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Preface

A few months ago, on his last visit to In the long history of mathematics,
New Jersey, I was telling [Paul] Erdds ‘number’ has always meant real
something about p-adic analysis. number, and it is only relatively
Erdés was not interested. “You know,” recently that we have become aware
he said about the p-adic numbers, of the world of p-adic numbers. The
“they don’t really exist.” situation is akin to someone who has

only experienced daylight gazing in

Melvyn Nathanson astonishment at the night sky.

Kazuya Kato
Nobushige Kurokawa
Takeshi Saito

p-adic numbers were birthed into the world by Kurt Hensel in 1897, at a lecture
for the annual meeting of the German Mathematical Society. Initially, these
new objects were viewed with some skepticism. Helmut Hasse recollects that in
1920, no less a figure than Richard Courant advised him against studying with
Hensel, dismissing Hensel’s 1913 book on p-adic numbers as an unproductive
detour (“unfruchtbarer Seitenweg”). Yet today p-adic numbers have thoroughly
permeated number theory. Local-global principles, which relate solubility in
number fields to solubility in p-adic fields, are central to modern arithmetic
geometry. Tate’s thesis and the adelic viewpoint on class field theory are bread
and butter to algebraic number theorists. And those on the analytic side of
the fence can point to ‘local densities’ as p-adically motivated objects that
arise in nearly every study of arithmetic counting problems. We live in an age
when activists and arithmeticians universally agree on the need to think (and
act) both globally and locally.

These problem sets, written for a topics course at the 2024 Ross Indiana
summer mathematics camp, do not describe any of these significant modern
applications of p-adic numbers. Rather, they offer a hands-on — better, minds-
on! — approach to the foundational theory of Q,, working towards elementary
but attractive number-theoretic applications. Whenever there was a choice
to be made, I have elected to treat special cases rather than develop general
theory. This has allowed prerequisites to be kept to a minimum. Readers



are expected to have seen number theory and rigorous calculus, as well as
both abstract and matrix algebra, but most of what is needed belongs to the
standard undergraduate curriculum.

Notwithstanding the chosen title, these problem sets aim to offer a general in-
troduction to p-adic numbers, privileging neither analysis nor algebra. Analysts
will be disappointed by the absence of material on continuity, differentiability,
and p-adic interpolation. Algebraists will be disheartened that the discussion
never ventures beyond Q, to any of its finite or infinite extensions. Despite
the many omissions, I am optimistic that as individuals engage with these
problem sets, they will catch a glimpse of an alluring territory begging to
be charted. The suggested readings listed below have been selected as partic-
ularly approachable, and we commend their consideration to those with an
adventurous spirit.

How to use this book

This manuscript is intended as a resource for undergraduates and beginning
graduate students looking to dip their toes into non-Archimedean waters.

For the teacher using the text as a resource for a class on p-adic numbers:
First of all, congratulations! As you are probably aware, courses on this topic
at the specified level are rare.

If the book is used as the primary course text, problems should be distributed
to students independently of solutions. Class time can be spent discussing
ideas and approaches, with conversations led by students but facilitated by
the instructor. Experts will often see more in the problems than beginning
students and they are encouraged to use these discussions to share insights.

Solutions to Problem Set (p-Set) X can be passed out once the class, as a
whole (or at least, on the whole), is ready to move on to Set X + 1. For those
on the semester system, a reasonable aim is to cover roughly one set per week,
with the expectation that later material will take a bit more time. The book
can also be used in a supplementary fashion, with an instructor handpicking
interesting-seeming problems to spice up their own exercise sheets.

For students: Congratulations to you as welll p-adic numbers are a(n) (un)real
treat to think about. If you are using the book for a course, follow the
directions of your instructor. If you are using the book for self-study, I strongly
recommend working through the problems systematically, tackling one set
completely before moving on to the next. Please give yourself enough time
for the mental fermentation process to occur before giving up on a question!
Of course, you should not feel bad if after a long struggle certain problems
continue to elude you; solutions are included for precisely these moments.
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I should emphasize that this is not meant to be your only book on p-adic
numbers. The author, for instance, learned about p-adic numbers from entirely
different sources! After mastering the material on each problem set, it is
recommended that you look at how the corresponding content is treated in
the suggested references. One only truly understands a topic after examining
it from all angles, and different texts bring out different perspectives.

Saying what we mean and meaning what we say

Exercises are typically introduced as assertions, without the use of “show that”
or “prove.” (The Extra Explorations, embedded in the solutions, are exceptions.)
Problem solvers should recognize they are on the hook to validate every claim.

We take no position on the hotly contested issue of whether 0 is a natural
number. Integers greater than or equal to 0 are — naturally enough — referred
to as nonnegative integers. As is customary in English, positive means strictly
larger than zero. We write ZT, Qt, and R* for the sets of positive integers,
rational numbers, and real numbers, respectively.

Our terminology around quotient rings is slightly unconventional. To start
with, the term ring always refers to a commutative ring with unity. If I is an
ideal of the ring R, and a € R, the class of a with respect to congruence modulo
I is typically denoted “a mod I.” We break this rule when (and only when)
R =17Z and I = mZ, instead writing “a mod m.” Additionally, we use “Z/m”
in place of “Z/mZ”; this is a mild concession to the notation Z,, appearing
on the first-year Ross Program problem sets.
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https://terrytao.wordpress.com/2007/05/25/open-question-e
ffective-skolem-mahler-lech-theorem/

In this connection it was also helpful to consult a post of Seewoo Lee:
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Part I

Problems






Problem Set #1

Valuation Theory (the Theory of Absolute Values)

...true faith is belief in the reality of
absolute values. It is in this kingdom
of absolute values that we must look
for and find our immortality.

William R. Inge

Let K be a field. An absolute value on K is a function |- |: K — R satisfying

(i) |z| > 0, with |z| = 0 if and only if x = 0,
(ii) |z +y| < x|+ |y| (the triangle inequality),
(iif) |zy| = |||y

for all z,y € K. We refer to the pair (X, |-|) as a valued field.

1.1. Let (K, |- |) be a valued field. Then:

(a) | £1] =1,
(b) |z —y| > |z| — |y| for all x,y € K,
() |zy~t| = |z||y|~! for all 2,y € K with y # 0.

1.2. Let K be a field. Define |z| by letting |x| =0 if = 0 and |z| = 1 for all
x # 0. Show that |- | is an absolute value on K (the trivial absolute value).

Let p be a prime number. For each x € Q*, there is a unique integer v with
the property that x = p¥7 for some integers a,b not divisible by p. We set
vp(x) = v. In order to have v, defined on all of Q, we take v,(0) = co. The
function v,: Q — Z U {oo} is called the p-adic valuation.

oo

1.3. Let p be a prime. For each x € Q, define |z|, = p~ @) where p~>° is
taken to be 0. Then |- |, is an absolute value on Q (the p-adic absolute value).



The absolute value | - |, will play a starring role throughout the course. You
are strongly advised to compute several examples to develop a feel for this
notion of absolute value. Here are a few to get you started:

5210 2
| =271 3% =1, || =3, [100!;=7""°
210 +1 ) ) ‘ |2 ) 21 5 ) ‘ |7
If | - | is an absolute value on the field K, we call | - | non-Archimedean if it

satisfies the following strong triangle inequality:
|z +y| < max{|z|,|y|} forall z,y € K.

Sensibly enough, an absolute value that is not non-Archimedean is Archimedean.
For example, the trivial absolute value is non-Archimedean, while the usual
absolute value on Q is Archimedean.

1.4. For each prime p, the absolute value | - |, on Q defined in Exercise 1.3 is
non-Archimedean.

The following Darwinian property of non-Archimedean absolute values (“sur-
vival of the greatest”) is central to the theory.

1.5.If | - | is a non-Archimedean absolute value on a field K, then

|z + y| = max{|x|,|y|} whenever z,y € K with |z| # |y|.

1.6. Let K be a field equipped with an absolute value | - | for which |2| < 1.
Then |2¢1 4 22 + ... 4 27| < p for all nonnegative integers eq,...,e,. It
follows that |(})| < n whenever n is a positive integer and 0 < k < n.

1.7 (Product Formula). Let || denote the standard Archimedean absolute
value on Q. For every x € Q*,

eloo T lzlp=1.

p prime

Factorials and Factorization
1.8. For each prime p and positive integer n:  |n!|, > pn/(=1)

1.9. |n!|w grows faster than C™ for any fixed C. Hence, the product formula
implies that there are infinitely many primes.



‘p’s and Harmony

1.10. Let H, = 1 + % + -+ %, the nth harmonic number. From calculus,
|Hp|oo tends to infinity. The same holds for |H,|s.

1.11 (Wolstenholme). When p is odd, H,_1 = pZO<i<p/2 m Hence,
|Hp— 1], <p~2 for p > 3.






p-Set #2

Distance Learning

Today we are far from the standpoint
of viewing the measure or size of a
number or geometric figure as
something given by nature and
necessity. We view the size of a figure
or number rather as a function of its
essential components, whose
determination is entirely at our
discretion, and in whose choice we let
ourselves be guided by reasons of
expediency.

Kurt Hensel

In R it is often useful to view |z — y| as the distance between z and y. One
can adopt the same interpretation for any absolute value on any field K, but
only if one is prepared to welcome a few surprises!

2.12. If | - | is non-Archimedean, every triangle with vertices in K is isosceles.

Let (K, |- ) be a valued field. For ¢y € K and real r > 0, the open and closed
discs of radius r centered at x( are defined, respectively, by

Do,(xo) ={z € K: |z —xo| <7} and D<,(z9) ={z € K : |x —xo| < r}.
2.13. Suppose | - | is non-Archimedean. Let D = D, (xg) be an open disc in

K. Show that if z € D, then D = D_,.(z). That is: Every point of an open
disc is a center.

2.14. Suppose | - | is non-Archimedean. Then any two open discs are either
disjoint or one contains the other.

2.15.Let K = Q and | - | = | - |, with p prime. Every open disc is a closed
disc, and vice versa.



Valuation Theory

2.16. How many absolute values can you find on Fage7? (Here and below, F,
denotes the field with p elements, or equivalently the residue ring Z/p.)

2.17. Let (K, ]| -|) be a valued field. For all z,y € K and all n € Z™T,
n
k

Let F,,(T) denote the fraction field of the polynomial ring F,[T7], so that

< nHt/n
lz+yl < (n+1) (Jgggn

1/n
)Inax{|ff|,|y|}-

FT) = { G+ PTG € Byl 6() 2 0}

2.18. Every absolute value on F,(T') is non-Archimedean.

2.19. If n(T), 7(T) are distinct monic irreducibles in F,[T7], then there is an
absolute value | - | on F,(T) with |7(T)| < 1 and |7T( )| = 1. Is there an
absolute value on F,(T) with |T'| > 17

2.20. If K is a field equipped with a non-Archimedean absolute value |- |, then
D<i(0) ={z € K :|z| <1} is aring. When K = Q and |- | = |- |, this ring
is denoted Z,) and called the ring of p-integral rational numbers. Explain in
pedestrian terms what it means for a rational number to be p-integral.

2.21. Determine ﬂp prime Z,).

‘p’s and Harmony

: : L (P) — p(p—1)y —  (=DF!
2.22. For every prime p and each integer 0 < k < p: (k) k (k71) =p =

(mod p?). (Part of the problem is to make sense of the congruence, since
k—1
p-C ¢ Zifl <k <p)

2.23 (Eisenstein). If p is an odd prime, then [1 — 3+ 4 — {1+ -+ — p%1|p <1
<= 2P =2 (mod p?).

When 2P = 2 (mod p?), we call p a Wieferich prime, alluding to the appearance of such primes in
Wieferich’s early 20th century investigations into Fermat’s last theorem. 1093 and 3511 are the

only known Wieferich primes. Other examples (if they exist) exceed 10*°.



Variations on a Theme of Euclid

2.24 (Schur). Let F(T) € Z[T] be nonconstant. There are infinitely many
primes that divide F'(n) for some n € Z. In other words: F has a root in Z/p
for infinitely many primes p.

2.25. If p | n* 41 for some n € Z, either p =2 or p =1 (mod 8). Hence, there
are infinitely many primes p =1 (mod 8).

2.26. Let n € ZT. If p | (2n +1)? — 2, then p = &1 (mod 8). Not every prime
dividing (2n + 1) — 2 can be congruent to 1 (mod 8). Hence, (2n + 1)? — 2 is
always divisible by some prime congruent to —1 (mod 8). By varying n, we
can find infinitely many primes p = —1 (mod ).

2.27. Every coprime residue class mod 8 contains infinitely many primes.

In this last statement, “mod 8” can be replaced with “mod m,” for any m € Z%1. This is a
celebrated (and difficult!) theorem of Dirichlet that you will meet in courses on analytic number

theory.
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p-Set #3

Knowing Your Limits

One cannot blame a respectable
mathematician for looking twice at
the equation

—1=4+44-54+4-5°4+4-554+....

... It is obvious that [this] is absurd if
ordinary convergence is intended. The
whole point to Hensel’s theory is that
this is not ordinary convergence, but
a new type of convergence which,
from the point of view of abstract
algebra, is equally worthy of the
name.

Cyrus Colton MacDuffee

Let (K,|-|) be a valued field, and let {z,,} be a sequence of elements of
K. Suppose © € K. We say {x,} converges to x, and write z, — = or
lim, o0 ,, = x or simply lim x,, = z, if the following holds.

For every real number € > 0, there is an N € ZT with the property that

|z, — x| <€ whenever n > N.

(The inequality “|x, — x| < € could have been written as “z,, € D.(z).”)
We say {z,} converges if it converges to some z in K. Those who already
grok convergence in the context of calculus will notice that z, — x in (K,|-|)
precisely when |z, — x| — 0 in the familiar sense.

3.28. Every sequence in a valued field has at most one limit.

3.29 (calculus classics).

11



(i) If z,, = « for all n, then =, — x.
(ii) If ,, — 2 and y,, — y, then =, + y, — =+ y.
(iii) If ,, —» « and y,, — y, then x,y, — zy.

3.30. 2, =1+3+3%+ .-+ 3" converges to —% in (Q, |- |3). So defining the
value of a series as the limit of its partial sums, .~ 3" = —1. Does {z,}
converge in (Q, | - |,) for any other values of p?

3.31. Evaluate Y .- jn-nland > o ;n?-2" in (Q,] - |2).

3.32. Explain how the calculations

U, g

7 T —6 -2
’ ’ — =0+3- —

;1_2+3.;5 7 7

T 7 N

-5 —4 S

— =143 —

7 7 =8 _op4+3. 1

1 -6 EER R
=243 —

2
imply that in (Q, |- |3),
11 .
7:2+2-3+1-32+2-?§”+0-34+1-:)>°+0-36+2-37+1-38+...,

where the “digits” in the right-hand expansion follow the eventually periodic
pattern 2,2,1,2,0,1,0.

3.33. Find co,c1,c2,... € {0,1,2,3,4} with Y77 (x5 = 2 in (Q, |- |5).

Valuation Theory

3.34. Let (K, |-|) be a valued field. Then | - | is non-Archimedean <= |2| < 1.
(Here 2 means 1+ 1.) Is this equivalence true with 3 in place of 27

3.35. If | - | is a nontrivial non-Archimedean absolute value on Q, then |p| < 1
for some prime p.

3.36. Let | - | be a non-Archimedean absolute value on Q. If m and n are
relatively prime integers, either |m| =1 or |n| = 1. (Use Bézout!)

3.37. Let | - | be a non-Archimedean absolute value on K and O = D<4(0).
We have seen in Problem 2.20 that O is a subring of K.

Show that € O is a unit in O <= |z| = 1. Furthermore, if M is the collection
of all nonunits of O — that is, M = D1(0) — then M is a proper ideal of

O containing every proper ideal of O. Hence, M is the unique maximal ideal
of O.

12



ml|o12 3 4 567 8 9 10 11 12 13 14 15 16
Um |[001 1 -1 =3 —1 5 7 -3 —17 —11 23 45 —1 —91 —89 93

Sequence {um, }m>0 appearing in Exercise 3.40.

3.38. Every nonzero element of Z,) is uniquely expressible in the form p“u
where v is a nonnegative integer and w is a unit of Z,).

3.39. Z(;,) is a principal ideal domain (PID) with pZ, its only maximal ideal.

A Question of Ramanujan

When is a power of 2 equal to 7 more than a square? This happens for
23,2425 27 and 2'° (in this last case, 21° = 32768 = 7 + 181?). In a 1913
issue of the Journal of the Indian Mathematical Society, Ramanujan listed all
of these examples and posed the problem of finding others.

Let R = Z[H'T\/j] (viewed as a subring of C). Since (14"2/_77)2 = 1+‘2/j7 -2,

R=7+172

§(a+b\/—7):a,b€Z and a = b (mod 2)}

3.40 (Nagell). Assume as known that R is a unique factorization domain
whose only units are 1. Show that if 2, m are integers with 2% 47 = 2™, then
Um—o = *1, where u,, is the sequence defined by the Binet-type formula

B Vi R Vi
- 5=

2 7

Oém*ﬂm

Uy = gy for

153 m=20,1,2,3,....
Does the converse hold?

On our final problem set (Set #13) you will determine all solutions to w,,—2 = £1 by p-adic
methods.

13
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p-Set #4

Berning Questions

. It took me less than half a quarter of an
hour to find that the tenth powers of the first
1000 numbers, starting from 1, being added
together make

91409924 241 424 243 424 241 924 242 500.

This renders apparent the futility of the work
Ismagl Boulliau spent on the compilation of
his voluminous Arithmetica Infinitorum, in
which he did nothing more than laboriously
compute the sums of the first six powers. ..

Jacob Bernoulli

The Bernoulli numbers By, (k=0,1,2,3,...) are defined as the coefficients in
the formal power series* expansion

= B —
1 Z kL
k=0

Equivalently, By, By, Bs, ... are determined by the identity

T T3 T4
T=
( 3! 3!

T2 T3
T+7+7+7+ >(Bo+BlT+Bz + B3 +. )

Since = =1+ 5 L4 I o7 4.lisa power series with rational coefficients and
nonzero constant term, its remprocal
coefficients. Therefore, every By, € Q

1 is also a power series with rational

For positive integers n and k, define Sy,(n) = 1% + 28 + ... 4+ (n — 1)¥.

* We assume acquaintance with basic facts about formal power series, as found for
instance in §1.1 of Stanley’s Enumerative Combinatorics.
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Ejlo 1 2 3 4 5 6 7 8 9 10 11 12

By || 1 - 0 - 0 5 0 -5 0 &2 0 -2

o=

1
2

First several Bernoulli numbers.

4.41. 1+ el + e ... 4 DT =5 Si(n )Tk—f (as formal power series).

k
k ndtl
4.42 (Faulhaber’s Formula). Si(n) = B
( ). Suln) Z() i

In view of the widespread applications of Faulhaber’s formula, the Bernoulli
numbers are natural objects of study. The following two exercises ask you to
pluck some low-hanging fruit.

4.43.1f coth T := SrtLl then TcothT = T+ 20 = T+ 372 By CE- )" (as
formal series). Tcoth( ) is invariant under the substltutlon Tw— —T. Hence,
By, =0 for every odd k£ > 1.

4.44. cothT = % + Ek21 sz%T%_l and % cothT =1 — coth?T.
As a consequence: (—1)**1 By, > 0 for each k € Z+.

Other properties of Bernoulli numbers lie a bit further below the surface.
For instance, based on the above table one might conjecture that Bernoulli
numbers always have squarefree denominators. We will prove this — and much
more — in due time!

Take It to the Limit, One More Time

4.45. Compute the first several partial sums of > p- | 2% /k, noting their 2-adic
absolute values. Any conjectures?

4.46. For every r € Z(,, there is a unique sequence dy,d;,dz,ds,... €
{0,1,2,...,p — 1} with Y27 dkp® = r in (Q,| - |p). The sequence {dj} is

eventually periodic.

4.47.If x,, —» x in (K, |- |), then |z,| — |z| in the real numbers. In fact, if | - |
is non-Archimedean and x,, — =, where x # 0, then |z,| = |z| for all large n.

16



Valuation Theory

4.48. Every nontrivial non-Archimedean absolute value on Q has the form
| - |5 for some prime p and some ¢ > 0.

4.49.If | - | is an Archimedean absolute value on Q, we know from Exercise
3.34 that |2| = 2¢ and |3| = 3¢ for some real numbers ¢, d > 0.

Write 27 in base 3, say 2" = €,3™ + €_13™ "' + - - + €9, where each ¢; = 0, 1,
or 2 and €,, > 0. There is a positive constant B with

ocn — |2n| < B- ‘3|m —B. 3dm;
eg., B= ‘\:23||131| works. Since 3" < 2™ and n can be taken arbitrarily large, it
must be that ¢ < d. Reversing the roles of 2 and 3 shows d < ¢, and so ¢ = d.

4.50. If | - | is an Archimedean absolute value on Q, then |- | =|-|S,, where
|2] = 2¢.
Let |- | and | - | be absolute values on K. We say |- | and | - |" are equivalent

absolute values if they induce the same notion of convergence, meaning that
Zn — xin (K,|-|) if and only if z, — z in (K,]|-|').

4.51. If | - | and | - | are equivalent, then |- | and | -|" are both Archimedean or

both non-Archimedean.

Suggestion. Look at convergent geometric sequences.

4.52 (Ostrowski’s Theorem). Every nontrivial absolute value on Q is
equivalent to exactly one of |- |, (p prime) or | - |-

4.53. It is easy to find p distinct rational numbers equidistant with respect to
| - |p; simply consider 0,1,2,...,p — 1. Can you find p + 1 such numbers?
‘p’s and Harmony

4.54 (Eswarathasan—Levine, Boyd). Recall our notation H,, for the nth

harmonic number, H, =1+ 5 + -+ + L If |H,,|, > 1, then |H,|, = p|Hpn|
whenever pm < n < p(m + 1).

4.55. (electronic assistance recommended!) |H,|3 and |H,|5 tend to infinity.

Open problem: |H,, |, tends to infinity for every fixed prime p.
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p-Set #5

And Introducing. ..

Let p be a prime number. A p-adic integer is an infinite tuple (a1 mod p, as mod

p? a3 mod p3,...) € [[r2, Z/p"* that satisfies the compatibility condition
aps1 = ar  (mod p¥) for all positive integers k. @)

We write Z,, for the collection of all p-adic integers.

A p-adic integer is no more and no less than an object which can be sensibly
“reduced” modulo an arbitrary power of p. Initially one might think that all
elements of [[,—, Z/ p* meet this description: any of these can be “reduced”
mod p”* by projecting from the kth component. But for a general element of
Hzozl Z/p*, these reductions need not be compatible. “Compatible” means
commutativity of the diagram

Zp - Z/pk—H

k41

a mod p —a mod plC

z/p"
This is precisely what (*) buys us.
Here are some examples of elements of Zs:

(101 mod 5,101 mod 5,101 mod 5°,...) = (1 mod 5,1 mod 5%, 101 mod 5%, ...),
(—1 mod 5, —1 mod 5%, —1 mod 5°,...) = (4 mod 5,24 mod 5,124 mod 5°,...),
(4 mod 5,34 mod 5%,334 mod 5°,...) = (4 mod 5,9 mod 5,84 mod 5°,...).

Take a moment to convince yourself that this last example satisfies our compatibility
condition!

5.56. Z,, is a subring of [[;, Z/p".
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Figure for Exercise 5.64.

5.57. Z, is an integral domain.

5.58. Z,, has characteristic 0. (Thus, Z sits canonically inside Z,.)

Which elements of Q can be said to belong to Z,? Is our third example of a
5-adic integer an element of Q? (Assume the nth component is 3. . .34 mod 5",
where 3 is repeated n — 1 times.)

5.59. u = (a1 mod p,az mod p?,...) € Z, is a unit <= p t a1 (in Z) <
pfu (in Zy).

5.60. Every nonzero element of Z, admits a unique expression in the form
p’u, where v is a nonnegative integer and u is a unit in Z,,.

5.61. Z,, is a principal ideal domain with pZ,, its only nonzero prime ideal.

~

5.62. The canonical inclusion Z < Z, induces an isomorphism Z/p" =
Z,/p"Z,, for every positive integer n.

5.63. The definition of Z, makes sense without requiring p to be prime.
However, considering Z, for composite g does not give anything essentially
new. In fact: Z, = leg Z,, for each integer g > 1. (For instance, Z1g = Zy X Zs.)

5.64. What does the picture on this page — created by TEX StackExchange
user Qrrbrbirlbel* — have to do with Z3?

5.65 (Steuding). Repeat the last exercise for Salvador Dali’s painting La
Cara de la Guerra.

5.66 (Z, is uncountable). There is no map from Z* onto Z,.

* https://tex.stackexchange.com/a/695157
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Well, Color Me Impressed!

5.67 (Thomas, Monsky). Consider the following 3-coloring of the rational
plane Q%: (z,y) is red if |z < 1, |yl < 1, blue if |z|s > 1, 2|2 > |y|2, and
green if |yla > 1, |y|a > |z|2. Show that any trio of differently colored points
forms a triangle A with |Area(A)|; > 1.

This observation plays a key role in the proof of Monsky's Theorem: It is impossible to dissect a

square into an odd number of triangles all of which have the same area.
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p-Set #6

Enter Cauchy

Let K be a field equipped with an absolute value | - |. If {z,} converges to
in (K,|-1), then for any real number € > 0, all terms far enough out in the
sequence {x,} are within %e of x. By the triangle inequality, all such terms
are within e of each other. That is:

For each € > 0, there is a positive integer N with

(©)

|#n, — x| < € whenever n,m > N.

Any sequence {z,} with property (C) is called a Cauchy sequence.

6.68. If | - | is non-Archimedean, then {z,} is Cauchy <= |2,,11 — x| — 0.

This need not hold if | - | is Archimedean; a counterexample is provided by the partial sums of the

harmonic series in (Q, |+ |oo)-
6.69. The sequence {2°"} is Cauchy in (Q, |- |5).

6.70 (a common calculus Cauchy claim). Let (K, |- |) be a valued field. If
{z,} is a Cauchy sequence in K, then {|z,|} is a bounded sequence of real
numbers.

6.71 (and another). Let (K| -|) be a valued field. If a sequence {x,} of
elements of K is Cauchy, and some subsequence of {x,,} converges to = € K,
then {x,} converges to x.

If R is equipped with the usual absolute value, then every Cauchy sequence
in R converges to an element of R. This need not be the case for a general
valued field. For example, the sequence of rational numbers
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xry = 1, T = 14, Tr3 = 141, Ty = 1414, caey

obtained by successively truncating the decimal expansion of v/2, is Cauchy in
(Q, | - |so) but does not converge to any element of Q, since v/2 ¢ Q. Coping
with this unsettling scenario was one of the motivations behind the invention
(discovery?) of the real numbers in the first place!

Disconcerting examples of this same kind can also be found when K = Q
and |- | = | - |p. Take any sequence {ci}r>o from {0,1,...,p — 1} that is
not eventually periodic. Then z, = >} _, cxp® defines a Cauchy sequence in
(Q,|-|p)- To check the Cauchy condition (C), we may assume that m < n
(why?). Then

m—+2 +

|'Tn - zm‘p = ‘Cm—&-lperl + Cm+2P R Cnpn|p < p7m7

which is smaller than e once m > %. So (C) is satisfied for any N > %.

But {z,} cannot converge to an element of Q, on account of Exercise 4.46.
To get out of this mess, we need to fill in the following blank: R is to (Q, | - |o)
as is to (Q,]-|p). The answer here turns out to be Q,! But ...what

is Qp?

The p-adic Numbers, At Last!

We define the field of p-adic numbers, denoted Q,, as the fraction field of Z,,.
Since Z, has characteristic 0, so does Q,, and thus Q C Q,,.

6.72. Q) = U0 P "Zp = Zyp[1/p].

6.73. Every nonzero z € Q, admits a unique expression in the form p“u,
where v is an integer and u is a unit in Z,.

For z € Q;, we set vp(x) = v, where v is the integer from Problem 6.73. In
order to have v, defined on all of Q,, we let v,(0) = co. (Compare with the
definition of v, on Set #1.)

6.74. When x € Q, we have defined v,(x) twice: once on Set #1 and again
just now, since z is also an element of Q,,.

Check that when 2 € Q our two definitions of v,(x) agree (so our sin is venial,
rather than mortal). Furthermore, if we set |z, = p~"(*) for z € Q,, then
| - |p defines a non-Archimedean absolute value on Q,. (We continue to call v,
the p-adic valuation and | - |, the p-adic absolute value.)
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6.75.Z, ={xr € Q, : |z|, <1}. (That is, Z, = D<1(0) in Q,.)
Also, Zy = {zr € Q, : [z], = 1}.

6.76 (Z, is compact). Let 1,22, x3,... be a sequence of elements of Z,,.
Infinitely many x,, share the same mod p component, say a; mod p. Among
these, infinitely many share the same mod p? component, a; mod p?. Etc.
Thus: x1,z9,z3,... contains a subsequence converging to (a3 mod p, as mod
p?, a3 mod p3,...) € Z,.

Curious Congruences

6.77 (Stern). Recall that log & = t+ 1t?+ >+ ... whenever ¢ is a complex

number with |¢| < 1 (usual absolute value). Exponentiating, eZe” /2eT"/3 ... =

ﬁ, as formal power series. Expanding and comparing coefficients of T? shows
that |1 — & — 1|, < 1. Hence, (p — 1)! = —1 (mod p) (Wilson's theorem).
pl  p'P

6.78. For each prime p and each a € Z coprime to p, put ¢,(a) = a1 By

P
Fermat’s little theorem, g,(a) € Z.

Prove: If a and b are both coprime to p, then ¢,(ab) = g,(a) + ¢,(b) (mod p).
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p-Set #7

You Complete Me

Why does Q want to grow to R or
Q2 or Q3? Its heart has holes, for
example at V2 and v/3. This is
similar to mankind; we can grow to
be big boys or big girls, but there is
still some sadness in our hearts, and
we grow to love another person.

Kazuya Kato

Let (K, |-|) be a valued field. We call K complete if every Cauchy sequence of
elements of K converges to an element of K. Intuitively, completeness means
that “everything in the world happens for a reason”*: the far-out terms of a
sequence only clump together when they have a compelling justification for
doing so, namely heading towards a single value.

7.79. Every Cauchy sequence in Z,, has a limit belonging to Z,.

7.80. Every Cauchy sequence in Q,, has a limit belonging to Q,. That is, Q,
is complete.

7.81. In Qs, lim 2%" is a 4th root of 1. Is lim 25" € Q?

7.82. Z is dense in Z,,. In other words, every element of Z,, is the limit of a
sequence of terms from Z.

7.83. Q is dense in Q,,.

Suppose K and L are fields equipped with absolute values and that the absolute
value |- | on L extends the absolute value on K. If (L, | -|) is complete and K

* DISCLAIMER: “Everything in the world” means every occurrence of a sequence being
Cauchy.
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is a dense subset of L, we call L the completion of K with respect to | - |. For
example, R is the completion of Q with respect to | - |oo. By Exercises 7.80
and 7.83, Q, is the completion of Q with respect to | - |,.

Why do we say the completion and not a completion? Completions are unique,

up to isometric (absolute-value preserving) isomorphism.

7.84.1f (L,|-]) and (L/,|-|') are two completions of the same valued field
(K, |- o), then there is an isomorphism ¢: L — L’ that fixes K and satisfies
|¢p(z)|" = |z| for all € L.

Hands On, Digits Out

7.85. If cp, ¢y, ¢, .. is any sequence of integers, then ), . ckp® converges to
an element of Z,,. -

Restricting the “digits” ¢x in Problem 7.85 to {0,1,2,...,p — 1}, we find that
every infinite base p expansion determines an element of Z,. What about
the other way around? Does every element of Z, admit an infinite base p
expansion?

Let’s suppose that x € Z, can be expanded in base p and see where this leads
us. Write = co + c1p + cop® + ..., with all ¢; € {0,1,...,p — 1}. Then the
digit in the p*-place is given by

(co+eip+ - +epph) — (co+cip+ - +cp_1ph)
- .
P

C =

The parenthesized terms in the numerator are the (least nonnegative integer)
reductions of x modulo pkHZp and modulo kap. (Make sure you see why!)
So we've determined the digits ¢; in any possible expansion of x. Now that we
know to try these digits, we are home free, as you are asked to check in the
next exercise.

7.86. Let © € Zy, and let z, (k=0,1,2,3,...) be the unique integer in the
range 0 < x;, < p* with z = 2, (mod p*Z,). Define

op = KL TR ok =0,1,2,. ..,

oF
Then each ¢, € {0,1,2,...,p— 1}, each 3, = co + c1p+ - + cp_1p* 1, and

z:c0+clp+02p2+03p3+....
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Thus, the (finite) base p expansions of the zj coalesce to an infinite base p expansion of z. The
representation produced in this way is not merely an infinite base p expansion of z, but as the

lead-in to the problem establishes — its unique base p expansion.

7.87 (canonical expansions for elements of Q,). For cach z € Q,, there
is a unique two-sided sequence of integers {c;}32 _ . satisfying

— 00

(i) each ¢ € {0,1,2,...,p — 1},
(ii) ¢k is nonzero for only finitely many k < 0,
(iil) x = 3, cxpt.

