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Level 200 ¢ First Semester ¢ PastQuestion

;5 and assume t

solution for x eR ime thata + 0. Show that the equation ax
7

line L with equation 2x —

vector space.

(C) LetV = R2 ghoy that the

= 0 consists of all vectors of the form
(t; 2t) witht € Risa ,

Question 24) mS Anlés
(a)LetS: Wy...binV ' font (73 19

1)» DE a Sequence in V. When is S said to be linearly (i) dependent, (ii) independent?

(b) Determine wh

ether the following three vectors in R3 are linearly independent or not?

124
Vv, =| 2 me (t}o=(5)inm — Thmks
35MS

*, determine the intersection U NV of the subspaces

‘X + 2y=0=w+2x- zy}. V={W,Xx,y,z) €R4:wt+x+2y =0} — Gmks

(b) For which values of a does the system have a unique solution, and for which pairs of values (a,

(a) Define the coordinate of a vector spave V relative to its basis B2 ~— CGmKs
b)
X+ ay =73

doeseach system in unknowns x and y have more than one solution? f

2X + Sy = b IVs mke

(c) Consider the basis B = (by, bz} for R?, where b, = (2), b, = 63; Suppose that x € R* has B-

coordinate vector [x], = (—2,3)" . Findx
&vyl< g

Question 4 |
(a) Define the Nullity ofa Matrix A? -— 4 ml<s

-36-11-7
(b) Find the nullity of the mae (1-22 3 =) — } Of n Ke
2-45 8-4 ie

(c) Prove that if V be a vector space. If Wy,--, W, & V are subspaces of V, then W, N+: W, is a

subspace of Vv. __ Punks

by Renance
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Question 5
(a) Define a linear transformation, — Om/K«

Consider the linear transformation f : R? + R?, f(x,y,
vector spaces R? and R?.

(b) Write down the matrix of f with respect to the standard bases of R? and R*, — mks

(c) Determine the matrix T[f]S, where S and Tare the bases S: (1,0, 1), (0, 1,1), (0,0, 1), F: @, 1);
(2,2).—0

Z)= (2x - 3y + 7z x - Z) between the real

Question 6 |

(a) Define the Kernel of a linear transformation. — 5 foams

| Oy, 2.7

(b) Taking = R, find the row and column ranks of the matrix A = f | — FY¥omics
RS |

ned by the vectors

(c) Consider the real vector space R* and let HW’ be the subspace span ey

rl ey np — 10 BmKg:

1d (ii) dimension for W”?

©/amo/FUPRE-First Semester Exam/January/2019 Examiner: Akin Mike Okedoye, Ph.D
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' 1. | | ‘ \

[ \ L, \
FEDFRAL UNIVERSITY OF "ETROLEUM RESOURCES, EFFURUN.
COLLEGE OF SCIENCE : - B
DEPARTMENT OF MATHENATICS AND COMPUTER SCIENCE :
FIRST SEMESTER EXAMINATION 2017/2018 SESSION o
COURSE TITLE & CODE: LINFAR ALGEBRA I (MTH 213) At
V Instruction: Attempt any four ghestions. Time: 2 hours

Question One

1

1 1 _ 5 : L
2 @O 1 .
5 & 2 A 1 3 1 int- gL
a. Iftheinverseof matrix Ais A™' =|—-> — —Z} find the matrix A. (Hint: 4.47" = [3)
1 1 5
z 14 14

14 . e ;
b. Verifyif the set of vectors § = {((=1,3,4), (2 5,-3), (4,1,6)}in B2 is linearly dependent or independent

L
Question Two
4 8 2 3] -
a. Reduce the matrix B = 12 421 _11 :gl to a row-reduced echelon form r
zZ 13 1 2

b. Determine if the vector w = (40,21, —17) is a linear combination of uy = (1,1,—3),uz = (2, 1L,3)uz =

(10,5,-2) B
Question Thiree
4 8 2 3 '|
- a. Given the matrix B = 3.4 4 2

2l o e ].- f';m the determinant of B. ‘
2 13 1 2
b. Show that the set of vectors A = {((2,1,2), (3,3,1), (4, —1,0))} forms a basis for R3

Question Four

1 4
a LetX=RfandA= [2 B]' Define T: X — X by Tz = Az, where z = {;} £ X. Show that T is a linear
transformation and hence find the Kemel and Range of T
b. Let A= (2,3,4)and B = (8,—2,5) be two Veclors, find the cross (vector) product of A and B

- - \ P f
Question Five : !
" = . 3 0 —-1|12 1 N
a. Find (i) AB and (i) BA if it exists of the partitioned matrices 4 =|q ¢ —3|4 2[andB =
=+ % 217 1
§ =1 3 o\ )
-2 2 2 % |
1 -3 0 .
=3 Q- S
-1 1 4

i ambers B and Natural numbers N are vector spaces
; z that the sets of Real Tl e
B s dl;p:J;:opcrties of determinant® and JUSULY it with an example each.
(ii) State any hv

“ -9 iy 3
n I-g L \ z) I|
5T % _ —\5 1 > )

by Renance
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Paper 5 of 6 — MTH 213

Level 200 ¢ First Semester « Handout

CHAPTER

M AT R | X

X_ REPRESENTATION OF LINEAR

TRANSFORMATIONS

I INTRODUCTION

we shail

Inthis chapter. study the relationship

between linear transformation

rices.

