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Paper 1 of 4 — MTH 211 - 2016/2017 - First Semester -
MATHEMATICAL METHOD

Level 100 ¢ Second Semester ¢ PastQuestion

FEDERAL UNIVERSITY OF PETROLEUM RESOURCES

EFFURUN, NIGERIA.

DEPARTMENT OF MATHEMATICS/COMPUTER SCIENCE

B.SC (Hons) FIRST SEMESTER EXAMINATION, 2016/2017 SESSION
COURSE CODE: MTH 211 COURSE CREDIT 03

COURSE TITLE: MATHEMATICAL METHOD DURATION: 2 HOURS.
INSTRUCTIONS: Answer any 4 questions

Question 1.

a)- Define differential equation and state thé various types of a function.

b) The length of a certain metal rod at temperature °C is given by | =1 + 000050 +
-000000497. Determine the rate of change of length in mm/°C, when the temperature is at
(a) 100°C and 400°C

©) -If y = cos2mt? and x = sinSt? +1.Find 2%
Question 2_—
a) State Leibniz Rule of differentiation and Taylor’s series theorem.

b) If y = (4x3 + 2x? — 1)e*41. Find © using Leibniz rule.

c) The law of cooling is given by @ = Oye~**t, where the excess of temperature at zero time is
@0°C and at time t seconds is @°C.Determine the rate of change of temperature after 40s given
that O = 16°C and k = —0.003

Question 3—-

a) Define Integration in calculous?

fs 4x741

b) Evaluate f 5 dx

¢) The displacement Sem of the end of a stiff spring at t seconds is given by S = ae~**sin2nft.
Determine the velocity of the end of the spring after 1s, if a = 2,

k=09andf=5

Question 4
a) Itf%y= ae where M and N are function of x, y. Show that f(x, y)is homogeneous
b) Find the Max and the min point of the curve f(x) = x(x? — 12).

°) Evaluate f x*e**dx F

Question 5—

a) Define langrange Multiplier.

b) Find the critical value of f(x,y) = x? + y?
subject to the condition

X3 +y3 -6xy =0

(X243)*@x#-4)*
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Gay wer.t.x

c) Differentiate y =

Question 6

a) IfV =n +u)andu= (1 +x) Prove that “+ (1+e")(*) =0

b) Solve the homogenous differential equation = = a +y(0) =1
az 02

a
and <>

=2 3ii pe

ce) If z=sin(3xy? + 2y + x9) Find PUT =r
Examiner. Dr. F.] Adeyeye

Good Luck
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Paper 2 of 4 — MTH 211 2014 - 2024 EXAM

Level 200 ¢ First Semester ¢ PastQuestion
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FEDERAL UNIVERSITY OF PETROLEUM RESOURCES
EFFURUN, NIGERIA. he

DEPARTMENT OF MATHEMATICS/COMPUTER SCIENCE

B.SC (Hons) FIRST SEMESTER EXAMINATION, 2014/2015 SESSION
COURSE CODE: MAT 211 COURSE CREDIT 03

COURSE TITLE: MATHEMATICAL METHOD DURATION: 2SHRS,

INSTRUCTIONS: (1) Answer ANY FOUR QUESTIONS

(2) Write your MATRICULATION NUMBER clearly

4 Question 1.7 Define the following jyA function if differential equation ji integration,
iv) Lagrange Multiplier

y acm

= 2x Find the Domain of the following functions f(x) = a and f(x) =3vx-—4

x1
. * & Find the derivative of the function -y = 3x? and the gradient of the tangent to the

curve y = 3x? at the point with abscissa 3

d, Given y = sinx. Show from the first principle that = cosx
Question 2. If y = cos2t and x = sin (t? +1). Find and #Y

; Z ax det

(+3)? (3x7-4)*

# b, Differentiate y= Gxtsa were

ye. SIf sin-'x?, Show that & =

«/ Question 3. State Maclaurin’s series

b. Use Maclaurin’s series to find the expansion series of the function log (x? — 1)

7xt+B

«c. Evaluate the follow integrates Wiscrrecerer

dx, Gi) {x2e**7dx

3

Question 4. If y = Asin. orf Beosx where A and B are arbitrary constant.
Forma differential equation

= b Determine the degree of the following functions if it is hernogenous?
fG.y) = xy* — 4x?y8 — By?x9. and f(x,y) = x*ty + x2y? — y4

4y-3x

aa ;¥(0) = 1 Solve using differential.equation by homogenous

*a
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c. Given

ax

method of substitution

yyl

< ror

2Ce5

www. puprebleg. com B foe )

aici

Question 5. Test for relative Maxima and minima of the function f define by
fGx,y) = x* — Bxy? — 3x? —3y3 +4 ¢

b. Find the maximum of the function f(x,y) = x? + 2y? + xy + 2x + 3y

Subject to the condition x? —y =1

¢ Question 6. State the following (i) Types of function (ii) The Mean-value Theorem

(iii) Taylor’s. Series
eb. State the 6 procedure, far solving Homogenous first order differential equation

2y gt
Kc State Lipschitz Rule of differentiation, hence ify = (7x* ~ 6).e°*. Find a

www- paper blog: cone

FEDERAL UNIVERSITY OF PETROLEUM RESOURCES
EFFURUN, NIGERIA.
DEPARTMENT OF MATHEMATICS/COMPUTER SCIENCE

B.SC (Hons) FIRST SEMESTER EXAMINATION, 2016/2017 SESSION
COURSE CODE: MTH 211 COURSE CREDIT 03
COURSE TITLE: MATHEMATICAL METHOD DURATION: 2 HOURS.

INSTRUCTIONS: Answer any 4 questions

Question 1.

a)- Define differential equation and state the various types of a function,

b) The length of a certain metal rod at temperature @°C is given by ] = 1+ .000050 +
.0000004@7?. Determine the rate of change of length in mm/°C, when the temperature is at
(a) 100°C and 400°C

©) -If y = cos2mt? and x = sinSt? + 1.Find 22%,

oe ax" dx?”

Question 2. —

a) State Leibniz Rule of differentiation and Taylor’s series theorem.

b) If y = (4x? + 2x? — 1e**44 Find £2

¢) The law of cooling is given by = Oye~**, where the excess of temperature at zero time is
@0°C and at time seconds is $°C.Determine the rate of change of temperature after 40s given
that Oo = 16°C and k = —0.003

Question 3—
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a) Define Integration in calculous?

4x21

b) Bvaluate fF dx

C) The displacement Scm of the end of a stiff spring at t seconds is given by S = ae~*sin2nft.
Determine the velocity of the end of the spring after 1s, ifa = 2,

k=09andf=5

Question 4

a) Iffy)= a where M and N are function of x,y. Show that f(x, y)is homogeneous
b) Find the Max and the min point of the curve f (x) = x(x? — 12).

°) Evaluate [0 x*e**dx ;

Question 5

a) Define Langrange Multiplier.

b) Find the critical value of f (x,y) = x? + y?

subject to the condition

X+y? -6xy=0

(243) @x?-4)*

(2x2+3)3

using Leibniz rule.
c) Differentiate y = w.r.t.x

Question 6
2
a) IfV =In(1+u)andu = (1 +4) Prove that “+ (1+e")(“) =0

b) Solve the homogenous differential equation & =2 :y(o) =1

dx 2x-y

az az az
bx’' ay OM dxay

c) If z= sin(3xy? + 2y +x3) Find
Examiner. Dr. F.] Adeyeye
Good Luck

a ia 8 ene Linke |) Se na 2 ae ST ot eee Ss See Sa

FEDERAL UNIVERSITY OF PETROLEUM RESOURCES, EFFURUN.
COLLEGE OF SCIENCE

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
FIRST SEMESTER EXAMINATION 2018/2019 SESSION

COURSE TITLE: MATHEMATICAL METHODS |

COURSE CODE: MTH 211

Instruction: Answer any four questions Time: 2 hours 15mins

Question One
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2222

OOFOOOFOOOFO10OFDO

(@) If (,),=cos,=sin.Showthat QO O0O0 00000000200
OOxO0O0O0yOOOeOpOOOD
(b)Given(,,)=2—-+;=2sin,=—+1,=3.Findat=0

(c) Suppose = —+,=cos @, =sin @. Findand at © =

Question Two

(a) State (i) Rolle’s Theorem (ii) Mean Value Theorem

(b) (i)Verify the Mean Value Theorem for () =3 — 5+ 1 on[2, 5]
(ii) Find the Maclaurin Series expansion for () = In(1 =)

(c) Find the Taylor’'s expansion of cos about .

Question Three

(a) Deduce the reduction formula for = [ tan . Hence solve [ tan

(b) Find the area under the line = + 3 above the parabola = and between the y-axis and = 1.
2

X

(c) Find the derivative of the functiony [J e x

Question Four

(a) Let (, ) be a function of two independent variables. Define the term critical point of (, ).
(b) Find the stationary points of the following functions and determine their nature
(,)=+++4-4+5

(c) Use Lagrange multiplier method to obtain the critical points of the function (,,) =+ + 2

on the surface + + = 3. Hence, determine the maxima and minima

Question Five

(a) + + = 1. Show that + = —

2

3 xy

(b) Givenf(x,y)OOxy[Oe.Find (i) fx (ii) fy (iii) f yx (iv) fyy
(c)fFO0(3x206y)i[014 xyj[]20xz2 k. Evaluate [J F.dr (0,0,0) to (1,1,1) along the following
path given

C

that=, =, =

Question Six

2x 1

(a) Solve for the maximum and minimum value of the function y ]

X212

(b) (i) Find the linear approximation of () = v at = 25 (ii) Use it to approximate v16.9
532

(c) Evaluate theintegral I 0002 x 0y 02 z )dxdydz

211
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Paper 3 of 4 — MTH211--2017-2018

Level 200 ¢ First Semester ¢ PastQuestion

This source paper is a scanned document; its pages are reproduced below.
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Question One ’

(a) State (i) Rolle’s Theorem (ii) Mean Value Theorem
(b) ()Verify the Mean Value Theorem forfix) = x(x

Question Two ;
(a) Let f(x,y) be a function of tw

D) fx,y)=x*+y* —3xy

u=x?+y?

Hence, determine the maxima and minima

Question Three ~

2 —
W@ ={*, e ¥

(ii) £ (x) ={1 +x ifx>3

Question Four /

";ﬁ
FEDERAL UNIVERSITY OF PETROLEUM RESOURCES, EFFURUN.
IS 'y GE OF SCIENCE
DEPARTMENT OF MATHEMA TICS AND COMPUTER SCIENCE
FIRST SF:\II*TS'I'FIR'I"\‘\‘“N"\ FLON 2017/2018 SESSION
COURSE TITLE: MATHEMATICAL METHODS 1
COURSE COPE: MTH 211
Instruction: Answer sy four questions Time:2 hours 15mins
2 _y—2)on[-11] 1//‘
A -
(i) Find the Maclaurin Series expansion tor f(x) = e’ v
(c) Find the nth Taylor’s expansion ol'% about 1. 7,
0 independent variables. Define the term critical pdil‘h of f(.\'- y)- »
(b) Find the stationary points of the following functions and determine their naue
(¢) Use Lagrange method to obtain the critical points of the function
Subject to @ = 4x2 + 6xv +4y? =9 _ - 3 Lif Y. F
R ‘»é\ ._ ‘_ :‘_ = -
(a) When is a function said to be continuous. Determine if the following functions are continuous
Lifx<-2 , _ 9 T
. L"\ “ - i
. 1 l/ &4 15 . 5
1-x, Ifx£3atx=3 ) . \..x i
l\'\ _Lf" L/‘
(b) If the parametric equation of a curve are X = €0526, y = 1 4 sin26. Find y'and )" at 6,= - '
. \
(¢) Find the slope of the Tangent line to the curve (x-y24 2y+y?=5at(1,-1) v~
¥ ..
: ! — (-1 ‘-1{'1-!\.1'—.31".' 3 sy 0“ 2
; ﬁ}v_' 3 [—,F\: ‘:F 2 \ _{.1‘}.1\:
3 ‘= pcosB, =Jsjn8,5howthul[‘=~J - -—] =[(_] +—.-[—'
(a) If F(x,y), x=7p yi=1 x ~ & . (ﬁ_d‘l g
: ot e

(b) Givenu(x,y,z) =2x" —yz+xz
(c) Suppose T = x* —x3+¥°
x=pcos@, y =psin®.
o< o2 —x'. 1 x
. L
Placys =13 =

- <™

z x=_2$1|'l£; Y upt 1 %=

——

an

LT AL g
I-uul;yﬂl‘d at @ 2 |

364, Find fat ¢ = 0 o

""\ -
. X
c-n\ S o f\ A -
v.;\ /‘+ # ;"-‘-)
.L") g 8 w
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MTH 211 COURSE GUIDE
CONTENTS PAGES
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Course ObjJECLIVES ..iiiiiii i 1
Working through this Course .........coiiiiiiiiiiiii, 2
AssignmeNnt File ..o 2
ASSESSMENT .o 2
How to Get the Most from the Course .........coovoviiviiiiiiininnn. 2
iv

Introduction

You are welcome to Set Theory and Abstract Algebra. This course is a

3-credit course and it is offered at the undergraduate level.

This course consists of 2-modules of 4 units each. The prerequisite for
this course is MTH131 - Elementary Set Theory.

This Course Guide tells you briefly what the course is all about, what
materials you will be using and how you can walk your way through

these materials.
What You Will Learn in This Course

Set Theory and Abstract Algebra is course that is compulsory for all
B.Sc (Hons) Mathematics students, Computer Science Students and
Communications Technology Students. All Students in Education
Majoring in Mathematics as teaching subjects are required to pass this
course. This text is an informal axiomatic treatment of Set Theory and
Abstract Algebra.

The text contains expository treatment of fundamentals of Algebras.
Topics such as Sets and Functions, Groups Subgroups Lagrange’s
Theorem, Polynomial Rings, Special Integral Domains and Irreducibility

and Field Extensions are given expository treatments.

Each unit begins with clear statements of pertinent definitions principles
and relevant theorems, and further illustrated with some graded and
solved problems. The supplementary exercises are meant to illustrate the

work further.
Course Aims
The aim of the course can be summarized as follows:

* To introduce you to concept of Algebra at the University Level
* To expose you to idea of groups theory , subgroups and the

relevant theorems on groups

by Renance
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* To prepare you rigorously for more advance courses in algebra
Course Objectives

Set out below are the wider objectives of the course as a whole. On

successful completion of this course you should be able to:

* Explain the meaning of Groups ,Subgroups, Polynomial Rings

Integral Domain, Irreducibility and Field Extensions
MTH 211 SET THEORY AND ABSTRACT ALGEBRA

* Be able to give examples of groups subgroups, polynomial rings

* Solve related problems concerning these topics.
Working through this Course

To complete this course, you are required to read the study units, read

the recommended textbooks and other materials provided by the NOUN.
Assignment File

The assignment File contains details of the work you must submit to
your tutor for marking. It contains a more compact form of the Tutor-

marked
Assessment

There are two aspects of the assessment of the course. First are the tutor-
marked assignments; second there is a written examination. In tackling
the assignments, you are expected to apply information, knowledge and
techniques gathered during the course. The assignments must be
submitted to your tutor for formal assessment in accordance with the

stipulated deadlines.
How to Get the Most from the Course

In distance learning, the study units replace the lecturer. This is an
advantage over the conventional mode of learning; because it affords the
opportunity of reading and working through all the specially designed
materials at your pace, at a time and place that suit you best. Just as a
lecturer might give you an in-class exercise, your study units provide

exercises for you to do at appropriate points.

Each of the study units follows a common format. The first item is an
introduction to the subject matter of the unit and the course as a whole.
Next is a set of learning objectives. These objectives let you know what
you should be able to do by the time you have completed the unit. You
should use these objectives to guide your study. When you have
finished the unit you must go back and check whether you have
achieved the objectives. If you make a habit of doing this you will

significantly improve your chances of passing the course.

Exercises are interspersed within the units, and answers are given.

by Renance 13
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Working through these exercises will help you to achieve the objectives
of the unit and help you to prepare for the assignments and examination.
ii

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

The following is a practical strategy for working through the course.

1) Read this Course Guide thoroughly.

2) Organize a study schedule

3) Once you have created your own study schedule, do everything

you can to stick to it.

4) Work through the unit. The content of the unit itself has been

arranged to provide a sequence for you to follow.

5) Review the objectives for each study unit to confirm that you
have achieved a unit’'s objectives; you can then start on the next
unit. Proceed unit by unit through the course and try to pace your

study so that you keep yourself on schedule.

6) When you have submitted an assignment to your tutor for
marking, do not wait for its return before starting on the next unit.
Keep to your schedule. When the assignment is returned, pay
particular attention to your tutor’'s comments.

iii
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MTH 211 SET THEORY AND ABSTRACT ALGEBRA
MODULE 1

Unit 1 Sets and Functions
Unit 2 Groups
Unit 3 Subgroups

Unit 4 Lagrange’s Theorem
UNIT 1 SETS AND FUNCTIONS
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content

3.1 Sets

3.2 Cartesian Products
3.3 Relation
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3.4 Functions

3.5 Some Number Theory
3.5.1 Principle of Induction
3.5.2 Divisibility in Z

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading
1.0 INTRODUCTION

In this unit we first discuss some ideas concerning sets and functions.
These concepts are fundamental to the study of any branch of

mathematics, in particular, algebra.

In MTH 131, we discuss some elementary number theory. The primary
aims of this section, is to discuss some few facts, that we will need in
the rest of the course. We also hope to:

Give you a glimpse of the elegance of number theory. It is this elegance
that led the mathematician Gauss to call number theory the ‘queen of

mathematics’.

We would like to repeat that this unit consists of very basic ideas that

will be used throughout the course. So go through it carefully.
1

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

2.0 OBJECTIVES

At the end of this unit, you should be able to:

* use various operations on sets

» define Cartesian products of sets

* check if a relation is an equivalence relation or not, and find
equivalence classes

» define and use different kinds of functions

* state the principle of induction

* use the division algorithm and unique prime factorisation

theorem.
3.0 MAIN CONTENT
3.1 Sets

You must have used the word ‘set’ off and on in your conversations to
describe any collection. In mathematics the term set is used to describe
any well defined collection of objects, that is, every set should be so
described that given any object it should be clear whether the given

object belongs to the set or not.

by Renance 16
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For instance, the collection N of all natural numbers is well defined, and
hence is a set. But the collection of all rich people is not a set, because

there is no way of deciding whether a human is rich or not.

If S is set, an object a in the collection S is called an element of S. This
fact is expressed in symbols as a € S (read as “a isin S” or “a belongs to
S”). Ifais notin S, we write a € S. For example, 3 € R the set of real
numbers. But. — 1 & R.

Elementary Group Theory

A set with no element in it is called the empty set, and is denoted by the
Greek @ (phi). For example, the set of all natural numbers less than 1
isoQ.

There are usually two way of describing a non-empty set:

(1) Roster method, and (2) set builder method.

2

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

Roster Method

In this method, we list all the elements of the set: within braces. For
instance, the collection of all positive divisors of 48 contains 1, 2, 3, 4,

6, 8,12, 16, 24 and 48 as its elements. SO this set may be written as '{1,
2,3,4,6, 8,12, 16, 24, 48}.

In this description of a set, the following two conventions are followed:
Convection 1

The order in which the elements of the set are listed is not important.
Convention 2

No element is written more than once, that is, every element must be

written exactly once.

11
For example, consider the set S of all integers between rand 4 .
24

Obviously, these integers are 2, 3 and 4. So we may write S = (2, 3, 4}.

We may also write S = (3, 2, 4}, but we must not write S = (2, 3, 2, 4}.

Why? Isn't this what Convention 2 says?

The roster method is sometimes used to list the elements of a large set
also. In this case we may not want to list all the elements of the set. We
list a few, enough to give an indication of the rest of the elements. For
example, the set of integers lying between 0 and 100 is {0, 1, 2... 100},
and the set of all integers is

Z={0,%x1,%=2,.... }.
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Another method that we can use for describing a set is the
Set Builder Method

In this method we first try to find a property which characterises, the
elements of the set, that is, a property P which all the elements of the set

possess. Then we describe the set as:
{x | x has property P}, or as
{x: x has property P}.

This is to be read as “the set all x such that x has property P”. For

example, the set of all integers can also be written as
3

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

Z = {x | x is an integer}.

Some other sets that you may be familiar with are

Oa [

Q, the set of rational numbers =[Ja, b€ Z, b & 0[] .

0b [0

R, the set of real numbers

C, the set of complex numbers = {a+iba, b € R}. (Herei=-1.)

Let us now see what subsets are.

Subsets

Consider the sets A = {1, 3,4} and B = {1, 4}. Here every element of B
is also all element of A. in such a case, that is, when every element of a
set B is an element of a set A, we say that B is a subset of A, and we
write this as B < A.

for every set A, A € A.

Also, for any set A, ¢ < A.

Now consider the set S = {1, 3,5, 15} and T=(2,3,5,7}.1sSc T?
No, because not every element of S is in T; for example, 1 €S but 1 &

T. In this case we say that S is not a subset of T, and denote itby S & T.

‘ 3' denotes ‘there exists’, Note that if B is not a subset of A, there must
be an element of B which is not an element of A. In mathematical

notation this can be written as ‘ 3' x © B such that x & A’.

We can now say that two sets A and B are equal (i.e., have precisely

the same elements) if and only if A< B and B c A.
Sets and Functions
Try the following exercise now.

SELF ASSESSMENT EXERCISE 1
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Which of the following statements are true?

(@dNcZ (b)ZcN, (c) {0} = {1, 2,3}, (d) {2,4,6} ¢ {2, 4,
8}.

4

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

Let us now look at some operations on sets. We will briefly discuss the
operations of union, intersection and complementation on sets.

Union

If A and B are subsets of a set S, we can collect the elements of both to

get a new set. This is called their union. Formally, we define the union

of A and B to be the set of those elements of S which are in A or in B.
We denote the union of A and B by:

A U B. Thus,

AUB={xeSx&Aorxe&B}

For example, if A= {1,2}and B={4,6, 7}, thenAUB = {1, 2, 4, 6,
7}.

Again, ifA=(1,2,3,4land B= (2,4, 6, 8), AUB=(1, 2, 3, 4, 6, 8).
Observe that 2 and 4 are in both A and B, but when we write AU B, we

write these elements only once, in accordance with Convention 2 given

earlier.
Can you see that, forany set A, AJA =A?

Try the following exercise now. While trying it remember that to show
that A ¢ B you need to show thatx EA=x &€ B

SELF ASSESSMENT EXERCISE 2
Let A, B, C, be subsets of a set Suchthat A ¢ Cand B ¢ C.
Then show that:

a. AIB¢ C

b.AOB=B[JA

c.AJoe=A

Now will extend the definition of union to define the union of more than

two sets.

If A1, A2, A3......... Ak are k subsets of a set S, then their union
Al[JA2[]..... 0 Ak is the set of elements which belong to at least one of
these sets. That is,

Al[JA2[]....... OAk = {x&eSxe&Aiforsomel=1,2...... k).

5
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k

The expression A1 [JA2[]..... [ Ak is often abbreviated to [JA i .

i=1

If p is a collection of subsets of a set S, then we can define the union of
all members of p by J A = {x € Aforsome A € p}

AE€p

Now let us look at another way of obtaining a new set from two or more

given sets.
Intersection

If A and B are two subsets of a set S, we can collect the elements that
are common to both A and B. We call this set the intersection of A, and
B (denoted by A [] B, So,

AB={x€eSx&€Aandx &€ B}
Thus, if P= {1, 2, 3,4} and Q= {2, 4, 6, 8}, then P[] Q= {2, 4}.
Can you see that, for any set A, AJA = A?

Now suppose A = {1, 2} and B = (4, 6, 7). Then what is A[] B? We
observe that, in this case A and B have no common elements, and so A

0B = ¢, the empty set.

When the intersection of two sets is ¢ , we say that the two sets are
disjoint (or mutually disjoint). For example, the sets {1, 4} and {0, 5,
7, 14} are disjoint.

Try this exercise now.

SELF ASSESSMENT EXERCISE 3

Let A and B be subsets of a set S. Show that

a.AB=B[A

b.AcB=>A[B=A

c.Allo=9

Elementary Group Theory

The definition of intersection can be extended to any number of sets.

Thus, the intersection of k subsets Al, A2...... Ak of a set S is
Al[JA2[]....... Ak={xeSxeAiforeachi=1, 2, ....... k} .

6
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k

We can shorten the expression A1 A2 ] ....... Akto[JAIi.

i=1

In general, if p is a collection of subsets of a set S, then we can define

the intersection of all the membersof p by A= {x€SXxEAV
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A€y

A Ep}

In the following exercise we give important properties of unions and
intersections of sets.

SELF ASSESSMENT EXERCISE 4

For any subsets, A, B, C of a set S, show that
a.(A0B)OC=A0(BOC)

b.(AD0B)O0C=A0(BOC)

c.AQMBQOC) =(AUOB)O(AQOC)

d.AQMBOC) =(A0B)O(AOC)

SELF ASSESSMENT EXERCISE 5

State whether the following are true or false. If false, give a counter-
example.

a.fAcBandBc C,thenAcC

b.If A¢ BandB ¢ A, then A and B are disjoint
c.A¢ AUB

d.IfAUB=¢,thenA=B=¢.

Apart from the operations of unions and intersections, there is another

operation on sets, namely, the operation of taking differences.
Differences

Consider the sets A = {1, 2, 3} and B = {2, 3, 4}. Now the set of all
elements of A that are not in B is {1}. We call this set the difference
A\B. Similarly, the difference B \ A is the set of elements of B that are
notin A, thatis, {4}. Thus, for any two subsets ‘A and B of a set S,
{x € Xx € Aand x € B}.

When we are working with elements and subsets of a single set X, we
say that the set X is the universal set. Suppose X is the universal set and
A c X. Then the set of all elements of X which are not in A is called

the complement of A and is denoted by A" Acor X\ A.

7
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Thus,

Ac={xE€Xx¢&A}.

For example, if X ={a, b, p,q,r} andA=(a.p,q},thenAc={b", r}.
Try the following exercise now.

SELF ASSESSMENT EXERCISE 6

Why are the following statements true?
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a. A and A c are disjoint, i.e., AnNAc=9¢
b. AU A c = X, where X is the universal set.
c.(Ac)=A.
And now we discuss one of the most important constructions in set
theory.
3.2 Cartesian Products
An interesting set that can be formed from two given sets is their
Cartesian product, named after a French philosopher and
mathematician Rene Descartes (1596 -1650). He also invented the
Cartesian coordinate system.
Let A and B be two sets. Consider the pair (a, b), in which the first
element is from A and the second from B. Then (a, b) is called an
ordered pair. In an ordered pair in order in which the two elements are
written is important. Thus, (a, b) and (b, a) are different ordered
pairs. Two ordered pairs (a, b) and (c, d) are called equal, or the
same, ifa=candb = d.
Definition
The Cartesian product A x B, of the sets A and B, is the set of all
possible ordered pairs (a, b), where a € A, b € B.
For example, if A = {1, 2,23} and B = {4, 6}, then AXB = { (1, 4), (1,
6), (2, 4), (2,6),(3,4),(3,6)}.
Also note that
BxA=1{(4,1),(4,2),(4,3),(6,1),(6,2),(6,3)}and AxB =B x A.
Let us make some remarks about the Cartesian product here.
8
MTH 211 SET THEORY AND ABSTRACT ALGEBRA
Remarks:
i.AxB=9¢ifA=¢orB=g¢.
ii. If A has m elements and B has n elements, then A x B has mn
elements. B x A also has mn elements. But the elements of B x A
need not be the same as the elements of A x B, as you have just
seen.
We can also define the Cartesian product of more than two sets in a
similar way. Thus, if A1, A2, A3 ........ An are n sets, we can define their
Cartesian product as
Al x A2 x...... xAn = {(al, a2 ...... an)al €Al ........ an € An}.
For example, if R is the set of all real numbers, then
R xR = {(al, a2) al, €R, a2 € R}
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RxR xR ={(al, a2,a3)al, €R,fori=1, 2,3}, andsoon.ltis
customary to write
R2 forRx Rand RnforR x ......... X R (in times).

Now, you know that every point in a plane has two coordinates, x and y.
Also, every ordered pair (x, y) of real numbers defines the coordinates

of a point in the plane. So, we can say that R2 represents a plane. In fact,
R2 is the Cartesian product of the x-axis and the y-axis. In the same way
R3 represents three-dimensional space, and Rn represents n-dimensional

space, for any n =1. Note that R represents a line.

Try the following exercises now.

SELF ASSESSMENT EXERCISE 7

IfA={2,5}B={2,3} findAxB,BxAandAXxA.

SELF ASSESSMENT EXERCISE 8

IfAxB={(7,2), (7, 3),(7,4), (2, 2),(2,4)}, determine A and B.
SELF ASSESSMENT EXERCISE 9

Provethat (A[JB)xC=(AxC)[J(BxC)and (A[]JB)xC == (AXx
C)O(BxCQC).

Let us now look at certain subsets of Cartesian products.
9
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3.3 Relations

You are already familiar with the concept of a relationship between
people. For example, a parent-child relationship exists between A and B
if and only if A is a parent of B or B is a parent of A.

In mathematics, relation R on a set S is a relationship between the
elements of S. If a € S is related to b € S by means of relation, we
writeaRbor(a, b) € R < S xS. And this is exactly how we define a
relation on a set.

Definition

A relation R defined on a set S is a subset of S x S.

For example, if N is the set of natural and R is the relation’ is a multiple
of then 15 R 5, but not 5 R 15. That is, (15, 5) € R but (5, 15) & R.
Here R € N x N.

Again, if Q is the set of all rational numbers and R is the relation ‘is

greater than’, then 3 R 2 (because 3> 2).
The following exercise deals with relations.

SELF ASSESSMENT EXERCISE 10
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Let N be the set of all natural numbers and R the relation {(a, a2) a €

N}. State whether the following are true or false:
a.2R3,b.3R9,c.9R 3.

We now look at some particular kinds of relations.
Definition

A relation R defined on a set S is said to be

i. reflexive if we have aRaV a € S.
ii. symmetricifaRb=>bRaVa,be&sS.
iii. transitive if aRb and bRc = aRcV a, b, c €S.

To get used to these concepts, consider the following examples.
10
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Example 1

Consider the relation R on Z given by ‘aRb iff and only if a> b’.

Determine whether R is reflexive, symmetric and transitive.
Solution
Since a > a is not true, aRa is not true. Hence, R is not reflexive.

If a > b, then certainly b > a is not true. That is, aRb does not imply

bRa. Hence, it is into symmetric,

Since a > b and b > c implies a > ¢, we find that aRb, bRc implies aRc.

Thus, R is transitive.
Example 2

Let S be a non-empty set. Let p (S) denote the set of all S, i.e., p (S) =
{A: A c S} We call p (S) the power set of S.

Define the relation R on g (S) by
R= {(A,B)A, B € p (S)and A c B}.

Check whether R is reflexive, symmetric or transitive.
Solution
Since Ac AV A € p (S), Ris reflexive.

If A € B, B need not be contained in A. (In fact, Ac BandBc A«
A = B.) Thus, R is not symmetric.

IfAcBandBc C, thenAc CVA,B,C€&€ p(S). Thus, Ris

transitive.
You may like to try the following exercises now.
SELF ASSESSMENT EXERCISE 11

The relation R € N x N is defined by (a, b) €, Rif 5 divides (a -b). IsR

Reflexive? Symmetric? Transitive? ,
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SELF ASSESSMENT EXERCISE 12

Give examples to show why the relation in Self-Assessment Exercise 10

is not reflexive, symmetric or transitive.

The relationship in Self-Assessment Exercise 11 is reflexive, symmetric

and transitive. Such a relation is called an equivalence relation.

A very important property of an equivalence relation on a set S is that it
divides S into a number of mutually disjoint subsets, that is, it partitions
S. Let us see how this happens.

Let R be an equivalence relation on the set S. Let a € S. Then the set {b
€ S aRb} is called the equivalence class of a in S. It is just the set of
elements in S which are related to a. We denote it by [a}.

For instance, what is the equivalence class of 1 for R given in Self-
Assessment Exercise 117

This is

[11={n| 1Rn,n € N}

={n|né&Nand5divides 1-n}

={n|né&Nand5divides n-1}

={1, 6,11, 16, 21 ...},

Similarly,

[21={n|né&Nand>5 divides n-2}

={2,7,12,17, 22,},

[31={3,8,13,18,23...},

[4] = {4, 9, 14, 19, 24,},

[5] = {5, 10, 15, 20, 25 ...},

[6] = {1, 6, 11, 16, 21 ...},

[71=1{2,7,12,17,22 ...},

Note that

i. [1] and [6] are not disjoint. In fact, [1] = [6]. Similarly, [2] = [7],

and so on.

iiN=1[110[2101[3101[4]10I5], and the sets on the right hand

side are mutually disjoint.

We will prove these observations in general in the following theorem.
12
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Theorem 1

Let R be an equivalence relation on a set S. Fora < S, let [a] denote the
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equivalence class of a. then

a.a € [a],

b.b € [a] & [a] = [b],
c.S=[Ia]

aEes

d.ifa, b €S, then[a]O[b] = ¢ or[a] = [b].
Proof: a. Since R is an equivalence relation, it is reflexive.
~aRaVae€s, . a€]al

b. Firstly, assume that b € [a]. We will show that [a] < [b] and [b]
c [al. For this, let x € [a]. Then xRa.

We also know that aRb. Thus, by transitivity of R, we have xRb, i.e., x
€ [b]. .. [a] € [b].

We can similarly show that [b] < [a].
- [a] = [bl.
Conversely, assume that [a] = [b]. Then b € [b]. .. b € [a].

c.Since[alcSVae€s,[][a]l €S (see Self Assessment
aEes

Exercise 2).

Conversely, let x € S. Then A € [x], x € [x] by (a) above. [x] is one of
the sets in the collection whose union is [] [a].
aEes

Hence, x =[] [al. So, S < [] [al.
aEs aEes

Thus, S c [J[aland [J[a] € S, proving (c).
aEs aes

d. Suppose [a] ] [b] = ¢ . Let x € [a]l [ [b].

Then x € [a] and x € [b]
= [x] = [a] and [x] = [b], by (b) above
= [a] = [b].

Note that in Theorem 1, distinct sets on the right hand side of (c) are

mutually disjoint because of (d). Therefore, (c) expresses S as a union of
13
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mutually disjoint subsets of S; that is we have a partition of S into

equivalence classes.

Let us look at some more examples of partitioning a set into equivalence

classes.
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Examples 3

Let S be the set of straight lines in R x R. Consider the relation on S
given by ‘L1 R L2 if L1 = L2 or L1 is parallel to L2’'. Show that R is an

equivalence relation. What are the equivalence classes in S?
Solution

R is reflexive, symmetric and transitive. Thus, R is an equivalence

relation.

Now, take any line L1 (see Fig. 1).
Y

LL1

OoX

Fig. 1: The equivalence class of L1

Let L be the line through (0, 0) and parallel to L1. Then L € [L1]. Thus,
[L] = [L1]. In this way the distinct through (0, 0) give distinct
equivalence classes into which S is partitioned. Each equivalence class

[L] consists of all the lines in the planes that are parallel to L.
Now for a nice self assessment exercise!
SELF ASSESSMENT EXERCISE 13

Show that ‘aRb if and only if |a| = |b|’ is an equivalence relation on Z.
what are [0] and [1]?

14
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In the next section we will briefly discuss a concept that you may be

familiar with namely, functions.
3.4 Functions

Recall that a function f from a non-empty set A to a non-empty set B is a
rule which associates with every element of A exactly on element of B.
This is written as f: A - B. If f associates with a € A, the element b of

B, we write f(a) = b. A is called the domain of f, and the set f(A) = {f(a)

| a € A} is called the range of f. The range of f is a subset of B, i.e.,

f(A) € B. B is called the codomain of f.

Note that
i. For each element of A, we associate some element of B.
ii. For each element of A, we associate only one element of B.

iiil Two or more elements of A could be associated with the same

element of B.

For example, let A= {1, 2,3},B={1,2,3,4,5,6,7,8,9, 10}. Define
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f: A-> Bbyf(l) =1, f(2) = 4, f(3) = 9. Then f is a function with domain
A and range {1, 4, 9}. In this case we can also write f(x) = x2 fro each x
€ Aorf: A- B: f(x) = x2. We will often use this notation for defining

any function.

If we defineg: A-»Bbyg(l)=1,9(2) =1,9(3) =4,thengisalsoa
function. The domain of g remains the same, namely, A. but the range of
gis {1, 4}.

Remark

We can also consider a function f: A » B to be the subset {(a, f(a)) | a €
A} of A x B.

Now let us look at functions with special properties.

Definition

A function f: A - B is called one-one (or injective) if f associates

different elements of A with different elements of B, i.e., if al, a2 € A
and al # a2, then f(al) = f(a2). In other words, fis 1 - 1 if f(al) = f(a2) =
al =a2.

15
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In the examples given above, the function f is one-one. The function g is

not one-one because 1 and 2 are distinct elements of A, but g(1) = g(2).
Now consider another example of sets and functions.

Let A= {1, 2,3}, B={p,q,r}. Letf: A—- B be defined by f(1) = q, f(2)
=r, f(3) = p. then fis a function. Here the range of f = B = codomain of

f. This is an example of an onto function, as you shall see.
Definition
A function f: A » B is called onto (or surjective) if the range of f is B,

i.e., if, for each b € B, there is an a € A such that f (a) = b. In other
words, f is onto if f(A) = B.

For another important example of a surjective function, consider two
non-empty sets a and B. we define the function nl: Ax B - A: nil ((a,
b)) = a. nl is called the projection of A x B onto A. You can see that the
range of il is the whole of A. Therefore, nl is onto. Similarly, m2: A x B
- B: p 2 ((a, b)) = b, the projection of A x B onto B, is a surjective

function.

If a function is both one-one and onto, it is called bijective, or a
bijection. You will be using this type of function heavily in Block 2 of

this course.

Consider the following example that you will use again and again.
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Example 4

Let A be any set. The function IA: A - A: IA(a) = a is called the

identity function on A. Show that IA is bijective.
Solution

For any a € A, IA(a) = a. Thus, the range of IA is the whole of A. That is,
IA is onto.

IA is also: because if al, a2, € A such that al # a2, then IA (al) = IA(a2).
Thus, IA is bijective.

If f: A - B is a bijection, then we also say that the sets A and B are

equivalent. Any set which is equivalent to the set {1, 2, 3......... n}, for
16
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some n € N, is called a finite set. A set that is not finite is called an

infinite set.
Convention

The empty set f is assumed to be finite.