7.88. The canonical expansion of z € Q,, terminates (meaning that ¢;, = 0 for
all large enough k) <= x = 0 or z € Q* with denominator a power of p.

7.89. The canonical expansion of x € Q, is eventually periodic <= z € Q.

Curious Congruences

Plar -1 (p-1)l+1
p p

7.90. For every odd prime p:

(mod p).

a=1

Method of Successive Approximation

7.91 (computing a value of v/2 in Z;). We can compute a square root of 2
in Z7 by determining a root in Z/7, then Z/72, then Z/73, ..., being mindful
to maintain compatibility throughout the process.

To start things off, the residue class z; = 3 mod 7 satisfies 2 = 2 in Z/7. This
solution can be lifted, uniquely, to a solution of 22 = 2 in Z/7%. To see why,
note that a generic integer congruent to 3 (mod 7) has the form 3 + 7k, and
(3+ Tk)? = 9 + 42k + 7?k% = 9 + 42k (mod 7?). The congruence 9 + 42k = 2
(mod 72) is satisfied precisely when k = 1 (mod 7). For integers kK = 1 (mod 7),
we have 3 + 7k = 10 (mod 72). Therefore, x5 := 10 mod 7% € Z/7? is the lift
we are after.

Expanding (10 + 7%k)? mod 72, and reasoning analogously, will show that
xo = 10 mod 72 lifts uniquely to z3 := 10 + 7% - 2 = 108 mod 7.

This process can be continued indefinitely, uniquely determining x4, xs, z3, .. ..
Then z := (z1,22,23,...) € [[rey Z/7% is a solution in Z7 to 2? = 2. The
canonical base 7 expansion of z begins

34+1-7T4+2-7246-7+....
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After that wall of text, you might be wondering what exactly you are being asked to do. Your
job: Check that the process can be continued indefinitely, uniquely determining all the x, that
setting @ = (w1, ®2, 3, ... ) really does define a Zz-solution to 22 = 2, and finally, that the 7-adic

expansion of z starts the way we claimed.
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p-Set #8

The World (of p-adic) Series

8.92. Let K be a field complete with respect to a non-Archimedean absolute
value | - | (for instance, Qp!).

(a) A series > p-, aj converges in K <= a; — 0 in K.
(b) If Y72 | ay converges, then | 72 | ax| < maxg—123, . |ak|.

For the next exercise, recall that a rearrangement of a series Y p- | aj, is a series
of the form 7.7, 4y (k), Where o is a permutation of Z* (a bijection of Z*
with itself).

8.93. Let K be a field complete with respect to a non-Archimedean absolute
value. If 377 aj is a series in K that converges to s € K, then every
rearrangement of Y .- | aj also converges to s.

8.94. Suppose that ZZOZO a, and ZZ‘;O b, are convergent series in the field
K, which is assumed complete with respect to a non-Archimedean absolute
value. Define ¢, = > ") _ axbp—g, for n =0,1,2,.... Then ) ¢, converges

and in fact EZOZO Cp = (ZZO:O an)(zzozo bn).-

Important consequence: If F(T) = 372 arTF, G(T) = > oreo b, T € K[[T]] both converge at
the point z € K, so does F(T)G(T), and F(T)G(T)|r=- = F(z)G(z).

8.95 (a doubleheader?). Let K be a field complete with respect to a non-
Archimedean absolute value | - |. Let {a; ;}i ;>0 be a doubly-indexed sequence
of elements of K. Suppose there is a sequence of real numbers {ey } n>0 tending
to 0 with the property that

|a; jlp < eny whenever i > N or j > N.*

Show: The double series >, > a;; and >, >, a; ; both converge.

This may seem a strange condition to impose on {a; ;}. In fact, it’s very natural; it’s
equivalent to asking that for each € > 0, the inequality |a; ;| < € fails at most finitely
often. We could have phrased the requirement this way to start with, but our more
elaborate formulation will turn out to be easier to work with in proofs.
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8.96 (a double switch). Continue with the notation and assumptions of
Exercise 8.95. For every nonnegative integer N,

N N
E E a5 — E E a; | < ENt1, g g Qg5 — E E a;;| < €Ny,
i i=0 P 7 =0

N N N N N N
E E a;j — E E a; il < Eny1, E E Q5 — E E a;j| < ENg1-
0

i=0 j i=0 j=0 J o= §=0 i=0

Therefore, )", Zj Qi j = Zj DG

Are You Feeling the Bern?

Recall from Set #4 that when k,n € Z, we are writing Sy (n) = 1% 4+ 2% +
s (- 1)k.

8.97. For p prime, k € Z":  p| (Sk(p) + Lp—1jx)-

1c denotes the indicator function of the condition C. Thus, 1,,_;|; is 1 if p — 1 divides k and 0

otherwise.

. 1, 1% J
8.98. For p prime, k € Z*: By + me + D 0<j<k (’;)Bk_jjpﬁ € Zy).

8.99. For p an odd prime, k € Z7: By + l”’Tl““ € Z.
8.100. For k € 2Z%: By + 35 € Z(y).

1
8.101 (Clausen, von Staudt). For k € 2Z%: B + Z - eZ.
p

p prime
p—1|k

It follows from Exercise 8.101 that the denominator of By is the (squarefree!) product of the

primes p for which p — 1| k.

Finding Your Roots

8.102 (Teichmiiller representatives). For each u € Z), the field Q,
contains a unique ’(p — 1)th root of unity congruent to u mod pZ,, namely
w(u) = limp 00 uP" .

8.103. Find w(2) (exactly) when p = 3. Then take p = 7 and determine the
digits cg, c1, o in the canonical expansion w(2) =co+cy-7+c-T>+....

8.104. If u € Z has order 3 modulo p, then 1 + u has order 6 mod p, and
wl+u) =1+ wu).
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p-Set #9

Gazing at the Newfound Stars

Is R special? Well, physical reality, as
we and Archimedes believe it, has no
infinitesimals. . .. Hence we say that
the field R and its absolute value

| - |oo are archimedean. ... pace
Archimedes, in recent years the
theoretical physicists have learned
about the p-adic fields and have
begun to wonder whether they may
not help in modeling just what
happens in the nuclei of atoms, for
instance. So much for reality.

Alf van der Poorten

9.105. Let p be odd. Let a € Z;;, and let a; mod p be the mod p component
of a. Then a is a square in Q, <= a1 mod p is a square in Z/p.

Suggestion. Adapt the method of successive approximation described in Exercise 7.91.

9.106. Let p be odd, and let n € Z be a nonsquare mod p. Then 1,n are coset
representatives for Z / (Z;)z, while 1,n,p,np are coset representatives for

Q;/(Q))*.

9.107. If a € Z, then a is a square in Qz <= a =1 (mod 8Z,).

9.108. Find coset representatives for ZJ /(Z5)? and QJ /(QJ)2.

9.109. For a € Q,:

a € Z; <= (some value of) {/a € Q, for infinitely many n € Z™.
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9.110 (a Liouville approximation theorem in Z,). Suppose a € Z,, is
a root of a polynomial F(T') € Z[T] of degree d having no integer roots. For
every nonzero n € Z,

In—alp > [F(n) = Fa)lp, = [F(n)|, > [F(n)[«

% = clnls,

where c is a positive constant depending only on F.

9.111 (a transcendental element of Q). >, -, p"' € Q, is not a root of
any nonconstant polynomial in Q[z]. -

9.112. 2" — 1 in Zs while 2" — 0 in Z,. Since 0 and 1 are distinct
rational numbers, the Zo-limit of 24" has a nonperiodic 10-adic expansion.

Since 10 is not prime, your solution should start with a sensible definition of convergence in Z1g.

Strassmann Series

Let F(T) =3, ~oanT™" be a formal power series with Q,-coefficients.

9.113. For z € Q,: F(z) converges <= |a,z"|, — 0.
Hence, F'(x) converges for all € Z), <= a, — 0 in Q,.

When F(x) converges for all « € Z,,, we call F(T') a Strassmann (power) series.*

In courses on complex function theory, one learns that an analytic function
has only finitely many zeros in a closed disc, unless it vanishes identically on
that disc. The next three exercises guide you through a proof of an analogous
result for zeros of Strassmann series within Z,,.

9.114. Let F(T') be a Strassmann series with a nonzero coefficient. Any nonzero
x € Z, with F(x) = 0 satisfies |z|, > §, where § > 0 is a constant depending
only on F. If F(T) has Z,-coefficients, we can take 6 = |a,,|,, where a,, is the
first nonvanishing coefficient of F(T).

In particular: If F/(T) is a Strassmann series and F'(z) = 0 for all « € Z,, then
F(T) =0 in Q[[T]].
9.115 (recentering Strassmann series). Let F(T) = >, arTF be a

Strassmann power series, and let xg € Z,,. For every x € Z,,

Here we depart from convention; the usual terms are restricted power series or strictly
convergent power series.
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4 k ,
F(x+x0) = ijxj, where b; := Zak< ,)xéj.

>0 k> M

The recentered series .-, b;T7 is also Strassmann.

9.116. A Strassmann series with a nonvanishing coefficient has finitely many
zeros in Zy,.

Curious Congruences

9.117 (Glaisher). For all primes p: p? | (p—1)!+1 < Bp_l—t—%—l € pZy)-

Primes p for which p? | (p — 1)! + 1 are known as Wilson primes. The only known examples, and
the only examples smaller than 2 - 1013, are 5, 13, and 563.

9.118 (Johnson). Recall that when u € Z), we are writing w(u) for the
unique (p — 1)th root of unity congruent to u modulo pZ, (see Exercise 8.102).
Show that if u € Z has order 3 modulo p, and v € Z satisfies v = w(u)
(mod p*Z,), where k € Z*, then

(14+v)? =1+0P (mod p?**1).

Use this to explain the congruence 3257 = 1 + 3247 (mod 77).

w(u)

244-7T4+6-724+3-7242.-7+ ...
344-T4+6-7+3-724+2-74+ ...
442-74+3-T2+6-7T4+4-7° + ...
542-7T+3-7246-T4+4-T+...

ULk W N |

Sixth roots of unity in Q7, omitting w(+1) = £1. Notice that w(3) = 1 + w(2)
and w(5) =1+ w(4), as guaranteed by Problem 8.104.
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p-Set #10

If you claim a series sums to S

Your metric you must not suppress

The danger, you can now see

Is that another may disagree

And you may both be right: what a mess!

Edward B. Burger
Thomas Struppeck

I...Have ...the ...Power... (Series)

One can often leverage identities from the real universe to establish correspond-
ing results in the p-adic realm. As a proof of concept, consider the following
formula you may have encountered in your study of Taylor series: For all real
numbers x with |z| < 1,

11 1 5
VIFta=1+-a——a?+4—a?_ a4y
R S T i

5 (k> e <k> SRR}

k>0

We will argue that the same sum on k defines a square root of 1 + x in Q,
whenever it converges.

Getting from R to Q, requires a stopover in the land of formal power series.
Let Bi(T) = > 450 (%)T’C € Q[[T]], and let C(T) = B%(T)Q, the formal
square of By (T"). We claim that C(T') =1+T.

To fashion a proof, suppose x is a real number with |z| < 1. Then Bi(x)
converges absolutely (e.g., by the ratio test). So if we multiply B, (z) by
B 1 (z), we can reshuffle the terms as we please. One such regrouping gives us
C(x). On the other hand, our “real world” identity says that By ()2 =1+ux

whenever |z| < 1. It follows that C'(z) — (1+2) = 0 when |z| < 1. But a power
series that vanishes on an open interval around 0 has all its coefficients equal
to 0. This forces C(T') = 1+ T, as formal series.
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Armed with this formal identity, we can head back to Q,. Suppose we have in
hand an = € Q, for which B (z) converges. If we multiply By (z) by By (%),
we can rearrange the result into C'(z) — this time justifying ourselves not on
the basis of absolute convergence but by an appeal to Problem 8.94. Since
C(z) = 1 + z, this shows that B% (x) represents a square root of 1 + x in Q,
whenever By () converges.

10.119. If pis odd, then By (x) converges when ||, < 1/p.1f p =2, then By (z)
converges when |z|o < 1/23. Are these conditions necessary for convergence?

1 . .
10.120. B%(%) = k>0 (2)(5%)"* converges to 2 in R but to —5 in Qs.

Lifting and Embedding

10.121 (Taylor’s Formula). If F(T) € Q,[T], and a € Q,, then

FU) )
Fla+T)=)Y #Tﬁ
PRI

Furthermore: If F'(T) € Z,[T], so is %F (G)(T), for all nonnegative integers j.

10.122 (p-adic Newton’s method). Let F(T) € Z,[T]. If z € Z, and
|F'(z)], =1, then & := 2 — 5,(—(@ satisfies |F(Z)|, < [F(2)]2.

2)

10.123 (Hensel’s Lemma). Let F(T') € Z,[T]. Suppose z1 € Z, satisfies
F(z1) =0 (mod pZ,) and F'(z1) # 0 (mod pZ,). Then F has a zero = € Z,
satisfying z = 1 (mod pZ,).

10.124. Suppose F(T') € Z[T] is nonconstant with all complex roots distinct.
Then F(T)Q[T] + F'(T)Q[T] = Q[T]. Hence, F(T)Z|T)+ F'(T)Z[T] contains
a nonzero integer R. Deduce: F(T) and F'(T) are coprime over Z/p for all
but finitely many p.

10.125. Every nonconstant F(T') € Z[T] has a root in Z, for infinitely many
primes p.

10.126. Let K be a number field (a finite extension of Q). By the primitive
element theorem, K = Q(0) for some 0 € K. Choose F(T) € Z[T] irreducible
over Q and vanishing at 6. Then K embeds into Q, whenever F(T') has a root
in Q. Deduce: There is an embedding K — Q,, for infinitely many p.
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Don’t Ever Change

10.127. The only ring homomorphism from Q, to Q, is the identity.

10.128. There is no ring homomorphism from Q,, to Q, (¢ prime, ¢ # p) or
to R.

There is a field embedding of Q, into C (assuming the Axiom of Choice). In fact, there are
many such embeddings, but none are canonical, and none carry convergent sequences in Q, to
convergent sequences in C. Thus (channeling Hermann Weyl™), choosing such an embedding must

always be regarded as something of a brute act.

Is Sticking Together Irrational?

10.129 (Mahler). The real number 0.248163264128 ... obtained by concate-
nating the decimal digits of powers of 2 is irrational.

* Weyl famously wrote “The introduction of numbers as coordinates ... is an act of
violence.”
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p-Set #11

I...Have..

In 1926, when he was nearly 40 years old,
Skolem obtained his doctorate. .. The
somewhat advanced age has the following
explanation. In their younger years, Viggo
Brun and Skolem agreed that neither of
them would bother to obtain the degree of
Doctor, probably feeling that, in Norway,
it served no useful function in the
education of a young scientist. But in the
middle twenties a younger generation of
Norwegian mathematician emerged. It
seems that Skolem then felt he too ought
to fulfil the formal requirement of having a
doctorate, and he “obtained permission”
from Brun to submit a thesis.

Jens Erik Fenstad

.the ...Power... (Series)

11.130 (p-adic lumber theory). Recall from calculus that

-1 k—1
logx =log(l+ (z — 1)) = Z %(m —1)* whenever |z —1] < 1.

This motivates us to define, for each prime p,

(=)t k
log, (1) =Y (T =17 e QT 1]}

Show: log, z converges for all z € Q, with |z —1[, < 1.

Passing the familiar identity logzy = logz + logy (valid for z,y € R™) from
R to Q,[[X —1,Y —1]], and then on to Q,, one can show that

log, x +log, y = log,(vy) whenever z,y € 1 + pZ,. M
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Filling in the details here is a bit finicky. If you enjoy this kind of work (you
know who you are...), give it a try!

11.131. Go ahead and assume ().

Sho EOO TRLEE SR S LA P
W — 4+ — — =0in Q,

P 2k 3k (p—1Dk) k F
In particular (p = 2) E = 0in Qo.*

11.132 (derive responsibly!). Critique the following proof that 7 is irra-

tional: Suppose that m = ¢, where a and b are positive integers. Let p be an

odd prime not dividing a. Then
)21

— — si = (ap
0 = sin(pbr) = sin(ap) = kzzo(_l)km’

where this last series converges in Q,,. Therefore,

)2k’+1

P == ol = [0S ] = D e <y

k>0 k>1
- p - p

Contradiction!

Strassmann Series

11.133. Let F(T) =1+ T + (pT)? + (pT)* + (pT)® + (pT)* + .... There is
exactly one z € Z,, with F(z) = 0.

It will be convenient for the next exercise, and certain others afterward, to
name the coefficients of the falling factorial T(T'— 1) --- (T — (N — 1)). For
nonnegative integers N and K, we let s(N, K) be the integer defined by the
formal equality

o0
T(T—1)--(T— (N —-1)) = > s(N,K)T*X.
K=0
* “Ordinary analysis has amassed a great stock of identities between power series. Many

of these are valid in p-adic analysis too. But here an identity between power series
yields congruences between partial sums.” — Max Zorn
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For example, when N =5, we have T(T — 1)(T — 2)(T — 3)(T — 4) = 24T —
5072 + 351723 — 10T* + T°, so that

s(5,0) =0, s(5,1)=24, s(5,2) =50, s(5,3) =235,
s(5,4) =—10, s(5,5)=1, and s(5,K)=0 for K > 5.

When N =0, the product T(T'—1)--- (T — (N — 1)) is empty and assigned
the value 1; hence, s(0,0) = 1 and s(0, K) = 0 for K > 0. The s(N, K) are
known as Stirling numbers of the first kind. Don’t let the fancy name fool you;
while the Stirling numbers are important in combinatorics, for us they play
only a notational role.

11.134 (p-adically interpolating (1 + a)*). Let p be an odd prime, and let
a € pZ,. If n is a nonnegative integer, then

(14a)" Zin(n—1)(n—2)~-~(n—(k—1))ak—’:
ko:oo k o
= Z Zs(k,j)nj % = ZC’aJnj,
k=0 \ j=0 §=0
where .
Cayj = Zs(kd)ﬁ

Moreover, |Cy |, = 0 as j — oo.

Your job: Fill in the missing details. In particular, justify the swapping of the sums on k£ and j.

NOTATION. For future use, we let

Binom(1 + a;T) := Z Co;T7 € Q,[[T]).
j=0

As you have just shown, Binom(1 + a;T) is a Strassmann series satisfying
Binom(1 + a;n) = (1 + a)™ for all nonnegative integers n.

Zeros of Linear Recurrence Sequences

Let {z,}n>0 be a sequence of integers satisfying a linear recurrence
Ty = Q1 Tp_1+ a2Tp_o+ -+ aqtpn_q forn=d,d+1,d+2,...,

where ay,...,aq € Z, and aq # 0. Put
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0 1 0 ...0 ) 1
0 0 1 0 T1 0
A=|: and v=|% | e=|0
0 0 0 ...1 :
aq Gg—1 Ag—2 - .. A1 Tg_1 0

11.135. 2, = (A"v,e).
11.136. If pt aq, then A is invertible over F,,.

11.137. Let p be as in Problem 11.136, and let k be the order of A in GL(d, F}),
so that A* = Id + pB for some integer matrix B. If n = km + r, where
re{0,1,...,k— 1}, then

Tpn = Z (m)p]<Arij,e>
0<j<m

11.138 (p-adically interpolating %y, ). Continue with the above notation
and assumptions but assume additionally that p is odd. For each fixed r €
{0,1,...,k — 1}, there is a Strassmann series F}, ,(T") with Fy ,.(m) = Tgm+r
for every integer m > 0.

11.139. For each fixed r € {0,1,...,k — 1}, either x,, = 0 for all nonnegative
integers n = r (mod k), or z,, = 0 for only finitely many n =r (mod k).
Hence: The set of n with x,, = 0 is the union of a finite set and a finite

collection of residue classes. (Skolem’s Theorem)

11.140. Give an example of an integer linear recurrence sequence, not identi-
cally 0, with the property that z,, = 0 for infinitely many n.

11.141 (Mahler). Does Skolem’s Theorem hold for recurrence sequences over
Q? (“Over Q” means that ay,...,aq and g, ...,2x4-1 belong to Q.) Over an
arbitrary finite extension of Q (number field)?
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p-Set #12

Strassmann Series

12.142. Let p be an odd prime and let a € pZ,. The identity
Binom(1 + a;n) = (1 +a)"”
proved in Exercise 11.134 for nonnegative integers n holds for all n € Z, since

(1+a)" = lim (1+a)"*" = lim Binom(1+a;n+p™) = Binom(1 +a;n).

m— oo m—r oo

12.143 (Skolem). Let p be an odd prime. Suppose a1, ...,an € Z, and
Bi,...sPm € 1+ pZ,. Let A € Z,,. There is a Strassmann series F(T') with

F(’I’L) - alﬁ? '|'a2/8;l +--- +amﬁgl —A

for all integers n. Therefore: The equation a1 87" + a28% + -+ am B, = A is
satisfied either for all n € Z or for only finitely many integers n.

An Aside on Cubic Rings

Exercise 12.143 has a lovely application to a cubic analogue of Pell’s equation.
Before proceeding to that main course, we whet our appetites with some
algebraic hors d’oeuvres.

Fix a cubefree integer D > 1. Let € be the real cube root of D and let K = Q(0).
(Thus, K is a subfield of R.) Since T3 — D € Q[T is irreducible over Q (a
cubic polynomial with no roots in the ground field), each element of K has a
unique representation in the form x + y6 + 202 for rational z,y, and z.

Fix a complex primitive cube root of 1, say w. Then 8’ := wf and " := w?@
are the nonreal complex roots of T — D. The field K is isomorphic to both
K' = Q(¢) and K” = Q(0”) — indeed, all three fields are isomorphic to
Q[T]/(T? — D). We will decorate elements of K with ’ and " to indicate the
images in K’ and K” under the isomorphisms sending 6 to 6’ and 6”. So
(z +yb + 20°) =z + yb' + 20"? and similarly for ”.
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For each o € K, the norm N« of « is defined by Na = aa’a”. By a tedious
but straightforward calculation,

N(z + yb + 20%) = 2* + Dy® + D*z* — 3Dxyz. )
As a consequence, Na € Q for all o € K.

Since ' and " are isomorphisms, N(af) = Na-Ng for all o, 8 € K, and Na # 0
as long as a # 0. Furthermore, since o/ and o’ are a complex conjugate pair,
Na = ad’a” = ala’|? has the same sign as a.

Our application requires some understanding of the units in the pure cubic
number ring
Z[0) = {x +yb + 20* : 2,y,2 € Z}.

Clearly, Z[0]* = (—=1) x U, where U = Z[#]* N R is the collection of positive
units in Z[f]. Proceeding further requires characterizing & norm-theoretically.

The norm map is integer-valued on Z[f], as one sees from (*). Now if € is a
positive unit of Z[f], with inverse § € Z[f)], then

1 =N(1) = N(g6) = Ne - Nd.

Since Neg,N§ € Z™, it must be that Ne = 1 (and N§ = 1). Conversely, if
e =1z +y0 + 20% € Z[0] with Ne = 1, then € > 0 and

671 — 6/8” _ (:c+y0'+29/2)(:E+y0”+29”2)
= 2% — Dyz + (D2% — xy)0 + (y* — 22)0% € Z[0].
Hence, ¢ € Z[0]* "Rt =U.

Summarizing: U = {e € Z[f] : Ne = 1}.
12.144. Let o = x + y# + 202 with z,y, 2 € Q. Then

3r=a+ad +a’, 3yh=a+w?d +wa”’, 320° =a+wd +w?a.
12.145. For each real number R > 0, there are finitely many « € Z[f] with

|al,|e’| < R. (Here and in Problem 12.146, | - | is the usual real/complex
absolute value.)

12.146 (Dirichlet’s logarithmic embedding). The map L: &/ — R? defined
by L(e) = (loge,2log|e’|) is an injective group homomorphism with image

L(U) contained in the subspace (line) {(x,y) € R? : x +y = 0}.

12.147. For every additive subgroup G of {(z,y) € R? :  +y = 0}, one of
the following holds:
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AN
w

z+y=0

g

Subgroup, shown in pink, of {(z,y) € R?: x +y =0}

(i) ¢ = {0},
(ii) G is infinite cyclic,
(iii) some (Euclidean) disc centered at 0 has infinite intersection with G.

12.148. L(U) = {0} or L(U) is infinite cyclic.

Since L is an isomorphism from U onto L(U), we conclude from Problem
12.148 that U = {1} or U is infinite cyclic. With a bit more work, we could
show that the second possibility always holds. (Look up the proof of Dirichlet's
unit theorem in your favorite algebraic number theory textbook.) For our
purposes, having & = {1} would only make life easier, so we do not worry
about eliminating that (pseudo)possibility.

A Finiteness Theorem for a Cubic Analogue of Pell’s
Equation

The next two exercises outline a proof of the following theorem.

D m D m
2 14604062 7 4+ 20 + 62
3 4+ 30 + 26* 9 4+ 20 + 62
4 5+ 30 + 262 10 181 + 846 + 396>
5 41 + 240 + 146 11 89 + 400 + 1862
6 109 + 600 + 3362 12 9073 4 39636 + 173162

Generators p of U for the first several cubefree D > 1.
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Theorem. Let D be a cubefree integer with D > 1. Then z® — Dy® = 1 has
finitely many integer solutions x,y.

Restricting to cubefree D > 1 is not significant: Any D € Z* can be factored
as D = DoD3, where Dy, Dy are positive integers with Dy cubefree. Distinct
solutions to =3 — Dy® = 1 give rise to distinct solutions to z’® — Doy’® = 1
(take ' =z, ¥’ = Dy1y). When Dy > 1, the theorem applies to show that the
latter equation has finitely many integer solutions; hence, so does the former.
Finally, if Dy = 1, then D is a cube and each solution to 23 — Dy® =1 yields
a way of writing 1 as a difference of two cubes. But there is only one of these:
1 =13 - 03 (Why?) So the conclusion of the theorem actually holds for all
DeZ".

This theorem, first shown by Thue in 1909, stands in sharp contrast with the
situation for the classical (quadratic) Pell equation 22 — Dy? = 1, which has
infinitely many integer solutions for all nonsquare D € Z™.

We continue with the notation of the last section. From our work there,

Dy =1<=Nx—yd) =1z —ydcl. )

If U = {1}, the equation z — yf € U forces x = 1,y = 0, and we are done
proving the theorem already! That was too easy, so we suppose U = (1), where
u has infinite order. We may assume that p > 1, by replacing p with 1/ if
necessary.

From (1), the solutions x,y € Z to 2> — Dy? = 1 are in one-to-one correspon-
dence with integers n for which p” has vanishing #2-coefficient when written
with respect to the basis 1,0, 6%. From Problem 12.144, if u” = X + Y0+ Z62,
then

32607 =y 4 wp'™ 4+ W',

So we are looking for n € Z where " + wp/™ + w?u™ = 0. This calls to mind
Exercise 12.143.

12.149. Let L = Q(0,w) (= Q(6,6,0")). Fix an odd prime p for which L
embeds into Q. Then |0|, = |w|, = |plp = ||, = [¢”], = 1. That is, all of
0,w, p, 1, " belong to Z.

Here we abuse notation slightly, using the same symbols for elements of L and corresponding

elements of Q, under our embedding.

12.150. Let L and p be as in Exercise 12.149. We would like to apply Exercise
12.143 to detect the vanishing of u™ + wu'™ + w?p/™ but there is no reason to
expect that p, @/, '’ € 1+ pZ,.
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To deal with this, set v := pP~1, v/ := P~ " := p/'P~1. These belong to
1+ pZ, by Fermat’s little theorem. Writing n = (p — 1)m +r,

2 Im T Im 2, Ir. I'm

w4+t = g™ 4w "™ 4wty

For each fixed r, there is some m € Z where the right-hand side is nonzero
(check this!). Hence, the RHS vanishes for only finitely many m € Z (Exercise
12.143). The Theorem follows.

Much more is known. For instance, Delaunay and Nagell showed (independently) that z2—Dy® =1

has at most one integer solution # (1, 0).

12.151 (a striking corollary). Let P be a finite set of primes and let
D = {[[,epp : each e, =0,1, or 2}. If n € Z7* and n® + 1 has all prime
factors from P, then (—n)3 — Dy3 = 1 for some integer y and some D € D\ {1}.

Deduce: The largest prime factor of n® + 1 tends to infinity with n.

By more elaborate methods, Siegel showed that the largest prime factor of f(n) tends to infinity

whenever f(T') € Z[T] is nonconstant with at least two distinct complex roots.
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p-Set #13

NARRATOR: And so we come to the last
chapter in which Christopher Robin and
Pooh come to the enchanted place and we
say goodbye.

WINNIE THE POOH: Goodbye? Oh no
please can’t we go back to page one and
do it all over again?

NARRATOR: Sorry Pooh. But all stories
have an ending you know.

WINNIE THE Poon: Oh bother.

The Many Adventures of Winnie the Pooh
Bern, Baby, Bern!
For each integer u not divisible by p, let w(u) denote the (p — 1)th root of
unity in Q, congruent to v modulo pZ, (see Problem 8.102). Define ¥(u) € Z,,
by the equation w(u) = u + pd(u).

13.152. For each k € Z*: Y P 1w( wk =1, 1(p—1).

13.153. Let 8y = % — 1”_1';7’,51771). For each k € Z7:

Bt > < ) j(jp]+1)+ > (?_i)pzlgu’“ﬂ'e(u)jo.

0<j<k 0<j<k u=1

13.154. Assume p is odd. Then By € Z,, for every k € Z*. As a consequence,
B ¢ Z, whenever p — 11k (Adams).

13.155. Assume p > 5. Then 8, + P2} uF~19(u) € pZ, for each k € 2Z+.

13.156 (Kummer). If k, k' are even positive integers with k = &’ (mod p—1),

and p — 11k, then ﬁ = i’j’ (mod pZ,).
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By _ 1 Bio _ _1 By Big _ 1
For example, - = — 455 and —§* = 135 are congruent mod 7Z7. In fact, —* — 5> =7 — 755+

13.157 (Glaisher). Let p > 5, and put k = ¢(p®) — 1. Modulo p3Z,,

2
p
5 Bys.

p—1 pz
_ ko _
Hp—l = Zln = kEBk_l = —
(Here, as usual, H,_1 =1+ % +- 4 p%l) Therefore: p? divides the numerator
of H,_1 <= p divides the numerator of B,_3. (Compare with Problem 1.11.)

Primes p dividing the numerator of B,_3 are known as Wolstenholme primes. The only examples

not exceeding 10! are 16 843 and 2124 679.

Strassmann Series

Let F(T) = 3,50 axT* € Qp[[T]] be a Strassmann series where not all aj, = 0.
Since ar, — 0 in Q,, there is a largest nonnegative integer K with

ax = r£1§8<|ak|p.

We refer to K as the Strassmann degree of F(T). For example, p + T +
Z}szl\/ﬂ T* has Strassmann degree 1, while Y, k! - T* has Strassmann
degree p — 1. B

13.158. Let F(T) = >_,~,axT" be a Strassmann series with a zero r € Z,.

For all z € Z,,, we have F'(z) = (v — r)G(z), where

G(T) = ijTj, with  b; = Zakrkflfj.

5>0 k>j

Moreover, if F(T) has Strassmann degree K > 1, then G(T) is Strassmann
with Strassmann degree K — 1.

13.159 (Strassmann’s Theorem). Let F(T') be a Strassmann series with
Strassmann degree K. Then F'(z) = 0 for at most K distinct values of x € Z,,.

Ramanujan’s Conjecture Revisited

We finally return to the study of the equation x2? +7 = 2™ initiated in Exercise
3.40. By that problem, to establish Ramanujan’s conjecture it suffices to show

that there are no n > 13 with a::gn = +1. Here a = H¥Y=" 5_7 and g = 1I=Y=" ;‘7
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The quadratic field Q(1/—7) can be viewed as a subfield of Q11, identifying
v/ —7 with the square root of —7 in Zq; that is congruent to 2 modulo 11Z;.
By hand, or with the aid of software such as PARI/GP, one computes that

V=T=2+8-114+8-1124+7-113+10-11* +1-11° + ...,

where ... suppresses a quantity with 11-adic absolute value at most 1176.
Then

a=7+9-1149-1124+3-112+5- 11" +6-11° + ...,
B=5+1-1141-1124+7-112+5-11*  +4-11°+ ...

We study the equation a;:gn = 41 by the method of Exercise 12.150. Put

A=0a'"and B=3'9 sothat A=1+a,B=1+5b for
a=7-114+1-1124+1-1134+7-11* +5-1154+ ...,
b=9-1149-1124+9-11°+3-11* +5-11°+ ...,

both of which belong to 11Z;;. Write n = 10m + r, where r € {0,1,...,9}.
Then

an_ﬁn

" =tl<=a"-"=x(a—-p)

= a(1l+a)" - 1+b)"F(a—p)=0.

For each r € {0,1,...,9} and each choice of + sign, define
F,+(T)=a"Binom(1l + a;T) — 8" Binom(1 + b;T) F (o« — B),
so that F,. x(m)=a"(14+a)™ =" (1+b)™ F (o — B) for all m € Z.

Each of our 20 power series F, +(T) is a Strassmann series. For every one of
these, we will apply Strassmann’s Theorem (Exercise 13.159) to bound the
number of zeros in Z,.

