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the linear programming problem

—

B Sc. (MATHEMATICS) DEGREE FIRSTSENIESTER EXAMINATION 2018/2019

COLLEGE OF SCIENCE, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
TIME: 2 HOURS

MTH 219- INTRODUCTION TO OPERATION RESEARCH
INSTRUCTION: ANSWER QUESTION ONJfAND ANY OTHER THREE QUESTIONS
needed for model X and lkg of
Maximize Z =80x+120y r, for Model Y. for each of X and
Subject to the constraints Y, lkg of r, is required. It takes 2
Xx+y<8=CER( LD hours to manufacture Model X
and 2 hours to manufacture Model

FEDERAL UNIVERSITY OF PETR@LEUM RESOURCES, EFFURUN

1. (a) Using the graphical method

. 30

y23 Y. How many units of each Model
: i} : D should be produced to maximize
5 ; = ) fzre)

Axwy 25 Cﬁf; o= (T 1,0) the profit using the graphical
ny=20 £ " method?

(b) Minimize Z =20x+ 10y

Subject to the constraints 3. (a) Write a short note on the
x+2y24 following i

3x+y <30 (i)  Feasible solution
4x+3y224 (i)  Infeasible solution

xy20 (iii)  Feasible region

(iv)  Optimal solution

(c) Use the simplex method to solve : _
(v) Comer point feasible

Maximize Z =3x+5y+4k solution
Sibjject t'thic-constint (b) Convert the following primal
2x+3y<8 linear programming model problems
i S to dual linear programming problems.
R . () Maximize Z =5x, +12x, +4x,

3x+2y+4k<S Subject to the constraints
Xy, k=0 _ x,+2x, +x, <10
2. A manufacture produces two 2x, —x, +3x, =8

different models: ’

els: X and Y of the —

same product. Model X makes a
contribution of #50 per unit and
Model 'Y #30 per unit towards
total profit. Raw materials r and

7; are required for production. At

(ii) Minimize Z =15x, +12x,
Subject to the constraints

: x +2x, 23
least 18kg of r and 12kg of n, 2;; 4x, €5
must be used daily. Also at most " Ix >(; N

1% =

34“hours of labour are to be
utilized. A quality of 2kg of # is
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(iii) Maximize Z =5x, + 6x,
Subject to
x, +2x; =5

s o W i
4x, +7x, 58 '
* vestricted,  x, >

-

4. (a) Use the penalty (Big M)
method to solve the linear
programming‘problem.

Minimize Z = 5y, +3x,

Subject to the constraints

2x, +4x, <12

~2x, +2x. 210 ST
Sx, +2x, 210 f
X,.x, 20

(b) Find the optimal solution using the
optimal primal basis.
Maximize Z =3x, +5x,
Subject to the constraints
X, +2x,+x, =5
—x +3x,+x,=2 o
XX X5, % 20
5. Solve the linear programming
problem by using the two-phase
simplex method ..
Minimize Z =x, +x,
Subject to the constraints

2x, +4x, >4
X +7x, =7

Xp.x, 20

. (a) A salesman located in acity A

decided to travel to city B. He
knew the distances of alternative
routes from city A to city B. He
then drew a highway network
map. The city of origin A is city
1. The destination city B is city
10. Other cities through which the
salesman will have to pass

" through are’ numbered 2 to 9. The

routes between cities are in
distance as shown below. The
salesman’s problem is to find the
shortest route that covers all the
selected cites from A to B. Solve

- the salesman’s problem. Show all

workings and put the information

in a transition matrix/TPM.
d(1,2)=4,d(2.5)=7,d(5,8) = 4,d(8.10) = 7,
d(2,6)=10,d(6,8) = 3,d(6,9) = 7,d(9,10) = ¢
d(2,7)=5,d(7,9)=4,d(59) = 8,d(7.8) = 8,
d(1,3)=6,d(3,5)=3,d(3,6)=8.d(3.7) = 4.
d(1,4)=3,d(4,5) = 6,d(4,6)=10,d(3,7)= 5