Try the following self assessment exercise now.
SELF ASSESSMENT EXERCISE 14

Let f: N - N be defined by f(n) = n + 5. Prove that f is one-one but not

onto.
SELF ASSESSMENT EXERCISE 15

Let f: Z » Z be defined by f(n) = n + 5. Prove that f is both one-one and

onto.

The next exercise deals with a function that you will often come across,
namely, the constant function f: A - B: f(a) = ¢, where c is a fixed

element of B.
SELF ASSESSMENT EXERCISE 16

What must X be like for the constant function f: X - {c} to be

injective? Is f surjective?

Let us now see what the inverse image of a function is.
Definition

Let A and B be two sets and f: A » B be a function. Then, for any
subset S of B, the inverse image of S under f is the set.

f-1(S) = {a € A | f(a) € S}.

For example, I-Al (A) = {a € A | lA(a) € A} = A.

Again, for the function f in Self-Assessment Exercise 14,
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={neN|n+5€ {1, 2, 3}}
= ¢ , the empty set.

But f-1 (N) = {6, 7,8, ..... }
17
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We now give some nice theorems involving the inverse image of a

function.
Theorem 2

Let f: A —» B be a function. Then,
a) for any subset S of B, f(f-1(S)) < S.
b) for any subset X of A, X < f-1(f(X)).

Proof

We will prove (a) and you can prove (b) (see Self Assessment Exercise
17). Let b € f(f-1(S)). Then, by definition, 3 a € f-1(S) such that b =
f(a). Buta € f-1(S) = f(a) € S. That is, b € S. Thus, f(f-1(S) ¢ S.

The theorem will be proved once you solve Self Assessment Exercise
17.

SELF ASSESSMENT EXERCISE 17

Prove (b) of Theorem 2.

SELF ASSESSMENT EXERCISE 18

Givenf: A-»BandS, T < B, show that

a.if S ¢ T, then f-1(S) < f-1(T).

b.f-1(SOT) =f1(S) O f-1(T)

c.f-1(SOT) =f1(S) O f-1(T)

Now let us look at the most important way of producing new functions
from given ones.

Composition of Functions

If f: A- B and g: C = D are functions and if the range of f is a subset
of C, there is a natural way of combining g and f to yield a new function

h: A - D. Let us see how.
For each x € A, h(x) is defined by the formula h(x) = g(f(x)).

Note that f(x) is in the range of f, so that f(x) € C. Therefore, g(f(x)) is
defined and is an element of D. This function h is called the

composition of g and f and is written as g [J f. The domain of g[J fis A
18
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and its codomain is D. In most cases that we will be dealing with we
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will have B = C. Let us look at some examples.

Example 5

Let f: R = R and g: R = R be defined by f(x) = x2 and g(x) = x + 1.
What is g [] f? What is f[] g?

Solution

We observe that the range of f is a subset of R, the domain of g.

Therefore, g [] f is defined. By definition, Vx € R,g [] f(x) = g(f(x)) = f(x)
+1=x2+1.

Now, let us find f [] g. Again, it is easy to see that f[] g is defined. Vx €
R,f0g(x) = f(g(x)) = (9(x))2 = (x + 1)2.

So f[]Jgand g []fare both defined. Butg[Jf = f[]g(l).)

Example 6

LetA={1,2,3},B={p,q,r} and C = {x, y}. Let f: A - B be defined
by f(1) = p, f(2) = p, f(3) = r. Let g: B -» C be defined by g(p) = x, 9(q)
=y, g(r) = y. determine if f[J g and g [] f can be defined.

Solution

For f[J g to be defined, it is necessary that the range of g should be a

subset of the domain of f. In this case the range of g is C and the domain

of fis A. As C is not a subset of A, f[] g cannot be defined.

Since the range of f, which is {p, r}, is a subset of B, the domain of g,
we see that g [] fis defined. Also g [J f: A = C is such that

g 0 f(1) = g(f(1)) = g(p) = x,

g 0f(2) = 9(f(2)) = g(p) = x,

g Of(3) =9(f(3)) = g(r) =y.

In this example note that g is surjective, and sois g [J f.

Now for an exercise on the composition of functions.

SELF ASSESSMENT EXERCISE 19

In each of the following questions, both f and g are functions from R -
R. Define f[]g and g []f.

19
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a.f(x) =5x,9(x) =x+5

b. f(x) = 5%, g(x) = x/5

c. f(x) = | x|, g(x) = x2.

We now come to a theorem which shows us that the identity function
behaves like the number 1 € R does for multiplication. That is, if we

take the composition of any function f with a suitable identity function,

we get the same function f.
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Theorem 3
Let A be a set. For every functionf: A= A, we havefJIA=IA[Qf="f.
Proof

Since both f and IA are defined from A to A, both the compositions f [J 1A
and IA [] f are defined. Moreover, V x€ A,

fOIA(x) = f(IA(x)) = f(x), sof[JIA = f.

Also, Vx € A, IA[] f(x) = IA(f(x)) = f(x), so IA[Jf = f.

You can try the next self assessment exercise on the lines of this

theorem.
SELF ASSESSMENT EXERCISE 20
If Aand B are sets and g: B —» A, prove thatIA[Jg=gandg[IB = g.

In the case of real numbers, you know that given any real number x = 0,
Jy # 0 such that xy = 1. y is called the inverse of x. Similarly, we can

define an inverse function for a given function.
Definition
Let f: A —» B be a given function. If there exists a function g: B =» A

such thatf[Jg =1B and g []f = IA, then we say that g is the inverse of f,

and we write g = f-1.

For example, consider f: R —» R defined by f(x) = x + 3. If we define g:
R-» Rbyg(x) =x-3,thenf[Jg(x) =f(g(x)) =9g(x) + 3=(x-3)+3=x
Vx € R. Hence, f[] g = IR. You can also verify that g [] f = IR. So g = f-1.
Note that in this example f adds 3 to x and g does the opposite - it
subtracts 3 from x. Thus, the key to filling the inverse of a given

function is: try to retrieve x from f(x).
20
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For example, let f: R - R be defined by f(x) = 3x + 5. How can we
retrieve x from 3x + 57 The answer is “first subtract 5 and then divide
f(x)-5

by 3”. So, we try g(x) = x - 5. And we find g [J f(x) = g(f(x)) =

33

(3x +5)-5

= = X.

3

O(xx=5[0

Also, fJ g(x) = 3(g(x)) + 5=0+ 5 = x VXxER.

0300

Let’s see if you've understood the process of extracting the inverse of a
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function.
SELF ASSESSMENT EXERCISE 21

What is the inverse of f: R » R: f(x) = x ?
3

Do all functions have an inverse? No, as the following example shows.
Example 7

Let f: R = R, be the constant function given by f(x) = 1 Vx € R. What

is the inverse.
Solution

If f has aninverse g: R » R, we havef[Jg =g, i.e. VXER, f[]g(x) =

X.

Now take x = 5. We should have f[J g (5) =5, i.e., f(g(5)) = 5. but f(g(5))
=1,

Since f(x) = 1 V R x. So we reach a contradiction. Therefore, f has no
inverse.

In view of this example, we naturally ask for necessary and sufficient
conditions for f to have an inverse. The answer is given by the following

theorem.

Theorem 4

A function f: A = B has an inverse if and only if f is bijective.
21
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Proof

Firstly, suppose f is bijective. We shall define a function g: B -» A and

prove that g = f-1.

Let b € B. Since f is onto, there is some a € A such that f(a) = b. Since f
is one-one, there is only one such a € A. We take this unique element a

of A as g(b). That is, given b € B, we define g(b) = a, where f(a) = b.

Note that, since f is onto, B = {f(a) | a € A}. Then, we are simply
defining g: B =» A by g(f(a)) = a. This automatically ensures thatg ] f =
IA.

Now, let b € B and g(b) = a. Then f(a) = b, by definition of g.
Therefore, f[J g(b) = f(g(b)) = f(a) = b. Hence, fJ g = IB.

So,f0g=1Band g []f=IA. This proves that g = f-1.

Conversely, suppose f has an inverse and that g = f-1. We must prove

that f is one-one and onto.

Suppose f(al) = f(a2). Then g(f(al)) = g(f(a2)).
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=g (f(al) = gf(a2)
= al = a2, because g [Jf = IA.

So, f is one-one.

Next, given b € B, we have fog = IB, so that f[J g(b) = IB(b) = b,
i.e., f(g(b)) = b. That is, f is onto.

Hence, the theorem is proved.
Try the following self assessment exercise now.
SELF ASSESSMENT EXERCISE 22

Consider the following functions from R to R. For each determine

whether it has an inverse and, when the inverse exists, find it.

a. f(x) = x2 V xe R.
b. f(x) = 0V x€ R.
c. f(x) = 11x + 7V xE R.

Let us now discuss some elementary number theory.
22
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3.5 Some Number Theory

In this section we will spell out certain factorization properties of
integers that we will use throughout the course. For this we first need to

present the principle of finite induction.
3.5.1 Principle of Induction

We will first state an axiom of the integers that we will often use
implicitly, namely, the well-ordering principle. We start with a

definition.

Definition

Let S be a non-empty subset of Z. An element a € S is called a least
element (or a minimum element) of Sifa = b V x € S. For example, n

has a least element, namely, 1. But Z has no least element. In fact, many

subsets of Z, like 2Z, {-1, -2, -3, ..... }, etc., don’t have least elements.
The following axiom tells us of some sets that have a least element.

Well-ordering Principle: Every non-empty subset of N has a least

element.

You may be surprised to know that this principle is actually equivalent

to the principle of finite induction, which we now state.
Theorem 5
Let S € € N such that

i.1 €S, and
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ii. Wheneverk €S,thenk + 1 €S
ThenS =N

This theorem is further equivalent to:
Theorem 6
Let S < N such that

i.1€S5, and
i.ifm&eSVm<k, thenk €S.
thenS =N

23
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We will not prove the equivalence of the well-ordering principle and

Theorems 5 and 6 in this course, since the proof is slightly technical.

Let us rewrite Theorem 5 and 6 in the forms that we will normally use.
Theorem 5': Let P(n) be a statement about a positive integer n such that
i. P(1) is true, and

ii. if P(k) is true for some k € N, then P(k + 1) is true.

Then, P(n) is true for all n € N.

Theorem 6': Let P(n) be a statement about a positive integer n such that

i. P(1) is true, and
ii. if P(m) is true for all positive integers m < k, then P(k) is true.
Then P(n) is true for all n € N.

The equivalence statements given above are very useful for proving a lot
of results in algebra. As we go along, we will often use the principle of

induction in whichever form is convenient. Let us look at an example.

Example 8

n2(n+1)2

Prove that 13 + 23 +.............. + n3 = for every n € N.
4

Solution

LetSn =13 +.....ccceeeeenn. + n3, and let P(n) be the statement that
n2(n+1)2

S=.

4

12x22

Since S1 =, P(1) is true.

4

(n-1)2n2

Now, suppose P(n - 1) is true, i.e., Sn-1 =
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4
ThenSn =13 + ................ +(n-1)3 +n3
=5Sn-1 + n3

(n-1)2n2

= + n3, since P(n - 1) is true.

4

N2[(n-1)2+4n]

4

24
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n2(n+1)2
4

Thus, P(n) is true.

Therefore, by the principle of induction, P(n) is true for all n in N.

Now, use the principle of induction to prove the following property of

numbers that you must have used time and again.

SELF ASSESSMENT EXERCISE 23

Fora, b € Rand n € N, prove that (ab)n = anbn.

Let us now look at some factorization properties of integers.

3.5.2 Divisibility in Z

One of the fundamental ideas of number theory is the divisibility of
integers.

Definition

Leta, b € Z, a # 0. Then, we say that a divides b if there exists an

integer c such that b = ac. We write this as a | b and say that a is a

divisor (or factor) of b, or b is divisible by a, or b is a multiple of a.
If a does not divide b we write a | b.

We give some properties of divisibility of integers in the following

exercise. You can prove them very easily.
SELF ASSESSMENT EXERCISE 24

Let a, b, c be non-zero integers. Then
a.a|0,x1l]a, xa]a.
b.a|b=ac]|bc.
c.albandb|c=a]|c
d.a|bandb|ae®a==xb.

e.claandc|b=c|(ax+by)VXxvyeEZ

We will now give a result, to prove which we use Theorem 5'.
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Theorem 7

(Division Algorithm): Let a, b € Z, b > 0. Then there exists unique

integers q, rsuch thata =qgb + r, where0 = r < b.
Proof

We will first prove that q and r exist. Then we will show that they are
unique. To prove their existence, we will consider three different

situations:a=0,a>0,a < 0.
Casel(a=0):Takeq=0,r=0.Thena=qgb +r.

Case 2 (a > 0) : Let P(n) be the statement that n = gb + r forsome q, r i
Z,0=r<hb.

Now let us see if P(1) is true.

Ifb=1, wecantakeq=1,r=0,andthus,1=1.1+ 0.
Ifb=1,thentakeq=0,r=1,i.e.,1=0.b+ 1.

So, P(1) is true.

Now suppose P(n - 1) is true, i.e., (n - 1) = qlb + rl forsome ql, rl € Z,
O=rl<b.Butthenrl =b-1,i.e.,rl+ 1= b. Therefore,
dglb+(rl+1),if(rl+1)<b

n=0(ql+1)b+0,ifrl+1=>b

This shows that P (n) is true. Hence, by theorem 5’, P(n) is true, for any
n € N. Thatis,fora>0,a=qgb+r,q,rez, 0=r<b.

Case 3 (a < 0): Here (-a) > 0. Therefore, by Case 2, we can write
((a)=gb+r,0=sr<b

0(=q)b,ifr'=0

i.e.,a=1]

O(—g—L)b+(b—-r")ifO<r'<b

This proves the existence of the integers q, r with the required
properties.

26

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

Now let ', r' bein Zsuchthata=gb+randa=qgb+r,where0 =r,
rr<b.Thenr-r =b(q" -q). Thus,b | (r-r’).But|r-r'| <b.Hence,r
-r'=0,i.e,r=rand g =q’. So we have proved the uniqueness of q

andr.

In the expression,a =qgb +r, 0 = r < b, ris called the remainder

obtained when a is divided by b.
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Let us go back to discussing factors.
Definition
Leta, b€ Z.c € Zis called a common divisorof aand b ifc | aandc |

b.

For example, 2 is a common divisor of 2 and 4. From Self Assessment
Exercise 24(a) you know that 1 and -1 are common divisors of a and b,
for any a, b € Z. Thus, a pair of integers does have more than one
common divisor. This fact leads us to the following definition.
Definition

An integer d is said to be a greatest common divisor (g.c.d in short) of
two non-zero integers a and b if

i.d|aandd|b, and

ii.ifclaandc|b, thenc]|d.

Note that if d and d’ are two g.c.d s of a and b, then (ii) says thatd | d’
and d’ | d. Thus, d = = d’ (see Self-Assessment Exercise 24). But then
only one of them is positive. This unique positive g.c.d. is denoted by
(a, b).

We will now show that (a, b) exists for any non-zero integers a and b.
You will also see how useful the well-ordering principle is.

Theorem 8

Any two non-zero integers a and b have a g.c.d, and (a, b) = ma + nb, for
somem,n€E€Z

Proof

LetS={xa+yb|x,y€Z (xa+yb)>0}.

27
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Since a2 + b2 >0,a2 + b2 €5, i.e., S # f.But then, by the well-ordering
principle, S has a least d € S. Therefore, d > 0. So by the division
algorithm we can write

a=qd+r 0£r<d. Thus,

r=a-qd=a-q(ma+ nb)=(1-gm)a+ (-q)b.

Now, if r # 0, then r € S, which contradicts the minimality of d in S.
Thus, r=0,i.e.,, a=qd, i.e., d|a. We can similarly show that d | b. Thus,
d is a common divisor of a and b.

Now, let c be an integer such thatc|aandc|b.

Then a = alc, b = blc for some al, bl € Z.

But then d = ma + nb = malc + nblc. Thus, c | d. So we have shown that

dis a g.c.d. In fact, it is the unique positive g.c.d. (a, b).
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For example, the g.c.d.is2and 10is2 = 1.2 + 0.10, and the g.c.d. of 2
and 3is 1 = (-1) 2+ 1(3).

Pair of integers whose g.c.d. is 1 have a special name.

Definition

If (a, b) = 1, then the two integers a and b are said to be relatively
prime (or co prime) to each other.

Using Theorem 8, we can say that a and b are co prime to each other

iff there exists m, a € Z such that 1 = ma + nb.

The next theorem shows us a nice property of relatively prime numbers.
Theorem 9

Ifa, b€ Z, suchthat(a, b)=1and b | ac, thenb | c.

Proof

We know that 3 m, n € Z such that 1 = ma + nb. Thenc =c.1 = c(ma

+nb) = mac + nbc.

Now, b | acand b | bc. .. b | (mac + nbc) (by Self-Assessment Exercise
24(c)). Thus, b | c.

Let us now discuss prime factorization.

28
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Definition

A natural number p (# 1) is called a prime if its only divisors are 1 and

p. If a natural number n (# 1) is not a prime, then it is called a composite

number.

For example, 2 and 3 are prime numbers, while 4 is a composite

number.

Note that, if p is a prime number and a € Z such that p | a, then (p, a) =
1.

Try the following self assessment exercise now.

SELF ASSESSMENT EXERCISE 25

If pis a prime and p | ab, then show thatp |aorp | b.

SELF ASSESSMENT EXERCISE 26

If pis a prime and p| ala2 ...... an, then show that p ai forsomei =1, ..., n.

Now consider the number 50. We can write 50 = 2 x 5 x 5 as a product
of primes. In fact we can always express any natural number as a
product of primes. This is what the unique prime factorization theorem

says.

Theorem 10
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(Unique Prime Factorisation): Every integer n > 1 can be written as n
pl, p2 ............ pn, where p1, .......... , pn are prime numbers. This
representation is unique, except for the order in which the prime factors

occur.
Proof

We will first prove the existence of such a factorization. Let P (n) be the
statement that n + 1 is a product of primes. P (1) is true, because 2 is a

prime number itself.

Now let us assume that P (m) is true for all positive integers m < k. We
want to show that P (k) is true. If (k + 1) is a prime, P (k) is true. If k + 1

is not a prime, then we can writek + 1 = m1lm2, wherel <ml <k +1

and 1 <m2 <k + 1. Butthen P (m1 - 1) and P(m2 - 1) are both true.

Thus, m1l = plp2......... pr,m2=9l192 ............ gs, where p1, p2... pr, ql, g2,

......... , gs are primes. Thus,
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k+1=plp2..prglg2...qs,i.e. P(k)is true. Hence, by Theorem 6’,
P(n) is true for every n € N.

Now let us show that the factorisation is unique.

Letn =plp2...pt =9l g2.... gs, where

pl, p2 ... pt, gl, g2 .... gs, are primes. We will use induction on t.

Ift=1,thenpl=qlqg2......., gs. But pl is a prime. Thus, its only factors
are 1 and itself. Thus, s = 1 and pl = ql.

Now suppose t > 1 and the uniqueness holds for a product of t - 1
primes. Now pl | q1g2 ...... gs and hence, by Self-Assessment Exercise
26, pl | gl for some i. By re-ordering q1, ....., gs we can assume that pl |

gl. But both pl and gl are primes. Therefore, pl = ql are primes.
Therefore, pl = ql. But then p2 ...... pt=qg2....... gs. So, by induction, t

-l=s-1landp2,......, pt are the same as g2, ...... qs in some order.
Hence, we have proved the uniqueness of the factorisation.

The primes that occur in the factorisation of a number may be repeated
in the factorisation 50 = 2 x 5 x 5. By collecting the same primes

together we can give the following corollary to Theorem 10.

Corollary: Any natural number n can be uniquely written as n =
plmlp2m2.... prmr,wherefori=1,2,....., r, each mi € N and each pi

is a prime withl <pl<p2<.. <pr

As an application of Theorem 10, we give the following important

theorem, due to the ancient Greek mathematician Euclid.
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Theorem 11
There are infinitely many primes.
Proof

Assume that the set P of prime numbers is finite, say
P = {pl, p2, ...., pn}. Consider the natural number
n=(plp2, ...... ,pn) +1

Now, suppose some pi | n. Then pi | (n - plp2 ...... In.. pn),i.e., pi| 1, a
contradiction. Therefore, no pi divides n. But since n > 1, Theorem 10
says that n must have a prime factor. We reach a contradiction.

Therefore, the set of primes must be infinite.

30
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Try the following self assessment exercise now.
SELF ASSESSMENT EXERCISE 27

Prove that p is rational for any prime p.

(Hint : Suppose p is rational. Then p = a, where a, b € 1 Z and we
b
can assume that (a, b) = 1. Now use the properties of prime numbers that

we have just discussed.)
Let us now summarise what we have done inn this unit.
4.0 CONCLUSION

In this unit, we have placed emphasis on some properties of sets and
subsets. We have also defined relations in general and equivalence
relations in particular. The definitions of functions were also
considered. The summary of what we have considered in this unit are
given below, Please read carefully and master every bit of it in order for

you to follow the subsequent units.
5.0 SUMMARY
In this unit we have covered the following points.

* Some properties of sets and subsets.

* The union, intersection, difference and complements of sets.

* The Cartesian product of sets.

* Relation in general and equivalence relations in particular.

* The definition of a function, a 1-1 function, an onto function and
a bijective function.

* The composition of functions.

* The well-ordering principle, which states that every subset of N

has a least element.
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* The principle of finite induction, which states that : If P(n) is a

statement about some n € N such that:

- P(1) is true, and
- if P(k) is true for some k € N, then P(k + 1) is true,

then P(n) is true for every n € N.

* The principle of finite induction can also be stated as:
If P(n) is a statement about some n € N such that
- P(1) is true, and

31
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- if P(m) is true for every positive integer m < k, then P(k) is true,

then P(n) is true for every n € N,

Note that well-ordering principle is equivalent to the principle of finite

induction.

* Properties pf divisibility in Z, like the division algorithm and

unique prime factorisation.

ANSWER TO SELF ASSESSMENT EXERCISE 1
a)Tb)Fc)Fd) T

ANSWER TO SELF ASSESSMENT EXERCISE 2

a.XEA[B=x€AorxeB=x&(C,sinceAcCandBc
C.

b.xEA[[BexEAorxEBexE€Borx€AUXEBT]

A. . A[]B=B[A.
C.XEA[Joe=2x€Aorx€ @=x €A, since ¢ has no element.
LA €A

Also,A€EA[Jop,sincexEA=xeEAJ0o.

CA=A

ANSWER TO SELF ASSESSMENT EXERCISE 3

a. You can do it on the lines of Self Assessment Exercise 2(b).
b. x€A[[B=>x&€ Aandx &€ B = x €A, since A c B.

L A[]BCcA.

Conversely, x € A= x € Aand x € B since A € B.
=>x € A[B.

~ACA[B.

~A[B=A.

C. Use the fact that ¢ < A.
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ANSWER TO SELF ASSESSMENT EXERCISE 4

a.xe(A0B)JCexe&eA[JBorxeC
@*XxX€E€AorxeBorxeCC.
exeAorxeB[C

e X EA[(BCQC)
~(AQB)JC=A[Q(B[C)

b. Try it on the same lines as (a).
c.BOQCcB=A[Q(BOC)<cA[B.
Similarly, AQ(BOC)<c A[]C.
~AOQMBOC <((AOB)OMAOC)
Conversely, x € (AO0B)O(A[QC)
=>x€E€A[Bandx€A[C
=>x€E€Aorx€EBandx€&€Aorx €C.
=>x€AorxeB[C
=>x€A[QBQOC)
~(AOB)O(AQOC)<cAQO(BQOCO).
Thus, (c) is proved

d. Try it on the same lines as (c).

ANSWER TO SELF ASSESSMENT EXERCISE 5

a. T

b. F. For example, if A= [0, 1] and B = [0, 2], then
A¢EB B¢gandAOB=(0)=¢.

c. F, In fact, for any set A, A < B.

d. T.

e.T.

ANSWER TO SELF ASSESSMENT EXERCISE 6
a. X € Aiff x & Ac.

b. Since A and Ac are subsets of X, A[J] Ac € X.
Conversely, if x € X and x €A, then x EAc.

S~ X<cA[Ac

~X=A[Ac.

C.XEAex&Acex € (Ac)c. ~A = (Ac)c.
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ANSWER TO SELF ASSESSMENT EXERCISE 7

AxB={(2,2),(2, 3),(5,2),(5,3)}
BxA=1{(2,2),(3,2),(2,5),(3,5)}
AxA={(2,2),(2,5),(5,2),(5,5)}
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ANSWER TO SELF ASSESSMENT EXERCISE 8

The set of the first coordinates is A. ..A = {7, 2}.
The set of the second coordinates is B. ..B = {2, 3, 4}.

ANSWER TO SELF ASSESSMENT EXERCISE 9
(x,y)e(AOQB)xCexeA[JBandyeC
»XxXE€Aorx€BandyeC
ox€Aandye€eCorx€Bandy€C

o (x,y)EAxCor(x,y)€BxC

o (x,y)€E(AxC)[Q (B xC).

You can similarly show that
(AQB)xC=(AxC)[(BxQC).

ANSWER TO SELF ASSESSMENT EXERCISE 10
a.Fb.Tc.F

ANSWER TO SELF ASSESSMENT EXERCISE 11

Since 5 divides (a-a) = 0V a €N, R is reflexive.
If5](a-Db), then5]|(b-a)..., Ris symmetric.
If5](a-b), then5]|(b-c),then5]|{(a-b)+ (b-c)},i.e.
5| (a-c). .., Ris transitive.

ANSWER TO SELF ASSESSMENT EXERCISE 12

2 R 2 is false
(2,4) €ER, but (4, 2) € R.
(2, 4) €ER, (4, 16) €ER, but (2, 16) € R.

ANSWER TO SELF ASSESSMENT EXERCISE 13

|a| = |a| Va € Z ., R is reflexive.

|a] = |b] = |b] = |a| -, R is symmetric.

|a] = |b| and |b] = |c| = |a| = |c|. -, R is transitive.
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., Ris an equivalence relation.
[Ol]={a€Z]|aR0}={a€Z]||a| =0} ={0}.
(1] = {1, -1}.

ANSWER TO SELF ASSESSMENT EXERCISE 14
Forn,meN, f(n)=flm)=n+5=m+5=n=m.
s, fis1-1.

Since 1 & f(N), f(N) =N..., f is not surjective.
ANSWER TO SELF ASSESSMENT EXERCISE 15

fis1l -1 (as in Self Assessment Exercise 14).
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Forany z € Z, f(z-5) = z. .., fis surjective, and hence, bijective.
ANSWER TO SELF ASSESSMENT EXERCISE 16
f(x) =cVxeX

Suppose X has at least two elements, say x and y. Then f(x) = ¢ = f(y),
but x # y. That is, fis not 1 - 1. Therefore, if fis 1 - 1, then X consists

of only one element.

Since f(X) = {c}, fis surjective.

ANSWER TO SELF ASSESSMENT EXERCISE 17

x € X = f(x) € f(X) = x € f-1 (f(X))..., X € f-1 f(X)).
ANSWER TO SELF ASSESSMENT EXERCISE 18

a.xefl(S)ef(x)esOT.
ef(x)eSorf(x) €T

o x € f-1(S)orxef1(T)
s f-1(S) < f-1 (T).

b.xefl(SOMef(x)€sSOT
of(x)eSorf(x) €T

@ x € f-1(S)orxef1(T)

e x ef1(S)gf1(T)

c.) Do it on the lines of (b).
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ANSWER TO SELF ASSESSMENT EXERCISE 19
fOgandg([]fare functions from R to R in all cases.

a.f0g(x)=f(x+5)=5(x+5Vx€ER
gf(x) =g(5x) =5x + 5V x ER.

b.fl0g(x)=g0f(x) =xVx€&R.
c.fdgx)=x2=g0f(x) Vx€ER.

ANSWER TO SELF ASSESSMENT EXERCISE 20

Show that IA[J g(b) = g(b) and g [J IB(b) = g(b) V b € B.
ANSWER TO SELF ASSESSMENT EXERCISE 21
g:R-=R:g(x) =3x.

ANSWER TO SELF ASSESSMENT EXERCISE 22

a.fisnot1l -1, since f(1) = f(-1).

.., f-1 doesn’t exist.

b. f is not surjective, since f(R) = R.

.., f-1 doesn’t exist.

c. fis bijective, .., f-1 exists.
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f-1: R>R:f-1(x) =x-7.
11
ANSWER TO SELF ASSESSMENT EXERCISE 23

Let P(n) be the statement that (ab)n = anbn.
P(1) is true. Assume that P(n - 1) is true. Then
(ab)n = (ab)n-1 (ab) = (an-1 bn-1)ab, since P(n -1) is true.
= an-1 (bn-1a)b

= an-1 (abn-1)b

= anbn.

~, P(n) is true

.., P(n) is true V n € N.

ANSWER TO SELF ASSESSMENT EXERCISE 24
a.Sincea.0=0,a|0.
(£xl)(xa)=a.~x1l|aand xa|a.
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b.a|b=b=ad, forsomedeZ

= bc = (ac)d,

= ac | bc

c. b =ad, c = be, forsomed, e € Z.

s, c=ade. ., a|c

d.a|b=Db=ad, forsomed € Z

b|a=a=be, forsomee € Z

", a =ade=de =1, sincea=0.
L,e==x1.,a==%xb.

e.claandc|b=a=cd, b=ceforsomed, e€?Z
o, forany x, y € Z, ax + by = c(dx + ey).

“, €| (ax + by).

ANSWER TO SELF ASSESSMENT EXERCISE 25
Suppose p | a. Then (p, a) = 1. .., by Theorem 9, p | b.
ANSWER TO SELF ASSESSMENT EXERCISE 26

Let P(n) be the statement thatp|al a2 ......... an
=p|aiforsomei=1,2,......., n.
P(1) is true.

Suppose P (m - 1) is true.

Now, let p | ala2 ......... am. Thenp|(al .......... Am-1)am.
By Self Assessment Exercise 25, p | (al a2 ......... am-1) orp | am.
~, plaiforsomei=1, ... , m (since P(m - 1) is true).
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.., P(m) is true.
.., P(n) is true V n € N.

ANSWER TO SELF ASSESSMENT EXERCISE 27
p=a=a2=pb2=p|a2=p]|a,sincepisaprime.
b

Let a = pc. Then a2 = pb2 = p2c2 = pb2 = pc2 = b2
=>p|b2=p]|b.

~, p | (a, b) =1, a contradiction.

., p is irrational.
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1.0 INTRODUCTION

In Unit 1 we have discussed some basic properties of sets and functions.

In this unit we are going to discuss certain sets with algebraic structures.

We call them groups.

The theory of groups is one of the oldest branches of abstract algebra. It
has many applications in mathematics and in the other sciences. Group

theory has helped in developing physics, chemistry and computer
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science. Its own roots go back to the work of the eighteenth century

mathematicians Lagrange, Ruffini and Galois.

In this unit we start the study of this theory. We define groups and give
some examples. Then we give details of some properties that the
elements of a group satisfy. We finally discuss three well known and
often used groups. In future units we will be developing group theory

further.
2.0 OBJECTIVES
At the end of this unit, you should be able to:

» define and give examples of binary operations

» define and give examples of abelian and non-abelian groups

* use the cancellation laws and laws of indices for various groups
* use basic properties of integers modulo n, permutations and

complex numbers.

39

MTH 211 SET THEORY AND ABSTRACT ALGEBRA
3.0 MAIN CONTENT

3.1 Binary Operations

You are familiar with the usual operations of addition and multiplication
in R, Q and C. these operations are examples of binary operations, a
term that we will now define.

Definition

Let S be an non-empty set. Any function *: S xS - Sis called a

binary operation on S.

So, a binary operation associates a unique element of S to every ordered

pair of elements of S.

For a binary operation * on S and (a, b) € S x S, we denote * (a, b) by
a*bh.

We will use symbols like +, -, x, ® , [J, * and A to denote binary
operations.

Let us look at some examples.

i. + and x are binary operations on Z. In fact, we have +(a, b) = a +
bandx(a,b)=a "bVa,b&Z We will normally denote a x b
by ab.

ii. Let p (S) be the set of all subsets of S. Then the operations [
and [J are binary operations on p (S), since AJBand A[]B
are in p (S) for all subsets A and B of S.

iii. Let X be a non-empty set and F(X) be the family of all functions
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f: X » X. Then the composition of functions is a binary

operation on F (X), sincefJg € F (X) "f, g € F (X).

We are now in a position to define certain properties that binary
operations can have.

Definition

Let * be a binary operation on a set S. We say that

i. *is closed onasubsetTofS,ifa*b&eTVa, beT.
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ii. ¥ is associative if, foralla, b,c €S, (a, *b) *c =a * (b * ¢).

iii. * is commutative if, foralla,b1S,a*b =b *a.

For example, the operations of addition and multiplication on R are
commutative as well as associative. But, subtraction is neither
commutative nor associative on R. Why? Isa-b=b-aor(a-b)-c=
a-(b-c)Va,b,ceR?No, forexample,1-2=%2-1and(1-2)-3 =
1 - (2 - 3). Also subtraction is not closed on N € R, because 1 €N, 2
ENbutl-2¢&N.

Note that a binary operation on S is always closed on S, but may not be
closed on a subset of S.

Try the following self assessment exercise now.

SELF ASSESSMENT EXERCISE 1

For the following binary operations defined on R, determine whether
they are commutative or associative. Are they closed on N?

1. x ® y=x+y-5

2.x*¥y=2(x+vy)

Xx-y

3. XAy=

2

forall x, y € R.

In calculations you must have often used the fact that a(b + ¢c) = ab + ac
and (b + c)a =bc + baVa, b, c €R. This fact says that multiplication
distributes over addition in R. In general, we have the following

definition.
Definition
If 0 and * are two binary operations on a set S, we say that * is

distributive over[JifVa, b,c €S, wehavea*(b[Jc)=(a*b)[(a
*c)and (b[Jc) *a = (b*a)[(c*a).

a+ b [Jb+c[]
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For example, leta*b =Va,b&R.Thena(b*c)=a[][0=

2020

ab + ac

= ab * ac, and

2

[b+c[] ba + ca

(b*c)a=[[Ja==ba*caVa,b,c€&R.

0202
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Hence, multiplication is distributive over * .

For another example, go back to Self Assessment Exercise 4 of Unit 1.
What does it say? It says that the intersection of sets distributes over the
union distributes over the intersection of sets.

Let us now look deeper at some binary operations. You know that, for
anya€R,a+0=a,0+a=aanda+ (-a) =(-a) +a=0. WesaythatO
is the identity element for addition and (-a) is the negative or additive
inverse of a. In general, we have the following definition.

Definition

Let * be a binary operation on a set S. If there is an element e € S such
thatVa €S, a*e=aande*a = a, then e is called an identity

element for * .

Fora € S, wesay thatb&Sisaninverseofa,ifa*b=eandb*a =

e. In this case we usually write b = a-1.

Before discussing examples of identity elements and inverses consider
the following result. In it we will prove the uniqueness of the identity
element for * , and the uniqueness of the inverse of an element with
respect to *, if it exists.

Theorem 1

Let * be a binary operation on a set S. Then

a. if * has an identity element, it must be unique.

b. if * is associative and s € S has an inverse with respect to *, it

must be unique.

Proof

a. Suppose a and e’ are both identity elements for * .

Thene =e*e',sincee'is an identity element.

= e ', since e is an identity element.

That is, e = e ' . Hence, the identity element is unique.
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b. Suppose there exist a, b € Ssuchthats*a=e=a*sands*b
= e = b * s, e being the identity element for * . Then
a=a*c=a*(s*b)

= (a *s) * b, since * is associative.

=e*b=h.
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Thatis, a = b.

Hence, the inverse of s is unique.

This uniqueness theorem allows us to say the identity element and the

inverse, henceforth.

A binary operation may or may not have an identity element. For

example, the operation of addition on N has no identity element.

Similarly, an element may not have an inverse with respect to a binary
operation. For example, 2 €Z has no inverse with respect to

multiplication on Z, does it?

Let us consider the following examples now.

Example 1

If the binary operation ® : RxR » Risdefinedbya®b=a+b-1,
prove that @ has an identity. If x € R, determine the inverse of x with
respect to @ , if it exists.

Solution

We are looking forsome e € Rsuchthata@e=a=e®aVae&R.
Sowe wante € Rsuchthata+e-1=aVae&R. Obviously, e =1 will
satisfy this. Also, 1 ® a = a Va € R. Hence, 1 is the identity element
of ® .

For x € R, if b is the inverse of x, we should have b & x = 1.
ie,b+x-1=1,ie,b=2-x.Indeed, (2-x)@x=(2-X)+x-1=
1.

Also, x® (2-x)=x+2-x-1=1.50,x1=2-x.

Example 2

Let S be a non-empty set. Consider p (S), the set of all subsets of S. Are
0 and J commutative or associative operations on p (S)? Do identity
elements and inverses of elements of p (S) exist with respect to these
operations?

Solution

SinceAQ0B=BJAandA0B=B[JAVA, B € p(S), the operations

of union and intersection or are associative operations on p (S). Self
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Assessment Exercise of Unit 1 also says that both operations are
associative. You can see that the empty set ¢ and the set are S the
identities of the operations of union and intersection, respectively. Since
S#¢,thereisnoB € p (S)suchthatS[B = ¢ . In fact, forany A €

g (S) such that A = ¢ , A does not have an inverse with respect to union.
Similarly, any proper subset of S does not have an inverse with respect

to intersection.
Try the following self assessment exercise now.
SELF ASSESSMENT EXERCISE 2

1. Obtain the identity element, if it exists, for the operations given in

Self Assessment Exercise 1.

2. For x € R, obtain x-1 (if it exists) for each of the operations given

in Self Assessment Exercise 1.

When the set S under consideration is small, we can represent the way a

binary operation on S acts by a table.
Operation Table

Let S be a finite set and * be a binary operation on S. We can represent
the binary operation by a square table, called an operation table or a
Cayley table. The Cayley table is named after the famous mathematician
Arthur Cayley (1821 - 1895).

To write this table, we first list the elements of S vertically as well as
horizontally, in the same order. Then we write a * b in the table at the
table at the intersection of the row headed by a and the column headed
by b.

For example, if S = {-1, 0, 1} and the binary operation is multiplication,
denoted by then it can be represented by the following table.

-101

(-1).(-1) (-1).0 (-1).1

-1=1=0=-1

0.(-1) 0.0 (-1).1

44
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1.(-1)1.01.1
1=-1=0=1
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Conversely, if we are given a table, we can define a binary operation on
S. For example, we can define the operation * on S = {1, 2, 3} by the

following table.

*123
1123
2312
3231

From this table we see that, for instance, 1 *2 =2 and 2 *3 = 2.

Now2*1=3and1*2=2,.2%1=1%*2, Thatis, *is not

commutative.

Again, (2*1)*3=3*3=1and2*(1*3) = 2.
S (2*%1)*3 = 2% (1*3). ., *is not associative.
See how much information a mere table can give!