13.160. The constant term of F,. 1 (T') is o — " F (o — 8), which vanishes
when

(T7 :t) € {(17 +)7 (27 +)7 (3’ _)7 (55 _)}

and is an 11-adic unit in the other sixteen cases. Every nonconstant coefficient
of every F,. 1+ (T) is a multiple of 11. Hence, F,. 4 (T) has no zero in Z;; except
possibly for the four displayed values of (r, +).

13.161. All of Fy (T), F54(T), F5_(T) have their T-coefficients multiples
of 11 but not 112, Their Strassmann degrees are all 1.
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13.162. F3 _(T) has a T-coefficient that vanishes mod 112. Its T%-coefficient
is a multiple of 112 but not 113. Its Strassmann degree is 2.

13.163. There are at most 3-1+ :ﬂn = 4+1. We know
five such integers — n =1,2,3,5, and 13 — so those must be all of them.

Remark. The choice to work in Q, for p = 11 was fortuitous. The next prime after
11 for which —7 is a quadratic residue is p = 23. If we had elected to embed Q(v/—7)

into Qz23, we would have to bound the number of zeros of 2 - 22 = 44 Strassmann

o22m+12 7622m+12

series. One of those would correspond to the equation o = —1. If you
approximate the coefficients sufficiently to apply Strassmann’s theorem, you’ll find
that this series has at most one zero m € Zj; hence, w = —1 has at
most one integer solution m. But in fact (as we know after Exercise 13.163), there
are zero integers m satisfying the equation. So working in Q23, we fail to rule out an
extraneous zero. What’s going on in this instance is that there really is an m € Zos
where the associated power series vanishes — but this m does not belong to Z!
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Part II

Solutions, Discussion, and Extra Explorations
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Solutions to Set #1

1.1

(a) First off, [1|> = |1-1| = |1| and |1] > 0 (from (i)). Thus, |1| = 1. Next,
| — 1> =|(-1)(=1)| = |1] = 1. As | — 1| > 0, we conclude that | — 1| = 1.

(b) The proof is the same for the “standard” absolute value: By the triangle
inequality, |z| = |(z — y) + y| < |z — y| + |y|. Now rearrange.

(c) Since [y~'[ - [y| = [y~' -yl = [1] = 1, we have |y~!| = |y|~". So [zy~
|z||ly~1| = |x||ly| =1, as claimed.

1 =

1.2 Property (i) in the absolute value definition is clear. Property (ii) is also
easy: When z + y = 0, the inequality is obvious. Otherwise, either x or y is
nonzero, so that |z| or |y| is 1. Hence, 1 = |z + y| < |z| + |y|. To prove (iii),
take cases: If  and y are nonzero, both sides are 1, otherwise both sides are 0.
In this last step we use that fields are integral domains.

1.3 Property (i) is again clear. Of the remaining two properties, (iii) is
quicker to dispense with: If 2 or y is zero, both sides of (iii) vanish. Otherwise,
write x = p”f’(w)% and y = p”P(y)§7 where p does not divide any of a, b, c,d.
Then zy = p”P(“"”“P(y)%, and p does not divide either of ac or bd. Hence,
vp(2y) = vp() + vp(y) and |zyl, = p~r@pTr W) = |z, |yl,.

To prove (ii) we have to work a bit harder. If z, y, or = + y is zero, (ii)
is trivial. Otherwise, write x = p“P(I)% and y = pvp(y)g as above. The
symmetry of (ii) in « and y allows us to assume v,(z) < vy(y). Then
4y = pr@ (% +p”1’(y)_”?(m)§). Since p*»W)=vr(*) ¢ Z we can express
p”P(y)’”P(m)g as a fraction with denominator d. Hence, 3 +p”i“(y)’”f’($)§ = %
for some nonzero N € Z. Write N = p”N’, where w is a nonnegative in-
teger and N’ € Z is not divisible by p. Then = +y = p”P(w)+w%7 where
neither N’ nor bd is divisible by p. Hence, v,(z 4+ y) = vp(z) + w > v,(z), and
|z +ylp = prpT = |[2lpp™" < |alp < |zlp + [ylp-

1.4 This is implicit in our solution to Problem 1.3.
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1.5 We may assume without loss of generality that |z| > |y|. A direct
application of the strong triangle inequality gives |z + y| < max{|z|, |y|} = |z|.
The strong triangle inequality also implies that |z| = |(z + y) + (—y)| <
max{|z+y|,|—y|} = max{|z+y]|, |y|}. (We use in this last step that |—y| = |y|,
which follows from | — 1| = 1.) Since |z| > |y|, the maximum here cannot be
ly|. So it must be |z + y|, yielding |x| < |z + y|. Hence, |z + y| = |z|.

1.6 Since |2]| < 1, we see that [261 4+ 4267 | < 2|41 4. 4[2[*» < 1+---+1 = n.
To conclude, notice that (a) every positive integer less than 2" is a sum
of at most n powers of 2 (e.g., use the binary representation), while (b)
> 0<k<n (%) = 2™, so that (}) < 2 for every k.

1.7 Write x = &7 where a and b are relatively prime positive integers. Since
a and b share no prime factors,

H |z, = H |a|p|b‘ Hp_vp(a) Hpvp(b) = ‘a|oo 160

p prime p prime pla plb

which is the multiplicative inverse of |a|so|b|3} = |2]0o-

Extra Exploration 1 (simultaneous approximation). The product formula
suggests that |- oo, | - |2, | - |3, | - |5,... “know about each other.” The situation is
very different if one considers only a finite subset of these absolute values. Make this
precise by proving the following independence statement.

Let P be a finite set of primes. Choose rational numbers x, for each prime p € P,
alongside a rational number z.,. For each € > 0, there is a rational number =
satisfying

|t —xplp <€ forallpe P, aswellas [T — ZTooloo < €.

1.8 We begin by demonstrating a fabulously useful formula of Legendre: For
each prime p and nonnegative integer n,

gl = D wm= Y D 1= > 1_2{ J

1<m<n 1<m<np |m k>1 1<m<n k>1
E>1 p*lm

When n > 0, it follows that v,(n!) < >, <, ok = po1- (The inequality is surely

strict, as |n/p¥| < n/p* whenever p* > n.) Therefore, |n!|, = p~r() >
pn/ 1),

Extra Exploration 2 (following up on Legendre’s formula). Let p be a
prime. For each nonnegative integer n, expand n in base p: write n = no + nip +
nap? + ..., where each n; € {0,1,2,...,p — 1} and all but finitely many n; = 0. Set
sp(n) =no+mn1+n2+....
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*

a) Show that v,(m) = —2-(sp(m — 1) — s,(m) + 1) for every positive integer m.
p p—1\°P j2
—1
form of Legendre’s formula).
(b) Prove that n!/(—p)"»™ = ng!nilnalng! -+ (mod p) for all nonnegative n € Z.
(Anton [1], Stickelberger [5, pp. 342-343], Hensel [2])

Deduce that vp(n!) = % (n—sp(n)) for all nonnegative integers n (an alternative

1.9 We interpret “grows faster” to mean that n!/C™ tends to infinity. To prove
that, we may (in fact, should!) assume that C' > 0. A (canonical) application
of the ratio test shows that Y ., C™/n! converges. (It converges to e“ but we
do not need that here.) So its terms must tend to 0. Since C™/n! is positive
for each n, we deduce that n!/C™ — oc.

On the other hand, if there are only finitely many primes, then n! = |n!| =

-1 n -1) _ 1 —1)\n : n : e
IL 170 < 1l,p /=1 = (IL,» /(e=)n That is, n! < C™ with C :=
II, p/ (=1 Contradiction!

Extra Exploration 3 (Skolem [4]). Show that if p is prime and n € Z™, either
|2" — 1], =1 or |2" — 1|, = [2°7! — 1|p|n|p. Deduce that if P is any fixed finite set
of primes, then 2" — 1 has a prime factor outside of P for all sufficiently large n.

1.10 Given n € Z™, let e be the largest nonnegative integer such that 2¢ < n.
Then 2°¢ is the unique integer in [1,n] divisible by 2¢. (The next smallest
multiple of 2¢ is 271, but this exceeds n.) It follows that |1/m|y = 2v2(™) has
a unique maximum, among m € [1,n], at m = 2. By “survival of the greatest”
(Exercise 1.4), |Hypl2 = | 3,2, 1/ml2 = [1/2¢)2 = 2° > in. So |Hy |z — oo.

Extra Exploration 4. Prove that in any nonempty set S of consecutive positive
integers, one element of S has strictly smaller 2-adic absolute value than all the
others. Conclude that if S # {1}, then > _o1/n ¢ Z (Kiirschék [3]).

1.11 The stated expression for H,_; is immediate upon pairing the terms

1 and ﬁ. To show |H,_1|, < p~2, we must prove that |S|, < p~1, where

S = Zo<i<p/2 ﬁ

We would like to evaluate S modulo p by reducing term-by-term. This is
essentially what we will do, but since it is not immediately clear what it means
to reduce a rational number mod p, we premultiply by (p — 1)!. In the field
F, = Z/p, we have 56;_11))' =@p-1litp—i)~! = —(p—1)li"?* whenever
0 < i < p/2. Therefore (still working in F)),

p-1S=—p-11 Y = o)y =) Y

0<i<p/2 1EFY JEFY

The first equality is not a tautology! What is being claimed is that the integer on
the left has its mod p reduction equal to the element of F,, on the right. The —1st
powers indicate inverses in the field F,,.
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Here we use that i~2 = (p — i)~2 and that as i runs over all the nonzero
elements of F,, so does j = i~!. To finish, observe that since p > 3, the group
F, has an element other than +1. So there is an r € F); with r? # 1. Since
multiplication by 7 permutes F;,

Y =) )= )00

JEF, JEF) jEF)

forcing ZjeF; j2 = 0 (since 2 # 1). It follows that (p — 1)!S = 0 in Z/p,
and so (p — 1)!S is a multiple of p. Since p { (p — 1)!, we conclude that
IS], = |(p — DYp|S], = [(p — 1)!S], < p~1, as desired.

Remark. It is not really necessary to premultiply by (p — 1)!. On the next problem
set, we will introduce the ring Z,), whose elements are the rational numbers with
denominators prime to p. Z,) is a local ring (in fact, domain) with unique maximal
ideal pZ,y, and Z,)/pZp) = Z/p = F,. The same argument we used to show
(p—1)!S = 0in Z/p will show directly that S = 0 in Z,)/pZ(,), and this is sufficient
to conclude that |S|, < p~ .
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Solutions to Set #2

2.12 We have to show that for any z,y,z € K, at least two of |z — y|, |y — 2|,
and |z—z| coincide. This is a simple consequence of “survival of the greatest”: If
|z —y| # ly—2z|, then [z —z| = |z —z[ = [(x—y) + (y— 2)| = max{|z—y], [y —z[}.
This argument shows that the largest side length always appears at least twice.

2.13 Suppose to start with that z € D.,(x). Then |z — z¢| = |(z — z) + (x —
x0)| < max{|z — z|, |z — zo|} < r. Thus, D.,(z) C D<,(x0) = D. Similarly,
if z € D, then |z — z| = |(z — z¢) + (o — )| < max{|z — xo|, |20 — 2|} < T,
proving that D C D.,.(z). So D = D, ()

2.14 Suppose that x € K belongs to the intersection of the open discs
Dy = Dy, (z9) and Dy = Dy, (z1). By Problem 2.13, Dy = D, (x) and
Dy =D, (z). Then Dy C D; or Dy C Dy according to whether ro < ry or
vice versa.

2.15 Let R ={p" :v € Z}. If r ¢ R, then D, (2¢) = D<, (), for any center
zo. If r € R, then D,.(z0) = D<,/p(20) while D<,(29) = D}, (20).

2.16 Suppose | - | is an absolute value on F' = Fyga7. Let g be a generator of
F*. Then |g|?926 = |¢?926| = |1] = 1, and so |g| = 1. Since g generates F'*, it
follows that || = 1 for all nonzero « in F'. Therefore, the only absolute value
on F' is the trivial absolute value.

This argument works for any F,,, or any finite field for that matter.

2.17 Applying the binomial theorem and the triangle inequality,

2 (i |=2|)

n
n n n
< max{lal, )" Y (k)\Smaxumm} (n+1) max

k=0

|n7k

[z +y|" = 2|y

(1))
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(Moving from the first to the second line, we used that |z|F|y|"~F <
max{|z|, [y|}* - max{|z], |y|}"~* = max{|z], |y|}".) Take nth roots.

2.18 Every absolute value on F,(T') restricts to an absolute value on F,
hence is trivial on F,, (Exercise 2.16). It follows that every binomial coefficient
has absolute value at most 1. So by Exercise 2.17, for all z,y € F,,(T),

& +y| < (n+1)Y" max{lz], [y[}.

Sending n to infinity, | + y| < max{|z|, |y|}. In other words, |- | is non-
Archimedean.

2.19 We start by constructing a family of absolute values on F,(T')
parametrized by the monic irreducibles in F,[T].

Fix a monic irreducible 7 € F)[T]. Every « € F,(T)* can be written in the
form 7% ¢ where a and b are elements of F,[T] not divisible by 7. Here the
integer v, (z) := v is uniquely determined by = (a consequence of the unique
factorization theorem for F,[T]). Fix your favorite constant C > 1. If we
set |z|, = C"") for nonzero x € F,(T), and set |0, = 0, then | - |, is a
non-Archimedean absolute value on F,(T). The proof is more or less identical
to that for | - |, (see Exercise 1.3).

If 7 and 7 are distinct monic irreducibles in F,[T], then |r|, = C-! < 1 while
|Tt|r = C2 = 1. This settles the first half of the problem.

As for the concluding question: Yes, there is such an absolute value. Fix
Coo > 1. For x € F((T)*, write x = ¢ with a,b € F,[T]. While a and b are
not uniquely determined by this representation, the difference dega — degb is
independent of the choice of a and b. We put |z|,, = Ci%8a7deeb for nonzero
x € Fp(T), taking [0]ec = 0. Since |T'|oc = Coo > 1, we will be done if we show

| - |oo is an absolute value on F,(T).

Condition (i) in the absolute value definition (see Set #1) is obvious. Condition

(iii) follows from deguv = degu + degwv. To prove (ii), we may assume x, y,

: _a _c __ ad+be
and x + y are nonzero. Write x = ¢ and y = 5. Then x +y = *52¢, and

deg(ad 4 be) — deg(bd) < max{deg(ad), deg(bc)} — deg(bd)
= max{deg(ad) — deg(bd), deg(bc) — deg(bd)}
= max{deg(a) — deg(b), deg(c) — deg(d)}.

Since C'», > 1, the inequality is preserved upon raising C'», to both sides. This
gives |z + Y|oo < max{|Z|oo, |¥|oo }, Proving the strong triangle inequality.

2.20 To prove that D<(0) is a subring it is enough to argue that 1 € D<;(0)
and that D<1(0) is closed under multiplication and subtraction. The first
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requirement is clear, since |1| = 1. Closure under multiplication follows from the
multiplicative property of ||, as the interval [0, 1] is closed under multiplication.
Closure under subtraction is a consequence of the strong triangle inequality: If
|z[, [yl <1, then |z —y| < max{|z[,| - y|} = max{|z|, [y[} < 1.

By definition of the p-adic absolute value, x € Z,) if and only if 2 = p”a/b for
some nonnegative integer v and some a,b € Z not divisible by p. This happens
precisely when the denominator of x in lowest terms is not a multiple of p.

2.21 Write © = a/b in lowest terms, with b > 0. By Problem 2.20,
T € (), prime ZL(p) < b has no prime factors <= b =1 < z € Z. So
Zp) = 2.

mp prime p) —

2.22 Let 0 < k < p. Working modulo p,

(=1 (77]) = - D=2 - (- 1)
(-1)(-2)--(~(k - 1)
(1) (- 11

Since p{ (k — 1)!, we conclude that (?~7) = (=1)*~! (mod p). Write (?7}) =

(=1)*=1 + pr, where r € Z. Then (}) = 2(?7]) = p= 1)" ! + p*Z. Hence,
working in the ring Z,,

<i> = P% (mod p*Z)).

We have made sense of the claimed congruence mod p? by interpreting it —
nay, proving it — as a congruence modulo the ideal pQZ(p) of the ring Z,).

2.23 Summing the congruence ( ) = p( ])c ~ (mod p2Z(p)) over integers
O0<k<pylelds2? —2=p3, ,_ (- 1)*=1/k (mod p*Z,)). Dividing by p,

2P — 2 1 1 1 1
S QR I d pZiy).
» 2+3 4+ o1 (mod pZ )

The left and right-hand sides of the displayed congruence have difference
smaller than 1 in terms of p-adic absolute value. So by the strong triangle
inequality, one side has absolute value < 1 if and only if the other does. The
solution is concluded by observing that |2pp%2|p <l<ep?|2°-2.

2.24 Since F has finitely many complex roots, we can fix ng € Z with
F(no) # 0. Replacing F(T) with F(T + ng), we may assume that F(7T') has
nonzero constant term ag (say). Then F(agT) = apG(T) for some nonconstant
G(T) € Z[T] with G(0) =
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Let P be the set of primes dividing G(n) for some integer n. Every prime
dividing a value of G also divides a value of F, so it suffices to prove P is
infinite.

We mimic Euclid. Suppose p1,...,px is any finite list of primes in P. We
choose an integer m with |G(mp; - - - pr)| > 1. (Such an m surely exists, as the
inequality excludes no more than 3 deg G values of m.) Then G(mp; - - pg) is
divisible by some prime p, but

G(mpy---pr) =G(0)=1 (mod p;)

for each i = 1,2,...,k. So there is a prime p € P not on our list. As this is
true no matter what finite list we start with, P is infinite.

Extra Exploration 5. Let P be a finite set of primes, say #P = k. Show that
there are positive constants ¢ and xo such that, for every real number x > xo,

#{neZ:|n|<zandp|n=pecP}<clogz)".

Use this to give another solution to Problem 2.24.

Extra Exploration 6 (Bauer [1]; see also Nagell [4, §49, pp. 168-169]).
Let F(T) be a nonconstant polynomial with integer coefficients. Suppose that F' has
a real root of odd multiplicity. Show that for each integer m > 3, there are infinitely
many primes p Z 1 (mod m) for which F has a root mod p.

2.25 Suppose p is odd. If p | n* + 1, then n* = —1 (mod p) and n® = 1
(mod p). Since —1 £ 1 (mod p), the order of n modulo p divides 8 but does
not divide 4 — so it must be precisely 8. As the order is always a divisor of
p — 1, we conclude that p =1 (mod 8).

To obtain infinitely many primes p =1 (mod 8), apply Problem 2.24.

2.26 If p | (2n + 1)2 — 2, then p is odd and 2 is a square modulo p. By
elementary number theory, p = £1 (mod 8).

For each n € Z™T, the integer (2n+1)% —2 is larger than 1 and thus factors as a
product of positive primes. If each prime in this factorization is congruent to 1
(mod 8), then (2n+1)? —2 is also congruent to 1 (mod 8). But (2n+1)? -2 =
1—2= -1 (mod 8). Thus, (2n + 1)?> — 2 must be divisible by some prime
congruent to —1 (mod 8).

Finally, suppose p1, ..., px is any finite list of primes congruent to —1 (mod 8).
For each i = 1,2,...,k, there are two residue classes n; mod p; for which
(2n; +1)2 =2 =0 (mod p;). As each p; > 2, the Chinese Remainder Theorem
allows us to choose a positive integer n not congruent to any of the n; (mod p;).
Then (2n+1)? — 2 is divisible by some prime p = —1 (mod 8) but not divisible
by any of pi,...,pr. Thus, there must be a prime congruent to —1 mod 8
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that is not on the list p1,...,pr. As our starting list was arbitrary, there are
infinitely many primes p = —1 (mod 8).

2.27 Problem 2.25 handles the residue class 1 mod 8 while Problem 2.26
handles —1 mod 8. To take care of 5 mod 8, we argue as in Problem 2.26 with
(2n+1)2+4 replacing (2n+1)? — 2. Every odd prime p with —4 a square mod p
is congruent to 1 or 5 (mod 8). Since (2n+1)2+4=1+4=5 (mod 8), there
must be some prime congruent to 5 (mod 8) dividing (2n + 1)? + 4. Following
the solution to Problem 2.26, we obtain infinitely many primes p =5 (mod 8)
by varying n.

To deal with 3 mod 8, use (2n + 1)2 + 2. Every odd p with —2 a square mod p
is congruent to 1 or 3 (mod 8). As (2n+1)2+2=1+2=3 (mod 8), there
is always some prime congruent to 3 (mod 8) dividing (2n + 1)2 + 2. Varying
n, we obtain infinitely many primes p = 3 (mod ).

Remark. Dirichlet’s general theorem is proved by moderately sophisticated analytic
methods. By contrast, the proofs in the last few exercises are variants on Euclid’s
simple and familiar argument. This invites the question: Which other residue classes
can be shown to contain infinitely many primes by a proof in the style of Euclid’s?
For one reasonable interpretation of “in the style of Euclid’s” (which regrettably
would take us too far afield to motivate here) an elegant answer has been given by
Issai Schur and Ram Murty: There is a Euclid-style proof of the infinitude of primes
congruent to a (mod m) <= a®> =1 (mod m). See [2, 3, 5] for details.
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Solutions to Set #3

3.28 The proof is the same as in calculus: Suppose for a contradiction that
T, — v and x,, — z’, where 2’ # x. Then € := %\m' — x| > 0. Since z,, — z,
we can choose N € Z* with |z, — x| < € for all n > N. Similarly, we can
choose N’ € Z" with |z, — 2’| < € for all n > N’. Taking n > max{N, N'},
we find that

|2 — x| = |(&' —zn) + (zp — )| < |2' — 20| + |2p, — 2] < 26 = |2" — 2|
Contradiction!
3.29

(a) Let € > 0. Choose N; = 1. If n > Ny, then |z, —z| =0 <e.
(b) Let € > 0. Choose Ny, Ny € Z™T so that |z, — 2| < %e whenever n > N
and |y, — y| < 1€ whenever n > N,. For n > max{Ny, N>},

1 1
|@ntyn) = (2 4y)| = (@0 —2)+(yn—y)| < lon—2[+lyn—y| < Jetge=c
So Ty + Y > T+ y.
(¢) Here we must work a bit harder. When checking the definition of conver-
gence, we can assume that 0 < € < 1. (Larger values of ¢ only make life
easier.) Given such an €, choose Ny, Ny € ZT with |z, — x| < We for

all n > Ny and |y, —y| < e H1)6 for all n > Ny. Write z,, =  + d,, and
Yn = Y+ en, so that .y, = 2y + ze, +yd, + dpey. For n > max{Ny, Na},
||

lre,| < ————€ < € and lydn| <

|y €
< —_
=3(z[+1) "3 ¢

3yl +1) 3

For these same values of n, we have |d,|,|e,| < § < 3. So (estimating
crudely) |dne,| < |d,| < §. Therefore,

€ €
|xnyn_xy‘ = ‘xen+ydn+dnen‘ S ‘xen‘+‘ydn|+|dnen‘ < 3+3+§
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3.30 Notice that 2z, = 2+2-3 +2-32 + ... + 23", which is precisely
the ternary expansion of 3"*! — 1. So z, = 3n+21_1 = f% + %3”*1, and
|, — (—%)|3 = |%3"+1|3 = 3=+ which tends to 0. Therefore, z,, — —2 in

2
(Q, [ 3)-

The series Z;’;O 3% diverges in Q, for each prime p # 3. To prove this, we
appeal to a result possessing the air of the familiar.

Lemma (kth term test for a valued field). If >"° | a), converges in (K, |-|),
then ar — 0.

To apply this in our situation, observe that if p # 3, then |3k|p =1 for every
k, and 1 does not tend to 0 !*

Proof. Suppose > ;- ay = = (where z € K). This means that the sequence
{sn} with nth term s, = >.;'_, ay converges to z. Let ¢ > 0 and choose
N € Z* with the property that |s, — z| < %e for all n > N. Then for every
positive integer n > N + 1,

1
|an| = |80 —Sn—1] = [(sn —2) + (& — $p—1)| < [sn— 2|+ |z —8n-1| < 2'56 =e.
We have verified the definition of “a, — 0.” 1

3.31 Some experimentation suggests that ZN_O n-n!= (N + 1)! — 1, which

is easily confirmed by induction. Hence, |Z _on-nl— (=12 =|(N +1)![,.
Since the power of 2 in (N + 1)! tends to infinity, |[(N + 1)!]s — 0, and

ijzon -n! — —1. That is, > 7 jn-nl = —1.

Next, we look at Zﬁfzo n?. 2", Let F(T) = ZTZY:O T™. Differentiating and
multiplying by T gives TF'(T) = 22;0 nT™. Another round of the same
process yields

N
> T =T(TF'(T)) = T*F"(T) + TF'(T).
n=0

Substituting in F(T) = 1’1T:;+1 = 27 — TN L= and simplifying,

for some Gn(T) € Z[T].
Plugging in T' = 2, we deduce that

* Although it does tend to “0!”
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=27V GN(2)] < 27V
2

> 2" — (-6)

We send N to infinity and conclude that Y7/ n?2" = —6in (Q, |- |2).

3.32 With zg := 1—71 € Z(3), each step of the displayed algorithm has the form
Tp = dp + 3%n11, where d,, € {0,1,2} and 41 € Z(g).

Repeated substitution reveals that for each nonnegative integer n,

Trog = d() + 3:171
= do + 3(d1 + 3z2)

=do +3(d1 +3(da + - - + 3(dy, + 3T041)))
=do+3dy +3%dg +--- +3"d, + 3" xpy .
Therefore,

— 37"71|xn+1|3 S 3771,71'
3

o — i Skdk
k=0

Sending n to infinity, zo = Y e 3% dk.

As shown in the problem statement, 1 = 7, implying that the “digits” d;
repeat in blocks of six starting from ¢ = 1.

3.33 We modify the algorithm of Problem 3.32. This time xg = % € Q(s), and
each d,, € {0,1,2,3,4} is chosen so that x,, = d,, + 52,41 for an x,11 € Q(5).
Grinding this out,

2 —1
- 1+5 - 6 4
— =245.—
-1 -3 7 7
—— =245.—=
7 7 —4 -5
—~ =345 —
-3 -2 7 7
2 =145.—=
7 7 -5 -1
2 6 R
S =445 —
7 7

Replicating the logic of the solution to Problem 3.32, we conclude that in

Q. [ 15),
2
?:1+2-5+1~52+4-53+2-54+3-55+0-56+2-57+...,

where the “digits” follow the eventually periodic pattern 1,2,1,4,2,3,0.
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Extra Exploration 7 (cf. Burger and Struppeck [1]). Show that there is
a sequence of rational numbers {a,} with the property that Y >° | a, converges to 0
with respect to | - | and converges to 1/p with respect to | - |, for every prime p.

3.34 1If | - | is non-Archimedean, a straightforward induction shows that
|m| <1 for all positive integers m. This handles the forward direction of the
equivalence.

Turning to the reverse implication, suppose that |2| < 1. If n is any positive
integer, we get from Problem 1.6 that

’<Z>‘ <n whenever 0 < k <n.

So by Exercise 2.17, |z + y| < (n(n + 1))/ max{|z|, |y|} for all 2,y € K.
Sending n to infinity in this last inequality, |« + y| < max{|z|, |y|}: That is,
| - | is non-Archimedean.

We can draw the same conclusion if 3 replaces 2. More generally, suppose m > 2
and |m| < 1. Let n be a positive integer and write each associated binomial
coefficient (Z) in base m: (Z) = ijo d;m’, where each d; € {0,1,2,...,m—1}
and the d; are eventually zero. If J is the largest index for which d; # 0, then

2 > (Z) >mJ > 27. Hence, j < n and

n .
‘(k>’§ S dsllml < 3 Jd;] < max{(o], 1], m — 1]} -n.

0<j<n 0<j<n

This bound on |(})] is a suitable substitute for that of Problem 1.6 in the
argument of the last paragraph.

In summary: If m is an integer with m > 2, and |m| < 1, then |- | is non-
Archimedean.

3.35 Let |-| be a nontrivial non-Archimedean absolute value on Q. As noted in
the solution to Problem 3.34, |m| < 1 for all positive integers m. In particular,
|p] < 1 for all primes p. If equality holds for all p, then |m| =1 for all m € Z+
(apply the Fundamental Theorem of Arithmetic). But then Exercise 1.1(a,c)
allows us to deduce |z| = 1 for all nonzero x € Q, contradicting that |- | is
nontrivial.

3.36 Since |- | is non-Archimedean, |k| <1 for all integers k.

Given relatively prime integers m and n, write 1 = am + bn with a,b € Z
(Bézout). Then

1 = |am + bn| < max]al[ml, bl|n]} < max{jml, [n]} < 1.
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Hence, max{|m|, |n|} = 1, so that either |m| =1 or |n| = 1.

3.37 The units in O are precisely the € K* satisfying both |z| < 1 and
|71 < 1. As |[271| = |z| 7!, the last two inequalities are satisfied simultane-
ously precisely when |z| = 1.

Let M be the collection of nonunits in O, so that M = D1(0). Clearly 0 € M.
If 2,y € M, then |z + y| < max{|z|, |y|} < 1, and so x + y € M. Moreover, if
x € M and r € O, then |rz| = |r||z] < |z| < 1, so that ra € M. Hence, M is
an ideal of O. Since 1 ¢ M, the ideal M is proper.

Let I be any proper ideal of O. If x € I, then x cannot be a unit in O:
Otherwise I O O = O. Thus, x € M. Since this holds for all x € I, we
conclude that I C M.

Thus, M is a proper ideal of O containing all proper ideals of O. So M cannot
itself be properly contained in a proper ideal of O; that is, M is maximal.

3.38 Each nonzero x € Z, has the form ¢ where a,b € Z and p { b. If we
factor a = p*»(@a/, then z = p”P(“)%. Here v,(a) > 0 and % € Z(Xp). So we
have at least one decomposition of the desired form.

Uniqueness is easy: Suppose = = p¥u = p” v/ with v, v’ nonnegative integers
and u,u’ € ZE;). Then |ul, = |[v/|, = 1, so that p~¥ = |z|, = p~" . Hence,
v =v'. But then p*u = p¥u/, and u = /.

3.39 Let I be any nonzero ideal of Z,) and choose a nonzero x € I with
vp(x) minimal among nonzero elements of I. Set v = v,(z).

Claim: [ = p“Z,).

Since x = pYu for some u € Z(Xp), it is immediate that I 2 xZ,) = p"uZ) =
p"Z ;. To prove the reverse containment, we take an arbitrary y € I and show
that y € p*Z,. Clearly y = 0 belongs to p*Z,). If y # 0, write y = plr Wy
where w € Z(Xp). Then v,(y) > v, and y = p*(p»¥ " w) € p"Z(y), finishing
the proof of the Claim.

It follows that Z,) is a principal ideal domain (PID), with each of its ideals
somewhere in the infinite chain

0) S CP"Zy) G S P L) S 1Ly S DLy S Ly

(The containments are strict since p is a nonzero, nonunit element of the
domain Z,.) It is clear from this linear ordering that pZ,) is the unique
maximal ideal of Z,).*

* We could also have proved that pZ,) is the unique maximal ideal of Z,) by invoking
Problem 3.37: pZ,y = {x € Z,) : |z]p < 1}.
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3.40 Since x? + 7 = 2™, the integer x must be odd. Hence, 8 | 2 + 7 = 2™
and m > 3.

Since x is an odd number,

”ir € R for both choices of sign. Furthermore,

recalling that o = H'Tﬁ and ,8 = %,

TH+=T7 x——T7
2 2

— 2m72 — (aﬁ)m72

— am72 . ﬂm72' (*)

We proceed by analyzing prime factorizations. First we show that « and 5 are
prime in R. Since R = Z[«], it is plain that every residue class mod aR has a
representative from Z. In fact, since 2 = a8 = 0 in R/aR, every class mod R
is represented by 0 or 1. If every class is represented by 0, then R = aR, forcing
« to be a unit and contradicting that R* = {£1}. So R/aR is (isomorphic
to) Z/2. Since Z/2 is a domain, aR is a prime ideal of R, and « is a prime
element of R. An identical argument shows that 3 is prime in R.

Continuing, we argue that neither a nor g is a common divisor of the left-hand
factors in (*). If « is common divisor, then « | H'T‘/ﬁ — m_‘ﬁ =+/—T7. But
V=T7=2a—1= —1in R/aR, rather than 0. A similar argument shows that
[ is not a common divisor.

The two left-hand factors in (*) are nonunits. By unique factorization, each
is a (nonempty) product of the primes « and 8 (up to units). We also know,

from our work in the last paragraph, that o appears in the prime factorization
T+V=7 and z—/=7
2 2

of only one of , and similarly for 5.

How can this be? £y =7 and %= Y =7 must match up with ™2 and ™2,
up to order and associates. That is, for some € = +1 and some units 7,7’ of R,

T+ /=7 m_2 T —ey—T7
T2 T T

=n'gm 2.

Multiplying the last two equations, 2 + 7 = n1n'2™~2, and so nn’ = 1. Since
n,n € {—1,1}, in fact n = 7/, and

x+e\/j7 x—er ﬁ—e(a— )

(™™= fTE) = ——

Therefore,

am72_ m—2 B
Um—2 = % =e€n le {£1}.