In particular,

we shall show that every linear an

transformation

could

nrsented by a matrir and vice versa. This will be achieved by establishing a oneDe-
e correspondence between the set of linear transformations and the set ot m KU

matrices. MP) over the field. F.
Theorem 5.1

ppose Xbe a finite dimensional vector space over the field

Suppose

F and supposeX

is an ordered basis tor x. Let Y be a vector

space over the same field, F and

kt be any given vector in Y. Then there exists a unique linear uransformation
T:X 'Y such that

X, =y,j=12,3,..n.

Proos

Suppose x E X be arbitrary. Then there exists a unique n-tuplea such that
al

Define T:X Yby

=1l
X . then Tx, = 7x,. showing that T is wel defined and clearly, 71, = y,. Next
W that 7T is linear. For this, let x, z e Xand a, Be F (field) be arbitrary.

155
1

npler : Matrix Representation of Linear Transformations
Tx =

alY +

by Renance
renance.app * Download Renance on Google Play
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az2l2t+alt. +
amlY'm
TIx =

12Y t
a2y2 +a32Yat..+am2Y m
Tx al3y + aa3¥: + d3y'st. .+ al3

TX,, =
ayl ta2nY2 +a31lY3 t...*
pmYm

In other words,
1x, =2ayy; alj)y +a2¥2 t+agy3 t

+ auy Ym** *
Thus, it implies that aj ay, a, Gays ..., i are the coordinates of 7x, in the ordered
basis Py and the scalars a could easily bé obtained from equation (5.1) to form

the m X n marix

ag a23 a2n
3n

ml n2 n3

Now, let r e X be arbitrary. Then x
a, +a¥2 tay + .. +C, where

K=
IS the coordinate matrix of x. Hence
This implies tha

158 Lnear Algebra

AK 24,

JI

iS. the

coordinate matrix of Tr in the ordered matrix

By. Thus, the mn

cquation (5.1) determine the linear transformation T. Now, the matrix A scalars a, in
is called the

MATRIX OF T relative to the

pair of the ordered bases pr and By.

5.3 UNIQUENESS OF THE REPRESENTATION

Let B=

(b,) be another natrix representation of T (discussed
ordered bases Bx above) relative io the

we obtain AK

and By. If x EX is arbitrary with

by Renance 11
renance.app * Download Renance on Google Play
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coordinate matrix K,
BK. =

Now, if X =
X+X, + X, t...+X

with the coordinate vector

we get a, =
bj, and so A =
B. Thus, the inatrix

representation is unique.

5.4 REPRESENTATION OF A MATRIX BY A LINEAR

On the other hand,

if A (a,). is m xn matrix, TRANSFORMATION

then define T:X Y by
T-T2,

(where x= xE X is arbitrary)

162 Linesr Aigebra

4-(1)-1
aaal-l01
Example 5.4

)((-

be ordered basis for R and

respectively. Find the matrix A which represents the linear transformation

T:R R defined by
2-

=|x+2

3y

Solution

Letu=2)

und v-{. y}={

w,

Tu, =Ea,j- 1,2

k=

Then

Tu,7 2 =a +az2 +a31ls
-3

a0+a a-2=ag241
174 Linear Algebra
(i)

(iii)

by Renance
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(6) Find the matrix representation of T if the same bases in (a) above are

used but 7T becomes

Al3

7x

a+2, Xx+2x2+ +34,
tX2+X3|

Chapter 5: Malrix Representation of Linear Transformations
4-141[

a)

20

B

1LT[21

0

(6)

2

--JU-|lo
3f41[21-

3

(c) 2

3

13. Suppose a linear tranisformation 7:R° >
R is defined by
Lar+3

(a) Find the' matfix representation of T if the basis for
R and R> are

respectively

olo

172 Linear Algebra

1 Let 7:R" > R$ be a linear transformation defined by
2X +Xs

4x-3

+2X

Find the matrix representation of Tif the basis for R°® and R° are respectively
0 [21-2| -1|02]|3||

0

(a)

1fo][5

1

(b) 3 -1.

by Renance
renance.app * Download Renance on Google Play
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221) 4
12. Let T:R R be a linear transformation defined by

, +2x,
TX32x, - Xt 3x5

Cnapler5:Matrix Representation ofLinear Transtormations

2-1] o]
a) (b)

4] [0] [s51]

(c) (d)

Resolve No 8 above if T is redefined by
9.