The following exercise will give you some practice in drawing Cayley

tables.
SELF ASSESSMENT EXERCISE 3

Draw the operation table for the set p (S) (ref. Example 2), where S =

{0, 1} and the operationin [J.

Now consider the following definition.

Definition

Let * be a binary operation on a non-empty set S and let al, .., ak+1 € S.
We define the product al * ...... * ak+1 as follows:

If k =1, al * a2 is a well defined element in S.

Ifal*........ * ak is defined, then
45
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al*...... *ak+1l =(al*........ *ak) * ak+1

We use this definition in the following result.
Theorem 2

Letal, ........ , am+n be elements in a set S with an associative binary
operation * . Then

(@l *........ *am) * (am+1 *........ *am+n) =al* ... *am+n.

We use induction on n. That is, we will show that the statement is true

forn=1.
Then, assuming that is true for n - 1, we will prove it for n.

If n = 1, our definition above gives us
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(@l *....... *am) * (am+1* ... *am+n-1) =al *....... *am+n-1

Then

(al *..... *am) * (am+1 * ... *am+n)

=(al*.... *am) * ((am+1*....... *am+n-1) * am+n)

= ((al *..... *am) * (am+1* ... *am+n-1)) * am+n, since * is associative

=(al*.... *am+n-1) * am+n, by induction

=(al*.... * am+n, by definition.
Hence, the result holds for all n.

We will use Theorem 2 quite often in this course, without explicitly

referring to it.
Now that we have discussed binary operations let us talk about groups.
3.2 What is a Group?

In this section we study some basic properties of an algebraic system
called a group. This algebraic system consists of a set with a binary
operation which satisfies certain properties that we have defined in Sec.

2.2. Let us see what this system is.

46

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

Definition

Let G be a non-empty set and * be a binary operation on G. We say that
the pair (G, *) is a group if

G1) * is associative,

G2) G contains an identity element e for * , and

G3) every element in G has an inverse in G with respect to *.
We will now give some examples of groups.

Example 3

Show that (Z, +) is a group, but (Z,) is not.

Solution

+ is an associative binary operation on Z. the identity element with
respect to + is 0, and the inverse of nay n € Z is (-n). Thus, (Z, +)
satisfies G1, G2 and G3.

Therefore, it is a group.

Now, multiplication in Z is associative and 1 € Z is the multiplicative
identity. But does every element in Z have a multiplicative? No. For

instance, 0 and 2 have no inverses with respect to ‘.". Therefore, (Z,.) is
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not a group.

Note that (Z,.) is a semi group since it satisfies G1. So, there exist semi

groups that aren’t groups!

The following self assessment exercise gives you two more examples of
groups.

SELF ASSESSMENT EXERCISE 4

Show that (Q, +) and (R, +) are groups.

Actually, to show that (G, *) is a group it is sufficient to show that *

satisfies the following axioms.

G1’) * is associative.
G2')de&€ Gsuchthata*e=aVa€&EaG.
G3') Givena €G,3b e Gsuchthata*b =e.
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What we are saying is that the two sets of axioms are equivalent. The

difference between them is the following:

In the first set we need to prove that e is a two-sided identity and that the
inverse b of any a € G satisfiesa *b = e and b * a = e. In the second
set we only need to prove that e is a one-sided identity and that the

inverse b of any a € G only satisfiesa *b = e.
In fact, these axioms are also equivalent to

G1”) * is associative.
G2")de &€ Gsuchthate*a=aVae€aG.
G3”")Givena € G3Ib € Gsuchthatb*a =e.

Clearly, if * satisfies G1, G2 and G3, then it also satisfies G1’, G2’ and
G3'. The following theorem tells us that if * satisfies the second set of

axioms, then it satisfies the first set too.
Theorem 3

Let (G, * ) satisfy G1’, G2" and G3’. Thene *a =a " a € G. Also,
givena € G, ifdb € Gsuchthata *b = e, then b *a = e. Thus, (G, *)
satisfies G1, G2 and G3.

To prove this theorem, we need the following result.
Lemma 1

Let (G, *) satisfy G1’, G2’ and G3'. If 3 a € G such that a * a = a, then

a=e.
Proof

By G3' we know that 3 b € G such thata*b = e.
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Now (a*a)*b=a*b=e.

Also, a * (a *b) = a * e = a. Therefore, by G1’, a = e.
Now we will use this lemma to prove Theorem 3.
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Proof to Theorem 3

G1 holds since G1 and G1’ are the same axioms. We will next prove
that G3 is true. Let a € G such that a * b = e. We will show thatb *a =
e. Now,

(b*a)*(b*a)=(b*(a*b)*a=(b*e)*a=b*a.

Therefore, by Lemma 1, b * a = e. Therefore, G3 is true.

Now we will show that G2 holds. Let a € G. Then by G2’, fora € G, a
*e =a.since G3 holds, 3 b € Gsuchthata*b =b *a =e. Then
e*a=(a*b)*a=a*(b*a)=a*e=a.

That is, G2 also holds.

Thus, (G, * ) satisfies G1, G2 and G3.

Now consider some more examples of groups.

Example 4

LetG={+£1, £i},i=-1.Letthe binary operation be multiplication.
Show that (G, x) is a group.

Solution

The table of the operation is

1-1i-i

11-1i-i

-1-11-ii

ii-i-11

Ai-iil-1

This table shows us that a.1 = a V a € G. Therefore, 1 is the identity
element. It also shows us that (G,.) satisfies G3'. Therefore, (G,.) is a
group.

Note that G = {1, x, x2, x3}, where x = i.

From Example 4 you can see how we can use Theorem 3 to decrease the

amount of checking we have to do while proving that a system is a
group.
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Note that the group in Example 4 has only 4 elements, while those in
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Example 3 and Self Assessment Exercise 4 have infinitely many
elements. We have the following definitions.

Definition

If (G, *) is a group, where G is a finite set consisting of n elements, then

we say that (G, *) is a finite group of order n. If G is an infinite set,

then we say that (G, *) is an infinite group.

If * is a commutative binary operation we say that (G, *) is a
commutative group, or an abelian group. Abelian groups are named

after the gifted young Norwegian mathematician Niels Henrik Abel.
Thus, the group in Example 4 is a finite abelian group of order 4. The

groups in Example 3 and Self Assessment 4 are infinite abelian groups.

Now let us look at an example of a non-commutative (or non-abelian)
group. Before doing this example recalls that an m ~ n matrix over a set
S is a rectangular arrangement of elements of S in m rows and n
columns.

Example 5

Let G be the set of all 2 x 2 matrices with non-zero determinant. That is,
OOab0O0O

G=[00a, b, c,dER, ad-bc = 0[]

OO0cd0O0

Consider g with the usual matrix multiplication, i.e., for
OabOd0pqQO0Oap + braqg + bs [

A=[JandP=00inG,AP=00

OcdO0OrsOd0cp +drcqg+ds[

Show that (G,.) is a group.

Solution

First we show that, is a binary operation, that is, A, PE G = A.P € G.
Now,

det(A. P) = det A. det P # 0, since det A # 0, det P = 0.

Hence, A.P € G for all A, Pin G.

50

MTH 211 SET THEORY AND ABSTRACT ALGEBRA
01 o0

We also know that matrix multiplication is associative and [J [J.
0o01[
Oabf]
is the multiplicative identity. Now, for A =[] [J in G, the matrix
Ocd(l
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0d-b[]

Jad —bcad —bc[1

B=[][Jis such that det B = # 0 and AB
—caad - bc

0o

Jad — bcad — bc[]

01 o0

=00

0010

Thus, B = A-1. (Note that we have used the axiom G3’ here, and not G3.)
This shows that the act set of all 2 x 2 matrices over R with non-zero
determinant forms a group under multiplication. Since
0120001002 10

03 4001 0] =[4 3] and

goooon

00 1001 2003 40

grogp34gd=0120"

gooood

We see that this group is not commutative.

This group is usually denoted by GL2(R), and is called the general
linear group of order 2 over R. We will be using this group for

examples throughout Blocks 1 and 2.
And now another example of an abelian group.
Example 6

Consider the set of all translation of R2,
T={fa,b:cR2->R2fab(xy)=(x+a,y+ b)forsome fixed a,b € R}

Note that each element fa,b in T is represented by a point (a, b) in R2.
Show that (T, [J) is a group, where [] denotes the composition of

functions.
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Solution

Let us see if ] is a binary operation on T.

Now fa,b [J fc,b(x,y) =fa,b(x +c,y+d)=(x+c+a,y+d+Db)
= fa+c, b+d(x, y) for any (x, y) € R2.

~fa,b[]fc,d =fa+c, b+d €T.

Thus, [ is a binary operation on T.

Now, fa,b []f0,0 = fa,bVfa,b €T.

Therefore, f0,0 is the identity element.
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Also, fa,b [] f-a,-b is the inverse of f0,0 V fa,b&T.

Thus, (T, 1) satisfies G1’, G2’ and G3’, and hence is a group.

Note that fa,b [] fc,d = fc,d [] fa,b V fa,b [] fc,d € T. Therefore, (T, []) is abelian.

Try the following self assessment exercises now.
SELF ASSESSMENT EXERCISE 5

Let Q*, R* and Z* denote the sets of non-zero rationals, reals and

integers. Are the following statements true? If not, give reasons.

1. (Q*, .) is an abelian group.

2. (R*, .) is a finite abelian group.

3. (Z*, .) is a group.

4. (Q*, .), (R*,.) and (Z*, .) are semigroups.

SELF ASSESSMENT EXERCISE 6

Show that (G, *) is a non-abelian group,
where G = {(a, b)a, b &R, a =0} and * is defined on G by
(a, b) * (¢, d) = (ac, bc + d).

We will now look at some properties that elements of a group satisfy.
3.3 Properties of Groups

In this section we shall give some elementary results about properties
that group elements satisfy. But first let us give some notational

conventions.
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Convention

Henceforth, for convenience, we will denote a group (G, *) by G, if
there is no danger of confusion. We will also denote a * b by ab, for a,
b € G, and say that we are multiplying a and b. The letter e will

continue to denote the group identity.
Now let us prove a simple result.
Theorem 4

Let G be a group. Then

a. (a-1)-1 = a for every a € G.
b. (ab)-1 = b-1a-1foralla, b €G.

Proof

a. By the definition of inverse,
(a-1)-1 (a-1) = e = (a-1) (a-1)-1.
But, a a-1 a = c also. Thus, by Theorem 1 (b), (a-1)-1 = a.

b. For a, b €G, ab&G. Therefore, (ab)-1 €G and is the unique
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element satisfying (ab) (ab)-1 = (ab)-1 (ab) = e.

However, (ab) (b-1 a-1) = ((ab) b-1)a-1

= (a (b b-1)a-1)

= (a e)a-1

= aa-1

=e

Similarly, (b-1 a-1) (ab) = e.

Thus, by uniqueness of the inverse we get (ab)-1 = b-1 a-1.

Note that, for a group G, (ab)-1 = a-1 b-1 V a, b € G only is abelian.

You know that whenever ba = ca or ab = ac for a, b, c in R¥,
we can conclude that b = c. That is, we can cancel a. This fact is true for

any group.
Theorem 5

For a, b, cin a group G,
a.ab = ac = b = c. (This is known as the left cancellation law.)

b. ba = ca = b = c. (This is known as the right cancellation law.)

53

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

Proof

We will prove (a) and leave you to prove (b) (see Self Assessment 7).

a. Let ab = ac. Multiplying both sides on the left hand side by a-1 €
G, we get

a-1(ab) = a-1(ac)

= (a-1 a)b = (a-1a)c

= eb = ec, e being the identity element.

=b=rc.

Remember that by multiplying we can mean we are performing the

operation * .

SELF ASSESSMENT EXERCISE 7

Prove (b) of Theorem 5.

Now use Theorem 5 to solve the following self assessment exercise.
SELF ASSESSMENT EXERCISE 8

If in a group G, there exists an element g such that gx = g forall x € G,
then show that G = {e}.

We now prove another property of groups.
Theorem 6

For elements a, b in a group G, the equations ax = b and ya = b have

unique solutions in G.
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Proof

We will first show that these linear equations do have solutions in G,

and then we will show that the solutions are unique.

For a, b € G, consider a-1 b € G. We find that a(a-1 b) = (aa -1)b = eb =
b. Thus, a-1 b satisfies the equation ax = b, i.e., ax = b has a solution in
G.

But is this the only solution? Suppose x1, x2 are two solutions ofax = b
in G. then ax1 = b = ax2. By the left cancellation law, we get x1 = x2.

thus, a-1 b is the unique solution in G.

Similarly, using the right cancellation law, we can show that ba-1 is the
unique solution of ya = b in G.
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Now we will illustrate the property given in Theorem 6.
Example 7

02300150

Consider A=[][],B=[0in GL2 (R) (see Example 5).
0120004

Find the solution of AX = B.

Solution

From Theorem 6, we know that X = A-1 B. Now,
02-30

A-1 =[] (see Example 5).

0-12[

02 -2

~A1B=[00=X

0-130

In the next example we consider an important group.
Example 8

Let S be a non-empty set. Consider p (S) (see Example 2) with the

binary operation of symmetric differenceA, given by
AAB=(A\B)[J(B\A)VA,BEA(S).

Show that (g (S), A) is an abelian group. What is the unique solution for
the equation Y A A = B?
Solution

A is an associative binary operation. This can be seen by using the fact
that
A\B =A[]Bc, (A[]B)c =Ac[]Bc, (A[]B)c =Ac[]Bcand that[]
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and [] are commutative and associative. A is also commutative since A
AB=BAAVA BEpI(S).

Also, @ is the identity element since AA9 =AV A E€ p (S).
Further, any element is its own inverse, since AAA=¢9 VA E p (S).

Thus, (g (S), A) is an abelian group.
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For A, Bin (p (S), A) we want to solve Y A A = B. but we know that A

is its own inverse. So, by Theorem 6, Y = B A A-1 = B A Ais the unique
solution. What we have also proved is that (B A A) A A = B for any A,
Bin p A(S).

Try the following self assessment exercise now.

SELF ASSESSMENT EXERCISE 9

Consider Z with subtraction as a binary operation. Is (Z, -) a group? Can

you obtain a solution fora-x =b Va, b € Z?

And now let us discuss repeated multiplication of an element by itself.
Definition

Let G be a group. For a € G, we define

i.a0 = e.

ii.a0 = an-1l.a,ifn >0

iiia-a = (a-1)n, ifn > 0.

n is called the exponent (or index) of the integral power an of a.

Thus, by definition al = a, a2 = a.a, a3 = a2. a, and so on.

Note: When the notation used for the binary operation is addition, an

becomes na. For example, for any a € Z,

na=0ifa=0,
na=a+a+..+a(ntmes)ifn>0;
na = (-a) + (-a) + ... + (-a) (-n times) if n < 0.

Let us now prove some laws of indices for group elements.
Theorem 7
Let Gbeagroup. Forae Gandm,n € Z,

a. (an)-1 = a-n = (a-1)n,
b. am.an = am+n,

c. (@am)n = amn.
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Proof

by Renance 62
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

We prove (a) and (b), and leave the proof of (c) to you (see Self

Assessment Exercise 10).

a.If n =0, clearly (an)-1 = a-n = (a-1)n,

Now suppose n > 0. Since aa-1 e, we see that
e =en = (aa-1)n

= (aa-1) (aa-1) ....... (aa-1) (n times)

= an (a-1)n, since a and a-1 commute

- (an)-1 = (a-1)n.

Also, (a-1)n = a-n, by definition.

- (an)-1 = (a-1)n = a-n when n > 0.

If n <0, then (-n) > 0 and

(an)-1 = [a-(-n)]-1

= [(a-n)-1]-1, by the casen > 0

= a-n

Also, (a-1)n = (a_1)-(-n)

= [(a-1)-1]-n, y thecasen >0

= a-n.

So, in this case too,

(an)-1 = a-n = (a-1)n.

b.Ifm=0o0rn=0, thenam+n = am.an. Suppose m # 0 and n = 0.

We will consider 4 situations.

Case 1 (m > 0 and n > 0): We prove the proposition by induction on n.

If n =1, then am.a = am+1, by definition.

Now assume that am.an-1 = a

Then, am.an = am(an-1.a) = (am.an-1) a = am+n-1.a = am+n. Thus, by the
principle of induction, (a) holds forallm > 0 and n > 0.

Case2 (m <0 and n < 0): Then (-m) > 0 and (-n) > 0. Thus, by Case 1,
a-n.a-m = a-(n+m) = a-(m+n). Taking inverses of both the sides and using (a),
we get,

am+n = (a-n.a-m)-1 = (a-m)-1.(a-n)-1 = am.an.

Case3(m > 0, n < 0suchthatm + n = 0): Then, by Case 1, am+n.a-n =
am. Multiplying both sides on the right by an = (a-n)-1, we get am+n =
am.an.

Case 4 (m > 0, n < 0 such that m + n < 0): By Case 2, a-m.am+n = an.
Multiplying both on the left by am = (a-m)-1, we get am+n = am.an.
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The cases when m < 0 and n > 0 are similar to Case 3 and 4. Hence, am+n

=am.anforalla € Gand m, n € Z.
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To finish the proof of this theorem try self assessment exercise 10.
SELF ASSESSMENT EXERCISE 10
Now you can prove (c) of theorem 7.

(Hint: Prove, by induction on n, for the case n > 0.

Then prove forn < 0.)
We will now study three important groups.
3.4 Three Groups

In this section we shall look at three groups that we will use as examples
very often throughout this course - the group of integers modulo n, the

symmetric group and the set of complex numbers.
3.4.1 Integers Modulo n

Consider the set of integers, Z, and n € Z and n € N. Let us define the
relation of congruence on Z by: a is congruent to b modulo n if n divides
a-b. We write this as a = b (mod n). For example, 4= 1 (mod n 3),

since 3 | (4 -1).

Similarly, (-5) = 2 mod 7) and 30 = 0 (mod 6).

= is an equivalent relation (see Sec. 3.3 of Unit 1), and hence partitions
Z into disjoint equivalence classes called congruence classes modulo n.
We denote the class containing r by r.

Thus,r={m &€ Z| m =r(mod n)}.

So an integer m belongs to r forsomer, 0 = r <, iffn| (r-m),i.e., iffr
- m = kn, for some k € Z.

~r={r+kn|kiz}.

Now, if m = a, then the division algorithm says that m = nqg + r for some

q,re”z 0=r<.Thatis, m =r(mod n), forsomer0, ..., n-1.
Therefore, all the congruence classes modulonare0,1, ...... ,n-1.
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LetzZn={0,1,2, ....... ,nh-17}. We define the operation + on Zn by a
+b=a+b.

Is this operation well defined? To check this, we have to see that ifa =
bandc=dinZn, thena+b=c+d.

+0123
0

1
2
3

by Renance 64
renance.app * Download Renance on Google Play



MTH 211 | FUPRE

Renanced

Now, a = b (mod n) and c = d (mod n). Hence, there exist integers k1 and
k2 suchthata-b =klnandc-d = k2n. Butthen(a+c)-(b+d) =
(@a-b)+ (c-d)= (k1 + k2)n.

Sa+ c=b+d.

Thus, + is a binary operation on Zn.

For example, 2 + 2 =0in Z4 since 2 + 2 =4 = 0 (mod 4).

To understand addition in Zn, try the following self assessment exercise.
SELF ASSESSMENT EXERCISE 11

Fill up the following operation table for + on Z4.

Now, let us show that (Zn, +) is a commutative group.

ia+b=a+b=b+a=b+aVa,b&Znie,

addition is commutative in Zn.

iha+(b+c)=a+(b+c)=a+(b+c)
=(a+b)+c=(a+b)+c=(a+b)+cVa,b,c€&E”Zn,

i.e., addition is associative in Zn.
iiiha+0=a=0+aVae&Zn,ie., 0isthe identity for addition.

iv. ForeZn,An-a€ Znsuchthata+n-a=n=0=n-a+a.
Thus, every element a in Zn has an inverse with respect to addition.
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The properties (i) to (iv) show that (Zn, +) is an abelian group.

Try the following self assessment exercise now.

SELF ASSESSMENT EXERCISE 12

Describe the partition of Z determined by the relation ‘congruence

modulo 5'.

Actually we can also define multiplication on Zn by a. b = ab . Then,
ab=baVa,b&€Zn Also(ab)c=a(bc)Va,b,c€&Zn. Thus,

multiplication in Zn is a commutative and associative binary operation.
Zn also has a multiplicative identity, namely, 1.

But (Zn,.) is not a group. This is because every element of Zn, for
example 0 does not have a multiplicative inverse.

But, suppose we consider the non-zero elements of Zn, that is, ( Z*n, .) Is
this a group? For example Z*4 = { 1, 2, 3 } is not a group because . is
not even a binary operation on Z*4 , since 2 . 2 = 0 &€ Z*4 . But ( Z*p ,.). is
an abelian group for any prime p.

SELF ASSESSMENT EXERCISE 13

Show that ( Z*5 ,.) is an abelian group.
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(Hint: Draw the operation table.)
Let us now discuss the symmetric group.
3.4.2 The Symmetric Group

We will now discuss the symmetric group briefly. In MTH 312 we will

discuss this group in more detail.

Let X be a non-empty set. We have seen that the composition of
functions defines a binary operation on the set F(X) of all functions
from X to X. This binary operation is associative. 1X, the identity map, is
the identity in F (X).

Now consider the subset S(X) of F (X) given by

S(X) = {f € F (X) | fis bijective}.
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So f € S(X) iff f-1: X = X exists. Remember that f[Jf-1 = f-1 J f = IX. This
also shows that f-1 € S(X).

Thus, o is a binary operation on S(X).
Let us check that (S(X), o) is a group
i. 0 is associative since (fog) oh =f(g o h) Vf, g, h €5(X).

ii. I x is the identity element becausefolx =1x0fVfe& S(X).

iii. f-1 is the inverse of f, for any f € S(X).
Thus, (S(X), o) is a group. It is called the symmetric group on X.

If the set X is finite, say X = (1,2, 3 .ocoieiiviinnennns, n), then we denote

S(X) by Sn, and each f Sn is called a permutation on n symbols.

Suppose we want to construct an element f in Sn. We can start by
choosing f(1). Now, f(1) can be any one of the n symbols 1, 2, ....,n.
Having chosen f(1), we can choose f(2) from the set {1, 2, ....n}\{f(1)},
i.e., in (n - 1) ways. This is because fis 1 - 1. Inductively, after
choosing f(i), we can choose f (I + 1) in ( n - 1) ways. Thus, f can be

chosen in (1 x 2 x....xn) n 1 ways, i.e., Sn contains an! Elements.

For our convenience, we represent f € Sn by

0o 0o
OF(1)F(2) i, f(n)[

01234[]

For example, (0 0O represents the function f:

02431[]

{1,2,3,4} > {1, 2,3,4}: f(1) = 2,f(2) =4, f(3) = 3, f(4) = 1. the

elements in the top row can be laced in any order as long as the order of
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the elements in the bottom row is changed accordingly.

02134
Thus, 0 00 also represents the same function f.
04 231

Try this exercise now.
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SELF ASSESSMENT EXERCISE 14

Consider S3, the set of all permutations on 3 symbols. This has 3! (=6)
01230

elements. One is the identify function, I. Anotheris [JJ 0 . Can
0213(

you list the other four.

Now, while solving Self Assessment Exercise one of the elements you
0123

must have obtained is f = [0 00 .

0231(

Here f(1) = 2, f(2) = 3 and f(3) = 1, such a permutation is called a cycle.

In general we have the following definition.

Definition

We say that f € Sn is a cycle of length r if there are x1....... , Xrin X =
1,2, ..., n} such that f(xi) = xi+ 1 forl =i =<r-1, (fxr) and f(t) = t for
txi, ... xr. In this case f is written as (xi ...xr),

For example, by f = (2 4 5 10) € S10 we mean f(2) = 4, f(4) = 5, f(5) =
10, f(10) = 2 and f(j) = j for j = 2, 4, 5,10.

012345678910[

i.e., f=0000

014351067892[

f € Sn fixes an element x if f(x) = x.

Note that, in the notation of a cycle, we don’t mention the elements that

are left fixed by the permutation. Similarly, the permutation.

012345[]
0000 is the cycle (125 34)inS5,
025413

Now let us see how we calculate the composition of two permutations.

Consider the following example S3,
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0123450012345

aJB=000000000
0254310053412[]

012345[

=[0000
0 aB(1) aB(2) aB(3) ap(4) aB(5)
N123457]]

=[0000
0 a(5) a(3) a(4) a(1) a(2) [
0123457]]

=[0000 = (2,4),
014325

Since 1, 3 and 4 are left fixed.

The following exercises will give you some practice in computing the

product of elements in Sn.

SELF ASSESSMENT EXERCISE 15

Calculate (1 3)[J(1 2) in S3.

SELF ASSESSMENT EXERCISE 16

Write the inverses of the following in S3:

a.(12)

b.(132)

Show that (1 2) (1 32)]-1 = (12)-1[(1 3 2)-1. (This shows that in
Theorem 4(b) we can’t write (ab)-1 = a-1b-1.)

And now let us talk of a group that you may be familiar with, without
knowing that it is a group.j

3.4.3 Complex Numbers

In this sub-section we will show that the set of complex numbers forms
a group with respect to addition. Some of you may not be acquainted
with some basic properties of complex numbers. We have placed these
properties in the appendix to this unit.

Consider the set C of all ordered pairs (x, y) of real numbers, i.e., we
take C = R x R.

Define addition (+) and multiplication (.) in C as follows:
63
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(x1, y1) + (x2, y2) = (x1 x2 -yl + y2) and
(x1, y1) . (x2,y2) = (X1 x2 -yly2, x1y2-x2vyl)
for (x1,y1l) and (x2, y2) in C.
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This gives us an algebraic system (C, +,.) called the system of complex
numbers. We must remember that two complex numbers (x1, y1) and
(x2, y2) are equal iff x1 = x2 and yl1 = y2.

You can verify that + and, are commutative and associative.
Moreover,

i. (0,)) is the additive identity.

ii. For (x, y) in C, (-x, -y) s its additive inverse.

iii. (1, 0) is the muiltiplicative identity.

iv. If (x, y) (0, 0) in C, then either x2 > 0 or y2 > 0.

Hence, x2 + y2 > 0. Then

X -y

(X, y).,2

X+yX+y2

22

Ox(=y)=-yxQ

=[0x-2-y-2,x-2+y2]]

Ox +y?2

X +y 2

X +y 2

x+vy200

=(1,0)

Thus, (C, +) is a group and (C*,.) is a group. (AS usual, C* denotes the
set of non-zero complex numbers).

Now let us see what we have covered in this unit.

4.0 CONCLUSION

The study of groups in algebra is a fundamental requirement for any
students who want to major in pure mathematics. You are required to
pay attention to all the details in this unit.

5.0 SUMMARY

In this unit we have

* discussed various types of binary operations.

» defined and give examples of groups.
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» proved and used the cancellation laws and laws of indices for
group elements.

* discussed the group of integers modulo n, the symmetric group

and the group of complex numbers.
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We have also provided an appendix in which we list certain basic fact

about complex numbers.

ANSWER TO SELF ASSESSMENT EXERCISE 1
l.axey=yex, VX yeE

Therefore, ® is commutative
xeoy)®@z=(x+y-5)@z=(x+y-5)+2z-5
=x+y+z-10

=x®(y® 2z

Therefore, @ is associative.

@ is not closed on Nsince 1 ® 1 & N.

b. * is commutative, not associative, closed on N.
c. A is not commutative, associative or closed on N.
ANSWER TO SELF ASSESSMENT EXERCISE 2

a. The identity element with respect to @ is 5.
Suppose e is the identity element for *

X
Thenx*e=x=2(x+e) =x=c=-, which depends on x.
2

Therefore, there is no fixed element e in R for which x * e = e * x

= X V x € R. Therefore, * has no identify element.

b. The inverse of x with respect to @ is 10-x. Since there is no
identity for the other operations, there is no question of obtaining
x-1.

ANSWER TO SELF ASSESSMENT EXERCISE 3
p(S) = {e, (0), {1}, (0, 1)}

So, the table is

No¢ {0} {1}S

NONONOR SN,
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{0} ¢ {0} ¢ {0}

{1} 9 ¢ {1} {1}

S¢ {0} {1}s

ANSWER TO SELF ASSESSMENT EXERCISE 4
Check that both of then satisfy G1, G2 and G3
ANSWER TO SELF ASSESSMENT EXERCISE 5

a. and (d) are true.

b. R* is an infinite abelian group.
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c. (Z*,.) satisfies G1 and G2, but not G3. NO integer, apart from +-

1, has a multiplicative inverse.

ANSWER TO SELF ASSESSMENT EXERCISE 6

((a, b) * (c, d)) * (e, f)

= (ac, bc + d) * (e, f)

= (ace, (bc + d) e +f)

=(a,b)*((c,d) * (e, f))

Thus, * satisfies G1'.

(a, b) *(1,0) =(a, b) V(a, b) €G.

Therefore, G3’ holds.

Therefore, (G, *) is a group.

ANSWER TO SELF ASSESSMENT EXERCISE 7

ba = ca= (ba)a-1=(ca)a-1=>b =c

ANSWER TO SELF ASSESSMENT EXERCISE 8

Let x € G. Then gx = g = ge. So, by Theorem 5, x = e.

-G = {e},

ANSWER TO SELF ASSESSMENT EXERCISE 9

(Z,-) is not a group since G1 is not satisfied.

Foranya, b€ Z, a-(a-b)=Db.So, a-xhas asolution forany a, b €
Z.
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ANSWER TO SELF ASSESSMENT EXERCISE 10

When n = 0, the statement is clearly true. Now, let n > 0. We will apply
induction on n. For n = 1, the statement is true.

Now , let n > 0. We will apply induction on n. For n = 1, the statement
is true.

Now, assume that it is true for n - 1, that is, (am)(n - 1) . = am(n - 1).
Then, (am)n = (am)n-1 + 1 = (am)(n-1) . = am, by (b)
=am(n-1).am

=am (n+ 1+ 1), by (b)

= amn.

So, (c)istrueVn>me€ Z

Now, let n < 0. Then (-n) > 0.

= (am)n = [(am)-n]-1, by (a)

= [(am)-n]-1, by the casen > 0

= [(a-mn)] -1
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= amn, by (a).
Thus, Vm, n € Z, (c) holds.
ANSWER TO SELF ASSESSMENT EXERCISE 11

+0123
00123
11230
22301
33012

ANSWER TO SELF ASSESSMENT EXERCISE 12

Z is the disjoint union of the following 5 equivalence classes.

0="{.. ,—10,-5,0,5, 10, 15,......... }
1= {o.. =9, —4,1,6,11, oo, }
2="{u... ,=8,—-3,2,7,12 e }
3={un, —7,-2,3,8,13, e }
4={...., —6,—1,4,9, 14, oo }
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ANSWER TO SELF ASSESSMENT EXERCISE 13

The operation table for on Z5 is
1234

11134

22413

33142

44321

It shows that, is an associative and commutative binary operation of Z*5.

1 is the multiplicative identity and every element has an inverse.
Thus, (Z*5,.) is an abelian group.
ANSWER TO SELF ASSESSMENT EXERCISE 14

0123001230012300123(0

0o 0o, 0o oo, 0o 0o, 0o 0o
0321001320023100312(

ANSWER TO SELF ASSESSMENT EXERCISE 15
f=(13),9g=(12).
01230012 3[]

Then fog=000000000
032100213(

0123([
=000
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0 fg(2) fg(1) fg(3) [

01230

= [0 00

Or(2)r(1)r(3)0

0123([

=0000=1(123)

0231(Q

68

MTH 211 SET THEORY AND ABSTRACT ALGEBRA
ANSWER TO SELF ASSESSMENT EXERCISE 16

0123002130
a.letf=(12)=0000.~f1=0000,
0213001230

just interchanging the rows.

Sl =(12).

b.(132)-1=(231).

0123

Now, (12)o(132)=0000

0321

03217

Its inverse is 0 00 = (1 3).
01230

On other hand,

(12)-1-0(132)-1-0=(12)0(123)=(23)=(13).

APPENDIX: COMPLEX NUMBERS

Any complex number can be denoted by an ordered pair of real numbers

(x, y). In fact, the set of complex numbers is

C={(x,y)x,y€ER}.

Another way of representing (x, y) € Cis x + iy, wherei = —i..
We call x the real part and y the imaginary part of x + iy.

The two representations agree if we denote (x, 0) by x and (0, 1) by i

.On doing so we can write

X + iy = (x, 0) + (0, 1) (y, 0)
=(x,0), + (0, y),

= (X, y),

andi=(0,1)(0,.1) =(-1,0) =-1.

While working~ with complex numbers, We' will sometimes use the
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notation x + iy and sometimes the fact that the elements of C can be

represented by points in R2.

You can see that

(xi +iyl) + (x2 +iy2) = (x1, y1) + (x2, y2)
= (x1 + x2, X2 + y2)

= (x1 + x2) +i(yl + y2), and
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(xi +iyl) (x2 + iy2) = (x1, y1) + (x2, y2)

= (x1x2 - yly2, x1y2)

= (x1x2) - yly2) + i(x1y2 + x2y1).), and

Now, given a complex number, we will define its conjugate.

Definition

For a complex number z = x + iy, the complex number x + i (-y) is
called the conjugate of z. It is also written as x -iy and is denoted by z .
For z. = x + iy, we list the following properties.

i.z+ zis areal number. Infact, z + z =.2 x.

ii.z.z=x2 + y2, a non-negative real number.
iii.z14+z2=2z1+4+1z2,foranyzl, z2 € C. This is because
(x1+x2+i(yl+y2)=(x1+x2)-ilyl +y2)

(x1 -iyl) + i(x2 - iy2)

=z1+2z2.

iv.z1z2=21.z2,foranyzl, z2 € C.
Let us now see another way of representing complex numbers.
Geometric Representation of Complex Numbers Y

We have seen that a complex number, z = x + iy is represented by the
point (x, y) in the plane. If O is the point (0, 0) and P is (x,y) (see
Fig.3), then we know that the distance OP = x 2 + y 2. This is called
the modulus (or the absolute value) of the complex y number z and is
denoted by | z|. Notethatx 2 + y 2 0iffx =0and y = 0.

Now, let us denote | z | by r and the angle made by OP with the positive
x-axis by 6. Then 8 is called an argument of the non-zero complex:
number z. If 8 is an argument of z, then 0 + 2nm is also an argument of
z for all n € Z,. However, there is a unique value of these arguments
which lies in the interval [-i,it]. It is called the principal argument of

X + iy, and is denoted by Arg (x +iy).

From fig. 3 you can see that x = r cosf, y = sin@ = r sinf that is, z =

(rcos6, rsin®) = r(cos® + i sinB) = relO.

This is called the polar form of the complex number (x + iy).
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Now, if zZ1 =rlei@andz2 =r2 e i, then
12

z1z2=rlr2ei(6+06).
12

Thus, an argument of z1 z2 = an argument of z1 + an argument of z2.

We can similarly show that if z2 = 0,

z

An argument of 1 = an argument of z1 - an argument of z2.

z2

In particular, if 8 is an argument of z (# 0), then (-0) is an argument of z-
We end by stating one of the important theorems that deals with

complex numbers.

De Moivre’'s Theorem: If z = r(cos® + i sinB) and n € N, then zn = 1n

(cos nB + isinnb).

7.0 REFERENCES/FURTHER READING

Birkhaff and Melhnew: A Survey of Modern Algebra.
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UNIT 3 SUBGROUPS
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7.0 References/Further Reading
1.0 INTRODUCTION

You have studied the algebraic structures of integers, rational numbers,
real numbers and, finally, complex numbers. You have noticed that, not
only is Z € Q € R < C. but the operations of addition and

multiplication coincide in these sets.

In this unit you will study more examples of subsets of groups which are
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groups in their own right. Such structures are rightfully named

subgroups. In Sec. 3.3 we will discuss some of their properties also.

In Sec. 3.4 we will see some cases in which we obtain a group from a
few elements of the group. In particular, we will study cases of groups

that can be built up by a single element of the group.

Do study this unit carefully because it consists of basic concepts which

will be used again and again in the rest of the course.
2.0 OBJECTIVES
At the end of this unit, you should be able to:

* define subgroups and check if a subset of a given group is a
subgroup or not

* check if the intersection. union and product of two subgroups is ;I
subgroup

» describe the structure and properties of cyclic groups.
72

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

3.0 MAIN CONTENT

3.1 Subgroups

You may have already noted that the groups (Z,+), (Q,+) and (R,+) are
contained in the bigger group (C,+) of complex numbers, not just as
subsets but as groups. All these are examples of subgroups, as you will
see.

Definition

Let (G,*) be a group. A non-empty subset H of G is called a subgroup of
Gif

i,a*b&eHVa.b€&H.ie.. *isa binary operation on H.

ii. (H,*) is itself a group.

So, by definition, (Z,+) is a subgroup of (Q,+), (R,+) and (C,+).

Now, if (H, *) is a subgroup of (G,*), can the identity element in (H,*)
be different from the identify element in (G,*)? Let us see. If h is the
identity of (H,*), then for any a € H.
b*a=a*h=a.However,a€Hc G. Thus.a*e=e*a=a.wheree
is the identity in G.

Therefore h*a = e * a.

By right cancellation in (G,*). We get h = e.

Thus, whenever (H, *) is a subgroup of (G,*). e € H.

Now you may like to try the following exercise.

SELF ASSESSMENT EXERCISE 1
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If (H, *) is a subgroup of (G,*), does a -1 € H for every a € H.,

Self Assessment Exercise 1 and the discussion before it allows us to

make the following remark.
Remark 1
(H,*) is a subgroup o! (G, *) if and only if

i.e €H.
ii,a,bEH=a*b&H
iii.a € H=a-1 €H.

We would also like to make an important remark about notation here.
73
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Remark 2

If (H,*) is a subgroup of (G,*), we shall just say that H is a subgroup
of G, provided that there is no confusion about the binary operations.

We will also denote this fact by H = G.

Now we discuss an important necessary and sufficient condition for a

subset to be a subgroup.

Theorem 1

Let H be a non-empty subset of a group G. Then H is a subgroup of G
iff

a,beH=}ab-1 €H.

Proof

Firstly, let us assume that H = G. Then, by Remark 1, a, b € H = a, b-I
€ H.

Conversely, since H # ¢ 3 a € H. But then, aa-1 = e € H.
Again, forany a e H, ea-1 = a-1 € H.

Finally, if: a, b € H, then a, b-1 € H. Thus, a (b-l)-1 = ab €H, i.e.,

H is closed under the binary operation of the group.
Therefore by Remark 1, H is a group.

Let us look at some examples of subgroups now. While going through
these you may realise the fact that a subgroup of an abelian group is

abelian.