The converse also holds: Every m with u,,_o = %1 gives rise to an = with z2 +
7=2" 1f Uy, o = +1, then a™ 2 — ™2 = +(a— ) = +v/—7. On the other
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hand, if we write ™2 = %ﬁ for integers « and y, then (applying complex
conjugation) M~ 2 = %ﬁ, so that a™ 2 — gm~2 = y,/—7. Comparing

expressions, y = 1. Therefore, 2m~2 = o™~ 23m~2 =

2 2 2
"7y x24T
T = Y, and

2?7 =2

Remarks.

(i)

We didn’t need to know R was a UFD to execute our solution. After proving
that o and 8 are prime, we could have appealed to the following result, valid in
every integral domain: If a product UV factors as 71 - - - g, with all m; prime™,
then U = n[];cgm and V = n [I;cs i for some units 7, 1’ and some partition
of {1,2,...,k} into sets S and S’. (We allow S or S’ to be empty.) Try to prove
this if you haven’t seen it before!
For completeness, we include a proof that R* = {£1}. It is obvious that +1 € R*.
What requires proof is that +1 are the only elements of R*.
For each u € R, we define the norm of p by Ny = pjfi, where the bar denotes
complex conjugation. Thus, if u = §(a+by/=7), then Ny = *(a®+7b%). Recalling
that a = b (mod 2), we deduce that (a) Ny is a nonnegative integer for every
w € R, with Nu = 0 only when g = 0. Furthermore, (b) for every u,v € R,
N(pv) = pv - v = pji - v = Nu - No.
Suppose ¢ is a unit in R with inverse ¢’. Using (b), 1 = N(1) = N(eg') =
Ne - Ne'. From (a), Ne = N’ = 1. Writing ¢ = 1(e + fv/=7), the equation
Ne = 1 translates into e? + 7f? = 4. This forces f = 0 and e = £2, so that
= $(£2+0V=7) = £1.

References

1.

E.B. Burger and T. Struppeck, Does y > , L really converge? Infinite series

n!

and p-adic analysis. Amer. Math. Monthly 103 (1996), 565-577.

* we really do mean prime, not merely irreducible!
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Solutions to Set #4

k
4.41 We have 1 4+ e + 2T 4 ... 4 (DT Zo<3<n Zk>0 (ng =

Zk>0 (ZO<]<nJ ) Zk>0 k(n )7;::

4.42 Summing the finite geometric series,

nT nT
T T e =1 et —1 T
Zej 72(6 )jieT_li T .eT—l'
0<j<n 0<j<n
Therefore, by Problem 4.41,
Tk enT —1 T
D Sy =
k>0
- (St (Seh
B (r +1)! = il

r+s r
Z Z r+1131"+1'

k>0 ! r4+s=k
r,s>0

Comparing coefficients of L T glves

B (r+s)! 1 Bi—v (kK 41
Sk(n) = Z BS(T+1)!5!n N Z rri\e)t

r+s=k 0<r<k
r,s>0

Remark. If you stare carefully, you will notice this argument takes for granted the
identities e/T = (eT)? (for j = 0,1,2,3...). Here what is important is not that these
identities hold for real numbers T (which is familiar from calculus), but that they
hold as identities of formal power series in the indeterminate 7.

To effect a proof, write

, 1 v TF k
T\j ki+4-+k
= - T i = i )
(e") Z kil Kyl Z k! Z <k1,k2,...,k:j>

ki,..k;>0 k>0 7 kitetkj=k
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k ) = j*. Therefore, (e”)’ =

By the multinomial theorem, Zkl-s-z---ucjfk (k1 "
= Ky, y

3 (GTH* — T
k>0 K :

We could also have proved the required identities by leveraging our prior knowledge
of the “real world.” Expand (formally) /" — (e”)7 = 3=, cxT" for some coefficients
ck. The exact same transformations you use to put the left side into the form of the
right will show that

o X
(") —e* = E crx”  for all real numbers z.
k>0

Here all manipulations with real numbers can be justified by citing absolute con-
vergence of the relevant series. (Operations on formal power series are defined to
mirror operations that can be performed on numerical series in the presence of
sufficiently good convergence.) Since (e®)? —e® = 0 for all real numbers z, the series
> k>0 cpx® converges everywhere to 0. This forces each ¢ = 0, which in turn shows
that e/” = (e”)? formally. While gratuitous in this instance, the principle that an
identity of real numbers can (often) be transmogrified into an identity of formal
power series is frequently useful.

4.43 All of the claimed equalities are straightforward to verify, including the
invariance of T cothT under the substitution T+ —T (provided we accept
that e?Te=27 = 1, which can be proved by the method of the preceding
Remark). Writing down the power series for —7 coth(—T") and T coth(T"), we
conclude that

(=27)* _ (21)*
k>0 k>0
When k is odd and larger than 1, comparing coefficients of 7% on both sides
shows that By = 0. When k = 1, the same reasoning gives —1 —2B; = 1+ 2By,
leading to B; = —% (as asserted in our table).

4.44 Starting from T cothT =T+ 3", ., Bkw, divide by T and substitute

k!
By=1, B = f% and By = 0 for odd k£ > 1. This provides the expansion

claimed for cothT'. That % cothT =1 — coth? T can be checked directly.
To ease notation, write
cothT = l + Z e T2t
T E>1 .

As ¢, and Bsi share the same sign, we will be done if we show that
(—1)**+1¢y, > 0 for each k € ZT. Assuming this claim fails, let K be the minimal
counterexample. For later use, note that K > 1 (since ¢; = 2By = % > 0).
Differentiating the last displayed equation,
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d 1
— hT = —— 2k — 1)e, T2,
T cot T2 + ,;( kE—1)cg

The right-hand Laurent series has 725 ~2 appearing with coefficient (2K —
1)eg. On the other hand, the coefficient of T25-2 in % cothT is the same
as its coefficient in — coth? T, since %cothT = 1—coth®T and K > 1.
That coefficient is —(2cx + Y24 j_f, ;51 Ci¢j)- Therefore, (2K + 1)cx =
— Litj=K, i1 Ci¢jy and

(-E 1 ; .
(O e =g 2 a0 =gy 2 (Ve (e >0
i+j=K i+j=K

i,5>1 i,521

We use in the last step that (—1)""'¢c; > 0 and (—1)7*'¢; > 0, since i and j
are positive integers smaller than K.

Remark. A more satisfying explanation for why the even-indexed Bernoulli numbers
alternate in sign is found in Euler’s formula

(2m)!

Baw = (—1)"12¢(2k) - (2m)2m’

where ((s) := Y, -, =& is the Euler-Riemann zeta function. This remarkable relation
pins down Bsy, rather precisely as a real number. Indeed, when conjoined to Stirling’s
estimate on factorials, it implies that

| B2

lim ——————— =
\/ kE \2k
k—oo 4 Wk(?e)
Unfortunately, Euler’s formula does not contain any obvious information about the
number-theoretic properties of Bay.

We will not prove Euler’s result here. Interested readers are referred to the exquisitely
written textbook of Ireland and Rosen for a characteristically elegant treatment [2,
pp. 231-232].

4.45 Information on the first ten partial sums is collected below.

Zlgkgn 2k/k

2

22

22.5/3
22.8/3
28.1/15
25.13/15
25.151/105
213.1/105
29 .83/315
210.73/315

3

O © 00O Uk W

—_
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Already this limited data suggests that va(}",.,, 27/k) tends to infinity
with n (equivalently, that ;= 2%/k = 0 in (Q,| - |2)). Being a bit bolder,
we might conjecture that vo(}";;<, 27/k) is bounded below by a function
ever-so-slightly smaller than n. For the resolution of both conjectures, see the
solution to Problem 11.130.

4.46 We need the following lemma.
Lemma. For each z € Z,), thereisad € {0,1,2,...,p—1} withx—d € pZ,).

Proof. Write x = a/b where a,b € Z and p { b. Choose B € Z with Bb =1
(mod p), and select d € {0,1,...,p — 1} with d = aB (mod p). Then db =

aBb=a (mod p), and z — d = p(a d)/p ¢ PZ ). 1

With the lemma in hand, we can express r in the desired form by the algorithm
of Problems 3.32 and 3.33. Specifically, let xg = r, and for n =0,1,2,3,...,
select d,, € {0,1,2,...,p— 1} so that x, = dy, + pxn41 for some 11 € Z(y).

Then r = Ekzo dip

Having shown existence we turn to uniqueness. Suppose r = Zk>0 dpp® =
2 k>0 d;.p* with all dy,d), € {0,1,...,p— 1}. Assume {d;} and {d},} do not
coincide, and let ko be the smallest nonnegative integer with dy, # dj, . ko- Lhen

0=r—1"=3 5 (d— d;.)p*, and

(i, = dio)p™ = D (di — di)p"

k>ko

So if we set sp, = > ) e (di — di)p*, then s, — (dj, — di,)p* in (Q,] - [p).
That is, -

|5n - (d%o - dko)pko‘p — 0. (*)
However, |s,|, < maxy,<kx<n |(dr —d})p*|, < p~Fo~1 while |(dy, —dp, )p* |, =
p~F0. So by “survival of the greatest,”

|8n — (d;co — dp, )pko |p = piko
for every n > ko, contradicting (*).

Finally we prove {dj} is eventually periodic. It suffices to show that in the
algorithm of Problems 3.32 and 3.33, there will always be nonnegative integers
m < n with z,, = x,. In that case {dj} repeats, from k = m onwards, with
(not necessarily minimal) period n — m.

Write r = a/b where p 1 b. We will base our proof on two claims:

(a) each z, € ;Z,
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(b) each |z, |00 < M, where M := max{2, |r|}.

Claim (a) is obvious when n = 0, since zg = r = a/b. Suppose that z,, € }+Z.
Then bpx,1 = bxy, —bd,, € Z. As 41 € Zp), we also have |bpz, i1, =
|bplp|zni1lp, < p~t. So in fact bpz,i1 € pZ, and 41 € %(pZ) = ;Z. This
gives (a). Since zg = 7, (b) is trivial when n = 0. If |2, |00 < M, then

1 1 1 1
|:L'n+1|oo = 7|$n - dn|oo < 7(|xn|oo +P) S 7|xn|oo + 1 S *M'f' 1 S M
p p 2 2

So we have (b) as well. From (a) and (b) it is easy to conclude: [-M, M] has
finite intersection with %Z, so the x, cannot all be distinct.

4.47 Observe that
[a] = |20 — 2] < |20 — (20 — @) = [2] = |20 + (2 — 20)| < [@n] + [ — 20.
Hence,
—le —zn| <] = [zn] < o —20].

Since |z, — x| — 0, the squeeze theorem implies that |x| — |2, | — 0. Therefore,
|| converges to |z|.

Suppose now that | - | is non-Archimedean and that z, — x, where x # 0. The
limit definition guarantees that |z, — x| < |z| for all sufficiently large n. For
these n, “survival of the greatest” yields |z, | = |(z, — x) + z| = |z|.

4.48 By Problem 3.34 we can choose a prime p with |p| < 1. Then whenever
n is an integer not divisible by p, the integers p and n are relatively prime and
Problem 3.35 tells us that |n|, = 1.

Write [p| = p~¢ with ¢ > 0. Given € Q*, we can express x = p'»(®)a /b where
a and b are integers not divisible by p. Then

2| = [p[**@lallp| " = [p|*r® = p=r ) = (p7or@) = |a]s.
Of course, we also have [0| =0 = [0[5. So |- | = -]

p*

4.49 From Exercise 4.45, |r| > 1 for each integer r > 2. So there are indeed
real numbers ¢, d > 0 with |2| = 2¢ and |3| = 3%.

If we write 2" = Y €;3", with each ¢; € {0,1,2} and €, > 0, then

. . : |3|m+1 1
=2/" =2 |<Z\q||3\ < max{/[1], \2I}||71
=0
< max{[1, 281 121 Blgam
13— 1 3] -1

79



proving the claimed inequality with B := ‘él‘ 31 As €m > 0, we have 2" > 3™,
and thus 3%™ < 297 Therefore, 2°" < B - 2d", and 2(c=)" < B. Since n may

be taken arbitrarily large, it follows that ¢ < d.

We could have run the argument with the roles of 2 and 3 reversed. Writing 3™
in base 2 and reasoning analogously would lead to the inequality 39" < B’3°",

where B’ = ‘2||2l1. We would then conclude that d < ¢. Thus, ¢ = d.

4.50 The arguments of Problem 4.49 apply equally well with 3 replaced by
an arbitrary integer r > 3. Writing |2| = 2¢ and |r| = r%, we find that for each
positive integer n,

20" < B.29"  while 79 < B .o

for the constants B = w and B’ = ‘2‘| . These two inequalities

imply ¢ < d and d < ¢ (respectively), yielding ¢ = d.

It follows that |r| = r¢ for every integer r > 1. That equality holds trivially
when 7 =1, and so |- | = |- |¢ on all of Z*. Writing each € Q* in the form
x =% where a,b € Z", we deduce that

2| = lal - [o| 7" = a7 = (ab™")* = ]S

Of course |0] =0 = |0|, as well, and so |- | = |- |S

Extra Exploration 8. For which positive real numbers c is | - |, an absolute
value on Q? Now let p be prime. For which positive real numbers c is | - |; an absolute

value on Q7

4.51 We begin with a simple but useful observation: If (K, |- |) is any valued
field, and = € K, then

" -5 0in K< |2" -0 - 0in R < |z| < 1.
Now suppose for a contradiction that |- | and | -|" are equivalent absolute
values on K with |- | Archimedean and |- |" non-Archimedean. By Problem
3.34, |2| > 1, andso|2| < 1. Hence, ()™ — 0 in (K, |-|). Since || and ||’ are
equivalent, (3)" — 0 in (K,|-|') as Well so that |3|" < 1. But then |2 > 1,
Contradlctlng that 2] =14+ 1| < max{|1|’, 1)} =1.

4.52 Let |- | be a nontrivial absolute value on Q. If | - | is Archimedean, then

-] =115 for some ¢ > 0 (Problem 4.50). In this case, | - | is equivalent to

| - |00, since

Tp = zin (Q,|-|) <= |z, —2|—0
= |2p — T 2 0=z, > zin (Q,] - |00)-
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If | - | is non-Archimedean, then |- | = |- [ for some prime p and some ¢ > 0.
In this case | - | is equivalent to | - |, (same reasoning as displayed above).

It remains to show that none of | - |, |- |2,] - [3,] - |5--. are equivalent. From
Exercise 4.51, | - | is not equivalent to any of the others, since | - | is

Archimedean while | - |, is non-Archimedean. If p and ¢ are distinct primes,
then p” — 0 in (Q,]|-|p) but p™ 4 01in (Q,|-|q)- So |- |, and |- |, are
inequivalent.

Extra Exploration 9 (classifying absolute values on F,(T)). Fix a prime

p, and let IT denote the collection of all monic irreducible polynomials = € F,[T].

Let | - | be an absolute value on F,(T).

(a) Suppose that |T'| > 1. Prove that |F| = |T|%°8*~ 98" for all F = ¢ € F,,(T)*.

(b) Now assume that |T'| < 1. Prove that |F| <1 for all F' € F,[T]. Assuming | - |
is nontrivial, show that there is a unique 7 € II with |7| < 1. Furthermore,
|F| = |7|*~") for all F € F,(T)*. (Recall that when F' = "% for a,b € F,[T]
coprime to 7, we are setting v (F) :=v.)

(c) State and prove an Fp(T')-analogue of the assertion in Problem 4.52.

4.53 NO. Suppose o, ..., x, are p+ 1 (distinct) equidistant rational numbers.
Translating each by —z, we can assume xy = 0. Next, scaling the z; by the
same power of p, we can assume that each z; € Z(,) and that at least one of
them, say x1, is not in pZ). Then |1 — x|, = |71, = 1.

Each of 1,...,z, is congruent modulo pZ, to one of 0,1,2,3,...,p—1 (see
the solution to Problem 4.46). Since the x; are equidistant from one another,

[Zjlp = |2j — wolp = |21 — 20[p = 1

for all j = 1,2,...,p. Therefore, each of z1,...,z, is congruent to one of
1,2,...,p—1 (mod pZ). But then two of x1,...,x,, say ; and x;, coincide
modulo pZ,) (Pigeonhole Principle). For these two,

1
|.’EZ' —xj\p <-<1= |£C1 —1’0|p.
p
Contradiction!

: 1 1 1 1
4.54 Notice that H,, — EHm = Zlgkgn - Zlgrgm o = Zlgkgn, otk T €
Zy). Hence, |H, — SHplp <1 < |Hplp < plHplp = |5 Hmlp- Now “survival
of the greatest” gives us

~H,,

P = plHmlp

p

1 1
|Hn|p = ‘Hm + (Hn - Hm)
p p

‘ 1

p

4.55 Let p be a prime. Suppose we happen to have in hand a nonnegative
integer k with |H,,|, > 1 for all m in the range p* < m < p**1. Problem 4.54
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allows us to conclude that |H,|, > p whenever p**1 < n < pF*2. Repeating
the reasoning, |H,|, > p* whenever p**2 < n < p*+3.In general, |H,|, > p’
for all n > p**J (for j = 0,1,2,3,...). Therefore, |H,|, — oco.

One can check with a simple computer program that k = 2 satisfies our
hypothesis both when p = 3 and when p = 5. So |H,|3 — oo and |H,|5 — oo.

Remark. For an in-depth examination of |H,|p, see [1].

Several open questions persist regarding the numerators and denominators of the
harmonic numbers. Here is one that appears deceptively simple: Are there infinitely
many n for which the denominator of H, (in lowest terms) is the least common
multiple of 1,2,3,...,n?
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Solutions to Set #5

5.56 We check that Z, contains the multiplicative identity 1 = (1 mod p, 1 mod
p?, 1 mod p?,...) of the ambient ring I, Z/p" and that Z, is closed under
subtraction and multiplication. The first requirement is clear. To prove the
second and third, suppose z,y € Z,. Write = (a; mod p, az mod p?,...)
and y = (by mod p,by mod p?,...), where ar = ary1 (mod p¥) and by =
brr1 (mod p*) for all k = 1,2,3,.... Then aj — by = apy1 — by (mod pb)
and apby, = apy1bry1 (mod p*), for all k = 1,2,3,..., These congruences
imply that z — y = (a1 — by mod p, az — by mod p?,...) and zy = (a;b; mod
p, azby mod p?,...) also belong to Z,, as desired.

5.57 Suppose r = (a; mod p,as mod p?,...) and y = (b; mod p, by mod
p?,...) are nonzero elements of Z,. Since x # 0, there is an i for which p’ { a;.
Similarly, there is a j for which p’ { b;. We will prove zy # 0 by showing that
the mod p'™/ component of zy is nonzero, i.e., that p*7 § a; 1 jb; ;.

The compatibility condition in the definition of Z,, assures us that a;4; = a; Z 0
(mod p?). Similarly, b;+; = b; 0 (mod p’). Therefore,

Up(@itjbitj) = vp(aitj) +vp(biys) <i+j,

and p** { @iy ;bit ;.

5.58 For each n € Z7T, the element n-1 of Z, has a nonzero mod p* component
whenever p¥ > n. In particular, n - 1 # 0. Thus, Z, has characteristic 0, so
that we can (and henceforth willl) view Z as a subring of Z,, identifying each
integer n with n - 1 = (n mod p,n mod p?,n mod p3,...).

The rest of the problem asks (essentially) for a description of Q N Z,. It may
not be clear that this task even makes sense: To take this intersection, both Q
and Z, have to be viewed as sitting inside a common superset. What is that
set?

Fortunately, this question has an easy answer: Both Q and Z,, are contained in
the fraction field of Z,. Taking this interpretation, if a,b € Z with b nonzero,
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7 € QN Z, precisely when there is a y € Z;, with by = a. When does this
happen?

We can assume, without loss of generality, that ged(a,b) = 1. If p | b, there
is no hope of finding a y with by = a: The mod p component of by is 0 for
every y € Z,, while the mod p component of a is nonzero (remember that
ged(a,b) = 1, so that p cannot divide a). Suppose instead that p 1 b. In this
case, we can choose integers By, with bBy = 1 (mod p*), for k = 1,2,3,....
Observing that bBjy; = 1 (mod p**1), we find that

bBrt1 =1=0bB; (mod pk), and thus Bgy1 = Br  (mod pk).

Therefore yo := (B mod p, B mod p?, B3 mod p?,...) € Z,. Furthermore,
byo = (bB; mod p,bBs mod p?,...) = (1 mod p,1 mod p?,...) = 1, so that
y = ayo satisfies by = a.

We conclude that QNZ, is the set of rational numbers whose denominators, in
lowest terms, are not multiples of p. This is precisely our faithful and familiar
companion Z ). (Incidentally, this explains the term p-integral for elements
of Zy); the p-integral rationals are the rational numbers that are also p-adic
integers.)

As for the final question: Yes, (4 mod 5,34 mod 52,334 mod 5%,...) € QN
Zs. In fact, 3 - (4 mod 5,34 mod 52,334 mod 53,...) = (12 mod 5,102 mod
52,1002 mod 53,...) = (2 mod 5,2 mod 52,2 mod 53,...) = 2.

5.59 Let u = (ag mod p,,aa mod p,...) € Z,. If u € Z) with inverse v =
(by mod p, by mod p?,...), then uv = 1 = (1 mod p, 1 mod p?, ... ). Comparing
mod p components, a;by = 1 (mod p). Thus, a; is invertible mod p, which
implies that p 1 a;.

Conversely, suppose that pta;. Since each ay = ag—1 = -+ = a; (mod p), all
of the a; are coprime to p. Choose integers by with aiby = 1 (mod p*), for
k=1,2,3,.... Working modulo p*+t1,

ak+1bk+1 =1= akbk = ak+1bk,

so that by41 = by (mod p¥). Hence, v := (b mod p, by mod p?,...) € Z,. It is
now straightforward to check that uv = 1, so that u € Z (with v = u™").

It remains to prove that p | a; (in Z) <= p | u (in Z,). Suppose p | v and
write u = pv, where v = (v; mod p, vz mod p?,...) € Z,. Then a; =pv1 =0
(mod p), and p | a;.

Conversely, suppose p | a;. Since each ar = a; (mod p), p divides every ay.
Put vy = ag41/p for k = 1,2,3,.... Dividing the congruence api2 = ax41
(mod p**+1) through by p gives vi11 = vg (mod p¥), and so v := (v; mod
p,ve mod p?,...) € Z,. Moreover,
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pv = (az mod p, a3 mod p?,...) = (a; mod p, ay mod p?,...) = u.

(We use here that a1 = a (mod p*) for each k.) Thus, p | u.

5.60 Let 2 = (a; mod p,as mod p?,...) be a nonzero element of Z, and
choose the nonnegative integer v minimally with a,y; #Z 0 (mod p**1). For
each integer 7 > v,

a; =aj_1 = =ay41 =0 (mod p?).

(Consider two cases, v = 0 or v > 0.) So by := pYay+x € Z for each k =
1,2,3,.... The congruences a, 41 = ayrr (mod p***) imply that by, = by
(mod p*). Therefore, u := (b; mod p, b mod p?,...) € Z,.

By the choice of v, we have that p { % = b;. Thus, v € Z) (Exercise 5.59).
Furthermore,

p’u = (0 mod p,...,0 mod p”, as,+1 mod ptT, Q2y4+2 mod pPT2 L. )
= (0mod p,...,0 mod p¥, ay41 mod p°t, a9 mod p?*2,...) = .
(Here we use that agy,4; = agypi1 = -+ = ayyi (mod p°T?).) So we have

produced a representation x = p”u with u € Z.

. ’ . . .
To prove uniqueness, suppose x = p¥u = p¥ ' with v, v’ nonnegative integers

and u,u’ € ZE;). Assume v < v'. Canceling p¥ from both sides, u = p¥’ ~u/.

Since u € Zg, to avoid a contradiction with Exercise 5.59 we must have
v/ —v=0,1ie., v=1". Then p’u = p¥u’, leading to u = u’'.

5.61 For each nonzero x € Z,, define v,(x) as the integer v appearing in the
representation of x described in Problem 5.60. Then proceed as in the solution
to Problem 3.39.

5.62 We preface the solution with some philosophical comments. With the
definition we have given of Z,, there is an obvious informal way to reduce x
modulo powers of p: Write 2 = (a; mod p,az mod p?,...) and reduce mod p"
by extracting the nth component, i.e., singling out a,, mod p™. This defines
the reduction of  mod p™ as an element of Z/p". Since Z,, is a ring, there is
also a canonical way to reduce x modulo p": Take the image of z in Z,,/p"Z,.
It would be reassuring if these two ways of reducing mod p™ were somehow the
same. As we will see shortly, this turns out to be the case! The isomorphism
between Z/p" and Z,/p"Z, induced by the inclusion Z — Z, matches up
an, mod p™ and z mod p"Z,. Equivalently: x mod p"Z, = a,, mod p"Z,.
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There is no justice in Heaven or Earth,
but there is certainly justice in
MATHEMATICS!

Paul Erdés

We proceed to the proof proper. Let ¢ denote the homomorphism from Z to
Z,/p"Z, induced by the inclusion Z — Z,. We start by computing the kernel
of ¢. For x € Z,

v €ker(¢) &=z €p"Ly, = 2/p" €Z,NQ <= x/p" € L) <=z € p"ZL.

(Here we have recalled that QN Z, = Z,).) So ker(¢) = p"Z, and ¢ induces
an embedding ¢: Z/p" — Z,/p"Z,.

Next we show that ¢, and hence also d;, is surjective. Let © = (a; mod
p,az mod p?,...) € Z,. The mod p’-component of a,, — z is a, — a; mod p’,
which vanishes for all j < n (by the compatibility condition in the definition
of Z,). So by our solution to Problem 5.60, either a,, —z =0or a, —z = pFu
for an integer k > n and a unit u € Z;;. In either case, a,, — x € p"Zy, so that
é(an) = a, mod p"Z, = x mod p"Z,. This proves ¢ is surjective, and so (5 is
an isomorphism.

The isomorphism ¢ carries a,, mod p™ to ¢(a,) = « mod p"Z,, as we promised
in our initial remarks.

5.63 Keeping in mind the Chinese Remainder Theorem, it is straightforward

to check that Z, = leq vap(w, via the map sending

(a1 mod g, as mod g%, az mod g>,...)

— ((a1 mod 79 a5y mod p?**(9) a3 mod p?Ur@ . .. Nplg-

“Straightforward” means that the tedium of writing out the proof outweighs
the enlightenment gained from doing so. (Please walk through the argument
in your head and decide if you agree!)

To complete the problem, it suffices to show that if p is prime and v € ZT,
then Z,» = Z,. Here we can map (b mod p”, by mod p??, bs mod p®’,...) to
(by mod p, ..., by mod p?, by mod p**1, ... by mod p??,...), each b; repeated
v times. (Again, that this work is “straightforward.” Verify!)

5.64 The outer, red disc represents the entirety of Zs. The salmon-colored
discs partition Zs into three parts, based on the mod 3 component. Once the
mod 3 component is fixed, there are 3 possibilities for the mod 32 component,
depicted by the green discs. Finally, having fixed the mod 32 component, there
are three possibilities for the mod 33 component, illustrated by the purple
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discs. In theory this partitioning process could continue indefinitely, but at
some point our eyes would ask for a break!

5.65 Who am I to tell you how to appreciate art?

Remark. For further discussions around visualizing Z,, see [3], [9], [10, Chapter 2],
and [11, Chapter 1, §2].

5.66 Let f be any function from Z* to Z,. We will show f cannot be onto by
adapting Cantor’s famous diagonal argument. Choose a residue class a; mod p
different from the mod p component of f(1). The class a; mod p lifts to p
residue class mod p?; choose one, say as mod p?, different from the mod p?
component of f(2). This in turn lifts to p classes mod p3; choose one, say
az mod p3, different from the mod p® component of f(3). Continue. At the end
of the (very long) day, we find that (a; mod p, az mod p?,az mod p3,...) is
an element of Z, that cannot belong to the image of f, since it has a different
mod p™ component from f(n) for each n =1,2,3,....

Extra Exploration 10. Show that Z, has the same cardinality as R. A useful
tool for this kind of proof is the Cantor—Schroder—Bernstein theorem: If there are
ingections from A to B and from B to A, then there is a bijection between A and B.”

5.67 Let (z,,yr), (5, Yp), and (x4,y,) be the coordinates of the red, blue,
and green vertices of A. Then, by a formula well-known to those who know it
well,

xp Y 1
2- Area(A) ==+ Zg Yg 1 = :l:(xbyg + z:yp + TglYr — Tg¥b — ToYr — mryg)'
Tr yp 1

We claim that x3y, has 2-adic absolute value strictly larger than the other five
terms. By definition of the coloring, |xpy4|2 = |zs|2]ygla > 1 -1 = 1. Next, we
observe that

[Zrl2lysl2 < |zr|2|zs]2 < |zol2 < |ol2]ygla-

If y, =0, then |z4y,|o = 0 < |xpyg|2; otherwise,

|xg|2|yr|2 < ‘yg|2|yr|2 < |yg|2 < |xb|2‘yg|2-
If y» = 0, then |z4yp]2 = 0 < |2pY4|2; otherwise,

The author cannot resist outlining Cox’s straightforward-to-verify proof of the
Cantor—Schroder—Bernstein result [2]. First, reduce to showing that if f is an injection
from a set X to a subset Y C X, then there is a bijection between X and Y. To tackle
this new claim, put S = [J22, f™(X\Y) = (X \V)UF(X\Y)UF(F(X\Y))U....
Define g: X — Y by letting g(z) = f(z) for x € S and g(z) = = for = ¢ S. Argue
directly that g is well-defined, injective, and surjective.
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Coloring of Q? in Problem 5.67.

lzgl2lynle < lyglalyslz < lzbl2lygle-

Next,

|bl2]yrl2 < |zol2 < |zo]2]ygla-
Finally,

|[Zrl2]yglze < |yglz < |zbl2|ygla-
Phew!

Falling back on “survival of the greatest,” we conclude that |2 - Area(A)|s =
|2pygla > 1, so that [Area(A)]r > 2|51 > 1.

Remark. Here is a quick sketch of Monsky’s proof. We can assume the square we
are trying to dissect is S = [0,1] x [0,1] C R

Color Q? as described in Problem 5.67. A triangle with vertices from Q2 will be
called a rainbow triangle if each vertex receives a different color.

Suppose S has been dissected into finitely many triangles. So that we can bring
the coloring of Q2 into the picture, let’s suppose that the vertices of all triangles
appearing in the dissection have rational coordinates.

Using a version of Sperner’s lemma from combinatorial geometry, along with basic
properties of our coloring, Monsky argues that the dissection must contain an odd
number of rainbow triangles. In particular, there is always at least one rainbow
triangle A involved. As we showed above, |Area(A)|z > 1. So if we assume there are
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n triangles involved in the dissection, each with the same area, then |1/n|z > 1; that
is, n is even.

This is all well and good, but we are interested in arbitrary (real) dissections of S,
not merely “rational” ones. Well, here is the astounding part: The same argument
applies in the general case! At first glance this claim doesn’t seem to make sense:
Our initial coloring was defined in terms of | - |2, and | - |2 has domain Q, not R. It
turns out, however, that it is possible to extend |- |2 to an absolute value on R.. (This
is far from obvious!) With this extension in hand, everything else in the argument
goes through with zero change.

A complete proof of Monsky’s theorem can be found in [1, Chapter 22]. The discussion
in [1] sidesteps extending | - |2 to an absolute value on R; the reader interested in
seeing such an extension constructed can consult §14 of [12].

Extra Exploration 11 (cf. Hales and Straus [4]). Let K be an infinite field
that can be endowed with a nontrivial, non-Archimedean absolute value. Show that
it is possible to 3-color the affine plane K2, using all three colors in an interesting
way, so that every line receives points of at most two colors. In an interesting way
means that each color is assigned to three non-collinear points. (If we remove “in an
interesting way,” this can be done for every infinite field. Can you see why?)

Extra Exploration 12 (Hensel’s definition of the p-adic integers). Let
¢: Z[[T)] — T12, Z/p" be the map sending ao +a1T +a2T> +... to (ap mod p, ap +
a1p mod p?, ap + a1p + azp? mod p3, ... ). Here the kth component of the output is
ao +aip+ -+ ap_1p""! mod p".

(a) Check that ¢ is a ring homomorphism.

(b) Show that $(Z[[T]]) = Z,.
If you squint just right, you can see Hensel defining the p-adic integers in [8] as the quotient
Z[[T]]/ ker(¢). This claim must be taken cum grano salis; even the notion of a “ring” was still

up in the air when [8] was written. Nevertheless, it gets at the essence of Hensel’s description.

(c) Show that ker(¢) = (T' — p)Z[[T7)].

