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Preface
Every theory section in these notes has been taken from the sources:
e Course slides. [1]
About:
© GitHub repository

These notes are an unofficial resource and shouldn’t replace the course material
or any other book on numerical linear algebra. It is not made for commercial
purposes. I’ve made the following notes to help me improve my knowledge and
maybe it can be helpful for everyone.

As I have highlighted, a student should choose the teacher’s material or a
book on the topic. These notes can only be a helpful material.


https://github.com/PoliMI-HPC-E-notes-projects-AndreVale69/HPC-E-PoliMI-university-notes
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1 Preliminaries

1 Preliminaries

This section introduces some of the basic topics used throughout the course.

1.1 Notation
We try to use the same notation for anything.

e Vectors. With R is a set of real numbers (scalars) and R"™ is a space of
column vectors with n real elements.

T

]

x= |T3

Tn

Vectors with all zeros and all ones:

0 1
0 1
o= |0 1= (1
0 1

e Matrices. With R™*" is a space of m X n matrices with real elements:

a1 ar2 - Ain
az.1 azz 0 A2n
A_ =
am,1 Gm2 - Am,n
Identity matrix I € R™*™:
1 0 0
0 1 0
I= : = [el ey en}
00 --- 1
Where e;, i =1,2,...,n are the canonical vectors.
e=[0 0 - 1 - 0 O]T

Where 1 is the i-th entry.
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1.2 Matrix Operations
Some basic matrix operations:
e Inner products. If x,y € R™ then:
x'y = Z TiYi
i=1,...,n
For real vectors, the commutative property is true:
xTy =yTx
Furthermore, the vectors x,y € R" are orthogonal if:
xTy=y'x=0
And finally, some useful properties of matrix multiplication:
1. Multiplication by the identity changes nothing.

AeRV™ = I,A=A= AL,

2. Associativity:
A(BC)=(AB)C

3. Distributive:
A(B+ D)= AB+ AD

4. No commutativity:
AB # BA

5. Transpose of product:
(AB)' = BT AT
e Matrix powers. For A € R"*" with A # 0:
A’ =1, Ak:élﬁ--/-_{i/:AAk*1 kE>1

k times

Furthermore, A € R™*™ is:
— Idempotent (projector) A% = A
— Nilpotent A¥ = 0 for some integer k > 1
e Inverse. For A € R"*" is non-singular (invertible), if exists A~! with:
AAT =T1,=A714 (1)
Inverse and transposition are interchangeable:
A2 ()™= (4

Furthermore, an inverse of a product for a matrix A € R"*™ can be
expressed as:
(AB) ' =B'4!

Finally, remark that if 0 # x € R” and Ax = 0, then A is singular.
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e Orthogonal matrices. Given a matrix A € R™*"™ that is invertible, the
matrix A is said to be orthogonal if:

ATt =AT = ATA=1, = AAT

e Triangular matrices. There are two types of triangular matrices:

1. Upper triangular matrix:

Uil U2 vt Ulm
0 wgp -+ U2n,
U =
0 0 - Uy
U is non-singular if and only if u;; # 0 for i = 1,...,n.

2. Lower triangular matrix:

Ly 0 - 0
loqg Il -+ 0
ln,l ln,2 ln,n
L is non-singular if and only if I;; #0 fori =1,...,n.

e Unitary triangular matrices. Are matrices similar to the lower and
upper matrices, but they have the main diagonal composed of ones.

1. Unitary upper triangular matrix:

1w 0wy,

0 1 - u,
U= .

0 0 1

2. Unitary lower triangular matrix:

1271 1 .. 0
ln 1 ln,2 e 1

)
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1.3 Basic matrix decomposition

In the Numerical Linear Algebra course, we will use three main decomposition:

e LU factorization with (partial) pivoting. If A € R" " is a non-
singular matrix, then:

PA=LU
Where:

— P is a permutation matrix
— L is an unit lower triangular matrix

— U is an upper triangular matrix
Note that the linear system solution:
Ax=Db
Can be solved directly by calculation:
PA=LU

This way the complexity is equal to O (nj) So a smarter way to reduce
complexity is to use the divide et impera (or divide and conquer) technique.
Then solve the system:

Ly = Pb — unit lower triangular system, complexity O (n2)
Ux=y — upper triangular system, complexity O (nQ)

e Cholesky decomposition. If A € R"*" is a symmetric' and positive
definite?, then:

A=L"L

Where L is a lower triangular matrix (with positive entries on the diago-
nal). Also note that the linear system solution:

Ax=Db
Can be solved directly by calculation:
A=L"L

This way the complexity is equal to O (nd) So a smarter way to reduce
complexity is to use the divide et impera (or divide and conquer) technique.
Then solve the system:

LTy =b — lower triangular system, complexity O (ng)
Lx=y — upper triangular system, complexity O (n2)

IAT:A
22T Az >0 Vz #0
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¢ QR decomposition. If A € R™*"™ is a non-singular matrix, then:

A=QR
Where:

— (@ is an orthogonal matrix

— R is an upper triangular
Note that the linear system solution:
Ax=Db
Can be solved directly by calculation:
A=QR

This way the complexity is equal to O (n®). So a smarter way to reduce
complexity is to use the divide et impera (or divide and conquer) technique.
Then:

1. Multiply ¢ = QTb, complexity O (nz)

2. Solve the lower triangular system Rx = ¢, complexity O (n2)
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1.4

Determinants

We will assume that the determinant topic is well known. However, in the
following enumerated list there are some useful properties about the determinant
of a matrix:

1.

If a general matrix T € R™*™ is upper- or lower-triangular, then the
determinant is computed as:

det (T) = ﬁ tm
i=1

Let A, B € R™ " then is true:

det (AB) = det (A) - det (B)

Let A € R™*™ then is true:

det (AT) = det (A)

. Let A € R®*™ then is true:

det (A) #0 <= A is non-singular

Computation. Let A € R"*" be non-singular, then:

(a) Factor PA = LU
(b) det(A) =+xdet (U) ==Fus1...unn
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1.5 Sparse matrices

A sparse matrix is a matrix in which most of the elements are zero; roughly
speaking, given A € R™™ ™ the number of non-zero entries of A (denoted
nnz (A)) is O (n), we say that A is sparse.

Sparse matrices are so important because when we try to solve:
Ax=Db

The A matrix is often sparse, especially when it comes from the discretization
of partial differential equations.

Finally, note that the iterative methods (explained in the next section) only use
a sparse matrix A in the context of the matrix-vector product. Then we only
need to provide the matrix-vector product to the computer.

1.5.1 Storage schemes

Unfortunately, storing a sparse matrix is a waste of memory. Instead of storing
a dense array (with many zeros), the main idea is to store only the non-zero
entries, plus their locations.

This technique allows to save data storage because it will be from O (n2) to
O (nnz).
The most common sparse storage types are:

e Coordinate format (COO). The data structure consists of three arrays
(of length nnz (A)):

— AA: all the values of the non-zero elements of A in any order.
— JR: integer array containing their row indices.

— JC: integer array containing their column indices.

For example:

1. 0. 0. 2 O

3. 4.0, 5 0.

A=|6. 0. 7. 8 9

0. 0. 10. 1. 0.

0. 0. 0. 0. 12.
AA = [12. 9. 7. 5 1. 2 1. 3. 6. 4. 8 10]
JBR =[5 3 3 2 1 1 4 2 3 2 3 4]
¢ =[5 5 3 4 1 4 4 1 1 2 4 3]

10
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COORDINATE FORMAT - COO

DENSE MATRIX
(ZERO-BASE INDEX)

0 1 2 3 0 1 2 3 4 5 6 7
Row "
ol 10 - 0 0 1 4 4 5 5 5
1 30 | o Tl
.. 0 1 2 3 4 5 6 7
Coumn |
2 0 ™2 1 0 1 1 2 3
INDICES
3140 5.0
0 1 2 3 4 5 6 7
4 6.0 7.0 8.0 VALUES 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
(ONE-BASE INDEX)
1 2 3 4 1 2 3 4 5 6 7 8
Row
111.0 2.0 S T e - 1 1 2 5 5 6 6 6
2 30 | el T
1 2 3 4 5 6 7 8
Coumn [ -
3 1 3 2 1 2 2 3 4
INDICES
4| 4.0 5.0
™ 2 3 4 5 6 7 8
5 6.0 7.0 8.0 VALUES 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