X-y-z -32

(i) 2.x+ 3y +62]| (i)

-4x+2

10 Let T:R R° be a linear transformation defined by
-+3y

5x -y+2

3x+ 2y+4z

involved are

of Tif the basis

Find the matrix representation
Or

(a)
1forRand o
34

for

For R' and |
(6) -11

31- 2/3]||4

170 Linear Algebra

. rma ne natrix

representation of 7:R' »

', alinear transtormation delined

by

Ta, y)= (3r - 5y, 2r + 3y, 8r 3y) relative to the basls
e..wheree, =

(1,0). e, =

(0, 1) for R* and

by Renance 14
renance.app * Download Renance on Google Play
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a = {(1.0. 0). (0, 1. 0). (0,0, 1)} for P.

Resolve No 3 above with basis e, = (1. 2). e, = (-1, 3) for R* and {(5, 1,3).
4.

-1.2. 1). (0, 2. -3)} for R".

5. Let T:R R' be a lincar transformation. Find the matrix representation of T
i fT is defined by T(x.y. 2) = (x + 3y S2, 2x -4y + z, 6r -y +42) and

basis for Ris {(1. 1. 1). (2. 1, 0). (0, 3, 1).

6. Let X = Rand Y = R*, Define T:X Yby T.y) = (r+y.r +1i,). Let

B {1, 2). (-1. 3)} and C ={(1. 1, 0). (0. 1. 1). (1.0, 1)}. Find thematrix
representation of 7 using

(a) Bas a basis for R and C for R

(6) the standard basis for X and Y

(c) the standard basis for X and C for R

(d) B for the basis of X and the standard basis for Y.

. Let TR Rbe defined by

7t y)=(r-y.3t+2y)and 7,RR by T,tt. y) = (- 5y. 3r +)
(a) Find the matrix representation A, and A, of T and 7, respectively with
respect to the

(1) standard basis of

R (ii) basis {(1. 4). (6. 3} for .

(b) Determine the matrix representation of i) T, + T (ii) T-7;
(ii) T -T, with respeet to the standard basis

of R-

d. Let T:R R be a linear transformation defined by

+y+z

7y=|2 -

y+ 2:

:-3 +3y-z

Find the matrix o f T w i t h respce c tollowing basis for P'.
Translormations 13

Chapter 5: Matrix Representation of Linear
2a4 +2a4 +au

al4a

E..

ta34+a

344 t aa +4a +2a
-2434+34 t a
al4 t 3a24 20s4

This implies that

by Renance 15
renance.app * Download Renance on Google Play
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20142024 tau-0

-3a +az4 + 4a +20=-3
-2a2 +3aztau =12
a4 +30,4

2a4 =14

Solving simultaneously gives

607

159 355 256 as 43

als 86 24 86 ,au 43
matrix is

Summarily, the required
550 539

503

40 43 86

153 351 355|
40 86 86

A=() - 13 185 256
43 43 43

607

8211072 32

43 43

2043

EXERCISESsS -1, 0). (1,2, 1)} be a basis for R and

0, 1). (2,

Leta, x2, xi} = {(1,
the linear

basis forR". Find

{(2. 1,0), (1, 2, 0). (1,
-1,3)} bea

Ys 1.2, 3.

j

T:R" such R that 7x, y» =
Iransformation

that {1, 1. 1)

(2. 3).

transformation such
2 R:is a linear find 7.
itT:R" and 7(-2, 1, 0)
(6, 1).

(1,0, 1) =(4, -1)

by Renance
renance.app * Download Renance on Google Play
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168 Linear Algebra

47
+a

2012 + 2a2

13

-3al12 +a2 + 4a +20 =
-7

-2a2 + 3a + a

-1

20

al +3a

Solving simultaneously gives

T13 1072
550
al2 43 424 43 a4243

Next, we have

Tu 73 2j=k3 =

astasV2ta3s"3tad3a

|20

|20+ 2 +a

-3al3 taz + 4a + 2a
+a23

-202+ 3a33t 043

ais t302 -2as3

This implies that
2al3 +2ay +a33 25
-3a +ay +40 +204=1
-2023 +3a3y taa3 =4
as +3a3-2a 20

Solving simultaneously results in

-539 351 185
86 a33 =

43 =32

43

Finally, we have
0

Tu,7 12 2 4 al4 +az4V2 + a3a3 +

0,s'4
-2

hapler 5: Malrix Representation of Linear Tanstormalions

by Renance
renance.app * Download Renance on Google Play

17



MTH 213 | FUPRE

Renanced

1057
A

-17]
2t2a2ta
-30ta2+ 4at 20,41

-2a +30u +41

a +3d21-2al

by coniparison, that
his implies

2a+2a +ai = 23
tat403 +20, 9
-30

-2 +3a +

aa=4

1 +30-2a,, = -17

Solving simultaneously gives
503 49

d 40 20

Furthermore, we havee

113 = aj2 +ayV2 + a32V'3 + a42Vv4
Tuy=7

-2

2412 + 2a + d3

-3a2 + a2+ 402 203

t

42

12 + a22 +a32*ds2 2

t

3d

202

d

S implies that

166 Linear Algebra
00

"Ouo

Comparing we get
a=-2

a46,a4=1, Ou="0,

Compiling a,s, we obtain the required matrix

by Renance
renance.app * Download Renance on Google Play
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13306
40-11
A=(,)36

0

050-2
Example 5.6

Find the matrix representation of the linear mapping of Example 5.5 above in the basis

for R".