Remark. It seems that neither the definition in [8], nor Hensel’s earlier descriptions
in [6, 7] (similar but less refined), were viewed by Hensel’s contemporaries as entirely
rigorous. In his obituary [5] for Hensel, Hasse describes the p-adic numbers as “a
genuine creation driven by intuition and imagination, which, initially, like every
revolutionary idea, was thrown down bluntly and in raw form and which, similar to
Leibniz’s differential calculus, initially lacked a solid logical foundation.” Apprehen-
sions about the logical standing of p-adic numbers were dispelled only after Kiirschik
and Ostrowski’s papers on valuation theory, which began to appear around the same
time as [8].
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Solutions to Set #6

6.68 Suppose {z,} is Cauchy. To prove that |x,41 — z,| — 0, let € > 0
be given, and select N € Z™ so that |z,, — x,,| < € for all positive integers
n,m > N. Then |x,,+1 — x| < € whenever n > N. (This direction of the proof
does not use that | - | is non-Archimedean.)

Conversely, suppose that |x,+1 — 2,| — 0. To prove {z,} is Cauchy, let € > 0,
and choose N € ZT with |z, 11 — z,| < € whenever n > N. If we assume that
n >m > N, the strong triangle inequality yields

|-Tn - xm| = |(xn - xnfl) + (-’I;nfl + xn72) +---+ (merl - xm)‘

<max{|zn, — Tn-1l,- s |[Tmt1 — Tm|} < e

The cases where m > n > N are interchangeable with these, since |z,, — 2| =
|z, — 2y, |. Finally, the inequality |z, — x| < € is trivial for n = m.

6.69 Let z, = 2°". By Euler’s theorem, 2,1 — &, = @, - (25 5" — 1) =

Tn- (296" 1) = 2,-0 =0 (mod 5"1). Thus, |#n11 — 2|5 < 51, which
tends to 0, and {x,} is a Cauchy sequence by Exercise 6.68.

6.70 Choose N € Z™ so that |z, — z,,| < 1 whenever n,m > N. Then for all
n > N, we have |z, — xn| < 1, so that

|Zn| = [(n, —2n) +2n]| < |zn —2n|+ |2y < 14+ |2N].
As a consequence, each |z, | < max{|xi],|z2|,. .., |xn_1],1+ |zN]|}.
6.71 The argument is the same as in calculus. Suppose {z,} is Cauchy and
that the subsequence {x,, } converges to x.

Given € > 0, choose N7 € Z* with the property that |z — | < %e whenever
k,¢ > Ni. Choose Ny € Z* so that |z,, — x| < € for all k > No. If k >
max{Ny, Nz}, then

1 1
1= ] = (@ = ) + (= D] < [ = |+ [, — 3] < e+ se = e
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(We use here that ny > k > Nj.) Hence, xj, — x.

6.72 Since p~! € Q,, both U,>0P™"Zy and Zy[1/p] are contained in Q.
Both also contain 0, so we will be done if we show that both contain Q..
% for some nonnegative

By Exercise 5.60, each x € Q, can be written as o
integers v,v" and some u,u’ € Z). Then r = PV u/ Tt € p”_“/Zp. Since
p’~V'Z, is a subset of both |J,s,p "Z, and Z,[1/p], it follows that = is

contained in both sets.

6.73 That = has such a representation is implicit in our solution to Problem
6.72. To prove uniqueness, suppose * = p’u = pvlu', with v,v" € Z and
u,u’ € Z;. Choose w € Z large enough that both v + w and v/ + w are
nonnegative, and apply the already-known uniqueness statement from Problem
5.60 to p¥a = pvtuu = pU ey,

6.74 Both definitions assign v,(0) = oo, so it is enough to prove our two
definitions of v, (z) agree for x € Q*. Write 2 = p”{ where a and b are integers
not divisible by p. Then v,(x) = v if we go by the Set #1 definition. To show
vp(x) = v with our new definition, it suffices to prove that ¢ is a unit in
Z,. Thankfully, this is easy: Since p { ab, we have both ¢ € Z(,) C Z, and
(4)"' =2 €7, CZ, (See Problem 5.58 for the containment Z, C Z,.)
Thus, § € Z).

It remains to show that |- |, is a non-Archimedean absolute value on Q,.
Property (i) in the absolute value definition (see Set #1) is clear. Property
(iii) is straightforward: We can assume z,y are nonzero. Write x = pvr®)y
and y = pU» W/, where u,u’ € Z,. Then xy = pr@) oWy’ and uu’ € Zy.
Hence, v, (2y) = v, (z)+v,(y), so that |2y, = p~U»@ =) = p=e@) p=vp) =
|| p|y|p- Finally, we turn our attention to the strong triangle inequality: |z +
Ylp < max{|z|p, |y|p}. For the proof we may assume that z,y, and = + y
are all nonzero. As above, write z = p’»@y and y = p»@v/. Assuming
(as we may) that v,(z) < wv,(y), we find that  +y = p*»@w for some
w € Z,. Furthermore, w is nonzero by our assumption that x 4+ y 7 0. Write
w = pvp(w)u//. Then z + y = p'up(ar:)—&-vp(w)u//7 and |$ + y‘p — p—vp(x)—vp(w) <
p~ @) = max{p=Ur®) p=r®} = max{|z|p, ly|,}-

6.75 First, we argue that for x € Q,: 2z € Z), < |z|, < 1.

We may assume that € Q. Write z = p?»(®)y where u € Z;. When
v,(z) > 0, it is clear that x € Z,, as both p*»(*) and u belong to Z,. On the
other hand, Problem 5.60 gives v,(z) > 0 for all nonzero = € Z,,. Therefore,

x € Zy = v,(x) > 0= p @ <1 = |z[, <1,
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and Z, = {z € Qp : |z|, <1}
Next, observe that for each nonzero x € Q,,
€LY == y(zr) =0=p ") =1 |z|, = 1.

Hence, Z; = {reQ,:z), =1}

6.76 We address only the part after “thus”; the earlier claims in the problem are
consequences of the Pigeonhole Principle. By construction, a1 = aj, (mod p¥)
for every k, so that x := (a; mod p,as mod p?,...) € Z,. Furthermore, for
each k, there are infinitely many n € Z+ where the mod p* component of z,,
is a; mod p*.

Choose ny € Z* so that the mod p component of x,,, is a; mod p. Then choose
ng > nq where the mod p? component of Tn, 1 ag mod p?, then ng > ny where
the mod p? component of x,,, is az mod p3, etc.

We argue that z,, — = in (Qp,]| - |,). Let k € ZT. By construction, the mod
p¥ component of x,, — z vanishes. By the compatibility condition baked into
the definition of Z,, the mod p, mod p%, ..., mod p*~! components also
vanish. Therefore (see the solution to Problem 5.60), either z,,, —x = 0 or
Ty, —2 = p’u for an integer v > k and a u € Z5. In either case, v, (2, —x) > F,
and |z,, — x|, < p~*. Since p~* — 0, we conclude that z,,, — x, as required.

Remark. Grouchy experts may complain that Problem 6.76 establishes the sequen-
tial compactness of Z,, not compactness with today’s accepted meaning in general
topology (cf. [1]). But those same experts will know that for metric spaces — such
as Z, — the two concepts coincide. So what exactly are they complaining about?

Such grumblers may find the following Extra Exploration more to their tastes.

Extra Exploration 13 (Z, is compact, take two).

(a) A (possibly infinite) number of Ross Program counselors are stationed at points
of Z,. Each counselor is responsible for the campers within a certain positive
radius of their position, as measured by | - |,. Presently, all of Z, is monitored:
each point of Z, lies within the assigned radius of some counselor. Show that all
but finitely many of the counselors can leave to purchase talent show supplies
while Z, remains fully monitored (without the need to relocate the remaining
counselors).

(b) What happens if we replace every occurrence of Z, by Z7 Assume distances are
still measured by | - |, for some prime p.

6.77 Let’s accept for the time being the identity [, ¢”"/7 = 17 in Q[IT]].

The series for 27 has TP-coefficient (in fact, every coefficient) equal to 1. To
see what the coefficient of TP looks like on the left side of our identity, we

expand
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b T 1T%  17T%
H<1+j+2,j2 i +>

j=1
1 1
:ZTk Z e 'e 'e 161262393....
k>0 e1+2ex+3ez+---=k 16203
alle; >0
All but two of the tuples ey, es,... with e; + 2es + 3e3 + --+ = p have

611621,63!__ er5eiges— € Z(p)- The two exceptions are (1) the tuple with e; = p

and all other e; = 0 and (2) the tuple with e, = 1 and all other e; = 0, which
make respective contributions of ﬁ and %. Equating coefficients of TP leads to

the conclusion that 1 — (% + %) € Zp), as claimed.
Since 1 also belongs to the ring Z,), we infer that —|— € Z(y). But

1 1
plp

=plp— D!+ 1]p.

p

’(p—l)H—l
p!

p

Consequently, |(p — 1)! + 1|, < 1/p. This translates to p | (p — 1)! + 1, or
(p—1)!'=-1 (mod p).

Remark. It is a little tricky to write down a rigorous proof of the formal identity

Hj>1 eT’/i = 7 T ‘We sketch one argument, which, however, involves some ‘cheating’;
specifically we draw on the theory of complex variables, which is not a prerequisite
for the rest of the text.

For each J € Z*, let F;(T) = [Licj<s T /i (as a formal power series). Reasoning as

in the Remark to Problem 4.42, F;(2) =[], ;< e*'/9 for all complex z. As J — oo,

the functions F;(z) converge uniformly to on every compact subset of the open

1
11—z
unit disc |z| < 1. So by Cauchy’s integral formula, if we write F;(T) = 3", o, ak,sT",
then for each fixed k, a

1 _ Jooo ] 1
g,y = — FJ(Z)Zk Ydeg —— — = Rl =1,
271 J21=9/10 210 J)z1=9/10 1 =

(Here we recognized the final integral as the coefficient of % in = = 1+T4+T%+...)
Since ak,; = aw,, for all J > k, we conclude that ar,; = 1 for all J > k. In particular:
For each fixed k, the kth coefficient of F;(T') eventually stabilizes at the kth coefficient
of Ti/j 1

=7

This is precisely what it means to say that H i>1€ = ;= as formal
power series.

6.78 Write a?~! = 1+ pgy(a), b~ = 1 + pg,(b). Multiplying, (ab)?~! =
1+ p(gp(a)gy(b) + pgy(a)g, (b)), so that

gp(ab) = “”p‘l = 4,(@) + 4(b) + P1p(@)ap(b) = 4p(a) + gp(b) (mod p).
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Solutions to Set #7

7.79 Let {z,} be a Cauchy sequence in Z,. By Problem 6.76, {z,} has a
subsequence {x,, } converging to some z € Z,. By Problem 6.71, x,, — z.

7.80 Let {x,} be a Cauchy sequence in Q,,. We know from Exercise 6.70 that
{|z,|} is bounded. Hence, if k is sufficiently large, then each [p*z,| <1, i.e.,
{p*z,} is a sequence in Z,. Since {z,,} is Cauchy, so is {p*z,}. By Problem

7.79, p*x, — 2 for some x € Z,. Then x,, — p~ .

7.81 Let x, = 2°". By Problem 6.69, {z,} is a Cauchy sequence in Zs.
Invoking Exercise 7.79, x,, — x for some x € Z,,.

By the product rule for limits, lim 2> = (limz,,)®> = 5. On the other hand,

;vi = Tp41, so that lim m?l =limx,;; = z. Hence, z = xb.

As shown in the solution to Problem 6.69, x, = 2°" = 25 =2 (mod 5) for all
n. Therefore, |z, — 2|5 < & for all n, and (see Problem 4.47)

1

£

|z — 2|5 = |lim (2, — 2)|5 = lim |z, — 2|5 <

Thus, 2 = 2 (mod 5Zs). In particular, z # 0, and x = x5 tells us 1 = 2*. That
is, x is a 4th root of 1, as claimed.

The only 4th roots of 1 belonging to Q are 1 and —1. Neither is congruent to
2 modulo 5Zs. Therefore, = ¢ Q.

7.82 Let x € Z,. For each k € Z7T, there is an integer ap with x = ay
(mod p*Z,). (If we view x as an infinite tuple, we can take for aj any integer
representing the mod p* component of x; see the solution to Problem 5.62.)
Then |ax — z|, < p~*, which tends to 0 as k — oo. So {ay} is a sequence of
integers converging to x.

7.83 Let z € Q,. Choose k € Z with prr e Z,. By Problem 7.82, we can

find a sequence of integers aj, converging to p*z. Then p~*ay, is a sequence of
rational numbers converging to x.
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7.84 We define a candidate isomorphism ¢: L — L’ as follows. Since K is
dense in L, for each & € L there is a sequence {z,} in K such that z,, — = in
L. Since {z,} converges in L, {z,} is Cauchy in L. Then {z,} is also Cauchy
in I/, as each x,, € K and |- | and | - | extend the same absolute value on K.
Since (L', |-]’) is complete, {x,} converges in L. We define ¢(x) = lim™) z,,,
where the superscript indicates that the limit is taken in L’.

Honor demands we check that ¢(x) depends only on 2 and not on the particular
{zn}. Suppose {z,} and {Z,} are two sequences in K both converging to z in
L. Then z,, — &, — 0in L. As each x,, — %, € K, and |- | and | - |" extend the
same absolute value on K, it must be that x,, — &, — 0 in L’. Consequently,
(L)

lim %) r, = lim'"~’ Z,. Vindication!

If + € K, we can compute ¢(x) by taking each x,, = z. This shows that
¢(x) =1lim"L) 2 = z. So ¢ fixes K.
Let x,y € L and choose sequences {x,}, {y,} in K such that z,, — z in L
and y, — y in L. Then x, +y, — ¢ +y in L, and

olx+y) = lim(L/)(xn +yn) = lim ") Ty + lim (") Yn = O(x) + ¢(y).
Similarly, ¢(zy) = ¢(z)p(y), confirming that ¢ is a homomorphism.

A homomorphism between fields is always injective. To establish surjectivity,
take any 2’ € L’. Since K is dense in L', there is a sequence {z,} in K
converging to z’ in L’. Since {x,,} converges in L', it is Cauchy in L’ and hence
in L as well. Define z € L by 2 = lim'® ,,. Then ¢(z) = im®) 2, = 2.

Thus far we have shown ¢ is an isomorphism. To prove ¢ is isometric, let
x € L, and consider a sequence {z,} in K converging to  in L. Then {z,}
converges to ¢(x) in L'. Given € > 0, we choose N € Z* such that, for all
n>N,

|z, — 2| <e and |z, —¢(z)] <e.

Then, for n > N,
2] < |wa] + €= |zn| + e < |(@)| + 2,

and
2| > |zn| — € = |zn|" — € > |p(x)]" — 2e.

Hence |z| and |¢(x)|" are within 2e of each other. Since this holds for each
€ > 0, it must be that |z| = |¢(z)]’.

Extra Exploration 14. Show that the map ¢ described above is the unique
isometric isomorphism from L to L'.
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Remark. Every valued field (K, |- |) admits a completion (which we have just seen
is then unique up to isometric isomorphism). The usual way to show a completion
exists is to mimic one of the standard constructions of R from Q, due to Cantor and
Méray: Take the ring of Cauchy sequences in K and quotient by the maximal ideal
of sequences tending to 0. For details, see for instance [3, §1.3]. Those with more
exotic tastes might enjoy a recent, very different argument by Kionke [4].

7.85 Let s, = Y 1, ckp®. Then 8,41 — splp = |eap1p™ T, < p7™ L As
p~ "1 — 0, the sequence {s,} is Cauchy (see Exercise 6.68). By Problem 7.79,
s, has a limit in Z,. This is precisely what it means to say that Zz‘;o cup®
converges to an element of Z,,.

7.86 Our selection process guarantees that z41 = x = z;, (mod p*Z,) and
thus 7341 = 75, (mod p*) (this last congruence holding in Z). It also ensures
that xj, is the least nonnegative representative of its residue class mod p*.

Therefore, zj41 > @, and ¢p = sx (241 — 21) > 0. Since x4 < p*H, we

also have ¢ < pk"‘l/pk = p. Hence, ¢, € {0,1,...,p—1}.

Clearly, z — z, since |zy, — x|, < p~*. Moreover,
coteipt-ter1pt Tt = (w1 —zo)+ (ra—w1) 4+ A (TR —21) = TR — 20 = ),

for every k € Z*. Sending k to infinity, co + c1p + cop? + - - = limz = 2.

Extra Exploration 15. Show that if p is an odd prime, then every x € Z, has a
unique representation in the form > 72 dip®, where the dj are integers from the
interval (—p/2,p/2). For which x is this expansion terminating? For which z is it
eventually periodic?

Extra Exploration 16 (Knopfmacher and Knopfmacher [5]). Prove that
every « € 1+ pZ, has a unique product representation x = (1 4 p)°! (1 + p?)2(1 +
p)® ..., where e1,ez,e3,... € {0,1,2,...,p—1}.

Extra Exploration 17 (Pigeons hard at work; Mahler [6]). Let z € Z,.
In this problem we look for prescribed patterns of digits in the base p expansions of
the integer multiples of z.

(a) Let m,n € Z*. Prove that there are integers A, B with A # 0, —p™ < A < p™,
and 0 < B < p" satisfying Az = B (mod p™"Z,).
Suggestion. Consider Az — B mod p™T"Z, for 1 < A < p™ and 0 < B < p™. If 0 mod
pm+"Zp is represented, you are done. Otherwise, start stuffing pigeons in holes.

(b) Taking m = 1 in (a), show that one of the 2p p-adic integers +z,+2z, ..., +px
has infinitely many ‘0’ digits in its base p expansion. More generally, for each
m € ZT, one of the 2p™ p-adic integers +x, +2x, ..., +p™2 has infinitely many
runs of m consecutive zeros in its base p expansion.

(c) Assume z is an irrational element of Z,. (That is, x € Z, \ Z(y).) Let m € Z%,
and let do,d1,d2,...,dm—1 € {0,1,...,p — 1}. Show that there is a nonzero
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integer k£ such that the following holds: The digits do,d1,...,dn—1 appear, in
that order, infinitely often in the base p expansion of kz.

The last bit means that if we expand kxz = ijo cjpj, thenc; =do,cj41 =d1,...,Cj4tm-1 =
dm—1 for infinitely many nonnegative integers j. For the proof, consider multiples of koz,
where koz has long runs of zeros as in (b).

(d) Assume z is an irrational element of Z,. Let m € Z". Show that there is a
positive integer k' such that every sequence of m base p digits appears infinitely
often in the base p expansion of k'z.

Hint. Can you do this with a not-necessarily-positive (but nonzero) k’? If so, what happens

when you replace k’ with —k’?

7.87 Start with any = € Q,, and select k € Z with p*z € Z,,. Take the infinite
base p expansion of p*z constructed in Problem 7.86 and scale by p~* to
obtain an expansion of z satisfying (i)—(iii).

If there were two expansions of z possessing properties (i)—(iii), scaling both
by the same sufficiently large power of p would produce an element of Z, with
two different base p expansions.

7.88 The forward direction is clear. Now suppose z = 0 or z € QT with
denominator a power of p. Write = = a/p*, where a and k are nonnegative
integers. Then the canonical expansion of z is obtained by taking the usual
base p expansion of a and scaling by p~*; this is obviously terminating.

7.89 We record a simple observation for later use: For each ¢ € Z7, the
series 1+ p* + p?* + ... converges to 1/(1 — p) in (Q,, |- |). We omit the
straightforward proof (compare with Exercise 3.30).

Suppose z has an eventually periodic canonical expansion with (not necessarily
minimal) period ¢. Scaling by a suitable power of p (which does not affect
rationality), we can assume z = Zk>0 ckpk where ¢ = cgq¢ for all k > k.

Then = = > ocpop, cep® + > k>ko cxp®. Clearly, > 0<k<ko ckp® € Q. Less

trivially,
g ckpk: lim g ckpk
m—r 00
k>ko ko<k<ko+mt

_ k 0 (me1)t
_mlgnoc Z cp"(1+p"+---+p )
ko<k<ko+l

Z (L +p" +p* +.0)
ko <k<ko+l

k

= Z C’ClljpeeQ‘

ko<k<ko+¢

Therefore, x € Q.
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Turning to the converse: We have already shown that each x € Z,) has
an eventually periodic base p expansion. To obtain an eventually periodic
canonical expansion for an arbitrary = € Q, scale = by p* to place p*x € Zp),
then rescale by p~—*.

Open problem: Is the p-adic number ) ;- , k! rational for some prime p?

Extra Exploration 18 (Casacuberta [1]). Show that the p-adic number
Y oreo p’?*) has a canonical expansion containing arbitrarily long (but finite) runs
of zeros, for every prime p. Deduce that .7 pUr(EY) ¢ Q.

Extra Exploration 19 (Dragovich [2]). Disprove: > o, k! converges to the
same rational number in Q, for all primes p.

7.90 By Problem 6.78, Y7_, Vgp(a) = gp((p— 1)) = % (mod p). So

the claimed congruence is equivalent to =2 lp (p=1)!=2 _ (mod p), or
(p—1)P~t —(p—1)! =2 (mod p?). Using Wilson’s theorem, write (p — 1)! =
—1 + pr with » € Z. Then, working modulo p?,

p—1

(p— 1)1 Z( _1> NP (pr) =1+ (p— 1) (=)pr =1+ pr,

J=

sothat (p— )P —(p—1)!=(1+pr)— (—1+pr) =2, as desired.

7.91 Let us argue that whenever we have a solution to 2 = 2 in Z/7*, say
ar mod 7, we can lift it uniquely — by the process described — to a solution
aj+1 mod 781 in Z /751 Expanding, (ar+7%¢)? = a} +2-T*arg (mod 7%1).
This last expression is congruent to 2 modulo 7%+! precisely when

2-Targ=2—al (mod 7F*1).

By assumption, 7¥ | 2 — a2. So the preceding congruence is equivalent to

2

2 _
2a,q = 7kak (mod 7).

Both 2 and ay, are coprime to 7. (Since a7 = 2 (mod 7), we cannot have aj, = 0
(mod 7).) Thus, the last displayed congruence uniquely determines the residue
class of ¢ modulo 7. Picking any ¢ from this class and defining ax,1 = ay + 7%q
yields our desired lift. Note that since ¢ is uniquely determined mod 7, our lift
is uniquely determined as a residue class mod 7*+1.

Assume now that a; mod 7, as mod 72, a3 mod 73,... have been determined
by the above procedure. Let 2 = (a1 mod 7, as mod 7%, a3 mod 73,...). Then
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x € Z7 as each ayy is a lift of ag. By construction, 22 = (2 mod 7,2 mod
72,2mod 73,...) = 2.

We still need to verify that the canonical expansion of z is as stated. The
initial steps of the algorithm, starting with 3 mod 7, are described in the
problem statement. We lifted 3 mod 7 to 3 + 1 -7 mod 72, and we lifted that
to 34 1-7+2-72mod 73. If we run the algorithm one more round, we arrive
at 3+1-7+2-72+6-7° mod 7* (check this!). We can read off from here that
the 7-adic expansion of z starts as 3+ 1-74+2-724+6-73+....

Remark. Gauss left us in 1855, four decades before Hensel’s first publication on
the p-adic numbers. It is therefore rather remarkable that one finds in his Nachlass
(manuscripts left behind at death) the claim that

V5 (mod 11°°) = 9.0.4.10.4.4.
This seems to be Gauss’s way of expressing that in Z1,
VE=4+4-114+10-11° +4-11° +0-11* +9-11° 4 ...

I owe this historical nugget to math StackExchange user user2554."
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Solutions to Set #8

8.92

(a) In any complete valued field, a sequence {s,} converges <= {s,} is

Cauchy. The forward implication was noted on Set #6 (for every valued
field, not necessarily complete). The backward implication is the definition
of completeness.
Let Y po, ax be a series in K, a field assumed to be complete with respect
to a non-Archimedean absolute value. Put s,, = ZZ:1 ar. Then Zzozl ak
converges < {s,} converges <= {s,} is Cauchy <= s, 11 — s, — 0
— apy1 > 0 <= a, = 0.

(b) If we assume Y ,o, aj converges to s, then |s,| — |s| (see Problem
4.47). By the strong inequality, each |s,| < max{|a1|,|az],...,|an|} <
maxg=1,23,.. |ar|.- (That the last max exists is ensured by |ax| tending to
0.) Hence, |s| = lim |s,,| < maxg=1,23,... |ak|-

Extra Exploration 20 (convergence of infinite products). Let K be a
field complete with respect to a non-Archimedean absolute value. Let {ar} be a
sequence in K.

(a) Suppose that ar — 0. Show that [],~,(1 + ax) is a well-defined element of
K (meaning that that the partial products have a limit in K). Furthermore,
[1:2, (1 + ax) = 0 if and only if some ar = —1.

(b) Conversely, prove that if [Ty, (1 + ax) defines a nonzero element of K, then
ar — 0.

8.93 Let Y -, by be any rearrangement of Y p- ; a; say by = gy for all
k=1,2,3,..., where 0 € Sym(Z"). Put s, = > ;_, ay and t,, = >_,_, by. By
assumption, s, — s, while our task is to prove that t, — s.

Given € > 0, select Ny € Z™ with |a,| < € whenever n > Ny. Then choose
N € Z7 as the maximum of 0 =1(1),...,071(Np). Let us argue that |t,, —s| < €
whenever n > N.

Let n > N. By our choice of N, all of aj,as,...,an, appear among
by, ba,...,bN, so that
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Z by — Z agp = Z Ao(k)s

1<k<n 1<k<N 1<k<n, o(k)>No
and
[t — sn,| < max{laypy| : 1 <k <n,0o(k) > No} <e.
Moreover,
[s — sn,| = Z ag| < max lax| < e.
k>Np
Hence,
[tn = s| = [(tn — sny) — (s = sny)| < max{[tn — sn, [, s — sno [} <€

as desired.

8.94 Put s, = > [ _oak:tn = D p_gbk, and u, = > p_ycx. Let s = lims,
and t = lim ¢, be the infinite sums of the a; and by, respectively. We must
show that u,, — st.

Observe that

Sptn = Z arby + Z arby

0<k 0<n 0<k 0<n
k+e<n k4+0>n

and that the first of the two right-hand sums satisfies

Z arby = Z Z arby = Z Z apb,_p = Z Cr = Up,.

0<k l<n 0<r<n k+4=r 0<r<n 0<k<r 0<r<n
k+4<n k,£>0

Let e, be the previously neglected sum, e, = Zo<k 0<n, k+t>n arbe. Using
A and B to denote upper bounds on {|ak|} and {[bg|} respectively (which
certainly exist, since ag, by — 0), we find that

len| < max laxbe] < B max |ag|+ A max \bk|,
0<k<n, k+f>n n/2<k<n n/2<L<

which tends to 0. Hence, e,, — 0, and u,, = spt, — e, — st, as desired.

8.95 For each fixed 7, the series ) . a; j converges, since |a; ;| < ¢; and e; — 0
as j — oo. Put s; = >, a; ;. Then )7, s; also converges, since [s;| < max{|a; ;| :
j >0} <e¢,and e — 0 as i — oo. Thus, we have obtained convergence of the
double series >, > ; @i,j- A symmetric argument demonstrates the convergence

of Zj Zl Qg 5.
8.96 We start by noting that all of the double series appearing here converge or

involve finitely many terms. This follows from Problem 8.95. To take one exam-
ple (the others are similar), Zf\;o > ai,; can be rewritten as 3, > a; j1i<n.
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Since |a; ;1;<n| < |a; |, the sufficient condition for convergence furnished by
Problem 8.95 is satisfied with the same sequence {ey}.

We can now establish our four inequalities. To attack the first of these, notice
that

N e}

g g a; ; — E E a; il = g g a; ;| < max g a; il .

: : ,J ' : (2%} ‘ : 1,7 ISNT1 |4 ,J
i J =0 7 i=N+1 j 7

Each term a;; appearing in the final sum on j has ¢« > N + 1, and thus
|a; ;| < en+1. Hence, |ZJ a; ;| < max;|a; ;| < ent1 for each i > N + 1, and
max;>ni1 | Zj a; ;| < €n41. So we have the first inequality.

Analogous reasoning shows that

N %S} e}
> > aii =y > aiy| =Y Y aig| <max| > aig| < enq,
FR 7 i=0 7 i=N+1 T isNt1
N N N N e’} e’}
E Ea--—g Ea--:E E a; j| < max E a; j| < Eny1
‘ : 2, ‘ ‘ %, A %, 0<i<N %, +1
=0 j =0 j=0 =0 j=N+1 j=N+1
and
N N N oo N N
E E RURES E E i j| = E E @ij| S max E @i j| < ENt1-
j =0 §=0 i=0 j=N+1 =0 J= i=0

Now look at the first column of inequalities in the problem statement. These
inequalities, in conjunction with the strong triangle inequality, imply that

N N
) SPILTED 5) LT ET
i g i=0 j=0
Similarly, we obtain from the second column of inequalities that
N N
) SPILTED 5) LT ET
i

j §=0i=0

Since Zi]\io Z;V:O a;; = Z;V:O Zfio a;; (it is always OK to swap finite sums!),
a final application of the strong triangle inequality yields

DD g = 2D | < en
i i
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Send N to infinity to conclude that >, > . a;; =3>";>", a; ;.

8.97 If p— 1|k, then n* =1 (mod p) for all of n = 1,2,...,p — 1, so that
Sk(p) =p—1 (mod p). Thus, p | Sk(p) +1 = Sk(p) + 1p—1|-

If p— 11k, choose an integer g that generates the multiplicative group mod p.
Working modulo p,

kSk = g E nk = E = g mk = Sk(p
0<n<p O§n<p m mod p

using that multiplication by g permutes the residue classes modulo p. As
g® # 1 (mod p), we infer that Si(p) = 0 (mod p). Therefore, p | Sk(p) =
Sk(p) + 1p—1j-

J

) Sk(p) __ k k
;.98 B}.f Faulhaber’s formula, "pp = &7 +Br+Xocj (j)Bk—jfﬁ~
earranging,

por bty 5 (Mg, 2 S0 o
0<j<k / j+1 p k+1

It will suffice to argue that both right-hand terms belong to Z,).

The first is in Z (Problem 8.97), so certainly also in Z,). To handle the second,
notice that p* > 2¥ > k 4 1 for each k € Z™". Therefore, v,(k + 1) < k, and

(m) k —vp(k+1) > 0. That is, kHEZ

8.99 Suppose the claim is false and let k be the smallest positive integer for
which By 4+ p~'1, 14 ¢ Z(,). Let S be the sum on j appearing in Problem
8.98, so that By +p711p_1|k + S € Z(;,). For use momentarily, we rewrite

k pj_l
S = B
2 <J>p M

0<j<k

By the minimality of k, we have By_; +p~ lp 1k—j € Zp for all ] in the

range 0 < j < k. Hence, pBy_; € Z,) for all these j. Furthermore, 5 Pl ¢ Zp)
in this same range of j: To see why, note that p? > 3/ > j + 1 so that

vp(j+1) < j. Since vp(j + 1) is an integer, v,(j +1) < j—1, and v, (B~ +1 ) > 0.
It follows that each term in our rewritten expression for .S belongs to Zy, so
that S itself belongs to Z,. But if S € Z;,) and By —i—p*llp_l“ﬁ + 8 €Zy,),
then By + p_llp_l‘k € Z(,). This contradicts the choice of .

8.100 This is similar to Problem 8.99. Assuming the claim fails, let k be the

smallest even positive integer for which By + % ¢ Z(2). From Exercise 8.98,
By + % +Se Z(g), where
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k 91
S = 2B
2 (J> Ml

0<j<k

Let us argue that each term in this expression for S is in Z,) (and thus,
S €Zy). Let 0 < j < k. Ifj is odd, then Bj_; = 0 unless j = k — 1. The

j=k—1termof Sis (,* )2131 222 — 92 which is indeed in Z(y). (We
recalled here that By = —= ) If j is even, the minimality of k ensures that
2By—j € Za). As JT_ll is albo in Zy) (clear, as j + 1 is odd), the jth term is

2-integral in the even case as well.

Since S € Z,) and By + % + 8 € Z(y), we are forced to have By + % € Zy).
This contradicts the choice of k.

8.101 Let k be a positive even integer. From the last two problems we have
that for every prime p,
1, 1k

By + € Z(p).

Put
Ek = B, + Z 1
p: p—1|k p
Then for every prime p,

- 1]k 1
By (B;C + pp > + Z Z S Z(p)

¢ prime, ¢#p
{—1|k

Hence, By € (), Z(y) = Z

Remark. Let Dy denote the denominator of By in lowest terms. The Clausen—von
Staudt theorem implies that when k is a positive even integer, Dy is the product of
the primes p for which p — 1 | k. (So in particular Dy, is a multiple of 6 for all even
k > 0.) It was realized by Erdds and Wagstaff [2] that this characterization of Dy,
allows one to establish strong statistical results. For example, enlisting methods from
analytic number theory — specifically, the field known as the “anatomy of integers”
— they showed that if D = Dy, for some positive even k, then the limit

. #{even positive n < x: D, = D}
pp = lim —
00 #{even positive n < z}

exists and is positive. That is, any D appearing as a denominator of an even-indexed
Bernoulli number actually appears with a well-defined, positive limiting frequency.

Furthermore,
o=t
D>1

More recent work on the distribution of the pp can be found in the article [3] of
Pomerance and Wagstaff; among other things, they re-prove (in stronger form) a
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theorem of Sunseri that 6 is the most popular denominator among even-indexed
Bernoulli numbers.