Example 1

Consider the group (C*,.). Show that
S={z€&€C||z| =1} is a subgroup of C*
Solution

S #¢, since 1€ S. Also, for any z1, z2 € S,
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1

|z1z2-1 | = |z1]| |z21| = |z1| = 1.

| 22 |

Hence, z1 z2-1 € S. Therefore, by Theorem 1, S = C*,

74
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Example 2

Consider G = M2x3 (C), the set of all 2 x 3 matrices over C. Check that
(G,+) is an abelian group. Show that

OO00abO0

S=0d0a, b, ceCis asubgroup of G.

gooocOon

Solution

We define addition on G by

OabcOOpqgrdda+pb+qgc+rm]
Qdef+0stuj=0d+se+tf+ulll

goooo

You can see that + is binary operation on G. O = is the additive identity
and

J—a—-b—-cabc[]

[—d—e—f[]istheinverseof[Jdef[] € G.

gooo

Since,a+ b =baVa,be&C(, + is also abelian.

Therefore, (G,+) is an abelian group.

Now, since O € S, S # ¢. Also, for

MOab[gode(]

(00c[],[J00f[] €S, we see that

gooo

H= (G, +)e

0OabJ0deJ00a—db—-e[JH= ¢ and
q0ocg-p0o0fO0=000c—-fOg&EesS.a-beH.

gooood

~S=G.

Example 3

Consider the set of all invertible 3 x 3 matrices over R, GL3 (R). That is,
A € GL3(R) iff det (A) # 0. Show that SL3 (R) = (A E GL3(R) det(A)
1} is a subgroup of (GL3(R),.).

75

by Renance 78
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

MTH 211 SET THEORY AND ABSTRACT ALGEBRA
Solution
The 3x3 identity matrix is in SL3(R). Therefore, SL3(R) # ¢.

Now, for A, B € SL3(R).

1

det (AB-1) = det (A) det(B-1) = det (A) = 1, since det (A) =1and
det(B)

det (B) =I.

~AB-1 € SL3(R)

.. SL3(R) = GL3(R).

Try the following exercise now.
SELF ASSESSMENT EXERCISE 2

Show that for any group G, {e} arid G are subgroups of G.
({e} is called the trivial subgroup.)

The next example is very important, and you may use it quite often.
Example 4

Any non-trivial subgroup of (Z, +) is of the form mZ; where m € N and
mZ={mt|t€eZ}={0, £m, £2m, £3m, }.

Solution

We will first show that mZ is a subgroup of Z. Then we will show that if

H is a subgroup of Z, H # {0}, then H = mZ, for some m € N.

Now, 0 € mZ. Therefore, mZ # @. Also, for mr, ms € mZ, mr-ms =
m(r-s) € mZ.

Therefore, mZ is a subgroup of Z.
Note that m is the least positive integer in mZ.
Now, let H # {0} be a subgroup of Z and S={i | i> 0, i € H}.

Since H # {0}, there is a non-zero integer kin H. If k > 0, then k € S. If
k < 0, then (-k) € S, since (-k) € H and (-k) > 0.

Hence, S # .
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Clearly, S € N. Thus, by the well-ordering principle (Sec. 16.1) S has a
least element, say s. That is, s is the least positive integer that belongs to
H.

Now s Z < H. Why? Well, consider any element st € sZ.

Ift=0, thenst=0 € H.
Ift>0,thenst =5 +s +..... + s (t times) € H.
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Ift <O, thenst =(-s) + (-s) + ...... + (-s) (-t times) € H.
Therefore, st EHV t € Z. That is, sZ € H.

Now, let m € H. By the division algorithm (see Sec. 1.6.2), m=ns +r
forsomen, reZ,0 =<r <s.Thus, r=m -ns. But H is a subgroup of Z
and m, ns € H. Thus, r € H. By minimality of sin S, we must have r =

0,i.e., m =ns. Thus, H < sZ.
So we have proved that H = sZ.

Before going to the next example, let us see what the nth roots of unity

are, that is; for which complex numbers z is zn = 1.

From Unit 2, you know that the polar form of a non-zero complex
number z € Cis z = r(cosb + i sinB), where r = |z| and 8 ia an argument
of z. Moreover, if 61 is an argument of z1 and 62 that of z2, then 81 + 62
is an argument of z1 z2. Using this we will try to find the nth roots of 1,

where n € N.
Thus, by De Moivre’s theorem,

1 =2n = 1n (cos nB+ i sin nB), that is,
cos (B) +isin(B) =rn (cosnB) +isiNNB). .ccoovvviiiiiiiiiiiieeee, (1)

Equating the modulus of both the sides of (1), we getrn =1, i.e.,r = 1.
On comparing the arguments of both sides of (1), we see that 0 + 2mnk (k
€ Z) and nB are arguments of the same complex number. Thus, n6 can
take any one of the values 2mnk, k € Z. Does this mean that as k ranges
21k 2k 2mtm 2mm

over Z and 0 ranges over + i sin = cos + i sin if and

nnnn

21k 2itm

only if — = 2nt for some t € Z. This will happen ifk = m +

nn

nt, i.e., k = m (mod n). Thus, corresponding to every rin Zn we get an
2mnk 2mk

nth root of unity, z = cos + i sin, 0 = r < n; and these are all the

nn

nth roots of unity.
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For example, if n = 6, we get the 6th roots of 1 as z0, z1, z2, z3, z4, and z5,
2mj 2mj

where zj, +isin, j1, 2, 3, 4, 5, 6. In Fig. 1 you can see that

66

all these lie on the unit circle (i.1., the circle of radius one with centre (0,
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0)). They form the vertices of a regular hexagon.
Y

Z1
Z2

0]
Z3 70 X

Fig. 1: 6th Roots of Unity
2m 2n

Now, let w = cos + i sin. Then all the nth rootsof 1 are 1, w, w2,

nn
2mj 2mj

....... , wn-1, since wj, =cos +isinfor0 =j=n-1(using De
nn

Moivre’s theorem).

Letn={1, w, w2, ...... , wn-1}. The following exercise shows you an

interesting property of the elements of I n.
SELF ASSESSMENT EXERCISE 3
2n 2n

Ifn>1and w=cos +isin, thenshowthatl + w + W2 + W3 +....+
nn

wn-1 = 0.

Now we are in a position to obtain a finite subgroup of C*.

Example 5

Show that ] n = (C*,.).
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Solution

Clearly,Jn # ¢. Now, let wi,, wje[n.

Then, by the division algorithm, we can writei + j=qgn + rforq,r&e Z,
O=r=n-1 Butthenwi, wj=wi+j=wgn + r=(wn)g, wr=wr €[ n, since
wn =1, i.e, wn-1. Thus, [] nis closed under multiplication.

Finally, f wle[Jn,then0=<si=n-landwi,wn-1=wn=1,ie., wn-1is
the inverse of wl forall 1 =i < n. Hence, [] n is a subgroup of C*.

Note that [] n is a finites group of order n and is a subgroup of an

infinite group, C*. So, for every natural number n we have a finite

subgroup of order n of C*,

Before ending this section we will introduces you a subgroup that you

will use off and on.
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Definition
The centre of a group G, denoted by Z(G) =G, denoted by Z(G), is the
setZ(G) ={ge Gxg=gxVxeG.}.

Thus, Z(G) is the set of some elements of G that commute with every

element of G.

For example, if G is abelian, then Z(G) = G.
We will now show that Z(G) = G.

Theorem 2

The centre of any group G is a subgroup of G.
Proof

Since e € Z(G), Z(G) # ¢. Now,

aEeZ(G)=axVxeaQG.

= X = a-1 xa V x € G, pre-multiplying by a-1.

=X =a-1 = a-1 xV x € G, post-multiplying by a-1.
= a-1 € Z(G).

Also, for any a, b € Z(G) and for any x € G.
79
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(ab) x = a(bx) = a(xb) = (ax)b = (xa)b = x(ab).
-~ ab € Z(G).

Thus, Z(G) is a subgroup of G.

The following exercise will give you some practice in obtaining the

centre of a group.

SELF ASSESSMENT EXERCISE 4

Show that Z(S3)) = (I).

(Hint: write the operation table for S3)

Let us now discuss some properties of subgroups.
3.2 Properties of Subgroups

Let us start with showing that the relation ‘is a subgroup of” is transitive.

The proof is very simple.
Theorem 3

Let G be a group, H be a subgroup of G and K be a subgroup of H.
Then k is a subgroup of G.

Proof
Since K= H, K= @ and ab-1 € KV a, b € K. Therefore, K = G.

Let us look at subgroups of Z, in the context of Theorem 3.
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Example 6

In Example 4 we have seen that any subgroup of Z is of the form mZ for
some m € N. Let mZ and kZ be two subgrougs of Z. Show that mZ is
a subgroup of kZ iff k | m.

Solution

We need to show that mZ € kZ @ k| m. Now mZ c kZ e m € mZ

ckZ=>m€&kZ=>m =krforsomere&€ Zk|m.
Conversely, suppose k | m.
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Then, m = kr for some r € Z. Now consider any n € mZ such thatn =

mt.

Then n = mt = (kr) t = k (rt) € kZ.

Hence, mZ < kZ

Thus, mZ = kZ iff k | m.

Now, you may like to try the next exercise.
SELF ASSESSMENT EXERCISE 5

Which subgroups of Z is 9Z a subgroup of?

We will now discuss the behaviour of subgroups under the operations of

intersection and union.
Theorem 4

If H and K are two subgroups of a group G, then HnK is also a

subgroup of G.

Proof

Since e € H and e € K, where e is the identity of G, e € HnK.
Thus, HNK = @.

Now, let a, b € HnK. By Theorem 1, it is enough to show that ab-1 &€
HnK. Now, since a, b € H, ab-1 € K. Similarly, since a, b € K, ab-1 €
K. Thus, ab-4 € HnK. Hence, HnK is a subgroup of G.

The whole argument of Theorem 4 remains valid if we take a family of
subgroups instead of just two subgroups. Hence, we have the following
result.

Theorem 4'[: if {Hi}i €1 is a family of subgroups of a group G, then [J
el

Hi is also a subgroup of G.

Now, do you think the union of two (or more) subgroups is again a

subgroup? Consider the two subgroups 2Z and 3Z of Z. Let S = 2Z

by Renance 83
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

[03Z.Now,3€3Z2<S,2€2ZcS,butl =3-2isneitherin2Z nor
in 3Z. Hence, S is not a subgroup of (Z,+). Thus, if A and B are

81
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subgroups of G, A [] B need not be a subgroup of G. But, if Ac Bis a
subgroup of G. The next exercise says that this is the only situation in

which A [] B is a subgroup of G.

SELF ASSESSMENT EXERCISE 6

Let A and B be two subgroups of a group G. Prove that A[]Bis a
subgroup of Giff A< Bor B c A.

(Hint: Suppose Ac Band B c A. Takea € A\Band e B\ A. Then
show that ab ¢ A[] B. Hence, A[J B = G. Note that proving this

amounts to provingthat A B=G=AcBorBcA.

Let us now see what we mean by the product of two subsets of a group
G.

Definition

Let G be a group and A, B be non-empty subsets of G.

The product of Aand B is the set AB = {aba € A, b € B}.

For example, (2Z) (3Z) = {(2m) (3m) | m, n € Z}

= {6mn|m,n€Z}

=6Z.

In this example we find that the product of two subgroups is a subgroup.
But is that always so? Consider the group
S1={1,(12),(13),(23),(123),(132)}, andits subgroups H = {1, (1
2)} and K = {1, (1 3)}.

01230

Remember, (1 2) is the permutation JJ O and (1 2 3) is the

0213

0123

permutation 0000 .)

0231(

Now HK = {l o I, 1 © (1 3),(12)°l,(12)°(13)}
={l,(13),(12),(132)}

HK is not a subgroup of G, since it is not even closed under
composition. (Note that (1 3) ° (1 2) = (1. 2 3) € HK.)
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So, when will the product of two subgroups be a subgroup? The
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following result answers this question.
Theorem 5

Let H and K be subgroups of a group G. Then HK is a subgroups of G
if HK = KH.

Proof

Firstly, assume that HK = G. We will show that HK = KH. Let hk €
HK. Then (hk)-1 = k-1 h-1 € HK, since HK = G.

Therefore, k-1 h-1 = k1 hl for some hl € H, k1 € K. But then hk = (k-1 h-1)-
1
=k1l-1h1-1 € KH. Thus, HK € KH.

Now, we will show that KH € HK. Let kh € KH. Then (kh)-1 = h-1 k-1
€ HK. But HK = G. Therefore, (kh) -1)-1 € HK, that is, kh € HK. Thus,
KH < HK.

Hence, we have shown that HK = KH.

Conversely, assume that HK = KH. We have to prove that HK = G.
Since e = e2 € HK, HK = ¢.

Now, let a, b € HK. Then a = hk and b = h1 kl for some h, hl € Hand k,
kl € K.

Then ab-1 = (hk) (k1-1 h1-1)=h[(kk,1-1)h1-11].

Now (kk 1-1) h 1-1 € KH = HK. Therefore, 3 h2k2 € HK such that (kk 1-1)
h 1-1 = h2k2.

+Then, ab-1 = h(h2k2) = (hh2)k2 € HK.

Thus, by Theorem 1, HK = G.

The following result is a nice corollary to Theorem 5.

Corollary: If H and K are subgroups or abelian group G, then HK.
Try the following exercise now.

SELF ASSESSMENT EXERCISE 7

Is AB a subgroup of S4, where A= {l, (14)} and B = {I, (1 2)}?
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The next topic that we will take up is generating sets.

3.3 Cyclic Groups

In this section we will briefly discuss generating sets, and then talk

about cyclic groups in detail.

Let G be any group and S a subset of G. Consider the family F of all
subgroups of G that contain S, that is,

F={H|H=GandS c H}.
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We claim that F= ¢. Why Doesn’t G € F? Now, by Theorem 4’, J H is
HEF

a subgroup of G.
Note that

iScH.
HEF

ii. 0 H is the smallest subgroup of G containing S. (Because if K is
HEF

a subgroup of G containing S, then K € F.
Therefore, JH € K.)
HEF

These observations lead us to the following definition.

Definition

If S is a subset of a group G, then the smallest subgroup of G containing
S is called the subgroup generated by the set S, and is 'written as <S>.

Thus, <S>=n{H|H=G,S ¢ H}.
If S = ¢, then <S> = {e}.
If <S> = G, then we say that G is generated by the set S, and that Sis a

set of generators of G.
If the set S is finite, we say that G is finitely generated.

Before giving examples, we will give an alternative way of describing

<S>. This definition is much easier to work with than the previous one.
Theorem 6

If S is a non-empty subset of a group G, then
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<S>={alnan2... ank|ai€eSforlik, nl,..... ,hkZ.}
12k

Proof

LetA={alnan2... ank|ai€eSforlik, nl,...... ,hk Z .}
12k

Since al...... ,ak €S € <S> and <S> isasubgroupofG,an&€<S>.1
1

Now, let us see why <S> < A. We will show that A is a subgroup
containing S. Then, by the definition of <S>, it will follow that <S> <
A

Since any a € S can be written asa =al, S € A.
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SinceS/o A/ 0.

Now let x, y € A. Thenx =(a lnan2....... ank)(blmbm2..... bmr)—-11I
12kl2r

=(alnan2.... ank)(br—-m...... blm) € A.
12krl

Thus, by Theorem 1, A is a subgroup of G. Thus, A is a subgroup of G

containing S. And hence, <S> c A.
This shows that <S> = A,

Note that, if (G, +) is a group generated by S, then any element of G is
of the formnl al + n2a2 + ........ nr ar, where al, a2 ...., ar € Sand nl, n2 nr
e Z.

For example, Z is generated by the set of odd integers S = {1, £3,
+5,....}. Let us see why. Letm € Z. Then m = 2 srwherer= 0 and s €

S. Thus, m e <5>. And hence, <S> = Z.
Try the following exercises now.

SELF ASSESSMENT EXERCISE 8

Show that S = {I} generates Z.

SELF ASSESSMENT EXERCISE 9

Show that a subset S of N generates the group Z of all integers iff there
exist
S1..... , Sk'in Sand nl, ..... nk in Z such that n1s1 + ...... + nksk =1.

(Hint: Apply Theorem 6.)
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SELF ASSESSMENT EXERCISE 10

Show that if S generates a group Gand S c T c G, then <T> = G.

Self-Assessment Exercise 10 shows that a group can have many
generating sets. Self Assessment Exercise 8 gives an example of a group
that is generated by only one element. We give such a group a special

name.
Definition

A group G is called a cyclic group if G = < {a} > forsome a € G. We
usually write < {a} > as < a>.

Note that <a > = {an | n € Z}.

A subgroup H of a group G is called a cyclic subgroup if it is a cyclic
group. Thus, < (12) > is a cyclic subgroup of S3 and 2Z = <2> is a cyclic

subgroup of Z.
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We would like to make the following remarks here.
Remark 3

i. IfK=Ganda €K, then <a> < K. This is because <a> is the

smallest subgroup of G containing

ii. All the elements of <a> = {an | n € Z} may or may not be a

distinct. For example, take a = (1 2) € S3.

Then < (12)> = {l,(12)},since(12)2=1,(12)3 =(12),andsoon.
SELF ASSESSMENT EXERCISE 11

Show that if G # {e}, thenG = < e >.

SELF ASSESSMENT EXERCISE 12

Show that <a> = <a-1> forany a € G.

We will now prove a nice property of cyclic groups.
Theorem 7

Every cyclic group is abelian
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Proof

Let G = <a> = {an | n € Z}. Then, for any x, y in G there exist m,n € Z
such that x = am, y = an. But, then xy = am. aa = am +n = an.am = yx. Thus,

xy = yx forall x, y. in G.
That is, G is abelian.

Note that Theorem 7 says that every cyclic group is abelian. But this
does not mean that every abelian group of is cyclic. Consider the

following example.
Example 7

Consider the set K4 = {e, a, b, ab} and the binary operation of K4 given
by the table.

*eabab
eeabab
aaeabb
bbabea
ababbae

The table shows that (K4 , .) is a group.

This group is called the Klein 4-group, after the pioneering German

group theorist Felix Klein.

Show that K4 is abelian but not cyclic.

Solution
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From the table we can see that K4 is abelian. If it were cyclic, it would
have to be generated by e, a,. b or ab. Now, < e > = {e}. Also, al =a,a2 =
e,a3 = a, and so on.

Therefore, < a > = {e, a}. Similarly, <b > = {e, b} and < ab > = { e, ab}.
Therefore, K4 can't be generated bye, a, b or ab.

Thus, K4 is not cyclic.

Use Theorem 7 to solve the following exercise.
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SELF ASSESSMENT EXERCISE 13

Show that S3 is not cyclic.

Now let us look at another nice property of cyclic groups.

Theorem 8

Any subgroup of a cyclic group is cyclic.

Proof

Let G = < x > be a cyclic group and H be a subgroup.

If H= {e}, then H = < e >, and hence, H is cyclic.

Suppose H # {e}. Then 3 n € Zsuch that xn € H, n # 0. Since H is a
subgroup, (x-n)-1 = x-n € H. Therefore, there exists a positive integer
m(i.e., n or-n) such that xm € H. Thus, thesetS={t €N | xt| €H} is
not empty. By the well-ordering principle (see Sec.) 1.6.1.) S has a least

element, say k. We will show that H = < xk >.
Now, <xk > < H, since xk € H.

Conversely, let xn be an arbitrary element in H. By the division
algorithm n = mk + rwhere m, r € Z, 0 = r < k-l. But then xr = xr = xn -
mk

= xn. xk)m € H, since xn, xk €. H. But k is the least positive integer
such that xk € H. Therefore, xr can be in H only if r = 0. And then, n =
mk and xn = (xk)m € < kk >. Thus, H € < xk >. Hence, H = < xk?, that
is, H is cyclic.

Using Theorem 8 we can immediately prove what we did in Example 4.
Now, Theorem 8 says that every subgroup of a cyclic group is cyclic.
But the converse is not true. That is, we can have groups whose proper
subgroups are all cyclic, without the group being cyclic. We give such

an example now.

Consider the group S3, of all permutations on 3 symbols. Its proper
subgroups are subgroups are all cyclic, without the group being cyclic.

We give an example now.
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Consider the group S3, of all permutations on 3 symbols. Its proper

subgroups are

A=<1>
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B=<12>
C=<(13)>
D=<(23)>
E=<123>

As you can see, all these are cyclic. But, by Self Assessment Exercise

you know that S3 itself is not cyclic.

Now we state a corollary to Theorem 8, in which we write down the
important point made in the proof of Theorem 8.

Corollary: Let H #{e} be a subgroup of < a >. Then H = < an >, where

n is the least positive integer such that an € H.

Try the following exercises now.

SELF ASSESSMENT EXERCISE 14

Show that any non-abelian group must have a proper subgroup other
than {e}.

SELF ASSESSMENT EXERCISE 15

Obtain all the subgroups of Z4, which you know is < 1 >.

Let us now see what we have done in this unit.

4.0 CONCLUSION

Subgroups play important roles in group theory. In MTH 312 you will

be introduced to another important subgroups called the normal
subgroups which has a lot of application in some other sciences such as
Molecular Chemistry, You are to read carefully and master all the

materials in this unit.

5.0 SUMMARY
|

n this unit we have covered the following points.

* The definition and examples of subgroups.

* The intersection of subgroups is a subgroup.

* The union of two subgroups H and K is a subgroup if and only if
Hc KorKcH.

* The product of two subgroups H and K is a subgroup if and only

if HK = KH.
89
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* The definition of a generating set.
» A cyclic group is abelian, but the converse need not be true.
* Any subgroup of a cyclic group is cyclic, but the converse need

not be true.

ANSWER TO SELF ASSESSMENT EXERCISE 1
1. Yes, because H is a group in its own right.
ANSWER TO SELF ASSESSMENT EXERCISE 2

2.{e} #.Alsoforanyee-l=e € {e} ..... , by Theorem 1, {e} = G.
G=g¢.Alsoforanyx € G, x--1 €G.:., fora, b €G.
A,beG..ab-1eG.. .G =G.

ANSWER TO SELF ASSESSMENT EXERCISE 3

Sincewn=1,(1—wn)=0i.e,,
lT-wW(l+w+w2+..... +wn-1=
Sincew=11+w2+..... +wn-1=

ANSWER TO SELF ASSESSMENT EXERCISE 4

From Self Assessment Exercise 14 of Unit 2 recall the elements of S3.
On writing the operation table for S3 you will find that only | commute

with every permutation in S3.
ANSWER TO SELF ASSESSMENT EXERCISE 5

The divisors of 9 are 1, 3 and 9
Thus, 9Z is a subgroup of Z, 3Z and itself only.

ANSWER TO SELF ASSESSMENT EXERCISE 6

We know that if A< BorB < A, then A[]Bis Aor B, and hence, is a
subgroup of G.

Conversely, we will assume that A € Band B < A, and conclude that
A[B £ G.
Since A € B, 3a € A such that a & B.

Since B< A, 3b € Bsuch thatb € A.

Now, if ab € A, then ab = ¢, for some c € A.
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Then b = a-1 c € A, a contradiction. .ab & A. Similarly, ab & B. ...ab
¢ A[B.

Buta€ A[QJBand b € A[]B. So, AUB % G.

ANSWER TO SELF ASSESSMENT EXERCISE 7

AB = {l,(14),(12),(124)
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But, (1 2) ° (14) = (142) ¢ AB. . AB £ S4
ANSWER TO SELF ASSESSMENT EXERCISE 8
ForanyneZ n=n.le< {1} >. . Z=< {1} >.
ANSWER TO SELF ASSESSMENT EXERCISE 9

Firstly, suppose Z = <S>.Thenl € <S >... 3sl,....sk €S and
nl, ....... ,nk € Z such that n1sl +..... + nksk = 1.

Conversely, suppose 3, s1, ....... sk € S and nl,...., nk € Z such that
nlsl + n2s2 +..... + nksk = 1.

Then, foranyn € Z,n=n.1 =nnl, sl, + ...:. + nnksk € <S>.
nZ=<S>,
ANSWER TO SELF ASSESSMENT EXERCISE 10

We know that G = < S >. Therefore, for any g € G,
Is1...... ,sk € Sand nl,....., nk € Zsuch that g = sln ......... s nkm
1k

SinceScT,s1€TVi=1, ...,k

. by Theorem 6, weseethat G =< T >.

ANSWER TO SELF ASSESSMENT EXERCISE 11

Since G # {e},Ja=einG.Sincea=eforanyreZ a #<e >.
LG <e>,

ANSWER TO SELF ASSESSMENT EXERCISE 12

We will show that <a>c <a-1>and < a-1> c < a >.

Now, any element of < a > is an = (a-1) -n, forn € Z.
Lan€Ee<a-l> . <a>c<al>.

Similarly, < a-1 > =< a >.

<a>=<a-l>.
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ANSWER TO SELF ASSESSMENT EXERCISE 13

Since S3 is not abelian (e.g., (1 3) ¢ (1 2) # (1 2) °» (1 3)), by.
Theorem 7, S3 can't be cyclic.

6.0 TUTOR-MARKED ASSIGNMENT

1. Let G be a non-abelian group. Then G = {e}. Therefore, 3 a € G,
a#e. Then<a>G.Gc <a >, since Gis non-abelian. . < a >
=G.

2. Since Z4 is cyclic, all its Subgroups are cyclic.

Thus, its Subgroups are Z4, < 2 >, < 3 > and
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UNIT 4 LAGRANGE'S THEOREM

CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content

3.1 Cosets

3.2 Lagrange’s Theorem

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading
1.0 INTRODUCTION

In the previous unit we have discussed different subgroups. In this unit
we will see how a subgroup can partition a group into equivalence
classes. To do this we need to define the concept of cosets.

In Sec. 4.3 we use cosets to prove a very useful result about the number
of elements in a subgroup. The beginnings of this result were made in a
research paper on the solvability of algebraic equations by the famous
mathematician Lagrange. Today this elementary theorem is known as
Lagrange’s theorem, though Lagrange proved it for subgroups of Sn
only.

While studying MTH 312 you will be using Lagrange’s theorem again

and again. So, make sure that you read this unit carefully.
2.0 OBJECTIVES
At the end of this unit, you should be able to::

» form left or right cosets of a subgroup
* partition a group into disjoint cosets of a group

» prove and use Lagrange’s theorem.
3.0 MAIN CONTENT
3.1 Cosets

In Sec. 3.3 we defined the product of two subsets of a group. We will
now look at the case when one of the subsets consists of a single

element only. In fact, we will look at the situation H{x) = {hx | h € H},
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where H is a subgroup of a group G and x € G. We will denote H{x} by
HXx.

Definition
Let H be a subgroup of a group G, and let x € G. We call the set,

{hx | h E H} a right coset of H in G. The element x is a representative
of Hx.

We can similarly define the left coset
xH {xh | h E H}

Note that, if the group operation is +, then the right and left cosets of H
in (G,+) represented} x € G are

H+x = {h+x|h&€H}andx+ H={ x+ h| h&H}, respectively.
Let us look at some examples.
Example 1

Show that H is a right as well as a left coset of a subgroup H in a group
G.

Solution

Consider the right coset of H in G represented by e, the identity of G.
Then
He= {he|h €H} = {h| h € H} =H.

Similarly, eH = H.

Thus, H is a right as well as left coset of H in G.
Example 2

What are the right cosets of 4Z in Z7?'

Solution

NowH=4z2={.....,-8,-4,0,4, 8,12, ....}

The, right cosets of H are
H + 0 = H, using Example 1.
H+1={...... ,-11,-7,-3,1,5,9, 13,..... }
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H+2={... ,-10, -6, -2, 2, 6, 10, 14, ..... }
H+3=1{...-9,-5,-1,3,7,11,15,.... }
H+4={... ,-8,-4,0,4,8,12,.....} =H

Similarly, you can see that H+5 = H+1, H+6 = H+2, and so on.
You can also check that H-1 = H+3, H-2= H+2, H-3 = H+1, and so on

Thus, the distinct right co sets are H, H+1, H4+2 and H+3.
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In general, the distinct right cosets of H (= nZ) in Z are H, H+I,

H+ (n-1). Similarly, the distinct left cosets of H (=nZ) in Zare H, 1 +H,

Before giving more examples of cosets, let us discuss some properties of

cosets.

Theorem 1

Let H be a subgroup of a group G and let x, y € G.
Then

a. X € Hx
b.Hx=H e x € H.
C. Hx = H & xy-1 € H.

Proof

a. Since x = ex and e € H, we find that x € Hx.

b. Firstly, let us assume that Hx = H. Then, since x € H x, x € H.

Conversely, let us assume that x € H. We will show that Hx € H
and H € Hx. Now any element of Hx is of the form hx, where h
€ H. This is in H, since h € H and x € H. Thus, Hx € H.

Again, let h € H. Then h = (hx-l) x € Hx, since hx-1 € H.

.. H < Hx.
. H = Hx.

C. HX = Hy = @ Hxy-1 = Hyy-1 = He = H & xy-1 € H, by (b).
Conversely, Xy-1 € H ® Hxy-1 = H & Hxy-1y = Hy « Hx = Hy.
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Thus, we have proved (c).

The properties listed in Theorem 1, are not only true for right cosets.

We make the following observations.

Note: Along the lines of the proof of Theorem 1, we can prove that if H

is a subgroup of Gand x, y € G,

a. X € xH.

b.xH=H e x &H.

C. xH =yH & x-ly € H.

Let us look at a few more examples of cosets.

Example 3

LetG=S3={l,(12),(13),(23),(123), (13 2)and H be the cyclic
subgroup of G generated by (1 2 3). Obtain the left cosets of H in G.

Solution
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Two cosets are

H=1{l(123),(132)}and
(12)H={(12),(12)°(123),(12)°(132)}
={(12),(23),(13))

For the other cosets you can apply Theorem 1 to see that

(12)H=(23)H=(13)Hand
(123)H = (132)H.

Thus, the distinct left cosets of Hare H and (1 2)H.
Try the following exercise now.
SELF ASSESSMENT EXERCISE 1

Obtain the left and right cosets of H = < (1 2) > in S3. Show that Hx =

xH for some x € S3.

Let us now look at the cosets of a very important group, the quaternion
group.
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Example 4

Consider the following set of 8 2x2 matrices over C.

Q8 = {#I, £A, £B, £C}’' where

grogpolgpoignion
I=00'A=0-100,B=00-i0,C=00—-iJandi=—1.
gol1g0000ooa

You can check that the following relations hold between the elements of
Q8:

12 =1,A2 =B2=C2=-,

AB =C =-BA,BC=A=-CB, CA=B=-AC.

Therefore, Q8 is non-abelian group under matrix multiplication.

Show that the subgroup H
Q8.

Solution

< A > has only two distinct right cosets in

H=<A>={l, A A2, A3} = {l, A, -, -A},
Since A4 =1, A5 = A, and so on.

Therefore, HB = {B, C, -B, -C}, using the relations given above.

Using Theorem | (b), we see that

H= HIl = HA = H(-I) = H(-A).

Using Theorem I(c), we see that

HB =HC= H(-B) = H(-C).

Therefore, H has only two distinct right co sets in Q8, H and HB.
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The following exercise will help you to understand Q8.
SELF ASSESSMENT EXERCISE 2

Show that K = {l, -1} is a subgroup of Q8, Obtain all its right cosets in
Q8.

We will show that each group can be written as the union of disjoint
cosets of any of its subgroups. For this we define a relation on the

elements of G.
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Definition

Let H be a subgroup of a group G. We define a relation ‘~’ on G by x~y
iff xy-1 € H, where x, y € G. Thus, from Theorem 1 we see that x ~y
iff Hx = Hy.

We will prove that this relation is an equivalence relation (see unit 1).
Theorem 2

Let H be a subgroup of a group G. Then the relation ~defined by ‘x ~y’
xy-1 € H is an equivalence relation. The equivalence classes are the right

cosets of H in G.

Proof

We need to prove that ~is reflexive, symmetric and transitive.
Firstly, for any x € G, xx-1 = e € H, .. x ~ X, that is, ~ is reflexive.
Secondly, if x ~ y for any x, y € G, then xy-1 € H.

" Xy = xy-1- € H, Thus, y ~ x. That is, ~ is symmetric.

Finally, fi x, y, z, € G such that x ~ yand y ~ z, then xy-1 € H and yz-1
€ H.

So(xy-1) (yz-1) = x(y-1y)z-1 = xz-1 € H, . x ~ z.

That is ~ is transitive.

Thus, ~ is an equivalence relation.

The equivalence class determined by x € Gis{x|={y€G|y-x} =
{y € G| xy-1 € H}.

Now, we will show that [x] = Hx. So, let y € [x]. Then Hy = Hx, by
Theorem 1. And sincey € Hy, y € Hx.

Therefore, [x] < Hx.
Now, consider any element hx of Hx. Then x(hx)-1 = xx-1 h-1 = h-1 € H.

Therefore, hx ~ x. That is, hx € [x]. This is true for any hx € Hx.
Therefore, H € G [x].

Thus, we have shown that [x] = Hx.
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Using Theorem 2 and Theorem 1 (d) of Unit |, we can make the

following remark.
Remark

If Hx and Hy are two right cosets of a subgroup H in G, then Hx = Hy
or HxnHy = ¢@.

Note that what Theorem 2 and the remark above say is that any

subgroup H of a group G partitions G into disjoint right cosets.
On exactly the same lines as above we can state that

i. any two left cosets of H in G are identical or disjoint, and

ii. G is the disjoint union of the distinct left cosets of H in G.

So, for example, S3 = < (1 23) > [J (1*2) < (1 2 3) > (using Example 3).
You may like to do the following exercises now.

SELF ASSESSMENT EXERCISE 3

Let H be a subgroup of a group G. Show that there is a one-to-one
correspondence between the elements of H and those of any right or left
coset of H.

(Hint: Show that the mapping f: H = Hx: f(h) = hx is a bijection.)

SELF ASSESSMENT EXERCISE 4

Write Z as a union of disjoint cosets of 5Z.

Using Self-Assessment Exercise 3 we can say that if H is a finite
subgroup of a group G, then the number of elements in every coset of

H is the same as the number of elements in H.

We will use this fact to prove an elementary theorem about the number
of cosets of a subgroup of a finite group 10, the next section.

3.2 LAGRANGE'S THEOREM

In this section we will first define the order of a finite group and then

show that the order of any subgroup divides the order of the group.

So let us start with a definition.
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Definition

The order of a finite group G is the number of elements in G. It is
denoted by o(G).

For example, 0(S3) = 6 and o(A3) = 3. Remember, A3 = {l, (1 23), (1
32)}H!
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You can also see that o(Zn> = n. And, from Sec. 2.5.2 you know that

o(Sn> =n!.

Now, let G be a finite group and H be a subgroup of G. We define a
function f between the set of right cosets of H in G and the set of left
cosets of Hin G by

f: {Hx | x€ G} » {yH|y € G}: f(Hx) = x-1H.

Now try Self-Assessment Exercise 5.

SELF ASSESSMENT EXERCISE 5

Check that f is a bijection.

Self-Assessment Exercise 5 allows us to say that there is a one-to-one
correspondence between the right cosets and the left cosets of H in G.

Thus, the number of distinct right cosets of H in G always equals the
number of distinct left cosets of H in G.

Definition

Let H be a subgroup of a finite group G. We call the number of distinct
of H in G the index of H in G, and denote it by | G : H|.

Thus, from Example 3 we see that | S3: A3| = 2.

Note that, if we take H = {e}, then | G: {e} | = 0o(G), since {e}g = {g} V
g € Gand {e}g = {c}qg ifg =g .

Now let us look at the order of subgroups. In Sec. 3.4 you saw that the
orders of the subgroups of S3 are 1, 2, 3 and 6. All these divide 0(S3) =
6. This fact is part of a fundamental theorem about finite groups. Its
beginnings appeared in a paper in 1770, written by the famous French
mathematician Lagrange. He proved the result for permutation groups
only. The general result was probably proved by the famous

mathematician Evariste Galois in 1839.
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Theorem 3 (Lagrange)

Let H be a subgroup of a finite group G. Then o(G) = o(H) | G: H |.
Thus, o(H) divides o(G), and | G: H | divides o(G).

Proof

You know that we can write G as a union of disjoint right cosets of H in

G. So, if Hx1, Hx2, are all the distinct right cosets of if in G, we have

G=Hx1[QHx2[...... OHXr e, (1)
From Self Assessment Exercise 3, we know that | Hx1 | = | Hx2 | =...= |
Hxr | =o(H).

Thus the total number of elements in the union on the right hand side of
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() is element o(H) + o(l 1) +..... + o(H) (r times) = r o(H).
Therefore, (1) says that o(G) = r o(H)

=o(H) | G: H |.!

You will see the power of Lagrange's theorem when we get down to

obtaining all the subgroup of a finite group.

For example, suppose we are asked to find all the subgroups of a group
G of order 35. Then the only possible subgroups are those of order 1, 5,
7 and 35. So, for example, we don't need to waste time looking for

subgroups of order 2 or 4.

In fact, we can prove quite a few nice results by using Lagrange's
theorem. Let us prove some results about the order of an element. But

first, let us define this phrase.

Definition

Let G be a group and g € G. Then the order of g is the order of the
cyclic subgroup < g >, if < g > is finite. We denote this finite number by
o(g). If < g > is an infinite subgroup of G, we say that g is of infinite

order.

Now, let g € G have finite order. Then the set {e, g, g2, ...} is finite,

since G is finite. Therefore, all the powers of g can't be distinct.
Therefore, gr = gS for some r > s. Then
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gr-s =,e and r-s € N. Thus, the set {t € N | gt = e} is non-empty. So, by
the well-ordering principle it has a least element Let n be the least

positive integer such that gn = e.

Then

<g>={e.g,92,gn-1}.
Therefore, o(g) =0< g > =n.

That is, o(g) is the least positive integer n such that gn = e.

(Note that. if g € (G, + ), then o(g) is the least positive integer n such
that gn = e.)

Now suppose g € G is of infinite order. Then, for m # n, gm # gn.
(Because, if gm n = e, which shows that < g > is a finite group.) We will

use this fact while proving
Theorem 5

Try the following exercise now.
SELF ASSESSMENT EXERCISE 6

What are the orders of
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0010

a)(l2)es3,b)lesd,c)J-10]€ Qqg,

0o

d)3€Z4,e)1 €ER?

Now Jet us prove an important result about the order of an element.

Theorem 4

Let G be a group and g € G be of order n. Then gm = e for some m €N

iff n | m.
Proof

We will first show that gm e = n | m. For this & consider the set
S={r€ezZ|gr=e}.

Now, n € S. Also, ifa, b € S, then ga = e = gb. Hence, ga -b = ga (gb)-1 =
e. Therefore.

a-b €S.Thus, S = Z.
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So, from Example 4 of Unit 3, we see that S = nZ. Remember, n is the

least positive integer in S!
Now if gm = e for some m € N, then m € S = nZ. Therefore, n | m.

