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■ Equivariance in Neural Network 

■ Quantum Chemistry with OpenClaw – Automatic Materials Calculation Agent



𝐻̂ = 𝐻̂0 + 𝑉̂ 𝜌(𝒙) =
𝑁

∑
𝑖

𝜓∗
𝑖 (𝒙)𝜓𝑖(𝒙)

[−
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∇2 + 𝜈𝑒𝑥𝑡(𝒙, {𝑹}) + 𝜈𝐻(𝒙) + 𝜈𝑥𝑐(𝒙)]𝜓𝑖(𝒙) = 𝜀𝑖𝜓𝑖(𝒙)

𝜌(𝒙, 𝒙′￼) =
𝑁

∑
𝑖

𝜓∗
𝑖 (𝒙)𝜓𝑖(𝒙′￼)
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𝜈𝑒𝑥𝑡(𝒙, {𝑹}) ⇔ 𝜌(𝒙) ⇔ {𝜓𝑖(𝒙)}

■ Equivariance in Neural Network – Covariance in DFT Hamiltonian 

Atomic Basis Function

𝐻𝐶 = 𝜀𝑆𝐶
𝜓𝑖(𝒙) = ∑

𝑎

𝐶𝑎𝑖𝜒𝑎(𝒙)

𝐻 = 𝐻𝑖𝑗 = ∑
𝑎𝑏

𝐶∗
𝑎𝑖𝐶𝑏𝑗𝜒∗

𝑖 (𝒙)𝐻̂𝜒𝑗(𝒙)

Hamiltonian Matrix in Atomic Basis Function

Equivariance in Atomic Basis FunctionKohn-Sham Density Functional Theory

𝜒𝑗(𝒙) = 𝑅𝑛𝑙(𝑟)𝑌𝑚𝑙(𝜃)

𝑌𝑚𝑙(𝜃′￼) = ∑
𝑚′￼=−𝑙

𝐷𝑙
𝑚′￼𝑚𝑌𝑚’𝑙(𝜃)

𝜒𝑗(𝑹 ⋅ 𝒙) = 𝑫(𝑹)𝜒𝑗(𝒙)

Covariance in DFT Hamiltonian Matrix

𝐻′￼= 𝐻′￼𝑖𝑗 = ∑
𝑎𝑏

𝐶∗
𝑎𝑖𝐶𝑏𝑗𝜒∗

𝑖 (𝑹 ⋅ 𝒙)𝐻̂𝜒𝑗(𝑹 ⋅ 𝒙)

𝐻′￼= 𝐷𝑻 (𝑹)𝐻𝐷(𝑹)



■ Equivariance in Neural Network – Rotation Matrix in Winger-D Representation

ℳ(𝛼, 𝛽, 𝛾) = ℛ𝓏(𝛼)ℛ𝓍(𝛽)ℛ𝓏(𝛾)

=
cos𝛼 cos𝛾 − cos𝛽 sin𝛼 sin𝛾 −cos𝛽 cos𝛾 sin𝛼 − cos𝛼 sin𝛾  sin𝛼 sin𝛽
cos𝛾 sin𝛼 + cos𝛼 cos𝛽 sin𝛾 cos𝛼 cos𝛽 cos𝛾 − sin𝛼 sin𝛾 −cos𝛼 sin𝛽

sin𝛽 sin𝛾 cos𝛾 sin𝛽 cos𝛽 

Rotation Matrix in Euler Representation

Rotation Matrix in Winger-D Representation

10x0e + 5x1o + 2x2e

Irreducible representation 

10 Even Scalers, 5 Odd Vectors, 2 Even Second-Order Tensors 

𝐷𝑙 = 10𝐷0 ⊕ 5𝐷1 ⊕ 2𝐷3



■ Equivariance in Neural Network – Tensor Field Network

𝜈𝑙1
1 ⊗ 𝜈𝑙1

1 =
𝑙1

∑
𝑚1=−𝑙1

𝑙2

∑
𝑚2=−𝑙2

𝐶𝑙3𝑚3
𝑙1,𝑚1,𝑙2𝑚2

𝜈𝑙1
1𝑚1

𝜈𝑙2
2𝑚2

Tensor Product in SO(3) Representation-Winger-Eckert Theorem

𝜈𝑙1
1 ⊗ 𝜈𝑙1

1 = 𝜈 | 𝑙1−𝑙2| ⊕ 𝜈 | 𝑙1−𝑙2|+1 ⊕ 𝜈 | 𝑙1−𝑙2|+2 ⊕ … ⊕ 𝜈 | 𝑙1+𝑙2|

Massage Passing in TFN

𝑓′￼𝑖 =
1

𝑧 ∑
𝒩𝒾

𝑓𝑗 ⊗ h( ∥ →𝑥𝑖𝑗 ∥ )𝑌(
→𝑥𝑖𝑗

∥ →𝑥𝑖𝑗 ∥ )