Solution
Let the basis be

2|[211[o]]|
4,., }=-31

Recall that

Tu, 2.

k=1

1,2,

3,4

Then for x, =
2. X =
-3,X0,,=

I, we have

hapler 5: Matrix Representation of Linear Transformations 165

22 = aj2", +a2 + ag2""~tad42Vs
Tu =0

02

a2

o
Thus, by

comparison we obtain
a23,a0,a2 =

3,ag =

5

Next, we have

0

Tu

[ @23

al3t a23t3|tad a33

olo

berefore, by comparison. we obtain

renance.app * Download Renance on Google Play
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=0

al3 0,ay-1,a336, aas
Finally, we get.

06

Tui, k=l

164 Lhear Algebra

4 13x, +3x2 +6X,

4xXt

X +3x +6x3

s ,5x-2x

Solution

Let the standard baais for R be
loojloj[

Using equation (5.1) we obtain
Tu, 2a,v.j=1,2,3,4

Thus.

13

04

This implies that a,i=13,d4,a=1,a,=0
Again, we obtain

b

Chapler 5. Malrix Represenistion af Linear Transtormatkons
comparison that

implies by

isata-a3.

a-2al=

-1

-3

solving stmuntaneously gives
Next, we haVe

Lo'].

=as +-2

0o0-al2

Tis implies by comparison, that
al2a2-a -2

G2- 2a =:-

al200

Salving simultaneously we obtain
al0, a-3,a2=-1

by Renance
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CDmple the a,'s to get the required nmatrix
301

A()1-3

0

Crample 5.5

heordered basis for R' find the maurix .representation of the linear

astormation T:R R and definéd by

Transformattons

Chapler 5: Matrix Representabion of Linear
.,y.'(0,0,0),(0.1,0; 0). (0, 0.,1.0), (0.0, 0, 1)} respectively.
2.j=1,2,3

=1

=0,2 0, we have

Eor .y

-T(1,0.0):= (1,0, 2,-)=24 = adv, t az2 t agi¥s t G41Va

10, 0. 0)+ a2(0.1,0, 0)+4a,(0.0,1, O) + ai(0, 0,0,1)
-(1.a al,as= RHS

has. comparing (1. 0. 2. -1) with RHS we have
al ,a20,d2,a=-1

Next we obtain for x =0, y

12 =

0

Ti, T(0,1.0):= (-2.1.1,0) Ea

k=

anl,0, 0,0) a,(0, 1,0,0) a 0,0, 1,0) a(0,0,0, 1)

RHS

(222ap.g2)

oby comparison of (-2. 1. 1. 0) with RHS we have
a2-2,d2

1,a2=1, a4 =0

urtherinore, we getforx =0.y =0, 7 *l,

T(0.0, 1):=(1.3,-4,1) = a%3" =atata3sVsta,a'a.
aue(l.0,0.0)+ aza(0. 1, 0,0) +as(0, O, 1. 0) + a0,0, 0, 1)
(;3.d23,3.4s3)= RHS

nparison, of (1, 3, 4, 1) with RHS we obtain

OTE, the

sl,4n3,dau-4,a==

|

required matrix becomes

by Renance
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160 Linear Algebra

Thus,

Th=T(, X3)

(2x, +Sr, +*33}0, 1,2,0)+(-x, +,)6,0,0,2)

+(24 2 +,-1, 1, 4,-3)

(0.x, +x +}*,d +fx, +tiy.0)-(-31, 34,. 0. 0, -4'1)

Example 5.2
Let T:R R be a linear transformation such that T(1, 0, 0)= (2, 1),
T(0.1.0) = (0, 3). and 7[0, 0, 1) = (4, 6). Find T.

Solution

Recall that

the set {x. d2, X3}= {(1, 0, 0), (0.1,0).

(0, 0, 1)} is a basis for R".

Ifv =

X. Yy, z) e R'is arbitrary. then there exist scalars a,,
V=(.y.2)

2, ay Such that

a,(1,0,0) +a,0,1,0)+a0,0,1) («, a2, a3)

This implies that

X,a2 =yand C =z So that

Tv=

T(x.y, z) a,(2,1)+a,(0,3) +a,(4,6)

x(2,1)+ 0,3)+ {4.6) (2x +42, x+3y +62) =

Example 5.3

Suppose T:RR is defined by

T(X. y. 2)* (r-2y+ z. y+32, 2x+y-4z, -X+ 2).
Determine the matrix representation of T with

basis of R' and R° respectively. respect to the standard ordered

Solution

Let the standard basis for R' and be

fi 2. X= {(1,0. 0). (0, 1, 0), (0. 0. 1)

napler 5: Mairix Representalion of Linear Transformations
linear.

