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1 Too Many Distributions (And Its related Quantities)

1.1 Normal Distribution and Friends

Definition 1.1. (Normal Distribution) We define the normal distribution to be:

Nalp.o®) = —— exp <_<962—0u>>

Definition 1.2. (Cumulative Normal Distribution) We define CDF of normal distribution as:

N(x<ylu,02):q><x_“) ;{1+ f(mfﬂ where  erf(x f/ exp(—t?) dt

a

Definition 1.3. (Multinomial Cell Probabilities) We consider X3, ..., X,, the counts in cells 1,...,m
follows multinomial distribution with total count of n and cell probabilities py, ..., p, as we have:

p(Xla"'ﬂXm|p1””7pm Hz 1X'le

The marginal distribution of each X; that is binomial (n,p;), and the joint frequency function isn’t product
of marignal frequency function.

1.2 Statistical Properties

Definition 1.4. (Mean/Variance) Mean and Variance of a random variable x are defined as:

o) = [ fa@p(@) do var(s) = (e - Ela]?)

Definition 1.5. (Covariance/Correlation Coefficient) Covariance and Correlation coefficient between
2 variables are defined as:

cov(z,y) = E[(z — Elz — _ cov(z,y)
(z,y) = El(z - E[z])(y —E[y)]  p RO

Theorem 1.1. (Markov’s Inequality) If X is a random variable with P(X > 0) = 1 and for which E[X]
exists then:
E[X]

P(X > 1)< ==

Proof. Consider the expectation:



All the terms in the integral are non-negative because X takes only non-negative value, and so:
E[X] > / xp(X) dx
>t
> / tp(x) =tP(X >t)
>t

O

Theorem 1.2. (Chebyshev’s Inequality) Let X be a random variable with mean u and o. Then for any

t>0: )

o
PUX —pl>t) < o
Proof. We let Y = (X — p)2. Then E[Y] = 02 and this result follows from Markov inequality to Y. O

Theorem 1.3. (Law of Large Number) Let X1, Xs,..., Xi,... be sequence of independent random vari-
ables with E[X;] = p and var(X;) = 0%. Let X, = 1/nY_;_, X;. Then for any e > 0:

P(| X, —p|>e) =0 as n — 0o

Proof. Let’s find the E[X,,] and var(X,,), and since X; are independent
_ 1 . 1
EX, =—-) EXi]=pn  var(Xy,) == Z —

This follows from Chebyshev’s inequality, which is:

var(X,) o2

]P’(|Xn*/l,|>€)§ 5‘2 :@HO
as n — o0o. Thus the thoerem is proven. O
Definition 1.6. (Convergence of Distribution Function) Let X7, Xs,... be a sequence of random

variable with CDF Fy, F5, ... and let X be random variable with distribution F'. We say that X,, converge
to X if:
lim F,(X)=F(X)

n—oo

at every point at which F' is continuous.

Theorem 1.4. (Continuiy Theorem) Let F,, be a sequence of CDF with the corresponding momement
generating function M,,. Let F be a CDF with momement-generating funcion M. If M, (t) — M(t) for all
t in an open interval containing zero, then F,(x) — F(x) at all continuity points of F.

Theorem 1.5. (Central Limit Theorem) Let X1, Xo,... be a sequence of independent random variable
having mean 0 and variance o and the common distribution function F and momement-generating function
M defined in a neighborhood of zero. Let:

Then, we have:

hm]P’<S < ):(I)(CL’) —oo <z <00
n—o0 o\/n



Proof. Let Z, = Sp/(cy/n). We will show that the mgf of Z,, tends to the mgf of the standard normal
distribution. Since S,, is the sum of independent random variable:

.= aor e = [ (1))

Consider tthe Taylor series expansion about zero, as we have:

M(s) = M(0) + sM'(0) + %SZM"(O) e,

Please note that e,/s*> — 0 as s — 0. Since E[X] = 0,M’(0) = 0 and M"(0) = ¢%. As n — oo, and

t/(oy/n) = 0 and:
(L 14 g2z (1 2+5
— ) = —oi0t | —= "
ovn 2 ov/n

Please note that &, /(t?/(no?)) — 0 as n — oo, and we have:

12 "
My (t) = <1 +o-+ sn)

It can be shown that if a,, — a, then we have:

lim (1 + %’)n = exp(a)

n—oo

From this result it follows that:

My, (t) = exp(t?/2) as n— oo

n

And, so exp(t?/2) is the mgf of the standard normal distribution, as we have shown. O

1.3 Quantities

Definition 1.7. (Sample Mean and Sample Variance) Let X1, ..., X,, be independent N (11, %) random

variable. We refer to them as sample, and we denote sample mean X and sample variance S? to be:

We have E[X] = y and var(X) = ¢2/n.

Theorem 1.6. The random variable X and the vector of random variables (X1 - X, Xo—X,..., X, — X')
are independent. And so, X and S are independently distributed.

Proof. The proof will be based on momement-generating function:
M(s,t1,... 1) = ]E{ exp [SX P (X = X) et (X — X)}}

We observe that since: .
i=1 i=1

Then, we have:
n

sX+ ) (X —X)=> [% + (t; —E)] X; = iaiXi

i=1 i=1



where we have a; = s/n + (¢; — t). Furthermore, we observe that:

n n 2 n
Z%‘:S Zasz—FZ(ti—ﬂQ
i=1 i=1 i=1

Now, we have M(s,t1,...,t,) = Mx,, . x,(a1,...,a,). Since X; are independent normal random variable,

we have:
n

n 2
M(s,t1,...,ty) = HMXl.(a,») = Hexp (,uai + 2@?)
i=1

i=1

n 2 n
= exp (MZQiJFUQZa?)
i=1 i=1
o [ s? 02 9
s+ = (n) +7Z(ti_7§)

i=1

B a? 02 9
= exp us—}—%s exp 72(&—5)

=1

= exp

We can see that the first factor is mgf of X. Since the mgf of the vector (X; — X,..., X,, — X) can be
obtained by setting s = 0 in M, the factor is this mgf. Thus the prove is shown. O

1.4 Distribution from Normal Distribution
Definition 1.8. (x?-Distribution)

e If 7 is a standard normal random variable, the distribution of U = Z2 is called the chi-square distri-
bution with 1 degree of freedom.

o If Uy,Us,...,U, are independent 1 degree of freedom, the distribution of V.=U; + Uy + --- + U, is
called y2-distribution with n degrees of freedom and it is denoted by x2.

We can see that the x2-square n-degree of is gamma distribution with a = n/2 and A\ = 1/2, so pdf is:

1

— (n/2)—1 —v/2
2T/ exp(—v/2)

p(v)
for v > 0, and so E[V] = n and var(V) = 2n. Finally, it is clear that if U ~ x2 and V ~ x2,, then we have

Definition 1.9. (T-Distribution) If Z ~ A(0,1) and U ~ x2 and Z and U are independent, then the
distribution of Z/1/U/n is called the t-distribution with n degrees of freedom. The density function of the
t distribution with n degrees of freedom is:
T 1)/92 2 —(n+1)/2
(ESEYONS
n

PO = ta/a)

It is clear that f(t) = f(—t), and so it is symmetric about zero. As the number of degree of freedom
appraoches oo the t-distribution tends to standard normal distribution.

Definition 1.10. (F-Distribution) Let U and V be independent x2-distribution with m and n degrees of

freedom. The distribution of:
_U/m

- Vn
is called F-distribution with m and n degrees of freedom, and is denoted by F,, ,,, where its pdf is:

o) = raingy () (1 )



One can show that, for n > 2 as E[W] exists and equal n/(n — 2). Finally, from the definition of ¢,, random
variable follows an F} ,, distribution.

Theorem 1.7. The distribution of (n — 1)S%/0? is x2_, -distribution

Proof. Please note that:
1 & LAY A
7 X7, _ 2 _ 1 ~ V2
A =3 (R )~
And, note that:
1
o?

S0 = = 5 DI~ X) + (X - w)?

-0 ()

Note that Z?Zl(Xi — X) = 0. Now this relation is like W = U + V, as U and V are independent, we have
My (t) = My (t) My (t) as both W and V are y2-distribution, we have:

_ —n/2
M) = S = (o = 0 -2

The last expression is the mgf of a random variable with a x2_; distribution. O

Corollary 1.1. We can show that: ~
X—p
<7 = "~ e
S/vn
Proof. We can show that it is equivalent to the following ratio:
X—p
X—u  o/yn
S/vn /5?2 ]o?

The latter ratio is NV'(0, 1) and the square root of x2_; distribution. And so from the definition is ¢,,_1. O

2 Estimation of Parameters

2.1 Method of Moments

Remark 1. Given the set of data Xi,..., X, sampled from a known distribution family but unknown pa-
rameter P(x|6), we would like to this parameter.

Definition 2.1. (Moments) The k-th moment of probability is defined as 1 = E[X*], where X is random
variable following distribution. The sample moment is:

N
,Ufk:;;Xik

Definition 2.2. (Method of Moments) The method of moments estimates parameters by finding ex-
pression for them in terms of lowest possible order moments and substituting sample moments into the
expression. Suppose there are 2 parameters, which can be expressed in terms of 2 moments as:

01 = fi(pi,p2) 02 = folpr, p2)

Then method moments simply substitute the sample moment of the functions getting the parameter él, fs.



Definition 2.3. (Sampling Distribution/Standard Error) It is natural question to aks to the distri-
bution of the estimate, which is called sampling distribution, or the approximation to that distribution. The
standard error is the standard deviation of sampling distribution.

Example 2.1. We will consider the use of method of moments in 3 difference kinds of distribution:

e Poisson Distribution: This is simple as A = E[X], so the parameter is set to:
s — 1
A=X=-3"X;

To consider the sampling distribution, we have:

(nAog)™ exp(—nAg)
(nv)!

p(A=n) =p(S =nv) =

Since S =Y, X, is Poisson, the mean and variance are both nXg, so we have E[A] = 1/nE[S] = Xo

and var(A) = \o/n, and so the standard error is the square root of the variance.
e Normal Distribution: We can see that E[X]| = u and E[X?] = u? + 02, and so, we have:
fr=p =X

A2 A a2
0 = H2 — ] =

i X2 - Xx?
=1

We can see that the sampling distribution of X ~ N (u,02/n) and né?/o? ~ x2_;.

S|

e Gamma Distribution: We can see that the first 2 moments are given as E[X] = a/\ and E[X?] =
(a(a+1))/A%. From the second equation: jz = p3 + ui /A, and so we have:

A A2
M1 & = M1

A= 1
fio — 17 fiz — i}

The sampling distribution can be hard to find. We will have to use boostrapping to do this.

Definition 2.4. (Bootstrap) We can samping with replacement of the data, and we calculate the parameter
via any mean. The distribution of the parameter is the approximation of the sampling distribution. This
method is called bootstrap.

Definition 2.5. (Consistent) Let 0,, be an estimate of parameter 6 based on sample of size n. Then 0,
is said to be consistent in probability if 6,, converges in probability to 6 as n appraoches infinity, that is for

any € > 0:
P(

The weak law of large number implies the sample moment converge in probability to population moment.

én—9‘>€)—>0 as n— oo

2.2 Maximum Likelihood

Definition 2.6. (Maximum Likelihood) We will assume the data X; to be iid, and so the log-likelihood:

1) = log [T p(Xil6) = > _1og f(Xi0)

i=1

Example 2.2. We will consider difference distributions and its mazimum likelihood estimate:



e Poisson Distribution: The log-likelihood of the Poisson distribution is:

n

IA) =) (Xilogh— A —log X;!) =log A Y~ X; —nA— > log X;!
=1 =1

=1

We can see that its derivative is given as:

The MLE is equal to A=X

e Normal Distribution: The log-likelihood is given by

This leads to the following derivative:
ol 1 — n -
= = X, — = __ -3 X. — )2

Setting the derivative to zero, and we have i = X and we substitute the MLE for u for o as we have
6= \/% S (Xi — X)2. The sampling distribution is the same as method of moment.

e Gamma Distribution: The log-likelihood is given by:

|
o, ) =log | @XJX?* exp(—AX;)
1=1

=nalog A + (a — 1)ZlogXZ- - )‘ZXi - )‘ZXi —nlogI' ()
i=1 i=1 i=1

for 0 < x < co. Now, we have the following derivative:
()

ol ” o na <
a—a—nlog)\ﬁ-;logXi—nT 5_7_;&

Setting the second partial to zero as \ = (na)/ (X1, Xi) = &/X. Now a can be solved by non-linear
equation via iterative method:

n A
¢ (&)
nlogé& —nlog X + log X; —n——
; I(@)

The sampling distribution can be found by bootstrapping.

=0

o Multinomaial-Cell Distribution: We have the following log-likelihood to be:

I(p1y---,pm) = log T X1 Hp;x =logn! — ZlOgXi! + g z;log p;
=1 =1

i=1 i=1

Mazimizing the likelihood would be subject to contraint as we have have the following Lagragian:

L(p1y-..,pm) =logn! — Zlogwi! + le logp; + A (Zpi — 1)
i=1 i=1 i=1

Setting the partial derivative to be equal to zero:



— As we have the following system of equation: p; = —x; /X for j =1,...,m summing both equation
as we have: 1 = —n/X or A= —n and so p; = x;/n.