(b) What is the advantage of the
simplex —method over the
graphical method?
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I(a) The ABC printing company is facing a tight financial squeeze and is attempting to cut
costs wherever possible. At present it has only one printing contract and, luckily the book is
chliug well in.hmh the hardeover and paperback editions. It has just received a request to
print more copies of this book in either the hardcover or paperback form. The printing cost
for hardcover books is #600 per 100 while that for paperback is only #500 per 100,
Although the company is attempting to economize, it does not wish to lay off any employee.
Therefore, it feels oblized to run its two printing presses at least 80 and 60 hours per week
respectively. Press 1 can produce 100 hardcover books in 2 hours or 100 paperback books in
I hour. Press 2 can produce 100 hardcover books in 1 hour or 100 paperbacks books in
2 hours. Using the BIG M METHOD, determine how many books of each type should be
printed in order to minimize costs.

(b) Use graphical method to solve the following LP Models

e 4 X -
(i) Maximize Z = 4x + 4y. e
Subject to x+ 2y < 10, 2%+ o T ée
SR,
6x + 6y < 36,
i S
xX<6
X,y 20 ¢y cl Cot 500 © 4 L . Pl
. = : x, Gy 5 B oFo A%
(ii) Minimize Z = x — y. LN A . i ;
o O 2 )
Subject to the constriant : W 2 B G W (e &Y
[ 7 L
—2x+y <8, 2y 3 3 *“ aa L &
=X +2yS-24, | o - (eem=3n Foom-3M -m
¥ '} -
xny=20
(c) Write the dual of the LP Model,
Maximize Z = x — y + 3k,
subject tothe constraint
xt+y+k<10,
2x ~ k SN, i
- §
2x =2y -3k <6
xy.k=20

2(ai) Enumerate the steps involve in carry gut a successful operation research

(ii) Briefly explain what is a system of opaation research and its characteristics?

(b) Use graphical method to solve the LP ;Modcl problem
Maximize 2= 2x + 3y

‘
f '
]
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subject Lo ¢ o congtraint

X +y < 30,

yz3.0s5y<12,

: 0=xx<70,

= Xx=y20,
X,y 20

2:ai) What ¢re the limitations of Linear Programming? Write short note on the following
« ack variablz, surplus variable, feasible solution, infeasible solution and corner points.
(1) U e the Simplex method to solve the following LP problem
Maxi nize Z = 325y + 4k,

Subject tot e constraints,
2x +3y €8,

2y + 5k < 10,
3x + 2y + 4k < 15,
x, k=20

« ‘ai) Znumerate four special cases in Simplex method

( i) W rite short note on Duality

( ii) State the three properties of an LP model. - _
(») XYZ Company has 3 departments-A-;;emhly, Painting and Packing, and can make thmc
{ pes of almirahs. An almirah of type 1 requires one hour of assembly, 40 minutes of painting
:1d 70 minutes of packing time respectively. Similarly an almirah of type 11 needs 80
1inutes, 20 minutes and one hour respectively. The almirah of type 111 requires 40 minutes

¢ ich >f assembly, painting and packing time. The total time variable at assembly, painting
artment is 600 hours, 400 hoyrs and 800hours respectively. Determine the

¢ 1d packing dep . e
\ ambar of each type of almirahs that should be produced in order to maximize the profit. The
\ nit profit for types 1, 11, and 111 is #40, #80and #60 respectively.
¢ uppose thal the manager of XYZ Company.f is thinking of renting the production capacities
(f th: three departments to another almirah the manufacturer- ABC Company. ABC

( ompany is interested in minimizing the renig| charges. On the other hand, the XYZ
( omypany would like to know the worth of prodyction hours to them, in each of the

« zpar:ments lo determine the rented rates :
A
(1) Formulate this problem as an LP problem a8d solve it to determine the number of .

t pe of almirahs that should be produced by the XYZ Company in order to maximize its
|

| rofits.
(») For LP problem in (a) formulate its dual and inerpret your results,
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Voo dagy 3
LI o
shhing point (2 ()

O Bl QUADRATIC PROGRAMMING
minimize 2 o Ay, - Y 4 vy - )2 Q""’
subjectto 2y, 4 3y, w2
i o
starting paing un:‘

110, For the problem

mazimize : - f{y, - 2914 Ay, - b
subjectto 0 < , Xy <4
0<a;24
5.1 INTROD! TN
solve by using grudlcm projection ‘l.tmug it lF\c pnint (2,7).

