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Abstract— Since the ball-balancing robot has been re-
searched, many kinds of platforms and control methods have
been developed for the ballbot. Even though the behavior of
the robot has been achieved by previous studies, there are
few studies considering the contact forces between the robot
and ball. In this paper, we propose balancing and tracking
control of the ballbot, with unilateral constraints. Using an
adequate task transformation matrix, the task space dynamics
can be divided into the dynamics of the robot and the ball
respectively. This decomposition has advantages to obtain the
input torque through the ball task dynamics with constraint
forces. Through the proposed formalism, the contact force
can be computed from the ball task space dynamics with the
quadratic programming(QP) with inequality constraints such
as unilateral constraints and friction constraints. The obtained
contact force is used in the robot task space dynamics to get
control input. In addition, the balancing force is computed
using CoM reflex as a reference. Hence, using the synthesized
controller, the contact force based balancing and tracking
control simulation is performed.

I. INTRODUCTION

The mobility of the robot has been studied in a variety
of robots which has multiple legs/wheels including one leg
or wheel. A legged robot kinematically linked by limbs
is widely known to be more versatile and can traverse
various terrains with walking and jumping although it is
more complex and consumes more power. On the other
hand, wheeled robot systems are widely considered implying
difficulties in navigating over obstacles, sharp declines or
low friction areas however it is much simpler in design and
control.

A balancing ability, another issue, has been studied with
the wheeled mobile robot [1], [2]. Simply, the system is
shown to be more stable with more wheels because the
stability region represented by the supporting polygon is
bigger compared to fewer wheels.

The balancing and navigating a ball-bot, which is equipped
with omnidirectional wheels on a ball, is extremely chal-
lenging because the system has a small stability margin. The
researches have started from CMU [3] which has inverse
mouse-ball type robot since 2005. Then, the ballbot with
omnidirectional wheels has developed in many kinds of
research [4] and it was shown better performance.

New mechanisms led to the development of the ballbot
system performance, it still has challenging issues in the
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tracking of motion and balancing itself. In the beginning,
the researches designed the robot as multiple 2D models
or inverted pendulum [5], and made the controllers in each
plane using PD/PID controller [6], and widely LQR [7]
for achieving the behavior of the ballbot. Since 2011, the
system as a 3D model has been studied with different point
linearization [8], inverse dynamics control [9] and LQR [10],
[11]. In addition to this, fuzzy sliding mode control [12]
and energy-shaping control [13] has been performed in the
simulation.

Although the control schemes got better performance,
there are difficulties with the contact between the ball and
the ground in the system. In the case of ground contact,
there is no way to measure the contact information and
other difficulty arises due to the unilateral contact forces
[14]. It should be carefully considered in modelling. In
addition, the system is rigid so the frictional point contact
with rolling constraint [15] is used to assume slip-free in
the formulation. In the case of a grasp-able manipulator, it
has bilateral constraints at the contact with an environment,
however, the ballbot has unilateral constraints at the ball-
wheel contact similar to humanoid foot contact [16]. To
maintain the contact, the relative velocity of the ball-wheel
contact should remain in the friction cone and the velocity
of the ball-ground contact should be zero to avoid slipping.

In this paper, 3-dimensional modelling of an underactuated
ballbot system and tracking control based on the projected
task space dynamics with contact constraints using quadratic
programming(QP) are introduced. The robot has 9 degrees of
freedom(DoF), 4 DoF tasks and 9 contact constraints. Since
the ball-ground contact is not a measurable force, the null
space projection of the ground contact constraint is used to
obtain a projected dynamics. In addition, properly chosen
tasks are used to form the task space dynamics and the task
space dynamics are decomposed into the dynamics of the
robot and the ball. Through the ball task space dynamics,
the optimal contact force is computed using QP to solve
inequality constraints such as friction, omni-wheel constraint,
and unilateral constraints because the solution is not unique.

The paper derives equation of motion of the ballbot
system with contact constraints in section II and task space
dynamics is formulated in section II-C for tracking and
balancing control. In addition, the optimal contact force is
obtained from quadratic programming(QP) with inequality
constraints and control input is formed with the task force.
Using the proposed controller, the simulation is performed to
establish the improved performance and experimental results
are illustrated in section IV. Finally, we characterize the
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Fig. 1. A ball-balancing robot. Three omni-directional wheels are equipped
and each contacts are considered as frictional point contact. {B} is the body
frame, {i} is the wheel frame, {C} is the contact frame, {K} is the ball
frame, {N} is the ground frame and {O} is the inertial frame.

results in the conclusion in section V.

