Chapter 7
The Canonical Commutation Relation

Learning goals:

(1) Explain why in quantum mechanics, the way we represent position and the way
we represent momentum do not commute with each other.

(2) Describe how transitions between energy eigenstates yield spectral line energies.
(3) Explain how the Rydberg-Ritz combination principle requires quantum mechan-
ics to be described with matrices (or operators).

Material to review:

(a) Matrix multiplication,
(b) Euler formula.

(¢) Planck-Einstein relation.
(d) Bohr model.

In quantum mechanics, all of the nonclassical behavior arises from the canonical
commutation relation, which summarizes how the degree of freedom of position and
the degree of freedom of momentum do not commute. This result was first discovered
by Heisenberg, and later was improved upon by Born and Jordan. We will investigate
this derivation in detail later in the chapter. As we go through our arguments, it may
not seem like what we are doing is something that is so important. But it is. And we
will be exploring the consequences of this throughout the remainder of the book.

7.1 Rydberg-Ritz Combination Principle

In the late 1800s, the field of spectroscopy was an exceedingly important scientific
enterprise. It was noticed that different elements emit light with very specific fre-
quencies. This allowed us to identify elements in stars by just looking at the colors
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122 7 The Canonical Commutation Relation

of the light. It also allowed us to discover new materials that had not yet been seen
on earth. It was a very powerful tool.

In spite of this importance, no one understood why the elements emitted these
characteristic light frequencies only, and this was viewed as a major problem that
needed to be solved. In many respects, as our knowledge of spectra improved, it
allowed us to ultimately develop quantum mechanics as a formal theory that could
describe how atoms emit light at characteristic frequencies. In fact, after World War
II, precision spectroscopy provided critical tests for quantum field theory as well.

How are spectra measured? The experimental device is simple. First we need an
atomic source that is excited with high energy. This is often done by using a vacuum
tube, inserting nearly pure elemental gas into it, and then adding energy into the
system (usually with high-voltage electrodes), similar to the cathode-ray tube. The
atoms emit light in their characteristic frequencies, which can be measured if the
light can be separated into its constituent colors.

There is a device that separates light into its characteristic colors that was known
for a long time—it is a prism. But this was not accurate enough for spectroscopy
measurements, so it was replaced by a diffraction grating. The better you could make
a diffraction grating, which is done by drawing very fine nonreflective lines on glass,
the better you could measure spectra. Note that the measurement converts the wave-
length, or equivalently the energy of light into a measurement of position—many
quantum measurements act in a similar way by relying on a position measurement
because the detectors are always located somewhere. By 1900, the spectra of many
atoms were tabulated, and a huge amount of data existed. Much of this work extended
the visible light spectra into the ultraviolet and the infrared.

When Bohr developed his model for the atom, he postulated that certain orbits
only were allowed and they would be stable even though classically they should emit
light as the electron spiraled into the nucleus. So, from Bohr’s perspective we only
needed to determine the energy levels, and the spectra would result from the energy
differences.

Bohr did not make up this idea of energy differences determining the spectra on
his own. It was known well before his model, and describing how this works is our
first job in this chapter. Note that the Planck-Einstein relation tells us that we can
equally well think of frequencies to determine the allowed orbital energies.

Sommerfeld had extended the Bohr model from circular orbits to elliptical ones,
and generalized it as well to better describe definite angular momentum states [15, 16]
(the second citation is an English translation of the original). If an electron orbited
in an ellipse, it would have a periodic orbit, repeating every period. Mathematically,
such behavior is described by a Fourier series. This is a weighted sum of complex
exponentials e’?, where the frequencies that appeared in the sum were all integer
multiples of a fundamental frequency wy. Why you might ask? Well, if we consider
the sum
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7.1 Rydberg-Ritz Combination Principle 123

where a,, b,, and ¢ are all constants, then one can easily see that this series is
periodic with period T = 27/wy, because ¢>™" = 1. Furthermore, if we added any
term with a different frequency in the exponent, it would not have this period. We
will examine this concept in more detail a bit later in the chapter, but I hope it is
clear to you that this series is periodic with period T

What this told physicists at that time is that we should expect the frequencies used
in our description to be of the form nwg. This then tells us that the spectra should
yield frequencies given by the fundamental and its harmonics—the intensities would
be proportional to the modulus squared of the coefficients.

But, this was not seen in the data. Indeed, the data was found to be a bit more
complicated, and this complication is what we want to explore next.

Energy (ev) | 1.89 | 2.55 | 2.86 | 3.03
Wavelength (A)[6562.79[4861.35(4340.472[4101.734

Table 7.1: Visible spectral lines of hydrogen.

Hydrogen was a favorite to examine its spectroscopy. Table 7.1 shows the visible
spectra of hydrogen, which was the easiest one to measure. Johann Balmer, a Swiss
Ph. D. who taught in a girls high school, enjoyed trying to make sense of the data
for hydrogen (see Fig. 7.1). He found a remarkable formula that described all of the
experimental results.

Fig. 7.1: Johann Balmer in the 1880s, around the time he discovered the Balmer
formula. [Public domain. Converted to look like a stencil by the authors. ]

Balmer determined that the spectral lines satisfied
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where Ry = 10 967 800 m~! and m = 3, 4, 5, 6 [1]. (Note that Balmer did not
know about 7, so he used the inverse wavelength, but we use a more modern form
with the energy.) The constant 277ic is given by 12 398.4 eV-A. The Balmer formula
was quite accurate. For example, we have for m = 3 that the Balmer transition has
A =6561.12 A as compared to the measured value of 6562.79 A. If we focus on
the energy form of the formula, we can see that it looks like the difference of two
energies. This observation will turn out to be correct. It is consistent with the Bohr
postulate.

Note further, that Balmer’s formula predicts more transitions for m > 6. These
transitions are in the ultraviolet, so they need more sophisticated detectors to measure
them. Balmer’s predictions for these higher-energy states were also confirmed. In
honor of his work, these transitions in hydrogen are called the Balmer series.