Now let us show that n | m = gm = e. Sincen | m, m = nt for some t €

Z; Then gm = gnt = (gn)t = et = e. Hence, the theorem is proved.

We will now use Theorem 4 to prove a result about the orders of
elements in a cyclic group.

Theorem 5

Let G = < g > be 11 cyclic group.

a. If g is of infinite order then gm is also of infinite order for every m
S

n

b. If o(g) = n, theno(gm) =V m =1, ...., n-l.((n, m) is the

(n,m)

g.c.d. of n and m.)
Proof

a. An element is of .infinite order iff all its powers are distinct. We
know that all the powers of gm are distinct. We have to show that
all the powers of gm are distinct. If possible, let (gm)t = (gm)w.
Then gmt = gmw. But then mt = mw, and hence t = w. This shows
that the powers of gm are all distinct, and hence gm is of infinite

order.
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b. Sinceo(g) = n, G= {e, g,..... ,gn -1} < gm >, being a subgroup of
G, must be of finite order. Thus, gm is of finite order. Let o(gm) =

n

t. We will show thatt .

(n,m)

Now, gmt = (gm)t y= e = n | tm, by Theorem 4.

Let d = (n, m). We can then write n = n1ld, m = mld, where (ml nl) =1.

nn
Then nl =
d(n,m)

Now, n[tm=n|tmld = nld | tmld = n | tm1.

But (n,ml) = 1. Therefore, nl | t. ..o, (1)
103
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Also,(gm)n=gm

dnl

=gm

d
=gm=(gn)m=em=e,
n

1111111

Thus, by definition of o(gm) and Theorem 4, we have

(1) and (2) show that

t=nln,

n, m

i.e., olgm) =n

n, m

12

Using this result we know thato (4 ), in Z12 is = 3.
(12,4)

The next exercise will give you some practice in using Theorem 5.
SELF ASSESSMENT EXERCISE 7

Find the orders of= 2, 4, and 5& Z18.

The next exercise is a consequence of Lagrange’s theorem.

SELF ASSESSMENT EXERCISE 8

Let G be a finite group and x € G. Then, show that o(x) divides o(G).

In particular, show that xo(G) = e.
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We use the result of Self-Assessment Exercise 8 to prove a simple but

important result of finite group theory.
Theorem 6

Every group of prime order is cyclic.
Proof

Let G be a group of prime order p. Sincep # 1,3 a € Gsuch thata = e.
Now, by Self-Assessment Exercise and Theorem 4, o(a) | p. Therefore,

o(a) = 1oro(a) = p. Sincea = e, o(a) = 2.

Thus, o(a) = p,i.e.,,o(<a>)=p. S0, <a>=Gsuchthato(<a >) =

o(G). Therefore, < a> = G. That is, G is cyclic.

Using Theorem 3 and 6, we can immediately say that all the proper

subgroups of a group of order 35 are subgroups.
104

MTH 211 SET THEORY AND ABSTRACT ALGEBRA
Now let us look at groups of composite order.
Theorem 7

If G is a finite group such that o(G) is neither 1 nor a prime, then G has

non-trivial proper subgroups.
Proof

If G is not cyclic, then any a € G, a # e, generates a proper non-trivial

subgroup < a >.

Now suppose G is acyclic, say G = < x >, where o(x) = mn (m, n # 1).
Then, (xm)n = xmn = e. Thus, by Theorem 4, o(xm) = n < o(G).

Now, you can see Theorem 7 to solve the following exercise.

SELF ASSESSMENT EXERCISE 9

Obtain two trivial proper subgroups of Z8.

We will now prove certain important number theoretic results which
follow from Lagrange’s theorem. Before going further, recall the

definition of ‘relatively prime’ from Sec. 1.6.2.

We first define the Euler phi-function, named after the Swiss
mathematician Leonard Euler (1707 - 1783).

Definition
We define the Euler phi-function ¢ : N = N as follows:

e(i) =1, and
¢(u) = number of natural numbers < n and relatively prime to n, for

n=2.

For example, ¢(2) = 1 and ¢(6) = 2 (since the only positive integers < 6
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and relatively prime to 6 are 1 and 5).

We will now prove a lemma, which will be needed to prove the theorem
that follows it. This lemma also gives us examples of subgroups of Zn,
for every

n=2.
105
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Lemmal:LetG={r€Zn|(rh,n)=1},wheren=2.Then (G,.)is a

group,

wherers =rsVr,s € Zn. Further, o(G) = ¢ (n).

Proof

We first check that G is closed under multiplication.
Now,r,se€G=(r,n)=1land(s,n)=1=(rs,n) =1.

= rs € G. Therefore, is a binary operation on G.

1 € G, and its identity.

Now, forr € G, (r, n) = 1.

= ar + bn =1 forsome a, b, € Z (by Theorem 8 of Unit 1)
=n|ar

=ar =1 (mod n)

=ar=1

=a=r-1

Further, a € G, because if a and n have a common factor other than 1,
then this factor will divide ar + bn = 1. But that is not possible.
Thus, every element in G has an inverse.

Therefore, (G,.) is a group.

In fact, it is the group of the elements of Zn that have multiplication
inverse. Since G consist of all those r € G such thatr < n and (r, n) = 1,
o(G) = o(n).

Lemma 1 and Lagrange’s theorem immediately give us the following
result due to the mathematician Euler and Pierre Fermat.

Theorem 8 (Euler-Fermat)

Leta € Nand n = 2 such that (a, n) = 1.

Then, ap(n) = 1 (mod n).

Proof

Sincea € Zn and (a, n) =1, a € G (of Lemma 1). Since o(G) = ¢(n),
we use Self-Assessment Exercise and find that a-¢(n) = 1.
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Thus, ap(n)= 1 (mod n).

Now you can use Theorem 8 to solve the following exercises.
SELF ASSESSMENT EXERCISE 10

What is the remainder left on dividing 347 by 23?7 (Note that ¢(23) = 22,
since each of the numbers 1, 2, ..., 22 are relatively prime to 23.)

SELF ASSESSMENT EXERCISE 11

Let a € N and p be a prime. Show that = 1 (mod p). (This result is

called Fermat’s little theorem. To prove it you will need to use the

fact that ¢(p) =

p-1.)

You have seen how important Lagrange’s theorem is. Now, is it true that
if

m | o(G), then G has a subgroup of order m? IF G is cyclic, it is true.

(You can prove this on the lines of the proof of Theorem 7.) But, if G is

not cyclic, the converse of Lagrange’s theorem is not true.

In Unit 7 we will show you that the subgroup
Ad={1,(123),(124),(132),(134),(142),(143),(234),(243),
(12),

(34),(13),(24),(14),(23)}.

of S4 has no subgroup of order 6, though 6 | 12 = o(A4).

Now let us summaries what we have done in this unit.
4.0 CONCLUSION
We have examined in this unit subgroup and cosets of a group. You

should read this unit carefully because it will useful in MTH 312 where

we shall be considering a class of subgroup called normal subgroup.
5.0 SUMMARY

In this unit we have covered the following points.

* The definition and examples of right and left cosets of a
subgroup.

* Two left (right) cosets of a subgroup are disjoint or identical.

* Any subgroup partitions a group into disjoint left (or right) cosets

of the subgroup.
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* The definition of the order of a group and the order of an element
of a group

* The proof of Lagrange’s theorem, which states that if H is a
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group of a finite group G, then o(G) = o(H) | G: H|. But, if m |
0(G), then G need not have a subgroup of order m.

* The following consequences of Lagrange’s theorem:

(i) Every group of prime order is cyclic.

(ii) ap(n) = 1 (mod n), wherea,n €N, (a,n) =1landn = 2.
ANSWER TO SELF ASSESSMENT EXERCISE 1

H={l (12}

Its left cosets are H, (1 2)H, (1 3 )H, (2 3 )H, (1 2 3)H, (1 3 2)H.

Now, (12)H=H,(123)H=(13)H,(132)H=(23)h.
Thus, the distinct left cosets of H in S3 are H, (1 3)H, (2 3)H.

Similarly, the distinct right cosets of H in S3 are
H, H(1 3), H(2 3).

Now, (1 3)H = {(1 3), (12 3)} and H(1 3), (1 3 2)}
S (13)H = H(13).

You can also see that (2 3)H # H(2 3).
ANSWER TO SELF ASSESSMENT EXERCISE 2

Since ab-1€ KV a, b € K, we can apply Theorem 1 of Unit 3 to say that
K = Q8.

Now, K = KI = K(-1), KA = K(-A) = {A, -A}’

KB - K(-B) = {B, -B}, KC = K(-C) = {C, -C}

ANSWER TO SELF ASSESSMENT EXERCISE 3

Let Hx be a coset of H in G. Consider the function f: H = Hx: f(h) =

hx.

Now, for h, h” by cancellation.

Therefore, fis 1 - 1.

F is clearly surjective. Thus, f is a bijection.

And hence, there is a one-to-one correspondence between the elements
of H and those of Hx.
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Similarly, the map f: H » Hx: f(h) = xh is a bijection.

Thus, the elements of H and xH are in one-to-one correspondence.
ANSWER TO SELF ASSESSMENT EXERCISE 4

The distinct cosets of 5ZinZare 57,52+ 1,5Z + 2,5Z + 3, 5Z + 4.
nZ=5Z[5Z+1[]5Z+2[]5Z+ 3[]5Z + 4.

ANSWER TO SELF ASSESSMENT EXERCISE 5

f is well defied because Hx = Hy = xy-1 € H = (xy-1)-1 € H
= (y-1)-1 x-1 € x-1H y-1H

by Renance
renance.app * Download Renance on Google Play

106



MTH 211 | FUPRE

Renanced

= f(Hx) = f(Hy)

fis 1 -1 because f(Hx) = f(Hy) = x-1H = y-1H

= yx-1€ H = xy-1 € Hx = Hy.

F is surjective because any left coset of H in G is yH = f(Hy-1).

Therefore, f is a bijection.

ANSWER TO SELF ASSESSMENT EXERCISE 6

i.(12)=1,(12)2=(12)°(12)=1"0((12))=2.
i. 11 =1 () =1.
iii. 2

iv.3#20,2,2=6=23,3=9=1,4,3=12=0,Jo(3) =4.

v. Since < 1 > Ris infinite, 1 is of infinite order.
ANSWER TO SELF ASSESSMENT EXERCISE 7

Z18 < 1 >. Thus, using Theorem 5, we see that

18

o(r)=o0o(r,1)=,foranyr e Z18

(18, r)

~0(2)=9,0(4)=9,0(5)=18.

ANSWER TO SELF ASSESSMENT EXERCISE 8

Since o(x) = o(< x >) and o(< x >) | o(G), o(x) | o(G).
Thus, using Theorem 4, xo(G) = e.

ANSWER TO SELF ASSESSMENT EXERCISE 9
0(Z8) =8 =2 x 4.

2€ Z8suchthato(2)=4.Then<2><Z8.
Similarly, 4 € Z8 suchthato(4)=2...<4 > < Z8.
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ANSWER TO SELF ASSESSMENT EXERCISE 10

We know thatin Z23,(3)¢(23)=1,

thatis, 322 =1...344=1

347 = 3-3,344 =3 -3, =27

Thus, 347 = 27 (mod 23).

Therefore, on dividing 347 by 23, the remainder we get is 27.
ANSWER TO SELF ASSESSMENT EXERCISE 11

We get the result immediately by using Theorem 8 and the fact that ¢ (p)
=p-1.

6.0 TUTOR-MARKED ASSIGNMENT

1. State and prove the Lagrange Theorem.

2. Show that every subgroup of a commutative group is normal. Is
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the converse true? Justify your answer.

7.0 REFERENCES/FURTHER READING

Blacksell: Topics in Algebra.
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MODULE 2

Unit 1 The Basics
Unit 2 Polynomial Rings
Unit 3 Special Integral Domains

Unit 4 Irreducibility and Field Extensions
UNIT 1 THE BASICS
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content

3.1 Integral Domains

3.2 Fields

3.3 Prime and Maximal Ideals
3.4 Field of Quotients

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Readings
1.0 INTRODUCTION

We are considering in this unit a special ring, whose specialties lay in
the property of their multiplication. We shall examine a type of ring
called Integral Domain. In MTH 312 we shall examine Rings into

details and also examine their mathematical structures.

Next, we will look at rings like Q, R, C, and Zp (where p is a prime
number). In these rings the non-zero elements form an abelian group
under multiplication. Such rings are called fields. These structures are

very useful, one reason being that we can “divide” in them.

Related to integral domains and fields are certain special ideals called
prime ideals and maximal ideals. In this unit we will also discuss them

and their corresponding quotient rings.

Finally, we shall see how to construct the smallest field that contains a
given integral domain. This is essentially the way that Q is constructed
from Z. we call such a field the field of quotients of the corresponding

integral domain.
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In this unit, we have tried to introduce you to a lot of new concepts. You
may need some time to grasp them. Don’t worry; take as much time as
you need. But by the time you finish it, make sure that you have attained
the following objectives. Only then will you be comfortable in the

remaining units of this course.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

* check whether an algebraic system is an integral domain or not
* obtain the characteristic of any ring

» check whether an algebraic system is a field or not

» define and identify prime ideals and maximal ideals

* prove and use simple properties of integral domains and fields

» construct or identify the field of quotients of an integral domain.
3.0 MAIN CONTENT
3.1 Integral Domains

You know that the product of two non-zero integers is a non-zero

integer, i.e., if m, n € Z such that m = 0, n/ 0, then mn # 0. Now

consider the ring Z6. We findthat2 # 0and3/0,yet2.0= 0. So,

we find that the product of the non-zero elements 2 and 3 in Z6 is zero.

As you will soon realize, this shows that 2 (and 3 ) is a zero divisor, i.e.,

0 is divisible by 2 (and 3).

So, let us see what a zero divisor s.

Definition

A non-zero element in a ring R is called a zero divisor in R if there
exists a non-zero element b in R such thatab =0

(Note that b will be a zero divisor~ too!)

Now do you agree that 2 is a zero divisor in Z6? What about 3 in Z4?

Since 3 x / 0 for every non-zero x in Z4, 3 is not a zero divisor in Z4.
Our short discussion may help you to do the following exercise.

112
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El)LetneNand m|n,1<m < n.Then show that mis a zero

divisor in Zn.

Now let us look at an example of a zero divisor m C[0,1]. Consider the
function f € C[0,1] given by f(x) =

o1
X—,0=x=<1/2
f(x)=02

00o0,1/2=x=1
Let us define g: [0,1] '-) R by
0,0=x=<1/2

g(x)=0
Ox—-1/21/2=x=<1

Then g € C[0.1], g/ 0 and (fg) (x) = 0V x € [0,I], Thus, fg is the zero

function. Hence, f is a zero divisor in C[0,1].

For another example, consider the Cartesian product of two non-trivial
rings A and B. For every a # 0 in A. (a.0) is a zero divisor in A x B, This
is because, for any b/ 0in B, (a.0) (0.b) = (0.0)

Now let us look al the ring p(X), where X is a set with at least two
elements. Each non empty proper subset A of X is a zero divisor

because AL Ac = An Ac= ¢, the zero element of p(X).
Try these exercises now.

E 2) List all the zero divisors m Z.

E 3) For Which rings with unity will | be a zero divisor?

E 4) Let R be aring and a € R be a zero divisor. Then show that every

element of the principal deal Ra is a zero divisor.

Let us now talk of a type of ring that is without zero divisors.
Definition

We call a non-zero ring R an integral domain if

i) R is with identity and

ii) R has no Zero divisors.
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Thus, an integral domain is a non-zero ring with identity in which the
product of two non-zero elements.

This kind of ring gets its name from the set of integer, one of its best

known examples. Other examples of domains that immediately come to
mind are Q.R and C. What about C[01,]? You have already seen that it
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has zero divisors. Thus C[0.1] is not a domain

The next result gives us an important class of examples of integral

domains

Theorem 1

Zp is an integral domain iff p is a prime number,
Proof

Firstly, let us assume that p is a prime number. Then you know that Zp is

a non-zero ring with identity. Let us see if it has zero divisors/ for this,
suppose a, b€ Z p satisfya, b=0thenab =0, i.e., p| ab. Since p is a prime
number, using E 25 of Unit 1 we seethatp|aorp|b. Thus, a =

a = 0orb = 0. What we have shown is thatifa = 0and b # 0, then ab = 0.

Thus, Zp is the trivial ring, which is not a domain.

Conversely, we will show that if p is not a prime, then Zp is not a
domain. So, suppose p is not a prime. If p = 1, then Zp is the trivial ring,

which is not a domain.

If p is a composite number and m | p, then by E 1 you know that m& Zp

is a zero divisor. Thus, Zp has zero divisors. Hence, it is not a domain.
Try this exercise now

E 5) Which of the following rings are not domains? Why?
Z4,725,2Z,Z +iZ, RxR, {0}

Now consider a ring R. we know that the cancellation law for addition
holds in R, i.e whether a+b = a+cin R, then b = c. But, does ab = ac
imply b = c? it need not. For example, 0.1 =0.2inZbutl = 2.So, ifa =
0, ab = ac need not imply b = c. But, ifa # 0 and ab = ac, is it true that b

= ¢c? We will prove that this is true for integral domains.
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Theorem 2

A ring R has no zero divisors if and only if the cancellation law for
multiplication holds in R (i.e., if a,b,c € R such thata # 0, and ab = ac,
then b = ¢)

Proof

Let us first assume that R contains no zero divisors. Assume that

a,b,c € R such that a # 0. Suppose ab = 0 forsome b € R. Thenab =0 =

a0. Using the cancellation law for multiplication, we get b = 0. So, a is

not a zero divisor, i.e., R has no zero divisors.

Using this theorem we can immediately say that the cancellation aw

holds for multiplication in an integral domain.
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Now, you can use this property of domains to solve the following

exercises.

E 6) In a domain, show that the only solutions of the equation x2 = x

arex =0and x = 1.

E 7) Prove that 0 is the only nilpotent element (see Example 9 of Unit

10) in a domain.

Now let us introduce a number associated with an integral domain, in
fact, with any ring. For this let us look at Z4 first. We known that 4x =
0V x € Z4. In fact, 8x = 0 and 12 x = 0 also for any x € Z4.

But 4 is the least element of the set {n € N | nx = 0V x € Z4}. This shows

that 4 is the characteristics pf Z4 as you will see now.
Definition
Let R be a ring. The least positive integer n such that nx = 0V x € R is

called the characteristic of R. If there is no positive integer n such that

nx= 0V x € R, then we say that the characteristic of R is zero.
We denote the characteristic of the ring R by char R.
You can see that char Zn = n and char Z = 0.

The following exercises will give you some practice in obtaining the

characteristic of a ring.
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E 8) Show that char p(X) =2, where X is a non empty set.
E 9) Let R be a ring and char R = m. What is char (R x R)

Now let us look at a nice result for integral domains. It helps in
considerably reducing our labour when we want to obtain the

characteristic of a domain.
Theorem 3

Let m be a positive integer and R be an integral domain. Then the

following conditions are equivalent.

a)m1l=0.
b) ma = 0 for all a € R.

c) ma =0 forsome a # in R.
Proof

We will prove (a) = (b) = (c) = (a).
(@) = (b): We know that m | = 0.

Thus, forany a € R, ma = (la) ={ml) (a) = 0a = 0, i.e., (b) holds.

(b) = (c): If ma = 0 a0V a €R, then it is certainly true for some a #
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OinR.
(c)=>(a) : Let mil =0 forsomea =0inR. Then0 =ma=m(la) =
(m.) a. As a # 0 and R is without zero divisors, we get m1 = 0.

What Theorem 3'tells us is that to find the characteristic of a domain
we only need to look at the set {n,1 | n € N}.

Let us look at some examples.

i) char Q=0, since n.1 # 0 for any n € N.

ii) Similarly, char R = 0 and char C = 0.

iii) You have already seen that char Zn = n. Thus, for any positive
integer n, there exists a ring with characteristic n.

Now let us look at a peculiarly of the characteristic of a domain.
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Theorem 4

The characteristic of an integral domain is either zero or a prime
number.

Proof

Let R be a domain. We will prove that if the characteristic of R is not
zero, then it is a prime number. So suppose char R = m, where m # 0. So
m lii the least positive integer such that m.1 = 0. We will show that m is

a prime number by supposing that it is not, and then proving that our

supposition is wrong.

So suppose m = st, wheres,t€EN,1<s<mandl <t<m.Thenm.l =
0= (st). | =0=(s.l) (t.1) = 0. As R is without zero divisors, we get s.|

=0 ort.1l = 0. But, s and t are less than m. So, we reach a contradiction
to the fact that m = char R. Therefore, our assumption that m = st, where
1l <s<m,1l<t<miswrong. Thus, the only factors of m are 1 and

itself. That is, m is a prime number.

You can now use your knowledge of characteristics to solve the

following exercise
E 10) Let R be an integral domain of characteristic p. PrOve that

a) (a+b)p= ap+ bp and
(a-b)p = ap-bp foralla, b € R."

b) the subset { ap | a € R} is it subring of R.
c)themap®:R - R: ®(a) =ap is aring homomorphism.
d) if R is a finite integral domain, then ® is an isomorphism.

E 11) Let R be a ring with unity 1 and char R = m. Definef: Z - R: f

(n) = n.1. Show that f is a homomorphism. What is Kerf?
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E 12) Find the characteristic of Z3 x Z4. Use this ring as an example to

show why Theorems 3 and 4 are only true for integral domains.

We will now see what algebraic structure we get after we impose certain
restrictions on the multiplication of a domain. If you have gone through
our course Linear Algebra, you will already be familiar with the

algebraic system that we are going to discuss, namely, a field.
117
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3.2 Field

Let (R, +,.) be a ring. We know that (R, +) is an abelian group. We also
know that the operation is commutative and associative. But (R,.) is not
an abelian group. Actually, even if R has identity, (R.,) will never be a
group since there is no element a € R such that a.0 = 1. But can (R\{0}.,)
be a group? It can, in some cases. For example, from Unit 2 you know
that Q* and R* are groups with respect to multiplication. This allows us

to say that Q and R are fields a term we will now define.
Definition
Aring (r, +.,) is called a field if (R\{0}.,) is an abelian group.

Thus, for a system (R, +.,) to be a field it must satisfy the ring axioms

R1 to R6 as well as the following axioms.

i) is commutative,
ii) R has identity (which we denote by 1) and 1 # 0, and
iii) every non-zero element x in R has a multiplicative inverse, which

we denote by x-1.

Just as a matter of information we would like to tell you that a ring that
satisfies only (ii) and (iii) above, is called a division ring or a shew
field or a non-commutative field. Such rings are very important in the

study of algebra, but we will not be discussing them in this course.

Let us go back to fields now. The notion of a field evolved during the

19th century through the research of the German mathematicians Richard
Dedekind and Leopold Kronecker in algebraic number theory. Dedekind
used the German word Korper, which assdfsdf field, for this concept.

This is why you will often find that a field is denoted by K.

As you may have realized, two of the best known examples of fields are
R and C. These were the fields that Dedekind considered. Yet another

example of a field is the following ring.
Example 1

Show that Q + 2Q = {a + 2b | a, b €Q} is a field.
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Solution

From Unit 9 you know that F = Q + 2Q is a commutative ring with
identity 1 + 2.0.

12-2ba-2b

(@a+2b)===

a+2b(a+2b)(@a—2b)a2-2b2

a (—b)
=+2€F
2-2b2
2
2-2b2
2

(Note that a2-2b2 # 0, since 2 is not rational and eithera # 0 orb # 0.)

Thus, every non-zero element has a multiplicative inverse. Therefore,
Q+ 2Q is a field.

Can you think of an example of a ring that is not a field? Does every
non-zero integer have a multiplicative inverse in Z? No. Thus, Z is not a
field.

By now you have seen several examples of fields. Have you observed
that all of them happen to be integral domains also? This is not a

coincidence. In fact, we have the following result.
Theorem 5

Every field is an integral domain.

Proof

Let F be a field. Then F # {0} and 1 € F. we need to see if F has zero
divisors. So let a and b be elements of F such thatab=0anda=0andF

is a field, a-1 exists. Hence, b =1.b = (a-1a) b = a-1 (ab) = a-1 0 = 0. Hence,
ifa = 0andab =0, wegetb=0.i.e., Fhas no zero divisors. Thus, F is a

domain.

Now you try these exercises!

E 13) Which of the following rings are not fields?

27,75,2726,QxQ

E 14) Will a subring of a field be a field? Why?

Theorem 5 may immediately prompt you to ask if every domain is a

field. You have already seen that Z is a domain but not a field. But if we

restrict ourselves to finite domains, we find that they are fields.
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Theorem 6

Every finite integral domain is a field.

Proof

LetR={a0=0,11=1, a2...... ,2n} be a finite domain. Then R is
commutative also. To show that R is a field we must show that every

non-zero element of R has a multiplicative inverse.

So, let a = ai be a non-zero element of R (i.e., i # 0). Consider the

elements aal,..., aan. Forevery j # 0, aj # 0; and since a # 0, we get

aaj = 0.
Hence, the set {aal, aa2.....,aan} < {al,.....,an}.
Also, aal, aa2,..., aan are all distinct elements of the set {al,.....,an},

since aaj = aak = aj = ak, using the cancellation law for multiplication.
Thus, {aal,....,aan} = {al,....,an}.

In particular, al = aaj, i.e., 1 = aaj for some j. thus, a is invertible in R.
hence every non-zero element of R has a multiplicative inverse. Thus, R

is a field.

Using this result we can now prove a theorem which generates several

examples of finite fields.

Theorem 7

Zn is a field if and only if n is a prime number.
Proof

From Theorem 1 you know that Zn is a domain if and only if nus a
prime number. You also know that Zn has only n elements. Now we can

apply Theorem 6 to obtain the result.

Theorem 7 unleashes a load of examples of fields: Z2, Z3, Z5, Z7, and so
on. Looking at these examples, and other examples of fields, can you
say anything about the characteristic of a field? In fact. Using Theorems

4 and 5 we can say that.
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Theorem 8

The characteristic of a field is either zero or a prime number.

So far the examples of finite fields that you have seen have consisted of
p elements, for some prime p. In the following exercise we give you an

example of a finite field for which this is not so.
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E 15) Let R = {0,1,a,1+a}. Define + and in R as given in the following
Cayley tables

+0lal+a.01lal+a
00lal+a00000
l1101+aaand1l01lal+a
aal+a0lalal+al
l+tal+aalOl+a0O1l+ala

Show that R is a field. Find the characteristic of this field.
Let us now look at an interesting condition for a ring to be a field
Theorem 9

Let R be a ring with identity. Then R is a field if and only if Rand {0}

are the only ideals of R.
Proof

Let us first assume that R is a field. Let | be an ideal of R. If | # {0},
there exists a non-zero element x € I. As x # 0 and R is a field, xy = 1

forsomey € R. Sincex € land lis anideal, xy € l.i.e., 1 € I.

Thus, by Theorem 4 of Unit 10, | = R. So, the only ideals of R are {0}
and R.

Conversely, assume that Rand {0} are the only ideals of R. Now, let a #
0 be an element of R. Then you know that the set Ra = {ra|r € R} is a
non-zero ideal of R. Therefore, Ra = R. Now, 1 € R = Ra. Therefore, 1

= ba for some b € R, i.e., a-1 exists. Thus, every non-zero element of R
has a multiplicative inverse. Therefore, R is a field.

This result is very useful. You will be applying it again and again in the

rest of the units of this block.
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Using Theorem 9, we can obtain some interesting facts about field
homeomorphisms (i.e., ring homeomorphisms from one field to

another). We give them to you in the form of an exercise.

16) Letf: F -» K be a field homomorphism. Show that either f is the
zero map or fis 1-1.

E 17) Let R be a ring isomorphic to a field F. Show that R must be a
field.

E 17 again goes to show that isomorphic algebraic structures must be

algebraically identical.

Now that we have discussed domains and fields, let us look at certain

ideals of a ring, with respect to which the. quotient rings are domains or

by Renance 117
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

fields.
3.3 Prime and Maximal ldeals

In Z we know that if P is a prime number and p divides the product of
the integers a and b, then either p divides a or p divides b. In other
words, if ab € pZ, then either € pZ or b € pZ. Because of this property

we say that pZ is a prime ideal, a term we will define now.

Definition

A proper ideal P of a ring R is called a prime ideal of R if whenever ab
€ Pfora, b €R, then eithera€Porb €P.

You can see that {0} is a prime ideal of Z because ab € {0} = a € {0}
orb € {0}, where a,b € Z.

Another example of a prime ideal is
Example 2

Let R be an integral domain. Show that | = {(0,x) | x € R) is a prime

ideal of R x R.

Solution

Firstly, you know that | is an ideal of R x R. Next, it is a proper ideal

since | # R x R. Now, let us check if | is a prime ideal or not. For this let
(al,b2), (a2,b2) € R x R such that (al,b2), (a2,b2) € | Then (ala2bl,b2) =
(0,x) for some x (al,b2), (a2,b2) € R~ ala2 =0, i.e.,at =00ra2 =0,
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since R is a domain. Therefore (al,bl) € | or (al,b2) € I. Thus, |l is a

prime ideal.

Try the following exercises now. They will help you get used to prime
ideals.

E 18) Show that the set I= {f € C[0,I] | f(O) = 0} is a prime ideal of
C[o,11.

E 19) Show that a ring R with identity is an integral domain if and only
if the zero ideal {0} is a prime Ideal of R.

Now we will prove the relationship between integral domains and prime
ideals.

Theorem 10

An ideal P of a ring R with identity is a prime ideal of R if and only if
the quotient ring R/P is an integral domain.

Proof

Let us first assume that P is a prime ideal of R. Since R has identity, so
has R/P. Now, let a+P and b+P be in R/P such that (a+P) (b+P) = P, the
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zero element of R/P. Then ab+P =P, i.e., ab € P. As P is a prime ideal of
R eithera € Por b € P. So either a+P =P or b+P = P.

Thus, R/P has no zero divisors.
Hence, R/P is an integral domain.

Conversely, assume that R/P is an integral domain. Let a,b € R such that
ab € P. Thenab + P=PinR/P, i.e., (a+P) (b+P) = P in R/P. As R/P is an
integral domain, either a+P = P or b+P = P, i.e., eithera € Por b € P. This

shows that P is a prime ideal of R.

Using Theorem 10 and Theorem 1 we can say that an ideal mZ of Z is
prime in m is a prime number. Can we generalize this relationship
between prime numbers and prime ideals in Z to any integral domain?
To answer this let us first try and suitably generalize the concepts of

divisibility and prime elements.
Definition
In a ring R, we say that an element a divides an element b (and denote it

by a | b) if b = ra for some r € R. In this case we also say thatais a

factor of b, of a is a divisor of b.
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Thus, 3 divides 6 in Z7, since 3.2 = 6.

Now let us see what a prime element is.

Definition

A non-zero element p of an integral domain R is called a prime element
if

i) p does not have a multiplicative inverse, and

ii) whenevera,b € Rand p | ab,thenp|aorp|b.

Can you say what the prime elements of Z are? They are precisely the

prime numbers and their negatives.

Now that we know what a prime element is, let us see if we can relate

prime ideals and prime elements in an integral domain.
Theorem 11

Let R be an integral domain. A non-zero element p € R is a prime

element if and only if Rp is a prime ideal of R.
Proof

Let us first assume that p is a prime element in R. Since p does not have
a multiplicative inverse, 1 € Rp. Thus, Rp is a proper ideal of R. Now
let a, b € R such that ab € Rp. Then ab = rp for some r € R.
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=p|ab
=p|aorp]|b,sincepisaprime element
=a = xporb=xpforsomex &€R
=>a€&€Rporb&Rp

Thus ab € Rp = eithera € Rp or b € Rp, i.e., Rp is a prime ideal of R.

Conversely, assume that Rp is a prime ideal. Then Rp # R. Thus, 1 &
Rp, and hence, p does not have a multiplicative inverse. Now suppose p

divides ab, where a, b € R. Then ab = rp for somer €R, i.e., ab € Rp.

As Rp is a prime ideal, either a € Rp or b € Rp. Hence, eitherp |a orp |

b. Thys, p is a prime element in R.

Theorem 11 is very useful for checking whether an element is a prime

element or not, or for findings out when a principal ideal is a prime
124
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ideal. For example, now we can use E 19 to say that 0 is a prime element

of R iff R is a domain.

Prime ideals have several useful properties. In the following exercises

we ask you to prove some of them
E 20) Let f: R ~ S be a ring epimorphism with kernel N. Show that

a) if ] is a prime ideal in S, then f (J) is a prime ideal in R.

b) if 1 is a prime ideal in R containing N, then f(l) is a prime ideal in
S.

c) the map 0 between the set of prime ideals of R that contain N and

the set of all prime ideals of S given by ¢ (I) = f(l) is a bijection.

E 21) If Il and 12 are ideals of a ring such that neither Il ,nor 12

contains the other, then show that the ideal J I1 12 is, not prime.

Now consider the ideal 2Z in Z. Suppose the ideal nZ in Z is such that
2ZcnZcZ. Thenn|2.n=xlorn=*x2...nZ=ZornZ = 2Z.

This shows that no ideal can lie between 2Z and Z. That is, 2Z is
maximal among the proper ideals of Z that contain it. So we say that it is

a "maximal ideal", Let us define this expression.
Definition
A proper ideal M of a ring R is called a maximal ideal if whenever | is

an ideal of R such that M € | € R, then either| = Mor 1 = R.

Thus, a proper ideal M is a maximal ideal if there is no proper ideal of R
which contains it. An example that comes to mind immediately is the
zero ideal in any field F. This is maximal because you know that the

only other ideal of F is F. itself.
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To generate more examples of maximal ideals, we can use the following

characterization of such ideal.
Theorem 12

Let R be a ring with identity. An ideal M in R is maximal if and only if
R/M is a field

Proof

Let us first assume that M is a maximal ideal of R. We want to prove

that R/M is a field. For this it is e'lough to prove that R/M has no non-
125
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zero proper ideals (see theorem 9). So, let 1 be an ideal of R/M.
Consider the canonical homomorphismn: R - R/M: n (r) =r + M.
Then, from Theorem 3 of Unit 11, you know that n -1 (I) is an ideal of R
containing M, the kernel of n . Since M is a maximal ideal of R, n -1 (I) =
Morn-1(l) = R. Therefore, | = n (n-1(l)) is either n (M) or n (R), That
is,|={0}orl=R/M, where 0 = 0+M = M. Thus, RIM is a field.

Conversely, let M be an ideal of R such that R/M is a field. Then the
only ideals of R/M are { 0 } and R/M. Let | be an ideal of R containing
M. Then, as above, n () = { 0 } or, n (I) = R/M.

S~ 1=n-1(n(l))is M or R. Therefore, M is a maximal ideal of R.

Now look at the following consequence of Theorem 12 (and a few other

theorems too).

Corollary

Every, maximal ideal of a ring with identity is a prime ideal.
We ask you to prove it in the following exercise.

E72) Prove the corollary given above.

Now, the corollary is a one-way statement. What about the converse?
That is, is every prime ideal maximal? What about the zero ideal in Z?
Since Z is a domain but not a field and Z = Z/{0}, Z/{0} is a domain but
not a field. Thus, {0} is a prime ideal but not a maximal ideal of Z.

Now let us use Theorem 12 to get some examples of maximal ideals.
Example 3

Show that an Idea mZ of Z is maximal iff m is a prime number.

Solution

From Theorem 7 you know that Zm is a field iff m is a prime number.
You

Also know that Z/mZ Zm. Thus, by E 17,Z/mZ is a field iff m is

prime. Hence, by Theorem 12,mZ is maximal in Z iff m is a prime
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number.
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Example 4

Show that 2Z 12 is a maximal ideal of Z12 ~ Z/27. Thus by E 23 of Unit 11,
we see that Z12/ 27 12 ~ (Z/122)/(2Z/12Z) ~ Z/2Z ~ Z2, which is a field.
Therefore, 2212 = (0, 2, 4, 6, 8,10 ) is maximal in Z12

Now, {0,4,8} =4212c2Z12c Z12.

0o

Try the following exercises now

E 23) Show that { 0, 2, 4, 6, 8 } is maximal in Z10.

E 24) Use Example 4 of Unit 11 to prove that the ideal
1

{f €C[0,1]1| f () = 0} is maximal in C[0,1].

2

So, let us see what we have done in this section. We first introduced you
to a special ideal of a ring, called a prime ideal. Its speciality lies in the

fact that the quotient ring corresponding to it is an integral domain.

Then we discussed a special kind of prime ideal, i.e., a maximal ideal.
Why do we consider such an ideal doubly special? Because, the quotient
ring corresponding to it is a field, and a field is a very handy algebraic

structure to deal with.

Now, if we restrict our attention to domains, can you think of any other
method of obtaining a field from a domain? In the next section we look

at such a method.
3.4 Field of Quotients

a
Consider Z and Q. You know that every element of Q is of the form ,
b

a

where a € Z and b € Z*. Actually, we can also denote by the ordered
b

ac

pair (a,b) € Z x Z*. Now, in Q we know that = iff ad = bc. Let use

bd

put a similar relation on the elements of Z x Z*.

Now, we also know that the operations on Q are given by
acad+bcacacac
+=and =V €Q.
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bdbdbdbdbd
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Keeping these in mind we can define operations on Z x Z*. Then we can
suitably define an equivalence relation on Z x Z* to get a field

isomorphic to Q.

We can generalise this procedure to obtain a field from any integral
domain. So, take an integral domain R. Let K be the following set of

ordered pairs:

K= {(a,b) |a,b €Rand b = 0}

We define a relation ~ in K by

(a,b) ~ (c.d) if ad = bc.

We claim that ~ is an equivalence relation. Let us see if this is so.

i) (a,b) ~ (a,b) V (a,b) € K, since R is commutative. Thus, ~ is
reflexive.

ii) Let (a,b), (c.d) € K such that (a,b) ~ (c.d). Then ad = bc, i.e., cb =
da. Therefore, (c,d) ~ (a,b). Thus, ~ is symmetric.

iii) Finally, let (a,b), (c,d), (u,v) € K such that (a.b) ~ (c,d) and (c,d)
~ (u,v). Then ad = bc and cv = du. Therefore, (ad) v = (bc)v =
bdu, i.e., avd = bud. Thus, by the cancellation law for
multiplication (which is valid for a domain), we get av = bu, i.e.,

(a,b) ~ (u,v). Thus, ~ is transitive.
Hence, ~ is an equivalence relation.

Let us denote tlleequivalence class that contains (a,b) by [a,b]. Thus,
[a,b] = {(c,d) | c,d €R,d # 0 and ad = bc}

Let F be the set of all equivalence classes of K with respect to

Let us define + and in F as follows. (Itrilighthelpyou to keep in mind

the rules for adding and multiplying rational numbers.)
[a,b] + [c,d] = [ad+Dbc,bd] and

[a,b] [c,d] = [ac,bd].