A u‘ld atic mwrll‘n‘n
R(.pl:l\.c A, by 4 siny, und xy by 4 sin?pe q
iermation the resulting problem is unconsr
ferential calculus, C

method,

¢ by this trans-
L‘d solve by dif-
ompare the whl!mm generated by cuch

sumer Lo hc li
ben nonnsaative

v and the var

I all the Tunctions in the model ure lizear, the mcthods de-
scribed in Chapter 2 are suitable for soving the problem I th i
Straints are not linear or if the objective
quadratic, the problem w o nonlineas I
the material in Clhapiers 3and 4s reley

Theemph cwill nol be on . aleorithms that ha
conceived [or quadrate programning bat on the L grangian -
plier method. This derivation produces the Kuhn-Tuzker canditions 813

= 4i. Consider the problem

maximize = = dx, 4 xy
subject 1o x, 4+ 2y <8
Tay + dxy < 28

T oxa20

By 1nlroducm_r an uddmmul variable X3,

the problem may be guadratic pro ming. wsing ealeulus, This approach s inres

recast as H prowide a batter underst e of the epiimality conditions Tor
ralic programming .\r‘d lo ;_m. some mw!n inte the interpretition of
Madmize \zw x5 the I ngrang rucular signincance be-
subjectto x| 4 2a; < 8 CHUSE S0 M A-unu-uny ol e
% + 4x, 5 24 ceonemics. management scienve. and operations reseurch literalure,
B = A = Tx -0 " Some of the implied quadratic prog imming problems and models e

X2 0

aften overlooked. Esaiples of sucl cases vecur when ill\pL:i]'ftll} come
petitive outpul machets wre wssumea and only nonnegative !\'\‘x‘:lt. of
same calution by ﬁﬂ\ving 8 mputa outputs. and prices r-c permitted. These ;.xs;\un_pt\m ‘, nnnl
be mlmduhul inw pre amming models without linear inequs

il £ more u:mplc‘ incquality constramis,

. o s X

Show that both problems hive the
= eich, using the simplex algorithm
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28 5
= i ;!I.I;‘fh‘: aif funcuons are assumed 10 be ‘i'""'f"!“l.‘!-lc
and all v bles take only real values maginary numhbers o :
vluded). This is required since derivatives will be anplied 1o figg tf
vpumality conditions,
Consider the constraints of the linear programming Problen,
presentzd in Example 2.9; .

e

dy = ;g 35 N+ dy =20 Y20

The feasible area determined by these constrainis is the palygon t1ac
in Figure 5.1.

An cptimal solution 1o a linear prograciming prablem occur,
et enie ol the corner painis of e feasible pulyeun, In Exumple 2.4,
2= 0y, + 150, hae beep maximized, subject 1o the constraints that
form the polygon in Fipure 5.L The maximum value of =, 123, oceurs
atwy = fand vy = 3, which is a1 p:)ini B.

The eptimal solution to a quadratic programming problem does
1Ot Becessurily occur at a point an the perimeter of the Feasible puly-
Lon. Supposc the example presented above js changed by udding 1wo
quadratic terms, - 1,28, ynd = 37543, 1o the ubjective Tunction, Then
the prohlem ix 1o find X and xlo )

maximize w = 0x, + 15%; - 1.,
subject 10 Av + oy, 535
v, + 4y, 210
Xx; 20

The naxi ¢ of ww quadraii
RIMUm value of w when the quudratic function js unconsirained

QUADRATIC PROGRAMATING pAY

is w = 35, which occurs when x, = 4 gnd xp = 2 the first-order
(necessary} conditions are

iw
‘TXT-I()—E‘SA‘,-D X =4
dw =
E'—.\;!HIS-?.J.\;-H Xy =2

and the required second-order (sufficient) conditions are satisfied mt
v=4andx; = 2,
Furthermore, x; = dand x; = 2 satisfies each of the inequalities

dx) + x3 < 35 Xk dxy = 20 Toay = 0

1l soluticn: to the quadratic

Therefore, x; = 4 and xy = 2 s the apl
programming provlem defined in the previous paragraph. This salution
isnot on the boundury of the feasible polygon since the inequality is
strictly satisfied for each constraint, This is naf nfiea the ¢
be shown in Section 5.2, and more sophisticatad meth
solve the prohlem.