Fig. 7.2: Johannes Rydberg, a Swedish physicist, who developed the Rydberg for-
mula. [Photo by Per Bagge and courtesy of the University of Lund library (public
domain). Converted to look like a stencil by the authors.]

Johannes Rydberg was a Swedish physicist who took the Balmer approach fur-
ther [13, 14] (the second citation is a shortened English version) and found similar
formulas could be approximately applied to alkali metals in addition to hydrogen
(see Fig. 7.2). He also found that the Balmer formula was just the first of a series
of formulas one could find, when he generalized the approach in 1888. His more
general formula took the form
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where m > n. The Balmer formula corresponds to n = 2. This formula predicted
a series of spectral lines in the ultraviolet, called the Lyman series, with n = 1, an
infrared series with n = 3, called the Paschen series, and even more—the Brackett
series with n = 4, the Pfund series with n = 5 and the Humpreys series with n = 6.

Niels Bohr was able to exactly produce these results with his model for hydro-
gen [2], which we will examine in more detail later in the chapter.

Fig. 7.3: Walther Ritz in 1911, around when he discovered the Ritz combination
principle. [AIP Emilio Segre Visual Archives, W. F. Meggers Collection. Public
domain. Converted to look like a stencil by the authors.]

But, before Bohr came on the scene, a mathematician, Walther Ritz generalized
the ideas even further (see Fig. 7.3). His result became the Rydberg-Ritz combination
principle [12]. We will describe the basic idea first, and then discuss the additional
subtleties associated with it. When applied to hydrogen, it was consistent with the
Rydberg formula, and worked flawlessly. When applied to other atoms, it usually
worked fairly well, but could predict transitions that do not exist, or could predict
transitions with more sizable errors than one might have expected. We will explain
both of these subtleties as we examine the principle in more detail.

In Fig. 7.4, we plot the energy levels and the possible photon energies given by
the difference in energies for a jump between two levels. The different series are
labeled by the final (lower) energy state. The Lyman series is primarily ultraviolet,
the Balmer series primarily visible, and all other series are primarily infrared. The
Ritz combination principle was simple: since energies that appear in spectra are
energy differences, if we add or subtract the energies of two related spectral lines, it
will be equal to the energy of another spectral line. In equations, we have
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Fig. 7.4: Grotrian diagram for hydrogen. The horizontal lines are the different en-
ergy levels for hydrogen (in eV) and the vertical lines are transitions. Because of
degeneracy in hydrogen, we do not need to worry about selection rules. This style
for depicting spectra was developed by Grotrian [8].

Ep+ Ex3 = (Ey — E2) + (E; — E3) = Ey — E3 = Ey3, (7.4)

implying that if we see a transition from 1 to 2 and one from 2 to 3, then we should
see one from 1 to 3. Indeed, the critical property of this result is that the energy
of the light in an atomic spectra line is given by the difference in energies between
two atomic energy levels—an idea that Bohr used heavily in the development of his
theory.

But, the Ritz combination principle had some issues. Sometimes it predicted
there to be a spectral line, but it was not seen. Why? The answer comes from the
fact that spectra have selection rules. In Bohr’s theory, he classified energy levels
according to their angular momentum. The most common selection rule (for electric



7.2 Atomic Spectra cannot be Described Classically 127

dipole transitions) is that the angular momentum quantum number must increase
or decrease by exactly one unit. The angular momentum states were labeled as you
know from chemistry: s =0, p = 1, d = 2, f = 3 and so on. Hence if we have a
s — p transition and a p — d transition, then for the Ritz combination principle,
we anticipate one at the sum of the two energies, but this is an s — d transition,
which is not allowed for the electric dipole, so either it is very weak (coming from a
magnetic dipole or electric quadrupole transition), or it is not seen at all. If, however,
we have near degeneracy between energy levels of different angular momentum,
then the Ritz combination principle works. Since hydrogen always has such near
degeneracy, it satisfies the combination principle perfectly. But, other atoms don’t
always do so well. We give an example of how this works for helium with its partial
Grotrian diagram in Fig. 7.5.

Let us look at three examples for helium in Fig. 7.5. The first is the transition from
1'S — 21P (21.22 €V) and the transition from 2'P — 3!D (1.85 eV). Then Ritz
says add these energies and there should be a transition from 1'S — 3!'D. Adding
them, we get 23.07 eV. Now, there is no 1'S — 3! D transition due to selection rules,
but there is a 1'S — 3!P which is 23.09 eV. One can see it works! Another one is
a similar pattern: 1'S — 3'P (23.09 eV), 3'P — 4!D (0.85 V) and then looking
at the sum, which is 23.74 eV, we see the transition from 11§ — 4!P is 23.74 eV.
It again works! The third is to compare the transition 2'S — 3'P (2.48 eV) and
21§ — 4P (3.13 eV). Take the difference, which is (0.65 eV). There is a transition
3'P — 4D of 0.65 eV.

In all of these cases that worked, what we see is they occur because we have two
states that are nearly degenerate, allowing the combination principle to approximately
work. This is the general case one will see with most atoms other than hydrogen due
to the selection rules. We also have an example where it does not work. Consider
21§ — 4P (3.13 eV) and 3'S — 4!P (0.82 eV). Taking the difference, we find
2.31 eV. But, there is no transition for this—the closest is 2.48 eV for 21§ — 3!P.
In this case the near degeneracy is not so near.

In summary, what was found in the early 1900s was that the spectra are described
in terms of energy differences. At that time, there was no good theory to explain why
this was so, and as we discuss in the next section, the Rydberg-Ritz combination
principle illustrated how spectra could never be described classically. Then, Bohr
developed a model that restricted the classical theories and was able to make his
nonclassical theory work, but only for hydrogen. Relying on the same principle,
Heisenberg finally discovered the proper way to incorporate it into a quantum theory.
We will take you through this journey in the remainder of the chapter.