— The sampling distribution of p; is determined by the distribution of x;, which is biomial.

Theorem 2.1. Under appropriate smoothness conditions on f, the MLE from an iid sample is consistent.

Proof. Consider maximizing the following values, given the X, Xo, ..., X,, ~ p(X|0y):

1 I
~1(0) =~ ;bgp(XiW)

n

as n tends to infinity, the law of large number implies that:
1
—U(0) = Exnp(x o) [log p(X0)]
— [ plalto)togplalp) dz

The 6 that maximizes {(#) should be closed to the 6 that maximizes E[log f(X|0)] (again not shown). We
consider the derivative:
p(z|6o) O

0
55 | Pl lozatap) dr = [ o000 e

If 6 = 6y, this equation becomes:

0 0 0
[ sptaltn) do = [ ptattn) do = ) =0

This shows that 6 is stationary and (hopefully) it is a maximum. The assumption of smoothness on f must
be strong enough to justify this. O

Lemma 2.1. Define I(6) by:

9 2 0>
16) =& | g oep(X16)] =~ | T logn(x19)
Under appropriate smoothness conditions on p, this can be expressed on the right-hand side.

Proof. Observe that [ p(z|6) dz = 1, and so we have, the following observation:

55 [P0 42 =0 a(elo) =ptal0) | 5 oxntelo)]

Combinding this with identity, as we have (take the second derivative to be):

0= o [ vielo) = [ [59 1ogp<x|e>] p(al6) dz
-/ [5)9 1ogp<x|e>} lalo) as+ [ [;’9 1ogp<x|e>rp<x|e> da

And so we have the lemma is proven. O

Theorem 2.2. Under smoothness condition on f, the probability distribution of \/nI(8)(f — 6o) thends to
a standard normal distribution



Proof. The following is sketch of proof. Consider the Taylor series expansion (of l’(é)), as we have:

= 1'(0) ~1'(00) + (0 — 00)1"(0)

=
R —n—12p
V(0 —6o) = rrll”éﬁ(oe)())

We consider the numeraor of this last expression. Its expectation is given as:
E {n—l/%’(eo)] =n~1/2 iE 9 logp(X;l6o)| =0
P 00
As we have 6y, which is the fixed point (see thoerem above). Now, consider the variance of the quantity:

var [ —121(p, } ZE {802 log p( £190)r = 1(0o)

Consider the denominator to be. Together with the law of large number, the expression converges to:

1 n 2

1 0 0
EZII(QO) = E Zz:; wlogp(xzwo) — E l:aez 10gp(m|90)} = —1(90)

Thus, we have:
n='21 ()
1(6o)

We have the following mean and variance of the ratio to be:

’I’Ll/Z(é - 90) =~

E[n/2(6 — 6,)] ~

var[n/2( — 6y)] ~ =

And so we have var(0 — 6y) ~ 1/(nI(fy)). Thus the equation is proven. O

Remark 2. For an iid sample, the MLE is the maximizer of the log-likelihood function [(f) = >"_, log p(X;|6)
has the asymptotic variance that is given as:

1 1

nl()  E["(60)]

When E[I”(6p)] is large, meaning that [(6) is changing very rapidly in a vincinity of 6y and the variance of
the maximizer is small.

Remark 3. (Confidence Interval for Mean and Variance Estimate) Consider the maximum likelihood
estimate of ;4 and ¢? from an iid normal sample to be:

=X 62 =
There are various confidence interval on each of the likelihood estimation as we have:

e Confidence interval of u is based on:

~tn_1 where

V(X —p) _ 1 >
5 S? = _lg(xi—xﬁ



Let t,—1(a/2) denote the point beyound which ¢ distribution with n — 1 degree of freedom has proba-
bility «/2, to be:

P (_tn—l(a/2) < @ < tn_l(a/2)> =1—«

The inequality can be manipulated to yields:

P <X - \‘/Sﬁtn_l(a/Q) <pu< X+ jﬁtn_l(a/Q)) =l-a

The probability that u lies in the interval is 1 — .

e Let’s consider the conditional interval o2, as we have the following distribution:

2
~ Xn—1

Let x2,(c) denote the point beyound which the chi-square distribution with m degree of freedom that

has probability a:
52
P(ia-a2 <25 < (e/2) =1-a
o

Manipulation of the inequality yields:

né? né2
P §02§) =1—«
(xi_l(a/Q) xX*(1—a/2)

e For a general maximum likelihood methods, one can consider the distribution of y/nI(8)(8—6,), where
it is normally distributed, and so we have the following intervales:

P (—z(a/2) < \/nI(0)(0 — ) < z(a/Q)) ~1l—a«
which we can yields the confidence interval, as we have:

P z(a/2)

< g, < A2
nI(0) nI(0)

e For the estimation for random multinomial. The counts are not iid, so the variance of the parameter
estimate is of the form 1/[nl(6)] can’t be used. It can be shown that:
1 1

YO~ B T TR @)

Please note that this is used to construct the confidence interval instead of above.

2.3 Cramer-Rao Lower Bound

Definition 2.7. (Efficiency of Estimates) Given 2 estimates 6 and 6 of a parameter 6, the efficiency of
f and 0 is defined to be:

0.0~ 22

Theorem 2.3. Let Xi,...,X, be iid with density function p(z|0). Let T = t(X1,...,X,) be unbiased
estimate of 6. Then under smoothness assumption on p(z|0), we have:

1
nl(6)

var(T) >

10



Proof. Let the following value:

n n

Z log p(X;|0) = Zpr p(X;|0)

i=1 i=1

We already show that E[Z] = 0. Because the correlation coefficient of Z and T is less than or equal to 1 in
absolute value as:
cov?(Z,T) < var(Z) var(T)

Furthermore, we have shown that (from the lemma of 1(9)):

o | g toen(X10)| = 116)

and so var(Z) = nI(0). The proof will be complete by showing that cov(Z,T) = 1. Please note that (follows
product rule):

19 n P
(;W%Z)(sz)) Jl;[lf(lﬂ@) :%gﬂxzw)

Since Z has mean of 0, we have:

cov(Z,T) =E[ZT]

0 0
=_—E[T]=—=6=1
00 7] 896
This proves the inequality as we have. O

Definition 2.8. (Efficient) The unbiased estimate whose variance achieves this lower bound is said to be
efficient. Since the asymptotic variance of maximum likelihood estimate is equal to lower bound, it is said
to be asymptotically efficient.

2.4 Sufficient Statistics

Definition 2.9. A statistics T'(Xy,...,X,) is said to be sufficient for 6 if conditional distribution of
X1,...,X, given T =t doesn’t depends on 6 or any value of t.

Theorem 2.4. A necessary and sufficient condition for T(X1,...,X,) to be sufficient for a parameter 0 is
the joint probability function factors in the form of:

p(x1, .. xn|0) = g[T(x1,...,20),0lh(x1, ..., 2T0)

Proof. We will consider it to be in discrete case. Suppsoe that the frequency function factors. To simplify
notation, we let X denotes (Xi,...,X,) and « denotes (z1,...,2,). We have:

= Y PX

T(z)=t

=g(t.0) Y h(=)

T(x)=t

11



We then have:
P X =a,T=t) h(x)

PT=1) Y hl@)

This conditional distributed doesn’t depend on 6. To show that the conclusion holds in other direction,
suppose that the conditional distribution of X given T is independent of 6. Let:

P(X =a|T =t) =

g(t,0) = P(T =)  h(z)=P(X ==z|T =1)

We then have:
P(X =x|0) =P(T =t|0)P(X =x|T =1t)

=g(t,0)h(x)

Corollary 2.1. If T is sufficient for 0, the MLE is a function of T.

Proof. The likelihood is g(T,0)h(x), which depends on 6 only through 7. To maximize this quantity, we
need to maximize g(T',8) O

Theorem 2.5. (Rao-Blackwell Theorem,) Let 0 be an estimator of 0 with E[§%] < oo for all 6. Suppose
that T is sufficient statistics for 0, and let § = E[0|T), then for all 6:

E[f — 0)? < E[§ — 6]
The inequality is strict unless 6=46.

Proof. First note that from the property of iterated condition expectation, we have:

To compare the square-error, we will have to only consider their varince:

var(0) = var[E[0|T]] + E[var[0|T]]
= var(0) + E[var(|T)]

Thus var(6) > var(f) unless var(9|T) = 0, which is when 0 is a function of T', which implies 6 = 6. O

3 Testing Hypothesis and Goodness of Fit

3.1 Introduction

Definition 3.1. (Likelihood Ratio) Consider the two hypothesis to be Hy and H;, we have the following,

posterior:
P(x|Ho)P(Ho)
P(x)

P(x|Hy)P(H)

P(Hylr) = o)

P(H:|z) =
The ratio is given as:
P(Holz) _ P(Ho) P(x|Ho)

P(Hi|z) — P(H) P(x|H)
This is the product of the ratio of prior probability and the likelihood ratio. Now, we would like to choose
the hypothesis H if, we have:
P(Holz) _ P(Ho) P(x|Ho) P(x|Ho)

P(Hh[e) ~ P(Hy) Pali) ~ ' = P) ¢

where value of ¢ depends upon your prior probability.

12



Definition 3.2. (Neyman-Pearson Paradigm) One hypothesis is singled out as null hypothesis Hy and
other as alternative hypothesis H1. We have the following terminology as:

e Rejecting Hy when it is true is called type I error.
e Probability of a type I error is called significance level and it is denoted as «.
e Accepting the null hypothesis when it is false is called type II error, and it is denoted by 5.

e The probability that the null hypothesis is rejected when it is false is called power of the test, which
is equal to 1 — §5.

e The likelihood ratio is called the test statistics.

e Set of values of the test statistics that leads to rejection of the null hypothesis is called rejection region,
and set of values that leads to acceptance is called acceptance region

e The probability distribution of test statistics when the null hypothesis is true is called null distribution.

Definition 3.3. (Simple Hypothesis) If the null and alternative hypothesis each completely specify the
probability distribution. This kind of setting is called simple hypothesis.

Lemma 3.1. (Neyman-Peason) Suppose that Hy and Hy are simple hypothesis:

o The test that rejects Hy whenever the likelihood ratio is less than ¢ and significance level .

e Then any other test for which significance level is less than or equal to o has power less than or equal
to that of the likelihood ratio test.

Proof. Let p(z) denote the pdf or frequency function of the observation.

o A test of Hy: p(xz) = po(x) and H; : p(x) = p1(x) amounts to using a decision function:

0 if Hy is accepted
d(z) = e
1 if H; is rejected

Since d(X) is a Bernoulli random varaible, where we have:

— Significance Level: Eg[d(X)] = Po(d(X) = 1)
— Power: Eq[d(X)] = P1(d(X) =0)

If we consider the likelihood ratio test as the decision function:

d(z) {1 if po(X) < ep1(X)

0 otherwise

Please note that Ex.,,x)[X] = a.

Let d*(X) be the decision function of another test satisfying Eo[d*(X)] < Eg[d*(z)] = a.

e Consider the following inequalities:

d*(z)[cpy(z) — po(2)] < d()[cpr(z) — po]

This follows from the d(x) = 1, where cf1(z) — fo(z) > 0 and if d(x) = 0. where cf1(z) — fo(z) <0

13



e Integrating the both sides of the inequality above with respected to z as:
cBq[d*(X)] = Eo[d" (X)] < cEq[d(X)] — Eo[d(X)]

and, so we have:
Eo[d(X)] = Eo[d"(X)] < ¢[E1[d(X)] — Eq[d" (X)]]

Since the LHS of this inequality is non-negative, we have: E[d*(X)] < E4[d(X)]

O

Example 3.1. (First Test) Consider X1,...,X, be random sample from normal distribution, with un-
known mean and variance 0. Given 2 hypothesis:

Hy:p=pg Hy:p=m
where p1 and o are constant. Consider a significance level of a. Then consider likelihood ratio:

1 n
exp [—Mzi1(Xi — Mo)ﬂ

fo(X
f1(X)

1 n
exp [_WZi_l(Xi - /11)2]

To consider the ratio, we consider the value of | (X; — p1)? — > iy (X; — po)?. Ezpanding the squares:
20X (o — p) + npd — nug
There are 2 conditions, so that the likelihood is small:

o If ig — p11 > 0, the likelihood ratio is small if X is small.

o If o — pu1 < 0, the likelihood ratio is small if X is large.

Let’s consider the later case. Likelihood-ratio rejects for X > xqg for some g, which we will choose it to give
a test of desired level . This means choosing P(X > xg) = a if Hy is true:

X*#o Ty — o
o/~ o/\/ﬁ>

The null distribution of X is a normal distribution with mean po and variance o2 /n, then, we can solve:

P(X>xo):P(

To — Mo z(a)

o/vn
for xg in order to find the rejection region for level o test.

Definition 3.4. (P-Value) As we can see, the testing requires only the null distribution, and we are required
to consider the significance level a (which should be 0.01 and 0.05). P-value is the smallest significance level
at which the null hypothesis would be rejected.