nesded o

52 METHOD OF LAGRANGIAN MULTIPLIERS

Examiple 5,1

The method of Lagrangian muliplicrs fur quadratic pro
gramming will be introduced by considering o simple example.
Suppose that u lirm produces two commodities in quuntities x
and =2 The prices are assumed Lo be P, and P, which define the
respeclive averuge revenue (unctions for 1 and =

Py= 10— x4 130/x Py= 04 - 82+ 2502,

respeetively. [t costs S200 to produce a unit of x and SIO[O 1.3
produce o unit of =, The firm's hudzet is S4700. Thcre t\rt.
200y 4 100= < 4700, or 2v 4 -« 47, s the firm's budget

constrdinl,
Suppose that the firm attempts 1o

maximize its: tolal

ru\'umul' TR.

::r'R m bt b= 10y — & + 64z — B27 + 400
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240 5 ' QUADRATIC PROGRAMMING i2h
The optimization problem is b it 3
4 ' 5 . ",‘—",“-:7u‘.<u 2ot
maximize TR = 10x - — 82 4 400 ! ) b0
subjectto 2x + = £ 47 . . L1 —2ipw = 0 gt = 0 [
L w g ' v iw J
B : i 4
1 e T 1] yo-u L
This problem can be solved using the Lagrangian multiplier Vi :” yr =0
b LI P I )1

technique. The procedure is Lthe same as the approach to linear
programming described in Chapter 2 and as thal te nonlincar 0“
models in Chapter 3.

The budget constraint is converted to an.equation by
adding the slack variable v 2x + = + 3 = 47, Ench variable is
set equal to the square of a real value vio o= vl and p =
«% Assuming that v, w, and u have real vulues implies that E
u® and w? are nonncgative, Therefore: x, z, and 1 ore “lx kit =10
negative values. ) 16z + h A dhow =04

The Lagrangian function for this problem is x4 z4p =4l

These results can be reduced 1o @ sel ol threx linear
cquations in six unknowns with three additional c(und:lwf-na. The
wad the equatiens thut

vitriable o ean be replaced by minus A

remain ure

L= 107 — x% 4 64z = 82 + 400 + A(2x + 2 471 - 47) o xpm0 wp=0  pAel
v = 2 pf= oyl Sl g 7 x i i e is @ ’ ¢
+EG = WA~ W 20— L © Ench possibility that the side conditions provide is a set of tige
This funetion i 4 ; inli Phe linear cquatians in three unknowns, There ere CiEh! of these s21s.
hg un'._lmn Im‘:lu;,u.x J"Ju.ur‘_Lugrungum '“"J}llp]'m A, and ," 9% . 4§, since there are three side conditians and cuch has e
7. One Lagrangian multiplier precedes each constraint in, the k7 el : |
: " s i urinbles, i %
pmhlcn:n.:mcc there is a budget constraint and three nenneg 5 ] The cight possible enses dre ;“;l‘.;5||.:d in Tuh]c'{{llllic“
Eiye ¥erL ]E'.\‘ o i : ¢ ot - . should be noted that these are an exhiustive set ol possi i |L TI
o The fa:sl-nrd‘.;ci‘nddu‘mns:or th‘-lnml'l)_’um ﬂl'ch‘j““"'-"l’ TS $ Same of these cight provide infensibile solutions of solutions thi
mining ten partial derivatives and sctting each equa i PR
zero. These derivatives follow: i !
Table S.1. I'nsslhlcﬁnluli(m\#
f-jw;% =10=-2v+2h4p=0 Case
i ; el
i |
F A R ‘ ;
o 3
gL b 4
Ll pE r— 47 = 0
an . g 5
. ) [
’_fi -+ w=0 A=—-m 7
ar g
[ : 2 } T i
L1 Copgy s o 3] X o= | .
' . 1 ssulls Ure
(:iﬂ # Each case from Table-5.1'is solved below g lg:,;r:oluliun.
“,i = =2r=0 =0 J summarized in Table 5}2- Case 8 provides the OPHT
oy 3o |
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The casen mnwhieh there s noounigue, feasible solution age .
dleited by i asterish in Table 5,2,