Then, Tis

The llowing theorem establishes our discussion so far.

Theorem 5.1

ose X and Y are vector spaces over a ficld F with dimensions n and m
Suppose

etively. If Py and By are the ordered bases for X and Yrespectively; then for each

by Renance
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NEAR TRANSFORMATION, T:X » Y. there exists a UNIQUE m x n MATRIX A

LINE

ih entries in F such that. for arbitrary x e X with coordinate matrix B = | s . the
with

coordinate matrix|7x 1g,is given by

Conversely. let Mn,F) be the set of all mx n marices overthe field Fand
t LAX. be the set of al linear transformations from X to Y, then the mapping
gLAX, Y). M,F) defined by g(7) A =

isan isomorphism where TE L{X, Y) is arbitrary and A is the matrix représentation
of T.

Example

L,

5. 1%

X2, X}.={(0,1,1),(+1,0,2),(2,1, 1)} be a basis for R and let
in R. Find the

s = {(0,1,:2,0).(6,0,0, 2),(-1; 1, 4, -3)} be vector

a

lineartransformation T:R>R* such that 7x . » j 1, 2, 3.

Solution

e R' be arbitrary. Then

there exist scalars a,, d, a, such that
Let =(x.xz, x)

X=x3) = a,(0, 1,1)+ a2(-1:0,2) +a,(2.1, 1)
(-2 +20, +0, C, +202 +03)

This implies

-4 +20 X

Solving ultaneously for 2, gives
3(2x, +5x, t23),a, {(-*+*3)

and d

(2x -X2 tA3)
156 Lunear Algebra

wlhere x =

a,x, and z >B, x, . Then,

T(exe)= 7aus, +2BB,,

oa+PZBy, =a+BT:J

by Renance 23
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Thus, T is linear. Finally, we show that T is
unique. For this, assume that there exists

another linear transformation Q:T Ysuch that Qx y,. Letx =20x, =X be

an
arbitrary vector. Then

Or

\j=I ,=«,, -ay, Tx. Thus. Q T and hence Tis =

unique. This completes the

proof.

5.2 MATRIX REPRESENTATION OF A

Suppose X and Y are vector spaces overLINEAR
F with TRANSFORMATION

Suppose also that Bx

dimen_ions and respectively. n m
{a,} and By {. are otdered bases for X and Y

respectively. If T:X'Y 1s

linear

a

j= 1.2, 3, ., n. transformation, then' Tx, e
R(T)Y

So, each Tx, could be

expressed as linear combination

a

Hence there exist of y,, for Each.
scalars 9i =.2,3, nm; j 1, 2,3,
|

L% 7 such that
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Paper 6 of 6 — MTH 213 Note

Level 200 ¢ First Semester « Handout

CHAPTER

M AT R I X

X_REPRESENTATION OF LINEAR

TRANSFORMATIONS

I INTRODUCTION

we shail

Inthis chapter. study the relationship

between linear transformation

rices.

In particular,

we shall show that every linear an

transformation

could

nrsented by a matrir and vice versa. This will be achieved by establishing a oneDe-
e correspondence between the set of linear transformations and the set ot m KU
matrices. MP) over the field. F.

Theorem 5.1

ppose Xbe a finite dimensional vector space over the field

Suppose

F and supposeX

is an ordered basis tor x. Let Y be a vector

space over the same field, F and

kt be any given vector in Y. Then there exists a unique linear uransformation
T:X Y such that

X, =vy,j=12,3,..n.

Proos

Suppose x E X be arbitrary. Then there exists a unique n-tuplea such that
a,

Define T:X Yby

j=l|

X . then Tx, = 7x,. showing that T is wel defined and clearly, 71, = y,. Next
W that 7T is linear. For this, let x, z e Xand a, Be F (field) be arbitrary.

155
1

npler : Matrix Representation of Linear Transformations

T =
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alYy +

a2l2 t+ alt.. +
amlY'm

TIx =

12Y t
a2y2 +a32Yat..+am2Y¥Y m
Tx al3y + aa3¥: + d3y'st. .+ al3

TX,, =
ayl ta2nY2 +a31lY3 t...*
pmYm

In other words,

1x, =2ayy; alj)y +a2¥2 t+agy3 t

+ auy Ym** *

Thus, it implies that aj ay, a, Gays ..., i are the coordinates of 7x, in the ordered
basis Py and the scalars a could easily bé obtained from equation (5.1) to form
the m X n marix

ag a23 a2n
3n

ml n2 n3

Now, let r e X be arbitrary. Then x
a, +a¥2 tay + .. +C, where

K=
IS the coordinate matrix of x. Hence
This implies tha

158 Lnear Algebra

AK 24,

JI

iS. the

coordinate matrix of Tr in the ordered matrix

By. Thus, the mn

cquation (5.1) determine the linear transformation T. Now, the matrix A scalars a, in
is called the

MATRIX OF T relative to the

pair of the ordered bases pr and By.