7.2 Atomic Spectra cannot be Described Classically

If we think of an atom as involving some kind of motion of its constituents, then
that motion either is periodic, or is nonperiodic (creating a never repeating orbit).
But, because the orbits of planets are periodic, and the Coulomb law is the same
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Fig.7.5: Partial Grotrian diagram for the singlet states of helium. The horizontal lines
are the different energy levels for hydrogen (in eV) and the angled lines are transitions,
labeled by their energies in eV. Note that the energy levels are labeled according to
the principle quantum number and the orbital angular momentum symmetry of the
state. The 1 superscript indicates it is a singlet state. There are examples of lines
that do satisfy the Rydberg-Ritz combination principle, but not all predictions lead
to transitions due to selection rules. The lines are angled because one can only have
transitions which change the angular momentum by =+1.
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functional form as the universal law of gravitation, we anticipate that atoms should
be periodic in their motion as well.

As we described earlier the most general form of a periodic function is a Fourier
series. It is easy to see that the Fourier series is always periodic with the period 7. It
is harder to prove that any periodic function with period T can be represented by such
a series; we will not provide that proof here. Working with the Fourier series, we
further use the Planck-Einstein relation to relate angular frequencies to energies (via
E = hw), and then we expect the spectra to correspond to the energies that appear
in the Fourier series (that is, from the frequencies in the expansion). As you recall,
they are all harmonics, so we would expect them all to be multiples of the harmonics
(assuming those harmonic appear in the expansion with nonzero coefficients).

So, how would this work for some classical problems?

The simplest problem is the harmonic oscillator with frequency wy. We know
that the periodic motion is given by x(¢) = xg cos(wpt) + 5—% sin(wgt). You can see
only one frequency appears in this expansion. Hence, there would be no transition
if there is just one energy state, so perhaps the harmonic oscillator is not a good
approximation for an atom, even though we tried to use it earlier when describing
metals back in Chap. 1.

Potential Energy

Morse potential

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
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Fig. 7.6: Morse and his potential. The Morse potential goes to infinity on the left,
and to zero on the right. It has a depth of D, at x = x.. Morse image taken when
he was in his 50s. [Morse image from AIP Emilio Segré Visual Archives, Physics
Today Collection. Converted to look like a stencil by the authors.]

Another interesting potential is the Morse potential, which was originally created
by Philip Morse at the dawn of quantum mechanics [10]. It is an asymmetric potential
that was used to model the potential energy of a diatomic molecule of equilibrium
extension x.. You can see an image of Morse and his potential in Fig. 7.6. The
potential is
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Worse (X) = D, (e—2a(x—xe) - 2e—a(x—xe)) . (7.5)

This looks like a complicated potential, and working out the force, by taking its
negative spatial derivative, makes it seem impossible to find the orbits. But we can,
as we show next. Just note, this is a French-cooking style of problem—many steps,
but none too difficult. Just find the stamina to get through it all.

We solve it by looking at the conservation of energy. This is a standard approach
in classical mechanics, but not always discussed in an introductory class. Let us see
how it goes.

Energy conservation says %m)'c2 +V(x) = E and requires E < 0 for a bound state
with a periodic orbit from the shape of the potential. The velocity can be solved for

giving us
dx
o 2 (E - V(x)), (7.6)

and then allowing us to have a differential equation for the position, which is solved
by integration, yielding

t B X d—
Jg/'wzi/-75§?5; (1.7)

Next, we change variables, letting y = ¢“*~*<) and dy/(ay) = dx. The integral

becomes
ea(x—xe)
d
\/%t +c= J_r/ 4 >
D, , 2D,
ay E - y—2 + 5
e@(x—xe)
:i/' i , (78)
a\Ey?+2D,y - D,
with ¢ the integration constant. The right hand side can be exactly integrated, to
yield
2i(|E|ly + D,
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with ¢’ = e€. Squaring both sides and recalling E < 0, then gives us
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Next, we solve for y and find that

[DeE+1 quy Do ¢ [De i
_ . |Pe sior _ De ¢ [De siwn 7.12
Y=NIE Ee € E A VIEC (7.12)

The term ¢’ is determined by the initial conditions of the system. We pick ¢’ =

2i, /%, which corresponds to starting at a turning point of the potential (for a

chosen E value). Then, we find

VD2 + D E D
y = —eE “— cos(wt) — ?e (7.13)

Finally, going from y to x, we find that

VD2 +D,.E
E

x(t) = xe + l ln( cos(wt) — &) . (7.14)
a E

This has many harmonics in it, as can be seen by using the Taylor series expansion
for In(1 — z), which gives

x(t) = xe + % (i

n=1

n
D,+E D
i)e cos a)t) +1n Ife') ) (7.15)

By using multiple angle formulas, to convert powers of cosine into cosines of nw,
one can determine the full Fourier series. We do not need this though. One can clearly
see that the frequencies would include all of the harmonics of w. Interestingly, since
w is a function of E, the fundamental changes with E. So, if we had a Morse system
with many energies, we would end up with spectra at every possible frequency. Only
if the energies were restricted in some way to specific allowed values, would we have
discrete spectra.

One can immediately see that if we took a classical point of view, insisted on
periodic motion, and relied on the Planck-Einstein relation to convert frequencies to
energies, then we are required to have all spectra to be harmonics of one or more
fundamentals.

As we already know, the spectra do not take this form, so they cannot be described
with a classical theory. They appear instead in the form of energy differences. There
are two ways to obtain energy differences and neither is classical. The first way, due
to Bohr, is to only allow specific orbits, with a discrete set of energies determined
by the Bohr-Sommerfeld quantization rules, and to only allow transitions between
different energy levels. Then, we obtain spectra that are energy differences. The
other way, is to see that the fundamental objects to work with are matrices of a very
specific form. This is what Heisenberg did, and we will examine his approach in
detail later in the chapter.
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7.3 Bohr Model

As we discussed before in Chapter 2, once Rutherford discovered the nucleus of
the atom, Bohr came up with his theory for the atom [2]—it worked beautifully for
hydrogen, but not so well for other atoms. It was based on the Bohr-Sommerfeld
quantization condition, where the integral J = f pdx over a period of motion was
quantized to be 2znfi; the integral is called the action. This quantization principle
appeared to work in some cases, but not in others. Then, for the allowed orbits and
their allowed energies, the observed spectra arose from the transition from state n
with E, to state m with E,,, with the photon of angular frequency that satisfies
hw = E, — E,,, from the Planck-Einstein relation. Bohr insisted that the orbits were
stable, even though classically they should emit radiation and decay.