3.2 More Complex Hypothesis Testing

Definition 3.5. (Uniformly Most Powerful) If the alternative hypothesis Hy is composite, a test is most
powerful for every simple alternative in H; is said to be uniformly most powerful.
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Example 3.2. (2-Sided Test) Consider Xi,...,X, be random sample from normal distribution, with
unknown mean and variance o2. Given 2 hypothesis:

Ho:p=po  Hi:p# po

Please note that in this example, this kind of hypothesis is called two-sided alternative. Consider the test at
a specific level a that reject for |X — u0| > xg, where xg is determined such that IP’(|X - HO} > x0) =« if
Hy is true. We can see that zg = z(a/2)o/\/n:

X — o] < z(f//ﬁ?)"
%_ z(a/2)o << X+ z(a/2)o

Vn vn
A 100(1 — @)% interval for p is give, and so if po is in the interval, then we accept the null hypothesis.

Theorem 3.1. Suppose that for every value 0y in © there is a test at level o of the hypothesis Hy : 0 = 0.
Denote the acceptance region of the test by A(6y). Then set:

C(X)={0:X € A0)}
is a 100(1 — «)% confidence region for 0.

Remark 4. This means that a 100(1 — «)% confidence region for 6 consists of all those values of 6y for which
the hypothesis that 6 equals 6y will not be rejected at level a.

Proof. Because A is the acceptance region of a test at level a:
H’D[X S A(90)|9 = 90] =1—-«a

Now, we have:
Plfo € C(X)|0 = 6] = P[X € A(00)|0 = 0] = 1 —

by the definition of C'(X) O

Definition 3.6. (Generalized Likelihood Ratio Test) Suppose that the observation: X = (Xy,...,X,)
have a joint density p(x|0):

e Then Hy may specify that 8 € wy where wy is subset of all possible values of §

e For H, we consider w is disjoint from wy.

Let Q = wp Uw;. The generalized likelihood ratio is A* or with the truncated version A as the small value

of A* tends to discredit Hy:
maxgeg, [(0) _ MaXgew, 1(0)

A/X>k = =

maxge,,, [(0) maxgeq 1(6)

Note that A = min(A*, 1). The rejection region is given as A < Ao, where the threshold \j is choosen so that
]P(A < )\0|H0) =«

Example 3.3. (Testing Normal Mean) Consider X1, ..., X, be random sample from normal distribution,
with unknown mean and variance o%. Given 2 hypothesis:

Ho:p=po  Hi:p#po

We have the following specification:

wo={po}  wi={plp#p}  Q={-oo<p<oo}

15



If we mazimize over wo, as it has only one point, the numerator. For the denominator, we it is clear that
the MLE is X and so:

0~ g (g K ) 0= ke (<t kv

i=1 =1
1 n n
< —2logA = = <ZZ — pio)? ; )
o TL(X — /,Lo>2
= p

Rejecting for small value of A is equivalent to reject the large value of —2log A. Together with the identity
that 31 (Xi — po)? = > i (X — X)? 4+ n(X — po)? . 1t follows that, under Hy:

o X ~ N(po,0%/n), which implies that /n(X — uo)/o ~ N(0,1)

o —2log A ~ x? is implied from above.
We can now construct the rejection region for any significance level to be:
n —
(X —10)* > xi(a)

where P(Z > x3(a)) = a, recall that we are rejecting the large value of —2log A. This links back to the
original consideration as, we this inequality is equivalent to:

X — o] > —=2(a/2)

Vn
Theorem 3.2. Under smoothness condition on the probability density, the null distribution of —2log A tends
to a chi-square distribution with degree of freedom of dim Q) — dimwq as the sample size tends to infinity.

Example 3.4. (Tests for Multinomial Distribution/Goodness of Fit) We consider the following
testing scenario

e Hy: The cell probabilities p = p(0) for 8 € wy (maybe unknown, with dimension of k) is constrained
on some way.

e Hy: Cell probabilities are free except the constriants such that they are non-negative and sum to 1.

We have Q2 to be set of m non-negative numbers that sum to one. We have:

n!
_ 0)%t ... p,. (0)Fm
max (7 ) O 0)

PEwWo

where x; are observed counts in m cells. We will denote 6 as the MLE of 8. For the denominator, with
unrestricted MLE, we have p; = x;/n, and so, the ratio is:

n! A .
g)rL . g)rm m z
n! ALl AL m =1 pl
aﬁll---mm!pl pm
210gA772an110g (pl ) ZZOIO < >
=1

As we have x; = np;, O; = np; and E; = np,-(é). Let’s consider the test statistics:

16



e Q allows cell probability to be free (but have to be sum to 1) so dimQ =m — 1.

° pz(é) denpends on k-dimensional parameter 6 so dimwgy = k

The large sample theory, tells us that the distribution of —2log A is x2, ;.

Definition 3.7. (Peason’s Chi-Square Statistics) It is a commonly used to test for goodness of fit,

where: )
m [xl — npz(é)}

oy

i=1 ”pl(é)

Proposition 3.1. Peason’s statistics and likelihood tests are asymptoticall equivalent under Hy

Proof. (Sketch) Starting with the value:

Di
—2logA = Qanzlog < (é))

=1

If Hy is true and n is large, then p; =~ pz(é) Consider the following Taylor series expansion of:

f(z) = zlog (x>

To
1 , 1
=(r—=x —(z—x9)"— +---
( 0) + 2( 0) - +
Thus, we have:
e (6))2
~2log A~ 20> [p; —p —|—nz pl
=1 =
The first term is zero due to the fact that probabilities sum to 1, while the second terms is equal to Peason’s
statistics. Note that Peason’s statistics is easier to calculate than the likelihood ratio test. O
Example 3.5. (Poisson Dispersion Test) Gives counts x1,...,%,, we consider:

e Hy: The counts are poisson with common parameter A\. Under wg the MLE of X\ is A= X.

e Hi: The counts have difference rates \q,...,\,. Under Q we have ):1 =ux;

Please note that wy C ) is the speical case that they are all equal, so the likelihood ratio is:

[T, A nrEN\T
A= H (x) exp(x; — T)
n S exp(— i=1
Hi:l mz'
T
2log A = -2 i1 — -
— og ; {xl og <x1> + (= a;)}

= 223& log (%)

We have the following dimensions for the parameter spaces:

e (), there are n independent parameter Ai,..., A, so dimQ = n.

e wi, there is only one parameter so dimw =1

17



Thus, the test statistics distribution is x> _,. We can interprete the test statistics as the ratio of n times the
estimated variance to estimated mean.
Remark 5. We can use Taylor series argument to approximate the test statistics for poisson dispersion test:

n

1
—2logA ~ — i — )2
oghr =) (v — 1)

i=1

3.3 Testing via Plotting

Definition 3.8. (Hanging Rootograms) Graphical display of the differences between observed and fitted
values in historgram. There are multiple sections of rootograms:

e Compare Observed Quatities: We want to compare the observed frequencies with the frequencies
fit by the normal distribution. Given the parameters are approximated as 4 =~ T and ¢ ~ ¢. If j-th
interval has the left boundary x;_; and right boundary z;. The probability falls in that interval is:

R T —T Ti_1—XT
= J (2=~
peo (7)o (57)

we can predict the count on j-th interval as fi; = np;, which can be compared to observed counts.
Now, we can find the differences between the expected count and observed out. However, we neglet
the variability in the estimated expected counts.

e Variability: If we neglect the variability in the estimated expected counts as we have:
var(n; — n;) = var(n;) = np; — np?

if p; are small, we have var(n; — n;) = np;. For a large values of p; have more varaible differences
n; —nj. And, so we expect larger fluctuation in the center than in the tails.

e Variance-Stabilizing Transfromation: Suppose that a random variable X has mean p and variance
o?(p). fY = f(X), the method of propagation of error shows that:

Var(Y) ~ o (u)[f' (1)]?

If f is chosen so that o2(u)[f’(u)]? is constant, the variance of Y will not depends on g. Thus the
transformation accomplishes variance-stabilizing transformation.

e Variability-Stabilizing: Apply this to the case, and we have:
E[nj]=np; =p  var(ny) = np; = o”(u)
That is when 02?(u) = p. The variance stabilizing transformation p[f’(1)]? should be f(x) = /z does
the job so:
E[/n;j] = /np; var(y/n;) ~ i
If the method is correct, and so we compare the differences as ,/nj — \/E .

e Interpretation: We use the deviation of more than 2 and 3 standard deviations is large. The run of
positive deviations followed by the run of negative deviations and then the large positive deviation in
the extreme right tail. This indicates some asymmetry in the distribution.

e Hanging Chi-Gram: The plot of the components of Pearson’s chi-square statistics:

i — Fus i — Fus
i T > var | 21
U U

Neglecting the variability in the expected counts, var(n; — ft;) &~ np; = fi;, while the it is stabilizes
the variance. This leads to the hanging x2-gram.

Q
—
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Definition 3.9. (Order Statistics) Consider the sample of size n from a uniform distribution [0, 1]. The
ordered sample values by X (1) < X(2) < -+ < X(,,). These values are called order statistics.

Remark 6. (Understanding the Plots) We can show that:
J
n+1

E[X)] =

If the underlying distribution is uniform, the plot is shown in figure below, it is plotted for sample of size
100 from a uniform distribution. Now, we consider the triangular distribution as we have:

4y 0<y<
fly) =
$<y<

[ NI

4 — 4y
THe ordered observation Y7, ..., Yoo are plotted against the points 1/(n +1),...,n/(n+ 1):

10k o 1.0

Ordered observations

6

Uniform quantiles

Ordered observations
3,

.6

Uniform quantiles

(a) Uniform-Uniform Probability Plot (b) Uniform-Triangular Probability Plot

We can see that there is a clear deviation from the linearity and allow us to describe qualitatively the
deviation of the distribution of Y’s from the uniform distribution:

e The left tail of the plotted distribution are larger than the expected for a uniform distribution

e The right tail is smaller, which tells us that the distribution of Y decreases more quickly than the tails
of the uniform distribution.

Definition 3.10. (Probability Integral Transform) The technique can be extended to other continuous
probability. If X is a continuous random variable with a strictly increasing cumulative distribution function,
and if Y = Fx(X), then Y has a uniform distribution on [0, 1], as:

P(Y <y)=P(Fx(X)<y)=P(X <F7'(y)) = F(F'(y)) =y
This is the uniform of cdf. This transformation is known as probability integral transform.

Remark 7. (Probability Plot) Suppose that it is hypothesized that X follows a certain distribution F'.
Given a sample X1q,...,X,, we plot:

F(X(k)) VS

k k
= X F!
n+1 (k) V5 <n—|—1>

In some cases, F is of the form F(X) = G (%), where 1 and o are location and scale parameter. The
normal distribution is of this form, we could plot:

Xy —
el ) B ( k )
o n+1
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or if we plot X vs Gt ( k ) The result would be approixmately a straight line if the model were correct:

n+1
k
Xy~ oG ——
(k) = O <n—|—1>+'u

Remark 8. (Slight Modification) Slight modification of this procedure are sometimes used. For example
E[X (1] is used instead, as we have:

k k
E[X ]~ F! =G| —
Xw) <n+1) ¢ (n+1>+”

The modification yields similar result to the original procedure.

Remark 9. (Another Interpretation) Recall that F~1[k/(n+1)] is the k/(n+1) quantile of the distribution
F, the point such that the probability that a random variable with distribution function F' is less than it is
k/(n+ 1). We are plotting the ordered observations versus the quantile of the theoretical distribution.

3.4 Testing for Normality

Definition 3.11. (Coefficient of Skewness) The skewness is usually characterized by the third central
moments as:
o0
| @il da

100

which is equal to 0 given the normal distribution. Now, coefficient of skewness is:
1
ns3 4
1

bl = 732”:()(2 _X)B

©
Il

Definition 3.12. (Coefficient of Kurtosis) Symmetric distribution can depart from normality by being
heavy tailed or light-tailed. This is characterized by coefficient of Kurtosis as:

b2 = jzn:(Xl _X)4

1
ns* 4

«
Il
-

Remark 10. (Test for Normality) We can use both coefficient for skewness and kurtosis to access the
normality of the data. Otherwise, we can use the hypothesis test, but is are difficult to evaluate in closed
form but can be approximated by simulation.

4 Summarizing Data

4.1 Methods Based on CDF

Definition 4.1. (Empirical CDF) Suppose we have x1,...,z, be a batch of numbers. The empirical
cumulative distribution function is defined as:

Fula) = - (4 < 2)

Or, we have an ordered number of (1) < z(9) < --- < x(,,). We have: if () < & < 2344, then F,(x) = k/n.

Remark 11. (Comments on Empirical CDF') In the analysis, it is better to express F,, in the following
way, given random variables X;,..., X,:

1 X, <z

1 n
(@) n; (—ooa] (Xi) where (o021 (Xi) {O otherwise
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The random variable I(_ ,1(X;) are independent Bernoulli random variables, where we have:

I (X)) = 1  with probability F(z)
(oo 70 with probability 1 — F(z)

Thus, nF,(z) is a binomial random variable (n trials with probability of F'(x) of success), as we have:

B[F,(r)] = F(z)  var(Fu(e)) = - F(@)[l - F(2)

An estimate of F,(x) is unbiased and has a maximum variacne at the value of 2 such that F(z) = 0.5, which
is at median.