5.3 UNIQUENESS OF THE REPRESENTATION

Let B=

(b,) be another natrix representation of T (discussed
ordered bases Bx above) relative io the

we obtain AK

by Renance 26
renance.app * Download Renance on Google Play



MTH 213 | FUPRE

Renanced

and By. If x EX is arbitrary with

coordinate matrix K,
BK. =

Now, if X =
X+X, + X, t...+X

with the coordinate vector

we get a, =
bj, and so A =
B. Thus, the inatrix

representation is unique.

5.4 REPRESENTATION OF A MATRIX BY A LINEAR

On the other hand,

if A (a,). is m xn matrix, TRANSFORMATION

then define T:X Y by
T-T2,

(where x= xE X is arbitrary)

162 Linesr Aigebra

4-(1)-1
aaal-l101
Example 5.4

)((-

be ordered basis for R and

respectively. Find the matrix A which represents the linear transformation

T:R R defined by
2-

=|x+2

3y

Solution

Letu=2)

und v-{. y}={

w,

Tu, =Ea,j- 1,2

k=

Then

Tu,7 2 =a +az2 +a3ls
-3

al0+a a-2=ag241
174 Linear Algebra

(if)
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(iii)
(6) Find the matrix representation of T if the same bases in (a) above are

used but 7T becomes

Al3

7X

a+2, Xx+2x2+ +34,
tX2+X3|

Chapter 5: Malrix Representation of Linear Transformations
4-141]

a)

20

B

1LT[21

0

(6)

2

--JU-|lo
3f41[21-

3

(c) 2

3

13. Suppose a linear tranisformation 7:R° >
R is defined by
Lar+3

(a) Find the' matfix representation of T if the basis for
R and R> are

respectively

olo

172 Linear Algebra

1 Let 7:R" > R$ be a linear transformation defined by
2X +Xs

4x-3

+2X

Find the matrix representation of Tif the basis for R°® and R° are respectively
0 [21-2| -1|02]|3||

0

(a)

1fo][5

1
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(b) 3 -1.
221) 4
12. Let T:R R be a linear transformation defined by

, +2x,
TX32x, - Xt 3x5

Cnapler5:Matrix Representation ofLinear Transtormations

2-1] o]
a) (b)

4] [0] [s5]]

(c) (d)

Resolve No 8 above if T is redefined by
9.

X-y-z -32

(i) 2.x+ 3y +6z]| (i)

-4x+2

10 Let T:R R° be a linear transformation defined by
-+3y

5x -y+2

3x+ 2y+4z

involved are

of Tif the basis

Find the matrix representation

Or

(@)

1forRand o

34

for

For R' and |

(6) -11

31- 2/3]||4

170 Linear Algebra

. rma ne natrix

representation of 7:R' »

', alinear transtormation delined
by

Ta, y)= (3r - 5y, 2r + 3y, 8r 3y) relative to the basls

e..wheree, =
(1,0). e, =
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(0, 1) for R* and

a = {(1.0. 0). (0, 1. 0). (0,0, 1)} for P.

Resolve No 3 above with basis e, = (1. 2). e, = (-1, 3) for R* and {(5, 1,3).
4.

-1.2. 1). (0, 2. -3)} for R".

5. Let T:R R' be a lincar transformation. Find the matrix representation of T
i fT is defined by T(x.y. 2) = (x + 3y S2, 2x -4y + z, 6r -y +42) and

basis for Ris {(1. 1. 1). (2. 1, 0). (0, 3, 1).

6. Let X = Rand Y = R*, Define T:X Yby T.y) = (r+y.r +1i,). Let

B {1, 2). (-1. 3)} and C ={(1. 1, 0). (0. 1. 1). (1.0, 1)}. Find thematrix
representation of 7 using

(a) Bas a basis for R and C for R

(6) the standard basis for X and Y

(c) the standard basis for X and C for R

(d) B for the basis of X and the standard basis for Y.

. Let TR Rbe defined by

7t y)=(r-y.3t+2y)and 7,RR by T,tt. y) = (- 5y. 3r +)
(a) Find the matrix representation A, and A, of T and 7, respectively with
respect to the

(1) standard basis of

R (ii) basis {(1. 4). (6. 3} for.