II. BALLBOT MODELLING AND PROBLEM FORMULATION

For a ballbot which has wheels with 3 active degrees of
freedom(DoF) and a floating body with 6 DoF, a velocity of
generalized coordinates of a body and a ball is defined as

ξ̇B =

 ṗBωB

q̇

 ∈ <9, ξ̇K =

[
ṗK
ωK

]
∈ <6 (1)

where ṗB ,ωB ∈ <3 are linear and angular velocities of the
floating body and q̇ =

[
q̇1 q̇2 q̇3

]T ∈ <3 are wheel joint
velocities. ṗK ,ωK ∈ <3 are linear and angular velocities of
the ball.

A. A ballbot model

The equations of motion(EoM) of the ballbot system is
expressed as

M
′

B ξ̈B +C
′

B ξ̇B + g
′

B = B
′

Bτ + JT
CBfC

M
′

K ξ̈K +C
′

K ξ̇K + g
′

K = −GT
CKfC +GT

NKfN

ṗC = JCB ξ̇B = GCK ξ̇K

ṗN = GNK ξ̇K = 0

(2)

where M
′

B ,C
′

B ∈ <9×9 are an inertia and a Coriolis
and Centrifugal matrices of the body and g

′

B ∈ <9 is a
gravitational force vector of the body. B

′

B =
[
0 E3

]T ∈
<9×3 is a selection matrix and E3 is a 3-dimensional
identity matrix. fC =

[
fT
C1
fT
C2
fT
C3

]T ∈ <9 is the
contact force vector between ball and wheel. In addition,

M
′

K =

[
mKE3 0

0 IK

]
,C

′

K =

[
0

ωK × IK

]
∈ <6×6 are an

inertia and a Coriolis and Centrifugal matrices of the ball

and g
′

K ∈ <9 is a gravitational force vector of the ball.
GT

CK =
[
GT

C1K
GT

C2K
GT

C3K

]
∈ <6×9,GT

NK ∈ <6×3 is
the contact map of the velocity of the ball-wheel contact
and ball-ground contact. fN ∈ <3 is the ball-ground contact
force. In addition, ṗC ∈ <9 is a velocity at the contact point
and JCB is the ball-wheel contact Jacobian with joint angles
and body posture. Additionally, ṗN ∈ <3 is a ground contact
velocity.

In this model, the ground velocity ṗN ∈ <3 is assumed to
be zero with the assumption that there is no slip between the
ground and the ball because fN is unmeasurable and it makes
controller design difficult. If the ball-ground contact force is
ejected from the dynamics, much essential form of the robot
system dynamics can be obtained. Hence, the equation of
motion is reformed using a null space projector of a ball-
ground contact constraint.

B. Projected dynmaics of the robot system

The system dynamics in Eq. (2) can be described as

[
M

′

B 0

0 M
′

K

]
︸ ︷︷ ︸

M
′

ξ̈ +

[
C

′

B 0

0 C
′

K

]
︸ ︷︷ ︸

C
′

ξ̇ +

[
g

′

B

g
′

K

]
︸ ︷︷ ︸
g
′

=

[
B

′

B

0

]
︸ ︷︷ ︸
B

′

τ +

[
JT
CB

−G′T
CK

]
︸ ︷︷ ︸

G
′T
C

fC +

[
0

G
′T
NK

]
︸ ︷︷ ︸
G

′T
N

fN

(3)

where ξ̇ =
[
ξ̇B ξ̇K

]T ∈ <15 is the generalized coordinates
of the whole system. The ball-ground contact map is GT ′

N

and is used to compute projection matrix

PN = I−G†
′

NG
′

N =

[
E9 0

0 P
′

N

]
=

[
E9 0

0 E6 −G
′†
NKG

′

NK

]
.