Remark 12. (Behavior of F,,) If we consider the stochastic behavior of F'(z), then we can show that:

max |F,(xz) — F(2)|

—oo<r<oo

doesns’t depend on F' if F' is continuous. This allow us to construct a simultaneous confidence band about
F,,, which can be used to test goodness-of-fit. Please note that this isn’t the same compared to the confidence
interval of binomial distribution.

Definition 4.2. (Survival Function) It is equivalent to CDF and is defined as:
St)=P(T >t)=1-F(t)

where T is a random variable with CDF of . We use it where the data consists of times until failure or
death and so non-negative. S(t) denotes the lifetime will be longer than ¢, and so we can have empirical
version to be S, (t) =1 — F,(¢).

Definition 4.3. (Hazard Function) It is interpreted as the instantaneous death rate for individual who
have survived up to a given time. If an individual is alive at time ¢, the probability that the individual will
die at time interval (¢,t + §) is (assuming density function f is continuous at t):

Pt <T <t+0)
P(T > t)
F(t+6)—F(t) _ §f(t)
1-F(@t) "~ 1-F()

PE<T <t+6|T >1t)=

The hazard function is defined as: 1)
" =1"Fm

If T is the lifetime of a manufactured component, it may be natural to think of h(t) as the instantaneous or
age-specific failure rate.

Remark 13. (Interpretation of Hazard Function) It can be expressed as:
h(t) = il [1-F(t)] = il S(t)
a8 a8

Which is the negative of the log of survival funcion. With the method of propagation of error:

V&r(an(t)>zWi<:%>

For large value of ¢, the empirical log survial function is unrealiable, because 1 — F'(¢) is very small, and so
in practice, last few data are disregarded.
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Remark 14. (Empirical Survial Function) Suppose that there are no ties and the ordered failure times
are: Ty < T(g) < --- < Tipy. If t =T(;), Fu(t) = i/n and S,(t) = 1 —i/n. But since log S,,(t) is undefined
for t > Ty, it is ofen defined as:

for T(i) <t< T(i+1)

Definition 4.4. (Quantile-Qunatile Plot) If X is a continuous random variable with a strictly increasing
distribution function F, the p-th quantile of the to be value of = such that: F(z) = p or z, = F~'(p). In
Q-Q plot, the quantile of one distribution is plotted against another.

Remark 15. (Usage of Q-Q) Suppose we have 2 distributions:

e F'is a model for observations of a control group.

e (G is a model for observations of a group that has received some treatment.
Let’s consider how difference update changes the plot:

e Suppose that there is an effect changned by h uniformly i.e y, = 2, + h, where y,, is the group that
received the treatment and vice versa. This gives us the relationship to be: G(y) = F(y — h).

e Similarly, we have the effect with multiplicative differences i.e given ¢ € R where we have y, = cz),
with the relationship to be G(y) = F(y/h)

Given the number of samples, we have to use the empirical CDF to create thE Q-Q plot. Now, the results
of the changes is shown in the following figure:

1.0+

cdf

(a) Additive Treatment Effect (b) Multiplicative Treatment Effect

Definition 4.5. (Kernel Probability Density Estimate) Let w(z) be a non-negative, symmetric weight
function, centered at zero and integrating to 1. It can be standard normal density, with the following rescaled
version:

)= o )

is a rescaled version of w, as it approaches zero, w;, becomes more concentrated and peaked around zero.
On the other hand, as h approaches infinity, w, becomes flat. If X;,..., X, is a sample from a probability
density function p, its esitmate is:

fula) = = > wnlar — X)
i=1

The parameter h represents bandwidth of estimating function as it controls the smoothness.
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4.2 Meansure of Location

Definition 4.6. (Arithmetic Mean) The commonly used measure of location is the arithmetic mean,

which is:
1
X

Remark 16. (Problem with Arithmeic Mean) By changing a single number, the arithmetic mean of a
batch of numbers can be made arbitary large or smaller. Thus, when used blindly, without careful attention,
the mean can produce a misleading results. Or, we need to have the measure of location that are robut or
insensitive to outlier.

3

Remark 17. (Why Sample Mean is Bad) The sample mean minimizers the log-likelihood of:
i ((Xi - M)Q)
, o
1=1

This is the simpliest case of least square estimate. The outlier have a great effect on this estimate, as the
deviation of u from X; is measured by square of their difference.

Definition 4.7. (Median) It is a middle value of the ordered observation; if the sample size is even, the
median is the average of the 2 middle values.

Proposition 4.1. (Confidence Interval) We can show thatl, given the population median n and the
interval between the order statistics (X (i), X(n—k+1))

k—1

=Y

j=0

P(Xty << Xngyr) =1 -

Proof. The coverage probability of this interval is:

P(Xy <0< Xnoig1) =1 =P < Xy or n > X py1)
=1-Pn<Xu)—Pn>Xn-k1)

Since the event are mutually exclusive. To evaluate both terms, we note that:

k—1
P(n> Xm—r+t1)) Z]P’ j observations > 7))
=0

k—1
P(n< X)) = Z]P’(j observations < 1)
§=0

The median satisfies P(X; > n) = P(X; < n) = 1/2, since n observations X1,..., X, are independent and
identically distributed, the distribution of the number of observation greater than median is binomial with
n trials and probability 1/2:

1
P(j observations > n) = 3 (?)

and, so we have:

k-1
1 n
P(n>Xp_py1) = o Z (])

7=0

This is the same for P(n < X(;)) due to symmetry. Plugging it back to finish the proof O
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Remark 18. Median can be seen as the minimizer of the following loss:

n

D

=1

Xi—p
g

Here, large deviation are not weighted as heavily, making median robust. The proof follows from the fact
that the dervative of absolute is sgn(-), and so the loss is zero when the positive z — p (of the normalized
data ) is equal to the negative item x — u, which is where the median situates.

Definition 4.8. (Trimmed Mean) The 100a% trimmed mean consider the valuse that is between the
lower 1000% and the higher 100a%, as we can write it as:

_ Llnal+1 +oeee T (n—[nal)
Lo =
n — 2[nal

where [na] denotes the greatest integer less than or equal to na.

Definition 4.9. (M-Estimates) Consider the class of esitmates called M-estimates, where it is a minimizer:
n
Xi—v
o (%)
i=1 7

where V¥ is the weight function that is a compromise between weight function for mean and median.

Remark 19. (Measure of Dispersion) The most commonly used measure is sample standard deviation,

where it is given as:
1 _
8% = X, - X)?
n—1 ;( )

Using n — 1 as divisor gives unbiased estimate. But like a sample mean standard deviation is sensitive to
outlying observation. Two simple robust measures alternative are:

e Interquartile range (IQR): Differences between 2 sample quantiles.

e Median absolute deviation from the median (MAD): If data are x1,...,z, with median Z, then MAD
is the median of number |z1,...,z,|.

5 Comparing Two Samples

5.1 Comparing Two Independent Samples

Remark 20. (Setting) We will assume the sample X1, ..., X,, ~ N (ux,o?) as the control group and we have
Y1,..., Y ~ N(uy,o?) as the group after receives treatment. The effect of the treatment is characterized
by the differences ux — py with the natural estimate X — Y.

Remark 21. (Confidence Interval) As X —Y is expressed as a linear combination of independent normally
distributed random variable is:

m

_ 1 1
X-Y~N |:,UX — py,0° (n + )}
If we know o2, where the confidence interval for px — puy could be based on:

(X—Y)—(MX—MY)
/1 1
g g“ra

This leads to the confidence interval, which is of the form of (X —Y) 4 2(a/2)o

7 =

+ 1
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Definition 5.1. (Pooled Sample Variance) Generally, o2 will not be known and must be estimated from
the data by calculating pooled sample variance:

s2 — (”—1)53("’(7”—1)5%/
P m-+n—2

where s% =1/(n—1) 7" | (X; — X)? and similarly for s, and so s is a weighted average of sample variance
X and Y with weights propotional to degree of freedom.

Theorem 5.1. Suppose that X1,..., X, ~ N(ux,0?) and Y1,...,Ym ~ N(py,o?), and that Y; are inde-
pendent of X;. The statistics:

(X —Y) — (ux — py)
11

t:

S
P n m

This follows a t-distribution with m +n — 2 degree of freedom.

Proof. We note that (n — 1)s% /0 ~ x2_, and (m — 1)s3- /o2 ~ x2,_,. Both are independent as X; and Y;
are. Their sum is x2,,,,_, degree of freedom. We express the statistics as the ratio U/V, where:

(X —Y) = (px — pv)

/11
o\ —+ —
n.om

v \/{(nl)ai .\ <m1>s%} 1

o o2 m4n—2

U:

Please note that U follows the standard normal distribution and V' has the distribution of square root of X2
divided by its degree of freedom. The independent of U and V follows from independent of X and s2. [

Corollary 5.1. Under the assumption of thoerem above, a 100(1 — @)% confidence interval for px — py is:

_ 1 1
(X =Y)ttmin—-2(a/2)sx_v where Sx-v = sp\[ + -

Remark 22. (Notes on One and Two-Sided Alternative) In the current case, the null hypothesis to be
tested is Hy : px = py, where there are 3 common alternatives, as we have:

Hy:px # py Hy:px > py Hs:px < py
The test statistics that will be used to make a decision to reject the null-hypothesis is:

X-Y
t:

SX-v

The t-statistics equals the multiple of its estimate standard deviation differs from zero. This is the same role
in the comparison of 2 samples as is played by x2-statistics. We will reject for extreme value of t. We have
the following rejection region:

Hy . |t| > tn+m—2(a/2) Hs:t> tn+m_2(a) t < —tn_;,_m_Q(Oé)

Proposition 5.1. (Two-Sided Alternative T-Statistics) The test for Hy (see above) rejects the large
value of the following value: o
X -

\/Z:‘L:l(xi - X)? + e (Y — V)2

Which is t statistics apart from constant that don’t depend on the data. Thus, the likelihood ratio test is
equivalent to t-test as claimed.
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Proof. Consider the set ) is the set of all possible parameter values:

Q:{—oo<ux<oo, —00 < py < 00, 0<O’<OO}
The unknown parameters are 8 = (ux, pty, o). Under Hy where 0 € wy where
w():{uX:uy:O<a<oo}

The likelihood of 2 samples X1,...,X, and Y7,...,Y,, is given as:

G 1 K| 1Y — v\’
Upx, py,o%) =1o ex < > exp | —= (]>
(x, py,07) ggm P |3 EW p|-5 ("
1 n m
:—%lo 27 — nlogo ~ 5,2 Z 2+Z(YJ—
i=1 =1

Let’s consider the MLE and its log-likelihood are given as:
e Under wy, we have a sample of size m + n from a normal distribution with unknown mean gy and

unknown variance o2. The MLE of pg and o2 is:

n—l—m m-+n

n
log 21 — 7mlogao i

l(/lo, 0'8)

e To find the MLE’s jix, iy and o? under ©, we consider the log-likelihood is

m+n 1 = 2 i
262 +2€f‘f Z +Z T mtn | ;
i=1 j=1 i=1 j=1

This implies that the log-likelihood, we obtain it as:
m-+n

log 2w — mT—’—nlogU1 -

l(ﬂX7ﬂY7 &%) -

The log of likelihood ratio is given as:

W(fpo,68)  m+ n o2 _m+tn, i1 (Xi — f10)? + 3770, (V) — fuo)?
ix, iy, 02) 2 8\ )~ 2 ° X X2y (YY)
(:LLXMU/Y)Ul) 90 Zz:l( v ) +Z]:1( J )

Let’s consider the alternatives expression for the numerator of this ratio

DX =) (X = X)X - ) Y (Y- m0)? =) (Y Y)Y - o)
i=1 i=1 j=1 j=1
Please note that: 1
fio = X +m¥)=—"x+- "y
m-+n m-+n m-+n
This implies that: L o
_ m(X -Y _ n(Y — X
X*Mo:7( ) Y*/l():i( )
m+4+n m-+n
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The alternatives expression for the numerator of the ratio is:

n m

X -X)P+> (v -Y)?+

i=1 j=1

mn S =

(X -7

m-+n

The test rejects for the large value of:

|4 (X —Y)?
m+n Z?:l(Xi_XP"‘Z;n:ﬂYj ~-Y)?
This is equivalent to the value above. Thus the proposition is proven. O

Remark 23. (Difference Variance) If 2 variances are not assumed to be equal, a natural estimate of
var(X —Y) is given as:

2 2
S S

X Y
74'_7
n m

If this estimate is used in the denominator of t statistics, the distribution of that statistics is no longer the
t-distribution. But it can be closely approximated by t-distribution with degree of freedom, where we round

it to nearest integer.
[(s% /n) + (s3 /m)]?

(s%/n)?* | (s3/m)?
n—1 m—1

Remark 24. (Notes on Two Sample T-Test) The power of 2-sample t-test depends on 4 factors:

The real differences A = |ux — py|. The larger the differences, the greater the power.

The significant level a at which the test is done. The larger the more powerful the test.

The population standard deviation o, whichi s amplitude of the nose that hides the signal. The smaller
the larger the power.

The sample size n and m, The larger the sample size, and the greater the power.

The necessary sample sizes can be determined from the significant level of the test, the standard deviation,
and the desired power agaisnt an alternatives hypothesis.