Do you think + and are binary operations on F?

Note that b # 0 and d # 0 in the integral domain R imply bd # 0. So,

the right-hand sides of the equations given above are well defined
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equivalence classes. Thus, the sum and product of two elements in F is

again an element in F.
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We must make sure that these operations are well defined.

So, let[a,bl=[a’,b'land [c’,d"] = [c’,d"]. We have to show that [a,b] +
[c,dl=[a’",b’]+ [c’,d], i.e: [ad+bc,bd] =[a’d"+b’c’,b"d"].

Now, (ad+bc)b'd'-(a’d” + b’c”) bd

=ab’dd” + cd’bb’- a’bdd’- c’dbb”

= (ab’-a’b)dd” + (cd’-c’d) bb'

= (0)dd” + (0)bb” since (a,b) ~ (a’,b") and (c,d) ~ (c”".,d").

= 0.

Hence, [ad + bc,bd] =[a"d” + b’c’,b’d’], i.e., + is well defined.
Now, let, us show that (a,b] .[c,d] =[a’,b"].[c",d"],

i.e., [ac,bd] =[a’c’,b’d"].

Consider (ac) (a’c’,b’d")

=ab’cd’ -ba’dc” =ba’cd” -ba’cd’, sinceab” =ba”and cd” =dc”’
=0

Therefore, [ac,bd} =[a’c’,b’d’]. Hence, .is well defined.

We will now prove that F is a field.

i) + is associative : For [a,b], [c,d], [u,v] € F,
([a,b] + [c,d]) + [u,v] = [ad+Dbc,bd] + [u,V]
= [(ad+bc)v + ubd, bdv]

= [adv + b(cv+ud), bdv]

= [a,b] + [cv+ud,dv]

= [a,b] + ([c,d] + [u,v})'

ii) +is commutalive: For [a,b], [c,d] € F,
[a,b] + [c,d] = [ad + bc,bd] = [cd + da,db] = [c,d] + [a,b]

iii) [0,1] is the additive identity for F: For [a,b] € F,

[0,1] + [a.b] = [0.b+l.a, I.b] = [a,b]

iv) The additive inverse of [a,b] € F is [-a,b]:

[a.b] + [-a,b] = [ab-ab,b2] = [0,b2] = [0,1], since 0.1 = 0.b2,
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We would like you to prove the rest of the requirements for F to be a

field (see the following exercise).

E 25) Show that, in F is associative, commutative, distributive over +,

and [1, 1] is the multiplicative identity for F.
So we have put our heads together and proved that F is a field.

Now, let us definef: R - F: f(a) = la. I]. We want to show that fis a

homomorphism.
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Firstly, fora, b € R,

f(a+b) = [a+Db,l] =[a,1] + [b,1]., ..

= f(a) + f(b), and

f(ab) = [ab,l] = [a,1]. [b,1] = f(a) .f(b).
Thus, fis a ring homomorphism.

Next, let a,b € R such that f(a) = f(b). Then [a, 1] = [b,l], i.e., a = b.
Therefore, fis 1 - 1.

Thus, fis a homomorphism.
So, Im f = f(R) is a subring of F which is isomorphic to R.
As you know, isomorphic structures are algebraically identical.

So, we can identify R with f(R), and think of R as a subring of F. Now,

any element of F is of the form

[a,bl =[a, 1]1[1,b] = [a,1] [b,1]-1 = f(a) f(b)-1, where b # 0. Thus,
identifying x € R with f(x) € f(R), we can say that any element of. F is
of the form ab-I, where a,b € R. b = 0.

All that we have discussed in this section adds up to the proof of the

following theorem.
Theorem 13

Let R be an integral domain. Then R can be embedded in a field F such

that every element of F has the form ab-1 fora, b € R, b = 0.
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The field F whose existence we have just proved is called the field of

quotients (or the field of fractions) of R.

Thus, Q is the field of quotients of Z. What is the field of quotients of

R? The following theorem answers this question.
Theorem 14

If f : R » Kis a homomorphism of an integral domain R into a field K,

then there exists a homomorphism
g:F—-K:g([a1l]) =f(a), where F is the field of quotients of R.

We will not prove this result here, since it is a little technical. But let u~
look at this theorem closely. It says that the field of quotients of an
integral domain is the smallest field containing it. Thus, the field of
quotients of any field is the field itself. So, the field of quotients of R is

R and of Zp is Zp, where p is a prime number.
Try these exercises now.

E 26) Is R the field of quotients of Z + 2 Z? Or, is it C? Or, is it
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Q+ 2 Q? Why'?

E 27) At what stage of the construction of the field F in Theorem 13
was it crucial to assume that R is a domain?

Let us now wind up this unit with a summary of what we have done in
it.

5.0 SUMMARY

In this unit we have covered the following points.

* The definition and examples of an integral domain.

* The definition and examples of a field.

* Every field is a domain.

* A finite domain is a field.

* The characteristic of any domain or field is either zero or a prime
number.

* The definition and examples of prime and maximal ideals.

* The proof and use of the fact that a proper ideal | of a ring R with
identity is prime (or maximal) iff R/l is an integral domain (or a
field),

» Every maximal ideal is a prime ideal.
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* All element p. of an integral domain R is prime iff the principal
ideal pR is a prime ideal or R.

* Zn is a field iff n is a prime number.

* The construction of the field of quotients of an Integral domain.
ANSWER TO SELFASSESSMENT EXERCISE

E1l) Let n = mr, wherer € N.

Thenmr=n=0inZn

Sincel<m<n, m=0.Similarly, r=0

Thus m € Zn IS a zero divisor.

E 2) Z has no zero divisors.

E 3) Fornonesincel x =x = 0V x # 0 in thering.

E 4) Letb # 0 bein Rsuch ab = 0. Then, foranyr€R, (ra)b =0

Thus, every element of Ra is a zero divisor
E 5) Z4, since 2 is a zero divisor.

27, since 1 & 27.

R x R, since (1,0) is a zero divisor.
{0}, since a domain must be non-zero.

E6) x2=x=2x(xl)=0=2x=0o0rx-I=0
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=>x=0o0rx=1.

E 7) Let R be a domain and x € R be nilpotent. ,
then xn =.0 .for some n € N. Since R has no zero divisors, this

implies that x = 0.

E 8) We want to show that 2A = @ V A c X, and that 2 is the least such
natural number. Firstly, for any A c X,
2A=AAA=(A\A)O(ANA) =0

Also, since X # @, 1.X # @ . Thus, char p (X) = 1.

~charp (X) =2
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E9) Let char (R x R) = n. We know that mr =0V r € R.

Now, let (r,s) be any element of R x R.

Then m(r,s) = (mr,ms) = (0,0), sincer,s € R.

Thus,n =m

On the other hand, if r € R, then (r,0) E R xR

. n(r,0) = (0,0).

i.e., (nr,0) = (0,0)

i.e., nr=0

This is true for any r € R.

Sm=n.

Thus, (1) and (2) show that m = n, i.e., char R = char (R X R)
E 10a) By the binomial expansion (E Il of Unit 9),

(a+b)p =ap + pClap-1b + ...... + pCp-1 abp-1 + bp
Sincep|pCnVn=1,..,p-1lpChx=0Vx€RandVn=1,...,P-
Thus, pCl ap-1b =0 =.. = pCl abp-1

“. (a+b)p = ap + bp.

You can similarly show that (a-b)p = ap -bp,

b) Let S = {ap | a € R}

Firstly, S = ¢ .

Secondly, let a — B (a-b)p € S. Then a = ap, B = bp for some a,b € R.
Thena — B = (a-b)p € Sand ap = (ab)p € S.

Thus, S is, a subring of R
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c) ¢ (a+b) = (a+b)p = ap + bp = ¢ (a) + ¢ (b),
¢ (ab) = (ab)P = aPbP = ¢ (a) ¢ (b).

Thus, @ is a ring homomorphism.

¢ is 1-1 because .

¢ (@) = ¢ (b). = ap = bp = (a-b)p = 0, from (a).
= a-b = 0, since R is without zero divisors.

=a=h.

d) We have to show that if R is finite then 0 is surjective,
Let R have n elements. Since ¢ is 1-1, 1m ¢ also has n elements.
Also Im ¢ < R. Thus, Im ¢ = R.

Hence, @ is surjective.
E 11) You Can easily show that f is a ring homomorphism.

Kerf={n&€Z|nl=0}

= mZ4, since char R = m.

E 1 2)char (Z3 x Z4) = 1.c.m. of char Z3 and char Z4 = 12.

Thus, the characteristic of Z3 x Z4 is neither 0 nor a prime.

Note that Z3 x Z4 is not a domain, since it has several zero divisors.
Now let us see why Theorem 3 is not valid for Z3 x Z4.

Take (1, 0)€ Z3 x Z4. Then 3 (1, 0) = (0, 0)€ Z3 x Z4

But 3 (1, 0) # (0, 0). Thus, Theorem 3(a) and Theorem 3(c) arc not

equivalent in this case

E 13) 2Z since 2 € 2Z is not invertible in 2Z.

Zn since it is not a domain

Q x Q, since it is not a domain.

E 14) No. For example, Z is a subring of Q,Q is a field, but Z is not.

E 15) From the tables you can see that R is commutative with identity

and every non-zero element has an inverse: Thus, R is a field.
Also 2x = 0V x € Rand 1.x # 0 for some x E R.
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Thus, charR = 2.

E 16) Ker | is an ideal of F. Thus, by Theorem 9.

Ker f = {0} orKerf=F.

If Ker f = {0}, then fis 1-1.

If Ker f = F, then f = 0.

E 17) Let ¢ F » R be an isomorphism. Then ¢ (1) is the identity of 1m

¢ = R, Also, since F is commutative, so is R. Now, let €ER. r #
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0. Since g isonto, 3a € F such that ¢ (a) =r. Sincer =0, 2
# 0. Since F is a field, 3 b € F such that lib = 1.

Thus, @ (ab) = ¢ (1), i.e., r ¢ (b) = ¢ (1)i.e., r has a multiplicative inverse.

Thus, R is a field

18) Firstly, 1 is an ideal of C[0,1]

(because f.g. € I = f-g, €1, and
TeC0I,fel=Tfel)

Secondly, since any non-zero constant function is in
C[0,1]\l. I is a proper ideal.

Finally, let fg € J. Then f(0) g(0) = 0 in R. Since R is a domain, we must
have f(0) = 0o0rg(0) =0,i.e., f€lorgel

Thus, | is a prime idela of C[0,1].

E 19) R is a ring with identity. Thus, we need to show that R is without

zero divisor iff {0} is aprime ideal in R.

Now, {0} is a prime ideal in R

iffabe {0} > a€ {0} orbe&e {0} fora,b&R
iffab=0=a=0o0rb=0

iff R is without zero divisors.

So, we have shown what we wanted to show
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E 20) a) From Theorem 3 of Unit 11, you know that f-1 (J) is an
ideal of R. Since fis syrjective and ] # S, f-1 (J) €R

Now, let a,b € R such that ab € f-1 ())

= f(ab) € J.

= f(a) f(b) € J.

= f(a) € ) or f(b) € J, since ] is a prime ideal.
=>ae€f()orbef().

-1-1

Thus, f-1 (J) is a prime ideal in R

b) Firstly, since f is onto, you know that f(l) is an ideal of S. Also,
since 1 & 1 and f-1(f(1)) = | (from Theorem 4 of Unit 11). F(1) &,
f(l). Thus, f(l) = S.

Finally, let x,y € S such that xy &€ f(l)
SinceS =Imf, 3a,b € R such that x = f(a) and y = f(b)
Then f(ab) = xy € f(l), i.e., ab € f-1(f(l)) = |
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La€lorbelie,xef(l)oryef(l)

Thus, f(l) is a prime ideal of S.

Aeisl-1:¢()=9()="F1)="=(])

= f1- (f(1)) = -1 (f(1)) | = ).

¢ is onto: Let ] be a prime ideal of S. Then f-1- (J) is a prime ideal of R
and ¢ (f-1())) = f(f-1())) =) (from Unit 11). Thus, ] €E Im ¢ .
E21l)Letx€l11\I2andy €12 \11. Then xy € 11 and xy € 12, since |11
and 12 are ideals.

SXYEILQIR2.Butx € I1J12andy €11 12

Thus, 11 ] 12 is not prime.

E 22) M is maximal in R

= R/M is a field, by Theorem 12
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= R/M is a domain, by Theorem 5

= M is prime in R, by Theorem 10

E23){0,2,46,8}=2210and Z10/2 Z10 ~ Z2, a field.

Thus, as in Example 4, { 0, 2, 4, 6, 8 } is maximal in Z10.

E 24) In Unit 11 we have shown that this ideal in the kernel of the onto
1

homomorphism ¢ :C[0,1] = R: ¢ (f) = f ().

2

- C[0,ll/Ker ¢ ~ R, a field.

Thus, Ker ¢ is maximal in C[0,1].

E 25) You can prove all these properties by using the corresponding
properties of R.

E 26) Any element of the field of quotients F is of the form
a+b 2

,Wherec+d2=0,a,b,cdeZ

c+d 2

atb2a+b2c+d2[Jac—2bd[J0bc—ad[]
Now, ,==[122[]

+2022(0

€Q+2Q

c+d2c—-2d

22

Jc—2d[JQ0c—2d[]
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Thus, F € Q + 2Q.

ac

Also, any elementof Q + 2Qis+ 2 ,ab,c,d€Z, b=0,d=0
bd

lcad+bc2ad+ bc?2
Now + 2 = = with ad, bc, bd € Z

2dbdbd+0 2
ac
Thus, + 2 €F.
bd

Hence, Q + 2Q c F
Thus, F = Q + 2Q

E 27) If R is 'hot a domain, the relation -need not be transitive, and

hence, F is not defined.
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UNIT 2 POLYNOMIAL RINGS
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4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading

1.0 INTRODUCTION

In the past you must have come across expressions of the form x+1,
x2+2x+1, and so on. These are examples of polynomials. You have also
dealt with polynomials in the course Linear Algebra. In this unit we will
discuss sets whose elements are polynomials of the type a0 + al x +....+
an xn, where a0,al...... ,an are elements of a ring R. You will see that this

set, denoted by R [x], is a ring also.

You may wonder why we are talking of polynomial rings in a block on,
domains and fields. The reason for this is that we want to focus on a

particular case, namely, R [x], where R is a domain. This will turnout to
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be a domain also, with 'a lot of useful properties. In particlllar, the ring
of polynomials over a field satisfies a division algorithm, which is
similar to the one satisfied by Z (see Sec. 1.6.2). We will prove this
property and use it to show how many roots any polynomial over a field

can have.

In the next two units we will continue to work with polynomials and
polynomial rings. So read this unit carefully and make sure that you

have achieved the following objectives.
2.0 OBJECTIVES
At the end of this unit, you should be able to:

* identify polynomials over a given ring

» prove and use the fact that R [x], the set of polynomials over a
ring R, is a ring

* relate certain properties of R[x] to those of R

* prove and use the division algorithm for F[x], where F is a field.
138
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3.0 MAIN CONTENT

3.1 Ring of Polynomials

As we have said above, you may already be familiar with expressions of
the type 1 + x, 2 + 3x + 4x x5-I, and so on. These are examples of
polynomials over the ring Z. Do these examples suggest to you what a
polynomial over any ring R is? Let's hope that your definition agrees

with the following one.

Definition

A polynomial over a ring R in the indeterminate x is an expression of
the form

a0x0 + alxl + a2x2 +... + anxn,

Where n is a non-negative integer and a0,al, ..., an € R.

While discussing polynomials we will observe the following

conventions. We will

i) write x0 asl, so that we will write a0 for aOx0!lox\),

ii) write x1 as x.

iii) write xm instead of I.xm (i.e., when am = 1).

iv) omit terms of the type 0.xm.

Thus, the polynomial 2 + 3x2 - [.x3 is 2x0 +0.x1 + 3x2 + (-1 )x3

Henceforth, whenever we use the word polynomial, we will mean a

polynomial in the indeterminate x. we will also be using the shorter
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n
notation ¥ ai x i for the polynomial a0 + al x +...4+ an xn.

i=0

Let us consider a few more basic definitions related to a polynomial.
Definition

Let a0 + al x + ...+ an xn be a polynomial over a ring R. Each of a0

al,...., anis a coefficient of this polynomial. If an # 0, we call an the

leading coefficient of this polynomial.
139
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Ifal =0 =a2 = ... = an, we get the constant polynomial, a0. Thus, every

element of R is a constant polynomial.
In particular, the constant polynomial 0 is the zero polynomial.
It has no leading coefficient.

Now, there is a natural way of associating a non-negative integer with

any non-zero polynomial.
Definition
Let a0 + al x +... + an xn be a polynomial over a ring R, where an # 0.

Then we call the integer n the degree of this polynomial, and we write.

n
deg(Yaixi)=n,ifan=0

i=0

We define the degree of the zero polynomial to be - » . Thus, deg 0 = -

Let us consider some examples.

i) 3x2 + 4x + 5 is a polynomial of degree 2, whose coefficients
belong to the ring of integers Z. Its leading coefficient is 3.

ii) X2 + 2x4 + 6x + 8 is a polynomial of degree 4, with coefficients in
Z and leading coefficient 2. (Note that this polynomial can be
rewritten as 8 + 6x + x2 + 2x4).

iii) Let Rbearingandr € R, r # 0. Then ris a polynomial of

degree 0, with leading coefficient r.
Before giving more examples we would like to set up some notation
Notation

We will denote the set of all polynomials over a ring R by R[x]. (Please
note the use of the square brackets [ ]. Do not use any other kind of

brackets because R [x] and R (x) denote different sets).

gnQ
0o
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Thus, R[x]=0Yaixi)ai€eRVi=0,1,..... ,..N,wheren=0,n€ Z[]
Oi=00

0o
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We will also often denote a polynomial a0 + al x +...4+ an +n by f(x), p
(x), a(x), etc.

Thus, an example of an element from Z4 [x]isf(x) =2x2+3x+ 1
Here deg f(x) = 2, and the leading coefficient of f(x) is 2.

To check your understanding of what we have said so far, you can try

these exercises now.

E 1) Identify the polynomials from the following expressions. Which

of these are elements of Z[x]?
a)x6+x5+x4+x2+x+1

21
b) 2
+ + X+ x2

X X
c)3x2+2x+5

111
d) 1+ x + x2 + x3
234

e) x1/2 + 2x3/2 + 3 x 5/2

f) -5.

It E 2) Determine the degree and the leading coefficient of the following
polynomials in R[x].

a) 2 x+7

b) 1- 7x3 + 3x

c)1 + x3+ x4+ 0.x5

111

d) x + x2 + x3

357

e) 0.

Now, for any ring R, we would like to see if we can define operations on
the set R [x] so that it becomes a ring. For this purpose we define the

operations of addition and multiplication of polynomials.
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Definition

Let f(x) = 20 + alx + .. + an xnand g (x) = b0 + bl x + .. + bm xm be two
polynomials in R[x]. let us assume that m > n. Then their sum f(x) +

g(x) is given by f(x) + g(x) = (a0 + b0) + (al + bl) x + .. + (an + bn) xn +
bn+1xn+1 + .. + bmxm.

m
=>(al + bi)xi,whereai=0fori>n.

i=0

For example, consider the two polynomials p(x),q(x) in Z[x] given by
p(x) =1+2x + 3x2, q(x) =4 + 5x + 7x3

Then

p(x) + q(x) = (1+4) + (2+5)x + (3+0) x2 + 7x3 =5 + 7x + 3X2 + 7X3.
Note that p (x) + g (x) € Z [x] and that

deg (p(x)+q(x)) = 3 = max(deg p(x), deg qg(x)).

From the definition given above, it seems that deg (f(x)+g(x)) = max
(deg f (x), deg g (x)). But this is not always the case. For example,

consider p(x) =1+ x2and q (x) = 2 + 3x -x2 in Z [x].

Then p(x) + q(x) = (1+2) + (0+3)x + (1-1)x2 = 3 + 3x.

Here deg (p(x) + g (x)) = 1 < max (deg p(x), deg q(x)).

So, what we can say is that

deg (f(x) + g(x) ::; Max (deg f(x), deg g(x)

V f(x), g(x) € R [x].

Now let us define the product of polynomials.

Definition

If f(x) = a0 + aix + ..+ an xn and g(x) = b0 + bi x + ..+ bmxm are two
polynomials in R [x], we define their product f(x). g(x) by

f(x) .g(x) = c0 + c1x +.. + cm+nxm+n,

where ci = aib0 + ai-1 bl + ...+ a0 bi V i=0,1,....m + n.
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Note that ai = 0 fori > n and bi = 0 fori > m.

As an illustration, let us multiply the following polynomials in Z[x] :
p(x) =1-x +2x3, q(x) =2 + 5x + 7x2.
Herea0=1,ai=-1,a2=0,a3=2,b0=2,bl=5,b2=7.

5
Thus, p(x) q (x) =3 cixi, where

by Renance 135
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

i=0

c0 = alb0 = 2,

cl = alb0 + aObl = 3,

c2 = a2b0 + albl + aOb2 = 2,

c3 = a3b0 + a2bl + alb2+ alOb3 = - 3 (since b3 = 0),

c4 = a4b0 + a3bl + a2b2 + alb3 + aOb4 = 10 (since a4 = 0 = b4),

c5 = a5b0 + a4bl + a3b2 + a2b3 + alb4 + a0Ob5 = 14 (since a5 = 0 = b5),
So p(x), q(x) = 2 + 3x + 2x2 - 3x3 + 10x4 + 14x5

Note that p(x), q(x) € Z[x], and deg (p(x) q(x)) = 5 = deg p(x) + deg
a(x)

As another example, consider

p(x) =1+ 2x, +2x,q(x)=2+3x2€Z6[x].2 +

Then, p(x). q(xX) =2 +4x +3x2+6x3=2+4x+ 3x2.

Here, deg (p(x).q(x) = 2 < deg p (x) + deg g (x) (since deg p (x) = 1, deg
q(x) = 2).

In the next section we will show you that

deg (f(x) g(x) < deg f(x) + deg g(x)

Now try the following exercise. It will give you some practice in adding

and multiplying polynomials.
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E3) Calculate

a) (2 + 3x2 + 4x3) + (5x + x3) in Z [x].

b) ((6+2x2)+ (1 —2x+5x3)inZ7 [x].
A)(1+x)(1+2x+x2)inZ[x].
d)(1+x)(1+2x+x2)inZ3[x]

e) (2 + x + x2) (5x + x3) in Z[x]

By now you must have got used to addition and multiplication of
polynomials. We would like to prove that fur any ring R, R [x] is a ring
with respect to these operations. For this we must note that by definition,

+ and. are binary operations over R[x].

Now let us prove the following theorem. It is true for any ring,

commutative or not.

Theorem 1

If R is a ring, then so is R [x], where x is an indeterminate.
Proof

We need to establish the axioms Rl -R6 of Unit 9 for (R[x], + ,.).
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i) Addition is commutative: We need to show that
p (x) + g (x) =q (x) + p(x) for any p (x) , q (x) € R [x].
Let p(x) = a0 + alx +...+ anxn, and
q(x) =b0 + bl x +...+.bmxm be in R[x].
Then, p (X) + q(x) =c0 + cl x + ...+ ctxt,
where ci = ai + bi and t = max(m,n).
Similarly,
q(x) + p(x) =d0 + d1 x +...+ ds xs,
Since addition is commutative inR, c1 =d1Vi>0
So we have
p(x) + g (x) = q(x) + p(x).
144
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ii) Addition is associative: Again, by using the associatively of
addition in R, we can show that if p (x),q(x), s(x) € R[x], then
{p(x)+a(x)} + s(x) = p(x) + (q(x)+ s(x)},
iii) Additive identity : The zero polynomial is the additive identity in
R [x]. This is because, for any p (x) = a0+ al x + ...+ anxn € R [x],
O+p(x)= (0 +a0) + (0 + al) x + ...+ (0 + an) xn
=a0 + atK + ...+ anxn.
= p(x)
iv) Additive invers: For p (x) = a0 + alx +... + anxn € R[x], consider
the polynomial
-p(x) = - a0 - alx -...- anxn, -ai being the additive inverse of at in
R. Then
-p (X) + (-p(x)) = (a0 -a0) + (al -al) x + ...+ (an -an)xn
=0+0x+0x2+ .., +0.xn
= 0.
Therefore, -p (x) is the additive inverse of p (x).
v) Multiplication is associative:
Let p(x) = a0 + al x +...+ anxn,
q(x) =b0+ bl x+ ...+ bmxm,
and t (x) =d0 + d1 x + ...+ drxr, bein R [x]
Then
p (x), g(x) =c0 + cl x + ... + csxs, wheres = m+n and
Therefore,
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{p(x), q(x)} t (x) = e0 + el x + ... + etxt,

wheret =s + r = m+n+r and

ek = ckdO + ck-1 d1 + ...+ c0dk
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= (akbO0 + ...+ aObk) dO + (ak-1b0 +...+ aObk-1)d1 +... + a0b0dk,
Similarly, we can show that the coefficient of xk (for any k > 0).in p(x)
{ag (x) t(x)1}

is akb0d0 + ak-1 (b1d0 + b0dl) + ...+ a0,(bkd0 + bk-1 d1 + ... + b0dk)
= e k, by using the properties of + and in R.

Hence, {p(x), q(x)}, t(x) = p(x), {q (x), t (x)}

vi) Multiplication distributes over addition:

Let p(x) = a0 + al x + ...+ anxn.

q(x) =b0 + bl x +...+ bmxm

and t(x) = d0 + d1 x +... + d, xr be in R[x].

The coefficient of xk in p (x). (q(x) +t (x)) is

ck = ak (b0+d0) + ak-1 (bl +d1) +... + a0 (bk + dk).

And the coefficient of xk in p (x) q (x) + p (x) t(x) is
(akbO+ak-1bl+...+a0bk)+(akd0+ak-1d1 +...+a0dk),

= ak(b0+dO0) + ak-1 (b1+d1l)+...4+a0 (bk+dk) = ck

This is true V k > 0.

Hence, p (x). {q (x) + t (x)} = p (x): q(x) + p (X) t (x).

Similarly, we can prove that

{a(x) + t(x)}. p(x) = q(x) .p(x) + t(x) p(x)

Thus, R [x] is a ring.

Note that the definitions and theorem in this section are true for any
ring. We have not restricted ourselves to commutative rings. But, the
case that we are really interested in is when R is a domain. In the next

section we will progress, towards this case.
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3.2 Some Properties of R[x]

In the previous section you must have realised the intimate relationship
between the operations on a ring R and the operations on R [x]. The next

theorem reinforces this fact.

Theorem 2
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Let R be a ring.

a) If R is commutative, ~o is R [x].
b) If R has identity, so does R [x].

Proof

a) Let p (x) = a0 + at x +... + anxn and

q(x) =b0 + bl x+ ...+ bmxm be in R [x].

Then p (x) q (x) =c0 + cl x + ...+ csxs, wheres =m + n and

ck = akb0 + ak-1bl +...+ aObk

= bka0 + bk-lal + ...+ blak-1 + bOak, since both addition and multiplication

are commutative in R.
= coefficient of xk in q (x) p(x).

Thus, for every > 0 the coefficients of xi in p(x) q(x) and q(x) p(x) are

equal
Hence, p (x) q(x) = q(x) p(x).

b) We know that R has identity |. We will prove that the constant
polynomial 1 is the identity of R [x]. Take any

p(x) =a0 + al x + ...+ anxn € R [x].

Thenl.p(x) =c0 + cl x + ... + cnxn (since deg 1 = 0),
where ck =ak 1 + ak-1 0 + ak-2 0 + ...+ a0 0= ak
Thus 1 P (x) = p (x)

Similarly, p (x) | = p(x)
This shows that 1 is the identity of R [xl.
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In the following exercise we ask you to check if the converse of

Theorem 2 is true.

E 4) If R is a ring such that R [x] is commutative and has identity, then
a) is R commutative?

b) does R have identity

Now let us explicitly state a result which will help in showing us that R
is a domain iff R [x] is a domain. This result follows just from the

definition of multiplication of polynomial
Theorem 3

Let R be a ring and f(x) and g (x) be two non-zero elements of R [x).

Then deg (f (x) g (x) < deg f(x) + deg g (x),

with equality if R is an integral domain.
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Proof: Let f (x) = a0 + al x + ...+ anxn, an # 0,

and g (x) =b0 + bl x + ... + bmxm, bm = 0.

Then deg f(x) = n, deg g (x) = m. We know that
f(x)g(xX)=cO0 +cl x + ... + cm+n x m+n,

where Ck = akb0 + ak-1bl +... + a0Obk.
Sincean+1,an+2,...and bm+1 bm+2, ... are all zero,
cm+n = anbm .

Now, if R is without zero divisors, then anbm = 0, since an # 0
and bm # 0. Thus, in this case,

deg (f(x) g (x) = deg f(x) + deg g (x).

On the other hand, if R has zero divisors, it can happen that anbm = O. In

this case,

deg (f (x) g (xX) < m+n = deg f(x) + deg g(x).

Thus, our theorem is proved.
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The following result follows immediately from Theorem 3.
Theorem 4

R [x] is an integral domain <=> R is an integral domain.
Proof

From Theorem 2 and E 4 we know that R is a commutative ring with
identity iff R [x] is a commutative ring with identity. Thus, to prove this
theorem we need to prove that R is without zero divisors iff R [X] is

without zero divisors.

So let us first assume that R is without zero divisors.

Letp(x) =a0 +al x+ ... + anxn, and q (x) = b0 + bl x + ...+ bmxm
be in R [x], where an # 0 and bm = 0.

Then, in Theorem 3 we ha'/e seen that deg (p (x) g (xX) = m + n > 0.
Thus, P (x) g (x) = 0

Thus, R [x] is without zero divisors.

Conversely, let us assume that R [x] is without zero divisors. Let a and
be non-zero elements of R: Then they are non-zero elements of R [x]
also. Therefore, ab # 0. Thus, R is without zero divisors. So, we have

proved the theorem.
See if you can solve the following exercises now.

E 5) Which of the following polynomial rings are free from zero
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divisors?

a) R[x], whereR={a+ b—-5]|abe€Z}
b) 27 [x]

) Z6 [x]

d) R[x], where R = C [0,1]

E 6) Let R be a domain. Show that char R = char R [x].

E 7) Let, R and S be commutative rings and f: R - + S be a ring

homomorphism. Show that the map
149
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@:R[x]=S[x]:¢ (a0+alx + ...+ anxn)=f(a0) + f(al) x + ... +, f(an)

xn is a homomorphism:

Now, you have seen that many properties of the ring R carry over to R
[x1. Thus, if F is a field, we 'should expect F[x] to be a field also. But

this is not so. F [x] can never be a field

This is because any polynomial of positive degree in F [x] does not have

a multiplicative inverse. Let us see why.
Let f (x) € F [x] and deg f (x) = n > 0. Suppose g (x) € F [x] such that
f(x) g (x) = 1. Then

0 = deg 1 = deg (f(x) g (x) = deg f(x) + deg g (x), since F [x] is a

domain.

=n+degg(x) >n>0.

We reach a contradiction.
Thus, F [x] cannot be a field.

But there are several very interesting properties of F [x], which are
similar to those of Z, the set of integers. In the next section we shall
discuss the properties of division in F [x]. You will see how similar they

are to the properties of Z that we have discussed in Sec. 1.6,2.
3.3 The Division Algorithm

In Sec. .6.2 we discussed various properties of divisibility in Z. In
particular, we proved the division algorithm for integers. We will now

do the same for polynomials over a field F.
Theorem 5 (Division Algorithm)

Let F be a field. I.-et f(x) and g(x) be two polynomials in F [x], with g(x)
# 0. Then

a) there exist two polynomials q(x) and r (x) in F [x] such that

f(x) =q(x) g (x)+r(x), where deg r(x) < deg g (x).
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b) the polynomials q (x) and r (x) are unique.
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Proof

a) If, deg f (x) < deg g (x), we can choose g (x) = 0.
Then f, (x) = 0. g(x) + f (x), where deg f(x) < deg g (x).
Now, let us assume that deg f(x) > deg g (x).

Let f(x) = a0 + alx +... + anxn, an # 0, and

g(x) = b0 + bl x+ ... + bmxm, bm = 0, with n > m.

We shall apply the principle of induction (see Sec. 1.6.1) on deg f(x),

i.e., n.

If n =0, then m = 0, since g(x) # 0. Now

f(x) = a0, g(x) = b0, and hence

f(x) = (@0 b0 + 0 = g(x) g (x) + r (x), where q(x) = a0b0-1 and r(x) = 0.
Thus,

f(x) = q(x) g(x) + r(x), where deg r(x) < deg g(x).

So the algorithm is true when n = 0. Let us assume that the algorithm is
valid for all polynomials of degree < n -1 and try to establish that it is

true for f(x). Consider the polynomial

fl (x) = f(x) anbm-1 xn-m g(x)

= (a0 + al x +...+ anxn) - (anbm-1b0xn-m+anbm-1blxn-m+1 +...+anbmxn)
Thus, the coefficient of xn in fl (x) is zero; and hence,

deg fl(x) < n-I.

By the induction hypothesis, there exist gl (x) and r (x) in

F[x] such that fl (x) = gl (x) g(x) + r(x), where deg r(x) < deg g(x).
Substituting the value of f1(x), we get

f(x)-anbm-I xn-m g(x) = q1(x) g(x)+r(x),

i.e., f(x) = {anbm-I xn-m + q1(x)} g(x)+r(x)
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1 = q(x) g(x)+r(x), where q(x) = anbm-1 xn-m+ql(x)
and deg r(x) < deg g(x).

Therefore, the algorithm is true for f(x). and hence, for all polynomials
in F[x].

b) Now let us show that q(x) and r(x) are uniquely determined.

If possible, let
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f(x) = q1l(x) g(x)+rl(x) where deg rl(x) <deg g(x). and
f(x) = q2(x) g(x)+r2(x) where deg r2(x) <deg g(x).

Then

ql(x) g(x)+rl(x) = g2(x) g(x)+r2(x), so that
{ql(x)-g2(X)} g(x) = r2(x)-rl(x) ......... (1)

Now if g1(x) # g2(x) then deg {g1l(x) -g2(x)} > 0, so that
deg [{al(x) - a2(x)} g(x)] > deg g(x).

On the other hand, deg {r2(x)-r1(x) } < deg g(x), since
deg r2(x) <deg g(x) and deg rl(x) < deg g(x).

But this contradicts Equation (1). Hence, Equation (l) will remain valid
only if q1(x) -g2(x) = 0. And then r2(x) -r1(x) = 0,

ie., ql(x) = g2(x) and rl(x) = r2(x).

Thus we have proved the uniqueness of q(x) and r(x) in the expression
f(x) = a(x) g(x)+r(x).

Here q(x) is called the quotient and r(x) is called the remainder obtained

on dividing f(x) by g(x).

Now, what happens if we take g(x) of Theorem 5 to be a linear
polynomial? We get the remainder theorem. Before proving it let us set

up some notation.
Notation

Let R be a ring and f(x) € R[x].Let
f(x)=aO+alx+...+anrn € R

Then, for all r € R, we define

f(r) = a0+alr+...4+anrn € R.
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That is, f(r) is the value of f(x) obtained by substituting r for x.
Thus, if f(x) = 1+x+x2 € Z[x], then

f(2) = 142+4 = 7 and f(0) = 1+0+4+0 = 1.

Let us now prove the remainder theorem. which is a corollary to the

division algorithm.
Theorem 6 (Remainder Theorem)

Let F be a field. If f(x) € F[x] and b € F, then here exists unique
polynomial q(x) € F[x] such that f(x) = (x-b) q(x)+f(b,).

Proof

Let g(x) = x-b. Then, applying the division algorithm to f(x) and g(x),

we can find unique q(x) and r(x) in F[x], such that
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f(x) = q(x) g(x)+r(x)

= q(x) (x-b)+r(x), where deg r(x) < deg g(x) = 1.

Degr (x) < 1, r (x) is an element of F, say a.

So, f(x) = (x-b) q(x)+a.

Substituting b for x, we get

f(l) = (b-b) q(b) + a

= 0.q(b)+a = a

Thus, a = f(b).

Therefore, f(x) = (x-b) q(x)+f(b).

Note that deg f(x) = deg(x-b)+deg q(x) = 1 +deg q(x).
Therefore, deg q(x) = deg f(x)-I.

Let us apply the division algorithm in a few situations now.
Example 1

Express x4+x3+5x2 -x as

(X24+x+I1) g(x)+r(x) in Q[x].
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Solution

We will apply long division of polynomials to solve this problem.

X2 + 4

X2+ X+1x4+x3+5x2—-XxX

X4 + x3 + x2

4 x 2\ x

4x2 +4x+ 4

—-5x -4

Now, since the degree of the remainder -5x- 4 is less than deg (x2+x+ 1),

we stop the process, We get

X4+x3+5x2 -x = (X2+x+I) (x2+4) -(5x+4).

Here the quotient is x2+4 and the remainder is -(5x+4).
Now you can try some exercises.

E 8) Express f as gp+r, where deg r < deg g, in each of the following
cases.

a) f=x4+1, g =x3in Q[x]

b)f=x3+2x2-x+1inZ3[x]

c)f=x3-1,9g=x-1inR[X]

p
E 9) You know that if p,g € Z, g # 0, then can be written as the
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q
m

sum of an integer and a fraction with | m | < | q |. What is the

q
analogous property, fur elements of F[x]?

Now, let us see what happens when the remainder in the expression f =

pg+ris zero
3.4 Roots of Polynomials

In Sec. 12.4 you have seen when we can say that an element in a ring
divides another element. Let us recall the definition in the context of

F[x], where F is a field.
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Definition

Let f(x) and g(x) be in F[x], where F IS a field and g (x) # 0. We say
that g(x) divides f(x)(or g(x) is a factor of f(x), or f(x) is divisible by
g(x) if there-exists q(x) € F[xl such that

f(x) = q(x) g(x).

We write g(x) j f(x) for 'g(x) divides f(x), and g(x) ~ f(x) for 'g(x) does
not divide f(x).

Now, if f(x) € F[x] and g(x) € F[x], where g(x) # 0, then does

Theorem say when g(x) | f(x)? It does, We find that g(x) | f(x) if r(x) = 0
in Theorem 5.

In the following exercise we make an important, similar statement. You

can prove it by applying Theorem 6.

E 10) Let F be a field and f(x) € F[x] with deg f(x) > 1. Leta € F.
show that f(x) is divisible by x-a iff f(a) = 0.

This exercise leads us to the following definition.

Definition

Let F be a field and f(x) € F[x]. We say that an element a € F is a root
(or zero) of f(x) if f(a) = 0.

