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■ Full Differentiable Exchange-Correlation Functional 

■ Equivariant Graph Neural Network Architecture  

■ Graph Neural Network For Excited State
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■ Background

WIREs Comput Mol Sci. 2023;13(2):e1631

Phys Chem Chem Phys. 2024;26(26):18418-18425

J. Chem. Theory Comput. 2019, 15, 8, 4305–4311
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■ Exchange-Correlation Functional and Self-Interaction Error

𝜈𝑒𝑓𝑓(𝒓, 𝑹) = 𝜈𝑒𝑥𝑡(𝑹) + ∫ 𝑑𝒓′￼
𝜌(𝒓′￼)
𝒓 − 𝒓′￼

+ 𝜈𝑥𝑐(𝒓) 𝜈𝑒𝑓𝑓(𝒓, 𝑹) = 𝜈𝑒𝑥𝑡(𝑹) +
1

|𝒓 |
+ 𝜈𝑥𝑐(𝒓)

N-electron system One-electron system( )𝒓 → ∞
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■ Full Differentiable Exchange-Correlation Functional – DQC and PySCFAD

XC Library used in PySCFAD

XC Functional in PySCFAD

𝐸𝑋𝐶𝑁𝑁
𝑥𝑐 = 𝛼𝐸𝑥𝑐

𝐿𝐷𝐴 + 𝛽∫ 𝑑𝑟 𝑓(𝑛, 𝜉, 𝑠)𝜌(𝒓)

𝐸𝑋𝐶𝑁𝑁
𝑥𝑐 = 𝛼𝐸𝑥𝑐

𝐺𝐺𝐴 + 𝛽∫ 𝑑𝑟 𝑓(𝑛, 𝜉, 𝑠)𝜌(𝒓)

Phys. Rev. Lett. 127, 126403  5



■ Full Differentiable Exchange-Correlation Functional – GradDFT Package

𝑐𝜃[𝜌](𝒓) = (𝑐1,𝜃[𝜌](𝒓), 𝑐2,𝜃[𝜌](𝒓)…𝑐𝑘,𝜃[𝜌](𝒓))

𝑒[𝜌](𝒓) = (𝑒1[𝜌](𝒓), 𝑒2[𝜌](𝒓)…𝑒𝑘[𝜌](𝒓))

Coeffcient Functions 

Energy Densities

Loss Function

𝐿 =
1

𝑁2 ∑
𝑖

(𝐸𝑝𝑟𝑒 − 𝐸𝑡𝑟𝑢𝑒)
2
+ 

1
𝑁2 ∑

𝑖
(𝜌𝑝𝑟𝑒 − 𝜌𝑡𝑟𝑢𝑒)

2

J. Chem. Phys. 160, 062501 (2024)

Science. 2021;374(6573):1385-1389 6



DFT Initial Features on 
the Grid MLP Coeffcient 

Functions 

■ Full Differentiable Exchange-Correlation Functional – GradDFT Package

Electronic DensityHatree-Fock Energy Density

𝝆𝜶,  𝝆𝜷,   𝛁𝝆
𝟐
, 𝛁𝝆𝜶

𝟐
, 𝜵𝝆𝜷

𝟐
, 𝒆𝝎

𝑯𝑭[𝝆](𝒓) with 𝜔 = 0, 0.5

𝐸𝐷𝑀21
𝑥𝑐 = ∫ 𝑑𝒓𝒄𝜽[𝝆](𝒓) ⋅

𝒆𝒙𝒄
𝑳𝑫𝑨[𝝆](𝒓)

𝒆𝑯𝑭[𝝆](𝒓)
𝒆𝝎

𝑯𝑭[𝝆](𝒓)

𝐸𝑅𝑆𝐻
𝑥𝑐 = ∫ 𝑑𝒓𝒄𝜽[𝝆](𝒓) ⋅

𝒆𝒙
𝑳𝑫𝑨[𝝆](𝒓)

𝒆𝒙
𝑩𝟖𝟖[𝝆](𝒓)

𝒆𝒄
𝑳𝒀𝑷[𝝆](𝒓)

𝒆𝒄
𝑽𝑴𝑵[𝝆](𝒓)

𝒆𝒙
𝑯𝑭[𝝆](𝒓)

𝒆𝝎
𝑯𝑭[𝝆](𝒓)
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■ Full Differentiable Exchange-Correlation Functional 