Cosel: W ezep=A0 nosalution
Mtp= =0
At p = =0l
0 =47
Case2: vy =z=d=10) . TR = 400
po= =10
' ho= =04
Jo=d7
Casedr x =)= =D TR < —14264
W p= =10 p = —1386
=10z 4 A= —0 A = ORR
o= 47 z =47
Cased: v=dh= Xl TR = 528
po= =10 =4
=1z = -4 yo=dl
EAE AN O V) p= =10
CuseS; t=p)=p=0 TR = 82.75
—dx 4+ 1A = =10 A= 195
At de —064d . ¢ = BS
2x = 47 x =215
Casel; z=p=r=0 TR = 425
To=lav = =00 x=35
@ o= =04 @ o= =64
v+ p = a7 y =37
Casel: p=peg=0 TR = 289
=2y + 2k = =10 1
=16z 4+ A = -0
Ir+:-= 47
Case®: p=¢=A=0 TR = 553
=2xr = =10 x =5
=16z = —64 =4
v+ 2 4 p =47 we32.

Only the first-order conditions have heen considered for Lhis ex-
-liﬂpl-k'.‘ The general quadratiz programming problem and the required
conditions are presented in Section 3.4,

i
t
i
t
i

UANA LI PIOGHASIN G

Luble &2, falalinns

T
Cowe | & 3 I |

| 1 g } ' 1

2 i ] 47 in

) 0 17 o PG| \

l f1 4|4 1]

115 1] ] "

h El oW 0|

7 21 B ] 1]

18] 5 4 | B o] v

53 QUADRATIC FORMS
A quadratic form of the v
in which el term is guadra
appear in each term, The equation

ihles X Ng e N 1588 polynamil
H

¢, This means vy or &,v, must

"
W=
=1

}: [TETATS

K=l

15 0 general quadratic form that could il be writton wa

n oo
W= Z Xy A Z L R
= Ik
I

Employing matrix notation, a matris of the quadratic form is
I = x’Rx,where s is un e » | vector, x' is the transpost
strin. 10 R is not @ syounelric
for R to provide the sane

expressed is
of the » vector, and R iy an o = mi
mutrix, one exists that can by substituied
value for W

Eaample 5.2
For example, lel
1
W= l.u..\‘;u\'nr

(R N]

.
=

Then
: Sxax,
W= 3el i Sxla T s v f Txxy + 200
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However. the same result is obtained by letting

J 3
Woa[xaxnn)| s
3:5 2

Comparing the elements of the two coefficient matrices shows
that the two matrices have the same main diagonals. Further-
more, the average of the two clements in row 7, column ; and
row J. column § of the nonsyrnrﬁel:ic malrix appears in both
these locations in the symmetric matrix. For example, in the first
matrix the elements in row [, column 3.and row 3, column | are
2 and 5 respectively. In the second case, where the symmetric
coefficient matrix is employed, both values are 3.3,

n general, if R is a nonsymmetric square matrix. a square sym-
o mairix R” can be found to provide the same gquadratic form,
two rules: (1) the elements of the main diagonal of R becoms
the elements of the main diagonal of R™ and (2) the elements from
row ¢, column j and row j, column i from R are aversged, and this
average becomes the element in both row i, column j and row j, col-

umn iaof R*,

Definite and Semidefinite Forms

Ifa quadralu: programming problem has an objective I'unctmn

of w = ¢'x + x'Rx, sometimes the quadratic form x'Rx wiil
enablc us to consider very simple second-order optimizing conditions
depending on determinants formed from within Lthe matrix R. Let #, be
the determinant of an i x { matrix. The determinant R is farmed by
ignoring all rows and columns except the first element of the matrix R,
The determinant R, is formed using only the first two rows and first two
columns of the matrix R. )

Ro= |l

m ful
™ n

Ry =
i

Ry=[fm rm
fa m n

R,= |R] i

QUADHATIC FROGRAMNMING 4z

The quadratic form x'Rx is negative definite il (= 1)'"' R, = 0,
mi R <0 Re= 0. Ry <0,  IF(=1¥'R 50 and at

AL e

leust one oI'(—i]“‘R = (. the quadratic form x'Rx is negative semi-
definite, tf B, & 0,7 = |, ..., m, the quadratic form is positive defi-
nite. ITR, 2 0./=1,..., m. and al least one of R, = 0, the guadratic

form is positive semidefinite.

