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Reason: (I.) Simple backend (2.) Small file size
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Anagrams

Consider an alphabet ¥ = {01,02,...,0x} and words x, y, ... from a language L C **.
Definition (Rohit Parikh, 1961)

The Parikh vector of a word x € ¥* is W(x) £ (|o1], |02, ..., |ok|) .

Example

For ¥ = {a, b, c}, W(abb) = (1,2,0) and W(abab) = W(abba) = (2,2,0).



Anagrams

Consider an alphabet ¥ = {01,092, ...,0k} and words x, y, ... from a language L C **.

Definition (Rohit Parikh, 1961)
The Parikh vector of a word x € ¥* is W(x) £ {|o1], 02|, ..., |ok|) -

Example
For ¥ = {a, b, c}, V(abb) = (1,2,0) and W(abab) = W(abba) = (2,2,0).

Theorem (Rohit Parikh, 1961)
Given a Context-Free Language, L C ¥*, one can efficiently construct the set of all

Parikh vectors. One can use this to identify that x € ¥* cannot be in the language.

More Details: cs.umu.se/kurser/ TDBC92/VT06/final/3.pdf


https://www8.cs.umu.se/kurser/TDBC92/VT06/final/3.pdf

Anagrams

Consider an alphabet ¥ = {01,02,...,0x} and words x, y, ... from a language L C **.
Definition (Rohit Parikh, 1961)

The Parikh vector of a word x € ¥* is W(x) £ (|o1], |02, ..., |ok|) .

Example

For ¥ = {a, b, c}, W(abb) = (1,2,0) and W(abab) = W(abba) = (2,2,0).



Anagrams

Consider an alphabet ¥ = {01,092, ...,0k} and words x, y, ... from a language L C ¥*.

Definition (Rohit Parikh, 1961)
The Parikh vector of a word x € ¥* is W(x) £ {|o1], 02|, ..., |ok]) -

Example

For ¥ = {a, b, c}, W(abb) = (1,2,0) and W(abab) = W(abba) = (2,2,0).
Definition (Anagram)

X,y € £* are anagrams if ¥(x) = V(y).

Definition (Subanagram
x € ¥* is a subanagram of y € ¥* if U(x) < W(y).



Anagrams

Lemma
Given x,y € X", one can compute whether W(x) = W(y) in O(n+ |X]|) time.

Lemma
Given x,y € ¥*, one can compute whether W(x) < W(y) in O(|x| + |y| + |X]|) time.

Proof.



Anagrams

Lemma
Given x,y € X", one can compute whether W(x) = W(y) in O(n+ |X]|) time.

Lemma
Given x,y € ¥*, one can compute whether W(x) < W(y) in O(|x| + |y| + |X]|) time.

Proof.
Compute the Parikh vectors similar to the first half of Counting Sort.

Example
Counting the number of a's, b's, and c's in aba and aab both yield (2,1,0).



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= b a a x= ¢ a b

y a b a y a b a



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b X= ¢ a b

y a a b y= a b a



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b x= ¢ a b
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Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.

Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

< X
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Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b x= ¢ a b

y= a a b y= a b a



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b v X= ¢ a b

y a a b y= a b a



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b v x= a b ¢

y a a b y= a a b



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b v x= a b c

y= a a b y a a b



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example
= b = b
X a a v a b ¢
y= a a b y a a b



Anagrams

Lemma
Given x,y € ¥", computing whether V(x) = W(y) takes O(sort(n)) time.

Proof.
Sort words x and y in O(sort(n)) time. Then, check whether they now are the very
same word in O(n) time. O
Example

x= a a b v x= a b ¢ 1

y a a b y= a a b



Anagrams

Lemma .
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example

X b a X c a

y a b a y a b a



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.

Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.

Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example
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Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.

Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example

X
Q
l=a
X
@]

<
Y]
5}
(o
<
Y]
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Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.

Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.

Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example
b a c
X a V X



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example
b a c
X a v X a
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Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example
b a c
X a v X (o}

<
Y]
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Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example
b a c
X a v X o}



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example
b = a c
X a v X (o}



Anagrams

Lemma
Given x,y € ¥*, checking W(x) < W(y) takes O(sort(|x|) + sort(|y|)) time.