𝐸𝐷𝑀21
𝑥𝑐 = ∫ 𝑑𝒓𝒄𝜽[𝝆](𝒓) ⋅

𝒆𝒙𝒄
𝑳𝑫𝑨[𝝆](𝒓)

𝒆𝑯𝑭[𝝆](𝒓)
𝒆𝝎

𝑯𝑭[𝝆](𝒓)

LDA XC Functional with HF Hybrid - DM21

𝐸𝐿𝐷𝐴
𝑥𝑐 = 𝑎𝑥𝐸𝐿𝐷𝐴

𝑥 + 𝑎𝑐𝐸𝑉𝑀𝑁
𝑐 + a0(EHF

x − Ex
LDA)

𝒆𝝎
𝑯𝑭[𝝆](𝒓) = ∑

𝒊𝒋

𝝓∗
𝒊 (𝒓)

erf(𝜔[𝜌] 𝑟 − 𝑟′￼ )
𝑟 − 𝑟′￼

𝝓𝒋(𝒓)
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■ Full Differentiable Exchange-Correlation Functional – H2 Dissociation Curve

𝐸𝑅𝑆𝐻
𝑥𝑐 = ∫ 𝑑𝒓𝒄𝜽[𝝆](𝒓) ⋅

𝒆𝒙
𝑳𝑫𝑨[𝝆](𝒓)

𝒆𝒙
𝑩𝟖𝟖[𝝆](𝒓)

𝒆𝒄
𝑳𝒀𝑷[𝝆](𝒓)

𝒆𝒄
𝑽𝑴𝑵[𝝆](𝒓)

𝒆𝒙
𝑯𝑭[𝝆](𝒓)

𝒆𝝎
𝑯𝑭[𝝆](𝒓)

B3LYP XC Functional - Ours

𝐸𝐵3𝐿𝑌𝑃
𝑥𝑐 = 𝐸𝐿𝐷𝐴

𝑥 + 𝑎0(𝐸𝑥
𝐻𝐹 − 𝐸𝐿𝐷𝐴

𝑥 )+

          𝑎𝑥(𝐸𝑥
𝐵88 − 𝐸𝑥

𝐿𝐷𝐴) + 𝑎𝑐(𝐸𝑐
𝐿𝑌𝑃 − 𝐸𝑐

𝑉𝑀𝑁)
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■ Full Differentiable Exchange-Correlation Functional – H2 Dissociation Curve

Neural Network XC Functional

Traditional XC Functional

MAE(mHa) RMSE(mHa2) MAX(mHa)

PBE 29.185 39.142 70.685

PBE0 43.314 56.551 101.575

B3LYP 42.756 51.816 92.863

CAM-B3lYP 49.079 65.499 121.240

MAE(mHa) RMSE(mHa2) MAX(mHa)

RSH 1.365 6.222 46.709

DM21 15.519 17.833 49.705

10



■ Full Differentiable Exchange-Correlation Functional – Response Kernal Calculation

Exchange correlation functionals 
translated from libxc to jax

XC Functional Code in PySCF and PySCFAD XC Functional Code in GradDFT
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■ Equivariant Graph Neural Network Architecture

𝐻 𝐷𝑇𝐻𝑟𝑜𝑡𝐷

Equivariance Testing
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■ Equivariant Graph Neural Network Architecture
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■ Equivariant Graph Neural Network Architecture 

Training Set

Validation Set

𝐿 =
1

𝑁2 ∑
𝑖

(𝐻𝑡𝑟𝑢𝑒
𝑖𝑗 − 𝐻𝑝𝑟𝑒

𝑖𝑗 )
2
+ 

1
𝑁 ∑

𝑖
(𝐻𝑡𝑟𝑢𝑒

𝑖𝑗 − 𝐻𝑝𝑟𝑒
𝑖𝑗 )

Loss Function
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■ Equivariant Graph Neural Network Architecture – QHNet
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Training Set

Validation Set



■ GNN For Excited State – Locality and Non-Locality in Electronic Structure
J. Chem. Theory Comput. 2025, 21, 18, 9009–9022 

[−
1
2

∇2 + 𝜈𝑒𝑥𝑡(𝒙, {𝑹}) + 𝜈𝐻(𝒙) + 𝜈𝑥𝑐(𝒙)]𝜓𝑖(𝒙) = 𝜀𝑖𝜓𝑖(𝒙)