Variance and Covariance
One quadratic form of particular interest in quantitative eco-
nomic models is the variance-covariance form. This will be
needed to study portfolio modzls in the final seetion of this chapter.
Suppose that C is a matrix having m rows and n columns with
elements ¢y, F = 1,.... n and j = L,....n 1f 1 is the sum of the elz-
ments in column j, then 1/m is the average or mean of the eleme nts in

columny: letu, = ¢ /m.

Example 5.3
Ir
[ 2%
2 373
C=Ls 14
£ 0 -3

then iy, = 16,5 = 8,45 = 20,0 = 4,13 = 2,andu, = 5.
The sample variunce of the :Iemenls in column j of the

matrix € is denoted as s}, where

Z(ra-u)/(f141)

For the first two columns of the matrix C.
, Boi@-i-H+E-H _10
. P . i

e -0 - M

(2= +(5 l
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- a2 - 2

D

The sample covariance betweer the jth and FIh columpy of Cis
denoted as 5, and defined by
)
= "
Sy = z (0 = i )(ey, = u_.}/(ﬁ -

u
1=

For the first two columns of (&

For the three columns of the matrix ¢ there are three
variances 1. 53, and 51 and three covariunces gy, ;. and gy,
These can all be represented in a symmetric matrix os

Si2 S [ 1o/ =3
s oan = |<ua 19/3 ~573
Sivosn s a ~5/3 143

The resulls are the AN produet of (he quadratic form

(€ VA 1), where the mazrix C s farmed by sublructing
the column mean Trom cuch element ol the respeetive column,

B @2en @57 a1 g oy
Cs|C~di-0) gy (2 7.0
Ced) fl oy g-n(™ | ] =
o =d)y10-2 55 | f_)|

Eximple 8.4
Suppose tht Poand g represent sectors of » prices ungd

vamiodities fespectively, so g

SN

I8 the quadratic form of the expenditures on the nitems, I the
Al prices e unhigy eothe wieripe price veelor w my e
Used s an estimator fi Poamd the expected op avernpe expenili-

|
\
|
|

QUABRATIC PROGRAMMING

' ture £ would be , Foi

| v

EF- Z tig = u'q
. b 1=}
/U" .
Hercd’rcpr ¢nts the average of observations on the price of

I commodity il The variance of the expenditures 1'(£) ca ulso

i be specified iT the variances and covariances among the prices
are known. If ¢ is the variance of p, and @y 15 the covarance
between poand p,,

1‘
' ZEDIE IS5 ff a'sq
, :

where

is 4 symmeiric viritnec-covariance matrix for the stozk prices.
The matrix form of the variance of expenditures iy o quadratic
form in the veetor ol variubles in q

I porifolio models the nost common ehjective Tunetion i« o
combitiion of (he averitpe expenditures £ and the varianee :u:n_mg
i the expenditures \'(I.'].‘Sumc of these models ure presented in See

tion 5,4,

| F5d GENERAL QUADRATIC PROBLEM : X
[0 matria notation the quadritic programming problem is

oplimize w(x) « ¢'x 4 x'Rx f:::
.\ul;\ju.‘l W Ax s b “;)

X0

3

oy
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As for the linear casclet y.f = |, 1, be defined a4 a slack variuble
sothaty' = I3 “Tal¥ 20, and

Ax =~ Iy = 5.4y

Let
v o] ] {3.5)
Vo= o f=1,,...0 (5.0

so that each y apd each 5l 4 pPustiive value, sinee oniv real vy
varishles ure considered. Whey (he slack variables 5 included, (hjr
cocflicients jn (pa= objective functiop are zero, 5o that (he abjectjve
function is

L B O N + 0%y i 8.5
where 0 s 4 ron rectoer al seroes fior the slack varihles

Fo optimise (s 7 cubject 1o (5:4) (5.0), 2t 4o Lagranpig
multipliere mus be ntroduced e
Gl LT TR T, s, .,

’
] .