Figure 1: Graphical representation of the coordinate format (COO) technique.
From the figure we can see the representation of the AA array, called values, the
JR, called row indices, and finally the JC, called column indices. The algorithm
is very simple. The figures are taken from the NVIDIA Performance Libraries
Sparse, which is part of the NVIDIA Performance Libraries.

e Coordinate Compressed Sparse Row format (CSR). If the elements
of A are listed by row, the array JC might be replaced by an array that
points to the beginning of each row.

— AA: all the values of the non-zero elements of A, stored row by row
from 1,...,n.

— JA: contains the column indices.

— IA: contains the pointers to the beginning of each row in the arrays
A and JA. Thus IA(¢) contains the position in the arrays AA and JA
where the i-th row starts. The length of IA is n+ 1, with IA(n+ 1)
containing the number A (1) 4+ nnz(A). Remember that n is the
number of rows.

11


https://docs.nvidia.com/nvpl/_static/sparse/storage_format/sparse_matrix.html
https://docs.nvidia.com/nvpl/_static/sparse/storage_format/sparse_matrix.html
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For example:

AL = L.
= [
I = |1

1. 0. 0. 2 O
3. 4. 0. 5 0.
A=|6. 0. 7. 8 9
0. 0. 10. 11. 0.
0. 0. 0. 0. 12
2. 3. 4 5 6. 7. 8 9. 10. 11. 12]
4 1 2 4 1 3 4 5 3 4 5]

3 6 10 12 13]

To retrieve each position of the matrix, the algorithm is quite simple.
Consider the IA arrays.

1. We start at position one of the array, then the value 1:

AN =
JA =
IA =

1. 2. 3. 4 5 6. 7. 8 9. 10. 11. 12]
4 1 2 4 1 3 4 5 3 4 5]
(@3 6 10 12 13]

2. We use the value one to see the first (index one) position of the array
JA, and the value is 1:

AN =
JA =
IA =

1. 2. 3. 4 5 6.
4 1 2 4 1
1 3 6 10 12 13]

7. 8. 9. 10. 11. 12]
3 4 5 3 4 5]

3. But with the same index of IA, you also check the array AA, which
has a value of 1:

AA =
JA =
IA =

@ 2 3 4 5 6 T
m 4 1 2 4 1 3
1 3 6 10 12 13]

9. 10. 11. 12]
5

4. Now we can check the next row of the matrix. So we check the array
IA at position 2 and get the value 3. But be careful! From 1 (the
previously calculated value) to 3 (the value just taken) there is the
value 2 in between. So we can assume that the value 2 is also in the

first row.
AN =
JA =
IA =

1. @ 3 4. 5 6 7. 8 9. 10. 11. 12]
1 @1 4 1 3 4 5 3 4 5]
1 3 6 10 12 13]

12
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AA=| 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. | 11. | 12.

1-th 3-th 6-th 10-th 12-th

JA=| 1 4 1 2 4 1 3 4 5 3 4 5

IA=| 1 3 6 10 12 13

Figure 2: View an illustration of the CRS technique using colors to improve
readability.

(ONE-BASE INDEX)

1 2 3 e — 1 2 3 4 5 6
i 1 3 3 4 6 9
111.0 OFFSETS
2 3.0
1 2 3 4 5 6 7 8
CoLUMN
3 1 3 2 1 2 2 3 4
INDICES
4140 5.0
1™~ 2 3 4 5 6 7 8
5 6.0 7.0 8.0 VALUES 1.0 20 3.0 40 50 6.0 7.0 8.0

Figure 3: Graphical representation of the coordinate compressed sparse row
(CSR) technique. From the figure we can see the representation of the AA
array, called values, the IA, called row offset, and finally the JA, called column
indices. It’s interesting to see how the empty line case is handled. It copies the
previous value of the array. The figures are taken from the NVIDIA Performance
Libraries Sparse, which is part of the NVIDIA Performance Libraries.
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