■ Equivariance in Neural Network – Equivariance Message Passing Mechanism

Message Passing SelfNet Layer

PairNet Layer

Expansion Layer

𝑚𝑙𝑜𝑢𝑡
𝑖𝑗𝑐 = ∑

𝑙𝑙

𝐹 𝑙𝑖𝑛𝑙𝑓𝑙𝑜𝑢𝑡
𝑐 (𝑟𝑖𝑗,

𝑟𝑖𝑗

|𝑟𝑖𝑗 | ) ⊗ (𝑥𝑙𝑖𝑛
𝑗𝑐 )

𝑙𝑜𝑢𝑡

~𝑥𝑖 = 𝑓𝑙𝑖𝑛𝑒𝑎𝑟(𝑥𝑖 + ∑
𝑗

𝑚𝑖𝑗)

𝑓𝑙𝑜𝑢𝑡
𝑖𝑖 = (𝑾 𝒍𝒊𝒏𝒓𝒍𝒊𝒏𝒍

𝒍𝒐𝒖𝒕𝒙𝒍𝒍𝒊𝒏
𝒊 ⊗ 𝒙𝒓𝒍𝒊𝒏

𝒊 )
𝒍𝒐𝒖𝒕

𝑓𝑙𝑜𝑢𝑡
𝑖𝑗 = (𝑭𝒍𝒊𝒏𝒓𝒍𝒊𝒏𝒍

𝒍𝒐𝒖𝒕(𝒓𝒊𝒋)𝒙
𝒍𝒊𝒏𝒊
𝒊 ⊗ 𝒙𝒍𝒊𝒏𝒋

𝒋 )
𝒍𝒐𝒖𝒕

( ⊗̄ 𝑓𝑙3
𝑖𝑗)

𝑙1,𝑙2

𝑚1,𝑚2

= ∑
𝑚

𝐶𝑙3𝑚3
𝑙1𝑚1,𝑙2𝑚2

𝑓𝑙3
𝑖𝑗

𝐹 𝑙𝑖𝑛𝑙𝑓
𝑚 (𝒓𝒊𝒋) = 𝑅𝑙𝑖𝑛𝑙𝑓 ( 𝒓𝒊𝒋 )𝑌 𝑙𝑓

𝑚  (
𝒓𝒊𝒋

𝒓𝒊𝒋

 )

SO(3) Convolution Filter
Harmonic Spherical 

Function

𝑌 𝑙𝑓
𝑚  

𝒓𝒊𝒋

𝒓𝒊𝒋

  →
Feed Forward Network𝑅𝑙𝑖𝑛𝑙𝑓 ( 𝒓𝒊𝒋 ) →



■ Equivariance in Neural Network – Basic Architecture of QHformer



■ Equivariance in Neural Network – Basic Architecture of QHformer

InnerProduct Attention Mechanism

Aggregate Message with Invariance Attention Score

𝑞𝑖 = 𝐿𝑖𝑛𝑒𝑎𝑟(𝑥𝑖)
𝑘𝑗 = 𝑇𝑃(𝑥𝑗, 𝑌(𝑟𝑖j))
𝐼𝑃(𝑞𝑖, 𝑘𝑗) = Σ𝑙Σ𝑚𝑞(𝑙,𝑚)

𝑖 · 𝑘(𝑙,𝑚)
𝑗

𝑣𝑗 = 𝑇𝑃(𝑥𝑗, 𝑌(𝑟𝑖j))
𝛼𝑖j = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝐼𝑃(𝑞𝑖, 𝑘𝑗)/ 𝑑) 

𝑚𝑖 = Σ𝑗∈𝑁(𝑖)𝛼𝑖j · 𝑣𝑖j

𝑥′￼𝑖 = 𝑥𝑖 + 𝑊𝑜ut · 𝑚𝑖



■ Equivariance in Neural Network – Basic Architecture of QHformer



■ Equivariance in Neural Network – Basic Architecture of QHformer



■ Equivariance in Neural Network – SO(2) Convolution Core in DeepTB-E3

𝐹 𝑙𝑖𝑛𝑙𝑓
𝑚 (𝒓𝒊𝒋) = 𝑅𝑙𝑖𝑛𝑙𝑓 ( 𝒓𝒊𝒋 )𝑌 𝑙𝑓

𝑚  (
𝒓𝒊𝒋

𝒓𝒊𝒋

 )

SO(3) Convolution Filter 

SO(2) Convolution Filter 

𝐹 𝑙𝑖𝑛𝑙𝑓
𝑚 (𝒓𝒊𝒋) = 𝑅𝑙𝑖𝑛𝑙𝑓( 𝒓𝒊𝒋 )𝑌 𝑙𝑓

𝑚
𝒓𝒊𝒋

𝒓𝒊𝒋

                                            = D−1 (𝑹)𝑅𝑙𝑖𝑛𝑙𝑓( 𝒓𝒊𝒋 )𝑌 𝑙𝑓
𝑚 𝑹 ⋅

𝒓𝒊𝒋

𝒓𝒊𝒋

Rotation



■ Quantum Chemistry with OpenClaw – Automatic Materials Calculation Agent


