(4)
The projected EoM with ball-wheel constraints is obtained
from premultiplying PN by Eq. (3),

[
M

′

B 0

0 P
′

NM
′

K

]
︸ ︷︷ ︸

M̄

ξ̈ +

[
C

′

B 0

0 P
′

NC
′

K

]
︸ ︷︷ ︸

C̄

ξ̇ +

[
g

′

B

0

]
︸ ︷︷ ︸
ḡ

=

[
B

′

B

0

]
︸ ︷︷ ︸
B̄

τ +

[
JT
CB

−P ′

NG
′T
CK

]
︸ ︷︷ ︸

ḠT
C

fC

(5)

and it becomes{
M̄ξ̈ + C̄ξ̇ + ḡ = B̄τ + ḠT

CfC

ṗC = JCB ξ̇B = GCK ξ̇K .
(6)

where M̄ , C̄ ∈ <15×15 are an inertia and a Coriolis and
Centrifugal matrices of total system with 15 DoF and ḡ ∈
<15 is a gravitational force vector. ḠT

C ∈ <15×9 is the
ball-wheel contact force map. This projected EoM does
not contain ball-ground contact part due to the null space
projection.
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C. Task space representation

The task of the ballbot is complicated because the motion
of the robot and the ball is dependant on each other. The
change of the orientation of x-axis and y-axis leads to the
change of x-y position of the robot and the ball respectively.
Hence, x-y motion and z-axis rotation are only independent
relations in the system. Therefore, it is important to define the
task properly. In this paper, a balancing task is focused so that
x-y orientation is intuitively proper as a task. In that sense,
the common way of defining the task variable is choosing the
body orientation and the ball position [8] as minimal repre-
sentation. However, defining tasks with body frame variable
makes the task space dynamics not to relate with the joint
variable. Because the body position/orientation are obtained
from the sensor such as IMU and that information does not
contain the joint-body relation. If the joint-body related task
is defined, the dynamics formalism can be derived easily
with decomposed task dynamics discussed below. Hence,
the x-y position of robot CoM pG is proper compared to
the orientation for a motion task and z-axis orientation is
neglected because it is not critical to the balancing of the
robot.

ẋ =


ẋG
ẏG
ẋK
ẏK

 =

[
BG,T 0
0 BK,T

]
ξ̇ = T ξ̇ (7)

where T ∈ <4×15 is the transformation matrix from general
coordinates to task variables. BG,T ∈ <2×9 are the xy
components of Jacobian from {B} to {G} that includes joint
related term and BK,T ∈ <2×6 is the selection matrix of
xy components for linear velocity of the ball. With the task
transformation matrix, task space dynamics can be derived
using pre-multiplication by T †T and substitution ξ̇ with
T †ẋ,

T †TM̄T †︸ ︷︷ ︸
Λ

ẍ+ T †T
(
C̄ − M̄T †Ṫ

)
T †︸ ︷︷ ︸

C

ẋ+ T †T ḡ︸ ︷︷ ︸
g

= T †T B̄︸ ︷︷ ︸
B

τ + T †T ḠT
C︸ ︷︷ ︸

GT
C

fC

[
ΛG 0
0 ΛK

]
ẍ+

[
CG 0
0 0

]
ẋ+

[
gG
0

]

=

[
BG

0

]
τ +

[
GT

C,G

−GT
C,K

]
fC .

(8)

where ΛG ∈ <2×2 represents the task robot CoM inertia of
the task inertia matrix Λ ∈ <4×4 and ΛK ∈ <2×2 represents
the task ball CoM inertia of the task inertia matrix Λ. CG ∈
<2×2 and T †T C̄C,K is zero because T †T contains linear
part of the ball motion and C̄C,K contains orientation part
of the ball motion. So, the multiplication of two are equal
to zero. The selection matrix B ∈ <4×3 and BG ∈ <2×3.
Each dynamics can affect other by contact force fC .

Fig. 2. A ball-balancing robot is modelled in Mujoco. The wheels in the
simulation is ellipsoid and have omni-directional friction as omni wheel.
xCi

is a normal contact direction, zCi
is a non-frictional direction and yCi

is a friction-effective direction that is tangential to the plane. In addition, a
size and specification of ball-balancing robot is described in the right figure.

III. CONTROLLER DESIGN

Since the dynamics of the robot system is projected into
the null space of ground contact constraint, only the ball-
wheel contact force can be considered in the ball task space
dynamics equation, below part in Eq. (8). The contact forces
are obtained from quadratic programming(QP) with friction
and unilateral constraints.

