�k + 1gõ�ª§

�±^Bernoulliê¦Ñ"XJ f (x) =
∑k

i=0 uix
i
§K�±��

x
∑

i=1

f (i) =

k
∑

i=0

ui

i + 1

i
∑

j=0

(−1) j

(

i + 1

j

)

B jx
i+1− j

=

k+1
∑

p=0

xp

k
∑

i=p−1

ui

i + 1
(−1)i+1−p

(

i + 1

i + 1 − p

)

Bi+1−p

=

k+1
∑

p=0

xp

p!

k
∑

i=p−1

ui

i + 1
(−1)i+1−p (i + 1)!

(i + 1 − p)!
Bi+1−p

ù�xp��Xê�±^ fi = i!uiÚg−i =
(−1)iBi

i!
ü�SFòÈ��"¦ÑBernoulliê

�^�gNTT�±¦Ñ"
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¦Bernoulliê�±^�ê)¤¼êµ

Ge(x) =

∞
∑

i=0

Bi

i!
xi

=
x

ex − 1

=
x

∑∞
i=1

xi

i!

=
1

∑∞
i=0

xi

(i+1)!

ù���¦õ�ª�_�"õ�ª¦_�äN�{��ë�©z[1]"

�A¦Ñhi�õ�ª§�I�3Æ� f (x)Xê�¦Ñ f (n − 1 − x)�Xê"ù

Ó��±^NTT)û"

ý?nhi�cMÚÓ��±^Bernoulliê)û"

ù��±3O(k log k)�mS¦Ñhi�cMÚ�õ�ª"���\I���"

duØÓ�«mà:�ê�O(min(n,m + q))�§�±3O(k min(n,m + q))��m

S¦Ñ¤kI��iéA��"ù��±��45–50©"

2.3.2 ¦^õ:¦�

éeZØÓ�xi¦Ñ f (xi)�±¦^õ:¦��{"e¡éõ:¦��{?

1{ü0B"

du f (xi) = f (x) mod (x−xi)§�¦ f (x1), f (x2), . . . , f (xm)§�±k¦Ñg1(x) =

f (x) mod
∏⌊m

2
⌋

i=1
(x−xi)Úg2(x) = f (x) mod

∏m
i=⌊m

2
⌋+1(x−xi)§248¦Ñg1(x1), g1(x2), . . . , g1(x⌊m

2
⌋)Úg2(

duõ�ªØ{�±3O(n log n)�mS¦Ñ§�mE,Ý�O(n log2 n)"

õ�ªØ{±9õ:¦�3ë�©z[2]¥k�[`²"

¦^õ:¦��{`z§�±��60–70©"

2.4 ?�Ú�`z

�K¥�I�¦Ñ�� �d0C�1½d1C�0é�Y��z§=ai,1−ai,0"
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-di = ai,1 − ai,0§Kd(1)�±��µ

n(ai,1 − ai,0) = ((i − 1)ai−1,1 + ai−1,0 + (n − i)ai+1,1 + 1)

− ((n − i − 1)ai+1,0 + ai+1,1 + iai−1,0 + 1)

= (i − 1)(ai−1,1 − ai−1,0) + (n − i − 1)(ai+1,1 − ai+1,0)

ndi = (n − i − 1)di+1 + (i − 1)di−1 (1 < i < n − 1) (5)

Ó�§d(2)Ú(3)�±©O��

nd1 = (n − 2)d2 − 1 (6)

ndn−1 = (n − 2)dn−2 + 1 (7)

2.4.1 di�¦�

dé¡5�±��dn−1 = −d1"

ò(5)éui = 2, 3, . . . ,m�\§¿\þ(6)§Ù¥1 ≤ m < n − 1§��µ

m
∑

i=1

ndi =

m
∑

i=1

(n − i − 1)di+1 +

m
∑

i=2

(i − 1)di−1 − 1

=

m+1
∑

i=2

(n − i)di +

m−1
∑

i=1

idi − 1

=

m−1
∑

i=2

ndi + (n − m)dm + (n − m − 1)dm+1 + d1 − 1

z{��µ

(n − m − 1)dm+1 − mdm = (n − 1)d1 + 1
(

n − 1

m

)