'
N P |

be | Branien multiphiers o, that the Lugrangian function fo; thiy
problem can be formed The | arrangian function iy

Lowe'ay ARy g 'Y 4 N{Ax 4 Iy « )

- Z iy, =y 4 z AR
ol ]

WUADRATC FROGRAMMING
ar

. ¥
[ = z
| + 2 > Alay,
i =l el
| £

T

GX + Z Z et Xy
P

T S B W

i + 2l - i)

The firsl-order condition

s for Maximizing or WINIMIZing wix) in

(5.1} are the same, They are determined by setting the 47 = 3m pos.
sible first derivatives equal to zero. Thus

X+ Z Aa, - po=0
=1

7
AL [ o
At om0 ja n (29)e
‘ =m0 w0 el m 15.10)%
= =2¢p; = 0 U =0 = .....n (31095
. . 2 o
= Zﬂ“\, 0 =h =0 =1 it (12
T 72y
Y, =v=0 VEE T RS- (513
oM i f=1d....r (314
Together, (5.10) ung (5.0 3y imply
my, =0 o Lypncin (3.15)~
and (5.9), (3,14, and {5,040 provide
A, =0 i Yl 13.16)

The resulls Uf[:’l.ﬁ] and (5,12)
unknowns (nX's, #y's, my

tio
e+ o hinear cyuations in 2o + 2
and mp's), NHowever, o+ of these

iriubles have alzero value from (5.05) and (5,16). Thus (5.8), (5.1
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ERIEL amb 300 provide 2% s ol w0 m e S oy, W
Natkables, The resolie ol (8 8y g8 10, (8 P aml 1000 e e Ky
Tucher condiony for guadian, [REER R

These eondimmeny can v sunsman sod as

\

o wvally] 1o
!\u LTI B Y (n
)

shere (803 and (A o are reaqured as side conditnag

To determine the Sprtmal solihwn, cach At ity g sl I
substituted into (he aiective Tuwetion, The ope thint CATETIRT I winy
s then identinied from Aamong the feasihle alternntivey T o AP
eane, 1t i oflen best 1o forg g Lablesan s e dane o gl L
Plew descripuion metho ol Lo st

The fitstoorder S (3 1Ay i some BN neves
s condilions o salve (he problem delineared by (30 4500, The
hostarder and second. ar s conditions are suflivient 1o solve the pral.
lem

Pauperties of the Objective Function and Second-Ohqler ¢ ‘pditions

The objective function wiyy = N ARy may either e ¢op-

VN OF concave in x. Since o linear funcridn is bory convex ung
concave, the conveuty or coneavity of ) depenils solely on VRN
the results in Appendin B may be wtilized 10 assess the convexity of
this term. IT x 'Ry ju anves and windis o be minimized or il xRy is
concuve and wix) s 1o be muvimised, IS 4330 constiture convey
Prozramming problem: hen e Kuhn-Tucker eanditinns are also sulfi-
cient for a globy) oplmizing paing v+ Therelore, the seeond-order can-
ditions for glba) optimality in the Yuadratic Programming model are
convexity of x*Ry when mmim‘uing wix) and concavity of x'Ry when
Rg wia). These con ihons are cquivalent 1o the quadratic
form a"Ra being positive definite or Positive semidefinite w hen w(x) is
1o be minimized and its being neautiye definite or negative semidefinite
when w(x)is 1o be Maximized {see Seetion )17 these conditons are
nol sulisfied, an oplimizing POIRL X * satisfying (5.8), {3.12). (5.15), and
(5.16) may not provide’a gloha) optimum,

Example 5.5
Consider the qQuadratic programming problem

marimice w 20x) - 6x] 4 40x; ~ 8xf 4+ 30x, — 15x3
5 1Ry

DUATIATIE P A,

sulpect o Ty, 2oy v 60y w00 (319
Nio¥peky 2 1) (2

Tethe matnis notation wied IE (3003 1) the protten i 1
Maximize w = ¢'n 4 v Ry
awhiect e Ay -y
LRE ]

whore

= 20 a0 M)
A=) ) o

h = a0
vy 0o 4]
A=y R=| 0 -5 0
.y 0 0 -

The | ARTATEn funetion for this problem js

L= 200 = 6l 4 Aoy, - Kaf o+ My = 134
1
AQK ey b By 4 op - 8D) . }__ & lx, - v

+ow(y = gty

This problen inetudes live Lugrangian muluipliers A, o, @3 My
and o, The Tour vanables that must be nonnegaive are vy, g,
My, = v s L2 dandp = at .
This problem hus sivteen possible cases and l.mlun:m.
These e determined by Kuhin-Tucker conditions, which follaw
for this problem.