Remark 25. (Finding Power of t Test) To calculate the power of a t test exactly, we need special table
of non-central ¢ distribution. If the sample are reasonably large, one can perform approximation of it based
on normal distribution.

Proposition 5.2. (Approximate Power of the Test) The probability that the test statistics falls in

rejection region is given as:
A In A In

where A = pux — py with test at level a. Now, A moves away from zero, one of these terms will be negligible
with respect to others.

Proof. Consider the following variance:
- 11 202
var(X —Y) = o? (+) =7
n o on n
The tes at level a of Hy : px = py agaisnt the alternatives Hy : ux # py is based on test statistics:
XY

a\/2/n
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The rejection region is given as:

’)_( - }7| > z(oz/Z)a\/g

Let’s consider the rejection region to be the following:

]P’[‘)_( ~-Y|> Z(Q/Q)J\/z‘|
X-Y> z(a/2)a\/z X-Y< —z(a/Q)U\/zl

As two of them are mutually exclusive. Both probability can be calculated by standardizing:

=P +P

o 2 X-Y)-A 2)o/2/n— A
n a\/2/n a\/2/n
A In
=1-9o 2)— —/=
a2 - 23]
Similarly, we have the second probability is given as:
A In
D |- 2)— —4/=
0 - 2\ /3
Adding them together is given the above approximation of the test. O

5.2 Nonparametric Test

Remark 26. (Setting for Mann-Whitney test) Suppose we have m + n experimental untis to assign to
a treatment group and control group, as we have:

e 7 units are randomly chosen and assigned to the control.

e m units are assigned to the treatment.

We are interested in testing the null hypothesis that the treatment has not effect.

Definition 5.2. (Statistics for Mann-Whitney Test) We consider the following procedure:

e Group all m + n observations together and rank them in order of increasing size.

e Calculate the sum of the ranks of those observations that came from the control group.

If the sum is too small or too large, we will reject the null hypothesis. Please note that this test doesn’t
depend on an assumption of normality. It is nearly as powerful as ¢-test and it is generally preferable (for
small sample size).

Remark 27. (Settings for Mann-Whitney Test) Consider the control values as we have Xi,..., X, ~ F
and the experimental values Y71, ...,Y,, ~ G . The Mann-Whitney test is a test of null hypothesis Hy : F' = G.
We will denote Ty to denotes the sum of ranks of Y7,Y5,...,Y,,.

Lemma 5.1. From a simple random sampling without replacement, we have:
cov(X;, X;) = —0? /(N — 1)

where the var(X;) = o2
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Proof. Using the identities for covariance established:
COV(XZ‘, XJ) = ]E[XZXJ] — E[XZ}E[X]]
And, we have the following;:

E[X:X;] =Y Y G&aP(Xi =& A X; = &)

= &P(Xi = &) ZaP = §|X; = &)

from the multiplication law of conditional probability as we have:

n /(N —1) if k1

P(X; =&|X; = &) = {(nl—l)/(N—l) ifh=1

If we express is give as:

S GP(X; = alX =) = Y G & e
=1 12k

o i ny 1
72&]\[—1 ]
1=1
Now, we have the expression for E[X;X,] as we have:

1 2 S 2
S (S 1) - vy (- Soe)

k=1
2 1 m
- N(J\Tf 1) N(N-1) kzzlf’“"k
J\]fvﬁzl N ﬁ(‘ﬂ +°)
== NUj 1

Finally, subtracting E[X;]E[X;] = p? fro mthe last equation, as we have:

COV(XZ',XJ') = —

N -1
for i #£ j.

Corollary 5.2. With simple random sampling, we can show that:

- o2 (N —n o2 n—1
X)=— = (1=
var(X) n (Nl) n ( Nl)

var(X) = =3 ZZCOV (Xi, X;)

Proof. We can see that:

=1 j=1
1 n 1 n
:ﬁZVar( —QZZCOV Xi, X;5)
i=1 i=1 j#i
o? 1 o?
=Dy

This gives the desired result.
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Proposition 5.3. If F = G as we have:

m(m+n+1)
2

mn(m+n+1)

ETy] = B

var(Ty) =

Proof. Under the null hypothesis, Ty is the sum of random sample of size m drawn without replacement
from a population of integers [m + n|. Ty thus equal to m times the average of such a sample as:

We can show that, where N = m + n is the size of population. Using the identities (to calculate the values
w and o?) as we have (this follows from the thoerem above):

ik:N(N+1) ikQZN(N+1)(2N+1)
k=1 2 k=1 6
We find the population as we have [m + n] as we have:
N +1 ., N?2—1
2 7T T2
The result follows from the algebraic simplification. O

Remark 28. (Alternative Derivation of Mann-Whitney Test) We consider the X ~ F and Y ~ G and

e Consider measuring of the effect of the treatment: 7 = P(X <Y).

e The value of 7 is the probability that an observation from the distribution F' is smaller than an
independent observation from the distribution G.

The estimate of m can be obtained by comparing all n values of X to all m values of Y. Calculating the
proposition of the comparison for which X was less than Y:

1 = 1 ifX;<Y;
ﬁ:%ZZZw Zig:{ 1 Y
i=1 j=1

0 otherwise

Understand the relationship of 7 to the rank sum introduced earlier, we find the convenient to work with:
Vi — 1 if X(i) < Y(j)
Y 0 otherwise

Since V;; are jusre reordering of Z;;, also gives us:

ZZVZJ =#(X < Yl))+#(X <Y(2)
=1j=1 +#(X <Y’(m))

where #(X < Y(y) is the number of X that are less than Y{y). If the rank of Y;, in the combined sample
is denoted by Ry, then the number of X that is less than Y,y is R,; — 1 and number of X is less than Y/,
is Ry2 — 2 and so on, thus we have:

zn:zm:‘/ijZ(Ryl—1)+(Ry2—2)+"'+(Rym—m)

i=1 j=1
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Thus 7 may be expressed in terms of rank sum of Y.

Corollary 5.3. Let Uy =Y ., 2721 Zij. Under the null hypothesis Hy : F' = G' as we have:

mn mn(m+n+1
E[UY] = 7 Var(UY) = %

Remark 29. For both n and m are both greater than 10, the null distribution Uy is quite well approximated
by a normal distribution as we have:
Uy — E[Uy]
var(Uy)

The distribution of the rank sum of the X and Y may be approximated by normal distribution as the rank
sum differ from Uy only by constant.

Remark 30. (Mann-Whitney as CI) Let’s consider the shift model as we have G(z) = F(z — A). We
will consider the confidence interval for A. To test Hy : F' = G, we use the statistics Uy equal to number of
X; — Y that are less than 0. We can use: (to test the hypothesis that the shift parameter is A)

~N(0,1)

Uy (8) = #1X; — (V; — &) < 0] = #(Y; — X, > A)
The null distribution of Uy (A) is symmetric about mn/2:

IP’(UY(A) - %M) :]P’(UY(A) - %fk)

for all integer k. Suppose that k = k(«) is such that P(k < Uy (A) < mn — k) = 1 — «; the level « test then
accepts for such Uy (A). By the duality of CI and hypothesis tests, a 100(1 — a)% confidence interval for A

is thus:
C={A:k<Uy(A) <mn-—k}

where C' is the set of values for which the null hypothesis won’t be rejected. Let’s find the explicit form for
this CI. Let D(1), D(2),- ., D(m) denote the ordered mn differences Y; — X;. We will show that:

C= [D(k)7 D(mn7k+1))
To see this, first suppose that A = D(y). Then:

Uy(A) = #(X; = Y; + A <0)
=#(Y; - Xi > A)

=mn—~k
Similarly, if A = Dy —k41), we have:

Uy(A) :#(}/7 —Xi > A) =k

5.3 Bayesian Approach

Remark 31. (Setting For Bayesian Approach) Consider the case where
o X;~N(ux,&)
o V; ~ N(uy,& ') and independent of X;.

e The means px and py are given improper prior that are constant on (—o0, 00).

e ¢ is given the improper prior fz(£) = ¢71.
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This posterior is thus given by:

ntm _ £m+n n m
Pl iy, €) 5( e P 2 Z(Jﬁi - ,UX)Q + Z(yj - MY)2
i=1 j=1

Using the identity that > (z; — px)? = (n — 1)s2 + n(ux — £)?, and the analogous expression for y; as:

pux, py,€) o MM/ 2 exp (‘é [(n—1)s2 + (m — 1)53])

n& _ mé _
X exp <_2(,UX — $>2) exp (_Q(MY _ y)2>
For a fixed &, ux and py are independent normally distributed with means  and y and precisions n§ and

mé&, thus: the difference px — py is normally distributed with mean z — 7 and variance £~1(n=! +m™1).
With further analysis, one can show that:

Sl Gt ) BRI
spVnL+m-1 "

This may be similar to above result but has differences in interpretation, as £ — y and s, are random in
above result and A is fix. This is opposite in this case. The posterior probability that A > 0 can be found
using ¢ distribution. Let 7" be random variable with ¢,,4,_2 distribution, then:

A-@-p) _ (-9
spvVnTl+m

HA>mXJUP<

As, we can use this as CL

5.4 Compare Paired Samples

Remark 32. (Conditions for Paired Samples Test) Some of the experiments, the samples are paired.
In medical experiment, the subjects might be matched by age or severity of the condition, while one of them
are randomly assigned to treatment group and other control group.

Proposition 5.4. (Releative Efficiently) We will denote the pair as (X;,Y;) where i = 1,...,n adn
assume X and Y have means px and py and variances o3 and o%.. We will assume that different pairs are
independently distributed that cov(X;,Y;) = oxy. Given the estimate of D = X; —Y; (in the pair setting):

var(D)
var(X —Y)
where p is the correlation of members of a pair, and cx = oy = o. This menas that if the correlation

coefficient is 0.5, a paired design with n pairs of subjects yields same precision as an unpaired design with
2n subject per treatment.

Proof. Starting with paired experiment, as we have:

e We will work with the differences: D; = X; — Y;, which are independent with:
E[D;] = ux — py var(D;) = 0% + 0% — 20xy
= 0% + 0% —2pox0y

A natural estimate of uyxy — py is D = X — X, the average difference. From the properties of D;:

_ 1
E[D] =px —py  var(D) = E(Ugc + oy —2poxoy)
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e An experiment had been done by taking a sample of n X’s and an independent sample of n Y’s, then
ux — py would be estimated by X —Y and:

- 1
EX —Y]=pux — py V&I‘(X*Y):E(O%(‘FO'%)

We see that the variance of D is smaller if the correlation is positive. If X and Y are positively correlated.
Consider the case where ox = oy = o0, the 2 variances may be simply expressed as:

:m Var(j(_f/):E

X
var(X) - -

Thus the relative efficiently is give. O

Remark 33. (Method Based on Normal Distribution) Assume the differences that are sample of a
normal distribution:

E[Di] = px —py =pp  var(D;) =0}

Generally, op will be unknown, the inferences will be based on:

This follows a t distribution with n — 1 degree of freedom. With similar reasoning 100(1 — a))% confidence
interval is given as: -
D+t,_1(a)sp

If sample size n is large, the approximate validity of the CI and hypothesis test follows from CLT.

Definition 5.3. (Signed Rank Test) We consider a paired sample (X;,Y;), we then find the absoluate
differences | X; — Y;| and rank them in order, denoted by D(;). The signed rank is calculated as:

S = _D(z) if X; >Y;
@~ D otherwise

Now, we have Wy = > Siy>0 S()- If there is no differences between the two paired conditions, as we expect
about half of D; to be positive and half negative.

Remark 34. (Finding Rejection Region) THe null distribution can be calculated this way. If Hy is true,
it makes no difference:

e The difference X; — Y; = D; has the same distribution as the difference Y; — X; = —D;, so the
distribution of D; is symmetric about zero.

e The k-th largest value of D is thus equally likely to be positive or negative, and any particular assign-
ment of signs to the integer 1,...,n (the ranks) is equally likely.

e We obtain a list of 2" value of W each of which occurs with probability 1/2™. The probability of each
distinct value of W, may be calculated, given the desired null distribution.

If the sample size is greater than 20, a noraml approximation to the null distribution can be used. We
calculate the mean and variance of W

Proposition 5.5. Under the null hypothesis that the D; are independent and symmetrically distribution

about zero:

n+1)

E[W,] = n( . n+1)(2n +1)

24

var[W,] = n(
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Proof. To facilitate the calculation, we represent W in the following way:

i 1 if k largest |D;| has D; >0
W, = kI I, =
* Z F F {O otherwise

Under Hy and I}, are independent Bernoulli random variable p = 1/2, so we have:
1
E[lx] = 5 var(Iy) = —

We thus have:

n+1) 1G . nn+1)(2n+1)
Z V&I(W+)—Z;k = o

O

Remark 35. (When Tie is Encountered) If some of the differences are equal to zero, the most common
way to discard those observation. If there are ties, each |D;| is assigned the average value of the ranks for
which it is tied. If there are not too many ties, the significant level of the test isn’t greatly affected.

6 Analysis of Variance

Definition 6.1. (One-Way Layout) The independent measurement are made under each of several treat-
ments. It is the generalization of the above test. We will denote the I groups that contains J samples. We
will denote, the following values:

Y;; = The j-th observation in the ¢-th treatments.