Proof.
Again, sort words x and y. Now, match each symbol of x with ones in y; skip symbols
of y if x is “ahead". O
Example

X a b v X a c 1
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Anatree

Given an alphabet, ¥, and an ordering on its symbols, < : ¥ x X — {T, L}, the
Anatree data structure manages a set of words L C ¥* on which one can do

Operation

insert (x)

delete (x) O(sort(|x|) + [%])

contains(x) O(sort(|x|) + |X|)

anagrams (x) O(sort(|x]) +|X| + T)
subanagrams (x)  O(sort(|x|) + min(Nree, 2 - |Z]) + T)

where Ntee is the size of the Anagram tree and T is the output size.



Anatree

U [oo| {baa, aba}

=

(ba}
. \\ {} =] {ca}
T O -

{}
L ={A,a, ba, ca, aba, baa}



Anatree.contains (ba)

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

\ {} find(n, x’, 1i):

{ba}
0 e
TR O -

{}
L ={A,a, ba, ca, aba, baa}

{

[oo| {baa, aba}



Anatree.contains (ba)

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

\ {} find(n, x’, 1i):

(A} U =)
TR O -

{}
L ={A,a, ba, ca, aba, baa}

{

[oo| {baa, aba}



Anatree.contains (ba)

W A0 e
@{’ [ ] {ca}
TR O -

L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):

if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains (ba)

{

[oo| {baa, aba}
TUEG

\\A {} {ba}
b

U Ee
=0

{}
L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):

if x’[i] > n.char

return find(n.false, x’, i)



Anatree.contains (ba)

{

{baa, aba}
TUEG
. = | {ba}

U Ee
=0

{}
L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):

if x’[i] > n.char
return find(n.false, x’, i)
if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains(ba) = Yes

{

{baa, aba}
TUEG
. = | {ba}

U Ee
=0

{}
L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):
if 1 = x’.length
return n

if x’[i] > n.char
return find(n.false, x’, i)
if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains (aca)

{

{baa, aba}

=

O {ba}
0 e
TR O -

{}
L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):
if 1 = x’.length

return n

if x’[i] > n.char
return find(n.false, x’, i)
if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains (aca)

{

{baa, aba}

=

(A} U =)
TR O -

{}
L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):
if 1 = x’.length
return n

if x’[i] > n.char

return find(n.false, x’, i)



Anatree.contains (aca)

W A0 e
@{’ [ ] {ca}
TR O -

L ={A,a, ba, ca, aba, baa}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):
if 1 = x’.length
return n

if x’[i] > n.char

return find(n.false, x’, i)



Anatree.contains (aca)

contains(x):
n := find(root, sort(x),
{b} {baa, aba} return n ;(é NIL & n.c(on)tai(zl)s(x)
{a} \\ {} find(n, x’, 1i):
{} if 1 = x’.length

A [ o] {ba} return n
N [] {ca}
TR O -

{}
L ={A,a, ba, ca, aba, baa}

if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains (aca)

{

=0

L ={A,a, ba, ca, aba, baa}

O {ba}
U =1

T=1{}

contains(x):
n := find(root, sort(x), 0)
return n # NIL & n.contains(x)

find(n, x’, 1i):
if 1 = x’.length

return n

if x’[i] > n.char
return find(n.false, x’, i)
if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains(aca) = No

{

U

=0

L ={A,a, ba, ca, aba, baa}

[oo| {baa, aba}

Sl [ ] {ba}

T=1{}

contains(x):
n := find(root, sort(x), 0)

return n # NIL & n.contains(x)

find(n, x’, i):
if 1 = x’.length
return n
if x’[i] < n.char
return NIL
if x’[i] > n.char
return find(n.false, x’, i)
if x’[i] = n.char

return find(n.true , x’, i+1)



Anatree.contains(...)

{3 (=] {baa, aba} Lemma

find(n, sort(z), <) runsin
=10 O(sort(|x]) + |E|) time.
Proof.

\‘\ U (] {ba} O(1) time is spent per node. At most

|x| high edges and |X| low edges are

N \‘\ {cal  traversed, meaning at most |x| + |X|
A@ {} a - nodes are visited.

{}
On top of this, add the O(sort(|x|))

L ={A,a, ba, ca, aba, baa} time to sort x into x’ O




Anatree.contains(...)

{

T

L ={A,a, ba, ca, aba, baa}

{baa, aba}

U =y
R (o] {ca}
T O -

T=1{}

Lemma
find(n, sort(z), i) runsin

O(sort(|x|) + |X]|) time.