:

[<12 0 a3t100 ﬁ‘“ [_3n

[0 <16 0201 00N .:::

Lo o-weaor ol -3

' L3 2 so0o000 e 60
= [ -

i [_r
sl e e wimves st s
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The reader should campare these conditions with the general
results provided b (3 15)-(517). The alternative selutions o
this prablem are given in Table §.3. The optimal decision is that
of Case 2.

Table 5.3, Alrernative Solutions

~ 338333
Ho Kiba?
0 1181333
f00 b 667
o -383.974
450 RINTH
O e ayy

186667 | _a60 a9g
=00 -300
0

0
0| —atmong
35.0 500
0 - Loy
RER] 150
0 0
) 0

This problem could have been solved more efliciently by
implementing the Lagrangiun algorithm delincated in Chapter 4,
However, it js instructive o see the selutions for all |4 cases
as illustrated in Table 5.3. Notice that enly a small portion of
these cases woyld be solved by the Lagrangian algorithm Lefore
locating the glabul solution (Cuse 2).

For linear models, the J.ag:r.'mgmn multiplices have been shown
10 be the dual varishles Together. the optimal allo
primal und duy) linear programming probiems idetily a suddle puint.
In quudratic Programming this same result is true; however, his fei-
ture does not gencrue Turiher considerations such us a simple pame,
The interpretation of the Lagrangian multiplicrs for the quadratic
problem js very.similar 1o that for the linear case, Considcring (5.9).
(5.15), and (5.16), 1he key Lagrangiun multipliers are the elements of A,
Either ), Or ¥, is zcro, Singe ), jy the premuliiplier of (he linear con-
straimi having (he slack variable Koo the interpretation for the linear
Programmiing madel cyp be eatended 10 (e primal quadratje
The duaf models are deseriped in Section 5.6,

ons fur the

problen,

gy

QUADEATIC FHOGEAMM I NG 2

5.5 WOLFE'S SIMPLEX METHOD )
FOR QUADRATIC PROGEAMMING i
A vast number of algorithms have h:cn_ presented 1n the rale-
vant hiterature of Guadratic programmlmg. Many hz{vc ::c'n
developed to deal with problems having special f:alur;s Tr.|= ds c:f
form of the Wolfe algorithm [1959] may be applied to any -QJ:—r raq;
programming problem in which the nece ty second-order con itior
are salisfied, )
The Kuhn-Tucker conditions for quadratic programming are
given by (5.15)-(5.17) or

IRx + A'A <+ Ip = —¢
Ax + Iy -b

Forany constraint among

M

Ayx, + ¥ o= b | i PR

i

whers b, is negative, the constraint is to be mulliplied b minus u?:.
The form Ax + Iy = b will be employed throughout this ‘::uor‘-.. 2s-
suming that each b, is positive but thal the coefficiznt of y, could be
negative,

The Framewurk of the Algorithm

The short form of the Walle algorithm s a4 two-phase lin=ar

Proeriamming process, An artificial viriahle with a r:_\ctli—v:
ol plus one ix added 1o each constraint of Ax + _!) = b Let # d..--._\_
anat x| veetor of arlificial variables so that [# is « diagenal mutrix.
Then each constraint of the form AX + Iy 4 1% = b h;\s a s"-_ck \:m‘-
able p, and an artificial va able, #. AL least one of v, or # has a
cocflicient ol plus one,

IMthe ath linear consy

(L)

Ja

a,x, > b, h >0

i

; i initi i ft !‘ .(}!u'
the artificial vuriable will be needed for the initial Ims;]r Fc‘m u]zd‘r-,u',;
tion. Inequalities af this sort are the usual occurrence when o gq i
min tion problem is considered, ) i . —_—

Two artificial variables = and xf will be mc!u:lcd clln x:a;: lt.w:
i § " -
dition among those in 2Rx + A‘A 4 Ip = —c. Let x° an
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