6.1 Normal Theory: F Test

Remark 36. (Statistical Model of One-Way Layout) We have the statistical model model is given as
Yij = p+ a; + €. Here p is the overall mean and «; is the differential effect of the i-th treatment. We will
assume to be independent, normally distributed with mean 0 and variance 2. The a; are normalized:

I
Zai =0
i=1

Remark 37. (Defining Null-Distribution) The expected response to the i-th treatment is E[Y;;] = p+ .
If oy = 0 for i = 1,...,1 all treatments have the same expected respoinse, and in general o; — «; is the
differeces between the expected values under treatments ¢ and j.

Lemma 6.1. We consider the following identity:

I J J
D2 =Y)r=3 ) (% +JZY ~Y.)?
i=1 j=1 i=1 j=1
where we have:
B 1 B 1 L
Yi,zj;mj Y.=ﬁ;;¥;j

This means that the total sum of squares equals to the sum of square within groups plus the squares between
groups, as we have SSpor = SSw+ SSp
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Proof. To establish the identity, we express the left-hand side as:

i=1 j=1 i=1 j=1
I J B B B
=22 Y =Y?+ ) > (Vi -Y.)?
=1 j=1 =1 j=1
I J B B
£ - (v - V)
i=1 j=1
I J I J
=22 Wy =Y+ ) (Vi-Y.)
1=15=1 =1 j=1
I o B
+2) 0 |(Ya = Y)Y (Y~ Vi)
i=1 j=1
The last term of the final expression vanishes because some of deviation from a mean is zero. O

Lemma 6.2. Let X; where i = 1,,n be independent random variable with E[X;] = u; and var(X;) = o*.
Then we have, the following identity:

_ . 1 &
B(X; - X)) = (i = )"+ ——0®  where  ji=— Z;m

Proof. We used the fact that E[U?] = E[U]* + var(U) for any random variable with finite variance. Let’s
consider the second term: var(X; — X):

var(X; — X) = var(X;) + var(X) — 2 cov(X;, X)

n n

This concludes the proof. O

Theorem 6.1. We consider the expectation:
E[SSw] =1(J —1)0?  E[SSp] = JZ o? + (
Proof. Under the assumption for the model stated at the beginning of this section:
I J J_1
_ 21 — L o V42
E[SSw] _E;E[(Yw Vi => Y 0 =I1(J—1)o

1j=1
We have used lemma above with the role of X; being played by Y;;. The second equality follows since
E[Vi;] = E[Yi] = p1 + ;. Now, let’s find the E[SSg], we use the lemma with V; and Y., as:

% V)2 2, (I-1)0” d 2
Blsse] = OB - V.7 =Y a2+ L)% sy az e -

I

?
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Remark 38. (Notes on the Sum of Squares) SSw may be used to estimate o2, where the estimate is:

2 _ _SSw

PooIJ-1)
which is unbiased. The subscript p stands for pooled. Estimates of o2 from the I treatments are pooled

together, since:
I

SSy =Y (J—1)s;

i=1
where s? is the sample variance in the i-th group.

Remark 39. (Introduction to the Test) If all the a; are equal to zero, then the expectation of SSp/(I—1)
is also 0. In this case, SSw/[I(J — 1)] and SSg/(I — 1) should be abount equal. If some of the a; are
non-zero, SSp will be inflated.

Theorem 6.2. If the errors are independent and normally distributed with means 0 and variance o2, then
we have SSy/o? ~ x?(J_l). If additionally, the a; are all equal to zero, then SSp/o? ~ x3_, and it is
independent of SS.

Proof. Let’s consider the distribution function over random variable, as we have:
e We consider SSw, where we have:
1< _
=2 Vi =Y ~xg,
j=1
There are I such sums in SSw, they are independent of each other. The sum of I independent X% 4
random variable give a x7,; ;). This also applied to SSp noting that var(Y;.) = o?/J

e Now, we will show that 2 sums of square are independent of each other.

— SSw is a function of vector U, which has the element Y;; —Y;,wherei=1,....Jandj=1,...,J

— SSg is a function of vector V whose element are Y; where i =1,..., I, since Y can be obtained
from Y;.

It is sufficent to how that these 2 vectors are independent of each other, we consider:

— If i # ¢ then Y;; — Y; and Yy are independent since they are function of differeces observations.

— On the other hand, Y;; — Y; and Y; are independent by the previous result.

This completes the proof of the thoerem.

Definition 6.2. (F Statistics) We use the following statistics:

. SSp/(I-1)
B = 55w/ —1)]

And it is used to the the following null hypothesis:
H()ZOq:aQ:"':Ck[:O

If the null hypothesis is true, the F-statistics should be close to 1, and if it is false, the statistics should be
larger. If the null hypothesis is false the numerator reflects variation between the different groups as well as
variation within groups.
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Theorem 6.3. Under the assumption that the errors are noramlly distributed, the null distribution of F is
F distribution with I — 1 and I(J — 1) degree of freedom.

Proof. The theorem follows from theorem above and for the definition of the F' distribution. O

Remark 40. (When number are not necessarily equal) The analysis is the same as for the case of equal
sample sizes. Suppose that there are J; observation under treatment i, for ¢ = 1,...,I. The basic identity

still holds:
I I I

SN Y =SS VR Y AV

i=1 j=1 i=1 j=1 i=1
By reasoning similar to that used here for the simple case, as it can be shown that:

I I
E[SSw] =02 (Ji—1)  E[SSg]=(—1)o®+ ) Jia}
=1

i=1

The degree of freedom for these sum of squares are Zle J; — I and I — 1, respectively.

6.2 Problem of Multiple Comparisons

Remark 41. We are interested in comparing pairs or groups of treatments and estimating the treatment
means and their differeces. The naive approach is to compare all pairs of treatment means using t test:

e Although each individual comparison would have a type I error rate of «

e The collection of all Comparisons considered simulataneous would not.

Definition 6.3. (Tukey’s Method) It is used to construct confidence intervals for the differences of all
pairs of means.

e If the sample sizes are all equal and the errors are normally distributed with a constant variance

2 o o2
NSp.

e The centered sample means: Y;, — p; are independent and distributed with A'(0,02/.J), where o

Tukey’s method is based on the probability distribution of the random variable:

max ’(Y;l - /Li1) - (}712 - :ui2>‘
tate Sp/\/j

where maximum is taken over all pairs. This distribution is called studentized range distribution with
parameter I (number of samples being compared) and I(J — 1) (degree of freedom in sp).

Remark 42. (Confidence Bound for Turkey Method) The upper 100a percentage point of the distri-
bution is denoted by qr,7(s—1)(a). Now, we have:

P

_ _ S . .
’(}/11 - /J’i1) - (}/12 - ,ui2)| < QI,I(Jfl)(a)\/ipja for all 7'1712‘|

5 > s
= P[?}i‘?’(ﬁ1 _/J/il) - (}/12 - :U/lz)‘ < qI,I(Jl)(a)\/Z)j] =1-«

This can be converted to confidence interval as that holds for all differeces p;, — pt;, with confidence 100(1 —
a)%. The interval are:

Vi, = Yi, £ qr1-1)(a)

QF
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Definition 6.4. (Bonferroni Method) If £ null hypotheses are to be tested, a desired overally type I
error rate of at most a can be guarantee by testing each null hypothesis at level a/k, and so if k& confidence
intervals are each formed to have a confidence level 100(1—a/k)%, they hold simulataneously with confidence
interval of at least 100(1 — a)%

Definition 6.5. (Kruskal-Wallis Test) The observations are assumed to be independent, but no particular
distributional form. We consider:

R;; = the rank of Y;; in the sample.

Let’s consider the following quantities:

I J; I
jz R":%ZZR”:¥ SSBZZJ,'(RZ—7
j=1 i=1 j=1 i=1

SSg is the measure of dispersion of R; where the larger SSg is the stronger is the evidence against the
null hypotheses. The exact null distribution of this statistics for various combination of I and .J; can be
enumerated. Or, we can use the statistics:

12

B N(N+1)SSB

is approximately distributed as x7_;. The value of K can be found by running the ranks through and
analysis of variance program. It can be shown that:

K = N+1 <ZJR2>—3 1)

which is easier to compute by hand.

6.3 Two-Way Layout

Definition 6.6. (Two-Way Layout) Two-Way Layout is an experimental design involving 2 factors. The
level of one factor might be various drugs and the level of the other factor might be genders. If there are I
levels of one factor and J of the other, then there are I x J combinations. We will assume that K independent
observations are taken for each of these combination. We will assume that there are K > 1 observations per
cell.

Remark 43. (Statistical Models) This leads to the simple additive model as:
Vij = v+ é; + B
We use the )A/Z-j to denote the fitted or predicted value of Y;;. According to this additive model, we have:
Vit = Yiz = (ji+ G4 + B1) — (i + & + Bo) = 1 — B

This may not always be the case as there can be interaction between each factors, and so this can be
incorporated into the model to make it fit the data exactly. Consider the residual in cell ij to be:

Yij = fi+ b+ Bj + 0y
Please note that the transformation can be used to stabilize the variance. Finally, to include the random
error the model is given as:
Yijk = p+ a; + B + 0ij + €iji
where ;5 ~ N (0, 0?), thus we have the following expected value: E[Y;jr] = p+a; + B +06;;. The parameter
will satisfy the following constraints to be:
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Proposition 6.1. (MLE Estimate of Statistical Model) The cell ij are normally distributed with mean
W+ o + B 4 05 and variance 02. The MLE, given the constraints, is

Proof. We have the following log-likelihood:

,_ LIK

Setting the derivative subjected to constraints gives us the MLE.

Proposition 6.2. (Sum of Square Decomposition) We can consider the sum of the square to be:

I
SSa=JKY (Yi.-Y. )

=1
J
SSp=1KY (V; =Y.
j=1
I J
SSAB—KZZ(Y” ~Y, Y, +Y.)?
i=1 j=1

The sum of square satisfy the algebraic identity:

SStor =854+ SSg+ SSap+ SSE

Proof. This identity is proved by writing, follows:

Yijp — Y. = (Yijx — ng) + (Yz - Y) + (?] - Y) + (?z] -Y. - Y] + Y)

Squaring both side, summing and verifying that the cross product vanishes.

O

Proposition 6.3. Under the assumption that the errors are independent with means 0 and variance o?:

I
E[SSa] = (I —1)o* + JK Y o}

i=1
J
E[SSp| = (J — 1)o” + IK > 3

j=1

I J
E[SSapl = (I - 1)(J = 1)o® + K Y > 6

E[SSg| = [J(K — 1)0?
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Proof. The result of SSa, SSg and SSg. Apply the lemma to SStoT as we have:
E[SSTOT} =E ZZ (Yz]k _Y...)2
I J K
= (IJK — 1)0’2 + ZZZ(OZZ +ﬂ] +6ij)2

= (IJK —1)o®> + JK Z +IKZBQ+KZZ§

=1 j=1
The last step, we use the constraints on parameter. For example, we have:
I J K I J
>3 e - (o) (L) o
i=1 j=1k=1 i=1 j=1
The values of expectation now follows. O

Theorem 6.4. Assume that the error are independent and noramlly distributed with mean 0 and variance
2
o°, then:

e SSg/0? follows a x?-distribution with IJ(K — 1) degree of freedom.
e Under null hypotheses: Ha : a; = 0,i=1,...,1 where SSa/c? follows a x%_,-distribution
e Under null hypotheses: Hg : 3; =0,j = 1,...,J where SSg/a? follows a x%_,-distribution

e Under null hypotheses: Hap : 3;; =0,i=1,...,1,5=1,...,J where SSap/c? follows a X?I—l)(J—l)_
distribution

e Sums of squares are independently distributed

Remark 44. (On the use of F-Test) The format of F-Test is the same. The mean squares are the sums of
squares divided by their degree of freedom and F' statistics are ratios of means squares. Let’s consider the
example:

e We have the following quantities E[M S| = 0?4+ (JK/(I — 1))}, o and E[M Sg] = o2
e If the ratio M Sy /M Sk is large, it suggested that some «; is non-zero.

e The null distribution of this F-statistics is Fo_y, k-1

6.4 Randomized Block Design

Definition 6.7. (Randomized Block Design) We want to study the effects of I different fertilizers, with
J relatively homogeneous plots of land, each is divided into I plots. Within each block the assignment of
fertilizer to plot is made at random, by comparing fertilizers within blocks, the variablity between blocks,
which would contribute “noise” to the result is control.

Remark 45. (Deriving the Null Distribution) The null distribution of a test statistics can be dervied
from the permuation argument just like null distribution of the Mann-Whitney test. The parameteric test
can be a good approximation as we use the following model:

a

We will assume no interaction between the blocks and treatements.
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Proposition 6.4. We can show that, using the same calculation as above result, and consider no interaction:

I
J
E[MS,4] = o2 75 2
[MS4] U—|—I_1i:1al

J
I
2 2
E[MSg| =0*+ 71 jgil ﬂj

E[MSAB] = 0'2

Remark 46. We can see that we can estimate o2 from MSap. The mean squares are independently dis-
tributed, F' test can be performed to test, the hypotheses: Hj : Vi € [I] : a; = 0 uses the following

statistics
MSa

MSaB

where under H 4, this statistics follows an F-distribution with I — 1 and (I — 1)(J — 1) degree of freedom.
Contrary to the assumption, there is an interaction then:

F =

1 I
E[MSag] = 0® + T-DU-D ;;5;

As M Sap will tend to overestimate o2 making F statistics to be small that it should be.