Fig. 7.7: Paul Ehrenfest in the 1920s. Ehrenfest was an Austrian physicist who
succeeded Lorentz in Leiden. He was quite ahead of his times, supporting many
women to earn Ph.D.s during his tenure. Unfortunately he committed suicide in
1933. [Frenkel, Leningrad Physics-Technical Institute, Courtesy of AIP Emilio Segre
Visual Archives. Converted to look like a stencil by the authors.]

So, how could one reason why such a quantization condition exists? Paul Ehrenfest
(see Fig. 7.7), an Austrian physicist, came up with a clever argument to justify
the procedure based on a principle called adiabatic invariants [5]. We now briefly
summarize how these ideas worked. An adiabatic invariant is something that remains
constant when a parameter is slowly changed. If we consider the Coulomb problem,
where the energy is given by
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) 2 72

p- k_p; L k
- _E_Pr -5 7.16
2m r  2m  2mr? r (7.16)

where p, is the radial momentum, L is the angular momentum, and k = ¢?/47¢€. In
an adiabatic invariant calculation, we assume k varies slowly in time and wish to find
something that remains constant as k changes. We assume further that the energy
is essentially constant over an individual period of motion, but changes over many
periods (similar to how we calculated the decay of the classical electron orbiting in
an atom). Then we have

.k kK k

E=-—=———-=PE —, 7.17
r rk k ( )
where PE denotes the potential energy. If we average over a period of motion and
use an overbar to indicate the averaging, we have

T —k
=__/ Edt = PE —. (7.18)
0 k

Here T is the period of the motion. Let us take a moment to understand this equation.
It says, if I average the energy over one period of the motion, then the rate that that
averaged energy changes is given by the rate that the constant k changes relative to
its size multiplied by the rate at which the averaged potential energy changes. So,
if we can relate the average potential energy to the average energy, we can find a
differential equation we can solve. This is our next task.

The way we relate the time-averaged potential energy to the total energy is via
the so-called viral theorem. The idea is that we examine the time derivative of the
virial, here given by rp,, to find such a relation. We have

mr3  r?

2 k\ p2 I?
dt -

d
—(Vpr)=fpr+rﬁr=%17r+f”(

We used the fact that p, = m7 and p, is the radial force. Now, we integrate both
sides over a period and divide by the period. The left hand side will vanish, because
both r and p, are periodic in the motion. Then, we find

0=2KE +PE or KE =—3PE. (7.20)
Since E = KE + PE, we find that E = %ﬁ This then allows us to transform
Eq. (7.18) into

d ¢ .

—E 2k _

d% = or Lin(E) =24 In(k). (7.21)

This is solved by the adiabatic invariant result given by
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k2
E = constant. (7.22)

So, as k and E vary, the ratio k*/E remains constant.

How did Ehrenfest use this to relate to the Bohr-Sommerfeld quantization condi-
tion? The answer is that one re-organizes the constant object so that it has dimensions
of the action, and then sets it equal to 2zxn7. You might note that because the dif-
ferential equation has an arbitrary constant associated with it, we do need more
information to determine the precise result. This is examined further in Prob. 7.5.

To get the right dimensions, we use dimensional analysis. It is essentially a
matching game. For example, the action has dimensions of angular momentum, or
position times momentum or energy times time. Let’s keep the last one in mind.
Now, since k has the dimensions of energy times length, then the adiabatic invariant
has dimensions of energy times length squared. The only constant I can use is mass.
How can I get it to have the dimensions of the action. It seems hard to sort out, but
after a little trial and error, one will discover that mass times length squared is equal
to energy times time squared, so then we see the right combination to quantize is

2
1/% o 27nh. (7.23)

Here, we recall that the energy is negative. We use the proportional sign, because
the way this analysis worked, we did not get the numerical constants correct, just the
dimensions. Nevertheless, it says the energies must behave like E,, oc 1/n%, which is
exactly what Rydberg discovered by looking at the spectra.

Even after all of that analysis, all we really have is a handwaving argument. While
it is true the approach appears to be working, why is it one would quantize the
adiabatic invariants of the motion? No one was able to answer that question. But,
it seemed comforting that quantizing the adiabatic invariant meant that there was a
unique way to apply the Bohr-Sommerfeld quantization condition.

The Bohr model had a few assumptions. It said atoms have stable orbits chosen
from all possible classical orbits by a procedure where we use the Bohr-Sommerfeld
quantization principle, or we use the adiabatic invariant argument. It says the tran-
sitions between the atoms correspond to changes from one stable orbit to another.
The emitted or absorbed photon had an energy given by the energy difference, so
hw=E, - E,.

When applied to hydrogen, it properly predicted the Rydberg constant in terms
of other fundamental constants. It did not do as well for other atoms. Yet, even
though hydrogen worked so well, there was still a puzzle. It had long been known
that spectra similar to the Rydberg expressions we discussed earlier could be found
for something that was observed in certain massive stars. They were discovered
by the astronomer Edward Charles Pickering (see Fig. 7.8), who discovered these
spectral lines in the star Zeta-puppis and identified three of the lines as belonging to
hydrogen, but with half-odd integer values used in the Rydberg formula [11]. Alfred
Fowler (see Fig. 7.8), a British astronomer, tried to create the lines on earth, and
found he could only get them if he used mixtures of hydrogen with helium [6]. The
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Fig. 7.8: (Left) Edward Charles Pickering from the 1880s. (Right) Alfred Fowler
from 1900. Pickering was an American astronomer at Harvard, who discovered
the extra spectral lines from the spectra in the star Zeta-puppis. Fowler was an
English astronomer who performed experiments on hydrogen-helium mixtures and
discovered he could produce the Pickering lines on earth. [Pickering image: public
domain from wikimedia commons. Fowler image: Public domain from Library of
Congress, George Bain Collection, LC-B2- 6573-10. Both converted to look like
stencils by the authors.]