Hence, the below dynamics is formed as

fK = ΛK ẍ
ref = GT

C,Kf
QP
C (9)

where ẍref is the reference acceleration.
To compute contact force, QP solver [17] is used.

min
1

2

(
4fT

CWC4fC + fT
CfC

)
where 4fC = fK −GT

C,Kf
QP
C

subject to fQP
Ci,x
≥ fCi,min (10)

|fCi,y| ≤ µifCi,x

fQP
Ci,z

= 0

In contact frame, x-axis is normal contact direction and z-
axis is omni wheel direction. Hence, y-axis is the tangential
direction to move and friction occurs in the direction as
described in Fig. 2. The condition of ball-ground is ejected
because it is projected out by null space projector.

In addition, the control torque can be derived by the upper
equation in Eq. (8).

τ = BW
G

(
ΛGẍ

ref +CGẋ+ gG −GT
C,Gf

QP
C

)
(11)

where BW is the generalized inverse of B which satisfies
BBWB = B.

120



Fig. 3. Block diagram of ball balancing robot system.

In addition, the null space generalized coordinate force is
defined as potential

f∗ = K0T
+T∇h (ξ) (12)

where ∇h (ξ) =
∑

i
1
2ηi (ξd − ξ). K0 is the potential gain.

Hence, the null space force in the task space is

f0 = PTf
∗ (13)

where PT ∈ <n×n is the null space projector of task
transformation matrix and general solution of the system is

τc =BW
G

(
ΛGẍ

ref +CGẋ+gG−GT
C,Gf

QP
C +f0,G

)
(14)

where τc ∈ <n is generalized control torque and the solution
contains a particular solution in the first part for a position
tracking control and a homogeneous solution f0 and f0,G

is robot part force of null space task force. This control
force is used to make the robot upright. Overall control block
diagram is described in Fig. 3.

IV. SIMULATION

The simulation model is developed with the ballbot model
as shown in Fig. 2. The Robot has 3 wheels and weight of
10.75 Kg including the body, leg and wheel. In addition, the
ball has the radius of 0.12414 m and the weight of 0.1 Kg.
The system weight is decided to be extremely unstable to
show the control performance. The heavier the robot weight
is, the higher the CoM position is and it makes the robot
unstable easily. quadprog++ [18] is used to solve the QP
problem and control rate is 1KHz.

Simulation is performed under the WINDOWS 10 64bit
system with the VISUAL STUDIO 2017 C++ compilation.
The body position/orientation and velocity are given values
as estimated from MuJoCo sensor data. Although both the
body and the ball task are chosen to be the control task,
the task cannot be assigned independently to each task. For
example, the body angle should be determined if the desired
ball position is given to follow the desired trajectory of the
ball.

A. Reference For Task Control

The task is tracking the desired position generated from
the reference value. The reference of the ball is given by

ẍref
K = ẍd +KK,p (xd − x) +KK,d (ẋd − ẋ) . (15)

TABLE I
TASK TIME SCHEDULE

Time(s) reference (x, y) position (m)

Task 1 0.001 (0, − 1)

Task 2 3.301 (−1, 0)

Task 3 6.601 (0, 1)

Task 4 9.901 (1, 0)

Task 5 14.301 cannon ball

In addition, the body should consider the balancing on the
ball while the robot tracks the desired trajectory. To following
the trajectory with balancing on the ball, CoM reflex [19]
from the falling moment is used,

ECoM =
1

2
µTµ =

1

2
rTCoMKCoMrCoM . (16)

where Kcom,p = [Mg]
T

[Mg] and µ = rCoM ×mBg is
the falling moment. mB , g are the mass of the robot and the
gravity vector and rCoM is the radius from the ball position
to CoM of the robot in the x-y plane. Using the gradient
decent method, the CoM reflex can generate the reflexive
motion through the falling moment. Hence, the reference of
the body can be

ẍref
B = αKCoM,prCoM (17)

where α is CoM complex gain. Hence, the reference can be
obtained using (15) and (17),

ẍref =
[
ẍT,ref
B ẍT,ref

K

]T
(18)

By substituting τ , fK with ẍref in task space dynamics, the
closed loop behavior is obtained,{

ΛGë = GT
C,G4fC

GT
C,K4fC = δC

(19)

If δC → 0 steady state error will be 0. Moreover, the
potential reference ξd designed as Eq. 12 has ξi,d = 0 and
ηi = 0 for all i except η4 = η5 = 1.