8.102 Since u is a unit in Z,, it is also a unit modulo every power of pZ,.
Setting z,, = u?", Euler’s theorem yields

1y

—1)=0 (modp"t'Z,),

Tpal — Tp = xn(upn+17pn -1)= :z:n(u“"(p

for each n = 1,2,3,.... (We may appeal to Euler’s theorem here since the
unit groups of Z, mod powers of pZ, are “the same” as the unit groups of Z
mod powers of p, by Problem 5.62.) Hence, |z, 41 — Z,|, < p~ ™! for each n,
and {z,} is a Cauchy sequence in Z,.

Let x = limz,,. Since limx,+1 = lim2? = (limz,)? = 2P, and limx,41 =
lim x,, = z, it follows that 2P = x.

By Fermat’s little theorem, each z,, = u?" = W' = =P = (mod pZ,),

Therefore, © = u (mod pZ,) (cf. the solution to Problem 7.81), and in partic-
ular,  # 0. Thus, we have shown that w(u) := x is a solution to w(u)?~1 =1
with w(u) =« mod pZ,,.

To prove w(u) is the unique (p—1)th root of unity congruent to v mod pZ,, it is
enough to argue that no residue class mod pZ, contains two different (p — 1)th
roots of unity. This is easy: The (p — 1)th roots of unity w(1),...,w(p — 1)
belong to different residue classes mod pZ,. And these are all of the (p — 1)th
roots of unity, since the degree p — 1 polynomial zP~! — 1 cannot have more
than p — 1 roots in Q.

8.103 In Qgs, the element —1 is a (3 — 1)th root of unity congruent to 2
modulo 3Z3. Therefore, w(2) = —1.

Let p = 7. As seen in the solution to Problem 8.102, 27" = 27" (mod 7"T1Z7)
for each n € Z™. Hence, for all integers k > 3,

7k—1

2™ =2 =...=2" (mod 7*Z7),
from which it follows that
w(2) = lim 27" = o7 (mod 73Z7).

This information is enough to compute cg, ¢1, and cs, provided we are willing
to get our hands (or computing devices) a little dirty: 27 = 128 (mod 7%), and
27’ = 1287 = 324 (mod 73). So the base 7 expansion of w(2) begins the same
way as that of 324 =2 +4 -7+ 6 - 72. In other words, the desired digits are
co=2,c1 =4, and ¢y = 6.

8.104 We begin with a lemma valid over an arbitrary field of characteristic
not equal to 2.
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Lemma. Let F be a field of characteristic not equal to 2. If { is an element
of order 3 in F'*, then 1 + ( is an element of order 6.

Proof. By assumption, ( is a zero of T° — 1 but not 7' — 1. Hence,  is a root of

TTS'__ll =T?+T+1¢€ F[T)], and 1+ ¢ = —(2. Since char(F) # 2, the element

—1 € F* has order 2, while ¢? has order 3. Since 2 and 3 are relatively prime,
1+¢=(-1)-¢? has order 2-3 = 6. 1

Now assume that v € Z has order 3 mod p. There are no elements of order 3
in FJ. Hence, p is odd, and we can invoke our lemma to deduce that 1+ u
has order 6 in F. In particular, p=1 (mod 6), as the order of each element
in F)’ necessarily divides p — 1; this congruence will be needed shortly.

Continuing, observe that

3 . "\3 . 3\p" 3
w(u)® = (nll)n;oup )’ = nh_)rrgo(u P =w(u’).
Here w(u3) is the unique (p — 1)th root of unity congruent to u* mod pZ,. But
lis a (p—1)th root of unity, and 1 = v® (mod pZ,). Thus, 1 = w(u?) = w(u)3.
If w(u) =1, then u =w(u) =1 (mod pZ,), contradicting that u has order 3
modulo p. So w(u) is an element of order 3 in Q, and, applying the lemma a
second time, 1 4 w(u) is an element of order 6.

In particular, 14+w(u) is a (p— 1)th root of unity (since 6 | p—1). Furthermore,
1+ w(u) =1+ v (mod pZ,). Therefore, 1 + w(u) = w(l + u).

Extra Exploration 21 ((Z/p)* is cyclic, revisited, or sledgehammer
swats fly). For this exercise (only), you are asked to “forget” the general result
that finite subgroups of multiplicative groups of fields are always cyclic.”

(a) Show that the mapping « mod p — w(u) sets up an isomorphism between (Z/p)*
and the group pp—1 of (p — 1)th roots of unity in Qp. This map is known as the
Teichmdiller lift.

(b) Let ¢ = e*™/(P=1) ¢ C. Explain why the minimal polynomial of ¢ over Q divides
TP~1 — 1. Then deduce from (a) that said minimal polynomial splits over Q.
Conclude that Q(¢) embeds into Qp.

(c) Prove that the image of ¢ under any of the embeddings in (b) generates pp_1.
Hence, pp—1 and (Z/p)* are cyclic.

This unusual argument is due to Matt Baker [1].

* “Please forget everything you have learned at school, because you haven’t learned
it. Please keep in mind everywhere the corresponding portions of your school work,
because you haven’t actually forgotten them.” — Edmund Landau
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Solutions to Set #9

9.105 Let a € Z. If a = 2® for some 2 € Qy, then || = |a|, = 1. Therefore,
|z|, = 1; in particular, z € Z,. Reducing the equation 2 = a modulo the ideal
pZ, shows that a mod pZ, is a square in Z,/pZ,. Now recall from Exercise
5.62 that the inclusion of Z into Z,, induces an isomorphism between Z/p and
Z,/pZ, and that this isomorphism identifies a1 mod p with a mod pZ,. Since
a mod pZ, is a square in Z,/pZ,, it follows that a; mod p is a square in Z/p.

Conversely, suppose a € Z) and that a; mod p is a square in Z/p. Then
a mod pZ, is a square in Z,/pZ, and we can choose r; € Z, with 77 = a
(mod pZ,). We construct a Z,-solution to 2> = a following the iterative

procedure of Problem 7.91.

Let k € Z™. Suppose we have a mod p’“Zp—solution 7 mod kap to 22 = q;
we lift this to a mod p**1Z,, solution. Expanding, (14 + p¥q)? = r2 + 2pFriq
(mod p**1Z,). The right-hand side is congruent to a mod p**1Z,, precisely
when
2p"rrg=a—ri (mod p"*'Z,).
By construction, a — r% € pk Z,, so we can rewrite the last congruence as
a—r:
P

2rpq = (mod pZ,).

Since p is odd, 2 is invertible in Z,. As r} = a (mod pZ,) and a ¢ pZ,, we
have ry, ¢ pZ,. So 1}, is invertible in Z,, and the last displayed congruence is

equivalent to
-

- 2pkry

mod pZ,,.

2 2 . .
So if we put 741 = rp + pP gpk:i =7+ a2 Z’*‘, then 71 mod pk‘HZp is a lift

of rr mod kap to a mod pk‘HZp solution of 22 = a.

Assume r1,7r9,73,... have been determined by the above procedure. Since
71 mod p’““Zp is a lift of r;, mod kap, we have |ry11 — rglp < p~*. Thus,
{ri} is a Cauchy sequence of elements of Z,. Let & = lim ry, which belongs to
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Z,. By construction, |r? — al, < p~*. Thus, r? — a. Since r} also tends to 22,
we conclude that z2 = a.

Remark. By a small modification of the argument, we can choose our mod p*Z,
solutions 7 to all be rational integers. Then their limit z is simply (r1 mod p, r2 mod
p?,rs mod p3,...) € Z,.

9.106 By Problem 9.105, the map ¢: Z) — {£1} that sends a to (‘%) is a
homomorphism with kernel (Z;)Q. This homomorphism is onto, as 1 is sent
to 1 and any n € Z with (%) = —1 is sent to —1. Therefore, the two cosets
of (Z))? in Z) are ¢~ '(1) = (Z))? and ¢~ ' (—1) = n(Z))?, establishing the
first claim.

Every z € Q, has a unique representation in the form p”u where v € Z and
u € 7. Identifying p’u with (v,u) sets up an isomorphism Q, = Z x Z),
which after quotienting by squares becomes QX /(Q))? = Z/2 x Z) /(Z) )*.
In this last isomorphism, 1,p, n,np are sent to the four distinct elements of
Z)2xZ) (L) )2. Hence, 1, p, n, and np are coset representatives for Q) /(Q) )2.

9.107 Assume a € Z. Then a is a square in Qy <= a is a square in Zo (cf.
the solution to Problem 9.105).

If a = 22 with € Zs, and a € ZJ, then z € Z. Hence, x = 1,3,5, or 7
(mod 8Z3). In each of these cases, 22 = 1 (mod 8Z5), and so a = 1 (mod 8Z,).

Conversely, suppose that a =1 (mod 8Z5) and write a = 1 4 8b. Any square
root of @ in Zy must have the form 1+ 2y, for some y € Zo. As (1+2y)? =a
<= % +y = 2b, it suffices to prove that y? + y = 2b has a solution y € Z,.
This we do following the method of Problem 9.105.

To get started, the residue class 0 mod 2Zs is a mod 2Zs-solution to y?+y = 2b.
Suppose we have already found a mod 2*Z solution 7, mod 2¥Zy to y2>+y = 2b,
where k € Zt. We proceed to lift this to a mod 2¥*1Z, solution. Expanding,
(ri +2%¢)% + (rg + 2%q) = r2 + ri, + 28q (mod 2¥+1Zy). The right-hand side
is congruent to 2b modulo 2¥*1Z, precisely when

2kq =2b— (r2 4 11).

By construction, 2b — (12 + i) € 2¥Z5, and so this last congruence can be
rewritten as
2b — (7"]% + Tk)

ok (mod 2Z,).

q=

2
So if we put rp 1 = ri + 2’“% =2b—r?, then 7541 (mod 2871Z,) is
a suitable lift.

The rest of the solution is essentially the same as that of Problem 9.105.
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9.108 By Problem 9.107, the homomorphism from ZJ to (Z3/8Z3)* send-
ing a to a mod 8Zy has kernel (Z))2. As this homomorphism is easily seen
to be surjective, Z5 /(Z5)* = (Z2/8Z2)* = {1 mod 8Z2, 3 mod 8Zz, 5 mod
8Z5,7 mod 8Zs}. Hence, 1, 3,5, and 7 are coset representatives for (Z2/8Z2)*.
Noting that each element of Q has a unique representation in the form 2%u,
with v € Z and u € ZJ, we conclude that

1, 3,5 7 2-1, 2-3, 2-5, 2-7

are coset representatives for Q5 /(Q5)2. (See the solution to Problem 9.106
for further details on this last step.)

Extra Exploration 22. Characterize the elements of Z, that can be written as
22—y forz,y € Z,. Then do the same for z? 442 (harder). For the latter problem,
start by showing that every element of Z/p is a sum of two squares.

9.109 Let a € Q; and write a = p”u with v € Z;. If a = 2" for some
x € Qp, then n | nu,(x) = vy(a) = v. For this to hold for infinitely many n
requires v = 0, so that a = p’u = u € Z. This proves the “<=" implication:
If {/a € Q, for infinitely many n, then a € Z).

Now suppose that a € Z,;. It suffices to show that if £ is any prime not dividing
p(p — 1), then a is an ¢th power in Q,.

Since ¢ t p — 1 = #(Z,/pZ,)*, the ¢th power map is an automorphism
of (Z,/pZ,)*. So we can find an r, € ZY with r{ = a mod pZ,. We take
r1 mod pZ, as our starting point in the method of successive approximation.

Assume we know a mod kap—solution to 2° = a, say r, mod kap. We seek a
mod p**+1Z,-solution r441 mod p**1Z,. Expanding, (rr+p*q)’ = r£+€r£71pkq
(mod p**1Z,). For the right-hand expression to agree with a mod p**1, we

require that £t 'pFq = a — rf (mod p**+'Z,), or equivalently

14

_ a—r
tritg = o k- (mod pZ,).
Both 7y, and ¢ belong to Z,’. (We use here that a € Z)’ and that £ is a prime
4
distinct from p.) So we can satisfy this congruence with any ¢ = pf;?’: + modulo
k

£ 4
pZ,. In particular, ryy; = 7% —l—pk% =7+ Zr%’i yields a suitable lift.
k k

Assume r1,79,73, . .. are chosen according to the above procedure. Each |rp1—
re| < p~*71, so that the {r;} form a Cauchy sequence in Z, with a limit
x € Zy. Since r, — z, and taking ¢th powers preserves limits, rﬁ — 2f. On

the other hand, each |rf, —a| < p~*, so that rf, — a. Therefore, 2 = a.

9.110 Let R be any commutative ring. If F(T') € R[T], then
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FX)-FY)=F{Y)-F)=0 (mod (X -Y)R[X,Y]).
So we can write F(X)—F(Y) = (X -Y)G(X,Y) for some G(X,Y) € R[X,Y].

If G(X,Y) € Z[X,Y] is the polynomial corresponding to our F(T') € Z[T],
then
[F(n) = F(a)lp = [(n — a)G(n,a)lp < |n—alp.

(To make the last estimate we use that G has Z,-coefficients and that both
n,c € Zy,.) This establishes the first claim of the problem.

Since « is a root of F, it is clear that |F'(n) — F(a)|p, = |F(n)|p.

As F has no integer zeros, F(n) # 0, so that by the product formula, |F(n)|, =
[E ()| Tpsime e [ = [F ()|

Write F(T) = Y2¢_, axT*. Then

d d
Zaknk < (Z ak|oo> |n|go
k=0 oo k=0

Therefore, |F(n)|5} > cn|3d for ¢ := (3}, |ak|oo) !. (The definition of ¢ makes
sense since the ay are not all zero.)

[F(1)|oc =

Remark. When d > 2 our inequality [n—a|, > ¢/n|5® can be improved substantially.
A theorem of Mahler [3, Theorem (5,I), p. 159] allows us to replace —d with —1 — €,
for any fixed e > 0. In this new statement, the coefficient ¢ in front of |n|! ™ is now
allowed to depend on both F' and e. Mahler’s theorem is a p-adic variant of a deep

result of Klaus Roth, for which Roth was awarded the Fields Medal in 1958.

The exponent —1 — € in Mahler’s theorem is essentially best possible, since approxi-
mations to within |n|s! are thick on the ground. Indeed, each o € Z,, has a canonical
expansion of the form co+cip+cop® +. ... If we choose n = co+c1p+---+cp_1p" 1,
then |n —al, < p~* < |n|! (if n # 0). Provided that « is not a nonnegative integer,
varying k yields infinitely many distinct positive integers n. By a similar argument, as
long as « is not a nonpositive integer, |n—al, < |n|x' has infinitely many solutions in
negative integers n. Therefore, |n — a|, < |n|x' has infinitely many integer solutions

n whenever « is a nonzero element of Z,.

Extra Exploration 23. Let A(T) = 3_¢_  axT" € Z,[T]. It is easy to prove (and
we essentially did this in our solution to Problem 9.110) that |A(z+h)—A(z)|p < |h|p
whenever x, h € Z,. Show that for « € Z, and h € pZ,, this bound can be refined to

|A(z + h) — A(z)]p < Klhlp,

where K = maxy>o |kak|p is the largest absolute value of any coefficient of A’(T).
This is a p-adic cousin of the usual mean value theorem (cf. Robert [4]).
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9.111 That o := Zk>1pk! € Z, follows from Problem 8.92. Suppose for a
contradiction that « is a root of the nonconstant polynomial F(T') € Q[T].

We can assume F'(T') is irreducible over Q and, by clearing denominators, that
F(T) € Z[T).

If F has an integer root ng, irreducibility over Q forces F' to be linear with ng
as its only root. In that case, @ = ny € Z. But this is absurd: a’s canonical
expansion is not eventually periodic, so that « is not even rational, let alone a
rational integer.

We can therefore apply the result of Exercise 9.110. Let ¢ be the constant
associated with F' in that problem. For each n, let r,, = 22:1 p* € Z. Then
Irn — alp = | X pon Py < p~ D' Also, |rp|oe < 2p™; here we use that the
largest term in the sum defining r,, is p™ and that each term in that sum is at
least twice the preceding one. Therefore,

pf(n+1)! > |Tn - Ol‘p > C‘Tn‘god >c. 27dp7dn!'

Rearranging, (1) y
p >c-27%

But the right-hand side is a positive quantity independent of n, while the
left-hand side tends to 0 as n tends to infinity. Contradiction!

9.112 Given z € Z1g, define the Zs and Zs-reductions of = as the first and
second components of the image of x under the isomorphism Zig & Zsy X
Zs described in the solution to Problem 5.63. Concretely, if + = (a; mod
10, a2 mod 102, . ..), its Zy-reduction is (a; mod 2,as mod 22, ...), and its Zs-
reduction is (a; mod 5,a; mod 52,...).

Convergence in Z( can then be defined in terms of convergence in Qs and Qs.
If {x,} is a sequence of elements of Z1o, and x € Z1o, we say ©,, — = in Zjq if
the Zs and Zs-reductions of the x,, converge to the Zs and Zs-reductions of x

(in Q2 and Qs).

With this definition of convergence in place, your work on Set #7 can be
adapted to show that every element of Z1g has a unique, convergent 10-adic
expansion Y, <, dx - 10F with each dy, € {0,1,2,...,9}. (Check this!)

Clearly, 245" — 0 in Z. By Exercise 7.81, 24°" — 1 in Z5. So the Z1( limit
x of 245" corresponds, under our isomorphism, to (0,1) € Zy x Zs. Write the
10-adic expansion of z as Y, -, dx - 10* and assume for a contradiction that
the sequence {dy} is eventually periodic, say dy = dg4¢ for all k > kq. Working
in Zo, we find that the Zs-reduction of x is
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ook > d-105(1+ 1014107 4.

0<k<ko ko<k<ko+~
. d - 10
= > W0+ Y T
1—-10
0<k<kq ko<k<ko-+¢

Let r be the rational number defined by the right-hand side. The exact
same calculation shows that the Zs-reduction of z is also r. It follows that
T=D) 10 dy-10% is the element of Z,( corresponding under our isomorphism to
(r,r) € ZayxZs. But we saw already that x corresponds to (0, 1). Contradiction!

Extra Exploration 24. Say that the infinite sequence of decimal digits do, d1,
da, ds, ... is self-squaring if, for every k € Z™,

(do+di-10+--+dx1-10"")2 =do+di - 104 -+ dp_1 - 107" (mod 10%).

For example, the two sequences 0,0,0,0,... (all zeros) and 1,0,0,0,... (all zeros
past the first term) are trivially self-squaring.

(a) Prove that there is a unique self-squaring sequence starting with do = 6.

(b) Show that the sequence in (a) begins 6, 7, 3,9, 0, 1, 7, 8, 7, 1. (As a spot check,
76% = 5776, while 1093762 = 11963109376.)

(¢) How many self-squaring sequences are there?

Extra Exploration 25 (Shapiro and Shapiro [6]). Let a1,a2,as,... be an
arbitrary sequence of positive integers. Show that for every g € Z™, the sequence

Q.- 3 o1 .
a1,ai?,a;? ,... stabilizes modulo g. Deduce that for each g > 1, this same sequence
converges in Z4. (Define convergence in Z4 by mimicking what we did for Z19 above.)

Extra Exploration 26 (continuation). Let a be a positive integer not divisible
by 10. By Extra Exploration 25, for each k € ZT the residue class mod 10* of
a,a®, aaa, ... eventually stabilizes. Let xj be the least nonnegative integer in the
limiting residue class mod 10%, so that 0 < z; < 10*.

(a) Show that for each k > 2, we have a® = x5, (mod 10%).
(b) Let a = 73. Compute z33, by hook or by crook, and thereby show that

73990485815519399724778909194186633 _  99(485815519399724778909194186633.

For more on this theme, see the papers of Jiménez Urroz & Yebra [2] and Germain [1].

9.113 The first equivalence is immediate from Problem 8.92.

Turning to the second: If x € Z,, then |a,z"|, < |ay]|, for all n. So if |a,|, — 0,
then > ., an,x™ converges for all z € Z,,.

Conversely, suppose that > -, a,z™ converges for all x € Z,,. Then ) - an
converges (the case x = 1), so that |a,|, — 0. -
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Extra Exploration 27. Check that the Strassmann series form a subring of
Q,[[T7]]. This ring is commonly denoted Q,(T") and referred to as the Tate algebra in
one variable over Q,. Show that for each z € Z,, the evaluation map eval.: Q,(T) —
Q, sending F(T) to F(z) is a ring homomorphism.

9.114 Since F(T') is a Strassmann series, its coefficients a,, tend to 0. In
particular, {|a,|,} is bounded, and p* F(T) € Z,[[T]] for a certain integer
k. Since F and p*F have the same zeros, we can (and will) assume that
F(T) € Z,[[T]] to start with.

Let m be the smallest nonnegative integer for which a,, # 0 and let 6 = |am|p.
Note that § < 1, since F(T) € Z,[[T]]. If 0 < |z|, < 0, then

m
> ana”| < max|ana”l, < [z < Ofely = lama™ly = | Y ana”
n>m n=0 p
Therefore,
a:—i—Zan — Zanx" >0,
p P

n>m n>m

so that F(z) # 0.

As a consequence, if F(T) is Strassmann and not the zero series in Q,[[17],
then F(p™) is nonzero for all sufficiently large m (specifically, for any m with
p~ ™ < §). Hence, a Strassmann series that vanishes everywhere on Z, must
be the zero series.

9.115 Substituting and applying the binomial theorem, we find that whenever
x,To € Zp,

F(xz + xo) Zak (x + x0) :ZZIk>Jak< )xJ kfj.

k>0 k>03>0

We would like to reverse the order of summation. To Justlfy this we appeal
to the criterion of Exercise 8.96. Put uy; = 1k>7ak( )xjxg If we set
€N = MaxXy>n |aklp, then |ug j|, < ex whenever k > N or j > N. Since F/(T)
is a Strassmann series, ey — 0 as N — 0o, and so the conditions of Exercise
8.96 are satisfied. Therefore,

Flatan) =3 Sy =3 s = Zk@zg o

j20 \k>j

Here the coefficient of 27 is precisely the claimed coefficient b,.
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Since )5 bja’ converges for all x € Z, (to F(z + x0)), > ;50017 is a
Strassmann series.

9.116 Let F(T) be a Strassmann series, F(T') # 0. Suppose for a contradiction
that F' has an infinite number of zeros in Z,,, and let x1, x2, x3, ... be a sequence
of distinct zeros. As Z,, is compact (Problem 6.76), there is an z € Z,, such
that some subsequence of {x,} converges to .

Problem 9.115 describes how to construct a Strassmann series G(7T) with
G(z) = F(x + ) for every x € Z,. By the choice of zg, every open disc
centered at xg contains infinitely many zeros of F. Hence, every open disc
centered at 0 contains infinitely many zeros of GG. This contradicts Exercise
9.114 unless G(T') = 0 in Q,[[T]]. But that’s impossible: If G(T') = 0, then
F(z) = G(z — ) = 0 for all x € Z,. But a nonzero Strassmann series such as
F(T) cannot vanish on all of Z, (Exercise 9.115).

Extra Exploration 28. We assume familiarity with infinite products, as defined
in Extra Exploration 20. Let ci1, c2,c3,... be a sequence of elements of Q,, tending
to 0. By Extra Exploration 20, the infinite product H;‘;l(l — ¢jz) determines a
well-defined element of Q,, for all = € Q,. Write down a power series F(T') € Q,[[T]]
with the property that F(z) = [[]Z,(1 — ¢;z) for all x € Q.

Extra Exploration 29 (continuation; Schébe [5, p. 38]). Let e, ez, ¢3, . ..
be a sequence of positive integers. For each z € Q,, let A(x) = H;’;l(l — (plz)P~1)%
(a) Prove that A(z) is a well-defined function from Q, to Q, and that A(x) can be

represented by an everywhere convergent power series with Qp-coefficients.
(b) Show that |A(z)|, =1 if € Z,.
(

¢) Suppose |z|, = p", where r is a positive integer. Show that |A(z)|p
—er r—1 r—j —1)e;
p szlp( ) (p=1)e;

(d) Describe a method of choosing e1, ez, es,... that guarantees |A(z)|, < |z[,"

whenever z € Q, \ Z,.

(e) Deduce from (a)—(d) that there is an power series over Q, that converges
everywhere and induces a bounded but nonconstant function from Q, to Q,.
For those who have taken a complex variables course: Explain how this suggests
Q) is more analogous to R than to C.

9.117 When p = 2, neither statement holds. So assume p is odd.

By Problem 7.90, (p_;)lﬂ Za 19p(a) (mod p). So it suffices to show that
Za 1ap(a) = (Bp—1 + % — 1) € pZy).

By Faulhaber’s formula,

qu = p1(p)_p— = p1+_1+z< ) plijjp??-

p p
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For each j =1,2,3,...,p—1, the Bernoulli number B,_1_; € Z,; this is clear
for j = p—1 (recall that By = 1) and for j < p — 1 it follows from Exercise
8.99. In this same range of j, we have p/ > 37 > j + 1. Thus, v,(j + 1) < j,

J . . . .
and vp(jpﬁ) = j —vp(j + 1) > 0. Consequently, each term in our sum on j
belongs to pZ,), implying that the sum itself belongs to pZ,). But that sum

is precisely >-°~1 g,(a) — (By_1 + % —1).

9.118 By Problem 8.104 and its solution, p = 1 (mod 6) and w(l + u) =
14 w(u). Write v = w(u) + p*q, where ¢ € Z,,. Since p is odd and p | () for
all £ between 0 and p,

WP = (w(u) + ) = w(u)” +ww)? Pt (mod p?*ipZy)
w(u) +p" g (mod p**H1pZy).

On the other hand, 14+v = 1+w(u) +p*q = w(u+1) +p¥q, and (by analogous
reasoning to what is displayed above)

(1+v)? =w(u+1)+p**g  (mod p**t1pZ,).

Using once more that 1 4+ w(u) = w(u + 1), we deduce that (1 +v)? =1+ 0P
(mod p?**1Z,). Since both (1 +v)? and 1 + vP lie in Z, this last congruence
in fact holds modulo (p?**1Z,) N Z = p*+1Z.

Let p = 7. In the course of solving Problem 8.103, we computed that w(2) = 324
(mod 73Z7). Taking v = 324 and k& = 3 in the result of the last paragraph
“explains” the given example.
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Solutions to Set #10

10.119 We begin by establishing some useful arithmetic properties of the
1
generalized binomial coefficients (2) for nonnegative integers k.

=A

Fix k. Let £ be an odd prime, and let A be a nonnegative integer with %

(mod () Z,); e.g., A= L) 4 1), Since () € 2,

evetk) | (’;)k! =AA-1)(A-2)---(A—(k—-1)),

where the divisibility relations are being asserted in the ring Z. Naturally,
these same relations also hold in Zy, so that working in Z, modulo ZW(M)Zg,

;(;—1)---(;—(16—1))EA(A—l)-~-(A—(k—1))EO.

It follows that ve(3(3 — 1)+ (3 — (k —1))) > ve(k!), so that w((%)) > 0. As

this holds for all odd primes /¢, the rational number (i) has denominator a
power of 2.

To determine which power of 2, we look 2-adically. Expanding out,

N 1-(1-2)-(1-2-2)-(1-2(k—1))
(k) 2k k!

The numerator on the right is odd, and so the power of 2 in the denominator
of () is 2k+e2(k),

Collecting what we know so far: (%) is a rational number with denominator
9k+va(k!)

We are now well-positioned to decide when B% (z) converges — equivalently,
when \(i)x’ﬂp — 0 (as k — 00). For use momentarily, we recall that vo(k!) < k,

so that k + va(k!) < 2k.
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1

Suppose p is odd. Then |(2)|, < 1, and |(%)xk|p < |@|k. If |#], < 1/p, then
|z|f — 0 as k — oc. Thus, B (z) converges for these x.

Jatla = 24+ W alf < 22¥[al

Suppose instead that p = 2. If x € Qg, then |(%

This last expression tends to 0 if |z|o < 1/23.

These conditions on x turn out to be necessary for convergence.

Lemma. Let F(T) € Q[[T]]. If F(xo) converges (zg € Q,), then F(x)
converges for all x € Q, with |z], < |zolp.

Proof. Write F(T) = 37, apTF. If |agxk], — 0, and |z|, < |zolp, then
larz®], — 0. 1

Seeking a contradiction, suppose p is odd and that B 1 (zo) converges for a
value of g with |zo[, > 1/p. Then |zo|, = 1. Invoking the lemma, B (z)
converges whenever |z|, <1, i.e., on all of Z,. But whenever By (z) converges,
it converges to a square root of 1 +z. We 1nfer that that every “element of Z,

has a square root in Q, — absurd!

Similarly, if By (x) converges for an zg € Q2 with |zglz > 1/23, then it
converges whenever |z|o < 1/22. But then B (4) converges to a square root of
5 in Qg, whereas 5 ¢ (QJ)?!

Extra Exploration 30. Establish the following claims.
(a) If # € Zp, and k is a nonnegative integer, then (}) := w €Z,.
(b) If x € Q and k is a positive integer, then every prime appearing in the denomi-

nator of (i) appears in the denominator of x, and vice versa.

Extra Exploration 31. (continuation of Extra Exploration 30) Let m € Z™.
1

(a) Show that if p is a prime not dividing m and x € pZ;, then >, (7;)3:’“
converges to (one value of) /1 + z in Q.

(b) Now assume p | m. Show that the conclusion of (a) holds if either p is odd and
vp(x) > vp(m) + 1, or p=2 and va(z) > va2(m) + 2.

10.120 When z is real and |z| < 1, the series B (x) converges to the positive

(196)7 5

Suppose now that p is an odd prime and that = € pZ,. Recalling that ( ) €z,
for each k = 0,1,2,..., we find that [B; (z) — 1], < maxy>; |(k)x I, < 1/p.
Thus, Byi(z) € 1+ pZy.

square root of 1 4+ x. So over the real numbers, B 1

When p = 3 and z = -2
is f%.

15> the (unique) square root of 1+z belonging to 14-3Zs3
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10.121 These results are not particular to Z, and Q,. Let D be any domain of
characteristic 0 with fraction field K. (For example, we could take D = Z, and
K = Q,.) Then Taylor’s formula holds for polynomials over K: If F(T) € KT
and a € K, then
FU)
Fla+T)=Y_ &TJ

|
iz
For the proof, fix a € K. Consider K[T] as a K-vector space and observe that
both sides of the claimed equation represent K-linear functions of F(T') € K[T.
So the identity will be established if it is shown for F(T) = 1,T,7?,... (a
K-basis for K[T]). When F(T) = T", the left-hand side is (a + 7)™ while the
right is

) lnzjn(n —1)(n— 2)‘. (=G =) i _ 3 <’l7'/>aanj.

|
>0 J: 0<j<n M

This last expression is of course the binomial expansion of (a + T)™.

Next, we show that if F(T) € D[T], then %F(j)(T) € DIT] for each non-
negative integer j. We fix j and check the claim for F(T) = 1,7,T?,... (a
D-basis for D[T]). This is straightforward: If F(T) = T™, then %F(j)(T) =
1>, ()T € Z[T] C DITY.

10.122 Taylor’s formula gives F(Z) = 3~ %F(J)(x)(—F(x)/F'(x))J The
terms of the sum corresponding to j = 0 and j = 1 cancel each other out
(being F(z) and —F(x), respectively), so that

Fa@= [ F(x))j < max

= 4! F'(x) §>2

F@ () (_ F(z) )J’

g!

p

Viewing F()(z)/4! as the evaluation of the polynomial F9)(T)/5! € Z,[T] at
the point @ € Z,, it is clear that |[F9)(x)/4!|, < 1 for every j. Furthermore,
|F'(@)], — L while [P(@)], < 1, 50 that |(— F(@)/F/ ()], = [F(@)fj < |F(z)]2
for each j > 2. Hence, the above maximum does not exceed |F(z)[2.

10.123 We iteratively apply Exercise 10.122 in order to construct a Cauchy
sequence of elements of Z,, converging to a root of F.

Let n € Z*. Suppose that z,, € Z, satisfies both
|F(z)]p <1 and |F'(zn)], = 1.

Let Zni1 = 2y — 5,((”;2)). By Exercise 10.122,

|F(@ns1)lp < [F(za)lp < 1.
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Furthermore, z,11 = z, (mod pZ,), implying F'(z,41) = F'(z,) # 0
(mod pZ,), so that
[F' (@ i1)lp = 1.

Thus, the hypotheses we originally assumed for z,, hold for z,1, allowing us
to reboot the procedure with z,1 replacing .

Starting from the given x1, we produce in this way a sequence {x,, } of elements
of Z,, satisfying

n—1
[F(@n)lp < [F(zn-1)lp < < |F(z)f} ()
for each n =1,2,3,.... As |F(z1)|p, < 1, (*) guarantees that F'(z,) converges

(rapidly!) to 0.

Observe that |T,+1 — Tnlp = |F(z)/F'(20)|p = |F(xn)|p, for every n. There-
fore, {x,} is Cauchy, and x,, — x for some z € Z,. Hence, F(z) = F(limz,) =
lim F(x,) = 0. (We use here that polynomials preserve limits, which follows
from Exercise 3.29.)

It remains only to argue that = 1 (mod pZ,). This is immediate from the
identity x — x1 = Zk>1($k+1 — x) expressing  — x1 as a sum of terms from
L.