𝜈𝑒𝑥𝑡(𝒙, {𝑹}) ⇔ 𝜌(𝒙) ⇔ {𝜓𝑖(𝒙)}

[−
1
2

∇2 + 𝜈𝑒𝑥𝑡(𝒙, {𝑹}, 𝒕) + 𝜈𝐻(𝒙, 𝒕) + 𝜈𝑥𝑐(𝒙, 𝒕)]𝜓𝑖(𝒙, 𝒕) = 𝑖
𝜕
𝜕𝑡

𝜓𝑖(𝒙, 𝒕)

𝜈𝑒𝑥𝑡(𝒙, {𝑹}, 𝒕) + 𝑪(𝒕) ⇔ 𝜌(𝒙, 𝒕) ⇔ {𝜓𝑖(𝒙, 𝒕)𝒆−𝒊𝜶(𝒕)}

Runge-Gross Theorem

Linear-Response

𝐹 (0)
𝑎𝑎 𝑥𝑎𝑖 − 𝑥𝑎𝑖𝐹 (0)

𝑖𝑖 + ∑
𝑏𝑗 ( 𝜕𝐹𝑎𝑖

𝜕𝑃𝑏𝑗
𝑥𝑏𝑗 +

𝜕𝐹𝑎𝑖

𝜕𝑃𝑗𝑏
𝑦𝑏𝑗)𝑃 (0)

𝑖𝑖 = 𝜔𝑥𝑖𝑎

𝐹 (0)
𝑎𝑎 𝑦𝑎𝑖 − 𝑦𝑎𝑖𝐹 (0)

𝑖𝑖 − ∑
𝑏𝑗

𝑃 (0)
𝑖𝑖 ( 𝜕𝐹𝑖𝑎

𝜕𝑃𝑏𝑗
𝑥𝑏𝑗 +

𝜕𝐹𝑖𝑎

𝜕𝑃𝑗𝑏
𝑦𝑏𝑗) = 𝜔𝑥𝑖𝑎

( 𝐴 𝐵
𝐵∗ 𝐴∗)(𝑋

𝑌 ) = 𝜔(1 0
0 −1)(𝑋

𝑌 )
𝜓𝑒𝑥 = ∑

𝑎𝑖

𝑥𝑎𝑖𝜙𝑎𝑖 + 𝑦𝑎𝑖𝜙𝑎𝑖

 𝐴 = 𝛿𝑖𝑗𝛿𝑎𝑏(𝜀𝑎 − 𝜀𝑖) + ∫ 𝑑𝒓∫ 𝒓′￼𝜙𝑖(𝒓)𝜙∗
𝑎 (𝑟)

1
𝒓 − 𝒓′￼

+ 𝑓𝑥𝑐 𝜙∗
𝑏 (𝑟′￼)𝜙𝑗(𝒓′￼)

𝐵 = ∫ 𝑑𝒓∫ 𝒓′￼𝜙𝑖(𝒓)𝜙∗
𝑎 (𝑟)

1
𝒓 − 𝒓′￼

+ 𝑓𝑥𝑐 𝜙∗
𝑏 (𝑟′￼)𝜙𝑗(𝒓′￼)
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■ GNN For Excited State
J. Chem. Theory Comput. 2025, 21, 18, 9009–9022 

JCTC.2025, 21, 18, 9009–9022

( 𝐴 𝐵
𝐵∗ 𝐴∗)(𝑋

𝑌 ) = 𝜔(1 0
0 −1)(𝑋

𝑌 )
𝜓𝑒𝑥 = ∑

𝑎𝑖

𝑥𝑎𝑖𝜙𝑎𝑖 + 𝑦𝑎𝑖𝜙𝑎𝑖

TDA
𝐴𝑋 = 𝜔𝑋

𝜓𝑒𝑥 = ∑
𝑎𝑖

𝑥𝑎𝑖𝜙𝑎𝑖

Subspace
𝜓𝑒𝑥 = ∑

𝑎𝑖

𝑥𝑎𝑖𝜙𝑎𝑖

[30 × 𝑜𝑐𝑐, 30 × 𝑣𝑖𝑟]
GNN
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■ Summery and Next

• From MD17 to Water Cluster 

• Dataset of TADF System 

• Overfitting ! 

• Equivariant Graph Neural Network for Neural Networ XC Functional 

• A Matrix Prediction 

• XC Functional for Excited State

Ground States:

Excited States:
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