Proof.
O(1) time is spent per node. ..

Corollary
contains(z) runs in

O(sort(|x|) + |X|) time.



Anatree.anagrams(...)

{

T

L ={A,a, ba, ca, aba, baa}

{baa, aba}

U )
N [] {ca}
TR O -

T=1{}

anagrams (x) :
n := find(root, sort(x), 0)
if n # NIL

output words in n

Corollary
anagrams (z) runs in

O(sort(|x]) + ||+ T) time.

Proof.

It takes O(sort(|x|)+ |X|) time to
find n and then another O(T) time
to output its content. O

10



Anatree.subanagrams (a) =

{

[oo| {baa, aba}
TUEG

(ba}
0 = fea)
= & =

{}
L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

11



Anatree.subanagrams(a) = A

{

[oo| {baa, aba}
TUEG

n 0 =
o
=g ‘

{}
L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):

11



Anatree.subanagrams(a) = A

subanagrams (x) :
subanagrams’ (root, sort(x), 0)

[=] {baa, aba} subanagrams’ (n, x’, i)
/j{f}\\ ‘~~ {} output words in n
{/\}/\"”,A\\ {ba}
a
| (o)
=] {} a .

{}
L ={A,a, ba, ca, aba, baa}



Anatree.subanagrams(a) = A

L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):

output words in n

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(a) = A, a

W A0 e
@{’ [ ] {ca}
TR O -

L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):
output words in n
if n.char = oo:

return

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(a) = A, a

{

{baa, aba}

=

(ba}
. \\ {} =] {ca}
T O -

{}
L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):
output words in n
if n.char = oo:

return

if 1 = x’.length:

return

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams (abb) =

{

{baa, aba}

=

(ba}
. \\ {} =] {ca}
T O -

{}
L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):
output words in n
if n.char = oo:

return

if 1 = x’.length:

return

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams (abb) = A

0 [oo| {baa, aba}

O

“ Tl {}

\

W A0
o
=4 ‘

L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):
output words in n
if n.char = oo:

return

if 1 = x’.length:

return

11



Anatree.subanagrams (abb) = A

L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):

output words in n

if 1 = x’.length:

return

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(abb) = A, a

W A0 e
@{’ [ ] {ca}
TR O -

L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):
output words in n
if n.char = oo:

return

if 1 = x’.length:

return

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(abb) = A, a

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

{

{baa, aba}

subanagrams’ (n, x’, i):

~o_ output words in n
{} if n.char = oo:

return

AN {} [ | {ba
U E=es)

~ RN {} [ ] {ca} if i = x’.length:
Smp T
N T~ if x’[i] > n.char:
{}
L ={A,a, ba, ca, aba, baa}

subanagrams’ (n.false, x’, i)



Anatree.subanagrams(abb) = A, a

{

[oo| {baa, aba}
TUEG
. (o] {ba}
- U
{ca}

EIRY
L ={A,a, ba, ca, aba, baa}

=0

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):
output words in n
if n.char = oo:

return

if 1 = x’.length:

return
if x’[i] > n.char:

subanagrams’ (n.false, x’, i)
if x’[i] = n.char:

subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(abb) = A, a

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

{

[oo| {baa, aba}

subanagrams’ (n, x’, i):

~o_ output words in n
{} if n.char = oo:

return
. [ ] {ba} while x’[i] < n.char:

it+
. L {} {ca}
=1 c I
{} subanagrams’ (n.false, x’, i)

: T4 = .
L ={A,a, ba, ca, aba, baa} if x’[1] = n.char:
subanagrams’ (n.false, x’, i+1)

if x’[i] > n.char:

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(abb) = A, a, ab

{

[oo| {baa, aba}
TUEG
. = | {ba}

U Ee
=0

{}
L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):

output words in n

while x’[i] < n.char:
it+
if 1 = x’.length:
return
if x’[i] > n.char:
subanagrams’ (n.false, x’, i)
if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(abb) = A, a, ab

{

[oo| {baa, aba}
TUEG

(ba}
. \\ {} =] {ca}
T O -

{}
L ={A,a, ba, ca, aba, baa}

subanagrams (x) :

subanagrams’ (root, sort(x), 0)

subanagrams’ (n, x’, i):

output words in n

if n.char = oc0:
return

while x’[i] < n.char:
i++

if 1 = x’.length:
return

if x’[i] > n.char:
subanagrams’ (n.false, x’, i)

if x’[i] = n.char:
subanagrams’ (n.false, x’, i+1)

subanagrams’ (n.true, x’, i+l)

11



Anatree.subanagrams(. . .)