Extra Exploration 32 (a stronger version of Hensel’s Lemma). Let
F(T) € Z,[T), and suppose that a € Z, satisfies |F(a)|, < |F'(a)|?. Prove that
starting from a, Newton’s method converges to a root x of F with |z — al|, =

F
F/((C;)) |IJ < |F/(a)|17'

10.124 Express the Q[T]-ideal F(T)Q[T] + F'(T)Q[T] as D(T)QIT], where
D(T) € Q[T). Since F(T), F'(T) € D(T)Q[T], each complex root of D(T) is a
common zero of F(T) and F'(T) — in other words, a multiple root of F(T).

We are given that F(T') has distinct complex roots. Therefore, D(T) has
no complex roots, meaning that D(T") is a nonzero constant. As a result,
F(T)Q[T] + F/(T)Q[T] = D(T)QIT] = Q[T], and there are X(T),Y(T) €
Q[T] with F(T)X(T) + F/(T)Y(T) = 1. Choose R € Z* so that X (T) :=

RX(T),Y(T) := RY(T) € Z[T). Then
F(T)X(T) + F'(T)Y(T) = R.

Taking this last equation mod p, we find that the mod p reductions of F(T)
and F'(T) generate the unit ideal in (Z/p)[T] whenever p { R. Hence, F(T)
and F'(T) are coprime in (Z/p)[T] for each prime p not dividing R.

10.125 According to Problem 2.24, there are infinitely many primes p for
which F' has a root in F,,. By Problem 10.124, there are only finitely many
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primes p for which F' and F” have a common root in F,,. So for infinitely many
p, we can find an 1 € Z with F(x;) =0 (mod p) and F'(z1) Z 0 (mod p).
For each of these primes, F' has a root in Z, by Problem 10.123.

Extra Exploration 33 (bounding the number of modular roots of a

polynomial). Suppose F(T) € Z[T] is a nonconstant polynomial with distinct

complex roots, and let R be a nonzero integer belonging to F(T)Z[T] + F'(T)Z[T)

(as in Problem 10.124).

(a) Show that if K > 2v,(R) 41, and a is an integer with F(a) =0 (mod p%), then
there is a root & € Z, of F with z = a (mod pX~"»(®Z,)).

(b) Continue to assume K > 2v,(R) + 1. Deduce from F' having at most deg F' roots
in (the domain) Z, that F has at most (deg F)p'»™ roots in Z/p*.

(c) Finally, show that for every m € Z*, the number of roots of F in Z/m is at
most (deg F)*™ R?, where v(m) is the count of distinct primes dividing m.
This bound, which finds many applications in analytic number theory, was proved

independently by Nagell [2] and Ore [3] in 1921.

10.126 If F has aroot 8’ € Qp, let K’ = Q(0’) be the field generated by ¢’
over the copy of Q within Q,. By standard field theory, both K and K’ are
isomorphic to Q[T]/(F(T)), via isomorphisms identifying 6 and 8’ with the
class of T mod F(T). Daisy chain the isomorphism K — Q[T/(F(T)) with
the isomorphism Q[T]/(F(T)) = K’ to determine an embedding of K into

Q,.
Such a 6’ exists for infinitely many p by Exercise 10.125.
10.127 Let ¢: Q, — Q, be a homomorphism. As every ring homomorphism

sends n -1 ton-1 (for all n € Z), it is immediate that ¢ fixes Z. Furthermore,
for any a,b € Z with b # 0, we have

o(5)b=0(3) o) =o(a) =a

Thus, ¢ (%) = 7, meaning that ¢ in fact fixes all of Q.

Now let = be an arbitrary element of Q,. Since Q is dense in Q,, there is
a sequence of rational numbers {z,} for which x,, — . We will show that
¢(xn) — ¢(x). Since each ¢(x,) = z,, and z,, — x, it must be that ¢(z) = z.
As x was arbitrary, ¢ is the identity map.

The algebraic characterization of Z from Exercise 9.109 implies that ¢ maps
Z; into Z, . To use this, suppose z, —x # 0 (where n is a positive integer
index). Then z, —z = pUp(Tn =)y for some u, € Zy, and

$(xn) = $x) = $lan — ) = ("~ )P(un) = pr N,

for some u;, € Z,. Hence,
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|¢(xn) - (b(x)‘p = pfvp(wnfx) = |1'n - z|p'
Of course, the equation |¢(z,) — ¢(x)|, = |, — x|, also holds when z,, —z = 0.

We are assuming x,, — x. Therefore, |¢(z,) — ¢(x)|, = |z,, — x|, — 0. Hence,
d(xn) — o(x), as desired.

10.128 Suppose first that p and ¢ are odd primes with g # p. Select n € Z with
(%) = —1, and choose a € Z with a =1 (mod p) and a =n (mod ¢). Then a
is a square in Q, but not a square in Q, (see Problem 9.105). Since a € Z, any
homomorphism from Q, to Q, must send a to a. However, homomorphisms
always send squares to squares, so no homomorphism from Q,, to Q, can exist.
If p = 2 and ¢ is odd, the same argument works if we select ¢ = 1 (mod 8)
and @ =n (mod ¢) (see Problem 9.107). If p is odd and ¢ = 2, choose a =1

(mod p) and a = 3 (mod 8).

The same argument works to demonstrate the impossibility of a homomorphism
from Q, to R. If p is odd, select @ with ¢ =1 (mod p) and a < 0. If p = 2,
pick a =1 (mod 8) with a < 0.

10.129 Suppose for a contradiction that « := 0.2481632--- € Q. Then the
decimal expansion of « is eventually periodic with period ¢, say.

Let 8 € Zyo be the 10-adic limit of 24°" (see Problem 9.112). Write the 10-adic
expansion of 3 as (... dsdsdsdadidg) 10, representing do +dy - 10 +do - 102 +. . ..
For each fixed N and all large n, the decimal expansion of 245" terminates
with the string dydy_1 .. .d1dy. Therefore, this digit string appears infinitely
often in the expansion of a. Fixing any nonnegative integer ng, and choosing
N > ng+ ¢, we deduce from the periodicity of a’s expansion that d,,, = dny+e-
Since this holds for each ng, the 10-adic expansion of § is (purely) periodic
with period ¢, contradicting the result of Problem 9.112.

Extra Exploration 34 (Mahler [1]). Let g be an integer at least 2. Show that
the real number 0.(g)(g?)(g%) ... obtained by concatenating the decimal expansions
of g,¢%, ¢, ... is irrational.

References

1. K. Mahler, On some irrational decimal fractions. J. Number Theory 13 (1981),
268-269.

2. T. Nagell, Généralisation d’un théoréme de Tchebycheff. J. Math. Pures Appl. 8
(1921), 343-356.

3. O. Ore, Anzahl der Wurzeln hoherer Kongruenzen. Norsk Mat. Tidsskr. 3 (1921),
63-66.

128



Solutions to Set #11

11.130 We assume |z — 1|, < 1 and argue that the terms of the series defining
log,, z tend to 0. For each positive integer k, the product formula yields
kI, = [Eloo T prime o#p |Kla < [kloo = k. Therefore,

-1 (@ — 1)k

(DR EE ] = o 1Sl < ko - 1,
p

which tends to 0 as k tends to infinity.

11.131 We start by noting that if € 1+pZ,, then 2! € 1+ pZ,,. This is not
difficult to prove directly, futzing about with absolute values, but a more elegant
approach is to observe that (1+rp)~t = 1—rp+r?p?—-.. €1 +pZ, whenever
r € Z,. Utilizing the addition rule (), we deduce that for all x € 1+ pZ,,

1 o (—1)F! k
10gpac—|—logp;:10gp1:ZT(1—1) =0.
=1

(That log, = + log,, L1 — 0 should not be surprising, but it ought to be comfort-

x
ing!)

If j€{1,2,...,p— 1}, then

o 1 pF p P\~ j
EL AN (1_,):10g (1_,) —log, .
;J}Ck P J g J Pi-p

Therefore,
%) p—1 k p—1 0 k p—1
1 \p ( 1p >
S () - () - e
k=1 jzlj k j=1 =1 k j=1 J=P
J _
= logp S = logp((_l)p 1)
0<j<p‘7 p
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Here the interchange of the sums on j and k is routine to justify, for example
by setting ay ; = 10<j<pj*kpkk’1 and applying the result of Problem 8.96.

If p is odd, then (—1)~' = 1, and log, 1 = 0 gives the desired result. To
finish off, we must show logy(—1) = 0. But this is easy: log,(—1) 4+ logy(—1) =
logy((—1)?) = logy(1) = 0.

Remarks.

(i) You may have conjectured in Problem 4.45 that v2(3_}_, 2¥/k) is bounded below
by n — (something small). Once we know that Y_y_, 2" /k = 0, this becomes easy
to show. Indeed,

> %

k=1

2k

k

< max _nt 1
= k>nt1 2k T 2ntl”

oo Qk
:‘_ 2 k
2

k=n+1

< max
k>n+1

9 2

(To estimate |2%/k|2 we used the displayed inequality in the solution to Problem

11.130, for z = —1.) Converting this from a statement about absolute values to
one about valuations, v2(37_, 2¥/k) > (n+1) — %. A slight modification

of this argument will show that equality holds when n + 1 is a power of 2.

(ii) In the next Extra Exploration, we outline one proof of the addition law ().
Arguments for (f) based on different principles can be found in the books of
Gouvéa [2, §5.7] and Robert [10, Chapter 5, §4].

Our proof of (t) is motivated by the following formula from (real) calculus: For
each real number =z > 0,

logz = lim k(¥/x —1).
k— o0

(Check this yourself, possibly starting from %mt|t:0 = log z.) This identity is
surprisingly powerful; Landau shows in [5] that all of the familiar theory of the
natural logarithm can be developed taking the right-hand side as the definition
of log x. We will establish and apply a p-adic analogue of this relation.

Extra Exploration 35 (Leopoldt [6]). Fix a prime number p. For z € 1+pZ,
and m € Z*1, put
P =1
Lpm(z) = ———.
pom () o
Justify each of the following assertions.

(a) Forx € 1 +pZy and m € Z*:  |Lpmi1(x) — Lpm(x)]p <p ™ 2

(b) For each = € 1+ pZ,, the limit L,(z) := limm— o0 Lp,m(x) exists in Q.

(c) For all z,y € 1+ pZy, and all m € Z": | Lpm(2y) — (Lp,m () + Lp,m(y)]p <
p~ ™" 2. Hence, Ly(xy) = Lyp(x) + Lyp(y).

The rest of this problem is devoted to showing that L, and log,, coincide; once this
is known, () follows from (c).

(d) Forz € 1+ pZy and m € ZT: Lypm(z) =301 = (% ) (@ — D
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(e) For m,k € Z7: p}n (1’:) = (_1]):71 [Ticjcr (1- %) Therefore, Ly (z) =
log,, (%) + ep,m(x), where

%Mz)zZ% 11 <1—ﬁ)—1 (@ — 1)~

k>2 1<j<k J

(f) For each = € 1+ pZy, we have limm— oo €p,m(z) = 0. Thus, L,(z) = log, =.
Hint. If k£ is small in terms of m, then H1<j<k(1 — p™/j) is congruent to 1 modulo a large

power of pZ,. On the other hand, when k is large, v,((z — 1)* /k) is also large.

11.132 Quite a lot of what is claimed here is true — just none of the important
bits!

Let p be an odd prime and define sin,(T) = Zk>0(—1)k% € Qu[[T]]- It is
straightforward to check that sin, x converges when |z|, < 1/p; consequently,
sin,(pa) is a well-defined element of Q,, for all a € Z. It is also true that if
a is an integer not divisible by p, then sin,(ap) # 0. Otherwise the display
following “Therefore” indeed lays out a contradiction.

Unfortunately, none of this has much to do with the real number 7! Let’s
assume 7 = ¢, with a,b € Z, b # 0. Choose an odd prime p not dividing a,
Then the series Y, ~,(—1)*(ap)®/(2k + 1)! converges to sin(pbr) = 0 in R. So
far, so good. But the fact that a series converges to 0 in R and converges to
something in Q, — something that could (misleadingly?) be labeled sin,(pbm)
— doesn’t imply it converges to 0 in Q,. (Cf. Exercise 10.120.)

Remark. An error of a similar nature crept into the work of Hensel himself. In 1905,
Hensel claimed to prove that [Qp(e) : Q] = p for each odd prime p, from which he
derived the corollary that e is transcendental over Q [3]. While the transcendence of
e had already been shown by Hermite in 1873, Hensel’s reasoning was much shorter
and simpler; his proof has an unmistakable air of elegance. Unfortunately, it is also
fundamentally flawed.” See [12] and [9, §5.6] for discussion (and compare with [4,
Exercise 9, p. 84]).

11.133 We apply again the method of successive approximation. If z; = —1,
then F(z1) = 0 (mod p). Suppose we have found z; € Z, with F(z) =0
(mod p*); we demonstrate how to find x5, € Z, with 41 =z mod kap
and F(xg41) =0 (mod p**+1Z,).

To enforce the congruence xy41 = zj (mod p*Z,), we look for zj1 of the
form xg11 = xg +p*h, with h € Z,. For each h € Z,,

Fla+p*h) — Flar) = pFh+ Y p% (e + 0" 0> —ad).

Jj=1

* “For every complex problem there is an answer that is clear, simple, and wrong.” —
H. L. Mencken
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Since p* | ((z1, + pFh)? — x? ") and p | p?’, the sum on j belongs to Pz,
Hence, F(x), + p*h) = F(x) + pFh (mod pFt1), and F(x, + p*h) = 0
(mod p**+1) provided we choose h = —F(x,)/p" (mod pZp).

If 21,29, x3,... are constructed as above, then the {z,} form a Cauchy se-
quence in Z,, so that x, — x for some z € Z,. For each n,

[F(2)lp < [F(x) = F(za)lp + [F(zn)lp.

By construction, [F(zn)], — 0. Moreover, F(z) — F(zn) = (z — 2n)(1 +
Ej>1p “@¥ 4422 ). Thus, |F(z) — F(z)|p < |z —24|p, a quantity
that also tends to 0. So taking n to infinity, we deduce that F(x) = 0.

We could prove uniqueness similarly, showing that if x € Z, is any zero of
F, then z is uniquely determined mod pZ,, then mod p2Zp, mod p3Zp, etc.
We choose a different path. We will show that F' assumes every value at most
once; that is, F' is injective as a function from Z, to Z,. Suppose z,z’ € Z,
with F(2') = F(x). Rearranging,

J J J_
.’17/—3}— Z‘—QTE p2 729 —1 -—|—1;2 1).
j>1

Since the right-hand sum is divisible by p, the only way the p-adic absolute
values of both sides can agree is if 2’ — x = 0, so that 2’ = x.

11.133 (yes, déja vu all over again!) We will factor F(T) so as to make obvious
that F(z) = 0 for a unique x € Z,,. The factors are constructed by a variant
of the method of successive approximation.

The only property of F(T') we will use is that F'(T) =1+ T + pG(T'), where
G(T) € Z,[[T]] is a Strassmann series. Since G(T') is Strassmann, for any
k € Z* the power series F(T) € Z,[[T]] is congruent modulo p*Z,[[T]] to a
polynomial with Z,, coefficients. This will be crucial.

We begin by locating r1 € Z,, and ¢1(T) € Z,[T] with
A +T+p-r)A+p-qu(T)) = F(T) (mod p*Z,[[T])).

The left-hand side is congruent to (1 + T') + p((1 + T)¢q1(T) + 1) modulo
p?Z,[[T]], and this matches the right mod p?Z,[[T]] if

FT)-(1+T1)

1+T)q(T) +rm = 5

(mod pZy[[T1)). )
Choose Fi(T) € Z,[T] with w = F(T) (mod pZ,[[T]]). We can
find ¢ (7)) and r,(T) satisfying (*) by performing long division in the ring
(Z,/pZ,)[T). Specifically, if F;(T) is the mod pZ,-reduction of F;(T), long
division furnishes us with ¢, (T) € (Z,/pZ,)[T] and 7, € Z,/pZ, with Fy(T) =
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(1+T)q:(T) + 71 in (Zp/pZ,)[T). Then (*) holds if we choose ¢1(T") € Zy,[T]
and r € Zj, to lift ¢ (T") and 7.

Continuing, suppose we have already found ri,re,...,7% € Z, and ¢1(T),
q2(T), ..., qx(T) € Zp[T] with

(1+7+ épﬂn) (1+ ipﬂ'qj (1)) = F(T) - (nod 4412,

We determine 741 € Z, and gz41(T) € Zp[T] such that the analogous
congruence holds with k replaced everywhere by k + 1. To ease notation,
put Upy(T) = 1+ T + Z?zl pir; and Vi(T) = 1+ z;?:lgﬂqj(T). (Thus,
Up(T)Vi(T) = F(T) (mod p**1Z,[[T]]).) Then

(UR(T) + p" ) (Vi(T) + " iy (7))
= U(T)Vi(T) + P (Uk(T) i1 (T) + 111 Vi(T)) - (mod p"+2Z,[[T7).
Hence, we would like to choose gx4+1(T) and rg41 to satisfy

UelT)as(7) + 1 Vi) = S =D (o iz 7).

Equivalently, as U (T) = 1+ T (mod pZ,[[T]]) and Vi(T) =1 (mod pZ,[[T]]),
we want
F(T) — Up(T)Vi(T)

(L4 1) qe41(T) + 141 = pas

(mod pZy[[T1)).

The right-hand side is congruent to a polynomial mod pZ,[[T]] and so we are
in a similar situation as before; we can find gx11(7T") and ri41 by performing
long division in (Z,/pZ,)[T] and taking lifts.

Suppose we have chosen 11,72,73,... € Zy and ¢1(T'), ¢2(T), g3(T), ... € Z,[T)
by the above procedure. We might then expect that

where U(T) := 1+T+ij7“j, V(T):=1 +ZPij(T)~
j=1

j=1

There’s one problem with this proposal. While Z;il pr; is a well-defined
element of Z,, (the sum being obviously convergent), it is not clear what is
meant by 250:1 p’¢;(T), an infinite sum of elements of Z,[T].* Fortunately

This should be a power series over Z,. But its precise interpretation requires some
care: Convergence in power series rings is usually defined by the requirement that
the coefficient on each fixed power of T stabilizes, i.e., is eventually constant. But
that is not the intended meaning here.
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this difficulty is not so serious: For each fixed nonnegative integer r, the sum
of the T" coefficients of pq;(T") converges, to v, € Z, (say), and we simply
define Z;’;lpiqj (T') to mean }_, -, T". Having made this definition, the
factorization F(T') = U(T)V(T) follows easily (check that the two sides are
congruent modulo p*Z,[[T7], for every k, and convince yourself that this implies
equality in Z,[[T7]).

So far we have shown F(T') = U(T)V (T), as formal power series. As each ¢;(T)
is a polynomial, a moment’s thought shows that V(7)) =1+ > 72, plq;(T) is
a Strassmann series. Invoking Problem 8.94, F'(z) = U(x)V (z) for all z € Z,.
Since V(z) € 1+ pZ, for each z € Z,, the Z,-zeros of F are precisely the
same as those of U. But it is obvious U(z) = 0 for a unique € Z,,, namely

r=—1- Z;ilpjrj.

Remark. This took quite a bit longer than our first approach! However, if you
understand this argument, you are well on your way to proving (one form of) the
Weierstrass preparation theorem for Q. See the remark after the solution to Problem
13.159.

Extra Exploration 36. Let F(T') be a Strassmann series with Z,-coefficients. Re-
ducing the coefficients of F(T') modulo pZ, yields a polynomial F(T') € (Zy/pZy)[T].
Show that if F/(T) has degree 1, then there is exactly one z € Z, with F(z) = 0.

Extra Exploration 37. Let p be an odd prime.

(a) Show that log, defines a group isomorphism between 1+ pZ;, (under multiplica-
tion) and pZ, (under addition). This is analogous to how the usual log map sets
up an isomorphism between R* and R.
Hint. One proof of injectivity goes by establishing |log, z — logpy\p = |z — y|p for all
x,y € 1 + pZ,. For surjectivity, change variables and apply Extra Exploration 36.

(b) Prove that every element of Z; has a unique representation in the form (u,
where ¢ is a (p — 1)th root of unity and u € 1+ pZ,.

(c) Let pp—1 denote the group of (p — 1)th roots of unity in Qp. Deduce that
Zy > pp1 X (1+pZy) 2Z/(p—1) X Zy and that Q) X Z X Z/(p—1) X Zy.

Extra Exploration 38 (the p-adic exponential). We assume familiarity
with Extra Explorations 35 and 37. Let p be an odd prime. For y € pZ,, define
exp,(¥) = D iso %yk. Show that exp, maps pZ, into 1+ pZ,, and that in fact
exp,: pZp — 1 + pZy is the inverse of the isomorphism log,: 1+ pZj, = pZyp.

One approach is to introduce Ep(y) := limm—oo (1 + p’”y)l/pm. (Here raising to the
power 1/p™ is defined by the Newton binomial expansion, as in Extra Exploration 31.)
Show that E, maps pZ, into 1+pZ, and is actually the inverse of L,: 14+pZ, — pZ,.
Then argue that E,(y) = exp,(y). The identity E,(y) = exp,(y) is the p-adic
analogue of the well-known formula exp(z) = limn o0 (1 + 22)".

11.134 We explain how to transform the double sum on k£ and j into the
claimed sum on j. Put uy ; = lkzjs(k,j)nj“k—,;. Since p is odd and |al|, < 1/p,
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k
NPT
lkzjs(k»])njﬁ

< Lisp RIS < Lsp P 0T < 145 pR2
P

So if we set ey := p~ /2, then |1k2js(k:,j)%|p < ey whenever k¥ > N or
7 > N. By Problem 8.96,

00 k ' ak 0o o0 SIS
sk, j)n’ | 47 = S =1
k=0 \ j=0 " k=04=0 =0 k=0
e . ak © .
:an Zs(k,j)y :ZCa’jnJ.
j=0 k>j j=0

When n = 1, this argument shows that 372 C,; = 1 + a. Since 3372, Co
converges, |Cq j|p, = 0 as j — oo.

11.135 Put v, = [Ty, Tpi1,-- > Tnrd—1)7, so that v = vq. According to our
recurrence relation, p1q = a1Tn4d—1 + @2Tnid—2 + - - + aqxy,, and so

0 1 0 ...0 T Tnt1
0 0 1 ... 0 Tn41 Tn42
Avp =10 1 Ttz | = |Tnt3| = v,
0 0 0 ...1 :
aq ag—1 G4—2 -.. 1| |Tnid—1 Tntd

for each nonnegative integer n. Iterating, A"v = A"vg = v,,, and (A"v,e) =
(Vn,€) = zp.

11.136 Computing the determinant by expanding along the first column gives
det(A) = faq. Therefore, A is invertible over any ring in which a;' exists,
such as F,, when p { aq.

11.137 We have

T, = (A"v,e) = (A"(AF)"v, e) = (A"(Id 4+ pB)™v, e)

m

— A i <7;‘)piBiv, e)=>_ <T)pj<ATij,e>-

Jj=0 Jj=0

11.138 Let s(N, K) be the Stirling numbers of the first kind. For each non-
negative integer m, Problem 11.137 gives
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Tkm+r = Z mim ~ 1)(m - 2) U 1))Pj<ArBvae>

j=0 ‘7'
= Z il (Z s(J, f)m€> (A"Blv,e).
j=0 7" \e=0

If we put u;, = 1g§j%s(j,€)me<Arij,e), then [ujel, < Lo<jlf!; - p77 <
1o<;jp?/P=Vp=3 < 1,<;p77/2. Hence, if ey := p~ /2, then |u; |, < exy When-
ever j > N or £ > N. Because ey — 0 as N — oo, Exercise 8.96 allows us to

write

oo 0
Thmar = ZZUJ ZZuM = ngz —s (j,0)(A"Biv,e).

§=0 £=0 £=0 j=0 e’

So if we define
_ = pj T RJ 14
Fp (T) = E E il s(5,0)(A"Biv,e) | T,

then F}, ,(m) converges to T, for every nonnegative integer m. In particular,
Fy, (1) converges, so that the coefficients of T* tend to 0 as ¢ — oco. Thus,
Fy, -(T) is a Strassmann series.

11.139 Let r € {0,1,...,k — 1}. Suppose z,, # 0 for some nonnegative integer
n =7 (mod k). If we write n = km + r, then Fj ,(m) = Tim4r = Tn, # 0.
Therefore, Fy, (T is not the zero series. Since Fy, (T is Strassmann, Exercise
9.116 shows that Fj,, has finitely many zeros in Z,. Consequently, there are
finitely many nonnegative integers m with Fj, ,(m) = 0. Equivalently, there
are finitely many nonnegative integers n = r (mod k) with z,, = 0.

Summarizing: Either x,, vanishes for all nonnegative integers n = r (mod k)
or x,, vanishes for only finitely many nonnegative integers n = r (mod k). The
final claim of the problem (“Hence, ...”) follows immediately.

Remarks.

(i) Imagine you are presented with an integer linear recurrence sequence, specified
by a list of coefficients a1, ...,aq € Z (where aq # 0) and a collection of initial
values xo,...,24—1 € Z. The Skolem problem asks whether z,, = 0 for some
nonnegative integer n. Frustratingly, while we have algorithms to decide this for
any sequence with d < 4 (“algorithm” here meaning a procedure that is proven
to always terminate), no general algorithm is known for d > 5. See [8] for a
discussion.

(ii) The Monthly article [7] of Myerson and Van der Poorten provides a highly
entertaining account of the Skolem—Mahler—Lech theorem, addressing several
aspects not discussed here.
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Extra Exploration 39 (Shapiro [11], Myerson and Van der Poorten
[7]). Let {zn}.>0 be an integer linear recurrence sequence. Call m € Z a repeat
offender (relative to {zy}) if ,, = m for infinitely many nonnegative integers n. Show
that each integer linear recurrence sequence is associated with only finitely many
repeat offenders.

11.140 These are easy to find once you go looking. For instance, let zg = 0,
x1 =1, and set xz, = —x,,_o for all n > 2. Then xz,, = 0 precisely when n is
even.

Here is a more compelling example, yoinked from [7]. Consider the integer
recurrence sequence {z,} satisfying

T, = 6x,_9 — 122, 4 + 8x,_¢ for all n > 6,

with initial conditions zg = 8, 1 =0, 29 =9, 3 =0, x4 = 8, and x5 = 0.
Then z,, = 0 when n is odd, while z,, = (n — 8)22("=%)/2 when n is even.
Hence, z,, =0 <= nis odd or n = 8.

11.141 Yes, the same result holds for recurrence sequences defined over an
arbitrary number field K.

The proof is almost the same as that given for integer recurrences. An obvious
complication is that when K # Q, a general element of K does not carry
a preassigned meaning as an element of Q,. This obstacle is by no means
insurmountable; it is resolved by embedding K into Q,, which we know is
possible for infinitely many primes p (Exercise 10.126). Let’s suppose we have
not just an embedding but an EMBEDDING' (TM), meaning an embedding of
K into Qp, p odd, where (identifying elements of K with their images in Q)
a1y. .50, Toy -, Td—1 € Zp, and ag € Z; . Then it is not hard to convince
yourself that our proof of Skolem’s theorem goes through nearly verbatim.
(Check this!)

We know there are always embeddings, but is there always an EMBEDDING T ?
Yes! Since K embeds into Q,, for infinitely many p, it will suffice to prove the
following lemma.

Lemma. Let K be a number field and let « be a nonzero element of K. There
are only finitely many primes p for which there exists an embedding of K into

Q, with |af, # 1.

(As usual, we abuse notation and identify o with its image in Q,.)

Proof. Let m(T') be the minimal polynomial of a over Q, scaled to have integer
coefficients. Write m(T) = cgT% + cq_1 T4 + -+ ;T + co. If ¢g = 0, then

T divides m(T), and the irreducibility of m(T) over Q forces m(T) to be a
constant multiple of T'. But then o = 0, contrary to hypothesis. So ¢y # 0.
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Assume now that K has been embedded into Q,, where p is a prime not
dividing cqco. We will show that |«|, = 1. Since only finitely many primes
divide cq4co, the lemma follows.

Suppose instead that ||, > 1. Since m(a) = 0, we have cga? = —(cg_10971 +
-+ 4 ¢p). However (keeping in mind that p 1 ¢4),

lcac’], = laly > Jaly™" > max{|ea—1a® ",

d—1

o
g cjo
Jj=0

If |a|, < 1, we argue similarly, exploiting that 1/« is a root of the reciprocal
polynomial Tdm(T_l) =coT?+ ;T4 + - 4 ¢4_1T + ¢4. In this situation,
co(1/a)? = —(c1(1/a)? L + -+ +cqg_1(1/a) + c4), and (keeping in mind that
ptco)

AR ‘Cla|p7 ‘Colp}

>

p

1\¢ K d—1
-t == - > =1 eae
w(z) | =5l =[5 zmextia@/@ e/l
P P P
d—1 1\
=Y ()
Jj=0 P
Again we have a contradiction. |

Remark. Lech has shown that Skolem’s theorem holds for recurrence sequences
defined over arbitrary fields of characteristic 0. Today one usually refers to this
general statement as the Skolem—Mahler—Lech theorem. In this setting the embedding
required to make the proof work is guaranteed by a lemma of Cassels (see [1, Chapter
5]): Let K be a finitely generated extension of Q and let S be a finite set of nonzero
elements of K. For infinitely many primes p, there is an embedding of K into Qp
with the property that |z|, = 1 for all x € S. To prove the Skolem—Mahler—Lech
Theorem, apply this with K = Q(a1, ..., aq,To,...,zi—1) (details left to you!).
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Solutions to Set #12

12.142 We begin with a simple lemma.
Lemma. If z € 1+ p*Z,, where k € Z*, then 2P € 1+ pF*t1Z,.

Proof. Write x = 1+p”*r, where r € Z,. Then 2P = 1+pk+1r+zj22 (?)pjkrj
1 (mod p**1Z,), as desired.

Now we return to the problem at hand. Since a € pZ,, applying the lemma m
times will show (14 a)P” € 1+ p™*1Z,. Hence, |(1+a)?" — 1|, <p~™ !, so
that (1 +a)?” — 1. Therefore, for any n € Z,

(14+a)"=1+a)" lim (1+a)?" = lim (14a)"7".

m—0o0 m— 00
This proves the first equality claimed in the problem.

Whenever n + p™ > 0, we have (1 + a)"*?" = Binom(1 + a;n + p™), by
Exercise 11.134. This explains the second equality.

Write Binom(1 + a;n + p™) — Binom(1 4+ a;n) = 3,5 Ca j((n +p™) —nd).
Then -

[Binom(1 + a;n + p™) — Binom(1 + a;n)lp < max|Cojp|(n +p") =,

< p " max|C, ;
>p j20| a,jlps

which tends to 0 as m — oo. This yields the final equality.

Extra Exploration 40. Let p be an odd prime, and let a € pZ,. You have just
demonstrated one way to extend (1 + a)® from a function of = defined on Z to one
defined on Z,: Set (1 + a)” := Binom(1 + a; z). But there is another approach you
could take to extend the domain of (1+a)” to Z,. Namely, you might define (14 a)®
as the limit of (1 + a)*", where z, is any sequence of integers converging to x in Qp.
This should remind you of how exponentiation of real numbers is defined when the
exponent is irrational.
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Check that this idea works (i.e., leads to a well-defined value of (1+a)®, independent of
the particular sequence z,) but doesn’t give anything new: (1+a)® = Binom(1+a; z),
again. What happens when p = 27

12.143 Put F(T) = >.1", a;-Binom(8;; T') — A. The results of Problems 11.134
and 12.142 imply that F/(T') is a Strassmann series with F'(n) = >_" a;,8'— A
for every n € Z.

Every n € Z satisfying a1 87 + -+ + amfB, = A is a zero of F in Z,. So if
this equation has infinitely many integer solutions, then F' has infinitely many
zeros in Zj,. In that case, F(T) = 0 in Qp[[T]] (by Exercise 9.116). Then
A=Fn)+A=af7+ - +anfy, foralln € Z.

Remark. It is often easy to rule out that > 7" a;3' = A for all n € Z. Let’s
assume, as is natural to do, that no a; = 0.

Suppose to start off that A = 0. If 37" | a;8 = 0 for all n € Z (or even just the
nonnegative n € Z), then we have a formal identity

=5 (Semr) =S Do =3

Multiplying through by []7.,(1 — 8;T) and replacing T' with 1/81 shows that
0=a1 H;.nzz(l — B3/B1). Hence, f1 = B; for some j = 2,3,...,m. That is, the term
B1 is repeated in the list B1,..., Bm. But our setup is symmetric, and so every f;
must appear at least twice in that list. Turning things around, if some (; appears
only once, then we cannot have >_7_ | a;8;* = 0 for all n € Z. For an application, see
the Remark following the solution of Problem 12.150.