Pickering-Fowler spectra lines made no sense. While they fit the form of the Rydberg
formula, they required half-odd integers, rather than integers. In addition, they were
the only spectral lines thought to belong to hydrogen that Bohr had no theory for.

Bohr set out to solve this problem. He thought of an out-of-the-box solution based
one the tidbit of information from Fowler’s experiments—one could not get the lines
unless there were both hydrogen and helium present. He worked his theory out for
singly ionized helium. This ion looks just like hydrogen except the nuclear charge is
+2e instead of +e. You will get a chance to examine the details for how this works
in the problems. It requires a small refinement of the Bohr model, which we discuss
next, called the reduced mass.

One important refinement of the Bohr model is to take into account the fact that
the nucleus is not infinitely massive. This means the atomic problem is to describe
the joint behavior of the nucleus and the electron—called the two-body problem. We
will illustrate it with a simplification of a one-dimensional system. The equations of
motion of the two particles are

. P1 .
X1 = 171:

dV(xi—x) . p2
ni dx1 ’

dV(xl —xz)
Xy =—, and pr=———.
my

7.24
a5 (7.24)
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Note how we assume the potential depends on the distance between the two particles
X1 — X2, which means it automatically satisfies Newton’s third law—the force on
particle one from particle two is equal and opposite to the force on particle two from
particle one.

This two-body problem is reduced to an effective single-particle problem by
going to average and relative coordinates. We work out these details now. The
average coordinates are the center-of-mass position and the total momentum, or

mixy) + moxy mixy + maXxy

X: = d P: N 725
pr— I an pi+p2 (7.25)

with M = m + m; the total mass. The relative position and momentum are

Xee = X1 =2 and prt = (5711 - 5722) : (7.26)

where ¢ = mymy/M is called the reduced mass.
To see that the system decouples into two independent systems, we need to
compute the equations of motion for the average and relative coordinates. We find

- _ p1t+p2

P .
X =— and P=0, (7.27)

m +my, M
because the two forces are equal and opposite and so they cancel. For the relative
coordinates, we have

. . _ D1 P2 _ Prel — dV (xre1)
Yl =X —dp = — — = = and P = ————.
m my M dxrel

(7.28)

This shows that the average degrees of freedom are those of a free particle with
effective mass M, while the relative degrees of freedom are those of a particle with
effective mass u and having the same force act on it. For the Bohr model, it says the
entire analysis is just like before with m — p, and for hydrogen, we have

memp 1836
=~ ——m, =~ 0.9995m,. 7.29
H Me + My 1837m€ e ( )

This may seem like a small effect, and it is, but it can be seen. In fact, it can be
used to “weigh” the mass of the nucleus by measuring spectroscopy. This is how
deuterium was first discovered, which is investigated further in Prob. 7.10.

Now, we can get back to the Pickering-Fowler lines story. As we mentioned above,
the lines were seen from stars, but not in conventional experiments on earth until
Fowler did them, and he found they required hydrogen and helium in the tube to be
observed. Bohr’s bold idea was that the lines came from the transitions of singly
ionized helium (He*) [3]. How can one tell the difference—is it a half-odd integer
quantum number for hydrogen, or an integer transition for singly ionized helium?
If we calculate the two transitions, there is a slight difference because the nuclear
mass of hydrogen and helium are different. This is what Bohr did and he found that
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the data fit He™ better than hydrogen. It showed how high precision spectroscopy
could resolve the source for spectral lines that had been improperly assigned before.
Einstein was so impressed with this result that he said it must be true that the Bohr
theory is right.

Hence, the Bohr theory had significant success, even if it also had issues with
it. The most important aspects of the theory for our next task are that it showed
(i) that atoms have definite energy states and (ii) the emitted light has its frequency
determined by the Planck-Einstein relation and energy conservation viafiw = E;—E ¢
for a transition from an initial to final state. These two facts are critical for determining
the canonical commutation relation.

7.4 First Derivation of the Canonical Commutation Relation

As we saw when we were investigating spin, the commutation relation between
operators is important in determining the quantum properties of spin. Now, as we
move toward examining the quantum properties that depend on position and momen-
tum, we need to find the commutation relation between the position and momentum
operators or [£, p]. How do we do this?

This was one of the hallmark discoveries of Heisenberg, Born, and Jordan, and
we will see how they did it in the next section. Their approach was based on matrix
mechanics and provides a rigorous derivation. But, it relies on properties of matrices
that one only studies in a linear algebra class. So, it is useful to examine an alternative
way. This is what we do here.

Herbert Green (see Fig. 7.9) was a New Zealand physicist who wrote a remarkable
quantum mechanics textbook in the sixties called Matrix Mechanics [7]. In it, he
found a simpler path toward the canonical commutation relation than what Heisen-
berg, Born, and Jordan worked out. The derivation is not completely rigorous, as
you will see, but it does provide a simple and very strong argument in favor of the
result.

We use all of the ideas developed so far. To start, we consider the atom in an initial
state |i) that transitions to a final state | f). We make a simplification to consider a
one-dimensional system only, and we choose the Hamiltonian to be general and of
the form -
p

H="—+V(%). (7.30)
2m
The atomic states are definite energy states, so H |i) = E; |i) and H |f) = Es|f).

Our first step is to consider the expression

(FII%, AH]i) (7.31)

and evaluate it two different ways. First, we expand the commutator to £H — H£ and
then let the H operator act to the left or to the right depending on which state it is
adjacent to. Using the fact that the states have definite energy yields
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Fig. 7.9: Herbert Green was a New Zealander, who developed a simple argument to
determine the canonical commutation relation. [Image credit: Australian Academy
of Science. Converted to look like a stencil by the authors.]