((n − m − 1)dm+1 − mdm) =

(

n − 1

m

)

((n − 1)d1 + 1)

(

n − 2

m

)

dm+1 −

(

n − 2

m − 1

)

dm =

(

n − 1

m

)

(d1 +
1

n − 1
) (8)

ò(8)éum = 1, 2, . . . , k − 1¦Ú§��µ
(

n − 2

k − 1

)

dk − d1 =

k−1
∑

i=1

(

n − 1

i

)

(d1 +
1

n − 1
)

dk =
1

(

n−2

k−1

)















k−1
∑

i=0

(

n − 1

i

)

(d1 +
1

n − 1
) −

1

n − 1















(9)
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3(9)¥�k = n − 1§��µ

dn−1 = (2n−1 − 1)(d1 +
1

n − 1
) −

1

n − 1

dudn−1 = −d1§�±)Ñ

d1 =
1 − 2n−2

(n − 1)2n−2
(10)

ò(10)�\(9)§��µ

dk =
1

(

n−2

k−1

)















k−1
∑

i=0

(

n − 1

i

)

1

(n − 1)2n−2
−

1

n − 1















=

∑k−1
i=0

(

n−1

i

)

− 2n−2

(

n−2

k−1

)

(n − 1)2n−2
(11)

ù��±3O(k)��mS¦Ñ¤k1 ≤ i ≤ k�di"du3�K¥k ≤ s ≤

5 × 107
§�±3�m��S¦Ñ¤kI��di"

2.4.2 `z�m¦^

5¿��;¤kdiÚ¥mO�L§¥^��|ÜêÚ_�I�O(s)��m§

¬�L�m��§I�~��m¦^"

ò(11)C/§��µ

dk =

∑k−1
i=0

(n−1)!

i!(n−i−1)!
− 2n−2

(n−2)!

(k−1)!(n−k−1)!
(n − 1)2n−2

=

∑k−1
i=0

(n−1)!

(n−i−1)!

(k−1)!

i!
− (k − 1)!2n−2

(n−2)!

(n−k−1)!
(n − 1)2n−2

ù�I�¦Ñ
∑k−1

i=0
(n−1)!

(n−i−1)!

(k−1)!

i!
Ú (n−2)!

(n−k−1)!
�_�"

-bk =
∑k−1

i=0
(n−1)!

(n−i−1)!

(k−1)!

i!
§Kkµ

b0 = 0

bk = (k − 1)bk−1 +
(n − 1)!

(n − k)!
(k ≥ 1)

�±34íL§¥P¹ (n−1)!

(n−k)!
§ÒU3¦^O(1)�	�m�^�e¦Ñbk"
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-ek =
(

(n−2)!

(n−k−1)!

)−1
§�±��ek = (n − k − 2)ek+1"ù���é���k¦Ñek§

24í¦Ñ¤kI��ek"

3O�L§¥�I��3I�¦�k�ek§ù��±ò�m¦^ü$�O(m+

q)"�±��90–100©"

2.5 ~ê`z

duNTT�{~ê��§I�?1�A~ê`zâUÏL�K"

2.5.1 ~ê©Û

½Â³U¼êΦ(S )�G�S¥��1�«m�ê�ü�"

¤kõ:¦��xdzgÎ¯ö�cÚö����YüÜ©|¤"éuö�

c��YÜ©§-w����¹3Î¯«m¥�1«m�ê§z��Ü©CX�«

m�ê"w,z ≤ 2"XJÎ¯«m�¹u,�1«m§KùgÎ¯�oÎ¯:ê

�0§³U¼êØC"ÄKù�Ü©�Î¯:ê�2w + z"d�³U¼êü$2w

"

éuö����YÜ©§�Ä3�gÎ¯¥G��UC"XJùgÎ¯¥

�«mki� ��1§�±©�ü«�¹"