{

[oo| {baa, aba}
TUEIO

U =y
T O -

{}
L ={A,a, ba, ca, aba, baa}

Lemma
For N = Zle |x;|, the anatree has size,
Niree, at most N.

12



Anatree.subanagrams(. . .)

Lemma
_ k : 4
{} =] {baa, aba} For N =%, |xi|, the anatree has size,
Niree, at most N.
=] {} Theorem

subanagrams (z) runs in

{ba) Osort[x]) + min(Nyee, 2% -[5]) + T)
‘ time.
N N U [oo] {ca} Proof.
=] {} a It takes O(sort(|x|)) time to sort x and
Te- another O(T) to write the output.

T=1{}

For every match, the recursion splits in
two. Each of these 2XI matches have ||
or fewer mismatches. O

L ={A,a, ba, ca, aba, baa}

12



Anatree.keys(...)

Definition
The subset L’ of L C X* is a set of keys w.r.t. W if for all x,y € L’ then W(x) # W(y).

13



Anatree.keys(...)

Definition
The subset L’ of L C X* is a set of keys w.r.t. W if for all x,y € L’ then W(x) # W(y).

Theorem
keys (length) runs in O(min(Nyee, 21" - |X|) + T) time.

Proof.
Left as an exercise to the reader. .. (]

13



Anatree.insert (A\)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

14



Anatree.insert (A\)

{A}

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

14



Anatree.insert (ba)

{A}

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

return n

14



Anatree.insert (ba)

{A} {

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

14



Anatree.insert (ba)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

i 0 =0
(=) Pl

N N

g

~

=



Anatree.insert (ba)

{A} {

Cr

g

~| {ba}
{

=

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

14



Anatree.insert(a)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

n O = oa)

0y,

‘=0 =

return n



Anatree.insert(a)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

(A} 0 = 03}
i (o) !

‘= =



Anatree.insert(a)

{A} {a} [=] {ba}
) !

N N

g

~

=

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] == m.char:

n.true = insert’(n.true, x’, i+1, x)

14



Anatree.insert (baa)

{A} {a}

OO

N N

g

[~] {ba}

{
=

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

14



Anatree.insert (baa)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }
n.true = insert’(n.true, x’, i+1, x)

(A} B} =) ba)
A (o) Rt

‘= =



Anatree.insert (baa)

{A} {a} [=] {ba}
) !

N N

g

~

=

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

14



Anatree.insert (baa)

0

m
2 /,- {ba}

Q—’

N \
N

=0

~

TE

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

else if n.char = oo:

n = node{ char: x’[i], false: oo, true:

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

oo }

14



Anatree.insert (baa)

0
(2)

w 2p
(b

S

C—0Gr

N N

g

{ba}
{

~

=

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

14



Anatree.insert (baa)

0
(2}

W A0 ) by
o

/
{
\ A

N =N

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
n = node{ char: x’[i], false: oo, true: oo }

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

14



Anatree.insert (baa)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

8 L] {} if i =x.1
if i = x’.length:
b n.insert(x)
ta) =0
{A} \\ {} E {ba} else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true: oo }
{} move n.words into n’.words
~

~ ~
R n’.true = insert’(n’.true, x’, i+l, x)

\ {} @ return n’

else if x’[i] == m.char:

n.true = insert’(n.true, x’, i+1, x)



Anatree.insert (baa)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

else if n.char = oo:
n = node{ char: x’[i], false: oo,
n.true = insert’(n.true, x’, i+1,
else if x’[i] < m.char:
n’ = node{ char: x’[i], false: n,
move n.words into n’.words

true: oo }

x)

true: oo }

n’.true = insert’(n’.true, x’, i+l, x)

return n’

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1,

x)

14



Anatree.insert (aba)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

else if n.char = oo:

n = node{ char: x’[i], false: oo, true:

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true:

move n.words into n’.words
n’.true = insert’(n’.true, x’, i+l, x)

return n’

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

oo }

oo }

14



Anatree.insert (aba)

insert(x):
root = insert’(root, sort(x), 0, x)