(Ei = Ep) (f1]0) = hwiy (fIZ]D) (7.32)

after using the Planck-Einstein relation.
The next step uses Heisenberg’s idea that

(FIRliy = ™" X gy, (7.33)

where X¢; is a matrix-element that does not depend on time. This specific variation
in time is called a harmonic variation in time. Using the Heisenberg postulate, leads
us to

I AT = in s (1) (.34

We next make the assumption that all of the time dependence is assigned to the
operator, not the states, which is called the Heisenberg representation. Then because
X = p/m, we finally arrive at

It Al = in (1 210, (1.39)

This concludes our first evaluation.
For the second one, we directly evaluate the commutator in the bra-ket:

_. P ]
£, —

2m

A2
[)e, P vl =

1
2 =5 (pLRpI+[851P).  (136)
m m
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The first equality occurs because an operator commutes with a function of the
operator and the second follows by applying the Leibniz rule for commutators of
products of operators.

Our next step involves the assumption we will use. We assume that the commutator
[%, p] commutes with p, or [p, [%, p]] = 0. This holds if the commutator is a number,
and not an operator (more generally if it is a function of p). We assume, however,
that it is a number, which means we can factor it out of the matrix element and we
obtain

1L A1 = 1511210, (1.37)

Comparing Eq. (7.35) to Eq. (7.37), we see that we must have
(%, p] = iR (7.38)

This relation is called the canonical commutation relation. In most quantum me-
chanics textbooks it is postulated, but you see here that we can derive it, with one
small assumption, which is true a posteriori.

What observations went into this derivation? We needed the Planck-Einstein
relation between the frequency and energy of light, the Bohr idea that atoms have
static states with definite energy and light is emitted when the electron transitions
from an initial state to a final state, the Heisenberg result that the matrix element
of an operator between two states oscillates harmonically according to their energy
difference, and that the total energy is given by the sum of the kinetic and potential
energies. But, really, these ideas come primarily from Einstein’s concept of a photon
and the experimentally observed spectra of atoms.

Note that we did not need to say anything about the form of the potential—indeed,
it does not enter into the analysis, which holds for all potentials.

We have achieved a remarkable result. By carefully following the ideas that
evolved from the observed spectral lines of atoms, we have found a way to motivate
the canonical commutation relation. We will soon discover that essentially all of the
quantum properties follow from this canonical commutation relation. Yes, it is that
important.

7.5 Second Derivation of the Canonical Commutation Relation

Our next enterprise is to provide a fully rigorous derivation of the canonical com-
mutation relation as carried out by Heisenberg, Born, and Jordan. We will start with
a bit of the history before we get into the math. Note, however, that our derivation
does not follow that of the pioneers. It instead follows a more recent study [17]. We
will point out where we deviate from the older approach and why, when we get to
that place in the derivation.

Legend has it, that Werner Heisenberg suffered from hay fever, so he traveled to
a desolate rock of an island called Helgoland where hay fever symptoms would be
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Fig.7.10: (Left) Werner Heisenberg, (center) Max Born, and (right) Pascaul Jordan in
the mid 1920s. These three developed the theory of matrix mechanics, and provided
a path towards a rigorous derivation of the canonical commutation relation, although
they did not provide such a derivation themselves. While Heisenberg and Born
both won Nobel prizes, Jordan sympathized with the Nazis and did not. Heisenberg
also supported the Nazis by heading their atomic bomb project. [Heisenberg image:
Friedrich Hund, AIP Emilio Segre Visual Archives, Physics Today Collection. Born
image: AIP Emilio Segre Visual Archives, Lande Collection. Jordan image: AIP
Emilio Segre Visual Archives, Segre Collection. All figures converted to stencils by
the authors. ]

minimized. During this time he had been hard at work trying to figure out how to
work with quantum mechanics in a more reasonable way than the Bohr-Sommerfeld
quantization. In a moment of inspiration, in the very early hours of the morning, he
saw how all the pieces fall together and created matrix mechanics.

The reality is, of course, a bit different. He had been working on this problem for
quite some time and indeed much work was completed in Helgoland, but the process
was perhaps a bit more gradual than sudden as is often described. See Fig. 7.10 for
images of the pioneers who develop quantum mechanics through the properties of
matrices.

Heisenberg’s main train of thought was that he did not want to work with position
and momentum as functions of time, as in a classical orbit, because, as he would
say, one cannot observe such orbits. Instead, he wanted to focus on objects that
describe the Rydberg-Ritz principle properly, and here, we land on having to consider
matrices, just as we discussed previously. Because it is uncommon for most to have
studied linear algebra at this time, we take a small detour to discuss matrices and
matrix multiplication before heading to the main event.

Matrices are arrays of numbers, with two indices. The first is the row index and
the second is the column index. Matrices have many different properties, and arise
in many different contexts in physics, and you have probably worked with 2 X 2 and
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3 % 3 versions previously. As an example, we show a 3 X 3 matrix, first abstractly
and then concretely for a specific realization:

M Mj; M3 3 1+i 0
M=|My My, My |=|1-i 2 41. (7.39)
M3, M3, M3 0 4 -1

This specific matrix is also Hermitian, because Mj; = M;;. Please check it carefully
to verify it is Hermitian.

We want to remind you of the concept of matrix multiplication, which we dis-
cussed earlier in Chap. 3. The way it works for the product of two matrices A and B
is that we take each row of A and each column of B and we pair them and thinking
of each of these as vectors, we form the inner product between them. That entry goes
into the respective entry of the C = AB matrix.

Let us take the product of M with itself to illustrate.