�i ≤ n
2
�§�)��«m"ù�I�Î¯ù�«m�ü�à:§Ó�³U

¼êO\2"

�i > n
2
�§�)��cM«mÚ���M«m"ù��I�Î¯cM«m

�mà:Ú�M«m��à:"duXJ��«m31�Ü©¥�Ü©CX§

K�±Ú3ù�Ü©¥�)�«mÜ¿���«m§�¬�)�õ2 − z�«m"

³U¼êO\4 − 2z"

31�«�¹¥þ��m�4 + z§31�«�¹¥þ��m�6 − z"�±

���gÎ¯�þ��m�õ�6"

duÐ©³U¼ê�2m§o�Î¯gê�õ�2m + 6q"3�K�êâ��

¥�õ�130000"

2.5.2 ~ê`zE|

3¢yNTT�§�±ý?n¤kI�^��ü �"ù��±~�¦{$
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��gê"

3¢yõ:¦��§I�¦Ñ��õ�ª©Oéü�õ�ª���(J"

5¿�3¦Ñ f (x) mod g(x)�I�¦Ñ f (x)Úg(x)�NTT(J"éu f (x)§�±

�?1�gNTT¿��ù�(J"éug(x)§dug(x)´dü�õ�ª�¦��§

3¦Ñg(x)�Æ²��g(x)�NTT(J§�±��¦^"

3 êâ)¤�ª

3.1 êâ:1–10

3ù10�êâ:¥§¤kêâ����Å)¤"

3.2 êâ:11–12

3ùü�êâ:¥§3�Åêâ�Ä:þ)¤A�A�Ý���«m"Ó

�)¤Ai = n
2
�Î¯"

3.3 êâ:15–20

3ù8�êâ:¥§Ð©��k��«m"zg¬�ÅÀJ�c��«m

��MÎ¯"Î¯��½¬òù��M�m£Ä"�EÀJ�Mö�§�«m

�ÝLá�lÐ©��à:#m©§��)¤AvA�Î¯"ù��±��

õ:¦��:ê�õ�êâ§�±����100000"

3.4 êâ:13–14

3ùü�êâ:¥§)¤Aõ:¦��:ê�õ�êâ"

3Ð©�)¤ü�«mpÚq§�Ý©O�aÚb§b > n
2
§¥mk�½m�"

1�gÎ¯�ÀJ«mq"ù��±¦�ù�gÎ¯�:ê��6"Ó�«

mq©�ü�«mq1Úq2§�Ýþ�u
n
2
"1�gÎ¯�ÀJ«mq1§Ó�CX«

mpÚq2��Ü©§¿÷v«mq13Î¯«m� �ý"ù�ù�gÎ¯�:ê

�6§Ó�q1�m£Ä"�±¦�q1 �à:Úq2mà:�ålØ�Ln§ù��

±òq1�q2(Üw�q§¿UY?1"
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�duù«�{I�÷vb > n
2
§Ïd)¤�AÎ¯�òØUUY?1"�

±^�AÎ¯ò¤k«mÜ¿�aqÐ©��/ª"

ù�)¤�êâõ:¦��Î¯:ê�±����125000"

4 o(

�KÑKg´5DuTopcoder SRM 641 BitToggler"�KòÙ¥��Ü©í

2�n = 109
§s = 5 × 107"�Ñ�K(Øk�½�g�JÝ§Ó�(ÜAõ�ª

�'�{§�	AÀÃ��èUå"

5 a�

a�CCFJøÆSÚ�6�²�"

a��(²P�é·���"

a��ÏL·�ÓÆ�"

ë�©z

[1] $��, “Inverse Element of Polynomial”, http://picks.logdown.com/posts/189620-

inverse-element-of-polynomial

[2] $��, “Polynomial Division”, http://picks.logdown.com/posts/197262-polynomial-

division

[3] 4[Z,5�{¿m\�²;6,�u�ÆÑ��"
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