B. Simulation Results

The task of the robot and the ball is given the same
position value because the desired position of the robot and
the ball would not be different. Hence, the same tasks are
given to the robot and the ball by xy axis motion and last
tasks will perform to take a balance. The task is given in the
order in Table I. 4 tasks are performed for 3 seconds with 0.3
seconds rest respectively, and the cannon ball is shot at the
robot to show the compliant motion against the disturbance.
In addition, the desired task profile is generated by using the
task reference positions.

As shown in Fig. 4. (a), a solid line is an actual position
of the body and a dashed line is the desired position. In

121



0 2 4 6 8 10 12 14 16 18 20

time(s)

-1.5

-1

-0.5

0

0.5

1

1.5

p
o
s
it
io

n
(m

)

body task cur. & des.

posBx

posBx
d

posBy

posBy
d

(a) A task and a desired task of the ballbot.
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(b) A task and a desired task of and the ball.

Fig. 4. A task and a desired task is compared. A red line is x-axis position,
a green line is y-axis position. A solid line is actual task and dashed line
is desired task.

addition, a red line is the x-axis and a green line is the y-
axis. The actual CoM position of the robot tracks the desired
CoM position and there are about 5 mm of steady-state error.
In the case of ball task in Fig. 4 (b), a cyan line is the x-axis
and a black line is the y-axis of the ball. The solid line is the
actual position and the dashed line is desired position also.
The steady state error of the ball task is about 2 cm. The
simulation results are improved compared to the previous
researches in position tracking.

Althogh two tasks have same reference trajectory, the CoM
reflex works to interfer between robot task and ball task so
the errors in transition are occured as shown in Fig. 4. (b).
Instead, the CoM reflex makes the robot motion more faster
and dynamic as shown in the ball velocity figure which is
addressed in Fig. 5.

The simulation discusses mainly CoM position control so
the desired velocity is set to 0. The modelled ballbot system
has the big mass body compared to the ball mass and it
makes that the ballbot has the small stable region on the
ball. It means that the robot can be tilted at a small angle.
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Fig. 5. A ball velocity comparison: A red line is x-axis velocity, a blue
line is y-axis velocity.

With that difficulty, the proposed controller can move the
ballbot at about 0.7 m/s.

In addition to this, multiple cannon balls with 0.01
Kg(10% weight of the ball weight) respectively is shot
to the body. The ballbot can endure the disturbance from
the cannon ball, although it has a smaller stability region.
Described results are shown as in the snapshot Fig. 6.

V. CONCLUSION

In this paper, the projected task space dynamics using
QP to solve the optimal ball-wheel contact forces and the
balancing reference force generation using falling moment
is proposed. From the null space of the ball-ground contact
constraint, task space dynamics can be obtained which is
not related to the ball-ground condition. With adequate tasks,
the task dynamics can be obtained and decomposed into the
task dynamics of the robot and the ball. In this paper, x-y
motion of the CoM is chosen to be the task reference and
z-axis rotation is neglected because the z-axis motion is not
primary task. Althogh there is 3 system inputs, 4 tasks can
be taken because 2 inputs are used to control the x-y motion
of the CoM and 1 is used to take a balance.

This formalism has advantages to obtain the contact force
for balancing and tracking of the robot using the ball task
space dynamics. To obtain the contact force with friction
and unilateral constraints, QP is used to compute the optimal
solution. Through this formalism, contact force can be syn-
thesized to the controller and the reference force considers
the position tracking and the body balancing.

To validate the algorithm, the simulation is performed
using Mujoco, the dynamics engine, with omni-wheel like
behavior at the ball-wheel contact. The ballbot model has
9 DoF with 3 joints and a body. With the diamond-shpaed
motion trajectory, the position tracking performance is dis-
cussed and body balancing are tested with multiple cannon
ball shooting in the simulation to see the robustness of the
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Fig. 6. Snapshots of the experiment. The Snapshot is obtained as in the order of Table I.

control and the adequate results are obtained.
This system has limitations due to the lightweight ball and

contact condition. Considering the z-axis orientation of the
body is a quite difficult issue because the ball rotates before
the body rotates. As further research, the orientation of the
body will be discussed.
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