Definition 6.8. (Friedman’s Test) Like all non-parameteric methods, Friedman’s test relies on ranks and
doesn’t assume normality. Within each of J blocks, the observation is ranked. To test the hypothesis that
there is no effect due to factor corresponding to treatments I, we use the following statistics:

1
SSa=J> (Ri.—R.)
i=1

Under null hypothesis there is no treatment effect, the permuation distribution of the statistics can be
calculated.

Definition 6.9. (Approxiation of Friedman’s Test) For the large sample sizes, we can use the approx-
imation of friedman’s test where the null distribution is, given as:

12 < - -
Q= ) ;(Rv —R.)?

is approximately x% ;.
7 The Analysis of Categorical Data

7.1 Fisher’s Exact Test

Remark 47. (Setting for the Tests) Let’s consider the data that we are given as: We want the see whether

Variation 1 Variation 2 Total

Category 1 N1y Nia ni.
Category 2 Noy Noo na.
Total ni n.o n.

the count in each category is affected by the some variation of data or not (the null hypothesis is that thet
are all randomly assigned). There are auxillary variables denoted (total).
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Remark 48. (Probability Under Null Hypothesis) Under the null hypothesis (randomly generated),
and so the probability that Ni; = nq; is given as:
(o) (i)
ni1) \n21

()

We can use Njj as the test statistics for testing the null hypothesis. We can generate the table to create 2
sided rejects for extreme value of N1

p(ni1) =

7.2 x?-Test for Homogeneity

Remark 49. (Settings for x2-Test) We consider the larger setting compared to Fisher’s exact test, where
we comparing J multinomial distribution each having I categories. If the probability of i-th category of j-th
multinomial is denoted as m;;, the null hypothesis is:

H()Z?Til:ﬂ'ig:"':ﬂ'ij ’L:].,,J

Under Hy each of the J multinomial has the same probability for the i-th category as ;.

Proposition 7.1. Under Hy, the MLE of the parameter 7, ms, ..., Ty are given as:
A= o
n.

where n;. is the total number of response in the i-th category and n_. is the grand total number of response.

Proof. Since the multinomial distribution are independent:

J
lik(my, w9, ..., 7)) = I | 7 Uy
nang; -

J=1
J
n n n n.j
_7T.11J7T221 ﬂ.IIJ H J
G Ny

Consider maximizing the log-likelihood subject to constraint Zle m; = 1. Introducing multiplier, we have

to maximizing:
I I
n
L(m,\) 10 J + ) nglogm + A m—1

Now, we have:

ol
LA + A i=1,...,1
87@- T
- Lz
<~ T, = 7
Summing over both sides and applying the constraint, we find that A = —n_ and the theorem is proven. [

Definition 7.1. (Peason’s x2-Test) For j-th multinomial, the expected count in the i-th category is the
etimated probability of the cell times the total number of observation for j-th multinomial:

n
Eijj=—n;
n.
This gives us the Peason’s y2-statistics as we have:

J

(nij —mning/n.)*
ZZ =2

=1 j=1 1=1 j=1




For large sample size, the approximate null distribution of this statistics is 2. We have the degree of freedom
are number of independent counts minus the number of independent parameter:

e Each multinomial has I — 1 independent counts, since the total are fixed.

e [ — 1 independent parameter have been estimated.

And so the degree of freedom are given as J(I — 1) — (I —1)= (I —1)(J —1).

7.3 x?-Test of Independent

Definition 7.2. (Contingency Table) We will discuss the statistical analysis of sample of size n cross-
classifed in table with I rows and J columns. This configuration is called contingency table.

Remark 50. (Settings for the Test) We are interested in the relationship between factors on the table. The
joint distribution of the counts n;; where i =1,...,7 and j = 1,...,J is multinomial with cell probabilities

denoted as:
J I
;. = E 7Tij ’7T_j = E 71'1']'
j=1 i=1

Both are the marginal probability that the observation will fall in i-th row or j-columns. If both row and
columns are independent of each other then: m;; = m; 7 ;. This leads to the following null hypothesis:

Hy:myy =mm; i=1,...,1 57=1,...,J

Remark 51. (Defining the y?-Test) Let’s consider the MLE estimate under each hypothesis

e Under Hy is the MLE of m;; is given as:

Now we consider y2-test as we have:

I J I J ’]’L . )/’]7,)
ZZ R D e

=1 j=1

where O;; are the observation count as we have n;;. The expected count is E;; = nft;; = (n;n_;)/n.

e Let’s consider the degree of freedom as under 2, the cell probabilities sum to 1 as it has the dimension
to be IJ — 1.

e Under the null hypothesis, the marginal probabilities are estimated from the data are specified to

(I-1)+ (-1
We have the following degree of freedom:

df=1J—1—(I—1)—(J—1) =T —1)(J —1)
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7.4 Matched-Pairs Designs

Remark 52. (Setting for the test) We consider the following table

No Cure (Sibling) Cure (Sibling) Total

No Cure (Patient) 11 T2 1.
Cure (Patient) T21 22 2.
Total 1 T2 1

The appropriate null hypothesis is m;, = 7 ;, where ¢ = 1,2 (the probabilities of cure and no cure should be
the same for patient and sibling), and so we have:

T + Mg = M1 + 721 Ti2 + T2 = T21 + a2
The equation is simplified to w12 = w91, where the null hypothesis is thus:
Hy :mia = o1
Proposition 7.2. (MLE of Cell Probabilities) Under the Hy, the MLE of the cell probabilities are:

. nu . Nag . . nig+ng
™1 = — 22 = —— T2 =721 = — 5
n n 2n

Definition 7.3. (McNemar’s Test) The contribution to the x? statistics from ;7 and noy cells are equal

to zero. The remainder of statistics is:

12 — (n12 +121)/2]>  [n21 — (n12 + n21)/2)? _ (12 — na21)?
(ni2 +n21)/2 (ni2 + n21)/2 n12 + M2y

X2 =

Let’s consider the degree of freedom, as under ) there are 3 free parameters (since there are 4 probability
that are constrianted to one). On the null hypothesis, there are addiitonal constraint w15 = w21 so there are
2 free parameter. Thus we have 1 degree of freedom.

7.5 0Odd Ratios

Definition 7.4. (Odd) If an event A has probability P(A) of occuring, the odds of A occuring are defined
as (please note that this works with conditional probability):

Definition 7.5. (Odds Ratio) We have the following:

~odds(D|X)
~ odds(D|X)

where X is the complementary element. This measures the influenced of some event X to the event D.

Remark 53. (Setting for Test) We consider how the odds and odds ratio could be estimated by sampling
from a population with joint and marignal probability defined as:

D D Total

X Moo Tor 7.
X mTo 11 .
Total mwg 71 1
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With this notation, as we have:

PD|IX)= —2L  pDIX)=—
T10 + 11 oo + o1

And, so we have:

odds(D|X) = R odds(D|X) = o1 A — M1Too
1o 700 To1710

The product of diagonal probabilities in the preceding table divided by the product of the off-diagonal
probabilities.

Remark 54. (Ways to Sample the Data)

e Naive Sample: We can consider drawing a random sample from the entire population. But if the event
D is rare, the total sample size would have to be quite large to guarantee that substantial number of
D is included.

e Prospective Study: Fixed number of even X and X are sample, then incidence of D are compared.
This allow use to compare P(D|X) and P(D|X) and the odd ratio. However m;; can not be estiamte
from the data.

e Retrospective Study: We fixed number of D and D and we compared the number of X and X . We can
estimate P(X|D) and P(X|D) by the proportion. But, we can’t estimate P(D|X) and P(D|X) or the
joint probability.

Proposition 7.3. The odds ratio on the contingency table A can be expressed as:
A odds(X|D)
~ odds(X|D)

Proof. This follows from the calculation of P(X|D) and 1 — P(X|D) where we have:

P(X|D)=—"1 1_pX|D)= —" odds(X|D) = odds(X|D) = 1°
o1 + 11 o1 + 711 To1 T00
We can see that the odds ratio A can be expressed as above, thus complete the proof. O

Remark 55. (Retrospective Study - Odds Ratio) We can’t find the odds ratio of given the restrospective
study but we can approximate it. Using the above result. where we replace 7;; with n;; where n is the count
of the observation.

Remark 56. (Statistical Testing) Since the value A is non-linear function of the counts, we will have to
use the boostrap to construct the approximation of the distribution A

8 Linear Least Squares

Remark 57. (Vocabulary Used) We consider the straight like is to fit the points (y;, ;) where i =
1,...,n where we call the following components: y is called dependent/response variables. x is called
independent/predictor variables.

Definition 8.1. (Objective) We are interested to minimize the following objective function:

n

S(Bo, B1) =D _(yi — Bo — Brw:)?

=1

where we consider to find the 8y and 8, that minimizes this value.
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Proposition 8.1. (Solution of Simiple Linear Regression) We can show that the expression of By and
B1 can be found (given the dataset {(y;, x;)}iy) as:

s A s i@ — 7)Yy —Y)
Po=y—Hz  pi= i?ﬂ(mi_i")Z

Proof. We consider the derivative of the objective with respected to By and 51 as we have:

8 - 0S .
aiﬁo =-2 ;(yz — Bo — lez) 87& = -2 ;zv(yz = Bo — lez)

Setting the partial derivative to zero, we have the minimizer of BO and Bl to be:
n n n n n

Zyi:n50+5lzxi Z%yi:ﬂozxiﬂLﬂle?
i=1 i=1 i=1 i=1 i=1

which we can solve for the BO and 31 to obtain:

Bo _ (2?21 33?) (2?21 Yi) — (Z?:l ;) (2?21 TY;) 51 _ nZ?zl TiYi — (Z?:1 ;) (Z?:l Yi)
n Yl w? = (O, @) n Yl a? = (O, 2)°

With some rearrangement, and we have the required expression. O]

Remark 58. (Adding Non-Linearity) We can consider the non-linear transformation of the input z; before
perform the linear Least square to increase the capacity of the model.

Definition 8.2. (Linear Least Square) It is a function of the form:

flxi,22,...,2p_1) = Po+ frz1 + Baxa + -+ + Bp_12p—1

This involves p unknown parameters 3y, 81, ..., 8p—1 as we fit the n data points:
Y1,T11,T125 - -+, T1,p—1
Y2,T21,T22y -+, T2p—1
Yns Tnly Tn2y .-y Tnp—1

The function f(z) is called linear regression of y on . We will always assume that p < n.

8.1 Simple Linear Regression

Definition 8.3. (Statistical Model) We consider the observed value of y is a linear function z plus the
random noise:
yi=PBo+ frzi+e i=1,...,n

Here e; is the independent random variable with E[e;] = 0 and var(e;) = 0. Furthermore, z; is assumed to
be fixed. We will consider the statistics of 8y and £1, which are 8y and B; respectively.

Proposition 8.2. Under the assumption of the standard statistical model, the least square estimate are
unbiased as E[3;] = B; for j =0,1
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Proof. We will consider the proof for Bo only as the proof for 8, is similar. Note that E[y;] = 8o + S12::

21 (Zig =) S Elwl) — 2y 70) (5, wiElyi])

E[Bo] = "
° Y et - (i @)’
- (Ximi@f) (nBo + B iy i) — (i @) (Bo Xoimy i + B 2o, @)
ny i, i (E?ﬂxi)Q
= fo
Thus complete the proof. O

Theorem 8.1. Under the assuption of the standard statistical model, we have:

(o) = —— L 2iz ) no”
R G S <zlmf s 2= (S w0

~ ~ —a” = i
cov(Bo, f1) = nznzl(;z Zz(—iZl ;)

Proof. We will consider the more general proof later. O

Definition 8.4. (Residual Sum of Squares) We define RSS to be:

RSS = Z(yi - BO - 31%‘)2

i=1

Remark 59. (Statistical Testing) The value of o2 is used to find the variance Sy and /3. Replacing the

o2 by s! yielding estimates that we will denote SZ and s . We will show that:

&2 RSS
T n-=2

It is unbiased estimate of 2. If the error e; are independent normal random variable, then the linear
combination of them are normal distributed as well. Furthermore, we have:

e If e; are independent and x; satisfies certain assumption, a version of CLT implies that (for large n)m
the estimated slow and intercept are approximately normally distributed.

e The normality assuption, makes possible to construct of confidence interval and hypothesis test, which
can be shown that:

Bi — Bi
55
We allows the ¢ distribution to be used for CI and hypothesis tests.

~1lp_2

Remark 60. (Correlation) Let’s start with finding the correlation coefficient, which is equal to:

Sy

V/ SzxSyy

T =

where we have:
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Remark 61. (On connection between Correlation) We can show that the slope of the least square line
is given by:
By=C2m o [l
Szx Syy

The correlation is zero iff the slope is zero. Furthermore, if § = BO + le, as we have the Bl is expressed the
terms of r, then after some manipulation, we have:
j-§_ w—%
=r
S

Vi Ve

We can interpret the following equation to be:

e Suppose that r > 0 and that x is one standard deviation greater than its average, the y is r standard
deviation bigger than its average.

e The predicted value thus deviates from its average by few standard deviation than does the predictor.
(asr <1)

e In unit of standard deviations, it is closer to its average than is the predictor.