For example, 1 is a root of x2-1 € R[x], since 12-1 = 0.

11

Similarly, - 1 is a root of f(x) = x3+x2+ x + € Q [x], since- .
22

11

f(-1) = 1+1-+ = 0.

22
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Not that, in E 10 you have proved the following criterion for an element

to be a root of a polynomial:

Let f be a field and f (x) € F[x]. Then a € F is a root of f(x) if and only
if (x-a)|f(x).

We can generalize this criterion to define a root of multiplicity m of a
polynomial in F[x].
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Definition

Let F be a field and f(x) € F[x] We say that a € F is a root of
multiplicity m (where) m is a positive integer of

f(x) it (x -a)m | f(x) but (x-a)m+I x f(1).

For example, 3 is a root of multiplicity 2 of the polynomial (x-3)2 (x+2)
QIx]; and (-2) is a root of multiplicity 1 of this polynomial.

Now is it easy to obtain all the roots of a given polynomial? Any linear
polynomial ax+b € F[x] will have only one root namely, -a-lb. This is

because ax+b = 0 iff x = -a-Ib.

In the case of a quadratic polynomial ax2+bx+c € F[x], you know that
its two roots are obtained by applying the quadratic formula.
—b+b2-4ac

X=

2a

For polynomials of higher degree we may be able to obtain some roots
by trial and error. For example, consider f(X) = x5-2x+1 € R[x], Then,
we try out x = 1 and find f(1) = 0. So, we find that | is a zero of f(x). But
this method doesn't give us all the roots of f(x),.

Now you can try these exercises.

E 11) Find the roots of the following polynomials, along with their

multiplicity.

121

a) f(x) = x - x + 3 € Q[x]
22

b) f(x) =x+ x+ 1 € Z3 [x]
2

c) f(x) =x4+ 2x3-2x-1€&7Z5[x]
E 12) Let F be a field and a € F Define a function
¢ :F[x] = F: ¢ (f(x)) = f(a).

This function is the evaluation at a.
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Show that

a) ¢ is an onto ring homomorphism.
b)p(b)=bVbeF.

c)Kerp =< x-a>
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So, what does the Fundamental Theorem of Homomorphism say in this

case?

As we have just seen; it is not easy to find all the roots of a given
polynomial. But we can give a definite result about the number of roots

of a polynomial.
Theorem 7

Let f(x) be a non-zero polynomial of degree n over a field F. Then f(x)

ha: at most n roots in F.

Proof

If n = 0, then f(x) is anon-zero constant polynomial.

Thus, it has no roots, and hence, it has at most 0 (= n) roots in F.

So, let us assume that n > 1. We will use the principle of induction on n.
If deg t(x) = 1, then

f(x) = a0 + al x, where a0 al € F and al # 0.
So f(x) has only one root, namely, (-al-1 a0)

Now assume that the theorem is true for all polynomials in F[x] of

degree < n. We will show that the number of roots of f(x), < n.

If f(x) has no root in F, then the number of root of f(x) in Fis 0 < n. So,

suppose f(x) has a root a € F.
Then f(x) = (x-a) g(x), where deg g(x) = n-l.

Hence, by the induction hypothesis g(x) has at most n-1 roots in F, say

al,...,an-1 Now,

al is a root of g(x) = g(ai) = 0 = f(ai) = (ai-a) g(a) = 0
= aiisitrootof(x) Vi=1,..., n-l.

Thus, each root of g(x) is It root of f(x).

Now, b € F is a root off(x) iff f(b) = 0, i.e., iff (b-a) g(b) = 0, i.e., iff b-a
= 0 or g(b) = 0, since F is an integral domain. Thus, b is a root of f(x) iff
b = a or bis a root of g(x). So, the only roots of f(x) are a and al...,an-1.

Thus, f(x) has at the most n roots, and so, the theorem is true for n.
157
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Hence, the theorem is true for all n > 1.

Using this result we know that, for example, x3-1 € Q[x] can't have

more than 3 roots in Q.

In Theorem 7 we have not spoken about the roots being distinct. But an

obvious corollary of Theorem 7 is that

if f(x) € F[x] is of degree n, then f(x) has at most n distinct roots in
F.

We will use this result to prove the following useful theorem.
Theorem 8

Let f(x) and g(x) be two non-zero polynomials of degree, n over the
field F if there exist n+1 distinct elements al,...,an+1 in F such that f(ai) =
g(a)Vi=1, .., n+l, then f(x) = g(x).

Proof

Consider the polynomial h(x) = f(x) -g(x)

Then deg h(x) < n, but it has n+1 distinct roots al,..., an+1.
This is impossible, unless h(x) = 0, i.e., f(x) = g(x).

We will now give you an example to show you that Theorem 7 (and

hence Theorem 8) need not be true for polynomials over a general ring.
Example 2

Prove that x3 + 5 x € Z6 [x] has more roots than its degree. (Note that Z6

is not a field.)
Solution

Since the ring is finite, it is easy for us to run through all its elements
and check which of them, are roots of
f(x) = x3 + 5 x.

So, by substitution we find that
fl0)=0=f(1)=f(2)=f(3)=f(4)="F(4).
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In fact, every element of Z6 is a zero of f(x). Thus, f(x) has 6 zeros,
while deg f(x) =3.

Try these exercises now.

E 13) Let p be a prime number. Consider xp-l - 1 € Zp[x]. Use the fact
that Zp is a group of order p to show that every non-zero element

of Zpisarootof xp-1-1.
Thus, show that xp-1-1=(x-1)(x-2)..(x-p—=1).

E 14) The polynomial x4 + 4 can he factored into, linear factors in Z5
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[x1:
Find this factorization.

So far, we have been saying that a polynomial of degree n over F has at
most n roots in F. If can happen that the polynomial has no root in F. for
example, consider the polynomial x2+1 € R[x]. From Theorem 7 you
know that it can have 2 roots in R, at the most. But as you know, this

has no roots in R (it has two roots, i and - i, in C).

We can find many other examples of such polynomials in R[x]. We call
such polynomials irreducible over R. We shall discuss them in detail in

the next two units.
4.0 CONCLUSION

Polynomial rings are very important class of rings in mathematics.
Hardily can we not come across polynomial expressions in our daily
mathematical endeavours, since we need to add or subtract two
mathematical algebraic expressions from each other. It is required of

you to read this unit carefully before you proceed to the next unit.
5.0 SUMMARY
In this unit we have covered the following points.

* The definition and examples of polynomials over a ring.

* The ring structure of R[x], where R is a ring.

* R is a commutative ring with identity iff R[x] is a commutative
ring with identity.

* Ris an integral domain iff R[x] is an integral domain.
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* The division algorithm in F[x], where F is a field, which states
that if f(x), g(x) € F[x], g(x) # 0, then there exist unique q(x),

r(x) € F[x] with f(x) = q(x) g(x)+r(x) and deg r(x) < deg g(x).

* a € F is a root of f(x) € F[x] iff (x-a) | f(x).

* A non-zero polynomial of degree n over a field F can have at the

most n roots.
6.0 TUTOR-MARKED ASSIGNMENT
1. The polynomials are (a), (c), (d), (f).

(b) and (e) are not polynomials since they involve negative and

fractional powers of x.
(a) and (t) are in Z[x].

2. The degrees are 1,3,4.3, - =, respectively. The leading
1
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coefficients of the first four are 2, = 7, 1, , respectively, o has
7

no leading coefficient.

3a. 24+5x+3x2+(4+1)x3 = 24+5x+3x2+5x3
b.(6+1)—2x+2x2+5x3=—-2x+2x2+5x3,since7=0
C. 1+3x+3x2+x3

d.1+x3,since3=0

e. 10x+5x2+7x3+x4+x5

4. Every element of R is an element of R[x]. Therefore
multiplication in R is also commutative.

Also, the identity of R[x] is an element of R, and hence is the
identity of R.

5. (a) and (b)

6. We know that R[x] is a domain. Let char R = n. By Theorem 3 of
Unit 12 we know, that n is the least positive integer sucllthat n.|

= 0. Since 1 is also the identity of R[x], the same theorem of Unit
12 tells us that char R.

7. Let p(x) = a0+alx+...+anxn, q(x) = bO+blx+...+bmxm € R [x].

t

Then ¢ (p(x)+q(x)) = ¢ ( X (ai+bi)xi), where t = max (m,n)
i=0
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t

=Y f(ai+bi)xi

i=0

t

=Y [f(ai)+f(bi)]xi

i=0

tt

=Y f(ai)x + ¥ f(bi)xi

i

i=0i=0

= ¢ (p(x))+ ¢ (q(x)), since f(ai) = 0 = f(bj)

Whenever ai = 0, bj = 0.

m+n

Also, ¢ (p(x)a(x)) = ¢ ( Y cixi), where ci = aibO+ai-1bl+...+a0bi
i=0
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m+n

=Y f(ci)xi

i=0

m+n

= Y [f(ai)f(bO) + f(ai-1) f(b1) +...+(a0) f(bi)]xi
i=0

since f is a ring homomorphism;

= ¢ (p(x)) ¢ (q(x)).

Thus, @ is a ring homomorphism.
8a.f=xg+l,g=x,r=1
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X2 +x—2

b) x +1

X3+2x2-x+1

X3 = x2

X2 —x +1

X2 + X

—-2x+1

-2x+1

3

Thus, f=(x2+x-2)g+0,since3=0.
Af=(x2+x+1)g+0

9. Let f(x), g(x) € F[x], with g(x) # 0. By Theorem 5, f(x) = g(x)
q(x)+r(x) with deg r(x) < deg g(x). Now, this equality is still true
if we consider it over the field of fractions of F[x]. Then, we can
divide throughout by g(x), and get

f(x)r(x)

= q( x) + , where deg r(x) < deg g(x).

g(x)g(x)

10. By Theorem 6,

f(x) = (x-a) q (x)+f(a)

Thus, f(x) = (x-a) q(x) iff f(a) = 0, i.e.,

(x-a) | f(x) iff f(a) = 0.

11a. By the quadratic formula, the roots are 3 and 2, each with
multiplicity 1.

b. x2+x+ 1 =(x-1)2,since-2=1inZ3

Thus, 1 is the only zero, and its multiplicity is 2.
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c. By trial, one zero is 1. Now, applying long division, we get

x4+ 2 x3-2x-1=(x-1) (x3+ 3 x2+ 3 x+ 1 )again, by trial and error
we find that x+ 1 is a factor of thus, x4+ 2 x3-2 x-1 = (x+1)3

This shows that 1 is a root of multiplicity 1. and - 1 (= 4 ) is a root of
multiplicity 3.

nm

12a. Letf(x) =Y aix,g(x) =3 bixi.

MTH 211 SET THEORY AND ABSTRACT ALGEBRA

t

Then ¢ (f(x)+9(x)) = ¢ ( 3 (ai+bi) xi), where t = max(m,n).
i=0

t

= Y (ai + bi)ai

i=0

tt

= Y aia + Y biai

i

i=0i=0

= f(a)+g(a)

= ¢ (f(x))+ ¢ (g9(x)), and

0m+n[]

0o

¢ (f(x)gx)) =90 0>(aib0 +ai—-1bl+..+a0bi)x[
i

Oi=0[]

0o

m+n

=>(aib0O+ai—1bl+..+a0bi)ai

i=0

= f(a) g(a)

= ¢ (f(x)) ¢ (g(x)).

Thus, @ is a homomorphism.

Now, given any element b € F, 3 the constant polynomial
f(x) € F[x] such that f(a) = b, i.e., (f(x)) = b.

Thus, @ is surjective.
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b) This is what we have shown in the previous two lines.
c) f(x) € Ker ¢ iff ¢ (f(x)) = 0 iff f(a) = 0

iff (x-a) | f(x) iff f(x) € <x-a>

Thus, Ker ¢ = <x-a>
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The Fundamental Theorem of Homomorphism says that
F[x]/<x-a> ~ F.

13.(Z*p,)isagroupando (Z*p)=p—-1)

Thus, by E8 of Unit4, xp-1=1Vx€Z*p,

i.e., each of the p-1 elements of Z *p is a root of xp-1-1
Therefore, (x-1) ...(x-p —1) | (xp-1- 1).

Since, xp-1- 1 can have at most p-1 rots in Zp, we find that the (p-1)
elements of Z *p are yjr only rooyd of xp-1- 1.

Thus, xp-1-1 = (x-1)...(x-p —1).

14. The polynomial x4 + 4 is the same as x4 -1 in Z5[x],
since 4 = - 1. Thus, applying the result in E 13, we get,
X4+ 4 =(x-1)(x-2)(x-3) (x-4)
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UNIT 3 SPECIAL INTEGRAL DOMAINS

CONTENTS
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3.1 Euclidean Domain 37

3.2 Principal Ideal Domain (PID)

3.3 Unique Factorization Domain (UFD)
4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading
1.0 INTRODUCTION

In this unit we shall look lit three special kinds of integral domains.
These domains were mainly studied with a view to develop number

theory. Let us say a few introductory sentences about them.

In Unit 6 you saw that the division algorithm holds for F[x] where F is a
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field. In Unit 1 you saw that it holds for Z. Actually, there are lots of
other domains for which this algorithm is true. Such integral domains
are called Euclidean domains. We shall discuss their properties in Sec.
7.2

In the next section we shall look at some domains which are
algebraically very similar to Z. These are the principal ideal domains, so

called because every ideal in them is principal.

Finally, we shall discuss domains in which every non-zero non-
invertible element can be uniquely factorised in a particular way. Such
domains are very appropriately called unique factorisation domains.
While discussing them we shall introduce you to irreducible elements of

a domain.

While going through the unit you will also see the relationship between
Euclidean domains, principal ideal domains and unique factorisation

domains.
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2.0 OBJECTIVES

At the end of this unit, you should be able to:

* check whether a function is a Euclidean valuation or not

* identify principal ideal domains

* identify unique factorisation domains

* obtain "the g.c.d of any pair of elements in a unique factorisation
domain

* prove and use the relationship between Euclidean domains

principal ideal domains and unique factorisation domains.
3.0 MAIN CONTENT
3.1 Euclidean Domain

In this course you have seen that Z and F[x] satisfy a division algorithm.
There are many other domains that have this property. In this section we
will introduce you to them and discuss some of their properties. Let us
start with a definition.

Definition

Let R be an integral domain. We say that a function d: R\ {0} —»

NU{0} is

A Euclidean valuation on R if !.he following conditions are satisfied:
i)d(a) <d(ab)Va,b&eR\ {0}, and

ii) foranya,b &R, b= 03q.r &R such that
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a = bg+r, wherer = 0 or d(r) < d(b).
And then R is called a Euclidean domain.

Thus, a domain on which we can define a Euclidean valuation is a

Euclidean domain,

Let us consider an example.

Example 1

Show that Z1S a Euclidean domain.
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Solution

Define, d: Z-> N[ {0}: d(n) =| n |
Then, for any a,b € Z\{0},

d(ab) = |ab| = |a] |[b| > |a] (since |b| > 1 for b = 0)
= d(a),
i.e., d(a) < d(ab).

Further, the division algorithm in Z (see Sec.l. 6.2) says thatifa, b € Z,
b = 0, then 3 q, r € Z such that

i.e., a =bqg+r,.wherer=0o0r0 < |r| < |b|,

i.e, a = bg+r, wherer =0 or d(r) < d(b).

Hence, d is a Euclidean valuation and Z is a Euclidean domain.
For other examples, try the following exercises.

E 1) Let F be a field. Show that F, with the Euclidean valuation d
defined by d(a) = 1V a € F\.{0}, is a Euclidean domain.

E 2) Let F be a field. Define the function
d: F[x]\ {0} = N[O {0} : d(f(x)) = deg f(x).

Show that d is a Euclidean valuation on F[x], and hence, F[x] is a

Euclidean domain.

Let us now discuss .some properties of Euclidean domains. The first
property involves the concept of units. So let us define this concept.

Note that this definition is valid for any integral domain.
Definition
Let R be an integral domain. An element a € R is called a unit (or an

invertible element) in R, if we can find an element b € R, such that ab

=1, i.e., if a has a multiplicative inverse.
For example, both 1 and -1 are units in Z since 1.1 = 1 and (-1).(-1) = 1.
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Caution

Note the difference between a unit in R and the unity in R. The unity is
the identity with respect to multiplication and is certainly a unit. But a

ring can have other units too, as you have just seen in the case of Z.

Now, can we obtain all the units in a domain? You know that every non-
zero element in a field F is invertible. Thus, the set of units of Fis F \

{0}. Let us look at some other cases also.
Example 2

Obtain all the units in F[x], where F is a field.
Solution

Let f(x) € F[x] be a unit. Then 3 g(x) € F[x] such that f(x) g(x) = 1.

Therefore,
deg (f(x)g(x)):deg (1) = 0, i.e.,
deg f(x)+deg g(x) = 0.

Since deg f(x) and deg g(x) are non-negative integers this equation can
hold only if deg f(x) = 0 = deg g(x). Thus, f(x) must be a non-zero
constant, i.e. an element of F\ {0}. Thus, the units of F[x] are the non-

zero element of F. That is, the units of F and F[x] coincide.
Example 3

Find all the unitsinR = {a+b - 5| a,b € Z}.

Solution

Let a+b — 5 be a unit in R. The there exists

C+d — 5 € R such that

(@a+b=5)(c+d-5)=1

[ (ac-5bd)+(bc+ad —5)=1

[] ac-5bd = 1land bc+ad =0

[] abc-5b2d = b and bc+ad =0
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(] a(-ad)-5b2d = b, substituting be =-ad.

0 (a2+5b2)d =-b

So, if b # 0, then (a2+5b2) | b, which is not possible.
~b=0.

Thus, the only units of R are the invertible elements of Z.

We have asked you to find these elements and other units in E 3 below
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E 3) Find all the units in

a) Z, b) 26, c) Z+iZ.

E 4) Let R be an integral domain. Prove that u € R is a unit iff
Ru=R

Now we are in' a position to discuss some very simple properties of a

Euclidean domain.
Theorem 1

Let R be a Euclidean domain with Euclidean valuation d. Then, for any
a € R\ {0}, d(a) = d(1) iffa is a unitin R.

Proof

Let us first assume that a thata € R\ {0} with d(a) = d(1)

By the division algorithm in R, 3 q,r € R such that 1 = aq+r,
wherer = 0 or d(r) < d(a) = d(1).

Now, if r # 0, d(r) = d(r.1) > d(1). Thus, d(d) d(1) can't happen.

Conversely, assume that is a unit in R. Let be R such that ab = 1. Then
d(a) < d(ab) = d(1). But we know that d(a) = d(a.1) > d(1). So, we must
have d(a) = d(1).

Using this theorem, we can immediately solve Example 2 since f(x) is a
unit in F[x] iff deg f(x) = deg (1) = 0.
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Similarly, Theorem 1 tells us that n € Z is a unit in Z iff |n| = |1| = 1.
Thus, the only unitin Z are 1 and (-1).

Now let us look at the ideals of a Euclidean domain.
Theorem 2

Let R be a Euclidean domain with Euclidean valuation. d. Then every

ideal | of R is of the form | = Ra for some a € R.
Proof

If | = {0}, then | = Ra, where a = 0. So let us assume that | = {0}. Then
I\ {0} is non-empty, Consider the set {d(a) | a € \{0}}. By the well
ordering principle (see Sec. 1.6.1) this set has a minimal element. Let
this be d(b), where b € I.\ {0}. We will show that | = Rb.

Since b € 1 and | is an ideal of R,

Now take any a € I. Since | € Rand R is a Euclidean domain, we can.
find q,r € R such that

a=bqg+r, wherer =0 ord(r) <d(b).
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Now, b € | = bqg € I. Also, a € I. Therefore, r =a -bq € I.

But r = 0 or d(r) < d(b). The way we have chosen d(b), d(r) < q(b) is not
possible.

Therefore, r = 0, and hence, a = bq € Rb.

Thus, | € Rb. ..... (2)

From (1) and (2) we get

1= Rb.

Thus, every ideal | of a Euclidean domain R with Euclidean valuation d

is principal, and is generated by a € |, where d(a) is a minimal element
of the set {d(x) | x €1\ {0}}.

So, for example, every ideal of Z is principal, a fact that you have
already proved in Unit 10.
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Now try the following exercises involving the ideals of a Euclidean
domain.

E 5) Show that every ideal of F[x] is principal, where F is a field.

E 6) Using Z as an example show that the set
S={a€R\{0}|d(a)>d()} O{0} is not an ideal of the
Euclidean domain with Euclidean valuation d.

Theorem 2 leads us to a concept that we shall discuss now.

3.2 Principal Ideal Domain (PID)

In the previous section you have proved that every ideal of F[x] is
principal, where F is a field. There are several other integral domains,
apart from Euclidean domains, which have this property. We give such

rings a very appropriate name.

Definition

We call an integral domain R a principal ideal domain (PID, in short)
if every ideal in R is a principal ideal.

Thus, Z is a PID. Can you think of another example of a PID? What
about Q and Q[x]? In fact, by Theorem 2 all Euclidean domains are

PIDs. But, the converse is not true. That is, every principal Ideal domain

is not a Euclidean domain.

b
For example, the ring of all complex numbers of the form a+ (1 +i 19),
2

where a, b € Z, is a principal ideal domain, but not it Euclidean domain.
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The proof of this too technical for this course, so you can take our word

for it for the present!

Now let us look at an example of an integral domain that is not a PID.
Example 4

Show that Z[x] is not a PID.

Solution

You know that Z[x] is a domain, since Z is one. We will show that all

its ideals are not principal. Consider the ideal of Z[x] generated by 2 and
171
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X, i.e., < 2,x>. We want to show that < 2, x > # <f(x)> for any f(x) €
Z[x).

On the contrary, suppose that 3 f(x) € Z[x] such that <2,x> = <f(x)>.
Clearly, f(x) # 0. Also, 3 g(x), h(x) € Z[x] such that

2 = f(x) g(x) and x = f(x) h(x).

Thus, deg f(x) + deg g(x) =deg2 =0 ......... (1)

and deg f(x) + deg h(x) =degx =1 ........ (2)

(1) shows that deg h(x) = 0, i.e., f(x) € Z, say f(x) = n.

Then (2) shows that deg h(x) = 1. Let h(x) = ax+b witha,b € Z
Then x = f(x) h(x) = n(ax+Db)

Comparing the coefficients on either side of this equation, we see that na

=1and nb = 0. Thus, nisa unitinZ, thatis,n=+1

Therefore, 1 € < f(x)> = <x,2>. Thus, we can write

Now, on comparing the constant term on either side we see that 1 = 2b0.
This can’t be true, since 2 is not invertible in Z. So we reach a

contradiction.

Thus, <x,2> is not a principal ideal.

Thus, Z[x] is not a P.I.D.

Now, try the following exercise.

E 7) Show that a subring of a PID need not be a PID.
E 8) Will any quotient ring of a PID be a PID? Why?
Remember that a PID must be an integral domain.

We will now discuss some properties of divisibility in PIDs. You may
recall from Unit 12 that if R is a ring and a,b € R, with a,b # 0, then a
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divides b if there exists ¢ € R such that b = ac.
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Now we would like to generalize the definition of some terms that you

came across in Unit 1 in the context of Z.

Definition

Given two elements a and b in a ring R, we say that c € R is a common
divisorofaandbifc|aandc|b.

An element d € R is a greatest common divisor (g.c.d. in short) of a,
beRif

i)d|aandd| b, and
ii) for any common divisor c of a and b, c | d.

We will show you that if the g.c.d of two elements exists, it is unique up
to units, i.e., if d and d* are two g.c.ds of a and, then d=ud", for some
unit u. For this we need a result that you can prove in the following
exercise.

E 9) Let R be an integral domain. Show that

a)uisaunitin Riffu| 1.

b) fora,b € R, a| bandb | aiff aand b are associates in R.

So now let us prove the following result.

Theorem 3

Let R be an integral domain and a, b € R. If a g.c.d of a and b exists,

then it is unique up to units.
Proof

So, let d and d* be two g.c.ds of a and b. Since d is a common divisor
and d” isag.c.d, wegetd|d". Similarly, we get d” | d. Thus, by E 9 we
see that d and d* are associates in R. thus, the g.c.d of a and b is unique

up to units.

Theorem 3 allows us to say the g.c.d instead of a g.c.d. We denote the
g.c.d of a and b by (a,b). (This notation is also used for elements of R x
R. But there should be no cause for confusion. The context will clarify

what we are using the notation for).

How to we obtain the g.c.d of two elements in practice? How did we do

it in Z? we looked at the common factors of the two elements and their
173
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product turned out to be the required g.c.d. We will use the same method
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in the following example.
Example 5

In Q[x] find the g.c.d of
p(x) = x2+3x - 10 and
q(x) =6x2-10x-4
Solution

By the quadratic formula, we know that the roots of p(x) are 2 and - 5,

and the roots of q(x) are2 and -1/ 3

Therefore, p(x) = (x-2) (x+5) and qg(x) is the product of the common

factors of p(x) and q(x), which is (x-2).
Try this exercise now
E 10) Find the g.c.d of

a)2and6inZ/ <8>
b) x2+8x15 and x2+12x+35 in Z[x].
C) X3-2x2+6x-5 and x2-2x+1 in Q[x].

let us consider the g.c.d of elements in a PID
Theorem 4

Let R be a PID and a, b € R. Then (a,b) exists and is of the form ax+by

for some x,y € R.
Proof

Consider the dieal <a,b>. Since R is a PID, this ideal must be principal
also. Let d € R such that <a,b> = <d>. we will show that the g.c.d of a
and b is d.

Since a € <d>, d | a, Similarly, d | b.

Now suppose c € Rsuchthatc|aandc|b.

Since d € <a,b>, A x, y € Rsuch that d = ax+by.
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Sincec|aandc|b, c|(ax+by),i.e,c|d.

Thus, we have shown that d = (a,b), and d = ax+by for some x,y € R.

The fact that F[x] is a PID gives us the following corollary to Theorem

a.
Corollary

Let F be a field. Then any two polynomials f(x) and g(x) in F[x] have a

g.c.d which is of the form a(x) f(x) + b(x) g(x) for some a(x) € F[x].

13(—x)2
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For example, in 10 (c), (x-1) =(x—2x2+6x—-5)+(x—-2x+1)
55

Now you can use Theorem 4 to prove the following exercise about
relatively prime elements in a PID, i.e., pairs of elements whose g.c.d is
1.

E 11) Let R be a PID and a,b,c € R such that a | bc. Show that if (a,b) =

1,thena|c.
(Hint: By Theorem 4, 3 x,y € R such that ax+by = 1).

Let us now discuss a concept related of a prime element of a domain
(see Sec. 12.4).

Definition

Let R be an Integral domain. We say that an element x € RIS
irreducible if

i) x is not a unit, and

ii) if x = ab with a,b € R, then a is a unit or b is a unit.

Thus, an element is irreducible if it cannot be factored in a non-trivial

way, i.e., its only factors are its associates and the units in the ring.

So, for example, the irreducible elements of Z are the prime, numbers
and their associates. This means that an element in Z is prime iff it is

irreducible.

Another domain in which we can find several examples is F[x}, where F
is a field. Let us look at the irreducible elements in E9(x), i.e., the

irreducible polynomials over R and C. Consider the following important
175
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theorem about polynomials in C[x]. You have already come across this

in the Linear Algebra course.
Theorem 5 (Fundamental Theorem of Algebra)

Any non-constant polynomial in C[x] has a rot in C. (In fact, it has all

its roots in C).

Does this tell us anything about the irreducible polynomials over C?

Yes. In fact, we can also write it as.

Theorem 5

A polynomial is irreducible in C[x] iff it is linear

Theorem 6

Any irreducible polynomial in R[x] has degree 1 or degree 2.

We will not prove these results here but we will use them often when
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discussing polynomials over R or C. You can use them to solve the

following exercise.

E 12) Which of the following polynomials is irreducible? Give reasons

for your choice.

a) x2-2x+1 € R[x]

b) x2+x+1 € C[x]

c) x-i € C[x]

d) x3-3x2+2x+5 € R[x]

Let us now discuss the relationship betwee9 prime and irreducible

elements in a PID.

Theorem 7

In a PID an element is prime iff it is irreducible.
Proof

Let R be a PID and x € R be irreducible. Let x | ab, where a,b € R.
Suppose x X a. Then (x,a) = 1, since the only factor of x is itself, up to
units. Thus, by E 11, x | b, Thus, x is prime.

To prove the converse, you must solve the following exercise.
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E 13) Let R be a domain and p € R be a prime element. Show that p is
irreducible.

(Hint: Suppose P = ab. Then p | ab. If p | @, then show that b must be a

unit.)

Now, why do you think we have said that Theorem,7 is true for a PID
only? From E 13 you can see that one way is true for any domain. Is the
other way true for any domain? That is, is every irreducible element of a
domain prime? You will get an answer to this question in Example 6.

Just now we will look at some uses of Theorem 7.

Theorem 7 allows us to give a lot of examples of prime elements of
F[x]. For example, any linear polynomial over F is irreducible, and
hence prime. In the next unit we will particularly consider irreducibility

(and hence primness) over Q[x]

Now we would like to prove a further analogy between prime elements
in a PID and prime numbers, namely, a result analogous to Theorem |0
of Unit For this we will first show a very interesting property of the
ideals of a PID. This property called the ascending chain condition,
says that any increasing chain of ideals in a PID must stop after a finite

number of steps.

Theorem 8
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Let R be a PID and I1,I2...... , be an infinite sequence of ideals of R

satisfying

I1c12c.. ranass(

Then dme& N such that Im = Im+1 = Im+2=......
Proof

Considerthesetl=11J12[.... 0 In. We will prove that .l is Firstly, |

n=1
=@,sincellz¢gandllcl.
Secondly, ifa,b €1, thena €1, and b € Is forsomer,s € N.

Assume r > s. Then Is € Ir. Therefore, a,b € Ir, Since Ir is an ideal of R,
a-b€lrcl.Thus,a-b&elVa,bel

Finally, let x € Rand a € I. Then a € Ir for some r € N.
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“.xa €Irc|. Thus, wheneverx € Randa €1, xa € I.

Thus, | is n ideal of R. Since R is a PID, | = <a> for some a € R. Since a

€1l,a € Imforsomem &€ N.
Then | € Im. ButIm € I. So we see that | = Im.
Now, Im = Im+2, and so on. Thus, Im=Im+1 = 1m+2=...

Now, for a moment let us go back to Sec. 12.4, where we discussed
prime ideals. Over there we said that an element p € R is prime iff < p >
is a prime ideal of R. If R is a PID, we shall use Theorem 7 to make a

stronger statement.
Theorem 9

Let R be a PIP. An ideal < a > is a maximal ideal of R iff a is a prime

element of R.
Proof

If <a> is a maximal ideal of R, then it is a prime ideal of R. Therefore, a

is a prime element of R.

Conversely, let a be prime and let | be an ideal of R suchthat<a > ~ I.
Since Ris a PID, | = <b> for some b e R. We will show that b is a unit
in R; and hence, by E 4, <b>=R, i.e., | = R.

Now, <a> € <b> = a = bc for some c € R. Since a is irreducible,
either is an associate of a or b is a unit in R. But if b is an associate of a,
then <b> = <a>, a contradiction. Therefore, b is a unit in R. Therefore,
1=R.

Thus, <a> is a maximal ideal of R.

by Renance 164
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

What Theorem 9 says is ~hat the prime ideals and maximal ideals

coincide in a PID.
Try the following exercise now.

E 14) Which of the following ideal are maximal? Give reasons for your

choice.

a)<5>inZ,

b) <x2-1>inQ]

C) <x2+x+1 > in R[x],

d) < x > in Z[x].
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Now, take any integer n. then we can haven=0,orn=+ 1, 0orn has a
prime factor. This property of integers is true for the elements of any

PID, as you will see now.
Theorem 10

Let R be a ID and a be a non-zero non-invertible element of R. then

there is some prime element p in R such that pJa.
Proof

If a is prime, take p = a. otherwise, we write a = albl, where neither al
nor bl is an associate of a. Then <a> c < al >. If al is prime take p = al.
Otherwise, we can write al = a2b2, where neither a2 nor b2 is an associate
of al. Then <al> c <a2>. Continuing in this way we get an increasing

chain

<a> c <al> c <a2> c ...

X X X

By Theorem 8, this chain stops with some <an>. Then an with be prime,
since it doesn’t have any non-trivial factors. Take p = an, and the

theorem is proved.

And now we are in a position to prove that any non-zero non-invertible
element of a PID can be uniquely written as a finite product of prime

elements (i.e., irreducible elements).
Theorem 11

Let R be a PID. Let a € R such that a # 0 and a is not a unit. Then a =
plp2...pr, where pl,p2,...,pr, are prime elements of R.

Proof

If a is a prime element, there is nothing to prove. If not, then pl | a for

some prime plin R, by Theorem 10. Let a = plal. If al is a prime, we are

through. Otherwise p2|al for some prime p2 in R. Let al = p2a2. Then a =
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plp2a2. If a2 is a prime, we are through. Otherwise we continue the
process. Note that since al is a non-trivial factor of a, <a> c <al>.
Similarly, <al> c <a2>. So, as the process continues we get an
increasing chain of ideals,

<a> c <al> c <a2l2> c

X X X

In the PID R. Just as in the proof of Theorem 10, this chain ends at <am>

for some m € N, and am is irreducible.
179
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Hence, the process stops after m steps, i.e., we can write a = plp2... pm,

where pi is a prime elementof RVi=1,..., m.

Thus, any non-zero non-invertible element in a PID can be factorised
into a product of Primes. What is interesting about this factorization is

the following result that you have already proved for Z in Unit 1.
Theorem 12

Let R. be a PID and a # 0 be non-invertible in R. Let a = P1P2...Pn =
qlg2...gm, where Pi and qj are prime elements of R. Then n = m and each

Pi is an associate of some gjforl <i<n,1<j<m.

Before going into the proof of this result, we ask you to prove a property

of prime elements that you will need in the proof.

E 15) Use induction on n to prove that if p is a prime element in an
integral domain Rand if p|ala2... an (where al,a2,..., an € R), then

pi for some i= 1,2,...,n.

Now let us start the proof of Theorem 12.

Proof

Since plp2...pn = qlg2...qm, pl|plp2...qm.

Thus, by E 15, pl|qgj for somej=1,...... ,m. By changing the order of the

qi, if necessary, we can assume thatj =1, i.e., p1 | ql. Let ql1 = plul.
Since gl is irreducible, ul must be a unitin R. So pl and ql are

associates. New we have

Plp2...pn = (plul) g2...qm

Canceling p1l from both sides, we get

p2p3...pn = ulg2...qm.

Now, if m > n, we can apply the same process to p2,p3, and so on.
Then we will get

1 =ulu2...un gn+1...qm.

This shows that gn+1 is a unit. But this contradicts the fact that gn+1 is
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irreducible.
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Thus, m < n.

Interchanging the roles of the ps and gs and by using a similar argument,

we getn < m.

Thus, n = m.

During the proof we have also shown that each pi is an associate of some

qi, and vice versa.

What Theorem 12 says is that any two prime factorizations of an
element in a PID are identical, apart from the order in which the
factors appear and apart from replacement of the factors by their
associates.

Thus, Theorems 11 and 12 say that every non-zero element in a PID R,
which is not a unit, can be expressed uniquely (upto associates) as a
product of a finite number of prime elements.

For example, x2 - 1 € R [x] can be written as (x-1) (x +1) or (x+1) (x-
1

1) or [ (x +1)]1[2(x -1)]in R [X].

2

Now you can try the following exercise.

E 16) Give the prime factorization of 2x2-3 x+1 in Q[x] and Z2[x].

The property that we have shown for a PID in Theorems 11 and 12 is

true for several oilier domains also. Let us discuss such rings now.
3.3 Unique Factorisation Domain (UFD)

In this section we shall look at some details of a class of domains that

includes PIDs

Definition

We call an integral domain R a Unique Factorisation Domain (UFD,

in short) if every non-zero element-of R which is not a unit in R can be

uniquely expressed as a product of a finite number of irreducible:

elements of R.

Thus, if Ris a UFD and a € R, with a # 0 and a being non-invertible,
then
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i) a can be written as a product of a finite number of irreducible

elements, and
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ii) if a = plp2 pn=qlg2... gm be two factorisations into irreducible,
then n = m and each pi is am associate of some qj, where 1 < | < n,

l<j<m.

Can you think of an example of a UFD? Do Theorem 11 and 12 help?

Of course! In them we have proved that every PID is a UFD.
Thus, F[x] is a UFD for any field F.

Also, since any Euclidean domain is a PID, it is also a UFD. Of course,
in Unit 1 you directly proved that Z is a UFD. Why don’t you go

through that proof and then try and solve the following exercises.
E 17) Directly prove that F[x] is a UFD, for any filed F.

(Hint: Suppose you want to factorise f(x). Then use induction on
deg f(x).)

E 18) Give two different prime factorisations of 10 in Z:

So you have seen several examples of UFDs. Now we give you an
example of a domain which is not a UFD (and hence, neither a PID nor

a Euclidean domain).

Example 6

Show that Z[ - 5] ={a+b -5 | a,b € Z} is not a UFD.
Solution

Let us define a function

f:Z[ -—5]1-NU{0}by f(a+b — 5) = a2+5b2.

This function is the norm function, and is usually denoted by N.
You can check that this function has the property that
flaB) =fla) f(B) Va,BE€EZ[-51].

Now, 9 has two factorizations in Z[ — 5 ], namely,
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9=33=(2+-5)(2--5)

In Example 3, you have already shown that the only units of Z[ — 5]
are 1 and - 1. Thus, no two of 3, 2+ — 5 and 2 - — 5 are associates of

each other.

Also, each of them is irreducible. For suppose any one of them,
say 2+ — 5, is reducible. Then

2+ — 5 = apf for some non-invertible o, € Z[ — 5 ].

Applying the function f we see that

f(2+ - 5) = f(a) f(B),
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i.e., 9 = f(a) f(B).

Since f(a), f(B) € N and a, B are not units, the only possibilities are f(a)
=3 = f(B).

So, ifa =a+b — 5, then a2+5b2 = 3.

But, if b # 0, then a2 + 5b2 > 5; and if b = 0, then a2 = 3 is not possible in
Z. So we reach a contradiction. Therefore, our assumption that 2+ — 5

is reducible is wrong. That is, 2+ — 5 is irreducible.

Similarly, we can show that 3 and 2- — 5 are irreducible. Thus, the
factorization of 9 as a product of irreducible elements is not unique.
Therefore, Z[ — 5 ]is not a UFD.

From this example you can also see that an irreducible element need not
be a prime element. For example, 2+ + 5 is irreducible and 2+ + 5 |3.3,

but 2+ + 5 x3. Thus, 2+ + 5 is not a prime element.
Now for an exercise

E 19) Give two different factorisations of 6 as a product of irreducible

elementsinZ[ + 5 1.