{} insert’(n, x’, i, x):
if i = x’.length:

e n.insert (x)
{a} ~ else if n.char = oo:

{} n = node{ char: x’[i], false: oo, true: oo }
e n.true = insert’(n.true, x’, i+1, x)
{A} . {} E {ba} else if x’[i] < m.char:
a u n’ = node{ char: x’[i], false: n, true: oo }

{} move n.words into n’.words

n’.true = insert’(n’.true, x’, i+l, x)

{} @ return n’



Anatree.insert (aba)

[oo] {baa}

{a} e
{A} \\ {} [~] {ba}
of
=]

=0

insert(x):

root = insert’(root, sort(x), 0, x)

insert’(n, x’

if i = x’.1

, i, x):

ength:

n.insert(x)

else if n.char = oo:

n = node{
n.true =
else if x’[

n’ = node

char: x’[i], false: oo, true:

insert’(n.true, x’, i+1, x)

i] < m.char:

{ char: x’[i], false: n, true:

move n.words into n’.words

n’.true =

return n’

insert’(n’.true, x’, i+1, x)

oo }

oo }

14



Anatree.insert (aba)

{} {baa}
b ]
{a} E Q)
{A} {} =1 {ba}

-{}

insert(x):

root = insert’(root, sort(x), 0, x)

insert’(n, x’

if i = x’.1

, i, x):

ength:

n.insert(x)

else if n.char = oo:

n = node{
n.true =
else if x’[

n’ = node

char: x’[i],
insert’(n.true, x’, i+1, x)
i] < m.char:

{ char: x°[i],

move n.words into n’.words

n’.true =

return n’

insert’(n’.true, x’, i+1, x)

false: oo, true:

false: n, true:

oo }

oo }

14



Anatree.insert (aba)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

else if n.char = oo:
n = node{ char: x’[i], false: oo,
n.true = insert’(n.true, x’, i+1,
else if x’[i] < m.char:
n’ = node{ char: x’[i], false: n,
move n.words into n’.words

true: oo }

x)

true: oo }

n’.true = insert’(n’.true, x’, i+l, x)

return n’

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1,

x)

14



Anatree.insert (ca)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

else if n.char = oo:

n = node{ char: x’[i], false: oo, true:

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true:

move n.words into n’.words
n’.true = insert’(n’.true, x’, i+l, x)

return n’

else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

oo }

oo }

14



Anatree.insert (ca)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

if i = x’.length:
n.insert(x)

else if n.char = oo:
n = node{ char: x’[i], false: oo,
n.true = insert’(n.true, x’, i+1,

else if x’[i] < m.char:
n’ = node{ char: x’[i], false: n,
move n.words into n’.words

true: oo }

x)

true: oo }

n’.true = insert’(n’.true, x’, i+l, x)

return n’

14



Anatree.insert (ca)

[oo | {baa, aba}

{a} e
{A} \\ {} [~] {ba}
od

=y =

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)
else if n.char = oo:
x? [i],

n.true = insert’(n.true, x’, i+1, x)

n = node{ char:

else if x’[i] < m.char:
x’ [i],

move n.words into n’.words

n’ = node{ char:
n’.true = insert’(n’.true, x’, i+l, x)

return n’

else if x’[i] == m.char:

n.true = insert’(n.true, x’, i+1, x)

false: oo, true:

false: n, true:

oo }

oo }

14



Anatree.insert (ca)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

else if n.char = oo:

n = node{ char: x’[i], false: oo, true:

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true:

move n.words into n’.words
n’.true = insert’(n’.true, x’, i+l, x)

return n’

else if x’[i] == m.char:

n.true = insert’(n.true, x’, i+1, x)

oo }

oo }

14



Anatree.insert (ca)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true:

move n.words into n’.words
n’.true = insert’(n’.true, x’, i+l, x)
return n’
else if x’[i] > m.char:
n.false = insert’(n.false, x’, i, x)
else if x’[i] == m.char:

n.true = insert’(n.true, x’, i+1, x)

oo }

14



Anatree.insert (ca)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):

else if n.char = oo:

n = node{ char: x’[i], false: oo, true:

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true:

move n.words into n’.words
n’.true = insert’(n’.true, x’, i+l, x)
return n’
else if x’[i] > m.char:
n.false = insert’(n.false, x’, i, x)
else if x’[i] == m.char:

n.true = insert’(n.true, x’, i+1, x)

oo }

oo }

14



Anatree.insert(...)