Similar reasoning can be apphed when A #0.If 7" a;f' = A for all nonnegative

integers n, we find that = T =3 = 5 . This leads to the conclusion that every

element in the list 1, 51,...,Bm is repeated
12.144 If & = = + yb + 262, then o =z + yb' + 2602 = 2 + ywh + 2w?62, and
o =z +y0" + 20" = z + yw?0 + 2wh?. Hence,

a+a +a" =3r+y0(1 +w+ w?) + 20°(1 + w? + w) = 3z.
Similarly,
a+wid Fwa” = (x4 yh + 20%) + (2w? + yb + 200%) + (zw + Yo + 2w?6%)

=2(1 +w? +w) + 3yh + 26°(1 + w + w?)
= 3y#,

and

(x + y0 + 260%) + (zw + yw?0 + 260°) + (zw? + ywb + 26?)
(1 +w+ w?) +y0(1 + w? + w) + 326°
= 320%

a+ wa + w?a”
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12.145 Suppose |af,|a/| < R. Since «” is the complex conjugate of o/,
we also have |o| < R. By Exercise 12.144, |z| < 1(|a| + |/ + [o]) < R,
Iyl < g7 (la] +w?e/ |+ |wa|) < G, and |2] < g (Ja] +|wd/ |+ |w?a”]) < G-
So there are finitely many possibilities for the integers x, y, and z, and therefore
finitely many possibilities for a = 2 + y8 + 262.

12.146 For all 1,60 €U,

L(e1e2) = (logeie2,2log[(c162)"])
= (logey, 2log |€]]) + (logea, 2log |g5]) = L(e1) + L(es).
So L is a homomorphism. If L(¢e) = 0, then loge = 0, which implies ¢ = 1.
Therefore, ker(L) is trivial and L is injective. Finally, summing the x and y

coordinates of L(e) gives loge + 2log|e’| = log(e|e’|?) = logNe = log 1 = 0. So
the image of L is contained in the subspace = + y = 0.

X0

A
~

g

Figure corresponding to the solution of Problem 12.147.

12.147 We show that if (i) and (iii) both fail, then (ii) must hold. Since (i)
fails, we may choose an xg € G with xy # 0. Let D denote the closed disc
about 0 passing through xo. The set (G \ {0}) N D is nonempty (containing,
for example, xq). Since (iii) fails, this set is also finite. Let g be any element
of (G \ {0}) "D minimizing the Euclidean distance to 0 (among elements of

(G\ {0})ND).
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As g is a nonzero vector belonging to the one-dimensional subspace V :=
{(z,y) : x+y =0} of R%, we have that V = Rg. We leverage this observation
to show that g generates G. (Hence, (ii) holds!) It is enough to show that an
arbitrarily chosen x € G belongs to (g). Since G C V, we may write x = tg,
where ¢t € R. Then {t}g = x — |t|g € G. (Here {t} =t — [t| denotes the
fractional part of ¢.) Since 0 < {t} < 1, the vector {t}g is an element of G
closer to the origin than g. This contradicts the choice of g unless x — |t]g = 0.
But then x = |t|g € (g).

12.148 In view of Problem 12.147, it is enough to show that each closed disc
about 0 intersects L({/) in a finite set.

Let D be the closed disc of radius R centered at 0. Every element of D N L(U)
can be written as L(e) where 1 < & < e and |¢/| < /2. As a consequence of
Problem 12.145, there are only finitely many possibilities for e and hence only
finitely many possibilities for L(e).

12.149 Since §° = D and D is cubefree, 0 < 3v,(0) = v,(D) < 3. Hence,
vp(#) = 0 and |0], = 1. Also, |w|} = [w?], = [1|, = 1,, so that |w|, = 1.
Each of p, p/, p"" € Z[0,w]. Since Z C Z;, and 0,w € Z), we have Z[0, w] C Z,.

Hence, |ulp, |[1']p, [1']p < 1. But |plplplple”[p = 'l = 1], = 1. So it
must be that |ulp, [1']p, [1"]p = 1.

12.150 Fix r € Z. For each m € Z, set E(m) = p"v™ +wp/"v'"™ + w? /",
The equation E(m) = 0 is an equation involving only elements of L and field
operations in L. At present, our attention is fixed on the embedded copy of
L inside Q,, but if E(m) = 0 holds in that copy of L, it holds in the OG*
version of L, which is a subfield of C.

Back in the complex numbers, |p| = g > 1. (Here and below | - | is the usual
complex absolute value.) Moreover, 1 = pu|up”| = p|u'|?, so that |p/| = || =
1/p < 1. Tt follows that |v| = v > 1 while |/| = [v”'| < 1. As a consequence,

o N i i B T R A e S I R A LR
for all large enough positive integers m, and
|E(m)| > [ v™] — |wp V"™ + 0@V > | ™ =10
for all sufficiently large m.

Therefore, if we pick m as a large enough positive integer, then E(m) # 0 (and
this holds whether we are thinking of L as inside C or inside Q). So from
the Strassmann series machinery that we have built up, F(m) = 0 for only
finitely many integers m. (Note that this finiteness does not follow from the

* Original Gauss
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bounds over C that we derived above. Those bounds imply that E(m) =0
for only finitely many positive integers m, but they say nothing useful about
negative integers m.) Finally, letting r range from 0 to p — 1, we see that
W4 wp'™ 4+ w? "™ = 0 for only finitely many n € Z.

Remark. We can shorten the argument using the Remark following the solution
to Problem 12.143. If E(m) = 0 for all m € Z, then each term in the list v,v/, " is
repeated. But, working again in C,

1
B

| =v>1> | =|v

and so v is not repeated.

12.151 Suppose n”+1 has all prime factors from P. Then n®+1 = [] . p*» for
some nonnegative integers v,. Writing each v, = 3e, +1p, where r, € {0,1, 2},

n®+1=(-D)y* for D= Hprp, y:preP.
peEP pEP

Hence, (—n,y) is an integer solution to X* — DY? = 1.

By construction, D € D. If D = 1, then n? and n® + 1 are positive perfect
cubes differing by 1. But the smallest difference between positive perfect cubes
is 23 — 13 = 7. Thus, D € D\ {1}.

By Problem 12.150, each equation X3 — DY3 = 1, with D € D\ {1}, has
finitely many integer solutions. Since #D is finite, we conclude that there are
finitely many n for which n3 4+ 1 has all prime factors from P. To deduce that
the largest prime factor of n® 4+ 1 tends to infinity, choose P as the set of
primes up to an arbitrarily prescribed bound.

Extra Exploration 41. Keep the same assumptions and notation from the proof
of the theorem. In this exercise, you will show that for each nonzero integer k, the
equation z® — Dy® = k has finitely many integer solutions x,y. Equivalently, there
are finitely many pairs of integers x,y with N(z — y0) = k.

(a) Show that the ring Z[0]/kZ[6] is finite, and that in fact #Z[0]/kZ[0] = |k|3,.

(b) Prove that if k € Z[¢] has Nk = k, then xZ[0] O kZ[0]. Deduce from (a) that
there are finitely many possibilities for k, up to associates.

(c) Suppose k € Z[f] has Nk = k. Prove that there are finitely many u € U (same
meaning as above — positive units in Z[0]) for which ux has the form x — y@ for
some z,y € Z. Conclude!

Extra Exploration 42 (continuation). Fix a finite set of primes P and a
nonzero integer d. Show that there are finitely many n € Z such that both n and
n + d have all of their prime factors belonging to P.
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Remark. As stated on Set #12, Delaunay and Nagell showed that z* — Dy® =1
has at most one integer solution with y # 0. It was discovered by Skolem [2] that
their theorem can be established by p-adic methods. Skolem’s proof uses arithmetic
in extensions of Qg; a more elementary p-adic proof can be found in lecture notes of
Ljunggren [1].

References
1. W. Ljunggren, Diophantine equations: a p-adic approach. Notes by R. R. Laxton
from a 1968 lecture course at the University of Nottingham.

2. T. Skolem, Anvendelse av 3-adisk analyse og »bikropper “ til bevis for noen satser
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Solutions to Set #13

. . -1
13.152 When p — 1 | k, every term in the sum is 1, and > ' _jw(u)* =p—1=
L—1k(p —1).

Now suppose that p — 1 1 k. Recall that every finite subgroup of the multi-
plicative group of a field is cyclic. Thus, we may choose a generator ( for the
group pip—1 = {w(l),...,w(p — 1)} of (p — 1)th roots of unity in Q,. Since
¢P=DF =1 and ¢* # 1,

p—1 p—1 4 p—1
w(u)* =Y () = (¢
u=1 j=1 j=1
_ =Dk
= (R e () — e 0,

which agrees with 1,,_;x(p — 1) in this case.

13.153 By Faulhaber’s formula and Exercise 13.152,

p—1

1klp—1)= Z(U +pd(u))”

Zi k p—1
= Zu’“r Z <j>pj2uka9(u)j
u=1 0<5<k u=1

k j+1 AN : :
= Bip + Z < ,>Bk_j2.j+ 1 + Z ( ,>pj Ukijﬁ(u)j.
J J 0<<k J =l

0<j<k
Shifting 1,_1x(p — 1) to the right-hand side and dividing by pk,
Bt S N CAV I 3 1k pj,lpiuk,w(u)j ~0
~ k\j/) T7i+1 —~ k\J - '
0<j<k 0<j<k u=1
This becomes the relation claimed in the problem statement after the substi-

tution (/;) = %(’j:i)
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13.154 Suppose the claim is false and let k be the smallest positive integer
with 8y ¢ Z,. We will derive a contradiction from the relation

Bt Y ( ) kﬂ’j(jpjrl)JrZ (31)

0<j<k 0<j<k

1 p-1

Z qug J_O(*)

established in Problem 13.153.

Let j be an integer in the range 0 < j < k. We argue below that the jth term
in both of the above sums is p-adically integral. It is then immediate from (*)
that By, € Z,, contrary to our choice of k.

We start with the first of the two sums. Observe that

, (j(fﬂ)) (D) 2 — (G + 1Y

b e

= > (.
—1777 5 =0

> 5 —
Hence, p’/j(j + 1) € pZ,. Since (’;j) € Z, to complete the proof that
(ljj) By—jp’/§(j+1) € Zy, it is enough to establish that pBy_; € Z,. But this
follows from our choice of k: If 0 < j < k, then k —j is a positive integer smaller
than k, so that 8y ; € Z,. Hence, pBy_j—1,_1,—;(p—1) = p(k—J)Br—; € pZyp,
and pBy_; € Z,. If j = k, then pBj_; = pBy = p, which is also in Z,,.

The second sum is easier. There it is clear that the jth term lies in Z, as
long as p’~1/j is p-adically integral. Integrality is obvious when j = 1. When
-1
j > 2, we can argue as follows vp(—) =j—1-v,(j) >j—1-v,(4!) >
j—1—--45>j—1-7 > 0. (This argument actually shows a bit more: If

j>2, thenpf /i EpZ )

Remark. Note that k8, = By — 1”71‘+@ = Br+ % —1,_ 1% Thus, Br € Z,

implies By + H’_Tl"“ € Z,, recovering the result of Exercise 8.99.

13.155 Let p > 5 and let k € 2Z™. We refine the analysis appearing in the
solution to Problem 13.154. Label the two sums in (*) as >, and ) _,.

We will show that the jth term of », lies in pZ, whenever 0 < j < k and that
the jth term of )", belongs to pZ whenever 1 < j < k. Taking (*) modulo

pZy,, we deduce that 8y, + S°P21 b ~19(u) € pZ,, as required.

For the second sum there is almost nothlng to do. We noted at the end of
the solution to Problem 13.154 that = € pZ, once j > 2. (There we only
needed p > 3.) As the other factors in the terms of ), are p-adic integers, our
claim for >, follows.
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Since k is even, the only odd mteger j which contrlbutes to 21 isj=k—1.
For this j, we have (] 1)Bk ]](ﬁ_l) = (k- 1)31 k(k 1) 2 . We already

observed that 25— € pZ,, while clearly —% € Z,, (p is odd). Hence, the term
of >, correspondlng to j = k — 1 belongs to pZ,. Suppose now that j is even
and 0 < j < k. If 0 < j <k, the p-integrality of Sr_; established in Problem
13.154 implies that

pBr_j =p(k —J)Br—j + 1p—1jp—j(p — 1) € Z,,.

If j =k, then pBy_; = pBo = p, and this also belongs to Z,. Thus, it will

suffice to show that € pZ,. This follows upon observing that

—1
J( +1)

pj1> . . . ‘
p(j(J+1) J p(J(+1) > p((G+ 1))
1 1
J_l_i>j_1_i>0
p—1 4

keeping in mind for the last step that j > 2.
13.156 We are assuming that p — 1 does not divide the even integer k, so

that p > 5. Since k and &’ are congruent mod p — 1, the integer &’ is also not
divisible by p — 1. By Problem 13.155,

B
il Zuk Y9(u) (mod pZ,),

Bk/ =B = — iukl*lﬁ(u) (mod pZ,).

Suppose without loss of generality that &’ > k and write ¥’ = k+(p—1)g. Then
ul =t = k= 1y (P9 = yF=1 (mod pZ,), by Fermat’s little theorem. (To apply
Fermat, we identify Z,/pZ, with Z/p, invoking Problem 5.62.) Substituting

above, Bt = i’i' (mod pZ,).

Remark. Call an odd prime p regular if p does not divide the numerator of any of
B, By, ..., Bp—3. In the middle of the 19th century, Kummer showed that Fermat’s
last theorem for the exponent p holds for all regular primes p. That is, if p is a
regular prime, then z” 4+ y” = 2P has no solutions in integers z,y, z with zyz # 0
(see the books of Ribenboim [8] and Washington [12] for accounts of this work).

All primes smaller than 37 are regular, while 37 is not: Bss = —37 - W

Via Kummer’s congruence (the result of Problem 13.156), it is possible to show that
there are infinitely many irregular primes (odd primes that are not regular). We
sketch an argument for this due to Carlitz [2], which nicely illustrates how the facts
we have built up about Bernoulli numbers can be put to use.
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Looking at the Remark following the solution to Problem 4.44, we see that |Bam|co
tends to infinity faster than any power of m. In particular, as we will use momentarily,
|B2m | > 1 for all large values of m.

Let p1,...,pr be any finite list of irregular primes, and let
N =2lem[pi — 1,...,pr — 1].

We let k run over the positive multiples of N and consider the ratios By /k. From the
last paragraph, we can choose k with |By/k|o > 1. Then there is a prime p dividing
the numerator of By /k. Since p; — 1 divides k for each ¢ = 1,2,...,r, each of our
primes p; appears in the denominator of By, and so also in the denominator of By /k
(by the Clausen—von Staudt theorem, Exercise 8.101). Thus, p is not any of p1, ..., p,.
A similar argument shows that p — 1 does not divide k (note that this implies p # 2).
If we let k' denote the reduction of k modulo p — 1, then k' € {2,4,6,...,p— 3}, and
by Kummer’s congruence,

Bk/ Bk

K’ k
Therefore, p divides the numerator of By, implying that p is an irregular prime not
on our initial list. At this point in the proof FEuclid is smiling down from heaven.

=0 (mod pZp).

From the perspective of progress towards Fermat’s Last Theorem, it would certainly
be more encouraging to know that there are infinitely many regular primes. Unfor-
tunately, this question remains wide open! Of course, the urgency of the problem
has diminished somewhat in the wake of the full proof of Fermat’s Last Theorem by
Wiles and Taylor—Wiles.”

13.157 Let p > 5 be prime, and let k = p(p?®) — 1.

The group (Z,/p*Z,)* can be identified with (Z/p®)*, which has order ¢(p?).
Hence, each z € Z satisfies 2#@") =1 (mod p*Z,), and z¥ = L (mod p?Z,).
Therefore, working in Z, modulo p*Z,,

p—1 -1 2 i+1

1 D k P’
H,_ :E}; k— kB, § B ——.
& :1n g k1t (J) SR F S

2<j<k
In this last expression, the term pBj has been dropped from Faulhaber’s
formula, which is harmless as k is odd and larger than 1.

p

n

Continuing, we argue that every term of the sum on j belongs to p*>Z,. Suppose
j > 3. Since pBj_; € Z, (as follows from Problem 8.99 or 13.154),

X o ) B
o ((j)B’”fJH> — ((j)pB’”jpjﬂ> SR A
> >

* The story of which is gloriously recounted in Joshua Rosenblum and Joanne Sydney
Lessner’s 2000 musical Fermat’s Last Tango.
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This shows that each term with 7 > 3 belongs to p3Zp. The remaining term,
corresponding to j = 2, is (g)Bk,Q%. Ask—2=p—4#£0 (mod p—1), we
have that By_ € Z,. Hence, (S)Bk,Q% S p3Zp.

Collecting our results so far, H,_1 = kéBk,l (mod p*Z,). Kummer, as
incarnated in Problem 13.156, now steps in to tell us that

By 1 _ By3
= — d pZ,).
o1 p—3 (modpZy)
Therefore,
B, 5 2
By1=k-1))2==ZB_ d pZ
k-1 = ( )p—3 37p—3 (mod pZy,),
and
2 2 2

P r

Hyr = kB = ko B, g = 2B, s (modp’zZ,).

3

From this last congruence for H,_;, we have H,_; € p3Zp = Bp_3 € pZ,.
This equivalence is the concluding assertion of the problem statement.

Remark. This problem brings to a close our study of the Bernoulli numbers. For
everything you ever wanted to know about this subject but were afraid to ask, see
Chapter 15 in the book of Ireland and Rosen [6], Chapter 9 in Cohen’s volume [4], and
the recent book [1] by T. Arakawa, T. Ibukiyama, and M. Kaneko. A bibliography
with &~ 3000 books and papers related to Bernoulli numbers has been compiled by
Karl Dilcher, Ladislav Skula, and Ilja Sh. Slavutskii [5].

13.158 Since F(r) =0, we have F(z) = F(z) — F(r) = 3,5, ax(z® —rF) =
k=1 i k—1—j -
> k>0 ak(T =) Zj:é alrk=1-7,
Let ug,; = Lo<j<k capx?rF19 I we put ey = maxp>n |anlp, then
luk jlp < lo<j<klarlp < en whenever j > N or k> N.

Moreover, ey — 0 (as F' is a Strassmann series). So by Exercises 8.95 and 8.96,
Dok 2 Uk, and 30537, uk; both converge, and to the same value. Hence,

F(z) = (x—r)ZZuk,j = (:U—r)ZZuk}j
kg ik
= (z —T)ijZakrk_l_j.

j20  k>j

Here the final sum on k is exactly what we called b;. Therefore, if we set
G(T) =350 b;T7, we have shown that G(z) converges for all z € Z, (i.e.,
G(T) is Strassmann) and that F(z) = (z — r)G(x) for all such x.
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Now we suppose that the Strassmann degree K of F(T) is at least 1 and prove
that the Strassmann degree of G(T') is K — 1. If j < K — 1, then

1< k=1-J| < = .
1bjlp < II?E;(MW lp < m]?X laklp = lak|p

When j = K — 1,

ar + g akrk_K
k>K

b —1lp =

p

This last sum on k satisfies

E—K k—K
E <m <m .
KT ‘ - k>al)(<|ak7’ |p - k>a1}(( ‘ak|p < ‘aK|p
k>K p

So by survival of the greatest, |bx_1|, = |ax|p. Finally, when j > K,

bjl, < max|apr* 17|, < max|ag|, < |ax|p

|J|p—k>K|k |p—k>K‘k‘p ‘K|p

Hence, the maximum value of |bj|, is |ax|p, and this maximum is attained for
the last time at j = K — 1. Therefore, G(T') has Strassmann degree K — 1.

Extra Exploration 43. Recall our notation Q,(T') for the ring of Strassmann
series. Problem 13.158 establishes a version of the Root-Factor theorem for Strass-
mann series viewed as functions on Z,. Show that the Root-Factor theorem is also
valid at the level of formal power series. More precisely, show that if » € Z,, is a root
of F(T) € Qup(T), then F(T) = (T — r)G(T), where G(T) € Q,(T) is the power
series constructed in the preceding solution.

Extra Exploration 44.

(a) Prove that if F'(T),G(T) are nonzero elements of Q,(T'), then the Strassmann
degree of F'G is the sum of the Strassmann degrees of F' and G.

(b) Show that if X(T") is a Strassmann series with all coefficients from Z,, then
1+ pT - X(T) is a unit in Q,(T), with inverse 1 — pT - X (T) + p°T? - X (T)? —

p3T3 - X(T)% + ..., for an appropriate interpretation of the infinite series.
(c) Establish that the units in Q,(T) are precisely the elements of Strassmann
degree 0.

13.159 Suppose to start off that F(T) =", -, a,T" has Strassmann degree
K = 0. Then |ag|, > |ak|, for every k > 1. Hence, for every x € Z,,, we have
[ k1 arx®|, < maxy>1 |agl, < |aol, and

ap + Z ak:ﬂk

k>1

[E (@)l = > 0.

P

E akxk

k>1

> |a0|p -
p

Therefore, F' has no zeros in Z,, (and no zeros is “at most K = 0 zeros”),
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Assuming the general claim fails, choose a counterexample F(T') whose Strass-
mann degree K is as small as possible. Then K > 1. By assumption, F' has
more than K distinct zeros in Z,; pick one of these and call it . By Exercise
13.158, we can find a Strassmann series G(T) of Strassmann degree K — 1
with F(z) = (x —r)G(z) for all x € Z,,. As K — 1 < K, we know that G has
at most K — 1 distinct zeros in Z,,. But each zero of F, other than (possibly)
r, is a zero of G. Thus, there are at most 1 + (K — 1) = K zeros of F in Z,,
contradicting the choice of F(T).

Remark. It is enlightening to view Strassmann’s theorem through the lens of
the Weierstrass preparation theorem for Q,: Every Strassmann series F(T) with
Strassmann degree K admits a factorization F(T) = U(T)V(T') where U(T) € Qp[T]
is polynomial whose degree and Strassmann degree are both K and V(T) =1 +p‘7(T)
for a Strassmann series V(T) € Z,[[T]]. You might try to prove this theorem yourself
by imitating our second solution to Problem 11.133. If you get stuck, look at [7,
pp. 54-55] or [9, pp. 166-167].

Suppose we have factored F(T) = U(T)V(T) as in the Weierstrass preparation
theorem. Then V(z) € 1+ pZ, for all x € Z,; in particular, V(z) # 0. Since
F(z) =U(z)V(z) for all z € Z,, we deduce that F' and U have the same zeros in
Z,. But U, as a polynomial of degree K, has at most K zeros in Q,, and a fortiori
at most K zeros in Z,.” Thus, the Weierstrass preparation theorem can be viewed
as “explaining” Strassmann’s theorem. This reasoning is very close to Strassmann’s
original proof; the Weierstrass preparation theorem as stated here follows from the
assertions “17, “1”” and “3” appearing on page 21 of [11].

13.160 Referring back to Set #11, for each A € pZ, the constant term Cjy o
of Binom(1 + A, T) is

AF A©
Cao =Y s(k,0) 755 = s(0,0) 5 = 1.

k>0
Therefore, the constant term of
F.+(T) = o"Binom(1 + a;T) — 8" Binom(1 + b;T) F (o — )
is a” — 8" F (a — B). This vanishes precisely when a;:gr = =+1. Inspecting the
table on Set #3, we see that when 0 < r < 9, we have % = =41 if and only
if (T7 :I:) € {(17 +)7 (2a +)v (35 _)a (57 _)}

For all other values of (r,£) one computes directly (see the tables at the top
of this page) that F,. 1(0) is an 11-adic unit.

Actually, each of its Qp-zeros is a Z,-zero. Since U has the same degree as Strass-
mann degree, scaling by an appropriate power of p turns U into a polynomial
with Z,-coefficients and leading coefficient a p-adic unit. Each Qp-root of such a
polynomial belongs to Z,. Cf. the proof of the Lemma in the solution to Problem
11.141.
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Constant terms of F, 4 (T') modulo 11Zy;.

Now let j > 1. The T7-coefficient of F, 4 (T) is given by

) ra’k Tbk
O[TCa,j - BTbej = Zs(kvj) (Oé ﬁ - ﬂ k") .

k>j

For each k > j, we have vi1(a*/k!),v11 (¥ /K1) > k—viy (k) > k— £ = 0.9k >

0.95. Therefore,
) rak rbk
8(k7.7) (a ﬁ - B k') "

In particular, every nonconstant coefficient of F,. 1 (T') has 11-adic absolute
value less than 1.

|arCa7j - Brcb,jhl < I’{:l>aX < 11—0.9]'.
)

We conclude that, apart from the four specified values of (r,£), the series
F, . (T) has constant term an 11-adic unit and all other terms belonging to
11Z4;. Hence, F,. 4 (T') has Strassmann degree 0 and no zeros in Z,, (by Exercise
13.159).

13.161 The T-coefficient of F,. 4 (T) is
a* bk
a"Con —B"Cp1 = Zs(k, 1) <Ofk! - Tk:!) )
k>1

Reasoning as in the solution to Problem 13.160, the terms of the right-hand
sum with £ > 2 make a contribution bounded in 11-adic absolute value by
117992 and hence also bounded by 112 (since no absolute value is strictly
between 117! and 1172). Keeping in mind that s(1,1) = 1, we conclude that

a'Cyu1—B"Chap=a"a— "0 (mod 112Z11). (*)
Plugging our approximations of « and a into (*), we find that the T-coefficient

of Fj 4 is =4-11 (mod 11?°Z;),
of Fp 4 is =8-11 (mod 11?°Z;),
of F5_is =0 (mod 112Z11)7 and
of F5_is =6-11 (mod 11°Zy;).
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So the T-coefficients are divisible by 11 but not 112 for (r,£) = (1,+), (2, +),
and (5, —).

Let’s take stock of what we’ve shown in this exercise and the last. If (r, £)
is any of (1,4),(2,+), (5, —), then the constant term of F,. 1 (T) is 0. The T-
coefficient has 11-adic absolute value 1171, And the T7 coefficient has 11-adic
absolute value at most 117992 < 1171, for each j > 2. It follows that F,. . (T)
has Strassmann degree 1.

13.162 We saw already in the solution to Problem 13.161 that F3 _(T') has
T-coefficient divisible by 112.

The T?-coefficient of F3 (T is given by

3 3 3 a” 3 bk
a*Cop— B2Cha = s(k,2) (a 5B k,) :
k>2
Here the terms of the right-hand sum corresponding to k£ > 3 make a contribu-
tion bounded in 11-adic absolute value by 11793 and hence also by 1173.
Since 5(2,2) = 1 (s(2,2) is the coefficient of T2 in T(T — 1)),
2

b2
aSC’a,z — 33017,2 = o3 535 (mod 113Z;).

5 -
Working with the right-hand side, we find that

a?Cuo — 32Cho =8-117  (mod 11°Zy,).
Hence, the T?-coefficient of F3 _(T) is divisible by 11% but not 113.

For every j > 3, the TV coefficient of F3 (T is bounded in absolute value by
117093 <1172,

Summing up: F3 _(T) has vanishing constant term, T-coefficient bounded
in absolute value by 1172, T?-coefficient with absolute value equal to 1172,
and T7 coefficients with absolute value strictly smaller than 1172 for j > 3.
Therefore, F5 _(T) has Strassmann degree 2.

13.163 If a::gn = =£1, then F, +(n) = 0, where r is the remainder when n is

divided by 10. In Exercise 13.160, we found that F, 4 has no zeros in Z, (let
alone in Z!) except possibly if (r, £) € {(1,+),(2,+),(3,—),(5,—)}.

In Exercise 13.161, we showed that F,. +(T') has Strassmann degree 1 for each of
(r,£) =(1,4), (2,+), and (5, —). By Strassmann’s Theorem (Exercise 13.159),
each corresponding series F). 4 (7') has at most one zero in Z,. Similarly, the
result of Exercise 13.162 shows that F3 _(T') has at most 2 zeros in Z,,.

Consequently, there are at most 1 + 1 4+ 1 4+ 2 = 5 integers n for which
"B — 4+1. We know five such integers already: n = 1,2,3,5,13. (See the

a=p

table on Set #3.) Thus, there can be no others.
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Extra Exploration 45 (Skolem, Chowla, and Lewis [10]). Prove that
each integer appears at most three times in the sequence {O‘Z%gn}nzo (for the same
a, B as above).

Extra Exploration 46 (Cohen and Ljunggren [3]). Find all integer solu-
tions to x? 4 11 = 3™.

Extra Exploration 47. What are all of the positive integer solutions to 22% 41 =
37 Equivalently: Which squares have ternary expansions consisting entirely of the
digit 17
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Symbols

1¢, indicator function of C' 32
Bi.  see Bernoulli numbers
H, see harmonic number
Sk(n), sum of kth powers of first n
nonnegative integers 15
see also Faulhaber’s formula
Binom(1 + a;T) see Strassmann series
representing (14 a)”
Qp, field of p-adic numbers
base p expansions of elements 29,
100
convergence of series 31,105
element has eventually periodic base p

expansion iff rational 16,29, 78,
100
has Q as a dense subset 27,97

introduction and basic properties 24

is complete 27,97

structure of Q,° 134

structure of Q¢ /(Qy)* 33,114
Q,(T), ring of Strassmann series (Tate

algebra) 119
(Z/p)* is cyclic, proof using Teichmiiller
lift 111

Z[V/D), arithmetic of 45, 142

Z,4, ring of g-adic integers
decomposition as [],, Z, 20,86
example of Z1o 34,117,128

Z,, ring of p-adic integers
base p expansions of elements
has Z as a dense subset 27,97
Hensel’s definition 89
introduction and basic properties 19,

83

is compact

28,99

25,93

structure of Z,; 134
structure of Z, /(Z))* 33,114

Z ), ring of p-integral rationals
84

8, 62,

exp, see p-adic exponential
log, see p-adic logarithm
w(u) see Teichmiiller representatives

s(N, K), Stirling numbers of the first
kind 43

vp(n) see p-adic valuation

||, familiar (Archimedean) abs. value
4

|z[, see p-adic absolute value

z® — Dy® = 1, finiteness of solutions
49,144

x> — Dy = k, finiteness of solutions
145

A

absolute value
p-adic 3,24
Archimedean 4
classification of all abs. values on
Fo(T) 81
classification of all abs. values on Q
(Ostrowski’s theorem) 17,80
definition 3
equivalence 17,80
non-Archimedean 4
4,58
product formula on Q 4,58
survival of the greatest 4
trivial absolute value 3
Archimedean absolute value 4

of factorials
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B

Bernoulli numbers
Adams’ theorem 51,148
alternate in sign 16, 76
associated characterization of Wilson

primes 35,120
associated congruence for H,_1 52,
150

Clausen—von Staudt theorem 32,109

definition 15

distribution of denominators 109

Faulhaber’s formula 16, 75, 108, 120,
147

in terms of {-values 77

Kummer’s congruence

vanish for odd indices > 1

51,149
16,76

C

canonical expansions of elements of Q,
29,100

Cantor—Schroder—Bernstein theorem
87

Cauchy sequence 23,91

Clausen—von Staudt theorem 32,109

completeness of a valued field 27

completion of a valued field 28

is unique 28,98

convergence of infinite product 105

convergence of infinite series 12, 31, 68,
105

convergence of sequences see limits
(sequential)

cubic Pellian equation 49, 144

D

discs, open and closed 7,61

E

equivalent absolute values 17,80

exponential function, on Q, see p-adic

exponential
F

Faulhaber’s formula 16, 75, 108, 120,

147

Fermat’s last theorem 149

H

harmonic number 5,17, 52,59, 81, 150

Hensel’s lemma 38, 125, 126
1
irregular prime 149

L

La Cara de la Guerra 20

Legendre’s formula for vp(n!) 58

limits (sequential) 11,16, 67,79

Liouville’s approximation theorem in Z,
34,115

logarithm, on Q, see p-adic logarithm

M

method of successive approximation
29, 33,101,113, 131
Monsky’s theorem 21, 88

N

Newton’s method 38,125
non-Archimedean absolute value 4

(0]

Ostrowski’s theorem 17,80

P

p-adic
absolute value
valuation 3,24
p-adic exponential 134
p-adic integer see Z,, ring of p-adic
integers
p-adic logarithm
definition and convergence on 1 + pZ,
41,129
proof of additivity 130
sets up isomorphism between 1 + pZ,

3,24

and pZ, 134
p-adic number see Qp, field of p-adic
numbers

p-integral rational number see Z(,,
ring of p-integral rationals
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primes in arithmetic progressions 9,65
product formula for absolute values on

Q 4,58
R

Ramanujan—Nagell equation 13,52, 72,
155
regular prime 149
respectable mathematician 11
non-example, see bottom of 32
restricted power series see Strassmann

series
S

sadness in our hearts 27
simultaneous approximation 58
Skolem—Mahler—Lech theorem 44,136
Strassmann degree 52
Strassmann series
definition 34
form a subring of Q,[[T]] 119
if nonzero has finitely many zeros in
Z, 35,120
number of zeros bounded by
Strassmann degree 52,152
representing (1 +a)™ 43,45, 134, 141
representing terms of a linear
recurrence 44,135

Strassmann degree of 52
Strassmann’s theorem 52,152
strictly convergent power series see
Strassmann series
strong triangle inequality 4
extension to infinite series in Q, 31,
105
survival of the greatest 4

T

Taylor’s formula 38,125

Teichmiiller representatives
110, 121, 147

trivial absolute value 3

32,35, 51,

A%
valued field 3
w

Weierstrass preparation theorem for Q)
134,153

Wieferich prime 8

Wilson prime 35

Wilson’s theorem 25,94, 101

Wolstenholme prime 52

Wolstenholme’s theorem 5, 59
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