(b) Determine the matrix representation of i) T, + T (ii) T-7;
(ii) T -T, with respeet to the standard basis

of R-

d. Let T:R R be a linear transformation defined by

+y+z

7y=|2-

y+ 2:

:-3 +3y-z

Find the matrix o f T w it h respce c tollowing basis for P'.
Translormations 13

Chapter 5: Matrix Representation of Linear
2a4 +2a4 +au

ald

E..

ta34+a

344 t aa +4a +2a
-2434+34 t a
al4 t 3a24 20s4

This implies that

by Renance 30
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20142024 tau-0

-3a +az4 + 4a +20=-3
-2a2 +3aztau =12
a4 +30,4

2a4 =14

Solving simultaneously gives

607

159 355 256 as 43

als 86 24 86 ,au 43
matrix is

Summarily, the required
550 539

503

40 43 86

153 351 355]
40 86 86

A=() - 13 185 256
43 43 43

607

8211072 32

43 43

2043

EXERCISESSS -1, 0). (1,2, 1)} be a basis for R and

0, 1). (2,

Leta, x2, xi} = {(1,
the linear

basis forR". Find
{(2.1,0), (1, 2, 0). (1,
-1,3)} bea

Ys 1.2, 3.

j

T:R" such R that 7x, y» =
Iransformation

that {1, 1. 1)

(2. 3).

transformation such
2 R:is a linear find 7.
itT:R" and 7(-2, 1, 0)
(6, 1).

(1,0, 1) =(4, -1)
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47
+a

2012 + 2a2

13

-3al12 +a2 + 4a +20 =
-7

-2a2 + 3a + a

-1

20

al +3a

Solving simultaneously gives

T13 1072
550
al2 43 424 43 a4243

Next, we have

Tu 73 2j=k3 =

astasV2ta3s"3tad3a

|20

|20+ 2 +a

-3al3 taz + 4a + 2a
+a23

-202+ 3a33t 043

ais t302 -2as3

This implies that
2al3 +2ay +a33 25
-3a +ay +40 +204=1
-2023 +3a3y taa3 =4
as +3a3-2a 20

Solving simultaneously results in

-539 351 185
86 a33 =

43 =32

43

Finally, we have
0

Tu,7 12 2 4 al4 +az4V2 + a3a3 +

0,s'4
-2

hapler 5: Malrix Representation of Linear Tanstormalions
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1057
A

-17]
2t2a2ta
-30ta2+ 4at 20,41

-2a +30u +41

a +3d21-2al

by coniparison, that
his implies

2a+2a +ai = 23
tat403 +20, 9
-30

-2 +3a +

aa=4

1 +30-2a,, = -17

Solving simultaneously gives
503 49

d 40 20

Furthermore, we havee

113 = aj2 +ayV2 + a32V'3 + a42Vv4
Tuy=7

-2

2412 + 2a + d3

-3a2 + a2+ 402 203

t

42

12 + a22 +a32*ds2 2

t

3d

202

d

S implies that

166 Linear Algebra
00

"Ouo

Comparing we get
a=-2

a46,a4=1, Ou="0,

Compiling a,s, we obtain the required matrix
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13306
40-11
A=(,)36

0

050-2
Example 5.6

Find the matrix representation of the linear mapping of Example 5.5 above in the basis

for R".

Solution
Let the basis be

2|[211[o]]|
4,., }=-31

Recall that

Tu, 2.

k=1

1,2,

3,4

Then for x, =
2. X =
-3,X0,,=

I, we have

hapler 5: Matrix Representation of Linear Transformations 165

22 = aj2", +a2 + ag2""~tad42Vs
Tu =0

02

a2

o
Thus, by

comparison we obtain
a23,a0,a2 =

3,ag =

5

Next, we have

0

Tu

[ @23

al3t a23t3|tad a33

olo

berefore, by comparison. we obtain

renance.app * Download Renance on Google Play
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=0

al3 0,ay-1,a336, aas
Finally, we get.

06

Tui, k=l

164 Lhear Algebra

4 13x, +3x2 +6X,

4xXt

X +3x +6x3

s ,5x-2x

Solution

Let the standard baais for R be
loojloj[

Using equation (5.1) we obtain
Tu, 2a,v.j=1,2,3,4

Thus.

13

04

This implies that a,i=13,d4,a=1,a,=0
Again, we obtain

b

Chapler 5. Malrix Represenistion af Linear Transtormatkons
comparison that

implies by

isata-a3.

a-2al=

-1

-3

solving stmuntaneously gives
Next, we haVe

Lo'].

=as +-2

0o0-al2

Tis implies by comparison, that
al2a2-a -2

G2- 2a =:-

al200

Salving simultaneously we obtain
al0, a-3,a2=-1
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CDmple the a,'s to get the required nmatrix
301

A()1-3

0

Crample 5.5

heordered basis for R' find the maurix .representation of the linear

astormation T:R R and definéd by

Transformattons

Chapler 5: Matrix Representabion of Linear
.,y.'(0,0,0),(0.1,0; 0). (0, 0.,1.0), (0.0, 0, 1)} respectively.
2.j=1,2,3

=1

=0,2 0, we have

Eor .y

-T(1,0.0):= (1,0, 2,-)=24 = adv, t az2 t agi¥s t G41Va

10, 0. 0)+ a2(0.1,0, 0)+4a,(0.0,1, O) + ai(0, 0,0,1)
-(1.a al,as= RHS

has. comparing (1. 0. 2. -1) with RHS we have
al ,a20,d2,a=-1

Next we obtain for x =0, y

12 =

0

Ti, T(0,1.0):= (-2.1.1,0) Ea

k=

anl,0, 0,0) a,(0, 1,0,0) a 0,0, 1,0) a(0,0,0, 1)