8.2 Matrix Approach
Remark 62. (Matrix Formulation) Consider the model of the form:

y=PB0+bixi+ -+ Bp_1Tp1

It is to be fit to data, which we denote as y;, x;1, 2, ..., Zip—1 as we have ¢ =1,...,n. We have:
e Y is a vector of observations y; where i = 1,... n.
e 3 is the unknown fy,..., Bp_1.

e X, p being the matrix:

1 211 zi2 -0 Tipa

1 @wo1 ma2 -+ Top
X =

1 Tpl Tp2 - LTn,p—1

We have the predicted value to be given by Y =X B. We want to find 8 to minimize:

n

S(ﬁ) = Z(yz —Bo—Bizin — - — /Bp—lxi7p_1)2

i=1

~ 112
=y - x8° = |y - 7|

Note that the residual can be find out as Y — X ,@, where ,3 is the solution to the optimization problem.

Proposition 8.3. (Solution of Least Square) If XTX is non-singular, the formal solution is given as:

B=(X"x)"'xTy
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Proof. If differetiate the S with respected to each Bj, then we see that the minimizer of Bo, cee Bp,l satisfies
the following equation:

n n n
nfo +512$i1 +"'+6p—1zxi,p—l = Zyz
i=1 i=1 i=1

n n n n
Bod wii+ P> wami+ o+ Bp1 Y wwtip1 = yiww k=1,..,p—1
i=1 i=1 i=1 i=1

This can be written in the matrix form as X7 X B = XTY this is called normal equation, and the results
above follows. O

Lemma 8.1. If XTX is non-singular iff the rank of X equals to p.
Proof. Suppose that X7 X is singular. There exiss a non-zero vector w such that: X TXwu = 0. Multiply
the left-handside of this equation by u”, we have:

0=u"'X"Xu=(Xu)l(Xu)

And so Xu = 0, thu rank X is less than p. Now suppose that the rank of X is less than p, then there is a
vector w such that Xu = 0. Then X7 Xu = 0 hence X7 X is singular. O

Remark 63. (On equivalent to eariler derivation) Let’s consider each matrices:

1 T Z

T |1 - 11|, | n T

XX= [xl m”] S {Z?_l Ti Yo ]
1 =z,

. 1 S g2 3 g

T 1 i= [ i= g

KX)o | X )
nY i xi — (i i)

xry - [ S ]
Zi:1 TiYi

And so, we have:

B= VO} =(xTx)"'xTy
1
ny = (N @) L i1 i " 2 e TiYi

_ 1 [(Z?_l ‘”12) i yi) — iy @) (i, xzyz)}
Ry et = (Ui )’ L i m — (Ui w) (i ve)

Thus the equivalent is established.

8.3 Statistical Properties of Least Square

Definition 8.5. (Mean Vector and Covariance Matrix) Given the random vector, Y, the element,
which are jointly distributed random variables:

EYil=pi  cov(Y;,Y;) = 0ij

The mean vector py and the covariance matrix 3 of Y, are defined as:

M1 011 012 -+ Oiln

M2 021 022 -+ O2p
E[Y]=py = | Z=

Nn Onl On2 Tt Onn
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Proposition 8.4. If Z = c+ AY whereY is a random variable and A a matriz with ¢ a fixed vector, then:

E[Z] = c+ AE[Y]
Proof. The i-th components of Z is given as:

Z—CZ+Za”Y — E[Z] = -—cl—l—Za”
j=1

The implication follows from the linearity of the expectation. As this can be written in matrix form, this
completes the proof. O

Proposition 8.5. Given the same setting as the above, if the covariance matriz of Y is 3yy, then the
covariance of Z is:

Y7 =AZyy AT

Proof. The constant ¢ doesn’t affect the covariance:

cov(Z;, Z;) = cov (Z ik Y, ZajlYl> Zalkaﬂ cov(Yy,Y)) = ZZaikaklaﬂ

k=1 =1 k=11=1 k=11=1

The last expression in j element of the desired matrix. O
Proposition 8.6. Let X be a random n vector with means pu and covariance 3 and let A be fixed matriz:

EXTAX] = tr[AZ] + uT Ap

Proof. The trace of square matrix is defined to be sum of diagonal terms, as we have:
E[XZXJ} = 045 + i fbg

We have the following:

ZZXinaij = Zzaijazj + ZZMM%;‘

i=1j=1 i=1j=1 i=1j=1
=tr[AZ] + p Ap
O
Remark 64. (Alternative Proof of Variance Estimator) We are interested in finding E[Y_"  (X; — X)?]
where X; is uncorrelated random variable with common mean p. Note that the vector X is given as:
_ 1 T
X=-1X
n
THe entries of check are X can be written as: (1/n)117 X and A can be written as:
L7
A=T1T--11
n

Thus, it is clear that:

n
(X - X)?=[|AX|* = XTATAX = XTAX
i=1
Note that the matrix A is symmetric and A%> = A, where note that 171 = n. Finally, consider the
expectation of the summation, which we can use our results:

EXTAX]=c?tr[A] + pT Ap = 0%(n — 1)

where g = p1, it can be verified that Ay = 0, als trace A = n — 1, so we have the value required.
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Definition 8.6. (Cross-Covariance Matrix) Given the random vectors Y € RP*! and Z € R™*!, then
the cross-covariance of Y and Z is defined to be ¥ € RP*™ with ij element o;; = cov(Y;, Z;). The entries
quanify the strengths of linear relationship between elements of Y and Z.

Proposition 8.7. Let X be a random vector with covariance matric Xxx if Y = AX and Z = BX where
A € RP*™ and B € R™*™, where the cross-covariance matrixz of Y and Z is:

Yyz = AXxxB”

Remark 65. (Alternative Proof of Independence) Consider a random vector X of size n with E = I
and Xxx = 02I. Let Y = X and Z be vector with i-th element X; — X. Let’s consider the 3y € R**!
as we have:

1 1
Z = (I—llT)X y=-1TX
n n

Sy = (I — ;117’) (1) <i1)

This comes R™*1 vector of zeros. Thus, the mean X is uncorrelated with each of X; — X fori=1,...,n.
This implies that X and S? are independent of each other.

From theorem above, we have:

Remark 66. (Least Squares Estimates) We consider the following model to be:

p—1

}/i:BO‘FZﬁj-Tij“r@i i=1,...,n

j=1
where e; are the random error, as we have:
Ele;] =0 var(e;) = o coviej,ej) =0 i#j
Given the matrix notation as we have Y = X3 + e, as we have:
Ele] =0 Yoo =021

Theorem 8.2. (Unbias) Given the assumption that the error has mean 0, the least square estimate is
unbiased.

Proof. The least square estimate of 3 is given:
B=(XTX)"'x"Ty
=(X"X)"'X"(XB+e)
=B+ (XTXx)'XxTe
From the results aboue, we have the following expectation:
E[B] =B+ (X" X)"' X Ele] = 8
O

Theorem 8.3. (Covaraince Matrix of Least Square) Under the assumption that the error have mean
zero and uncorrelated with constant variance o2, the covariance matriz of the least square estimate 3 is:

T =0(XTX)!

Proof. From the results above, we have:
o= (XTX) T XTE L X(XTX)™!
— 0_2 (XTX)—I
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Remark 67. (Recovery of Original Result) We return to the case of fitting a straight like. From the
computation of (X7 X)~! as we have:

Y= o? Z?:nl 7 =T
2| .
S Z?:l 7 — (Z?:l ;) 2im1 i n

And so we have the variance and covaraince results, which are the same as above.

Remark 68. (Residual Vector) Because o2 is the expected square value of an error e;, its is natural to use
the sample average squared the residual, as we have:

e=Y-Y=Y-XB=Y-XX"X)"'Xx"Yy =Y - PY
where P = X (X7 X)"' X" is an n x n matrix.
Lemma 8.2. Let P be defined as before, then we have:
P=pP'=p> (I-P)=I-P)7T=(1-P)?

Remark 69. The P is the projection matrix that is P projects on the subspace of R" spanned by the columns
of X. We may think geometrically of the fitted values, Y as being the projection of Y onto subspace spanned
by columns of X.

2

Theorem 8.4. Under the assumption that the error are uncorrelated with constant variance o, an unbiased

estimate of o2 is:
112
[v-¥]

s2 =
n—p

112
The sum of squared residual, ||Y — YH is often denoted by RSS.

Proof. The sum of squared residual is, using the lemma:

SV = Y~ PYP= (I PYY|F = YT(I - PY'(I- P)Y
i=1
We can compute the expected value of this quadratic form:
EYT(I-P)Y]=E[Y]'(I - P)E]Y]+ o?tr(I — P)
Please note that E[Y] = X 3 so we have:
(I - P)E[Y] = [I - X(XTX)*XT} XB=0
Furthermore, we consider the trace terms as we have:
tr(I — P) =tr(I) — tr(P)
—n—tr [X(XTX)*XT}
—n—tr [XTX(XTX)*}
=n—trll]=n—p
adding them together given us the result. O

Proposition 8.8. The covariance matriz of the residual is given by:

Yo = (I — P)(o*I)(I — P)' = o*(I — P)
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Definition 8.7. (Standardized Residual) To put residual in the familar scale corrsponding to the normal
distribution with means 0 and variance is: )
Y; - ¥;
sv1—pii

where p;; is the i-th diagonal element of P.

Theorem 8.5. If the error have the covariance matriz oI, the residual are uncorrelated with the fitted
values.

Proof. The residual are € = (I — P)Y, and the fitted values are:

Y = PY
from the theorem above, the cross-covaraince matrix of & and Y is given by:
Y, = - P)(c*I)P" =*(P" - PP") =0
Thus the theorem result is proven. O

Remark 70. (Inference About 3) We have the following observation of the result:

e Each components 3; of 3 can be show that it sample N (Bi,0%¢i;), where C = (X7 X)) !
e The standard error of Bi may thus be estimated as s 5, = $V/Cii

We will use this result to construct the CI and hypothesis test. Under normality assumption is given as:

Bi — Bi
58,

~ tnfp

Now we have 100(1 — )% CI for §; so that: f3; + tn—p(a/2)s;,

Remark 71. (Test for Parameter) To test the null hypothesis Hy : 8; = ;0 where fB;o is a fixed number,
we can use the test statistics:

e Bi — Bio
5B
Under the Hy the test statistics follows the ¢,,_,. The most commonly tested null hypothesis is Hy : 3; = 0,
which states that z; has no predicted value.

Remark 72. (Test for Prediction) We can see that the obvious estimate is given as fig = wg,é’ The
variance of this estimate is given as:

var(fip) = x§253w0 =o2zl(XTX) 1
This variance can be estimated by substuiting s* for o as we have: fio £ t,,_,(a/2)s;,. Note that the
variance depends on xg.

Definition 8.8. (Squared Multiple Correlated Coefficient) This coefficient is simply defined as the
squared correlation of the dependent variable and fitted values. It can be shown that it is equal to:

2
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It is used as a crude measure of the strength of relationship that has been fitted by least squares.
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8.4 Conditional Inferece, Unconditional Inference, and Bootstrap

Remark 73. (Differece View) Instead of consider X and Y to be constant like most of the analysis above,
we consider both variable to be random and use the boostrap to quanify the uncertainty in parameter
estimates.

Remark 74. (Some notations) We consider the design matrix 2 and particular realization of this random
matrix will be denoted as X . The rows of 2 will be denoted by &,&,,...,&,. In place of model Y; = x;8+e¢;,
where x; is fixed and e; is random with mean 0 and variance o2, where we have:

EY|(=z]|=XB  var[Y|¢ = x| = o>

In the random X model, Y and & have a joint distribution and the data are modeled as n independent
random vectors:

(Yla€1)7 (Yna€2)> sy (Ynagn)

Let’s consider how the mean and the variance of the parameter given the uncertainty in the data points:

° ]E[,@\E = X] = B. Using the nested expectation, we have:

E[] = E[E[BS]] = E[3] = 3
o var[3;|2 = X] = 02(XT X);!. Using the marginalized, we have:

var(B;) = var[E[3;|Z]] + E[var[3;|Z]]
= var(8;) + E[0*(E"8);")
= o’E[ETE];"

%

This is highlt non-linear function of the random vectors &;,&s,...,&,,- This is hard to evaluate the analysi-
cally.

e Surprisingly, it turns out that the CI still holds at their nominal level of coverage. Let C(X) denote
the 100(1 — a)% CI for 3; for the old model.

e Using the T4 denotes the indicator variable of the event A, we can express the fact that 100(1 — )%

e Because the conditional probability of coverage is the same for every value of E, the unconditional
probability of coverage 1 — a:

E[I{8; € C(X)}] =E[E[I{5; e C(X)}[E=X]|]=E[l o] =1 -«
This is every useful result for forming the CI as we can use the old fixed-X model.

We can complete this section by discussing how the boostrap can be used to estimate the variability of the
parameter estimate under the new model.
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