insert(x):
root = insert’(root, sort(x), 0, x)

insert’(n, x’, i, x):
if i = x’.length:
n.insert(x)

else if n.char = oo:

n = node{ char: x’[i], false: oo, true:

n.true = insert’(n.true, x’, i+1, x)

else if x’[i] < m.char:

n’ = node{ char: x’[i], false: n, true:

move n.words into n’.words
n’.true = insert’(n’.true, x’, i+l, x)
return n’
else if x’[i] > m.char:
n.false = insert’(n.false, x’, i, x)
else if x’[i] == m.char:
n.true = insert’(n.true, x’, i+1, x)

return n

oo }

oo }

14



Anatree.insert(...)

Theorem
insert (x) runs in O(sort(|x|) + X) time.

Proof.
Similar argument as for find(n, x’, 1).

15



Anatree.insert(...)

Theorem
insert (x) runs in O(sort(|x|) + X) time.

Proof.

Similar argument as for find(n, x’, 1). O

Corollary

For N = Zf‘zl |xi|, insert(x1, x2, ..., xx) requires O(sort(N) + k- |X|) time.

Proof.

Follows from complexity of insert(x;) and sort distributes over + in O-notation:
O(sort(Ny) + sort(N2)) = O(sort(Ny + N7)) O

15



Anatree.delete(...)

Theorem

delete(x) runs in O(sort(|x|) + |X]|) time.

Proof.
Left as an exercise to the reader. .. N
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Anatree

Dictionary Anatree
# Words  # Symbols Size #Keys insert (s) subanagrams (s)
DK | 32863 177308 | 62687 8513 12.62 1.05
== DE | 23587 127562 | 55047 8201 0.46 0.88
SI= EN | 40804 218342 | 75697 11741 10.62 1.43
— ES 39650 219776 | 56103 7502 8.45 0.89

17
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Multi-valued Anatree



Multi-valued Anatree

L={A, a,c,ba,ca,aba, baa}

18
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Letter Ordering



Letter Ordering

{

{bc}

TR

L ={A, bc, bac}

19



Letter Ordering

Anatree Size

0.8

0.6

0.4

0.2

-10° ‘ ‘

7777
777

— 7777
DB 7777

NNNN 7000

DR 7777

7777 N 7777
1777 i 7777
7777 N 7777
7000 7000
2r77 7777
2777 7777 72777
[ 2777 7277 777
7777 7077 7777
R N | DN 2777 7777
| I BN 7777 7777
RN I DN 777 7777
| I BN 7077 7777
RN I BN T SN 7777
N I DN A | DN 7777
R I NN AT | DN 777
RN I DN AT | DN 777
RN I BN AT | DN 7777
RN I DN AT | DN 777
| I BN Y | BN 7777
R N I DN AT | DN 7777
| I BN Y | DN 7777
RN I BN ALY | DN 7777
|l I BN A | DN 7777
RN I NN ALY | DN 7777
RN I DN AT | DN 7777
RN I NN ALY | DN 72777
RN I DN AT | DN 777
[~ RN I DN AT | DN 7777
RN I DN AT | DN 777
| I BN Ay | DN 7777
RN I BN AT | DN 7777
| I BN Ay | DN 7777
RN I BN AT | DN 7777
| I BN A | DN 7777
RN I NN AT | DN 7777
RN I DN A | DN 7777
RN I NN A | NN 2777

’D[]abc@[lzyx@@esiﬁ][}]qjx

NN
NN
NN

777
777
777
7274177
777477
7274177
777477
777477
777477
777477
7727477
777477
77274177
777477
7274177
777477
7274177
777477
777477
777477
777477
7774177
777477
7274177

77
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Binary Decision Diagrams
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Binary Decision Diagrams

Used in the context of:

m Model Checking
m Compilers

m Game Solving

21



Binary Decision Diagrams

Used in the context of:
m Model Checking
m Compilers

m Game Solving

Features of BDDs:
m (Often) Smaller than Formula/Set
m Operation Complexity depends on BDD Size
m Size depends on Variable Ordering

21



Binary Decision Diagrams

Always has been. |
Used in the context of:

m Model Checking

m Compilers

- - = LamaSalving
Wait, this was about BDDs? [
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