RHS

(222ap.g2)

oby comparison of (-2. 1. 1. 0) with RHS we have
a2-2,d2

1,a2=1, a4 =0

urtherinore, we getforx =0.y =0, 7 *l,

T(0.0, 1):=(1.3,-4,1) = a%3" =atata3sVsta,a'a.
aue(l.0,0.0)+ aza(0. 1, 0,0) +as(0, O, 1. 0) + a0,0, 0, 1)
(;3.d23,3.4s3)= RHS

nparison, of (1, 3, 4, 1) with RHS we obtain

OTE, the

sl,4n3,dau-4,a==

|

required matrix becomes
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renance.app * Download Renance on Google Play

36



MTH 213 | FUPRE

Renanced

160 Linear Algebra

Thus,

Th=T(, X3)

(2x, +Sr, +*33}0, 1,2,0)+(-x, +,)6,0,0,2)

+(24 2 +,-1, 1, 4,-3)

(0.x, +x +}*,d +fx, +tiy.0)-(-31, 34,. 0. 0, -4'1)

Example 5.2
Let T:R R be a linear transformation such that T(1, 0, 0)= (2, 1),
T(0.1.0) = (0, 3). and 7[0, 0, 1) = (4, 6). Find T.

Solution

Recall that

the set {x. d2, X3}= {(1, 0, 0), (0.1,0).

(0, 0, 1)} is a basis for R".

Ifv =

X. Yy, z) e R'is arbitrary. then there exist scalars a,,
V=(.y.2)

2, ay Such that

a,(1,0,0) +a,0,1,0)+a0,0,1) («, a2, a3)

This implies that

X,a2 =yand C =z So that

Tv=

T(x.y, z) a,(2,1)+a,(0,3) +a,(4,6)

x(2,1)+ 0,3)+ {4.6) (2x +42, x+3y +62) =

Example 5.3

Suppose T:RR is defined by

T(X. y. 2)* (r-2y+ z. y+32, 2x+y-4z, -X+ 2).
Determine the matrix representation of T with

basis of R' and R° respectively. respect to the standard ordered

Solution

Let the standard basis for R' and be

fi 2. X= {(1,0. 0). (0, 1, 0), (0. 0. 1)

napler 5: Mairix Representalion of Linear Transformations
linear.

Then, Tis

The llowing theorem establishes our discussion so far.

Theorem 5.1

ose X and Y are vector spaces over a ficld F with dimensions n and m
Suppose

etively. If Py and By are the ordered bases for X and Yrespectively; then for each
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NEAR TRANSFORMATION, T:X » Y. there exists a UNIQUE m x n MATRIX A

LINE

ih entries in F such that. for arbitrary x e X with coordinate matrix B = | s . the
with

coordinate matrix|7x 1g,is given by

Conversely. let Mn,F) be the set of all mx n marices overthe field Fand
t LAX. be the set of al linear transformations from X to Y, then the mapping
gLAX, Y). M,F) defined by g(7) A =

isan isomorphism where TE L{X, Y) is arbitrary and A is the matrix représentation
of T.

Example

L,

5. 1%

X2, X}.={(0,1,1),(+1,0,2),(2,1, 1)} be a basis for R and let
in R. Find the

s = {(0,1,:2,0).(6,0,0, 2),(-1; 1, 4, -3)} be vector

a

lineartransformation T:R>R* such that 7x . » j 1, 2, 3.

Solution

e R' be arbitrary. Then

there exist scalars a,, d, a, such that
Let =(x.xz, x)

X=x3) = a,(0, 1,1)+ a2(-1:0,2) +a,(2.1, 1)
(-2 +20, +0, C, +202 +03)

This implies

-4 +20 X

Solving ultaneously for 2, gives
3(2x, +5x, t23),a, {(-*+*3)

and d

(2x -X2 tA3)
156 Lunear Algebra

wlhere x =

a,x, and z >B, x, . Then,

T(exe)= 7aus, +2BB,,

oa+PZBy, =a+BT:J
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Thus, T is linear. Finally, we show that T is
unique. For this, assume that there exists

another linear transformation Q:T Ysuch that Qx y,. Letx =20x, =X be

an
arbitrary vector. Then

Or

\j=I ,=«,, -ay, Tx. Thus. Q T and hence Tis =

unique. This completes the

proof.

5.2 MATRIX REPRESENTATION OF A

Suppose X and Y are vector spaces overLINEAR
F with TRANSFORMATION

Suppose also that Bx

dimen_ions and respectively. n m
{a,} and By {. are otdered bases for X and Y

respectively. If T:X'Y 1s

linear

a

j= 1.2, 3, ., n. transformation, then' Tx, e
R(T)Y

So, each Tx, could be

expressed as linear combination

a

Hence there exist of y,, for Each.
scalars 9i =.2,3, nm; j 1, 2,3,
|

L% 7 such that
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