3 1+i O 3 1+ O 11 5+54+4i
1-i 2 4||1-i 2 4]|=|5=-5i 22 4 . (7.40)
0 4 -1 0 4 -1 4-4i 4 17

For example, let us look at the 13 element of the product. The first row vector is
(3,1 +,0) and the third column vector is (0,4, —1), so the product is

M =3x0+(1+i)x4+0x (=1) =4 +4i. (7.41)

The other cases are worked out similarly. Please carefully check that you can multiply
these two matrices together.
More abstractly, we can write

N
Coun = ) AmiBun, (7.42)
1=0

which summarizes the procedure we just described. This is the main result we need
to discuss Heisenberg’s matrix mechanics.
Heisenberg assumed the matrices in his theory took the form [9]

i(Em-En)t

M, = Mp,e h ) (7.43)

where M,,,, were numbers independent of time, and all of the time dependence was
given by the harmonic time variation. Heuristically, one can think of the mth row as
corresponding to the state with energy E,, and the nth column as corresponding to
the state with energy E,,, but Heisenberg knew nothing about states at that time, and
the concept of a state is not needed for this analysis.

In order for the Heisenberg ansatz to be valid, when we construct composite
matrices from some set of already defined matrices, they must continue to have the
same functional form. Let us check by evaluating the square of M. We have
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) Em-Ept | i(Ej~En)t
an = Z M, My, = Z MM, e h h
indep. of ¢

i(Em—En)t

- Z My Mpe 7. (7.44)
7

Hence, we immediately see that under matrix multiplication, the Heisenberg ansatz
is preserved. This means it holds for any function that can be expressed in terms of
a power series as well. It is said that Heisenberg rediscovered matrix multiplication
to properly make his definitions robust and hold under matrix multiplication.

Okay. We have the ansatz for the form of matrices in Heisenberg’s theory. Let
us look at a few consequences of this. First, the Hamiltonian matrix H, which is
time independent, must be a diagonal matrix, with the E,, values along the diagonal.
Second, these matrices can be infinite in size, as nothing precludes taking the limit
N — oo. Third, we can compute time derivatives easily, as we did in the previous
section, namely we have

ian = HEm — Ev) Mun = iwWmaMpn, (7.45)
dt h
which defines w,,, in the last term. Fourth, because the Hamiltonian is diagonal, we
also have J )
d_an = i
t h
This last result is called the Heisenberg equation of motion.

Keeping these facts in mind, we are now ready to derive the canonical commu-
tation relation. The approach we take follows closely the technical ideas from Born
and Jordan [4].

We start with the correspondence principle, which relates quantum mechanics to
classical mechanics and we have to decide how to implement it. The simplest thing to
do is to insist that the position X and momentum P matrices satisfy the conventional
equations of motion, namely that

[H,M]. (7.46)

R 1 .
X=—Pand P=-V'(X). (7.47)

Note that we can think of the derivative in the second equation as being found by
considering the scalar function V(x), taking its derivative to form V’(x) and then
replacing x — X in the power-series expression for V’. Making this requirement,
ensures that we will eventually relate our quantum expressions to the well-known
classical expressions, even if we are not completely sure what we do with these
Heisenberg matrices.

The correspondence principle, then allows us to examine the time dependence of
the commutator. We have

%[X, P] = [X,P] + [X,P]. (7.48)
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Using the correspondence principle, the first term is proportional to [P,P] = 0,
while the second term is proportional to [X, V’(X)] = 0, because we can expand the
force in a power series in X and X commutes with itself and any of its powers. This

means

Because time-independent matrices must be diagonal, due to the Heisenberg form,
we learn that [X, P] is a diagonal matrix.

Next, we follow the argument Green used. We take the commutator of position
with H and notice that it is proportional to a time derivative and hence proportional
to the momentum. We have

[X,H] = ihiX = @P. (7.50)
dt m

Next, we evaluate the commutator directly via
1
[X,H] = 2—(P[X, P] + [X,P]P). (7.51)
m

But, the commutator is a diagonal matrix, so by combining with the first result, we
learn that
TPy = 3 (Cm + ) Ppuns (7.52)

where we have that [X,P],, = c,. This says the average of the diagonal matrix
elements of the commutator is always equal to i7, for all m and n that have P,,,;, # 0.
Now, you might think this means that we can immediately say that ¢, = i#i, but there
are other possible solutions. One is to have P, # 0 only if n = m + 1. Then we
could have ¢y, = 2ifi and ¢4 = 0, for example.

The correct argument to show that ¢, = i# is to note that we want the canonical
commutation relation to be independent of the potential. If we compare the basis used,
which diagonalizes the Hamiltonian for one potential, and for another potential, they
are different. The only matrix that is unchanged for any basis change is the identity
matrix. Hence, the canonical commutation relation must satisfy ¢, = ifi for all n
because it must have the same form for all potentials.

So how did this differ from the original work? There, they still believed the
Bohr-Sommerfeld quantization condition was correct. It just needed to be refined.
Their idea was to somehow differentiate the integral condition. They did this by
taking finite differences of the quantization condition for two consecutive integers.
This then immediately leads to the fact that the diagonal elements of the canonical
commutation relation are all i7. This is all Heisenberg could derive. Born and Jordan
then showed that the off-diagonal elements are all zero. Born was so proud of this
result, that he had it carved onto his gravestone.
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7.6 Summary

In this chapter, we took you through a journey to examine the scientific thinking
that went behind the derivation of the canonical commutation relation. This journey
was replete with experimental data, and built off the work of others in the so-called
old quantum theory. By the end, we were able to rigorously derive the canonical
commutation relation. It might look a little odd to you. You almost certainly do not
know what it means or how to use it yet. This is all fine. We will carefully show you
the consequences of this as we move forward in our derivations.

Chapter 7 problems

Problem 7.1 Check Balmer’s predictions. Check the accuracy of the other three
visible spectral lines with the predictions of the Balmer formula. What is the average
error over the four data points?

Problem 7.2 Selection rules and the Rydberg-Ritz combination principle. Write
an essay that describes why the general Rydberg-Ritz principle should fail for dipole
allowed transitions where the angular momentum changes by one unit (up or down)
for each transition, unless two neighboring angular momentum states have nearly
the same energy, allowing for a chain to occur. (For example 1s — 2p followed by
2p — 3s suggests a line with 3s — 1s, but this line is forbidden by the selection
rules. However, if 35 and 3 p are nearly degenerate than the 3p — 1s transition would
allow the principle to work.) But, if we consider three transitions, then we always will
be able to make predictions that yield spectral lines that are not forbidden, without a
degeneracy requirement. Interestingly, this idea was not used historically, although it
seems like it could have been valuable. Explain how the three-difference rule would
work.