Now let us discuss some properties of a UFO. The first property says

that any two elements of a UFD have a g.c.d; and their g;c.d is the
183
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product of all their common factors. Here we will use the fact any

element a in a UFD R can be written as
A = plrlp2r2...pnrn

Where the pis are distinct irreducible elements of R. For example, in
Z[x] we have x3 - x2-x+1= (x-1) (x+1) (x-1) = (x-1)2 (x+1).

So, let us prove the following result.

Theorem 13

Any two elements of a UFD have a g.c.d.

Proof

Let R be a UFD and a.b €R.

Let a = plrlp2r2...pnrn and b = p1S1p2S2...pnSn

Where pl,p2,..., pn are distinct irreducible elements of R and ri and spare

non-negative integers Vi = 1,2,...,n.

(If some Pi does not occur in the factorisation of a, then the
corresponding ri = 0 Similarly, if some pi is not a factor of b, then the
corresponding si = 0. For example, take 20 and 15 in Z. Then 20 = 22x30
x.51 and 15 = 20 x31x.51)

by Renance 169
renance.app * Download Renance on Google Play



MTH 211 | FUPRE Renanced

Now, let ti = min (ri,si) V1 =1, 2,....,n.

Then d = pltlp2t2...pntn divides a as well as b, sinceti<riandti<si VIl =
1,2,....n.

Now, let c | a and c | b. Then every irreducible factor of ¢ must be an
irreducible factor of a and of b, because of the unique factorisation
property.

Thus, ¢ = plmlp2m?2...pnmn where mi < ri and mi < si VI = 1,2,...,n. Thus,
mi < tiVv

Therefore, c | d.

Hence, d = (a,b).

This theorem tells us that the method we used for obtaining the g.c.d in

Example 5 and E 10 is correct.
184
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Now, let us go back to Example 6 for a moment. Over there we found a
non-UFD in which an irreducible element need not be a prime elemnt.
The following result says that this distinction between irreducible and

prime elements can only occur in a domain that is not a UFD
Theorem 14

Let R be a UFD. An element of R is prime iff it is irreducible.
Proof

By EI3 We know that every prime in R is irreducible. So let us prove the

converse.
Let a € R be irreducible and let a | bc, where b,c€ R.
Consider (a,b). Since a is irreducible, (a,b)=1 or. (a.b) = a
If(a,b) =a,a|b.

If (a,b) =1, then a | b. Let bc = ad, where d € R.

Let b = plrl p2r2...pmrm and ¢ = q15192S2...gnSn, be irreducible
factorizations of b and c. Since bc = ad and a is irreducible, a must be
one of the pis or one of the qis. Since axb, a # pi for any i. Therefore, a =
gj for some j. That is, a|c.

Thus, If (a,b) =1, then a |c

So, we have shown thata |[bca|bora]|c.

Hence, a is prime.

For the final property of UFDs that we are going to state, let us go back

of Example 4 for a moment. Over there we gave you an example of a
PID R, for which R [x] if R is a UFD. We state the following result.
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Theorem 15
Let R be a UFD. Then R[x] is a UFD

We will not prove this result here, even though it is very useful to
mathematicians. But let us apply it. Y 011 can use it to solve the

following exercises.

E 20) Give an example of a UFD which is not a PID.
185
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E21) If p is an irreducible clement of a UFD R. then is it irreducible in

every quotient ring of R?
E 22) Is the quotient ring of a UFD a UFD? Why?
E 23) Is a subring of a UFD a UFD? Why?

Let us wind up this unit now, with a brief description of what we have

covered in it.

4.0 CONCLUSION

5.0 SUMMARY

In this unit we have discussed the following points.

1) The definition and examples of a Euclidean domain.

2) Z, any field and any polynomial ring over a field arc Euclidean

domains.

3) Units associates, factors, the g.c.d of two elements, prime

elements and irreducible elements in an integral domain.
4) The definition and examples of a principal ideal domain (PID).

5) Every Euclidean domain is a PID, but the converse is not true.
Thus, Z. F and F[x] are PIDs for any field F.

6) The g..c.d of any two elements a and b in a PID R exists and is of

the form ax+by for some x,y € R.

7) The Fundamental Theorem of Algebra: Any non-constant

polynomial over C has all its rootsln C.
8) In a PID every prime ideal is a maximal ideal.

9) The definition and examples of a unique factorisation domain
(UFD).

10) Every PID is a UFD, but the converse is not true. Thus Z. F an~
F[x] are UFDs, for any field F
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11) In a UFD (and hence, in a PID) an clement is prime iff it is
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irreducible

12) Any two elements In a UFD have a g.c.d.
13) If Ris a UFD, then so is R [x]

ANSWER TO SELFASSESSMENT EXERCISE
1.d:F\{0} > N[O {0}:d(x)=1

Forany a, b € F\ {0},

d(ab) =1 = d(a).

~d(a) =d(ab)Va,b &F\ {0}

Also, foranya,b € F, b = 0,

a = (ab-1)b+0,

So, F trivially satisfies the second condition for a domain to be

Euclidean.

Thus, F is a Euclidean domain.

2. In Unit. 13, you have seen that

deg (f(x) g(x) = deg f(x)+deg g(x) V f(x),g(x) € F [x]\ {0}.

Now, use Theorem 5 of Unit 13, and you will have proved the result.
3a) m € Zisaunitiff In € Zsuch that mn = 1,i.e., iff m = + 1.

b) Letmm &€ Z6 be aunit. Then3d n € Z6 suchthat mn=1

Thus, from Sec. 1.6.2 we see that m is a unit if the g.c.d of mand 6 is 1.

~m=1orb5
c) Z/5Z is a field. Thus, the units are all its non-zeré elements.
d) Let a+ib be a unit. Then 3 c+id € Z+iZ such that

(a+ib) (c+id) =1,
= (ac-bc)+(ad+bc)l =1
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= ac-bd =1 and ad+bc =0

= b =0, as in Example 3.

Thus, a+ib =1 or-1, using,(a) above.

4. Let u € R be a unit. Then 3 v € R such that vu = 1. Thus, for any
reR, r=r.1=r(vu) = (rv)u € Ru.

Thus, R € Ru. .. R = Ru,

Conversely, let Ru = R. Since 1 € R =.Ru, 3 v € R such that
1 = vu. Thus, uis a unitin R.

5. Apply Theorem 2 to the Euclidean domain F[x].

6. LetR=Z. ThenS={n€Z*||n|>1} U {0}
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Then 2 €S, 3 € S but 2-3 € S since |2-3| = 1.
Thus, S is not even a subring of R,

7. For example, Z[x] is a subring of Q[x], which is a PID. But Z[xl

is not a PID.

8. Z is it,PID. But Z/6Z is not even a domain. Thus, it is not a P1D.
9a. uisaunitiffuv =1 forsomev €Riffu|1l

b.a|bandb]|a

=> b = ac and a = bd for some b,d € R.
=> b = bdc
=>b=0ordc=1

If b =0, thena =0, and then a and b are associates.

If b # 0, thendc = 1. Thus, cis a unitand b = ac.
Therefore, a and bare associates.

Conversely, let a and b be associates in R, say a = bu, where u is a unit
in R. then b | a. Also, let v € R such that uv = 1. Then av = buv = b.
Thus, a | b.

10a. 2.
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b) x2+8x+15 = (x+3) (x+5), x2+12x+35 = (x+5) (x+7)
Thus, their g.c.d is x+5

C) X3-2x24+6Xx-5 = (x-1) (x2-x+5), x2-2x+1 ::: (x-1)2,
Thus, their g.c.d is x-1.

11. 9 x,y € R such that ax+by =1

Then ¢ = 1c = (ax+by) c = acx+bcy

Since a | ac and a | bc, a | (acx+bcy)

12. (c) is, because of Theorem

(a) is not, since it is (x-1)2
(b) is not, because of Theorem 5'.

(d) is not, because of Theorem 6.

13. Letp=ab. Thenp|ab=p|aorp|b. supposep|a. Leta - pc.
Thenp =ab =pcb=p(l-ch)=0=1-cb=0,sinceRisa

domain and p # 0. Thus, bc = 1, i.e., b is a unit. Similarly, you

can show that if p | b, then a is a unit.

So,p =ab=aisaunitorbisa unit, i.e., pis irreducible.

14(a), (c), since 5 and x2+x+ 1 are irreducible in Z and R[x],

respectively.
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(b) is not, using Theorem 9.

(d) is not, since Z[x]/ <x> ~ Z, which is not a field.

15. The result is clearly true for n = 1. Assume that it holds for all m
<n,i.e., whenever m < nand p | al a2...am then p | ai for some | =
1,2,..m.

Now let p | al a2...an. Then p | (al a2...an-1)an.

Since p is a prime element, we find that p | al a2...an-1 orp | an
If p | al a2...an-1, then p | ai for some i = 1,...,n-l by our assumption.
If p|al...an-1, p | an.

Thus, in either case, p | ai forsome i =1,....,
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So, our result is true for n.

Hence, itis true V.n € N.

16. 2x2_3x+1 = (2x-I) (x-1) in Q[x].

In Z2 [x] the given polynomial is x+ 1 ,since2=0and-3=1.
This polynonlial is linear, and hence, irreducible over Z2

Thus, its prime factorisation is just x+ 1.

17. Let f(x) be a non-zero non-unit in F[x] and let deg f(x) = n.

Then n > 0. We will prove that f(x) can be written as a product of
irreducible elements, by induction on n, If n = 1, then f(x) is linear, and

hence irreducible.

Now suppose that the result is true for polynomials of degree < n. Now
take f(x). If f(x) is irreducible, there is nothing to prove. Otherwise,

there is a prime f1(x) such that f1(x) | f(x). Let f(x) = f1(x)g1(x). Note that
deg f1(x) > 0.

Hence, deg gl(x),< deg f(x). If g1(x) is prime, we are through. Otherwise
we can find a prime element f2(x) such that gl(x) = f2(x)g2(x). Then deg
g2(x) < deg gl(x). This process must stop after a finite number of steps,
since, each time we get polynomials of lower degree. Thus, we shall

finally get
f(x) = f1(x) f2(x)...fm(x),
where each f1(x) is prime in F[x].

Now, to show that the factorization is unique you go along the lines of

the proof of Theorem 12. '
18.10 =2x5=x2.
19.6=23=(1+-5)(1--5)
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Using the norm function you should check that each of 2,3,1+ — 5and 1

-—5areirreducibleinZ[ -5 1.

20. Z[x].
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21. No. For example, x is irreducible in Z[x]; but x is zero in Z[x]/<
X >~ Z.

22. The quotient ring of a domain need not be a domain. For
example, Z is a UFD, but Z/<4> is not.

Also, even if the quotient ring is a domain, it may not be a UFD. For
example, Z[ — 5] ~ Z[x]/< x245 > is not a UFD, while Z[x] is

23. No. For example, Z[ — 5 ]is a subring of C, a UFD. But Z[ — 5]
is not a UFD.
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UNIT 4 IRREDUCIBILITY AND FIELD EXTENSIONS
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content

3.1 Irreducibility in Q[x]

3.2 Field Extensions

3.2.1 Prime Fields

3.2.2 Finite Fields

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading
1.0 INTRODUCTION

In the previous unit we discussed various kinds of integral domains,
including unique factorization domains. Over there you saw that Z[x]
and Q[x] are UFDs. Thus, the prime and irreducible elements coincide
in these rings; In this unit we will give you a method for obtaining the
prime (or irreducible) elements of Z[x] and Q[x]. This is the Eisenstein
criterion, which can also be used for obtaining the irreducible elements

of any polynomial ring over a UFD.

After this we will introduce you to field extensions and subfields. We
will use irreducible polynomials for obtaining field extensions of a field

F from F[x]. We will also show you that every field it; a field extension
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of Q or Zp for some prime p. Because of this we call Q and the ZpS prim

fields. We will discuss these fields briefly.

Fig. 1: Evariste Galois (1811 - 1832)
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Finally, we will.look at finite fields. These fields were introduced by the
young French mathematician Evariste Galois (Fig. I) while he was
exploring number theory. We will discuss some properties of finite

fields which will show us how to classify them.

Before reading this unit we suggest that you go through the definitions
of irreducibility from Unit [4. We also suggest that you go through Units
3 and 4 of the Linear Algebra course if you want to understand the proof
of Theorem 7 of this unit. We have kept the proof optional. But once

you know what a vector space and its basis are, then the proof IS very.
2.0 OBJECTIVES
At the end of this unit, you should be able to:

* prove and use Eisenstein's criterion for irreducibility in Z[x] and
QIlx]

* obtain field cxten5ionsof a field F from F[x]

* obtain the prime field of any field

* use the fact that finite field F has pn elements, where char F = p
and dim Z F= n.

P

3.0 MAIN CONTENT
3.1 Irreducibility in Q[x]

In Module 3 Unit 4 we introduced you to irreducibility irredtlclble
polynomials in F[x], where F is a field. We also stated the Fundamental
Theorem of Algebra, which said that a polynomial over C is irreducible
iff it is linear. You also learnt that if a polynomial over R is irreducible,
it must have degree | or degree 2. Thus, anypolynomial over R of
degree more than 1 is reducible. And. using the quadratic formula, we

know which quadratic polynomials over R are irreducible.

Now let us look at polynomials over Q. Again, as for any field F, a

linear polynomial over Q is irreducible. Also, by using the quadratic
formula we can explicitly obtain the roots of any quadratic polynomial
over Q and hence figure out whether it is irreducible or not. But, can
you tell whether 2x7+3x5 - 6x4 + 3x3 + 12 is irreducible over Q or not?
In two seconds we can tell you that it is irreducible, by using the

Eisenstein criterion. This criterion was will build up the theory for
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proving this useful criterion.

Let us start with a definition.
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Definition

Let f(x) = a0 + alx +...+ anxn € Z[x]. We define the content of f[x] to be
the g.c.d of the integers a0, al,..., an,

We say that f(x) is primitive if the content of f(x) is 1

For example, the content of 3x2 + 6x+ 12 is the g.c.d. of 3,6 and 12, i.e.,
3. Thus, this polynomial is not primitive. But x5 + 3x2 + 4x -5 is
primitive, since the g.c.d of 1,0,0,3,4,-5 is 1.

You may like to try the following exercises now.

E 1) What are the contents of the following polynomials over Z?
a)l+XxX+x2+x3+x4

b) 7x4 - 7

€) 5(2x2 -l)(x+ 2)

E 2) Prove that any Polynomial f(x) e Z[x] can be written as dg(x),

where d is the conter t

We will now prove that the product of primitive polynomials is a

primitive polynomial. This result is well known as Gauss’ lemma.
Theorem 1

Let f(x) and g(x) be primitive polynomials. Then so is f(x) g(x).
Proof

Let f(x) = a0 + alx + ... anxn € Z[x] and

g(x) = b0 + blx + ...+ bmxm € Z[x].where the

g.c.d of a0, al,..., anis 1 and the g.cd of b0 b1,..., bmis 1. Now
f(x) g(x) = c0+ clx +...+cm+nxm+n

where ck = aObk+ albk-1 +...+akb0.

To prove the result we shall assume that it is false and then reach a
contradiction. So, suppose that f(x) g(x) is not primitive. Then the g.c.d

of c0, c1,..., cm+n is greater than 1, and hence some prime p must divide it.
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Thus, p|ciVi=0,1,.., m+n. Since f(x) is primitive, p does not divide
some ai. Let r be the least integer such that p | ar. Similarly, let s be the

least integer such that p | bs.
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Now consider
cr+s = aObr+s+albr+sl1 + ...+ arbs + ...+ar+s b0
= arbs + (aObr+s + albr+s-I+ ... + ar-l bs+1 + ar+1bs-1+...+ ar+sb0)

By our choice Of rand s, p|a0,...,p|al,P|arl,andp| b0, p|bl.. p]
bs-I. Also p | cr+s

Therefore, p | cr+s - (aObr+s +... + ar-1 bs+1 + ar+1 bs-I+ ...+ ar+sb0)
i.e., p|arbs

= p | arorp|bssince pisa prime.

But p | ar and p | bs. So we reach a contradiction. Therefore, our
supposition is false. That is, our theorem is true.

Let us shift our attention to polynomials over Q now.

33121

Consider any polynomial over Q, say f(x) = x + x + 3 x + . If we
253

take the kem of all the denominators, i.e., of 2,5, 1 and 3, i.e., 30 and
multiply f(x) by it what do we get?

30f(x) = 45x3 + 6x2 + 90x + 10 € Z[x]

Using the same process, we can multiply any f(x) € Q[x] by a suitable
integer d so that df(x) € Z[x]. We will use this fact while relating
irreducibility in Q[x] with irreducibility in Z[x].

Theorem 2
If f(x) € Z[x] is irreducible in Z[x], then it is irreducible in Q[x].
Proof

Let us suppose that f(x) is not irreducible over Q[x]. Then we should
reach a contradiction. So let f(x) = g(x) h(x) in Q[x], where neither g(x)
nor h(x) is a unit, i.e., deg g(x) > 0, deg h(x) > 0. Since g(x) € Q[x], I m
€ Z such that mg(x) € Z[x]. Similarly, 3 n€ Z such that nh(x) € Z[x].
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Then,

mnf(x) = mg(x) nh(x) ............... (1)

Now, let us use E2. By E2, f(x) = rfl(x), mg(x) = sgl (x), nh(x) = thl (x),

where r, s and t are the contents of f(x), mg (x) and nh (x) and f1(x),

gl(x), h1(x) are primitive polynomials of positive degree.
Thus, (1) gives us
Mnrfl(x) = stgl(x) h1(X) ............... (2)

Since gl(x) and h1(x) are primitive, Theorem 1 says that g1(x) h1(x) is
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primitive. Thus, the content of the right hand side polynomial in (2) is st.
But the content of the left hand side polynomial in (2) is mnr. Thus. (2)

says that mnr = st.
Hence, using the cancellation law in (2), we get f1(x) = g1(x) h1(x).

Therefore, f(x) = rfl(x) = (rgl(x)) h1l(x) in Z[x], where neither rgl(x) nor

h1l(x) is a unit. This contradicts the fact that f(x) is irreducible in Z[x].
Thus, our supposition is false. Hence, f(x) must be irreducible in Q[x].

What this result says is that to check irreducibility of a polynomial in
QI[x], it is enough to check it in Z[x]. And. for checking it in Z[x] we
have the terrific Eisenstein’s criterion that we mentioned at the

beginning of this section.
Theorem 3 (Eisenstein’s Criterion)

Let f(x) = a0 + alx + ... + anxn € Z[x] Suppose that for some prime

number p,

i)f|an,

i)pla0dp]al,..,p]|an-1l, and

iii) p2 | a0

Then f(x) is irreducible in Z[x] (and hence in Q[x])
Proof

Can you guess our method of proof? By contradiction, once again! So

suppose f(x) is reducible in Z[x].
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Let f(x) = g(x) h(x),

Where g(x) = b0 + bl x + ... + bmxm, m> 0 and
h(x)=cO+clx+..+crxr,r>0.
Thenn=degf=degg+degh=m+r, and
ak =b0ck +blck-1+..+bkcOVk=0,1...,n.

Now a0 = b0c0. We know that p | a0. Thus, p | b0cO .. p b0 or p | c0. Since
p2 | a0, p cannot divide both b0 and cO0. Let us suppose that p | bO and p |
c0.

Now let us look at an = bm cr. Since p | an, we see thatp | bm and p | cr.
Thus, we see that for some |, p | bi. Let k be the least integer such that p
| bk. Note that 0 <k <m < n.

Therefore, p | ak.
Now, ak = (b0 ck + ... + bk-1 c1) + bk cO.
Since p | akand p | b0,..., p | bk-1, we see that p | ak - (bOck + ... + bk-1c1),
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i.e., p | bkcO. But p | c0. So we reach a contradiction.
Thus, f(x) must be irreducible in Z[x].

Let us illustrate the use of this criterion.

Example 1

Is 2x7 + 3x5 - 6x4 + 3x3 + 12 irreducible in Q[x]?
Solution

By looking at the coefficients we see that the prime number 3 satisfies
the conditions given in Eisenstein’s criterion. Therefore, the given

polynomial is irreducible in Q[x]

Example 2

Let p be a prime number. Is Q[x]/<x3 - p > a field?
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Solution

From Unit 14 you know that for any field F, if f(x) is irreducible in F[x],

then <f(x)> is a maximal ideal of F[x].

Now, by Eisenstein’s criterion, x3 - p is irreducible since p satisfies the

conditions given in Theorem 3. Therefore, <x3 - p> is a maximal ldeal
of Q[x].

From Unit 12 you also know that if R is a ring, and M is a maximal ideal
of R. then R/M is a field.

Thus, Q[x]/ <x3 - p> is a field.

In this example we have brought out an important fact. We ask you to

prove it in the following exercise.

E 3) For any n € N and prime number p, show that xn - p is
irreducible over Q[x].note that this shows us that we can obtain

irreducible polynomials of any degree over Q[x].

Now let us look at another example of an irreducible polynomial. While

solving this we will show you how Theorem 3 can be used indirectly.
Example 3

Let p be a prime number. Show that

f(x) = xp-1 + xp-2 + ... + x + 1 is irreducible in Z[x]. f(x) is called the pth
cyclotomic polynomial.

Solution

To start with we would like you to note that f(x) = g(x) h(x) in Z[x] iff
f(x+1) = g(x+1) h(x+1) in Z[x]. Thus, f(x) is irreducible in Z[x] iff

f(x+1) is irreducible in Z[x].
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xp-1
Now, f(x) =
x -1
X+1lp-1
s f(x+1) =

X

lpp
(x+Clxp—-1+..4+pCp-1x+1-1), (bythe binomial theorem)

X
= Xp-1 + pxp-2 + pC2xp-3 +... + pCp-2 x + p.
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Now apply Eisenstein’s criterion taking p as the prime. We find that

f(x+1) is irreducible. Therefore, f(x) is irreducible.
You can try these exercises now.
E 4)Ifa0 + alx + ... + an xn € Z[x] is irreducible in Q[x], can you

always find a prime p that satisfies the conditions (i), (ii) and (iii)

of Theorem 37

E 5) Which of the following elements of Z[x] are irreducible over Q?
a) x2-12 ..

b) 8x3 + 6x2 -9x+ 24 .

c)5x+1

E 6) Let p be a prime integer. Let a be a non-zero non-unit square-free
integer, i.e., b2 / a for any b € Z. Show that Z[x]/<xp+a> is an
integral domain.

E 7) Show that xP + a € Zplx] is not irreducible for any it" E Zp'
(Hint: Does E 13 of Unit 13 help?)

So far we have used the fact that if f(x) E Z[x] IS irreducible over. Z.
then it is also irreducible over Q, Do you think we can have a similar
relationship between irreducibility in Q[x] and R[x]? To answer this
consider f(x) = x2- 2. This is irreducible in Q[x], but f(x) = (x - 2) (x
+ 2) ) in R[x]. Thus, we cannot extend irreducibility over Q to
irreducibility over R.

But we can generalise the fact that irreducibility in Z[x] implies
irreducibility in Q[x]. This is not only true for Z and Q; it is true for any
UFD R and its field of quotients F (see Sec. 12.5). Let us state this
relationship explicitly.

Theorem 4
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Let R be a UFD with field of quotients F.

i) If f(x) € R[x] is an irreducible primitive polynomial, then it is

also irreducible in F[x].
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ii) (Eisenstein's Criterion) Let f(x) = a0 + alx + ... + an xn € R[x]
and p € R be a prime element such that p | an, p2 | a0 and p | ai
for 0 < i < n. Then f(x) is irreducible in F[x].

The proof of this result is on the same lines as that of Theorems 2 and 3.
We will not be doing it here. But if you are interested, you should try

and prove the result yourself.

Now, we have already pointed out that if F is a field and f(x) is
irreducible over F, then F[x]/<f(x)> is a field. How is this field related to

F? That is part of what we will discuss in the next section.
3.2 Field Extensions

In this section we shall discuss subfields and field extensions. To start
with let us define these terms. By now the definition may be quite

obvious to you.
Definition
A non-empty subset S of a field F is caned a subfield of F if it is a field

with respect to the operationson F. If S # F, then S is called a proper
subfield of F.

A field K is called a field extension of F if F is a subfield of K. Thus, Q
is a subfield of R and R is a field extension of Q. Similarly, C is a field

extension of Q as well as of R.
Note that a non-empty subset S of a field F is a subfield of F iff

i) S is a subgroup of (F,+), and .
ii) The 'set of all non-zero elements of S forms a subgroup of the

group of non-zero elements of F under multiplication.

Thus, by Theorem 1 of Unit 3, we have the following theorem.
Theorem 5

A non-empty subset S of a field F is a subfield of F if and only if
ia€eS, beS=abes,and

ii)a€esS,besS,b=0ab-l€S.

Why don't you use Theorem 5 to do the following exercise now.
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E 8) Show that

a) Q + iQ is a subfield of C
b) Z + 2 Z is not a subfield or R.

Now, let us look at a particular field extension of a field F. Since F[x] is
an integral domain, we can obtain its field of quotients (see Module 3
Unit 2). We denote this field by F(x). Then F is a subfield of F(x). Thus,
F(x) is a field extension of F. Its elements are expressions of the form
f(x)

, where f(x), g(x) € F[x} and g(x) # o.

g (x)

There is another way of obtaining a field extension of a field F from
F[x]. We can look at quotient rings of F[x] by its maximal ideals. You
know that an ideal is maximal in F[x] iff it is generated by an irreducible
polynomial over F. So, F[x]/<f(x), 1s a field iff f(x) is irreducible over
F.

Now, given any f(x) € F[x], such that deg f(x) > 0, we will show that
there is a field monomorphism from F into F[x]/<f(x). This will show
that F[x)/<f(x» contains an isomorphic copy of F; and hence, we can say

that it contains F.

So, let us define @ : F- F[x]/<f(x)>: ¢ (a) = a + <f(x».
Then, ¢ (a+b) = ¢ (a) + ¢ (b), and

¢ (ab) = ¢ (a) ¢ (b)

Thus, ¢ is a ring homomorphism.

What is Ker ¢ ?).

Kero = {a € F|a+ <f(x)> = <f(x)>}
={a€F|a+ € <f(x)>}

={a€F|f(x)]|a}

= {0}, since deg f > 0 and deg a < 0.

Thus, @ is 1-1, and hence an inclusion.

Hence, F is embedded in F[x]/<f(x)>
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Thus, if f(x) is irreducible in F[x], then F[x]/<f(x)> is a field extension
of F.

Now for a related exercise!
E 9) Which of the following rings are field extension of Q?

a) Q[x]/<x3 + 10>,
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b) R[x]l/<x2 + 2>,
o) Q,
d) Q[x]/<x2-5x + 6>.

Well, we have looked at field extensions of any field F. Now let us look

at certain fields, one of which F will be an extension of.
3.2.1 Prime Fields

Let us consider any field F. Can we say anything about what its
subfields look like? Yes, we can say something about one of its
subfields. Let us prove this very startling and useful fact. Before goillg
into the proof we suggest that you do a quick revision of Theorems 3. 4
alld 8 of Unit 12. Well, here’s the result.

Theorem 6

Every field contains a subfield isomorphic to Q or to Zp, for some prime

number p.

Proof

Let F be a field. Define a function
f:Z->F:f(n)=nl1l=1+1+ ..+ 1(ntimes).

In E 11) of Module 3 Unit 2 you have shown that fis a ring

homomorphism and Ker f = pZ, where p is the characteristic of F.

New, from Theorem 8 of Unit 12 you know that char F = 0 or char F =

p, a prime. So let us look at these two cases separately.
Case l

(Char F - 0): In this case f is one-one, .. Z = f(Z). Thus, f(Z) is an
integral domain contained in the field F. Since F is a field, it will also

contain the field of quotients of f(Z). This will be isomorphic to the field
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of quotients of Z, i.e., Q. Thus, F has a subfield which is isomorphic to
Q.

Case 2

(Char F = p, for some prime p) :

Since,pls a prime number, Z/pZ is a field.

Also, by applying the Fundamental Theorem of Homomorphism to f, we
get Z/pZ ~ f(Z).

Thus, f(Z) is isomorphic to Zp and is contained in F. Hence, F has

subfield isomorphic to Zp.

Let us reword Theorem 6 slightly. What it says is that :
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Let F be a field.

i) If char F = 0, then F has a subfield isomorphic to Q.
ii) If char F = p, then F has a subfield isomorphic to Zp.

Because of this property of Q and Zp (where p is a prime number) we

call these fields prime fields.
Thus, the prime fields are Q, Z2, Z3, Z5 etc.

We call the subfield isomorphic to a prime field (obtained in Theorem

6), the prime subfield of the given field.

Now, suppose a field F is an extension of a field K. Are the prime
subfields of K and F isomorphic or not? To' answer this let us look at
char K and char F. We want to know if char K = char F or not. Since F
~s a field extension of K, the unity of F and K is the same, namely, 1.
Therefore, the least positive integer "such that n.I = 0 is the same for F
as well as K. Thus, char K = char-F. Therefore, the prime subfields of K

and F are isomorphic.
So, now can you do the following exercises?
E 10) Show that the smallest subfield of any field is its prime subfield.

E 11) Let F be a field which has no proper subfields. Show that F is

isomorphic to a prime field.
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E 12) Obtain the prime subfields of R, Zs and the field given in E 15 of
Unit 12.

E 13) Show that given any field, if we know its characteristic then we

can obtain its prime subfield and vice versa.

A very important fact brought out by E 10 and E 11 is that: a field is a

prime field iff it has no proper subfields.
Now let us look at certain field extensions of the fields Zp.

You have dealt a lot with the finite fields Zp. Now we will look at field
extensions of these fields. You know that any finite F has characteristic
p, for some prime p. And then F is an extension of Zp. Suppose F
contains q elements. Then g must be a power of p. That is what we will

prove now.
Theorem 7

Let F be a finite field having g elements and characteristic p. Then q =

pn, for some positive integer n.

The proof of this result uses the concepts of a vector space and its basis.

These are discussed in Block 1 of the Linear Algebra course. So, if you
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want to go through the proof, we suggest that you quickly revise Units 3
and 4 of the Linear Algebra course. If you are not interested in the proof,

you may skip it.
Proof of Theorem 7

Since char F = p, F has a prime subfield which is isomorphic to Zp. We
lose nothing if we assume lhat the prime subfield is Zp. We first show

that F is a vector space over Zp with finite dimension.
Recall that a set V is a vector space over a field K if

i) we can define a binary operation + on V such that (V. +) is an

abelian group,

ii) we can define a ‘scalar multiplication’ : Kx V - V such that ¥
a,beKandv,weyV,

a. (v+w)=awv+aw

(@ +b).v=a.v+byv
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(ab). V=a. (b.v)

lv=uv.

Now, we knowlhat (P, +)'is an abelian group. We also know that the
multiplication in F will satisfy till the conditions that the scalar
multiplication should satisfy. Thus, F is a vector space over Zp. Since F
is a finite field, it has a finite dimension over Zp. Let dim Z p F = n. Then
we can find al,..., an € F such that

F = Zpal + Zpa2 + ..+ Zpan.

We will show that F has pn elements.

Now, any element of F is of the form

blal + b2a2 +...+ bnan, where bl,..., bn € Zp,

Now, since o(Zp) = p, bl can be anyone of its p elements.

Similarly, each of b2, b3, ..., bn has p choices. And, corresponding to

each of these choices we get a distinct element of F. Thus, the number of

elements in Fis p x p X...xp(n times) = pn.

The utility of this result is something similar to that of Lagrange’s
theorem. Using this result we know that, for instance, no field of order
26 exists. But does a field of order 25 exist? Does Theorem 7 answer
this question? It only says that a field of order 25 can exist. But it does
not say that it does exist. The following exciting result, the proof of
which is beyond the scope of this course, gives us the required answer.

This result was obtained by the American mathematician E.H. Moore in
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1893.

Theorem 8

For any prime number p and n€ N, there exists li field with pn elements.
Moreover, any two finite fields having the same number of elements, are
isomorphic

Now, you call utilize your knowledge of finite fields to solve tile
following exercises. The first exercise is a generalization of E 13 in Unit
13.
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E 14. Let F be a finite field with pn elements. Show thatap=aV € F.

n

And hence,

nn

show that x p - x = (x-ai).

ailEF

(Hint: Note that (F\ {0},.) is a group of order pn-l.)

E 15) Let F be a finite field with pn elements. Definef: F - F: f(a) =

aP. Show that f is anutomorphism of F of order n; i e., fis an
isomorphism such thatfn =1, and fr= 1 forr < n.

E 16) Let F be a field such that a € Fiff a is a root of x27 - x €
a) What is char F?

b)IsZ c F?

c)IsQcF?

d) Is F € Q? Why?

E 11) Any two infinite fields are isomorphic. True or false? Why?
Remember that isomorphic structures must have the same

algebraic properties.

We close our discussion on field extensions now. Let us go over the

points that we have covered in this unit.

4.0 CONCLUSION

5.0 SUMMARY

We have discussed the following points in this unit.

1) Gauss; lemma, i.e., the 'product of primitive polynomials is
primitive.

2) Eisenstein’s criterion for polynomials over Z and Q. This states

that if f(x) = a0 + al x + ... + anxn€ Z[x] and there is a prime p €
Z such that
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i)plaivVi=0,1,..n-1.

i) p | an, and
iii) p2 | a0,
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then f(x) is irreducible over Z (and hence over Q)

3) For any n € N, we can obtain an irreducible polynomial over Q

of degree n.
4) Definitions and examples of subfields and field extensions

5) Different ways of obtaining field extensions of a field F from
F[x].

6) Every field contains a subfield isomorphic to a prime field.
The prime fields are Q or Zp, for some prime p.

7) The number of elements in a finite field F is pn, where char F = p
and dimZ F = n.
P

8) Given a prime number p and n € N, there exists a field
containing pn elements. Any two finite fields with the same

number of elements are isomorphic.

9) If F is a finite field with pn elements, then xpn -x is a product of pn

linear polynomials over F.

Now we have reached the end of this unit as well as this course. We
hope that we have been able to give you a basic understanding of the
nature of groups, rings and fields. We also hope that you enjoyed going

through this course.
ANSWER TO SELFASSESSMENT EXERCISE
l.a)l,b)7,¢)5

2. Let f(x) = a0 + al x + ... + anxn and let the content of f(x) be d.
Letai=dbivVI=0,1, ..., n Then the g.c.d of b0,b1,..., bnis 1.
Thus, g(x) = b0 + bl x + ... + bnxn is primitive. Also, f(x) = db0 +
dbl x + ... +dbnxn = d(b0 + bl x + ... + bnxn) = d g(x).

3.f(x) =xn-P=a0 + al x + ... + anxn,
wherea0=p,al=0=..=an-l,an=1
Thus,p|aiVi=0,1,...,n-1,p2]a0,p|an.

So, by the Eisenstein criterion, f(x) is' irreducible over Q.
4. Not necessarily
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For example, there is no p that satisfies the conditions for f(x) in

Example 3.

5. All of them (a) and (b), because of Eisenstein's criterion; and (c),

because any linear polynomial is irreducible.

6. Sincea = 0, =+ 1, 3a prime g such that q | a. Also g2 | a, since a is
square-free. Then, using q as the prime, we can apply Eisenstein's
criterion to find that xp + a is irreducible in Z[x]. Thus, itis a

prime element of Z[x]. Hence, <xP + a> is a prime ideal of Z[x].
Hence the result,

7. By E 13 of Unit 13 we know thata P =a V¥ a € Zp. Now

consider

Xp + a € Zp[x]

p — a is a zero of this polynomial, since
(p—a)p+a=p—-a+a=p=02Zp
Thus, xP + a is reducible over Zp.

8a. Q + iQ is a non-empty subset of C.
Now, let a + ib and ¢ + id be in Q+iQ.
Then (a +ib)-(c+id)=(a-c)+i(b-d)€Q+iQ.
Further, let c + id # 0, so that c2 + d2 = 0.
c—id

Then (c+id) -1 =

c2+d?2

(c—id)

Thus, (a + ib) (c + id)-1 = (a + ib)

c2+d?2

(ac — bd ) (ac — bd )
=+i2€Q+iQ.
c2+d2c+d2

Thus, Q + iQ is a subfield of C.

b.) 2€Z+ 2 Z but 2

-1

&7+ 2 Z. Therefore,
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Z+ 2 Z is not a field, and hence not a subfield of R.

9. (a), (b) and (c).
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10. Let F be a field ~d K be a subfield of F. Then, .we have just seen
that both K and F have isomorphic prime subfields.

Thus, K contains the prime subfield of F.

Thus, we have shown that every subfield of F must contain its prime

subfields. Hence, this is the smallest subfield of F.

11. F must contain a prime subfield. But it contains no proper
subfield be its own prime subfield. That is, F must be isomorphic

to a prime field.
12. Q, Z5, Z2, since their characteristic's are 0,5 and 2, respectively.

13. F be a field. Firstly, let us assume that char F = p is known. Then,
by Theorem 6, we know the prime subfield of F. Conversely, let
K be the prime subfield of F. Then we know char K, and as

shown before E 10, char F = char K. So we know char F.

Since (F\{0},.) isa group of orderpn-1,aP-1=1

n
14.

Va€F\{0}.

Lap=aVa&€F\ {0}.Also0P=0.
nn

Thus,aP=aVa€&F.

n

Now, x P - x € F[x] can have at the most pn roots in F (by Theorem 7 of

n
Unit 13).

Also, each of the pn elements of F is a root. Thus, these are all the roots
n

of x P - x.

n

SxXP-x =

n

(x - ai)

ai€F

15. f(a + b) = (a + b)P = aP + bP (using E 10 of Unit 12)
= f(a) + f(b).

f(ab) = (ah)P = aP bP = f(a) f(b).

fis1l-1, by E 10(c) of Unit 12.
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Hence, Im f has the same number of elements as the domain of f, i.e., F.

Further, m1 c F..Imf=F,i.e., fis onto.
Hence, f is an automorphism.

Now, fn(a) = [f(a)ln=(ap)n=aP=aVa€EF.

n
Lfn=1.

Also, forr<n,fr(a)=aP

r

Now, we can't have a P = a V a € F, because this would mean that the

r

polynomial x P - x € F[x] has more than pf roots. This would contradict

n
Theorem 7 of Unit 13. Thus, fr (a) # a for some a € F. .-fr = I if r < n.
Hence, off) = n.

E 16) a € Fiffa27 = a, i.e.,a33 =a

a) Char F = 3.
b) No, since char Z2 # char F.
c) No.

e) No, sinceF € Q=charF=charQ = 0.
17. False.

For example, Q and R are both infinite, but Q has no proper subfields,

while R does. Thus, Q and R are not isomorphic.
6.0 TUTOR-MARKED ASSIGNMENT
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