Problem 7.3 Morse orbit derivation. In the derivation of the orbit of the Morse
potential, we calculated an integral in Eq. (7.9) exactly. Rather than have you try
to construct the integral, let us do the opposite. Differentiate the result we quoted
and show that it is indeed equal to the integrand. You will need to do some creative
algebra to carry this out.

Problem 7.4 There is no classical theory of spectroscopy possible. In the main
text, we suggested that because periodic orbits are described by Fourier series,
and if we assume the energies of the system are given by 7 multiplied by an angular
frequency that appears in the Fourier series, then write an essay that explains why we
cannot have a classical theory of spectroscopy using this approach after comparing
with the experimental data.

Problem 7.5 Action-angle approach to quantization. One of the properties you
will learn in advanced classical mechanics (but certainly not in an introductory
course) is that the action is related to the period via
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oJ

3E T(E), (7.53)
where T (E) is the period as a function of the energy. We will derive the formula
now.

The action is given by f pdx = J, with the circle meaning the integral is performed
over a period of the motion. Now, take the partial derivative with respect to E, using
p =m+2m(E — V(x)). Verify that this implies that f dt =T(E)=03J/JE. This is
why we have that formula.

We assume the correct action J is of the form we derived in the main text plus a
multiplicative constant @, so

NS

J(E)=a VE (7.54)
Use the formula for the energy of the Kepler problem as a function of the semi-major
axis a and Kepler’s third law, which relates the period to the semi-major axis (it is
okay to look up these formulas from reliable sources, if you do not recall them) to
determine the constant a. Then quantize this formula for the action and compute
the energy. It turns out this formula for the energy is exact. If you used the general
Kepler’s laws, the formula holds for elliptic as well as circular orbits too.

Problem 7.6 Circular orbit approach to quantization. We follow the same ap-
proach of the previous problem, where we assume the form of the action with the
multiplicative constant . But now, we compute the action for a circular orbit in
terms of the angular momentum L. So, using the formula for the action with the
constant « replace —FE by the angular momentum L and other constants to relate the
angular momentum to the action. Next, use the quantization condition for the angular
momentum used by Bohr, such that L = n#i and J = 2nnfi. Compute the energy for
these circular orbits by quantizing the action.

Problem 7.7 The adiabatic invariant for the harmonic oscillator. Follow the
steps to derive the adiabatic invariant for the harmonic oscillator, assuming the
slowly varying object is the oscillator frequency w. Show that the adiabatic invariant
is then E /w, which does have the dimensions of an action. Use this to determine the
the energy levels of the harmonic oscillator by quantizing the invariant.

Problem 7.8 Pickering-Fowler lines. Using R., = 10 973 731.568 16 m~!, and

Ry = Rm%, compute the transitions from n = 3, 4, 5, and 6 to m = 2, Use

mec* = 511000 eV and m,c* = 938000000 eV. Compute the wavelength of the
transitions in Angstroms to an accuracy of 0.1 A.

Next, try the Pickering hypothesis, using n = 3.5, 4.5, 5.5, and 6.5. Compute the
wavelength in Angstroms to an accuracy of 0.1 A.

Two of the experimental lines were observed at 5412 A and 4542 A. Compare
these experimental results to the Pickering calculation and to the result for singly
ionized helium as Bohr suggested. For Bohr’s calculation, we have the Rydberg
constant is 4Re /(1 + 37). Using 1 + ;7<= 1.000 137. Work with the transitions
fromn=7andn=9tom = 4.
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Which agrees with the data better?
Note how it is the small differences from a high-precision measurement that
allows us to determine which theory is correct.

Problem 7.9 Reduced mass for central-force problems in three dimensions. Re-
peat the calculation for the reduced mass and the separation of variables for the case
where there is a central force, where the potential V (|F; — F»|) depends only on the
distance between the two particles. Verify that the reduced mass that you find is the
same as what we found in the one-dimensional case.

Problem 7.10 Discovery of deuterium. We have discussed in the main text how
one can use high-precision spectroscopy to measure the mass of the nucleus. This
idea was used by Harold Urey to discover the deuterium isotope of hydrogen.

The most common way to measure the mass of quantum particles is to use a
mass spectrometer. This is a device that deflects charged particles in a magnetic
field, similar to what we did in the Stern-Gerlach experiment, but here the particles
have charge, so they feel the full Lorentz force and then they are bent according to
their mass. We give them charge by ionizing them in the beam, typically by firing an
electron beam at them. This is a very effective way to measure masses.

But, it is useless to find the mass two isotope of hydrogen. Why? Because mass
spectrometers always have ionized hydrogen molecules in them. These also have
mass two, so they completely mask the signal you might find from deuterium. One
had to find another way.

In 1931, the neutron was not known, so a potential mass 2 nucleus of hydrogen
was thought to be a combination of two protons and one electron. They knew that the
reduced mass entered into the spectra, so they looked for the shifts due to deuterium.
But the hydrogen lines were too strong and the deuterium contribution too weak to
see. So they needed to find an enriched deuterium source.

Ferdinand Brickwedde worked in low temperature physics. The idea was to liquify
hydrogen, and then let it evaporate. The lighter hydrogen evaporates more easily than
the heavier deuterium. So if we repeatedly do this, we enhance the concentration of
deuterium to higher and higher levels. Would it be high enough to see?

By now you know the answer is yes. Write an essay that described how much you
might need to enhance the percentage of deuterium in the hydrogen sample to see
the new peaks. How accurately do you need to measure the wavelengths to see the
two separate peaks?

Problem 7.11 Flaw in the Herbert Green argument. Explain why the derivation
motivated by Herbert Green is not a rigorous derivation even though the assumption
we made—that the commutator is a number, not an operator, turned out to be true.
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